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Granular materials are collections of solid grains that exhibit unusual mechanical properties. In
1895, the engineer Janssen found that when filling a silo with corn grains, the pressure at the bottom
of the column rather than increasing linearly with the added mass showed a saturation [5]. Recently,
this experiment has been repeated using spherical grains on narrow containers, where the pressure
at the bottom exhibits an overshoot region, meaning that the apparent mass is larger than the
added mass before saturating [14]. In this work we revisit those experiments now using two different
grain geometries, being oblate and prolate grains, with the aim of studying its behaviour on narrow
containers and if the reversed Janssen effect is still observed using these grain geometries. It is found
that for tubes with large diameters both, oblate and prolate particles, exhibit the saturation of mass
for large added mass, the qualitative response described by Janssen. As the diameter of the tube
decreases, the overshoot regions gain more importance at intermediate added masses. However,
the model introduced in [14] for spheres does not describe properly the results obtained. Now, the
magnitude of the overshoot decays faster with the increasing size of the container. Furthermore, it
is observed that the average packing fraction of the granular columns does increase until saturating,
which may be related to the saturation of the pressure on the granular column.

I. INTRODUCTION

From dunes of deserts to the bowl of rice we eat for
lunch, passing through powders used to make cement,
grains are one of the most common kind of materials in
our daily life. There is a wide range of applications for
such materials, as in the alimentary industry, where they
deal with different cereals and legumes or the pharma-
ceutical industry, where they use powders as the main
source of developing their products, among others. De-
spite its ubiquitous presence in many technological areas,
granular matter lacks of a general description due to the
intrinsic complexity of the collective behaviour of grains.
Granular materials are solid particles with length-scales
d > 1µm such that thermal agitation and Brownian mo-
tion can be neglected [1, 2]. From a thermodynamic per-
spective, these systems are out of equilibrium. The differ-
ent configurations granular media can adopt correspond
to metastable states,meaning that the system will remain
in this state unless there are external perturbations that
allow the granular media adopt a new state [1–3].

The collective behavior of granular media do not con-
sist on the sum of each individual grain. For dry and
cohesionless grains, there are no attractive forces play-
ing an important role, so that frictional forces and body
forces, such as gravity, are the relevant forces. Further-
more, the state of the system depends on protocol [11].

Its complex behavior result from the presence of the so-
called “force chains” [3]. These are fractal-like structures
consisting on strings of rigid particles that are aligned
and in co-linear contact. When shearing a granular ma-
terial, force-chains will develop to oppose the applied de-
formation. However, when applying a deformation whose
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direction is not the chain’s principal axis the structure
will not be able to sustain and will behave as a brittle
material. During this process the force-chains break and
rearrange [4].

As storing and transporting grains is a common thing
for industries, several studies of the static distribution of
granular media have been performed along the years, fo-
cusing mainly on the relations between stress and strain.
One of the most famous experiments involving granular
media is the one performed by Janssen [5, 6] and has
been reproduced under different conditions [9, 10]. It
dates back to 1895 when the German engineer tried to
figure out the reason why the silos used to store the corn
break by the sides at a given height when filled with
grains, instead of doing it at the bottom. To do so, he
developed an experiment which consisted on filling up a
cylindrical container with corn up to a given height and
then measure the pressure exerted at the bottom solely
by the granular column, see Fig.1 a). Once the measure
was done, more grains were inserted into the container,
repeating this process several times. The results obtained
for the pressure at the bottom of the column of hegiht
h, P (h), was that it increased with the added mass up
to a point where it saturates rather than keep on in-
creasing when adding more grains, as it would do a fluid,
P (h) = ρgh (where ρ is the mean density of the fluid
and g is the gravitational acceleration g = 9.8m/s2), see
Fig.1 b). This was an indicator that frictional forces in-
side the granular column play a significant role. Friction
forces compensates the weight of the added grains thanks
to the presence of force-chains, thus preventing the pres-
sure at the bottom from increase.
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FIG. 1. a): Original Janssen experimental set-up for measur-
ing the bottom pressure. b): Experimental results obtained
in the Janssen experiment. c): Differential granular media
volume indicating its three surfaces: A1, A2 and As [5, 6].
d): Experimental set-up for the determination of the static
friction coefficient

II. THEORETICAL FRAMEWORK

II.1. Revisiting Janssen model

Janssen modeled this behavior by considering the gran-
ular media as a continuum material whose stress tensor ¯̄σ
is diagonal with p = −σzz and verifies:

kσzz = σrr = σϕϕ , (1)

in cylindrical coordinates r, ϕ and z (notice that in
the following we differentiate p for the pressure in the
medium and P for the pressure measured at the bottom
of the medium). In order to account for friction between
the granular media and the walls (r = R), it is also ful-
filled:

σzr(R) = µsσrr(R) = µskσzz . (2)

Here µs is the static friction coefficient and k is the
proportionality constant related horizontal and vertical
stresses. By considering a cylindrical element of volume
with radii R and height dz, , see Fig.1 c), we can con-
sider mechanical equilibrium, including body and contact
forces, as encompassed in the stress tensor ¯̄σ:∫

V

−→
f dV +

∮
S

¯̄σ ·
−→
dS = 0 (3)

by making use of Eq. (1) and Eq. (2), the second term
on the LHS can be written as∮

S

¯̄σ ·
−→
dS = −πR2σzz(z)ẑ

+ πR2σzz(z +∆z)ẑ + 2πRkµsσzz∆zẑ , (4)

where z it he depth. The first term in Eq. (3) can be
directly written as∫

V

−→
f dV = ρgπR2∆zẑ (5)

Regrouping Eqs. (4) and (5), and taking the continuum
limit ∆z → 0, we obtain the following differential equa-
tion:

dσzz

dz
= −ρg − 2kµs

R
σzz (6)

Integrating Eq. (6) using the boundary condi-
tion σzz(z = 0) = 0, and defining λ = R/2kµs

we get the following expression for the pressure:

p(z) = ρgλ(1− e−z/λ) (7)

So that, the pressure at the bottom of a column of height
h will be

P (h) = ρgλ(1− e−h/λ) . (8)

Finally, Eq. (8) can be written in terms of the added mass
and the apparent mass (P (h)πD2/4 = mappg) defining
a saturation mass M ≡ ρπD3/16µsk, where now ρ is
the mean density of the granular column and D is the
diameter of the container

mapp = M(1− emadd/M ) (9)

This model for the pressure captures the physical origin
of the pressure saturation that was observed experimen-
tally for corn. Janssen’s experiment is a benchmark for
the studies in granular materials and for that reason, it
has been reproduced many times. However, it has been
largely proved that the mathematical model derived by
Janssen [5] does not fit quantitatively with experiments.
As explained in [7, 14], the actual experimental data show
larger values for P (h) than the predicted one.

II.2. Corrected Janssen’s model for narrow
columns

It is stated that the assumptions on Janssen’s phe-
nomenological model, being (i) the proportionality of
the components of the stress tensor and (ii) the friction
reaching its Coulomb’s limit, are responsible for under-
estimating the apparent mass in large containers as well
as for overestimating it in small containers [7, 8]. The
first assumption implies horizontal regions of equal pres-
sure and the second assumption is stated to be protocol-
dependent. However, under different protocols there can
be a wide variety of configurations for the pressure sur-
faces, being concave and convex two extreme cases [15].
The shape of the pressure surfaces is directly connected
to the force-chain distribution. Force-chains are internal
to the granular column, when are concave from below the
chain pushes the container down, resulting in a support-
ive force experienced by the granular column. On the
other hand, when force-chains are convex from below the
chain pushes the container up, which in this case results
in a force that compresses the granular column.
Both cases are stated to be present whenever filling

the granular column sequentially, as in the case of this
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experimental work. However, the compression due to
chain forces is stated to play a major role the smaller the
container is, and gradually disappear when increasing the
container diameter [14].

The new features observed on the Janssen experiment,
are not captured by the original model, demanded a cor-
rected model capable of explaining the occurrence of the
overshoot pressure, and at the same time, recover the
saturation in pressure expected for large containers. To
develop a new model, Mahajan et al [14] considered that
the frictional force between the wall of the container and
a given particle does depend on the load and depth, and
propose a piecewise function for the average frictional
force ⟨Fw(z)⟩ depending on the column height.
For that reason they define the following characteristic

heights: (i) ha as the height at which mapp starts over-
coming madd, (ii) h∗ as the height at which the column
shows its maximum positive deviation frommadd and (iii)
hd as the height at which mapp starts becoming smaller
than madd. With these heights in mind, one can charac-
terize the stress exerted by the walls to the particles on
the container, which will depend on the considered depth
as

τ(z) =
nc(D)⟨Fw(z)⟩

πD
. (10)

In this expression, nc(D) is the number of contacts per
unit length on the cylindrical container, which has been
numerically determined for spherical particles and fol-
lows [16]

nc(D) =
aπ

σ

D

σ

1

1 + bσ/D
, (11)

where a ≃ 0.8 and b ≃ 0.9 are fitting parameters to
the experimental points for different D. The depth-
dependence of the stress is embedded on the value of
the average frictional force ⟨Fw(z)⟩, which we assume to
be at Coulomb’s threshold [19], and varies as:

⟨Fw(z)⟩ =



≃ 0 , z < ha

Fc < 0 , ha < z < h∗

kπDp(z)

nc(D)

(
1− e−(z−h∗)/ξ

)
, z > h∗

In the previous expression, ξ is a decay length which for
spherical particles of σ = (5.94 ± 0.02) mm is found to
be ξ ≃ 6σ. The value of Fc is assumed to be constant
in the original paper [14]. Its negative sign comes from
the fact that is a compressive force, which changes as
depth increases, where forces become supportive. With
the stress already characterized, we can re-express the
condition of mechanical equilibrium:

dp

dz
= ρg − 4

D
τ(z) (12)

This model is capable of describing numerically the re-
sults obtained for containers with different diameters and

capture both the overshoot region and the saturation in
pressure of the Janssen effect [14]. Furthermore, it is
possible to extract an analytic solution in the regime in
which z > h∗ that allows us to predict the maximum de-
viation of the apparent mass mapp from the added mass
madd:

max

[
mapp

madd

]
− 1 =

Fcnc(D)

πρgD2

(
1− ha

h∗

)
(13)

From Eq. (9) and the already defined expression for
nc(D) (see Eq. (11)) we can find a proportionality re-
lation between the maximum deviation and the diameter
of the container, if the assumption of Fc being constant
still holds:

max

[
mapp

madd

]
− 1 ∼ 1

D

This proportionality has been verified both experimen-
tally and numerically for the case of spherical grains [14].
The consistence of this relation also holds for the origi-
nal Janssen effect, as it predicts that for D → ∞ we get
max[mapp/madd] ≃ 1, which is consistent with experi-
mental results as for large containers the reverse Janssen
effect does not occur. Thus, they found a phenomeno-
logical model capable of describing the overshoot region
that takes place in narrow cylinders but also to recover
the expected behaviour when the diameter of the con-
tainer is large.
The aim of this work consists on revisiting Janssen’s

experiment using grains of different geometries, being
lentils and mung beans examples of oblate and prolate
geometries, and three cylindrical containers of different
sizes. The final goal is to observe experimentally if
the overshoot in pressure still occurs when using non-
spherical particles, and to help clarifying the impact of
the geometry of the grains.

III. MATERIALS AND METHODS

III.1. Experimental setup

For the experiments performed in this work we have
used three cylindrical glass tubes with different diameters
with DS = (20.45± 0.05) mm, DM = (34.10± 0.05) mm
and DL = (49.15 ± 0.05) mm respectively. We use
a camera placed in front of the cylinder to determine
the height of the granular column with a spatial sensi-
tivity of ≃ 0.6 mm/pix (the sensitivity slightly varies
in each experiment) and an analytic scale of resolution
δmapp = 0.01g to measure the weight of the granular
column. The glass cylinder is sustained on top of two
wooden pieces in such a way that neither the pieces nor
the tube is in contact with the scale. To connect the gran-
ular column with the scale we place a cylindrical piston
inside the container, see Fig. 2 panel a). To ensure us that
the measures of the mass comes just from the granular
column, piston’s diameter has to be lower than the inner
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FIG. 2. a): Picture of the experimental set-up using the larger
cylinder. b): Example of the determination of the height of
the granular column. c): Picture of the oblate grains. d):
Picture of the prolate grains. e): Zoom of picture b). The blue
line corresponds to the contour of the column. Top green line
corresponds to the maximum height of the contour. Bottom
green line corresponds to the minimum height of the contour.
The red line is the actual determined height, given by the
mean height between the two green lines. The error on the
height is diven by the standard deviation of this value with
respect the maxima and the minima.

diameter of the container, but large enough so that none
of the grains can fall from the column and get trapped
between the piston and the container, as in this case the
grain would serve as a point of contact and we would be
measuring just the total mass of the system. Finally, the
whole setup is placed on an optic bench, preventing the
system from being perturbed by an external agent such
as walking near to the experiment.

III.2. Grains

For the present set of experiments we will use lentils
as oblate particles and mung beans as prolate particles,
see Fig. 2 c) and d). In order to characterize their masses
and sizes, 200 grains were analyzed individually in order
to obtain statistics about their mass and characteristic
lengths.

Thanks to the values on Fig. 3, we can compute the
mean and the standard deviation of the masses, axis and
thickness of the particles. From the statistical analysis of
the lentils we obtain the mean mass mℓ = (37 ± 6) mg,
the major and minor axis are aℓ = (5.8 ± 0.4) mm
and bℓ = (5.3 ± 0.3) mm respectively, and the thick-
ness cℓ = (2.43± 0.15) mm. The results obtained with
the beans are mb = (74 ± 16) mg, ab = (6.1 ± 0.6) mm
and bb = (5.0± 0.5) mm, and cb = (4.1± 0.3) mm.
Since we are dealing with non-spherical geometries, we

have to determine a characteristic diameter if we want to
make a similar analysis as for the model proposed on [14].

We define such characteristic diameter as σ = 3
√
abc, so

that σℓ = (4.2 ± 0.4) mm and σb = (5.0 ± 0.5) mm for

FIG. 3. Statistical results for the measures of 200 particles.
Orange represents the thickness of the grain, purple represents
the major axis of the grain and green represents the minor axis
of the grain. a): PDF for the mass of the oblate particle. b):
PDF for the principal axis of the oblate particles. c): PDF for
the mass of the prolate particles. d): PDF for the principal
axis of the prolate particles

the lentils and the beans respectively.
Another relevant parameter is the static friction coef-

ficient µs between lentils and the containers. The experi-
ment for determining it consisted on joining together five
particles and placing the chunk on the container, initially
on horizontal position. Fixing the container by one side,
we place another cylindrical object below the container,
and me make it roll until the chunk of lentils starts mov-
ing. Then, we measure the distance between the cylin-
drical object and the end of the container see, Fig. 1 d).
Using this distance and the diameter of the cylindrical
container we find the angle θ which is related to the fric-
tion coefficient as µs = tan(θ). This experiment has been
repeated six times for each kind of grain to get a more
accurate values. We have obtained µℓ

s = 0.36 ± 0.02 for
the lentils and µb

s = 0.333± 0.007 for the beans.

III.3. Experimental protocol

Due to the inherent metastability and non-
homogeneity of granular media, we end up having
systems that are hard to reproduce. This is why proto-
col plays a key role in experiments concerning grains.
Let us consider an example for better understanding
this: when filling a container with grains, the state of
the system will depend whether grains fall from the
center of the container or from one of the sides, which
do not happen when filling a container with a liquid.
This dependence on the protocol difficulties the task to
characterize the system just using the position of the
grains, as there are frictional contacts that depend on
how the system has been formed. For that reason it is
important to describe the experimental protocol when
showing experimental results.
In the present set of experiments we add the grains
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FIG. 4. Experimental data obtained for the apparent mass
measured over time for the case of the oblate grains in the
medium sized tube. Measures are taken automatically every
0.25 s. The inset plots correspond to zoomed regions corre-
sponding to the first and the tenth layers evolving over time.

using a funnel centered on the container. This way, grains
will fall sequentially and approximately from the center
of the container. At each measure we will add a fix mass
of grains to cover a layer of grains into the container.
The mass required for filling one layer at each drop is
determined for each combination of column and kind of
grain.

Granular matter shows slow dynamics [12].These dy-
namics also depends on the filling protocol, as experi-
ments that fill the whole column at once at a time show
a different relaxation behaviour than when doing it step
by step [13]. To perform the experiments we need to es-
tablish a characteristic time for our protocol. To do so, I
performed experiments for all the grains and containers
in which the cylinder was filled layer by layer, letting the
system relax for an undetermined amount of time (up to
15 minutes for each layer). From Fig. 4 we notice that
looking from a long temporal scale, the behavior of each
layer looks very similar. However, when zooming to the
actual region we notice that, depending on the step, we
find non-monotonic responses of different kinds. Thus,
we establish that the criteria for determining the charac-
teristic time τ was to take the initial value of the mass
in the step i and the final value of the mass in the same
step and compute its difference ∆mapp. Our character-
istic time will then be the time needed to reach the 70%
of the absolute variation of added mass along the whole
measure τ = t(mapp = 0.7∆mapp)− t(mapp,0).

III.4. Packing fraction

Thanks to the images captured by a camera (see the
set-up in Fig. 2 b)) and using image analysis techniques,
we can measure the height of the column at each step,
see Fig. 2 e). This allows us to estimate the packing
fraction ϕ of the granular column. The packing fraction

is defined as the fraction of volume occupied of the ac-
tual available volume. To compute this magnitude we
consider that particle’s irregularities do not play a ma-
jor role and consider that the geometry of the grains is
that of an ellipsoid with volume V = 4πσ3/3. Thus, we
compute the packing fraction of each step as:

ϕi =
Ni × vp

Vi
=

Ni
4π

3

(σ
2

)3

π

(
D

2

)2

hi

=
Ni2σ

3

3hiD2
(14)

where Ni is the mean number of particles at a given step,
vp is the estimated volume of a single grain, Vi is the
volume of the granular column at the ith step, and hi is
the corresponding height of the granular column. As we
are not counting how many grains we are adding but the
mass, we determine this quantity by considering that the
mass of each grain is equal to the value of its mean mass
⟨mℓ⟩ = (37±6) mg for lentils and ⟨mb⟩ = (74±16) mg for
the beans, and by knowing the amount of mass added at
each step ∆madded we determine the number of grains per
step as Ni = ∆madded/⟨mparticle⟩ for each combination
of grains and tube diameter.

IV. RESULTS

IV.1. Oblate particles

IV.1.1. Large tube

The amount of mass needed to fill one layer at a time of
the large tube is ∆madd = (8.0±0.1) g, and the relaxation
time of each step is τ = 300 s.
The experiments performed in the large tube, shown

in Fig. 5 (TOP), showed a concordance with the model
proposed by Janssen for the apparent mass [5]. At the be-
ginning the weight of the column behaves like a fluid but
then, around an added mas of 100 g, the apparent mass
starts deviating and shows saturation. When compar-
ing with the prediction made by Eq. (9), we notice that
the experimental points do follow qualitatively the pre-
dicted behaviour but exhibiting slightly larger values on
the apparent mass, which is in concordance with previous
observations [7, 14]. For that reason, we can make use of
the relation M = ρπD3/16µsk and adjust it to our data to
determine the value of k, see Table I. When performing a
different analysis in which we plot the difference between
mapp and madd to account from the deviation from fluid’s
hydrostatic pressure Fig. 5 (MIDDLE), a behaviour that
is not present in the original Janssen experiment is re-
vealed, as there is a region in which the apparent mass
exceeds the added mass, which was observed for the case
of spheres [14]. However, our data is noisy in this region
so we can not generalize this behaviour for the oblate
particles in this tube. The error on the apparent mass
was determined as the standard deviation of the mea-
sure of 8 g of lentils on the analytic scale during 1000 s
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FIG. 5. Results for the Janssen experiment using oblate
grains on a cylindrical glass container with diameter DL.
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

measuring every 0.25 s and is δmapp = 0.005 g. The er-
ror on the added mass is δmadd = 0.1 g and accumulates
on each step. Figure 5 (BOTTOM) shows that the val-
ues of the packing fraction increase until madd ≃ 100 g,
which corresponds approximately to the value at which
mapp starts saturating. After this value of madd, packing
fractions fluctuate around a value of ϕ ≃ 0.78 for all the
steps.

Grain geometry k (Trial 1) k (Trial 2) k (Trial 3)

Oblate 3.4± 0.2 3.22± 0.18 3.40± 0.19

Prolate 2.47± 0.06 2.73± 0.06 2.51± 0.06

TABLE I. Values of the estimated proportionality constant
between horizontal and vertical stresses k for the different
experiments using the large tube with oblate and prolate grain
geometries.

IV.1.2. Medium tube

The amount of mass needed for the case of the medium
tube is ∆madd = (4.0± 0.1) g and the relaxation time of
each step is τ = 210 s.
If we now analyze the results in Fig. 6 (TOP), we ob-

serve a similar behaviour as for the case of the large
tube, with a saturation of the mass which now shows
lower masses than the predicted by Eq. (9) rather than
the expected overestimation [7]. This saturation do not
seem monotonous, as the apparent mass starts falling
and growing when the system enters into the saturation
region. When looking at Fig. 6 (MIDDLE) we notice
that we begin to see a clear overshoot region in which
the apparent mass is larger than the added mass. This
behaviour is verified for all trials despite the noise on the
data, unlike for the case of the large tube. Due to this
behaviour that is not predicted by Eq. (9) we do not es-
timate the value of k with this tube. Before entering the
overshoot region, the system also measures an apparent
mass lower than the added mass. To compute the er-
ror on the apparent mass we proceeded analogously to
the large tube measuring 4 g of lentils on the analytic
scale during 1000 s and determined δmapp = 0.005 g. As
can be observed in Fig. 6 (BOTTOM), the values of the
packing fraction increase until madd ≃ 25g, where they
fluctuate around ϕ ≃ 0.85 for all the steps, which is a
larger packing than in the large tube case.

IV.1.3. Small tube

The amount of mass needed for the case of the small
tube is ∆mstep = (1.0± 0.1) g and the relaxation time of
each step is τ = 120s.
The results for the Janssen experiment on the small

tube can be observed in Fig. 7 (TOP), where we recover
some similarities with respect the medium tube, as the
system deviates from the fluid behaviour and shows a
saturation region, which indeed has lower values for the
apparent mass than the ones expected from the adjust-
ment to Eq. (9). In this region the granular column do
not behave monotonically, as seen for the medium tube,
but in this case this behaviour is more amplified.
On Fig. 7 (MIDDLE) we can observe that the over-

shoot region is present and that is larger and more pro-
nounced than for the case of the medium tube. Another
similarity are the initial points in which the apparent
mass is lower than the added one, note that this be-
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FIG. 6. Results for the Janssen experiment using oblate
grains on a cylindrical glass container with diameter DM .
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

haviour also disappears when entering into the overshoot
region. To compute the error on the apparent mass in
this case we measured 1 g of lentils on the analytic scale
during 1000 s and determined δmapp = 0.004 g.

Finally, as can be observed in FIG. 7 (BOTTOM), the
values of the packing fraction increase until madd ≃ 11g,
where they fluctuate around ϕ ≃ 0.73 for all the steps,

FIG. 7. Results for the Janssen experiment using oblate
grains on a cylindrical glass container with diameter DS .
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

with the exception of experiment 004 whose values are
larger, although they also have a larger error.
In Figs. 5, 6 and 7, we can see how does the packing

fraction changes with the added mass. These values have
been computed considering the mean values of the axis of
the oblate grains, so it is indeed an approximated pack-
ing fraction. First of all we must rule out all those points



8

below ≃ 50%, typically observed at initial stages. We at-
tribute these low values to the fact that initial layers are
more affected by an overestimation of the column’s height
Vi due to grains that pile-up instead of covering a single
layer as we expect. For example, consider the first step:
we would be counting two layers instead of one, which
is twice as high. However, if we are on the tenth step,
then we would be counting eleven layers instead of ten,
which is not twice as high.Later drops are less affected by
this issue and this effect becomes irrelevant. Apart from
that, notice that although we are adding grains without
shaking the column, those values do not correspond to
the packing fraction of random close packing. This is be-
cause friction plays a role in packing, as when we add a
new layer we are packing less efficiently than for the case
of random packing. The values of the packing fraction
saturate at a value ϕS ≃ 0.73, ϕM ≃ 0.85 and ϕL ≃ 0.78
for the small, medium and large tubes respectively. The
values for the random close packing of ellipsoids with dif-
ferent aspect ratios ℓ/d where ℓ is the longitudinal axis
and d is the diameter of the two-dimensional projection
of the ellipsoidal particles d =

√
ab [17]. For the case

of the oblate grains we have an ℓ/d = 0.44, which al-
lows us to pack randomly with ϕ ≃ 0.71 [18]. However,
we have to remind that we are under presence of grav-
ity so some crystalline regions can arise in the granular
columns, which can accommodate larger packing frac-
tions. Thus, the large values of ϕ observed can be ex-
plained considering the presence of some crystalline do-
mains along with the values on the error bars.

V. PROLATE PARTICLES

We repeat the experiments now using prolate parti-
cles. The amount of mass required for the large tube is
∆madd = (6.0±0.1) g and the relaxation time of each step
is τ = 320 s. The experimental results on Fig. 8 show the
same analysis as the one performed for the oblate grains
in the large tube. Again, we recover the typical satura-
tion at larger madd observed by Janssen and we see that
Janssen’s model underestimates the apparent mass. For
that reason, we adjust our data to determine the value
of k, see Table I. We begin to observe a small overshoot
in an intermediate region (see Fig. 8 (MIDDLE)), which
is indeed larger and reaches higher values than the ex-
periment performed with oblate grains. The error on the
apparent mass has been computed in the same way as for
the oblate grains and is δmapp = 0.005 g.

Figure 8 (BOTTOM), shows that the values of the
packing fraction increase until madd ≃ 100 g, where they
start fluctuating around ϕ ≃ 0.63 for all the steps, with
the exception of experiment 003 whose values are larger
and fluctuate around ϕ ≃ 0.69.

In the case of the medium tube, the amount of mass
required for filling one layer with beans is determined as
∆madd = (3.0 ± 0.1) g and the relaxation time of each
step is chosen to be τ = 270 s. Fig. 9 (TOP) shows that,
as for the case involving the large tube, Eq. 9 underes-

FIG. 8. Results for the Janssen experiment using prolate
grains on a cylindrical glass container with diameter DL.
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

timates the value of the apparent mass. This does not
happen for what is shown in Fig. 6 (TOP), where in this
case it is overestimated. The system does not behave
monotonically when entering into the saturation region,
as happened for the oblate particles. Fig. 9 (MIDDLE)
shows now a clearer overshoot region which is larger and
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FIG. 9. Results for the Janssen experiment using prolate
grains on a cylindrical glass container with diameter DM .
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

reaches higher values than for the oblate grains using the
medium tube. However, when comparing with Fig. 8,
one can notice that the region is larger but the values
reached do not differ much. This did not happened for
the case of oblate geometry. The error on the apparent
mass is δmapp = 0.005 g. As can be observed in FIG. 9
(BOTTOM), the values of the packing fraction increase
until madd ≃ 40 g, where they start fluctuating around

FIG. 10. Results for the Janssen experiment using prolate
grains on a cylindrical glass container with diameter DS .
TOP: Results for the mapp vs madd. Solid lines represent
how a fluid would behave in this experiment. Dashed lines
represent fits to the Janssen’s model. MIDDLE: Deviation in
mapp from the added mass as a function of madd represented
with points and zoomed on the overshoot region in which the
apparent mass is larger than the added mass. The inset plot
contains the saturation region, in which the apparent mass
is lower than the added mass. BOTTOM: Estimation of the
packing fraction of the granular column as a function of madd.

ϕ ≃ 0.65.
To end up with, we perform experiments using the

small cylinder, where the amount of mass required for
filling one layer with prolate grains is determined to be
∆madd = (1.0 ± 0.1) g and the relaxation time of each
step is chosen as τ = 180 s.
Fig. 10(TOP) displays a curve with an overshoot re-
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FIG. 11. This figure shows the characteristic heights of oblate
(LEFT) and prolate (RIGHT) grains normalized by the mean
diameter of the grain and plotted against the diameter of the
tube normalized with the mean diameter of the grain.

gion and a saturation region, where the values of the
apparent mass can be considered to be overestimated by
the prediction Eq. 9. The non-monotonous behaviour in
this region is clearly observed. Fig. 10(MIDDLE) shows
an overshoot region larger than in its analogous with
oblate geometry and for the medium and large tubes.
Although it reaches higher values than for the oblate
grains, those values are similar to the ones observed in
Fig. 9 and Fig. 8. The error on the apparent mass is
δmapp = 0.004 g. As can be observed in FIG. 10 (BOT-
TOM), the values of the packing fraction increase un-
til madd ≃ 15 g, where they start fluctuating around
ϕ ≃ 0.62.

When observing the packing fractions for the prolate
grains, we must discard all values whose ϕ < 0.5 as they
do not have physical sense, attributing those values to
the sensitivity of the first layers to have single grains
on a layer above, which results in larger values of Vi.
Prolate grains show packing fractions that increase with
madd and then fluctuate around ϕ ≃ 0.62 for the small
tube, ϕ ≃ 0.65 for the medium tube and ϕ ≃ 0.63 for the
large tube. Using the same characterization as for the
oblate, we determine a ratio ℓ/r = 1.35 which allows us
to pack randomly with ϕ ≃ 0.68 [18]. As we are under
the presence of gravity, we expect the granular column to
have some crystalline domains, that allows larger values
on the overall packing fraction so the observed values can
accomplished if we also take into account the errors of the
magnitude.

VI. DISCUSSION

In order to compare our results with previous experi-
ments performed with spherical particles we will perform
the same analysis as in [14],

From the results shown in Fig. 11, we notice that
the values of the characteristic heights ha for the oblate
grains are independent of the diameter of the tube D,
which is equivalent for the experimental results obtained
using spheres [12, 14], while h∗ shows a slightly decrease
with D. This agreement does not hold for the case of the
prolate particles, as we can consider h∗ constant for the
medium and the large tube, but not for the small tube.We
found that for the oblate grains hd decays with D but it

FIG. 12. This figure shows the experimental results for the
max[

mapp

madd
]-1 versus the diameter of the tube normalized by

the characteristic diameter of the grain in double logarithmic
axis. Discontinue lines represents fits to the experimental
points, which has been computed using the linear least squares
method.

does not saturate as for the spherical particles [14]. How-
ever, this is not the case for the prolate ones, where hd

grows with D/σ.

As discussed along section III.4, the phenomenologi-
cal model described by Janssen [5] is unable to capture
the physics of the reverse Janssen effect that takes place
when using narrow granular columns [12, 14]. The model
proposed in [14] had an analytic solution that allows us
to quantify the maximum deviation of mapp from madd

using Eq. (13). The maximum deviation from from fluid
behaviour was experimentally and numerically measured
for spheres and agreed to be proportional to D−1 [14].
To verify the validity of this model under a change in
geometry we perform the same analysis to our data. To
do so, each maximum mass has been obtained my tak-
ing the mean of the results from the different experi-
ments using the same grain and tube. The error on the
maximum mass is the mean of the propagated errors of
mapp/madd − 1 for the different experiments using the
same grain and tube. The error on D/σ is obtained
with error propagation of D and σ for each grain and
tube. From the results shown in Fig. 12, we notice that
the change on the geometry has an impact on the maxi-
mum deviation from the fluid behaviour, as in the case of
spheres it decays as 1/D, which is not observed neither by
the oblate nor the prolate grains, where the decaying is
faster in both cases. Despite this non concordance with
the model developed for the spheres in [14], we notice
that those values are still compatible with a more general
power-law behavior max[mapp/madd]−1 ∼ D−α. This is
in agreement with a similar analysis performed with ex-
periments using garbanzo as a grain [12]. This power-law
behaviour is compatible with the expected result for this
deviation on the apparent mass in the Janssen effect in
non-narrow containers where as D → ∞ the overshoot
should disappear, so the value of max[mapp/madd] − 1
tends to zero. I summarize in Tab. II the exponents of
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Grain geometry σ (mm) ℓ/d α

Spherical [14] 5.94 ± 0.02 1 1.0

Oblate 4.2 ± 0.4 0.44 2.92

Prolate 5.0 ± 0.5 1.35 1.61

TABLE II. Values of the mean diameter σ of the grains, the
aspect ratio and the α exponent obtained by fitting a linear
regression using least squares to the data shown in Fig. 12.

max[mapp/madd]− 1 ∼ D−α fitted for the different grain
morphology. The value of those exponents is just an esti-
mation and could be lower if we account for the error bars
of the data. Both, oblate and prolate particles, display
a decaying power-law behavior as for the case of spher-
ical grains [14]. However, the exponents differ between
them. This can be attributed to the fact that the model
was developed considering spheres, so the dependence on
nc(D) with D may differ when considering other geome-
tries such as oblate and prolate grains which are known
to develop larger coordination [18], which could lead us
to obtain larger exponents for D. Notice that for the case
of oblate grains, this exponent is much larger than for the
prolate. Having larger exponents than for the case of the
spheres implies that the reverse Janssen effect vanishes
at lower values of D when we deviate from the spherical
geometry. As the overshoot effect is directly connected
with the presence of convex (as seen from below) force
chains and both prolate and oblate geometries can have
larger packing fractions than spheres [18], there can be
a connection between the formation of compressive force
chains and the packing of the granular column. Numer-
ical simulations as the performed in [14] using different
geometries for the grains could help establishing a con-
nection between packing and force chains.

VI.1. Compaction of the medium

Along section IV and section V we have shown and
briefly discussed the values of the packing fractions ob-
tained for the different geometries in the three tubes con-
sidered. Although some initial measures had to be dis-
carded, we noticed that the granular media does not have
the same packing fraction along all steps, but it rather
seems to increase upon reaching a certain value, which
could be related with the compaction of the granular col-
umn due to gravity effect. To better analyze it, we will
show how does the packing fraction vary over the added
mass.

From Fig. 13 we observe how the packing fraction vary
with the added mass. As for the results of the actual val-
ues of the packing fractions, initial points (madd < 30g in
DL, madd < 10g in DM , madd < 5g for both geometries)
do not have to be taken into consideration since they
are affected by the experimental resolution. The reason
for that is the presence of friction, under which grains
can fall on top of other grains and they can remain in
that position as they will not slip and fill a hole, which

FIG. 13. Variation of the packing fraction between the steps i
and i+1 plotted against madd. Experimental points using ”.”
correspond to oblate grains. Experimental points using ”x”
correspond to prolate grains. TOP plots display the results on
tube with diameter DL. MIDDLE plots display the results on
tube with diameter DM . BOTTOM plots display the results
on tube with diameter DS .

makes the system occupy the volume in a less optimized
way. This can lead to an overestimation of the height
which has more impact on the first drops of grains. For
example, let us consider the oblate grains in the small
tube. For the first step we have ϕ1 ≃ 0.39, correspond-
ing to a height h1 = 7.9mm. If we now consider that
we are measuring one layer due to the presence of just a
couple of grains, we can subtract σℓ/2 = 2.1mm to the
height, as the program computes the value of hi using
the mean height of the contour. Using this new value of
the height h′

1 = 5.8mm we obtain ϕ′
1 ≃ 0.53, which is

larger than before and verifies ϕ′
1 > 0.5. Note than even

with this correction, the variation of the packing fraction
with madd still holds. By using the same argument with
step i = 33 with ϕ33 ≃ 0.77 we obtain ϕ′

33 ≃ 0.78, which
means that the previously describe effect has a lower im-
pact the larger the step considered.

We notice that even if we discard those points, the
packing fraction differences seem to decrease up to a cer-
tain point, where those differences are almost constant.
This decaying is in general larger for the lentils than for
the case of the beans. One can notice that the added
mass at which those differences tend to zero corresponds
to the mass right before reaching its maximum value of
the overshoot at a column height h∗. The explanation we
have for this behaviour is that, as explained in [20], the
fact that an sphere has friction allows it to pack loosely.
When a grain falls into a layer, in absence of friction, it
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will slip and occupy any hole in which the grain fits. On
the other hand, we are adding more layers at each step,
which will interact via body forces with the layers below
exerting pressure to them. This pressure compresses the
grains of the granular column, thus occupying the vol-
ume in a more optimal way. As it has been shown in the
experiments for the lentils and the beans, this pressure
is related to the apparent mass, and saturates right after
reaching h∗ due to the Janssen effect. As a consequence,
thanks to the friction between the grains and the con-
tainer that help sustaining the granular column, grains
are not compacted anymore due to gravity effects.

VII. CONCLUSIONS

Along this work, Janssen’s experiment has been per-
formed using two different grain geometries, being lentils
and mung beans, in three tubes with different diameters.
Results involving the large tube recover the Janssen ef-
fect in which the value of the apparent mass saturates. In
both cases it is also common the underestimation of the
apparent mass provided by the phenomenological model
described in the original work [5], which experimentally
appears to be larger for the prolate grains. When de-
creasing the diameter of the container, a new region
where the apparent mass is larger than the added mass
appears for both grains geometries. This was not noticed
by Janssen [5], but observed in [14]. The responsible to
the apparition of this region is argued to be the existence
of convex (from below) chain forces that compresses the
grains against the scale, allowing the granular column to
reach masses larger than the actual mass contained in the
cylinder. Although those chains are always present, they
play a major role as the size of the tube decreases, which
is in concordance with the results obtained for oblate and
prolate particles. There are two main differences between
the results for the two geometries. The first is the overes-
timation of the apparent mass from Janssen’s model on
the oblate grains, which contrasts with the underestima-
tion of the same model when applied to prolate grains.
The second is the width and height of the overshoot,
which varies more between each tube for the lentils than
for the case of the beans.

When comparing those results with the experiments

performed with spherical grains filling narrow cylinders
we notice some differences. The first is that ha does
not vary when changing the diameter of the tube for the
oblate geometry, while h∗ shows a slow decaying with
increasing D. This does not hold for the case of the pro-
late geometry, where the value of h∗ is the only one that
does not vary. Furthermore, the value of hd is not con-
stant and appears to decrease with the increasing size of
the tube for the oblate grains and to increase for pro-
late grains. On the other hand, the analytical solution
of the model developed in [14] proposed a dependence of
D−1 of the maximum deviation from the fluid behaviour.
This is stated to be true for the spheres but not for the
oblate nor prolate grains, where this deviation decays
faster than what is predicted from the model. The values
adjusted from experimental data are D−2.92 and D−1.61

respectively, although the actual values could be lower
considering the error bars.

We have showed that the difference in ϕ goes to zero
as we add larger amounts of mass for all the different ex-
periments. The pressure saturates approximately right
before h∗, where the differences in packing also become
approximately zero. This reinforces the idea that gravity
compacts the granular column up to saturation, whereby
frictional forces with the walls take over, preventing grav-
itational forces from further compressing the column ir-
respective of its height.

Along this work several experimental differences with
respect the actual models of Janssen’s experiment have
been shown. As the characteristic size of both prolate
and oblate grains are comparable to the beads used[14]
and as the friction coefficient of the grains used in this
work are also comparable, differences can be attributed
to a change in the geometry and how it affects the packing
of the grains.
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