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SHEAVES OF E-INFINITY ALGEBRAS AND APPLICATIONS

TO ALGEBRAIC VARIETIES AND SINGULAR SPACES

DAVID CHATAUR AND JOANA CIRICI

Abstract. We describe the E-infinity algebra structure on the complex of
singular cochains of a topological space, in the context of sheaf theory. As a
first application, for any algebraic variety we define a weight filtration compat-
ible with its E-infinity structure. This naturally extends the theory of mixed
Hodge structures in rational homotopy to p-adic homotopy theory. The spec-
tral sequence associated to the weight filtration gives a new family of algebraic
invariants of the varieties for any coefficient ring, carrying Steenrod operations.
As a second application, we promote Deligne’s intersection complex comput-
ing intersection cohomology, to a sheaf carrying E-infinity structures. This
allows for a natural interpretation of the Steenrod operations defined on the
intersection cohomology of any topological pseudomanifold.

1. Introduction

The singular cochain complex C∗(X,R) of every topological space X , with co-
efficients in a commutative ring R, has a natural structure of an E∞-algebra. This
structure encodes the commutativity of the cup product at the cochain level up
to higher coherent homotopies and turns out to be extremely powerful in order
to classify homotopy types: as shown by Mandell in [31], when R = Fp and for
sufficiently nice spaces, the E∞-structure captures the p-adic homotopy theory of
the space. This result can be understood as an algebraization of p-adic homotopy
theory, analogous to Sullivan’s approach to rational homotopy via commutative dg-
algebras. Moreover, finite type nilpotent spaces are weakly equivalent if and only
if their singular cochains over Z are quasi-isomorphic as E∞-algebras [33].

In this paper, we describe the E∞-algebra structure on C∗(X,R) via sheaf the-
ory. The study of sheaves of E∞-algebras is not new and some related constructions
appear in [24], [32], [35] and more recently in [45], [46] and [43]. In particular, Man-
dell used the theory of homotopy limits of operadic algebras developed by Hinich
and Schechtman to define a cosimplicial normalization functor in the category of
E∞-algebras over R. The same construction was used by May to outline a theory
of E∞-algebras and C̆ech cochains as an approach to sheaf cohomology. More re-
cently, Petersen has defined a global sections functor for sheaves of E∞-algebras
using the theory of twisted algebras. However, these studies are not sufficient for
our purposes. In this paper, we combine the cosimplicial normalization functor with
Godement’s cosimplicial resolution functor to define derived direct image REf∗ and
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derived global sections REΓ(X,−) functors for sheaves of E∞-algebras on topolog-
ical spaces. This idea goes back to Godement, who already claimed in [17] that the
good behavior with respect to products, of his canonical cosimplical resolutions by
flasque sheaves, should allow one to study Steenrod operations in the context of
sheaf theory.

We show that the assignment X 7→ REΓ(X,RX), where RX denotes the con-
stant sheaf of R-modules on X , defines a functor from the category of Hausdorff,
paracompact and locally contractible topological spaces, to the category of E∞-
algebras, which is naturally quasi-isomorphic to the functor C∗(−, R) defined by
the complex of singular cochains with its E∞-algebra structure (Theorem 2.16). In
particular, the above functor is a cochain theory in the sense of Mandell [32]. Such
a cochain theory is a cochain-level refinement of the Eilenberg-Steenrod axioms,
defined as a contravariant functor from spaces to cochain complexes, satisfying ho-
motopy, excision, product and dimension axioms analogous to the usual axioms for
cohomology. If such a cochain theory lifts to the category of E∞-algebras, then this
lift is uniquely quasi-isomorphic to the usual functor of singular cochains.

When Q = R, the above recover results of Navarro-Aznar [40], who used the
Thom-Whitney simple functor to give a solution to the commutative cochains prob-
lem over the field of rational numbers via sheaf theory.

As already pointed out by May in [35], the study of sheaves of E∞-algebras has
many potential applications to algebraic geometry. This is where the weight of this
paper lies. We develop two main applications: to the weight filtration for algebraic
varieties and to the intersection cohomology for topological pseudomanifolds. Both
of these theories owe much to Deligne and are based on sheaf-theoretic considera-
tions.

The weight filtration. Deligne [12], [13] introduced a functorial increasing fil-
trationW on the rational cohomology H∗(X,Q) of every complex algebraic variety
X , called the weight filtration. This filtration relates the cohomology of the variety
with cohomologies of smooth projective varieties. The successive quotients of this
filtration become pure Hodge structures of different weights, leading to the notion
of mixed Hodge structure.

The study of the rational homotopy of complex algebraic varieties using Deligne’s
mixed Hodge theory and in particular, the weight filtration, has proven to be very
fruitful. The initial findings are due to Morgan [39], who refined Deligne’s con-
struction to endow commutative dg-algebra models of smooth varieties with mixed
Hodge structures. By introducing the Thom-Whitney simple functor and using the
theory of cohomological descent, Navarro-Aznar [40] extended Morgan’s theory to
possibly singular varieties. These constructions have led to numerous topological
consequences, mostly related to the formality of algebraic varieties in the sense of
rational homotopy.

The weight filtration has also been defined on the cohomology with coefficients
in an arbitrary commutative ring (see [16], [22]). Also, Totaro observed in his ICM
address [49], that the weight filtration could also be defined on the cohomology
with compact supports of any complex or real analytic space endowed with an
equivalence class of compactifications. Totaro’s remarks have been made precise in
[37], [38] for real algebraic varieties and in [11] for complex and real analytic spaces.
Also, in [29], cap and cup products are studied for the weight filtration on compactly
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supported F2-cohomology of real algebraic varieties. In view of these results, it is
natural to ask for a weight filtration defined at the cochain level, with coefficients
in an arbitrary commutative ring, and compatible with the E∞-structure, thus
generalizing all of the above constructions.

We obtain this weight filtration using the extension criterion of functors of [22].
This is based on the assumption that the target category is a cohomological descent
category which, essentially, is a category D endowed with a saturated class of weak
equivalences, and a simple functor sending every cubical codiagram of D to an
object of D and satisfying certain axioms analogous to those of the total complex
of a double complex. In Theorem 4.7, we use Mandell’s cosimplicial normalization
functor to obtain a cohomological descent structure on the category of E∞-algebras
and prove a filtered version of this result in Theorem 4.8.

The basic idea of the extension criterion of functors is that, given a functor
compatible with smooth blow-ups from the category of smooth schemes to a co-
homological descent category, there exists an extension to all schemes. Such an
extension is essentially unique and is compatible with general blow-ups. Here, we
use a relative version of this result, which extends functors from the category of
pairs (X,U) where j : U →֒ X is a smooth compactification of a smooth open
variety U . Given such a pair, we define the weight filtration by taking the canoni-
cal filtration on REj∗RU , thus promoting Deligne’s approach to the multiplicative
setting. After extension, this gives a functor WR from the category of complex
schemes to a certain homotopy category of filtered E∞-algebras (Theorem 4.16).
The weight spectral sequence ofX is then defined as the spectral sequence associated
to the filtered E∞-algebra WR(X).

Over the rationals, the weight spectral sequence always degenerates at the E2

page. However, this is not the case when working with arbitrary coefficients. Nev-
ertheless, it converges to the cohomology of X and from the second stage onwards,
any page is a new and well-defined algebraic invariant of the variety, which carries
a commutative bigraded structure as well as Steenrod and reduced ℓ-th power op-
erations when working over F2 and Fℓ with ℓ a prime odd number respectively. In
[49], Totaro speculates that the mixed motive of a real analytic space should not
involve much more information than the weight spectral sequence over F2 with an
action of a Steenrod algebra. While the verification of this idea is beyond the scope
of the present work, we do extend our constructions to real and complex analytic
spaces showing that the E2-term of the weight spectral sequence carries Steenrod
operations which are well-defined invariants for these spaces. We develop some
examples illustrating that this is a new non-trivial invariant.

Intersection cohomology. Intersection cohomology is a Poincaré duality co-
homology theory for singular spaces, introduced by Goresky and MacPherson.
It is defined for any topological pseudomanifold and depends on the choice of a
multi-index called perversity, measuring how far cycles are allowed to deviate from
transversality. Goresky and MacPherson, first defined intersection homology in
[19] as the homology IHp

∗ (X) of a subcomplex ICp∗ (X) of the ordinary chains of X ,
given by those cycles which meet the singular locus of X with a controlled defect
of transversality with respect to the chosen perversity and stratification. Subse-
quently, Deligne proposed a sheaf-theoretic approach, which was developed in [20].
In this case, intersection cohomology is defined as the hypercohomology a complex
of sheaves IC∗

p (X) defined by starting with the constant sheaf on the regular part
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of X and iteratively extending it to bigger open sets determined by the stratifica-
tion and truncating it in the derived category with respect to the chosen perversity.
The intersection complex IC∗

p (X) is uniquely characterized by a set of axioms in
the derived category of sheaves.

Intersection cohomology does not define an algebra, but it has a product com-
patible with perversities. In order to promote Deligne’s additive sheaf to a sheaf
carrying an E∞-algebra structure, we adapt Hovey’s [25] formalism of perverse al-
gebras to define the notion of perverse E∞-algebra as an E∞-algebra internal to
the category of functors from the poset of perversities to cochain complexes. We
then construct a sheaf of perverse E∞-algebras whose underlying sheaf of complexes
is Deligne’s intersection complex and show, in Theorem 5.9, that this is uniquely
characterized by a set of axioms in the homotopy category of perverse E∞-algebras.
There exist different constructions related to the presence of multiplicative struc-
tures in intersection cohomology, starting by Goresky and MacPherson’s study of
cup products in intersection cohomology. There is also an ad. hoc. construction of
Steenrod operations in intersection cohomology due to Goresky [18]. Also, recent
work of the first author together with Saralegi and Tanré studies questions related
to multiplicative aspects of intersection cohomology, both over Q and over F2 (see
[7], [8],[9], [10]). Our uniqueness result ensures that the intersection complex of
perverse E∞-algebras defined in this paper, recovers all of the above. In particular,
when working over the field of rational numbers, we obtain a sheaf of commutative
dg-algebras, which gives a solution to the problem of commutative cochains in the
context of intersection cohomology.

The techniques developed in this paper have other potential applications. For
instance, one could also endow the functors of nearby and vanishing cycles with E∞-
structures, as done in the last part of [40] for the rational case. Also, Banagl’s [4]
theory of intersection space complexes and a recent generalization of Banagl’s theory
due to Agust́ın and Fernández de Bobadilla [1] should also allow for a treatment in
the multiplicative setting.

The paper is organized as follows. In Section 2 we develop the necessary tools
of sheaf theory for E∞-algebras. In Section 3 we study filtered E∞-algebras. We
define filtered versions of the cosimplicial normalization and study the interaction
of Steenrod operations with spectral sequences. These results are applied in Section
4, where we define the weight filtration at the cochain level. Lastly, Section 5 is
devoted to intersection cohomology. This last section can be read independently of
Sections 3 and 4.

2. Sheaves of E∞-algebras

In this section, we combine Mandell’s [32] cosimplicial normalization functor
for E∞-algebras together with Godement’s [17] cosimplicial resolution functor for
sheaves of complexes to study sheaves of E∞-algebras and their cohomology. We
define derived direct image and global sections functors for sheaves of E∞-algebras
and use them to describe the E∞-structure on the complex of singular cochains of
a topological space, in terms of a resolution of its constant sheaf.

2.1. Preliminaries on E∞-algebras. Throughout this paper, R will be a commu-
tative ring. All operads considered will be in the category C∗

R of cochain complexes
of R-modules.
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Definition 2.1. Let Com denote the operad of commutative algebras, given in
each arity n ≥ 0, by Com(n) = R concentrated in degree 0, with Σn acting by the
identity.

(1) An operad O is called acyclic if there is a map of operads O → Com such that
in each arity n, the map O(n)→ Com(n) is a quasi-isomorphism.

(2) An operad O is called Σ-free if for each arity n, the underlying graded R[Σn]-
module of O(n) is free in each degree.

(3) An E∞-operad is a Σ-free acyclic operad O → Com such that each graded
module O(n) is concentrated in non-positive degrees.

Throughout this paper we will let E be a cofibrant E∞-operad. Recall that being
cofibrant means that E has the lifting property with respect to maps of operads
that are surjective quasi-isomorphisms (see for instance [23]).

Denote by ER the category of E-algebras over R. An object of ER is given by
a cochain complex together with an action of the E∞-operad E . We will mostly
restrict to E-algebras whose underlying cochain complex is non-negatively graded.

The category ER is complete and cocomplete. Limits and filtered colimits com-
mute with the forgetful functor to cochain complexes. We will denote by Q the
class of quasi-isomorphisms of ER-algebras (those morphisms of E-algebras induc-
ing quasi-isomorphisms at the cochain level) and by

Ho(ER) := ER[Q
−1]

the homotopy category defined by formally inverting quasi-isomorphisms.

2.2. Cosimplicial normalization functor for E∞-algebras. We recall Man-
dell’s construction of the cosimplicial normalization functor for E-algebras [32].

Consider the functor of normalized cochains, sending every cosimplicial cochain
complex to a cochain complex,

N : ∆C∗
R −→ C∗

R.

This is given by the total complex of the double complex obtained by normalizing
degree-wise. When dealing with unbounded complexes, the total complex is con-
structed using the cartesian product, rather than the direct sum. The following
description of the normalized cochains functor will be useful. Denote by

C∗(∆
n) := N(R[∆n])

the normalized chain complex of R-modules of the standard n-simplex simplicial
set, where

R[−] : ∆opSet −→ ∆opR-mod

denotes the free R-module functor, left adjoint to the forgetful. We will often
consider C∗(∆

n) as a non-positively graded cochain complex. Denote by Hom(−,−)
the internal hom of cochain complexes. The following proposition is well-known:

Proposition 2.2. If A• is a cosimplicial cochain complex, then N(A•) may be
identified with the end

N(A•) =

∫

α

Hom(C∗(∆
α), Aα)

of the functor ∆op ×∆ −→ C∗
R given by (α, β) 7→ Hom(C∗(∆

α), Aβ).
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A key ingredient to promote the cosimplicial normalization functor from cochain
complexes to E-algebras is the Eilenberg-Zilber operad, which we recall next (see
[24], see also [35]).

Definition 2.3. The Eilenberg-Zilber operad Z = EndΛ is the endomorphism op-
erad of the functor

Λ : ∆ −→ C∗
R defined by [n] 7→ C∗(∆

n).

In each arity n ≥ 0, Z(n) is the normalization of the cosimplicial (non-positively
graded) cochain complex C∗(∆

•)⊗n. We may write:

Z(n) =

∫

α

Hom(C∗(∆
α), C∗(∆

α)⊗n).

In particular, we have Z(0) ∼= R. The structure maps

Z(n)⊗Z(j1)⊗ · · · ⊗ Z(jn) −→ Z(j1 + · · ·+ jn)

of Z are given by the generalized Alexander-Whitney maps

f ⊗ (f1 ⊗ · · · ⊗ fn) 7→ (−1)|f |·
∑

|fi|(f1 ⊗ · · · ⊗ fn) ◦ f,

where |g| denotes the degree of the map g.

The main theorem of [24] (see also Theorem 5.5 of [32]) is the following.

Theorem 2.4. Let O be an operad and A• a cosimplicial O-algebra. Then N(A•)
is a (O⊗Z)-algebra, that is natural in maps of the operad O and of the cosimplicial
O-algebra A•.

Proof. We explain the main steps for obtaining the algebra structure on N(A•).
Let θ be the action maps of O on A• and denote by

αn : Z(n)⊗N(A•)⊗ · · · ⊗N(A•) −→ N(diag(A• ⊗ · · · ⊗A•))

the map given by

f ⊗ (a1 ⊗ · · · ⊗ an)) 7→ (−1)|f |·
∑

|ai|(a1 ⊗ · · · ⊗ an) ◦ f.

Define action maps of O ⊗Z on N(A•) by the composition

O(n)⊗Z(n)⊗N(A•)⊗ · · · ⊗N(A•)

IdO(n)⊗αn

��
O(n) ⊗N(diag(A• ⊗ · · · ⊗A•))

ζ

��
N(O(n) ⊗ diag(A• ⊗ · · · ⊗A•))

N(θ)

��
N(A•),

where ζ is induced by the natural morphism of cochain complexes

ζ : A⊗Hom(B,C)→ Hom(B,A⊗ C)

given by ζ(x ⊗ f)(y) = x ⊗ f(y). One may verify that these maps satisfiy the
axioms of associativity, unit and equivariance, and that they are natural for maps
of operads and of cosimplicial algebras. �
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Since Z is an acyclic operad, by the lifting property of the cofibrant operad E ,
we may choose a quasi-isomorphism of operads E −→ Z. Furthermore, there is a
map of operads E → E ⊗ E in such a way that both compositions

E → E ⊗ E → Com⊗ E = E and E → E ⊗ E → E ⊗ Com = E

are the identity (see [32, Lemma 5.7]. This gives:

Definition 2.5. The cosimplicial normalization functor

NE : ∆ER −→ ER

is defined by N composed with the reciprocal image functor of the composition

E −→ E ⊗ E −→ E ⊗ Z.

The functor NE satisfies the following properties:

(1) By forgetting the algebra structures we recover the normalized cochains
functor N .

(2) For a constant cosimplicial E-algebra A• (in which all face and degeneracy
maps are identities), the isomorphism of cochain complexes A0 ∼= N(A•) is
a morphism of E-algebras.

We refer to [32] for proofs of the above facts.

2.3. Derived direct image and global sections functors. Denote by ShX(C∗
R)

the category of sheaves of cochain complexes of R-modules on a topological space
X . It is a symmetric monoidal category, with the product of two sheaves A and
B given by the sheafification of the presheaf U 7→ A(U) ⊗ B(U). The unit is the
constant sheaf RX .

Definition 2.6. The cosimplicial Godement resolution of a sheaf A ∈ ShX(C≥0
R )

is an augmented cosimplicial sheaf G•(A) ∈ ∆ShX(C≥0
R ) satisfying:

(i) G−1(A) = A,
(ii) the map A → s(G+(A)) is a quasi-isomorphism, and
(iii) sG+(A) is a complex of flasque sheaves on X ,

where s : ∆C∗
R −→ C∗

R denotes the total simple functor, defined by the total
complex of the double complex obtained without normalizing.

The functor s is naturally homotopy equivalent to the cosimplicial normalization
functor N (see for instance [30, Theorem 6.1]). We refer to [17, Appendix] for the
construction and properties of G•. The assignment A 7→ G•(A) defines a lax
symmetric monoidal functor (see for instance [46, Proposition 3.12]). In particular,
it induces a cosimplicial Godement resolution functor

G• : ShX(ER) −→ ∆ShX(ER)

on sheaves of E-algebras.
Let f : X → Y be a continuous map of topological spaces.

Definition 2.7. The direct image functor

f∗ : ShX(C∗
R) −→ ShY (C

∗
R)

is defined by

f∗A(U) := A(f−1(U)).
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The inverse image functor

f∗ : ShY (C
∗
R) −→ ShX(C∗

R)

is defined by taking f∗B to be the sheafification of the presehaf

U 7→ lim
−→

V⊇f(U)

B(V ),

for any sheaf B on Y .

The direct image functor f∗ is left exact, but not right exact in general. The
inverse image functor f∗ is exact and left adjoint to f∗. In particular, there are
natural adjunction morphisms B → f∗f

∗B and f∗f∗A → A.

Lemma 2.8. The functor f∗ is lax symmetric monoidal.

Proof. Define a map ε : RY → f∗RX via the adjunction morphism

RY → f∗f
∗RY = f∗RX .

This makes f∗ compatible with the unit. We next define a natural transformation

µA,B : f∗A⊗ f∗B −→ f∗(A⊗ B).

Denote by G the presheaf defined by G(U) := A(U)⊗B(U). Consider the diagram
of presheaves

f∗G

f∗θ

��

θ′ // a(f∗G)

µ
zz

f∗aG

where θ : G → aG and θ′ : f∗G → a(f∗G) denote the sheafification maps. The
universal property of θ′ ensures that there is a unique dotted map µ making the
diagram commute. Then:

f∗A⊗ f∗B = a(f∗G)
µ
−→ f∗(aG) = f∗(A⊗ B). �

Remark 2.9. The above lemma gives a direct image functor

f∗ : ShX(ER) −→ ShY (ER)

for sheaves of E-algebras. Note as well that f∗ is strong monoidal, since RX
∼= f∗RY

and there are natural isomorphisms

f∗(A⊗ B) ∼= f∗A⊗ f∗B.

Therefore f∗ induces an inverse image functor

f∗ : ShY (ER) −→ ShX(ER)

for sheaves of E-algebras. Furthermore, the natural adjunction morphisms

B → f∗f
∗B and f∗f∗A → A.

are morphisms in ShY (ER) and ShX(ER) respectively.
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Definition 2.10. Define the derived direct image functor

REf∗ : ShX(ER) −→ ShY (ER)

via the composition of functors

ShX(ER)
G+

−→ ∆ShX(ER)
f∗
−→ ∆ShY (ER)

NE−→ ShY (ER)

where NE is defined on a cosimplicial sheaf A• via Mandell’s cosimplicial normal-
ization functor:

NE(A
•)(U) := NE(A

•(U)).

Note that, at the level of the underlying cochain complexes, the functor REf∗ is
naturally quasi-isomorphic to the additive derived direct image functor

Rf∗ = s ◦ f∗ ◦G
+ ≃ N ◦ f∗ ◦G

+ : ShX(C∗
R) −→ ShY (C

∗
R).

For every continuous map f : X → Y of topological spaces, the functor REf∗
preserves quasi-isomorphisms. Hence it induces a functor

REf∗ : Ho(ShX(ER)) −→ Ho(ShY (ER))

at the level of homotopy categories, which might also be called derived categories.
The following is straightforward:

Lemma 2.11. There is a unit map

1 −→ REf∗ ◦ f
∗ in ShY (ER)

and a counit map

f∗ ◦REf∗
∼
←− f∗ ◦ f∗ −→ 1 in Ho(ShX(ER)).

In particular, (f∗,REf∗) is an adjoint pair at the level of homotopy categories.

Lemma 2.12. Let f : X → Y and g : Y → Z be continuous maps of topological
spaces. There is a natural transformation of functors

RE(g ◦ f)∗ =⇒ REg∗ ◦ REf∗

which is a quasi-isomorphism.

Proof. Note that NE ◦ g∗ = g∗ ◦NE . Indeed, for any cosimplicial sheaf A• and any
open subset U ⊆ X , we have

NE(g∗A
•)(U) = NE(g∗A

•(U)) = NE(A
•(g−1(U)) = g∗NEA

•(U).

Furthermore, there is a natural transformation g∗ ⇒ REg∗ which is a quasi-isomorphism.
Indeed, for any sheaf A, the natural map A → G+(A) gives a quasi-isomorphism

A ∼= NE(A) −→ NE ◦G
+(A).

All together gives:

RE(g ◦ f)∗ = NE ◦ g∗f∗ ◦G
+ ⇒ g∗ ◦NE ◦ f∗ ◦G

+ = g∗ ◦ REf∗ ⇒ REg∗ ◦ REf∗. �

Consider the global sections functor Γ(X,−) := (ρX)∗ where ρX : X → ∗ is the
map to the point.

Definition 2.13. Define the derived global sections functor

REΓ(X,−) : ShX(ER) −→ ER

via the composition of functors

ShX(ER)
G+

−→ ∆ShX(ER)
Γ(X,−)
−−−−−→ ∆ER

NE−→ ER.
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Note that REΓ(X,−) = RE(ρX)∗.

Lemma 2.14. Let f : X → Y be a continuous map of topological spaces and A a
sheaf of E-algebras on X. Then there is a quasi-isomorphism of E-algebras

REΓ(X,A) −→ REΓ(Y,REf∗A).

Proof. It follows from Lemma 2.12, since REΓ(X,−) = RE(ρX)∗, where ρX : X → ∗
is the morphism to the point. �

2.4. Comparison with singular cochains. The singular cohomology of Haus-
dorff, paracompact and locally contractible topological spaces (such as manifolds
or analytic spaces) may be computed via the cohomology of the constant sheaf

Hi(X,R) ∼= Hi(X,RX).

We next refine this result to a statement at the level of E-algebras.

Lemma 2.15. Let X be a Hausdorff, paracompact and locally contractible topo-
logical space and let A ∈ ShX(ER). Assume that for each x ∈ X, the unit map
R→ Ax is a quasi-isomorphism of E-algebras. Then:

(1) The sheaf A is quasi-isomorphic as a sheaf of E-algebras to the sheafification
aC∗(−, R) of the presheaf of singular cochains C∗(−, R).

(2) There is a string of quasi-isomorphisms of E-algebras from REΓ(U,A) to
C∗(U,R), for every open subset U ⊆ X.

Proof. Define morphisms of presheaves

A → A⊗ C∗(−, R) and C∗(−, R)→ A⊗ C∗(−, R)

by letting f 7→ f ⊗ 1 and c 7→ 1 ⊗ c respectively. After sheafification, these give
morphisms of sheaves of E-algebras

A −→ a(A⊗ C∗(−, R))←− aC∗(−, R)

which by assumption, induce quasi-isomorphisms at their stalks. Since X is locally
contractible, it follows that these morphisms are global quasi-isomorphisms and (1)
is satisfied.

We now prove (2). Recall that when forgetting the multiplicative structures, the
functor REΓ(X,−) is naturally quasi-isomorphic to the ordinary derived functor of
global sections in the additive setting. In particular, for any sheaf A of E-algebras
and any open subset U ⊆ X , its hypercohomology may be computed by

Hn(U,A) = Hn(REΓ(U,A)).

Therefore we have a string of quasi-isomorphisms of E-algebras

REΓ(U,A) −→ REΓ(U, a(A⊗ C
∗(−, R)))←− REΓ(U, aC

∗(−, R))←− C∗(U,R),

where for the last arrow, we used the fact that the sheafification map from C∗(U,R)
to aC∗(U,R) is a quasi-isomorphism of E-algebras. �

Theorem 2.16. The assignment X 7→ REΓ(X,RX), where RX denotes the con-
stant sheaf on X, defines a contravariant functor Top −→ ER from the category
Top of Hausdorff, paracompact and locally contractible topological spaces to the cat-
egory of E-algebras, which is naturally quasi-isomorphic to the functor C∗(−, R)
defined by the complex of singular cochains with its E-algebra structure.
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Proof. We first show that this construction is functorial. The proof is similar to
the additive setting. Let f : X → Y be a continuous map of topological spaces.
Then we have a map f∗G+RY → G+RX (see for example [26, Proposition 5.2.1]).
By composing with the adjunction morphism, we get

G+RY → f∗f
∗G+RY → f∗G

+RX .

Therefore we have

REΓ(Y,RY ) = NE ◦ (ρY )∗ ◦G
+(RY )→ NE ◦ (ρY )∗f∗ ◦G

+(RX) =

= NE ◦ (ρX)∗ ◦G
+(RX) = REΓ(X,RX).

Compatibility with composition of maps follows from the fact that the adjunction
morphism is compatible with composition. This proves that

RE(−, R−) : Top −→ ER

is a contravariant functor. It now suffices to apply Lemma 2.15 to the constant
sheaf. �

Remark 2.17. Theorem 2.16 implies that the functorX 7→ REΓ(X,RX) is a cochain
theory in the sense of Mandell [32]. For R = Q, Sullivan’s functor of piece-
wise linear forms APL(−) defines a cochain theory. In particular, the E-algebra
REΓ(X,QX) is naturally quasi-isomorphic to APL(X). Also, in [40], Navarro-Aznar

defined a commutative dg-algebra RTWΓ(X,Q
X
) quasi-isomorphic to APL(X) us-

ing the Thom-Whitney simple functor

sTW : ∆CDGAQ −→ CDGAQ.

Over the rationals, the two constructions are naturally quasi-isomorphic. In [43],
Petersen constructed a global sections functor for sheaves of E∞-algebras, using
the theory of twisted algebras, which is also valid for the compact support case.

3. Filtered E∞-algebras

In this section we review the theory of filtered E∞-algebras. We define filtered
normalization functors which depend on the filtration that one considers on the
operad E and describe the behaviour of the normalization functor with respect to
spectral sequences. We also study Steenrod and reduced ℓ-th power operations on
spectral sequences.

3.1. Filtered operads and filtered algebras. Denote by C∗
FR the category of fil-

tered cochain complexes of R-modules. Recall that given filtered complexes (A,W )
and (B,W ′), then their tensor product is again a filtered complex, with the filtra-
tion

(W ∗W ′)p(A⊗B) :=
∑

i+j=p

Im(WiA⊗W
′
jB −→ A⊗B).

This makes C∗
FR into a symmetric monoidal category, where the unit is given by R

with the trivial filtration 0 = t−1R ⊂ t0R = R. Also, the internal hom of complexes
is a filtered cochain complex, with the filtration

(W |W ′)pHom
n(A,B) := {f : A→ B; f(WqA

m) ⊂W ′
q+pB

m+n}.

Let us recall three functorial increasing filtrations that will play important roles
in the sequel:
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Definition 3.1. Let A be a cochain complex. The trivial filtration t on A is

0 = t−1A
n ⊂ t0A

n = An for all n ∈ Z.

The canonical filtration τ on A is given by

τpA
n =





0 , p < n
Ker(d : An → An+1) , p = n
An , p > n

.

The bête filtration σ is given by σpA
n = An if n ≥ −p and σpA

n = 0 if n < −p.

The three filtrations t, τ and σ define lax symmetric monoidal functors from
complexes to filtered complexes. We will use the following easy lemma:

Lemma 3.2. Let A be a cochain complex concentrated in non-positive degrees.
Then the identity defines morphisms of filtered complexes

(A, σ) −→ (A, t) −→ (A, τ).

Proof. For the first map, it suffices to note that if n ≥ 0, then σpA
−n is non-

trivial only when n ≤ p, for which tpA
−n = A−n. For the second map, note that

τpA
n = An for all (p, n) such that p ≥ 0 and n ≤ 0. Indeed, if p = n = 0 then

τpA
n = Ker(d : A0 → A1) = A0, while if p > n then τpA

n = An. �

This triad of filtrations, t, σ and τ already plays a key role in Deligne’s additive
mixed Hodge theory and will be essential for the applications to the weight filtration
of Section 4. In this section, we will focus on the filtrations t and σ defined on the
operad E .

Recall that, given a filtered complex (A,W ), whereW is an increasing filtration,
the r-th page Er of its associated spectral sequence is given by:

E−p,q
r (A,W ) :=

{x ∈WpA
q−p; dx ∈Wp−rA

q−p+1}

{x ∈ Wp−1Aq−p; dx ∈ Wp−rAq−p+1}+ dWp+r−1 ∩WpAq−p
.

The differential on Er, induced by the differential on A, has bidegree (r,−r + 1),

dr : E
−p,q
r (A,W ) −→ E−p+r,q−r+1

r (A,W ),

making (E∗,∗
r (A,W ), dr) into an r-bigraded cochain complex.

Definition 3.3. Let r ≥ 0. A morphism f : (A,W ′) → (B,W ′) of filtered com-
plexes is called Er-quasi-isomorphism if it induces a quasi-isomorphism of bigraded
complexes at the Er-stage of the associated spectral sequences, so that the map

Er+1(f) : Er+1(A,W
′)→ Er+1(B,W

′)

is an isomorphism of bigraded R-modules.

We will denote by Qr the class of Er-quasi-isomorphisms. We have a chain of
inclusions

· · · ⊆ Qr+1 ⊆ Qr ⊆ · · · ⊆ Q.

Definition 3.4. A filtered operad (O,W ) is an operad in C∗
FR. Alternatively, it is

given by an operad O in C∗
R together with a filtration W on each cochain complex

O(n) in such a way that its structure morphisms

O(ℓ)⊗O(m1)⊗ · · · ⊗ O(mℓ) −→ O(m1 + · · ·+mℓ)

are compatible with filtrations and its unit satisfies η : R −→W0O(1).
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Note that if (O,W ) is a filtered operad, then for all r ≥ 0, the collection

E∗,∗
r (O,W ) := {E∗,∗

r (O(ℓ),W )}

defines an operad in r-bigraded cochain complexes (see also [27, Proposition 5.1]).

Definition 3.5. Let (O,W ) be a filtered operad. A filtered (O,W )-algebra is a
filtered cochain complex (A,W ′) together with an action of O on A whose structure
morphisms

θA(ℓ) : O(ℓ)⊗Σℓ
A⊗ℓ −→ A

are compatible with filtrations.

We refer to [14] for an equivalent treatment of filtered algebras via the endomor-
phism operad. Note that if (A,W ′) is a filtered (O,W )-algebra, then for all r ≥ 0,
we have that Er(A,W

′) is an Er(O,W )-algebra.

3.2. Filtered E-algebras. For the study of filtered E-algebras, an obvious choice
for a filtration on the operad E is the trivial filtration. This choice will be adequate
if one is interested in the class Q0 of E0-quasi-isomorphisms. Indeed, for the trivial
filtration t, we have

E−p,q
0 (E , t) := GrtpE

q−p ∼=

{
Eq, if p = 0
0, otherwise

and so E∗,∗
0 (E , t) is a cofibrant E∞-operad in the category of 0-bigraded complexes.

In addition, we have E0,0
1 (E , t) ∼= Com and E∗,∗

1 (E , t) is trivial in the remaining
bidegrees. As a consequence, if (A,W ) is a filtered (E , t)-algebra then E∗,∗

0 (A,W )
is an E-algebra (in 0-bigraded complexes) and E∗,∗

1 (A,W ) is a commutative algebra
(in 1-bigraded complexes).

If one is interested in the class Qr of Er-quasi-isomorphisms, with r > 0, one is
led to shift the trivial filtration in order to obtain isomorphisms

E0,0
r+1(E(ℓ))

∼= Com(ℓ) and E∗,∗
r+1(E(ℓ)) = 0 for (p, q) 6= (0, 0).

In the case r = 1, this is achieved by the bête filtration. Indeed, we have

E−p,q
1 (E , σ) := Hq−p(Grσp E)

∼=

{
E−p, if q = 0
0, otherwise

.

Therefore E∗,∗
1 (E , σ) is a cofibrant E∞-operad in the category of 1-bigraded com-

plexes. Also, E0,0
2 (E , σ) ∼= Com and E∗,∗

2 (E , σ) is trivial otherwise. As a conse-
quence, if (A,W ) is a filtered (E , σ)-algebra then E∗,∗

1 (A,W ) is an E-algebra and
E∗,∗

2 (A,W ) is a commutative algebra.

Remark 3.6. By Lemma 3.2 we have a morphism of filtered operads

(E , σ) −→ (E , t)

and so if (A,W ) is an (E , t)-algebra then it may also be viewed as an (E , σ)-algebra.

We will denote by FEtR the category of finitely filtered non-negatively graded
(E , t)-algebras and by

Ho(FEtR) := FE
t
R[Q

−1
0 ]

the localized category with respect to E0-quasi-isomorphisms. Likewise, let FEσR
denote the category of (E , σ)-algebras and

Ho(FEσR) := FE
t
R[Q

−1
1 ]

the localized category with respect to E1-quasi-isomorphisms.
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Remark 3.7. Given any filtrationW on a cochain complex A, one may consider the
shifted filtration SWpA

n :=Wp+nA
n which satisfies

Ep,qr+1(A,SW ) ∼= E−q,p+2q
1 (A,W ) for all r ≥ 0.

In particular, σ = St is just a shift of the trivial filtration. For all r ≥ 0 we may
consider the r-shift Srt which serves as a natural filtration on E for studying the
category of filtered E-algebras with respect to Er-quasi-isomorphisms. We have
chosen to restrict to the cases r = 0 and r = 1 only, which are the cases arising in
the study of the weight filtration.

3.3. Normalization functors for filtered algebras. We will consider an in-
creasing filtration F = {Fp} on C∗(∆

•), compatible with the differential and the
cosimplicial structure. Then, given a cosimplicial filtered complex A•, the cochain
complex N(A•) inherits a natural filtration from that in Hom(C∗(∆

•), A•). This
gives a filtered normalization functor NF for filtered complexes.

Lemma 3.8. Let (O,W ) be a filtered operad and (A•,W ′) a cosimplicial filtered
(O,W )-algebra. Let F be a filtration on C∗(∆

•). Then

NF (A•,W ′) :=

∫

α

HomC∗

FR
((C∗(∆

α), F ), (A•,W ))

is a filtered (O ⊗ Z,W ∗ F )-algebra and the filtration on N(A•) is induced by the
filtration (F |W ′) on Hom(C∗(∆

α), Aα).

Proof. It suffices to show that the action maps given in the proof of Theorem 2.4
are compatible with filtrations:

WpO(n)⊗ FqZ(n)⊗Wp1N(A•)⊗ · · · ⊗WpnN(A•) −→Wp+q+p1+···+pnN(A•).

We first show that

αn(FqZ(n)⊗Wp1N(A•)⊗ · · · ⊗WpnN(A•)) ⊂Wp1+···+pnN(diag(A• ⊗ · · · ⊗A•)).

This follows from the two easy facts that: first, given ai ∈WpiHom(Ai, Bi), then

a1 ⊗ · · · ⊗ an ∈ Wp1+···+pnHom(A1 ⊗ · · · ⊗An, B1 ⊗ · · · ⊗Bn).

Second, given morphisms f ∈ WpHom(A,B) and g ∈ WqHom(B,C), then their
composition satisfies g ◦ f ∈Wp+qHom(A,C). Next, note that the morphism

ζ : A⊗Hom(B,C)→ Hom(B,A⊗ C) ; ζ(x⊗ f)(y) = x⊗ f(y)

is compatible with filtrations. Indeed, assume that x ∈ WiA and f ∈ WjHom(B,C).
Then, for y ∈ WqB we have x⊗ f(y) ∈Wi+j+q(A⊗ C). This proves that

ζ(x⊗ f) ∈ Wi+jHom(B,A⊗ C).

Lastly, since θ is compatible with filtrations and N is functorial in the category of
filtered complexes, it follows that N(θ) is compatible with filtrations. �

Let F be one of the filtrations t (trivial) or σ (bête). If (A•,W ) is a filtered
(E , F )-algebra, the above result makes NF (A•,W ) into an (E ⊗ Z, F ∗ F )-algebra.
By composing NF with the reciprocal image functor of the filtered diagonal map

(E , F )→ (E ⊗ E , F ∗ F )→ (E ⊗ Z, F ∗ F )

we obtain a cosimplicial normalization functor NF
E for filtered (E , F )-algebras.

To study the weight spectral sequence it will be useful to understand the behavior
of the bête filtration of the cosimplicial normalization functor. In the additive
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setting this corresponds to the diagonal filtration introduced in 7.1.6 of [13] for
filtered cochain complexes (see also Section §2 of [11]).

Lemma 3.9. Let (A•,W ) be a cosimplicial filtered (E , σ)-algebra. The spectral
sequence associated with Nσ

E (A
•,W ) satisfies

E−p,q
1 (Nσ

E (A
•,W )) ∼= E1(ϕ)

∗

∫

α

∑

m

Hom
(
Cm(∆α), Em−p,q

1 (Aα,W )
)
.

where ϕ : (E , σ) −→ (E ⊗ Z, σ ∗ σ).

Proof. Since the bête filtration σ satisfies GrσmCn(∆
α) = 0 for all n 6= m, we obtain

Grσ|Wp Homq−p(C∗(∆
α), Aα) ∼=

∑

m

Hom(Cm(∆α), GrWp−m(Aα)m−p+q).

Computing the cohomology of this graded complex, we get

E−p,q
1 (Hom∗(C∗(∆

α), Aα), σ|W ) ∼=
∑

m

Hom(Cm(∆α), Em−p,q
1 (Aα,W )).

Noting that E1 commutes with ϕ∗, we get the desired isomorphism. �

Remark 3.10. The above result just states that Nσ
E commutes with the functor E1,

when considering the obvious normalization functor for cosimplicial E-algebras in
1-bigraded complexes. Similarly, for the trivial filtration, one analogously shows
that N t

E commutes with E0.

3.4. Steenrod operations and spectral sequences. Steenrod operations in
spectral sequences have been studied in [34], [48], [15] and [50] among others. In
particular, Singer [48] defined Steenrod operations on certain first quadrant spec-
tral sequences that include the Leray-Serre spectral sequence as an example and
Dwyer [15] dealt with the second quadrant case. The approach in both cases is
to construct the operations directly at the level of the filtered complexes and then
keep track of how these operations behave in the spectral sequence. In this section,
we briefly review how Steenrod operations and reduced ℓ-th power operations are
defined on an E∞-algebra and on the spectral sequence of a filtered (E , σ)-algebra.

Choosing E to be the Barratt-Eccles operad, we identify E(ℓ) with a free resolu-
tion of Fℓ as a Σℓ-module. Then, we may choose a family of elements ei ∈ E(ℓ)−i

such that if A is an E-algebra over Fℓ with structure morphisms θ, these give the
operations

Di : A
k1 ⊗ · · · ⊗Akℓ −→ Ak1+···+kℓ−i

given by
Di(a1, · · · , aℓ) := θ(ei ⊗ a1 ⊗ · · · ⊗ aℓ).

We distinguish two cases:

(1) If ℓ = 2, the operation Di(a, b) = a ∪i b is just the cupi-product of a and b
and the Steenrod operations at the cochain level

P s : Ak −→ Ak+s ; s ≤ k

are defined by

P s(a) := da ∪k−s+1 a+ a ∪k−s a = θ(ek−s+1 ⊗ da⊗ a+ ek−s ⊗ a⊗ a).

Since dP s = P sd, these induce Steenrod operations in cohomology

Sqs : Hk(A)→ Hk+s(A) ; Sqs([a]) := [a ∪k−s a] for all s ≤ k.
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(2) For p > 2 we have reduced ℓ-th power operations

P s : Ak → Ak+2s(ℓ−1) and βP s : Ak → Ak+2s(ℓ−1)+1

defined via the operations Di applied to ℓ elements. These induce opera-
tions in cohomology

P s : Hk(A)→ Hk+2s(ℓ−1)(A) and βP s : Hk(A)→ Hk+2s(ℓ−1)+1(A).

We refer to [34] for the construction and main properties of these operations.

In the filtered case, we have:

Lemma 3.11. Let (A,W ) be a filtered (E , σ)-algebra over Fℓ. Then we have oper-
ations

P s : Ep,qr (A,W ) −→ Ep−q+s,2qr (A,W ) for ℓ = 2,

and

P s : Ep,qr (A,W ) −→ Ep+(2s−q)(ℓ−1),ℓq
r (A,W ) for ℓ > 2.

when ℓ > 2, for r = 1, 2.

Proof. Since (A,W ) is a filtered (E , σ)-algebra, it follows that E1(A,W ) is an E-
algebra in 1-bigraded complexes and the above constructions give operations in E1.
Since these operations are compatible with d1, they induce operations in E2 which
are well-defined. �

Remark 3.12. Using Lemma 3.9, by results of May [34], Singer [48] and Dwyer [15]
(see also Theorem 6.15 of [36]), one may also define vertical operations

P sv : Ep,q1 (A,W ) −→ Ep,q+s1 (A,W ) for ℓ = 2,

and

P sv : Ep,q1 (A,W ) −→ E
p,q+2s(ℓ−1)
1 (A,W ) for ℓ > 2.

These are also compatible with d1. We will see in Section 4 a concrete and accessible
description of these vertical operations, for the weight spectral sequence of algebraic
varieties. Moreover, the operations on E1 of Lemma 3.11, are shown to induce
operations at each stage Er with r > 1.

4. Weight filtration

The weight filtration on the cohomology H∗(X,Q) with rational coefficients of
any complex algebraic variety X was first introduced by Deligne [12, 13]. The
weight filtration was later extended to a filtration on H∗(X,R) where R is an arbi-
trary commutative ring by Gillet and Soulé ([16], see also [22]). We will refer to this
filtration as the classical weight filtration. In this section, we define a weight filtra-
tion on the complex of singular cochains of any complex algeraic variety, compatible
with the E∞-algebra structure, and which recovers the classical weight filtration on
cohomology. We will use the extension criterion of functors of [22], which is rests
on cohomological descent structures.
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4.1. Cohomological descent structures on E-algebras. A cohomological de-
scent structure on a category D is essentially given by a saturated class of weak
equivalences and a simple functor sending every cubical codiagram of D (as a cu-
bical replacement for cosimplicial objects in D) to an object of D and satisfying
certain axioms analogous to those of the total complex of a double complex.

We first recall the main ideas on cubical codiagrams and cohomological descent
categories. We refer to [22] for the precise definitions.

Definition 4.1. Given a non-empty finite set S, denote by �S the set of non-
empty parts of S, ordered by the inclusion. We will denote by the same symbol
its associated category. We define a category Π as follows. Its objects are given
by families S = (Si)i∈I of non-empty finite sets Si, indexed by a variable finite set
I. Given such a family, we will consider the cartesian product �S :=

∏
i∈I �Si

.
Given objects S = (Si)i∈I and T = (Tj)j∈J of Π, a morphism S → T is given
by an injective map

∏
i Si →

∏
j Tj such that for any α = (αi) ∈ �S , there is

β = (βj) ∈ �T with u(
∏
i αi) =

∏
j βj .

The assignement S 7→ �S defines a faithful functor from Π to the category of
categories. We will identify Π with its image by this functor and so we will denote
by �S the object S of Π and by u the map �u.

Definition 4.2. Let D be an arbitrary category. A cubical codiagram of D is a
pair (X,�), where � is an object of Π and X is a functor X : � → D. Then X
is said to be a �-codiagram of D. A morphism (X,�) → (Y,�′) between cubical
codiagrams is given by a pair (a, δ) where δ : �′ → � is a morphism of Π and
a : δ∗X := X ◦ δ → Y is a natural transformation.

For instance, if S = {0} then �S-codiagrams are just objects X1 of D. If S =
{0, 1} then �S-codiagrams are diagrams in D of the form X1,0 ←− X1,1 −→ X0,1.
Denote by CodiagΠD the category of cubical codiagrams of D.

Definition 4.3. A cohomological descent category is given by a cartesian category
D provided with an initial object 1, together with a saturated class of morphisms Q
of D which is stable by products, called weak equivalences, and a covariant functor

s : CodiagΠD −→ D,

called the simple functor. The data (D,Q, s) must satisfy the axioms of Definition
1.5.3 of [22]. Objects weakly equivalent to the initial object 1 are called acyclic.

Example 4.4. The category C∗
R of cochain complexes of R-modules makes the

primary example of a cohomological descent category, with the weak equivalences
given by quasi-isomorphisms and the simple functor defined via the total complex.
More generally, let D be a category with initial object and a simple functor s. In a
large class of examples, a cohomological descent structure on D is given after lifting
the class of quasi-isomorphisms on C∗

R via a functor Ψ : D −→ C∗
R, provided that Ψ

is compatible with the simple functor (see Proposition 1.5.12 of [22]). For instance,
the category CDGAK of commutative dg-algebras over a field K of characteristic
0, with the Thom-Whitney simple sTW of [40], inherits a cohomological descent
structure via the forgetful functor CDGAK −→ C∗

K
.

We next show that, in its cubical version, the normalization functor defines a co-
homological descent structure on the category of E-algebras, with quasi-isomorphisms
as weak equivalences.
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Definition 4.5. Let A• be a �-codiagram of cochain complexes. Define the nor-
malization N(A•) of A• as the end

N(A•) :=

∫

α

Hom(C∗(∆
α), Aα)

of the functor �opα ×�β −→ C∗
R given by (α, β) 7→ Hom(C∗(∆

α), Aβ).

The same proof of Theorem 2.4 for cosimplicial O-algebras gives:

Lemma 4.6. Let O be an operad. If A• is a �-codiagram of O-algebras, then
N(A•) is a (O ⊗Z)-algebra, naturally in O and A•.

As in the cosimplicial setting, the above lemma gives a normalization functor

NE : CodiagΠER −→ ER

by composing N with the reciprocal image functor of the composition

E −→ E ⊗ E −→ E ⊗ Z.

Theorem 4.7. The triple (ER, NE ,QE) is a cohomological descent category.

Proof. Denote by U : ER → C∗
R the forgetful functor. By definition, the class

Q is given by the inverse image of quasi-isomorphisms of cochain complexes by
U . Also, since restriction morphisms are the identity on the underlying cochain
complexes, we have U ◦NE = N ◦U. This proves that we are in the hypotheses of [22,
Proposition 1.5.12] on the transfer of cohomological descent structures. Therefore
it suffices to prove that the triple (C∗

R, N,Q) is a cohomological descent category.
This follows from [22, 1.7.2], by noting that the simple functor considered in loc.
cit, is isomorphic to N . We prove this last claim.

Denote by C∗(�α) the chain complex of oriented chains of the simplicial complex
of the non-empty parts of �α. Let C

∗(�α) denote its dual cochain complex, given
in each degree by

Cn(�α) = HomR(C∗(�α), R).

Given a �-codiagram of cochain complexes A•, then its simple is defined by the
end of the functor

�
op
α ×�β −→ C∗

R given by (α, β) 7→ C∗(�α)⊗A
β

(see 1.3.1 of [22]). Now, we have an isomorphism of cochain complexes

C∗(�S)⊗A ∼= Hom(C∗(�S), A).

Therefore it suffices to prove that C∗(�α) ∼= C∗(∆
α). This follows from the defi-

nition of the oriented chains, since Cp(�n) is the free R-module generated by the
non-degenerate p-simplices of ∆n. �

To define a weight filtration on singular cochains we will use a filtered version of
the above result.

Theorem 4.8. Let F be one of the filtrations t (trivial) or σ (bête). We have nor-
malization functors NF

E for filtered (E , F )-algebras and the triples (FEtR, N
t
E ,Q0)

and (FEσR, N
σ
E ,Q1) are cohomological descent categories.
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Proof. By Lemma 3.3 together with the results of Section 3.3 we have filtered nor-
malization functors also in the cubical setting. The verification of the cohomological
descent structures is parallel to that of Theorem 4.7, via the forgetful functor from
filtered Ee-algebras to the category of filtered complexes C∗

FR and using the fact
that both triples (C∗

FR, N
t,Q0) and (C∗

FR, N
σ,Q1) are cohomological descent cat-

egories (see [11, Theorem 2.8]). �

4.2. The extension criterion of functors. The basic idea of the extension crite-
rion of functors is that, given a functor compatible with smooth blow-ups from the
category of smooth schemes to a cohomological descent category, there exists an
extension to all schemes. Such an extension is essentially unique and is compatible
with general blow-ups. Let us review the main statements.

Denote by SchK the category of reduced schemes, that are separated and of
finite type over a field K of characteristic 0. Denote by SmK the full subcategory
of smooth schemes.

Definition 4.9. A cartesian diagram of SchK

Ỹ

g

��

j // X̃

f

��
Y

i // X

is said to be an acyclic square if i is a closed immersion, f is proper and it induces

an isomorphism X̃− Ỹ → X−Y . It is an elementary acyclic square if, in addition,
all the objects in the diagram are in SmK, and f is the blow-up of X along Y .

Denote by V2
K
the category of good compactifications : its objects are pairs (X,U)

where X is a smooth projective scheme and U is a smooth open subvariety of
X such that D = X − U is a normal crossings divisor. Morphisms are pairs
(f, f ′) : (X,U)→ (X ′, U ′) such that the following diagram commutes

U //

f ′

��

X

f

��
U ′ // X ′

.

Definition 4.10. A commutative diagram of V2
K

(Ỹ , Ũ ∩ Ỹ )

g

��

j // (X̃, Ũ)

f

��
(Y, U ∩ Y )

i // (X,U)

is said to be an acyclic square if f : X̃ → X is proper, i : Y → X is a closed

immersion, the diagram of the first components is cartesian, f−1(U) = Ũ and the
diagram of the second components is an acyclic square of SchK.

Definition 4.11. A morphism f : (X̃, Ũ)→ (X,U) in V2
K

is called proper elemen-

tary modification if f : X̃ → X is the blow-up of X along a smooth center Y which

has normal crossings with the complement of U in X , and if Ũ = f−1(U).
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Definition 4.12. An acyclic square of objects of V2
K

is said to be an elementary

acyclic square if the map f : (X̃, Ũ)→ (X,U) is a proper elementary modification,
and the diagram of the second components is an elementary acyclic square of SmK.

Definition 4.13 (Φ-rectified functors). Let D be a cohomological descent category
and let � ∈ Π. Denote by D� := Fun(�,D) the category of diagrams of type �

in D. The simple functor induces a functor Ho(D�) → Ho(D). In general, we
are interested in cubical diagrams in Ho(D) and we do not have a simple functor
Ho(D)� → Ho(D). The notion of Φ-rectified functor corresponds, roughly speaking,
to functors F : C → Ho(D) which are defined on all cubical diagrams in the form
F� : C� → Ho(D�), so that we can take the composition C� → Ho(D�)→ Ho(D)
(see 1.6 of [22]).

The following is a relative version of the main result of [22] on the extension of
functors from schemes with values in cohomological descent categories.

Theorem 4.14 ([22], Theorem 2.3.6). Let D be a cohomological descent category
with simple functor s and let

F : V2
K
−→ Ho(D)

be a contravariant Φ-rectified functor satisfying:

(F1) F (∅, ∅) is the final object of D and F ((X,U)⊔(Y, V ))→ F (X,U)×F (Y, V )
is an isomorphism.

(F2) If (X•, U•) is an elementary acyclic square of V2
K
, then sF (X•, U•) is

acyclic.

Then there exists a contravariant Φ-rectified functor

F ′ : SchK −→ Ho(D)

such that:

(1) If (X,U) is an object of V2
K
, then F ′(U∞) ∼= F (X,U).

(2) If U• is an acyclic square of SchK, then sF ′(U•) is acyclic.

In addition, the functor F ′ is essentially unique.

4.3. Weight filtration on the complex of singular cochains. LetX be a topo-
logical space. Both the Godement cosimplicial resolution functor and the global
sections functor define functors of sheaves of filtered algebras. Also, as in Theo-
rem 4.8, the trivial filtration on C∗(∆

•) gives a filtered cosimplicial normalization
functor N t

E . This gives a derived global sections functor for filtered E-algebras

RtEΓ(X,−) := N t
E ◦ Γ(X,−) ◦G

+.

Let (X,U) be an object of V2
C and denote by j : U →֒ X the inclusion. Consider

the sheaf REj∗RU and endow it with the canonical filtration τ . This is a sheaf of
filtered (E , τ)-algebras but, by Lemma 3.2, we can consider it as a sheaf of filtered
(E , t)-algebras.

Proposition 4.15. The assignment (X,U) 7→ RtEΓ(X, (REj∗RU , τ)) defines a
functor

W ′
R : V2

C −→ FE
t
R

satisfying the following conditions:

(1) There is a string of quasi-isomorphisms of E-algebras from W ′
R(X,U) to

C∗(U,R).
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(2) The filtration induced on H∗(U,R) ∼= H∗(W ′
R(X,U)) is the classical weight

filtration.

Proof. The functoriality of (X,U) 7→ RtEΓ(X, (REj∗RU , τ)) follows as in Theorem
2.16. Let us prove (1). By Lemma 2.14, the E-algebras REΓ(X,REj∗RU ) and
REΓ(U,RU ) are naturally quasi-isomorphic. The result now follows from Theorem
2.16. In particular, we have an isomorphism

H∗(U,R) ∼= H∗(W ′
R(X,U)).

To prove (2), it suffices to note that, when forgetting the E-algebra structures, the
definition ofW ′

R(X,U) coincides with Deligne’s construction of the weight filtration
for smooth compactifications (see [12] for rational coefficients and [16], [22] for the
arbitrary ground ring case). �

We now use the extension criterion of functors of Theorem 4.14 to extend the
functor W ′

R to the category of all schemes. Recall that FEσR denotes the category
of filtered (E , σ)-algebras and Ho(FEσR) is its localization with respect to Er-quasi-
isomorphisms. We get:

Theorem 4.16. There exists a Φ-rectified functor

WR : SchC −→ Ho(FEσR)

such that:

(1) There is a quasi-isomorphism of E-algebras WR(X) ≃ C∗(X,R) for every X ∈
SchC.

(2) If (X,U) is a pair in V2
C then WR(U) ∼=W ′

R(X,U).
(3) For every p, q ∈ Z and every acyclic square of SchC

Ỹ

��

// X̃

��
Y // X

there is a long exact sequence of R-modules

· · · → Ep,q2 (WR(X))→ Ep,q2 (WR(X̃))⊕ Ep,q2 (WR(Y ))→

→ Ep,q2 (WR(Ỹ ))→ Ep+1,q
2 (WR(X))→ · · ·

(4) The filtration induced by WR(X) on Hn(X,R) is the classical weight filtration.

Proof. Since W ′
R has values in FEtR, it automatically gives a Φ-rectified functor

W ′
R : V2

C −→ FE
t
R −→ FE

σ
R −→ Ho(FEσR)

when composing with the reciprocal image functor of the map (E , σ) → (E , t)
and the localization functor at E1-quasi-isomorphisms. By Theorem 4.8 the triple
(FEσR, N

σ
E ,Q1) is a cohomological descent category. Therefore by Theorem 4.14

it suffices to show that W ′
R satisfies properties (F1) and (F2). Property (F1) is

trivial. Condition (F2) is equivalent to the condition that the map

W ′
R(X,U) −→ Nσ

E (W
′
R(X•, U•))
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is an E1-quasi-isomorphism for every elementary acyclic square (X•, U•)→ (X,U)
of V2

C. This is a statement at the level of the underlying cochain complexes, and
hence it suffices to show that the map

W ′
R(X,U) −→ sσ(W ′

R(X•, U•))

is an E1-quasi-isomorphism, where now

W ′
R(X,U) = RΓ(X, (Rj∗RU , τ))

is defined via the derived additive functors Rj∗ and RΓ(X,−), and sσ is the total
simple functor that sends a codiagram of filtered complexes complexes (K•,W •)
to the filtered complex

Wp(s
σ(K•,W •)) =

⊕

|α|=0

WpK
α⊕

⊕

|α|=1

Wp+1K
α[−1]⊕· · ·⊕

⊕

|α|=r

Wp+rK
α[−r]⊕· · · .

The result now follows as in the definition of the weight filtration in cohomology
(see Theorem 2.17 of [11]). We sketch the main steps for completeness.

For any codiagram of filtered complexes K•, we have that (see Proposition 2.7
of [11])

E∗,q
1 (sσ(K•))

∼
←→ sE∗,q

1 (K•).

Therefore the above reduces to prove that for all q ∈ Z, the sequence

· · · → E∗,q
2 (W ′

R(X,U))→ E∗,q
2 (W ′

R(X̃, Ũ))⊕ E∗,q
2 (W ′

R(Y, U ∩ Y ))→

→ E∗,q
2 (W ′

R(Ỹ , Ũ ∩ Ỹ ))→ E∗+1,q
2 (W ′

R(X,U))→ · · ·

is exact, where

(Ỹ , Ũ ∩ Ỹ )

g

��

j // (X̃, Ũ)

f

��
(Y, U ∩ Y )

i // (X,U)

is an elementary acyclic square. We may identify E∗,q
1 (W ′

R(X,U)) with the Gysin
complex Gq(X,U)∗, given in each degree by

Gq(X,U)p := Hq+2p(D(−p), R), where D = X − U

(see [12], 3.1.9 and 3.2.4, see also Section 4.3 of [42]). Now, by Proposition 4.5 of
[11], we have:

(1) If Y * D then the simple of the double complex

0→ Gq(X,U)→ Gq(X̃, Ũ)⊕Gq(Y, U ∩ Y )→ Gq(Ỹ , Ũ ∩ Ỹ )→ 0

is acyclic for all q

(2) If Y ⊂ D then Gq(X,U)→ Gq(X̃, Ũ) is a quasi-isomorphism for all q. �

Remark 4.17. After minor modifications, the above theorem is also valid in the
following contexts:

(1) Real algebraic varieties. By restricting to F2-coefficients, for which Poincaré-
Verdier duality holds, one may define a functor WF2 : SchR −→ Ho(FEσF2

).
This result promotes the results of MacCrory and Parusiński [37], [38] on the
existence of a weight filtration for the F2-homology of real algebraic varieties,
from the additive, to the E∞-setting.
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(2) Analytic spaces. A version of the extension criterion of functors for analytic
spaces (see Theorem 3.9 of [11]), gives a functor WR : An∞C −→ Ho(FEσR),
where An∞

C denotes the category of complex analytic spaces endowed with an
equivalence class of compactifications. The same is true for real analytic spaces
and F2-coefficients. Therefore we also obtain a multiplicative weight filtration
in these settings.

(3) Rational homotopy. The theory of mixed Hodge structures in rational homo-
topy gives a weight filtration on Sullivan’s algebra APL(X) of piece-wise linear
forms. Also, Theorem 4.16 gives a filtered E∞-algebra WQ(X) over Q. These
two constructions are naturally weakly equivalent in the category of filtered
(E , σ)-algebras.

(4) Rational homotopy of analytic spaces. By the previous remark, we also obtain
a weight filtration on the rational homotopy type of every complex analytic
space endowed with an equivalence class of compactifications, extending the
theory of mixed Hodge structures on the rational homotopy type of complex
algebraic varieties, to complex analytic spaces. In the analytic setting, the
weight filtration is not part of a mixed Hodge structure, but it is a new and
well-defined invariant.

4.4. Steenrod operations on the weight spectral sequence. The existence
of a weight filtration compatible with the E∞-structure over Fℓ gives a whole new
family of invariants, given by Steenrod (for ℓ = 2) and reduced ℓ-th power operations
(for ℓ > 2) on the successive pages of the weight spectral sequence. These operations
may be useful in order to distinguish homotopy types of algebraic varieties.

Definition 4.18. Let X be a complex algebraic variety. The weight spectral se-
quence of X with coefficients in a commutative ring R is the spectral sequence
associated with the filtered (E , σ)-algebra WR(X) given in Theorem 4.16:

E−p,q
1 (X,R) := Hq−p(GrpWR(X)) =⇒ Hq−p(X,R).

Remark 4.19. As shown by Deligne, for R = Q the weight spectral sequence de-
generates at the E2 page, but this is not the case for a general coefficient ring (see
[16]). However, for r ≥ 2, the pair (Er(X,R), dr) is a well-defined algebraic invari-
ant of X , which differs in general from the associated graded groups to the weight
filtration in cohomology.

In the general quasi-projective singular case, the weight spectral sequence and
its multiplicative structure is hard to describe, as it is given by the normalization
of Lemma 3.9. In the following particular cases it becomes much more accessible.

Smooth varieties. Given a smooth complex variety U consider a smooth compacti-
fication U →֒ X in such a way that the complement D := X−U = D1∪· · ·∪DN is
the union of of irreducible smooth varieties Di meeting transversally. Let D(0) = X
and for all p > 0, denote by D(p) =

⊔
|I|=pDI the disjoint union of all p-fold inter-

sections DI := Di1 ∩ · · · ∩Dip where I = {i1, · · · , ip} denotes an ordered subset of

{1, · · · , N}. Since D has normal crossings, it follows that D(p) is a smooth projec-
tive variety of dimension n− p. For 1 ≤ k ≤ p, denote by jI,k : DI →֒ DI\{ik} the
inclusion and let

jp,k :=
⊕

|I|=p

jI,k : D(p) →֒ D(p−1).
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This defines a simplicial resolution D• = {D(p), jp,k} −→ D, called the canonical
hyperresolution of D. The weight spectral sequence of Definition 4.18, with coeffi-
cients in an arbitrary commutative ring R is then given by the relative cohomology
groups

E−p,q
1 (U) = Hq(X,X −D(p), R).

The differential

d1 : E−p,q
1 (U) = H∗(X,X −D(p)) −→ E−p+1,q

1 (U) = H∗(X,X −D(p−1))

is naturally induced by the inclusion X −D(p−1) →֒ X −D(p) as a combinatorial
sum

p∑

k=1

(−1)kj∗p,k : H∗(X,X −D(p)) −→ H∗(X,X −D(p−1)).

induced by the inclusions jp,k.

Remark 4.20. In the additive setting, Deligne’s weight spectral sequence is usually
written as

E−p,q
1 (U) = Hq−2p(D(p))

and the differential is the combinatorial sum of Gysin maps. This uses the Thom
isomorphismH∗−2p(D(p)) ∼= H∗(X,X−D(p)). Note that Steenrod operations are in
general not compatible with the Thom isomorphism and so this identification should
not be done in the multiplicative setting of E∞-algebras. It does work, however,
when studying the multiplicative weight spectral sequence with coefficients in Q,
for which there is a commutative algebra structure (see [39]) as well as in some
particular cases, as we will later see.

The vertical operations

P sv : E−p,q
1 (U) −→ E−p,q+s

1 (U) , for R = F2

and

P sv : E−p,q
1 (U) −→ E

p,q+2s(ℓ−1)
1 (U) , for R = Fℓ with ℓ > 2

are induced by the corresponding operations H∗(X,X−D(p)) on relative cohomol-
ogy. These are compatible with the maps

H∗(X,X −D(p)) −→ H∗(X,X −D(p−1))

and so are compatible with d1. Therefore the above operations give well-defined
operations in E2. In addition, Lemma 3.11 gives the corresponding non-vertical
operations on E2.

By Remark 4.17 the above discussion is also valid in the case of real algebraic
varieties and coefficients in F2, for which it is easy to compute multiple interesting
examples.

Example 4.21. Consider the quadric hypersurface Q of RP7 given by

Q = {(x0 : · · · : x7) ∈ RP7;x20 + x21 + x22 + x23 − x
2
4 − x

2
5 − x

2
6 − x

2
7 = 0}.

Let U = RP7−Q. The cohomology ofQ is isomorphic toH∗(RP3, R)⊗RH∗(S3, R).
This may be checked using the Gysin sequence for the sphere bundle Q → RP3

defined by projecting to the last components (x0 : · · · : x7) 7→ (x4 : · · · : x7). In
particular we may write

H∗(Q,F2) ∼= F2[t, s]/(t
4, s2), with |t| = 1, |s| = 3.
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Cartan’s formula allows us to determine the Steenrod operations on H∗(Q,F2):

Sqs(tisj) = Sqs(ti)sj .

Therefore for s > 0 the only non-trivial operations on H∗(Q,F2) are

Sq1(t) = t2 and Sq1(ts) = t2s.

To compute the weight spectral sequence of U we still need to compute the relative
cohomolohyH∗(RP7,RP7−Q). By the Thom isomorphism we have an isomorphism

H∗−1(Q) ∼= H∗(RP7,RP7 −Q)

as modules over the Steenrod algebra. Indeed, while the Thom isomorphism does
not commute with Steenrod operations for an arbitrary vector bundle, since the
normal bundle to the embedding Q → RP7 is trivial, the obstructions to com-
mutativity given by the Stiefel-Whitney classes of this bundle, vanish for i > 0.
Writing

H∗(RP7,F2) ∼= F2[x]/(x
8)

We obtain the following vertical Steenrod operations in E1:

τt3s x7

τt2s x6
Sq1

OO

τts

Sq1
OO

x5

E∗,∗
1 (U,F2) ∼= τs, τt3 x4

τt2 x3

Sq2

ZZ
Sq3

ee

Sq1
OO

τt

Sq1
OO

x2

Sq2

ZZ

τ x
Sq1
OO

0 1

Now, the differential d1 of the weight spectral sequence is the Gysin map

i! : H
∗−1(Q) ∼= F2[t, s]/(t

4, s2) −→ H∗(RP7) ∼= F2[x]/(x
8),

given by τti 7→ 0 and τtis 7→ x4+i. We get the following table for E2
∼= H∗(U):

τt3 0

τt2 x3

E∗,∗
2 (U,F2) ∼= τt

Sq1
OO

x2

τ x

Sq1
OO

0 1

In particular, we read non-trivial Steenrod operations Sq1 on both columns of E2.
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Singular projective varieties. Let X be a singular complex projective variety of
dimension n and let X• → X be a cubical hyperresolution of X , where Xα is a
smooth projective variety of dimension dim(Xα) ≤ n − |α| + 1. As shown in [21],
the classical weight spectral sequence for X with coefficients in Fℓ is given by

Ep,q1 (X,Fℓ) =
⊕

|α|=p

Hq(Xα,Fℓ)

The differential d1 : Ep,q1 (X,Fℓ) −→ Ep+1,q
1 (X,Fℓ) is given by the combinatorial

sum of restriction morphisms Hq(Xp,Fℓ)→ Hq(Xp+1,Fℓ).
In contrast, the weight spectral sequence of Definition 4.18 is given in each

bidegree by

E−p,q
1 (X,Fℓ) =

∫

α

Hom(Cp(∆
α), Hq(Xα)),

where we used Lemma 3.9. The operations of Lemma 3.11 and Remark 3.12 are
available. In particular, the horizontal operations

Sqs : Ep,02 (X,Fℓ) −→ Ep+s,02 (X,Fℓ) for ℓ = 2

and

P s : Ep,02 (X,Fℓ) −→ E
p+2s(ℓ−1),0
2 (X,Fℓ) for ℓ > 2

prove to be powerful invariants in order to distinguish homotopy types of algebraic
varieties, as we next show.

Example 4.22 (Isolated singularities and the dual complex). LetX be a projective
variety with only isolated singularities. Then for all p ≥ 0 we have an isomorphism

Ep,02 (X,F2) ∼= Hp(ΣDX ,F2)

where DX denotes the dual complex associated to X , whose homotopy type is an
invariant of the variety (see [41],[2]) and ΣDX denotes its suspension. In addition,
by a result of Kollár [28], for any finite simplicial complex V there is a projective
variety X with only isolated singularities such that DX is homotopy equivalent
to V . This allows one to produce examples of algebraic varieties that may be
distinguished by the horizontal operations in E∗,0

2 .

5. Intersection cohomology

Intersection cohomology is a Poincaré duality cohomology theory for singular
spaces. It is defined for any topological pseudomanifold and depends on the choice
of a multi-index called perversity, measuring how far cycles are allowed to deviate
from transversality. Goresky and MacPherson, first defined intersection homology
in [19] as the homology IHp

∗ (X) of a subcomplex ICp∗(X) of the ordinary chains
of X , given by those cycles which meet the singular locus of X with a controlled
defect of transversality with respect to the chosen perversity p and stratification.
Subsequently, Deligne proposed a sheaf-theoretic approach, which was developed
in [20]. In this section, we promote Deligne’s additive sheaf to a sheaf carrying an
E-structure.
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5.1. Algebras with perversities. The intersection cohomology of a topological
pseudomanifold does not define an algebra, but it has a product that is compatible
with perversities. This was formalized by Hovey [25], who defined a model struc-
ture on the category of perverse differential graded algebras. We next review this
formalism.

Throughout this section we let n ≥ 0 be a fixed integer. This integer will later
be prescribed by a fixed stratification on a topological pseudomanifold.

Definition 5.1. A perversity is a sequence of integers p = (p(2), · · · , p(n)) satis-
fying the conditions p(2) = 0 and p(k) ≤ p(k + 1) ≤ p(k) + 1.

Denote by P the poset of perversities, where we say that p ≤ q if and only
if p(k) ≤ q(k) for all k. Any perversity lies between the trivial perversity 0 =
(0, · · · , 0) and the top perversity t = (2, 3, 4, · · · ).

In order to consider multiplicative structures, we want to define a monoidal
structure on the poset of perversities. For this purpose, we consider an enlarged
set by letting

P̂ := P ∪ {∞}

with the property p <∞ for all p ∈ P .

Definition 5.2. Define a bifunctor ⊕ : P̂ × P̂ → P̂ by letting p ⊕ q to be the

smallest element r in P̂ such that p(k) + q(k) ≤ r(k) for all k.

This operation allows an inductive description (see [9]). Note that if there is some

k such that p(k) + q(k) > k − 2 then we have p⊕ q =∞. The triple (P̂ ,⊕, 0) is a
symmetric monoidal category with the trivial perversity as left and right identity
for ⊕.

Definition 5.3. A perverse E-algebra is given by a functor A• : P̂ −→ C∗
R together

with structure morphisms

θ(ℓ) : E(ℓ)⊗ (Ap1 ⊗ · · · ⊗Apℓ) −→ Ap1⊕···⊕pℓ

for each ℓ and each tuple of perversities p1, · · · , pℓ such that:

(1) The morphisms θ(ℓ) are subject to natural associativity, unit and Σℓ-
equivariance constraints.

(2) For every two sets of perversities p1, · · · , pℓ and q1, · · · , qℓ with pi ≤ qi, for
all 1 ≤ i ≤ ℓ, the following diagram commutes:

E(ℓ)⊗ (Ap1 ⊗ · · · ⊗Apℓ)

��

θ(ℓ) // Ap1⊕···⊕pℓ

��
E(ℓ)⊗ (Aq1 ⊗ · · · ⊗Aqℓ)

θ(ℓ) // Aq1⊕···⊕qℓ

where the vertical maps are induced by the poset maps.

Equivalently, consider the symmetric monoidal structure on Fun(P̂ ,C≥0
R ) given

by

(A• ⊗B•)p :=
∑

q⊕q′=p

Aq ⊗Bq′ .

Then a perverse E-algebra is just an E-algebra in Fun(P̂ ,C≥0
R ). We will denote by

P̂ER the category of perverse E-algebras over R.
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Remark 5.4. The following construction is due to Hovey [25]. For each perversity
p there is a forgetful functor from perverse complexes to complexes

Up : P̂C
∗
R −→ C∗

R

given by A• 7→ Ap. This functor has an adjoint Tp defined by Tp(A) := A if q ≤ p
and zero otherwise. The functors U0 and T0 associated to the trivial perversity are
monoidal so we obtain an adjoint pair

U0 : P̂ER ⇄ ER : T0.

5.2. Multiplicative intersection complex. Two main ingredients in the defini-
tion of Deligne’s intersection complex are truncations of complexes of sheaves and
derived direct image functors. We begin by reviewing these constructions in the
setting of sheaves of perverse E-algebras.

Definition 5.5. Let A ∈ C≥0
R be a cochain complex and k ∈ Z≥0 a non-negative

integer. The k-truncation of A is the complex τ≤kA given by

(τ≤kA)
m =





0 k > m
Ker(d) ∩Am k = m
Am k < m

.

For every k ≥ 0, this defines a k-truncation functor

τ≤k : C≥0
R −→ C≥0

R

satisfying the following properties (see for example Section 1.14 of [20]):

(1) τ≤k ◦ τ≤k′A = τ≤min(k,k′)A.
(2) τ≤kA ⊆ τ≤k′A ⊆ A for every k ≤ k′.
(3) If ϕ : A→ B induces isomorphisms Hi(A) ∼= Hi(B) for all i ≤ k then the

k-truncated map τ≤kϕ : τ≤kA→ τ≤kB is a quasi-isomorphism.
(4) If f : X → Y is a continuous map of topological spaces, and A is a sheaf

of complexes, then τ≤kf
∗A ∼= f∗τ≤kA.

The truncation functor τ≤k is not a lax monoidal, but it defines a lax monoidal
functor

τ≤•(k) : Fun(P̂ ,C
≥0
R ) −→ Fun(P̂ ,C≥0

R )

by letting

(p 7→ Ap) 7→
(
p 7→ τ≤p(k)Ap

)
.

Therefore it induces a k-truncation functor τ≤•(k) in the category of perverse E-
algebras.

Note as well that the constructions of Section 2 naturally extend from E-algebras
to perverse E-algebras. In particular, we have a k-truncation functor on the category

of sheaves of perverse E-algebras ShX(P̂ER) and for any continuous map f : X → Y
we have derived direct image and inverse functors

REf∗ : ShX(P̂ER) −→ ShY (P̂ER) and f
∗ : ShY (P̂ER) −→ ShX(P̂ER).

Also, by Lemma 2.11 there are maps 1→ REf∗ ◦ f∗ and f∗ ◦REf∗
∼
← • → 1 in the

category of sheaves of perverse E-algebras.
Recall that a topological pseudomanifold of dimension n is a space X admitting

a stratification

X = Xn ⊃ Xn−2 ⊃ Xn−3 ⊃ · · · ⊃ X1 ⊃ X0 ⊃ ∅
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such that X−Xn−2 is an oriented dense n-manifold and Xi−Xi−1 is an i-manifold
along which the normal structure of X is locally trivial.

Via Whitney’s theory of stratifications, complex and real algebraic varieties or,
more generally, complex and real analytic varieties are examples of topological
pseudomanifolds, with Σ = Xn−2 the singular set of the space. We refer to [19]
and [20] for details on topological stratifications.

Throughout this section we will let X be a topological pseudomanifold with
singular locus Σ and a fixed stratification {Xi} with Σ = Xn−2. Define sets Uk :=
X −Xn−k and denote by

ik : Uk → Uk+1 and jk : Uk+1 − Uk → Uk+1.

the inclusions. Note that U2 = X − Σ is the regular part of X and Un+1 = X .

Definition 5.6. The intersection E-algebra IC•(X,R) of X is the sheaf of perverse

E-algebras defined inductively as follows: let P(2)
• be the sheaf of perverse E-algebras

given by the constant sheaf on X − Σ in each perversity:

P(2)
p := RX−Σ for all p ∈ P̂.

For k ≥ 2, define

P(k+1)
• := τ≤•(k) ◦ RE ik∗P

(k)
• .

We then let
IC•(X,R) := P(n+1)

• .

In each perversity, we have:

ICp(X,R) = τ≤p(n) ◦ Rin∗ ◦ · · · ◦ τ≤p(3) ◦ Ri3∗ ◦ τ≤p(2) ◦ Ri2∗RU2
.

Therefore, by forgetting the E-algebra structure and fixing a finite perversity p,
we recover Deligne’s intersection complex given in [20], modulo a shift by n in the
degrees of the complexes. In particular, the intersection cohomology of X in degree
i and perversity p is given by

IHi
p(X,R)

∼= Hi(ICp(X,R)) ∼= Hi(REΓ(X, ICp(X,R)).

For the perversity ∞, by Lemma 2.12, the sheaf IC∞(X,R) is naturally quasi-
isomorphic to the sheaf RE i∗RX−Σ, where i : X − Σ → X denotes the inclusion.
Therefore its cohomology is just the cohomology of X − Σ, the regular part of X :

Hi(X − Σ, R) ∼= Hi(IC∞(X)) ∼= Hi(REΓ(X, IC∞(X)).

We next show that the above sheaf of perverse E-algebras is uniquely determined
up to quasi-isomorphism by a set of axioms.

Given a sheaf A on X and a subset i : U ⊆ X we will denote by A|U := i∗A
the restriction of A to U . By Remark 2.9 this construction is well-defined in the

category of sheaves of (perverse) E-algebras. For a sheaf A ∈ ShX(P̂ER), its
hypercohomology H∗(A) is also a sheaf of perverse algebras and we will denote
H∗(A)p the sheaf at perversity p.

Definition 5.7. A sheaf A ∈ ShX(P̂ER) is said to satisfy the set of axioms [AX]
if for each perversity p:

(AX0) The restriction A|X − Σ of A to X − Σ is quasi-isomorphic as a sheaf of
perverse E-algebras to the sheaf P• given by the constant sheaf Pp := RX−Σ.

(AX1) Hi(A)p = 0 for all for all i < 0.
(AX2) Hi(A|Uk+1)p = 0 for all i > p(k), k ≥ 2.
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(AX3) The p-attaching maps

Hi(j∗kA|Uk+1)p −→ Hi(j∗k ◦ REik∗ ◦ i
∗
kA|Uk+1)p

obtained by restricting the natural morphisms

A|Uk+1 → RE ik∗ ◦ i
∗
kA|Uk+1,

are isomorphisms for all i ≤ p(k) and k ≥ 2.

Lemma 5.8. The intersection E-algebra IC•(X,R) of Definition 5.6 satisfies [AX].

Proof. The restriction of IC•(X,R) to X − Σ is by definition the sheaf

(in ◦ · · · ◦ i3 ◦ i2)
∗ ◦ τ≤•(n) ◦ RE in∗ ◦ · · · ◦ τ≤•(3) ◦RE i3∗ ◦ τ≤•(2) ◦ RE i2∗P•.

Since τ≤•(k) commutes with inverse images and

τ≤•(k) ◦ τ≤•(k′) = τ≤•(min(k,k′)),

using the adjunction zig-zag

i∗k ◦ RE ik∗ ← • −→ 1

we obtain a zig-zag of morphisms of perverse E-algebras

IC•(X,R)|X − Σ←− • −→ τ≤•(2)P• = P•,

where in the last identity we used the fact P• is concentrated in degree 0. The fact
that this map is a quasi-isomorphism and the verification of the remaining axioms,
which are independent on the multiplicative structure, follows from the additive
case (see [20]). In fact, note that the truncation functors are especially designed so
that the stalk vanishing condition (AX2) holds. �

Theorem 5.9. If a sheaf A ∈ ShX(P̂ER) satisfies the set of axioms [AX], then A
is naturally quasi-isomorphic as a sheaf of perverse E-algebras to the intersection
E-algebra S := IC•(X,R).

Proof. We adapt the proof in the additive setting (see for example [3, Theorem
4.2.1]). By (AX0), on U2 = X −Σ we have that A|U2 is quasi-isomorphic to S|U2.
Assume inductively that we have constructed a string of quasi-isomorphisms from
A|Uk to S|Uk. Recall from Remark 2.9 that the adjunction morphism

A|Uk+1 −→ REik∗ ◦ i
∗
k(A|Uk+1)

is a morphism of sheaves of perverse E-algebras. This induces a morphism on
truncations

τ≤•(k)A|Uk+1
ϕ
−→ τ≤•(k) ◦ RE ik∗ ◦ i

∗
k(A|Uk+1)

Also, we have an inclusion of sheaves of perverse E-algebras

ψ : τ≤•(k)A|Uk+1 →֒ A|Uk+1

which by condition (AX2) is a quasi-isomorphism. Composing we get maps

A|Uk+1
ψ
←− τ≤•(k)A|Uk+1

ϕ
−→ τ≤•(k) ◦ RE ik∗ ◦ i

∗
k(A|Uk+1) ∼= τ≤•(k) ◦ RE ik∗(A|Uk).

By induction hypothesis, we have a string of quasi-isomorphisms

τ≤•(k) ◦ REik∗(A|Uk)
ξ
←→ τ≤•(k) ◦ RE ik∗(S|Uk) = S|Uk+1.

This defines a string of morphisms of perverse E-algebras from A|Uk+1 to S|Uk+1

extending the string from A|Uk to S|Uk. It only remains to show that ϕ is a
quasi-isomorphism over Uk+1 − Uk. But this follows from (AX3). �
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5.3. Applications. We compare the different constructions related to the presence
of multiplicative structures in intersection cohomology that already existed in the
literature. We show that our intersection complex of perverse E-algebras recovers
all of them.

Steenrod squares in intersection cohomology. In [18], Goresky showed that Steen-
rod’s construction of ∪i-products induces well-defined operations

Sqs : IH∗
p (X,F2) −→ IH∗+s

2p (X,F2)

on the intersection cohomology of every topological pseudomanifold X , for any
perversity p satisfying the condition 2p(k) ≤ k−2 for all k. These operations satisfy
a uniqueness property which amounts to saying that the operations are determined
by their value on the regular part of the pseudomanifold (see [18, Lemma 3.6]).
Note that, via axiom (AX0), Theorem 5.9 also states that the E-algebra structure
is uniquely determined by the algebra structure defined on the regular part of the
space. This gives:

Corollary 5.10. The Steenrod operations introduced by Goresky in [18] coincide
with the Steenrod operations determined by the perverse E-algebra structure of
IC•(X,R) of Definition 5.6.

Remark 5.11. Note that in our setting, the Steenrod operations on intersection
cohomology are also well-defined outside Goresky’s bounds (2p(k) ≤ k − 2) since
we added the ∞-perversity. Therefore we obtain operations

Sqs : IHm
p (X,F2) −→ IHm+s

2p (X,F2)

for any perversity p.

Blown-up cochains. In [9], [7], [8], the authors introduced and studied a functor of

singular cochains Ñ∗
p , the functor of blown-up cochains, suitable to study products

and cohomology operations of intersection cohomology of stratified spaces. For
any topological pseudomanifold X and any perversity p ∈ P there is a complex

Ñ∗
p (X,R) equipped with a cup product whose construction is related to the classical

cup product on the singular cochain complex.

When R = F2, the complex Ñ∗
p (X,F2) carries an action of E(2), making it into a

perverse E(2)-algebra. This gives ∪i-products and hence Steenrod operations, which
are shown to coincide with the operations introduced by Goresky. Furthermore, the
original bounds are improved, giving operations

Sqs : IHm
p (X,F2) −→ IHm+s

L(p,s)
(X,F2),

where L(p, s) is the perversity given by

L(p, s)(k) := min{2p(k), p(k) + s}

and p is any perversity.
By forgetting structure, we obtain a functor from perverse E-algebras to perverse

E(2)-algebras, and there is a sheafification Ñ ∗
• (X,Z) which satisfies the correspond-

ing version for E(2)-algebras of the set of axioms [AX] (see [10]). In fact, one may

naturally extend the E(2)-algebra structure on the complex Ñ∗
p (X,F2) to an E-

algebra structure in such a way that its sheafification satisfies the set of axioms
[AX]. These facts automatically give:
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Theorem 5.12. The sheaves Ñ ∗
• (X,Z) and IC•(X,Z) are naturally quasi-isomorphic

as sheaves of perverse E-algebras over Z.

Commutative algebras over a field of characteristic zero. Fix K a field of character-
istic zero. As explained in Remark 2.17, when working over K we can use Navarro-
Aznar’s Thom-Whitney simple instead of the normalization functor of E-algebras,
to obtain derived functors for sheaves of commutative dg-algebras. As a conse-
quence, the results of this section are equally valid for commutative dg-algebras
over K, by replacing the operad E with the commutative operad and letting R = K

everywhere.
We obtain a sheaf IC•(X,K) of perverse commutative dg-algebras over K given

in each perversity by

ICp(X,K) = τ≤p(n) ◦ RTWin∗ ◦ · · · ◦ τ≤p(3) ◦ RTWi3∗ ◦ τ≤p(2) ◦ RTWi2∗KU2
.

Definition 5.13. A sheaf A of perverse commutative dg-algebras over X is said
to satisfy the set of axioms [AXK] if the conditions of Definition 5.7 are satisfied
after replacing E by Com and setting R = K everywhere.

The same proof of Lemma 5.8 shows that IC•(X,K) as defined above, satisfies
the set of axioms [AXK]. Moreover, we also have a uniqueness theorem:

Theorem 5.14. If a sheaf A of perverse commutative dg-algebras over X satisfies
the set of axioms [AXK], then A is naturally quasi-isomorphic as a sheaf of perverse
commutative dg-algebras to the intersection dg-algebra IC•(X,K).

When forgetting the multiplicative structures, the sheaf IC•(X,K) is naturally
quasi-isomorphic to Deligne’s intersection complex. In particular, our construction
over Q is a sheaf-theoretic solution to the problem of commutative cochains in the
intersection setting.

The main construction in [9] is a perverse dg-algebra IA•(X) defined over Q, for
any given topological pseudomanifold. This perverse algebra plays the role of Sulli-
van’s algebra of piece-wise linear forms, and it may be interpreted as an extension of
Sullivan’s presentation of rational homotopy type to intersection cohomology. The
perverse algebra IA•(X) is defined via singular cochains, using simplicial blow-
ups. We next compare this perverse dg-algebra with our sheaf-theoretic approach.
Denote by

S•(X,R) := RTWΓ(X, IC•(X,Q))

the perverse commutative dg-algebra given by taking derived global sections of the
intersection commutative dg-algebra of X . We have:

Theorem 5.15. The objects IA•(X) and S•(X,Q) are quasi-isomorphic as per-
verse commutative dg-algebras.

Proof. We consider the following three functors from the simplex category ∆ to the
category of rational differential graded algebras: the normalized cochain complex
N , Sullivan’s functor of piece-wise linear forms

APL([n]) :=
Λ(t0, · · · , tα, dt0, · · · , dtα)∑

ti − 1,
∑
dti

and the functor T := N ⊗ APL. These functors define extendable universal coef-
ficient systems in the sense of [9, Definition 1.25] and by Theorem A of loc. cit.,

they extend to functors Ñp, ÃPL,p, and T̃p from the category of filtered face sets
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to commutative dg-algebras. For our purposes, it suffices to note that there is a
functor Sf from topological pseudomanifolds to filtered face sets analogous to the
singular simplicial functor sending a topological space to a simplicial set, and that
by definition we have

IAp(X) := ÃPL,p(Sf (X)).

Moreover, for any filtered face set K, the map ÃPL,p(K)→ Ñp(K) induced by the
integration map is a quasi-isomorphism (see Corollary 1.39 of [9]) In particular, we
obtain quasi-isomorphisms

ÃPL,p(K)
∼
−→ T̃p(K)

∼
←− Ñp(K).

After sheafification, we still have quasi-isomorphisms

ÃPL,p
∼
−→ T̃p

∼
←− Ñp.

Since N• satisfies [AX], it follows that ÃPL,• also satisfies [AX], which in turn
implies that IA•(X) satisfies [AXQ]. The result now follows from Theorem 5.14. �

Over the field of real numbers, there is also a sheaf IΩ∗
•(X) of intersection

differential forms, which satisfies the set of axioms [AXR] (see [5], [6], [44], [47]).
As a consequence of Theorem 5.14 we have:

Corollary 5.16. The sheaves IΩ∗
•(X) and IC•(X,R) are naturally quasi-isomorphic

as sheaves of perverse commutative dg-algebras.

Remark 5.17. Theorem 5.12 and Corollary 5.12 together imply that the multiplica-

tive structures on real blown-up cochains Ñ ∗
• (X,R) and on intersection differential

forms IΩ∗
•(X) agree, which was previously not known.
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17. R. Godement, Topologie algébrique et théorie des faisceaux, Actualités Sci. Ind. No. 1252.
Publ. Math. Univ. Strasbourg. No. 13, Hermann, Paris, 1958.

18. M. Goresky, Intersection homology operations, Comment. Math. Helv. 59 (1984), no. 3, 485–
505.

19. M. Goresky and R. MacPherson, Intersection homology theory, Topology 19 (1980), no. 2,
135–162.

20. , Intersection homology. II, Invent. Math. 72 (1983), no. 1, 77–129.
21. F. Guillén, V. Navarro, P. Pascual, and F. Puerta, Hyperrésolutions cubiques et descente

cohomologique, Lecture Notes in Mathematics, vol. 1335, Springer-Verlag, Berlin, 1988.
22. F. Guillén and V. Navarro-Aznar, Un critère d’extension des foncteurs définis sur les schémas
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