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Abstract

In this memoir we prove a weak version in R? of Kakutani’s theorem which
gives a solution to the Dirichlet problem.

The Dirichlet problem is a classical problem in partial differential equations
with many applications in various fields. Given a bounded domain D C
R? and a function f continuous at @D, the Dirichlet problem consists in
finding an harmonic function u on D, which matches the values of f on the
boundary.

It is known that for very general domains the solution exists and is unique.

The solution given by Kakutani in 1944 is based in the use of probabilistic
methods, specifically in the properties of Brownian motion, which will play
an important role throughout this memoir.
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Chapter 1

Introduction

The Dirichlet problem is a classical problem in partial differential equations
that arises naturally in the studies of the flow of heat, electricity, fluid
dynamics and many other areas.

The Dirichlet problem. Let D C R? be a reqular bounded domain and let
f € C(dD) be a continuous function on the boundary of D. Does there exist a
function u € C*(D) such that

{Au =0in D
ulpp = f?
Here Au = Y7, 32712‘ is the Laplacian in RY, and the functions u € C*(D) with

Au = 0 are called harmonic in D.

For the moment we may think that a regular domain is one with nice
boundary; the precise technical conditions will be given later in Chapter
3.

The problem is named for the 19th century mathematicians Peter Gustav
Lejeune Dirichlet, who suggested the first general method for solving this
class of problems. Many prominent mathematicians, such as K.F. Gauss,
Lord Kelvin, B. Riemann and D. Hilbert, worked in this problem.

Nowadays the Dirichlet problem can be solved in a variety of ways. The
classical solution is given in terms of the so-called Poisson Kernel of the
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4 CHAPTER 1. INTRODUCTION

domain (the normal derivative of the Green function), with the help of
Green’s formula.

In this memoir we present, in a modern language, the proof given by Kaku-
tani in 1944, which is based on probabilistic methods, specifically in the use
of Brownian motion.

The Brownian motion in R (or Wiener process) may be thought as a random
continuous trajectory {B;(w)|t > 0} starting at 0 and such that:

1) The increments B;,;, — B¢ (t > 0, h > 0) follow a Gaussian distri-
bution of mean 0 and variance h, denoted B;.;, — B; ~ N(0,/). In
particular By ~ N(0, ).

2) For 0 =ty < t; < --- <t the increments By, — IB;
are independent.

. /IBl’z - ]Btl

n_1’° "

Brownian motion in RY is defined just as B; = (B},...,BY), where B}
are independent one-dimensional random motions. Therefore B; in R?
satisfies properties 1) and 2) above as well, if N(0, ) is interpreted as the
multivariate Gaussian distribution of mean 0 € R? and covariance matrix
hld.

Brownian motion in IR? can also be viewed as a limit of a random walk on
a lattice €,Z% as €, — 0 (see e.g Chapter 5 in [Y-P]).

A key property of B; is its lack of memory (Markov’s property, Theo-
rem [3.3): the behaviour of B; after a fixed time s is the same as a new
Brownian motion starting at the point B, regardless of the path taken to
reach B;.

Another important property of B; in R, given by the independence of the
different Bi such that By = (B}, ..., BY), is the isotropy: the density func-
tion of B; depends only on the distance to 0, ||x||, but not on the direction,
so that the distribution of B; is isotropic, it is invariant by rotations around
0.

Kakutani’s theorem is stated in terms of Brownian motion starting at a
given point x € RY. This is just defined as B} = x + B;, where B; is the
standard Brownian motion (starting at 0).



Given a bounded domain D and z € D let tp denote the exiting time of
B, that is
p =inf{t > 0| Bf ¢ D}.

By the properties of the Brownian motion 7p < oo almost surely, so that
BZ, is a point of the boundary dD with probability one.

Kakutani’s theorem. Let D C R? be a bounded reqular domain and let f €
C(0D). Then

u(z) = E[f(B,)]

is the unique solution to the Dirichlet problem, that is, u is harmonic in D and

u(Z) = f(2) forall € aD.

In this memoir we prove Kakutani’s theorem only for d = 2. We do so
to avoid hiding the main ideas in technicalities. As it will be clear in the
proofs the arguments work as well for any dimension d.

The proof has naturally three parts: showing that u is harmonic in D,
proving that the boundary values of u are f and proving the uniqueness of
the solution.

In order to show that u is harmonic it is enough to prove that it is contin-
uous and satisfies the mean value property. That u is continuous follows
easily from the definition of # and the properties of the Brownian motion.

To prove the mean value property, let x € D and let U = ID(x,r) be an
open disk with 7 > 0, such that U C D. Let

Ty := inf {t > 0| B} ¢ U}

be the first time that B} reaches the boundary oU. Then, by the continuity
of Brownian motion clearly t; < tp. In addition, by the isotropy property
mentioned previously, the probability of leaving U through a point { € dU,
ie By, = {, is uniformly distributed over dU. In other words, for any
measurable subset A C dU we have

P(B7, € A) = =777

where | - | denotes the standard Lebesgue measure on oU.
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Figure 1.1: Brownian motion started at z € D, the center of the disk U,
with B =g € A Cal.

Since B} has to hit dU before hitting 0D this shows that

u(x) = ELf(B,)] = o [ BLAB,)[BY, = o) dy.

By the lack of memory of B} (Markov’s property) the conditional property
in the integral does not depend on the paths taken to reach y, that is

E[f(B,)|B}, =yl = E[f(BY,)].
This finishes this part of the proof, since then

u() = o [ BolF(B)ldy = i [y

The second part of the proof consists in showing that

limu(z) = f({) V¢ € aD.
B

By the hypothesis on D, and since f({) is constant, this is equivalent to

lim E-[|£(B,) ~ £(0)]] = 0. (BY

zeD



Fix r > 0 and take the disk ID(, ), let 7, be the stopping time of B of the
disk, that is,
T, =inf{t > 0|Bf £ D({,7)}.

Separating the estimate in cases, depending on whether 7, < 7p or T, > 1p,
we see that

E.[|f(B%,) = f(OI] = B[l f(B%,) = f(D)], & < 1]
+E[|f(B3,) = f(O)], % = 1]

< 2[|fl|eP= (T < Tp) + s () = F(E)]-
—n|<r

ne€aD
The estimate of the first summand is direct and the estimate of the second
one follows because when 7, > 7p one has B € D(¢,r).

The probability P(7, < 7p) that B} exists ID(z,r) before exiting D tends
to 0 as z approaches (. Also, by the continuity of f the supreme in the
previous estimate tends to 0 or r tends to 0. This proves (L.I), and u has
boundary values f.

The memoir is essentially devoted to provide the rigorous definitions and
proofs of the sketch given in this introduction.

The first chapter studies harmonic functions. Its main result is that for a
continuous function being harmonic is equivalent to satisfying the mean
value property. Chapter 2 is devoted to introduce Brownian motion and
the properties that are necessary in the proofs. Here we assure many prop-
erties, without proofs, since a serious study of Brownian motion is well
beyond the scope of this work. The main goal of the chapter is to state
and proof the strong Markov property (Theorem [3.3). In the final chapter
we discuss the regularity conditions on D and give the detailed proof of
Kakutani’s theorem.
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Chapter 2

Harmonic functions

In this chapter we define and study some properties of harmonic functions
in IR?. We use its close relationship with holomorphic functions in C ~ R?.

The main goal is to show that for a continuous function the harmonicity
is equivalent to satisfying the mean value property and to prove the Max-
imum Principle. These are the properties that we will need in the proof of
Kakutani’s theorem.

Definition 1. Given a domain D C RY, a function f : D — R? is called
harmonic on D if f € C?(D) and verifies Laplace’s equation Af =0, i.e,

d 32
o°f _
Af =
1221 ox;
Since we work in R?, we have
Pf Pf
M=t

The next result details the relationship between harmonic and holomorphic
functions.

Theorem 2. Let D C C be a domain, i.e an open, connected set. Then:

1. If F is holomorphic on D the function f = Re F is harmonic on D.

9



10 CHAPTER 2. HARMONIC FUNCTIONS

2. If f is harmonic on D and if D is simply connected, then f = ReF for
some function F holomorphic on D. Moreover F is unique up to adding a
constant.

Proof. 1) Let F be a holomorphic function on D and let it f = ReF. Then
we can write F as F = f + ik, and since F is holomorphic it must verify the
Cauchy-Riemann equations

fx =Ky

fy = —kx.

Af = fex + fyy = kyx —kxy =0,

that is, f is harmonic on D.

Therefore,

2) In order to prove the second statement we must see that if f =ReF for
a holomorphic function F on D, then there exists another function k, called
harmonic conjugate of f, such that F = f + ik is holomorphic in D. Such F
must therefore satisfy the Cauchy-Riemann equations. In particular

Fy = fy +iky = fy +ifx.

Thus F’ is completely determined by h, and since D is simple connected, it
is uniquely determined, up to addition of constants.

Let us see this in more detail. Define g : ID — R? by
8§ = fx—ify.

Then ¢ € C?(D) and it is holomorphic, since it satisfies the Cauchy-Riemman
equations

{fxx = _fyy
fxy:fyx-

Fix zg € D and define F : D — R? by

F(z) = flz0) + [ s(w)dw,
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where the integral is taken over any path in D from zj to z; the integral is
independent of the particular path by Cauchy theorem, since D is simply
connected. Then F is holomorphic on D and F’ = g.

Finally let’s see the uniqueness of this function. Given t =Re F we have

tx_lty:F/:fx_lfyl

and it follows that (t — f)x = 0 and (¢t — f), = 0. So t — f is constant on
D and evaluating at z = zy we have that this constant must be 0. Therefore
t = f, as desired. O

We state below some theorems that we will need to prove the uniqueness
in Kakutani’s theorem.

Identity Principle. Let f and g be harmonic functions on a domain D C C. If
f = g on a non-empty subset U C D, then f = g throughout D.

Proof. We can suppose without loss of generality that ¢ = 0, which is equiv-
alent to consider the difference between the functions f — ¢ and the con-
stant 0 function.

Set a function F = fy —if,. Then, as in the proof of Theorem [1} F is
holomorphic on D and also F = 0 on U since f = 0 on U.

Therefore, applying the identity principle for holomorphic functions, it fol-
lows that F = 0 on all D. Then f, = f, = 0, which means that f is constant
and, since f = 0 on U, we have that f = 0 in all D, as we wanted to
prove. ]
Maximum Principle. Let f be a harmonic function on a domain D C C.

1. If f has a local maximum in D, then f is constant.

2. If f extends continuously to D and f < 0 on oD, then f < 0on D.

Proof. 1) Suppose that f attains a local maximum at z € D. Then for some
r > 0 we have that f(w) < f(z) for all w in the disk D(z, 7).
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By Theorem (1] there exists a function F holomorfic on ID(z,r) such that
f =ReF on the disk. So the function |¢f| = e/ attains a local maximum
at z and, by the maximum principle for holomorphic functions, it follows
that e must be constant. Then, f is constant on ID(z,r), and hence on the
whole D, by Theorem

2) As D is compact, there a point z € D such that

f(z) = max f.

D

If z € 0D, then f(z) < 0 by assumption and we see that f <0 on D.

If z € D, then by 1) we have that f is constant on D, hence on D, and
therefore f <0 on D. O

2.1 The mean value property

In this section we will prove that for continuous functions the harmonicity
is characterized by the mean value property.

Theorem 3. Let f be a harmonic function on a open neighbourhood of the closed
disk D(z,p), p > 0. Then f verifies the mean-value property in dD(z, p), i.e

1 27T

fz) = o [ Flz+pe)e.

Proof. Let us choose r > p so that f is harmonic on the open disk D(z,r).
Then, applying Theorem [1} there exists a holomorphic function F such that
f =Re F on the disk. By the Cauchy’s integral formula it follows that

_ 1 FQ) ,_ 1 p?7 i0
F(z) = ﬁ/|§—z|=p€—zd€_ E/o F(z + pe'®)de.

Taking the real part on both sides of the equation we finally see that

(2) =Re F(z) = —— [ Re F(z+ pe®)d0 = - [ f(z+ pe'®)do
flz) =Re 2ty O 3 “anly TETF '
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Finally, let us prove the equivalence between harmonicity and the mean-
value property.

Theorem 4. Let f be a harmonic function in a domain D C C. Then, the follow-
ing statements are equivalent:

1. f is continuous on D and it satisfies the mean value property.

2. feC®(D)and Af =0, ie, f is harmonic.

Proof. Notice that the implication 2) == 1) is direct by Theorem

Thus, assume that 1) holds, i.e, that for D(z,p) C D

1 27 .
f@) = 5= | fz+pe)de.

The proof of 2) will consist in two parts: showing that f € C*(D) and
proving that Af = 0.

Let us start proving that f € C*®. Choose a radial function ¢ € C*(R) such
that:

(a) supp ¢ C [0, €],
(b) ¢ >0int e (0,¢€),
(c) foegb =1.

(=]
" -

Then we fix z € D and we consider the following integral, which as we
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shall see approximates f(z):

[ (== aP)ft)de = [ (luf?)f(u+2)du

= /Ooo /()2”¢(rz)f(z + re'?)rddr (2.1)
= /Ooofp(rz)r/oznf(z + re'®)dodr

where we made the change to polar coordinates around z. Since, by as-
sumption, f satisfies the mean value property we have that

27

A flz+ reie)d() =27f(z),

so we can rewrite the first integral (2.1)) as

o0

[ 90z = w)fw)dw =2mf () [~ p(Rrdr = mf(z) [ ple)dt

0

Then )
flz) = — /]qu»uz — wf?) f(w)duw.

s

Observe that ¢(|z — w|?) € C® in the variable z € D, so that f(z) is in-
tinitely differentiable and
dff(z)  dF1

dzk dzk 7

k _ o2
[ oz wp)fydw=1 [ FHEZED f)a,

7T

for any k > 1.

This is because we are in the conditions of the differentiation theorem un-
der the integral sign. Let ¢(z, w) = 1¢(|z — w|?) f(w), so that

fz) = [ 8 w)dw,

Denoting M = max ¢, and since the support of ¢(|z — w|?) is contained in
D(z, /€), we have

8(z, w)| < MXp,, e (W) |f(w)| < MXp(, /) (w) |w£f;?<x\/g|f(w)|
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and

(9B (max g a0) ) =01 (10) i) ()

< (max |<P’(W)!)f(| max f(@)]) Xz, ) (w)-
Observe that the right hand side of these two estimates gives a function
which is trivially integrable in a neighbourhood of any fixed zy € C. There-
fore, we can apply the differentiation theorem.

It remains to show that Af = 0 when f € C®(D) and it verifies the mean
value property. We do so by applying Green’s theorem.

Green’s theorem. Let U C RR? be a simply connected region with a positively
oriented curve boundary OU. If F = (P,Q) : U — R? is a vector field with
continuous partial derivatives in an open region containing U, then

?{ Pdx + Qdy = // g—d—P

where m denotes the Lebesque measure in R

Take U = ID(z,r), the disk of center z € D and radius r > 0 and define
F = (P,Q) as follows:

Then

Writing x and y in polar coordinates around z = (xo, 1/p) we have

X — X9 =rcosf dx = —rsin6dfo
(2.2)

Yy —Yo =rsind dy = r cos 0d6.

It follows that

6 = arctan =L

{=¢w—m2<www
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and therefore

do _ —(y—10) ____sin(f)
dx = (x—x0)*+ y Yo)? r

do _ —X __ cos(6)
dy = (x—x0)*+(y—v0)? ro
Since on dD(z, r) the radius is constant we deduce that &£ = g; = 0.

f

Then, by chain rule, we can write -~ and d—fy[ as follows:

df _ dfde _  dfsin(6)
dx dédx  do r
df dfde  dfcos(f)
dy " dedy s v

(2.3)

Seen this, we proceed to compute the integral of Af on ID(z,r) by applying
Green’s theorem. By and (2.3).

df df / df df
Afdxdy = ——d —dy = ——,—)(dx,d
//ID(z,r) fdxdy aD(zr) dy R T BID(z,r)( dy dx)( % dy)

2” dfcos df sin(6) ,
_/ P A T R )(—7rsin6d6, r cos 6d6)

2r
= / (cos@sinf — sinfcos)dl = 0.
0

(2.4)
It remains to see that if [ le(z pyAfdxdy = 0forall z € R? and 7 > 0 then
necessarily Af = 0.

Since f € C®(D), we have in particular that Af is continuous on D. If
Af # 0 somewhere on D, then there exists a point xg € D and ry > 0 with
D(xg,79) C D where Af > 0. However, that means that

Afdxdy > 0,
//]]D(ZOrrO) f y
which contradicts (2.4).



Chapter 3

Brownian motion

In this chapter we define Brownian motion and gather some of its proper-
ties, emphasizing the ones we will use in the proof of Kakutani’s theorem.
We also prepare concepts and results related to the strong Markov prop-
erty, whose consequence is the lack of memory of a Brownian motion.

The main goal of the chapter is to show that Brownian motion, with a
stopping time for an open or bounded set, satisfies the Strong Markov
property Theorem which will be crucial in order to prove Kakutani’s
theorem.

3.1 Brownian motion

There are many ways to define Brownian motion. Here we choose the so-
called canonical model: In order to define the probability space (Q), F,P),
consider first

Q = (Cp[0,00) := {w : [0,00) — R| w is continuous and w(0) = 0}.
For each t € [0, 00) fixed consider also the random variables
B;: Q) — R defined by Bi(w) := w(t).
Observe that B; is continuous in ¢ and that By(w) = 0 for all w € Q.

Let B(IR) denote the Borel o-algebra in IR, that is, the o-algebra generated

17



18 CHAPTER 3. BROWNIAN MOTION

by the open subsets of IR. Then we define F as the c-algebra of subsets of
R generated by B; }(A), with A € B(R) and t € [0, 00).

Finally, let IP be the unique probability measure on ((, F) such that:
1. P(Bp(w) =0) =P(w(0) =0) =1.
2. Forany 0 < t; <t; <...<t, the increments

B, — B, ,, B, , —B; ., B, — By, By,

n—17 n—1 n—=27"°"°

are independent random variables.

3. Forall t > 0 and h > 0 we have

where N(0, ) denotes the standard normal distribution with mean 0
and variance h. In particular B; ~ N(0, k).

We recall here that a continuous random variable X is called normal of
mean y and variance 02, denoted X ~ N(u,¢?), if its density function is

1 x—
fx(x) = > e 207, xeR
oV2m

NI—=

Remark 3.1. The construction of this probability IP is far from trivial, but
it is well-known and can be found in many references (see e.g [Krot] or
[Y-P]). In any case, it is by no means in the scope of this memoir.

Definition 5. The one-dimensional standard Brownian motion is the 4-tuple

(Q, F,P,{B|t € [0,00)}).

Remark 3.2. In almost every case dealing with Brownian motion we have
to consider a general starting point x € IR, which can be different from 0.
For that reason, we define the Brownian motion starting at a point x as

f::IBt~|—x.

This satisfies conditions 2) and 3) above, and has Bj = x almost surely.
Moreover, we define the corresponding probabilities IP, also by translating
P:

Py(A):=P((t — B;+x) € A) AeF.
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One may think of Brownian motion as a random path starting at 0 and
governed by the probability distribution IP, which is what really determines
its behaviour.

In order to study the properties of stopping times and prove the strong
Markov property we need the notion of filtration adapted to the Brownian
motion.

Definition 6. A filtration (F;)s>o is an increasing family of sub-c-algebras F; of
the c-algebra F.

In our case it would be natural to choose, for each t > 0, the smallest
o-algebra for which all the variables {Bs|s < t} are measurable, denoted
by F?. Intuitively, we can interpret 7 as the information that we have
of {B¢|t >0} up to time t. However, the filtration (F?);>o is not right-
continuous and we will need continuity in some proofs.

Instead define

F=NF=NNF)=F-

r>t s>t r>s s>t

3.1.1 Brownian motion basic properties

In this section we recall several properties of Brownian motion. Some of
them are introduced just to have a better intuition of how B; behaves, and
are not proved. We emphasize (and prove) the ones we use in the proof of
Kakutani’s theorem.

1. Almost surely, for all 0 < a < b < oo, Brownian motion is not mono-
tone on the interval [a, b]. Roughly speaking, B; goes back and forth
all the time.

2. Almost surely Brownian motion is not differentiable at any t > 0.

3. Law of larges numbers: almost surely,

This property, shows that t goes to infinity before Brownian motion.

4. Scaling invariance: suppose {Bf|t > 0} a Brownian motion starting
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at x € R and let a > 0. Then {X¢|t > 0} defined by X; = 1B, is also
a Brownian motion starting at x.

5. Levy’s modulus of continuity: almost surely,

B.., —B
lim sup M = 1.

"=0tefo1-1] | /2h1log(})

6. Ita € (0, %), then, almost surely, for any t > 0 exist e > 0 and ¢ > 0
such that

|B; — Bg| < c|t —s|*
for any s > 0 with |t —s| < €
In order to work in IR? we define d-dimensional Brownian motion.

Definition 7. The Brownian motion in R?, still denoted {By| t > 0}, is defined
as

B, = (B}, B?,...,BY)

where ]B’;, i € {1,...,d}, are independent one-dimensional Brownian motions.
Similarly, the Brownian motion in R? starting at x = (x1,...,x;) is Bf =
(B}, B?,...,BY), where B}’ are one-dimensional independent Brownian motions
starting at x; € R.

Remark 3.3. As we define Brownian motion in R?, we have B; = (IB}, IB%)
where lB},IB% are independent one-dimensional Brownian motions. Ob-
serve that then B; ~ N(0,t), where now N(0, t) is the 2-dimensional Gaus-
sian of mean 0 and covariance matrix tId, that is, the Gaussian distribution
with density: for w = (x,y) € R?

—_

|

‘ =
[

—_

2 1 1224y
e 2t = ——¢ 2 t

Flw) = Flay) = st 00— ® = o

Similarly for w € R?> and B? ~ N(z, t), the density function is

1 1 |wfz\2

%
—~
S
~—
I
x
Nl

(3.1)
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From now on B} will always denote a two-dimensional Brownian motion
starting at z = (x,y) € R

Observe that F(x,y) above depends only on the distance from (x,y) to 0.
This leads to an important property, which will be used in the proof of
Kakutani’s theorem.

Lemma 3.4 (Isotropy of Brownian motion). Let U = ID(z,r), with r > 0, be
a disk centered at z € R? and let B be a Brownian motion started at the center of
the disk. Then, the probability that B leaves U is uniformly distributed over oU,
i.e, if ¢ € oU denotes the first point of OU hit by B} and A C dU is measurable,

then
|Al

P, (€ A) = oy

where | - | denotes the Lebesgue measure on oU.

Proof. By Remark (3.1) this probability is invariant by rotations, so it must
be the normalized measure on oU.

Figure 3.1: Brownian motion started at the center of the disk U, with B =
¢ € A C oU. The set A has green color.
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3.1.2 Preliminaries for the strong Markov’s property

We begin here the preparations to state and prove the strong Markov prop-
erty. We also state some other results related to the fact that Brownian
motion has no memory.

Markov’s property of memory loss intuitively can be understood as the fact
that the future behaviour of a Brownian motion {Bf|t > 0}, with x € R,
that at time s > 0 is at point y (B = y) does not depend on the path By,
t < s. Moreover, for time t > s its behavior is equivalent to a new Brownian
B starting from y. In other words, it means that the path before we get to
a point is irrelevant in what follows.

Theorem 8 (Weak Markov’s property). Let {Bf|t > 0} be a Brownian motion
starting at x € R?. Given s > 0, the process { B}, — BZ|t > 0} is a Brownian
motion starting at the origin, which is independent of the process {Bf|0 < t < s}.

Proof. First let us see that X; = By, ; — IB{ verifies the conditions of Brown-
ian motion (see Section [3.1)):

e X; is continuous in ¢ because it is the subtraction of continuous func-
tions.

e Fort =0 we have Xy = B; — B} =0.
e Givent,s,h >0

Xppn — X = ]B;C—i—s—&—h — B3 — ( f+s —Bj)
=B} .., — B, ~ N t+s+h—(t+s)) =N(0,h).

e ForO=t) <t <--- <ty
Xpy = Xty ) = ]Biﬁ-s - ]B;C - ( g_1+s - ]B;C)
= IB;CI‘JFS - §,1+S’

so the increments X;, — X; ., Xt; — Xy, are independent.

n_1’""

]

Remark 3.5. Notice that the fact that the increments { B}, ; — BY|t > 0} are
also a new Brownian motion means that the information of B} at time
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t < s is irrelevant to the future, since its behavior corresponds to a new

Brownian. In other words, as a consequence of Theorem |8 we have that

B}, , — BY is independent of the filtration F?.

The next result tells us a little bit more than Theorem [§ it proves that

Bj, s — B{ is actually independent of F; as well.

Theorem 9. For all s > 0 the process {B},, — B¥| t > 0} is independent of
Fs =Mr>s F rO ‘
Proof. Take {s,}, decreasing to s. By continuity
Biys — B; = nh_IE.}O(IB?-‘rSn —B;,).
Since {s,}, decreases to s and Fs = (-5 FY C F2, we have that BY,, —

B is independent of FY (Remark , which means that it is independent
of Fs as well.

Also, by Remark 3.5/ for all t1, ..., t, > 0 the vector

x x x X\ _ 1: x X X x
( t1+s_IBS/"'/ tm—i—s_IBs)_}g];( t1+s]-_]st/"'/ tm—&—sj_lBs]-)

is independent of F;. Then by continuity, the process { B, , —BY| t > 0}
is independent of F; too. O

A consequence of the previous result is the following:

Blumenthal’s 0-1 law. Let x € R?> and A € Fy. Then P, (A) is either 0 or 1.

Proof. Applying the previous theorem with s = 0 we have that B} — Bj is
independent of Fy = ,~o F2, hence A € F; is independent of itself.

Therefore
P(A) =P(ANA)=P(A)P(A).

This is only possible if IP(A) is either 0 or 1. O

3.2 Stopping times

In this section we deal with stopping times and some of their properties, in
particular those which are used in the proofs of the strong Markov property
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and of Kakutani’s theorem.

Definition 10. A random variable T : QO — [0, 00) is called a stopping time
with respect to the filtration (Fy)i>o if {T < t} € Ft forall t > 0.

Notice that one example are the constant variables 7(w) = s, which deter-
mine a stopping time because {s <t} € F; forall t > 0.

There is another example of stopping time that we will work with called

hitting time. The hitting time for a set D C RR? is the first time that a

Brownian motion hits D and we denote it as TP.

Lemma 11. Let D C RR? be an open set and define T° = inf {t > 0|B; € D}.

Then TP is a stopping time.

Proof. We need to see that {TD < t} € F; for all £ > 0, and for that, it is
sufficient to show that

{TD < t} € Fiforallt > 0.

Take the countable set Q N (0, ); then by continuity of Brownian motion
we have

{’L’D<t}: J {BseD}eF.
seQN(0,t)

Stopping times are stable by increasing limits.

Proposition 3.6. Let (T,), be an increasing sequence of stopping times converg-
ing to T. Then T is a stopping time.

Proof. Let us fix t and let us prove that {7 < t} € F;. That the sequence
increases implies that 7, < T and, since lim;, o T = T,

{rgt}:ﬁ{rngt}eft.

n=1
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Next we prove the analogue of Lemma (11| for the hitting time of a closed
set.

Proposition 3.7. Let H C IR? be a closed set and define T = inf {t > 0|B; € H}.
Then T is a stopping time.

Proof. Define the open set
) _ 1 ) 1
G(n) = xE]R|E|y€HW1th|x—y|<E = xe]R|d(x,H)<E :

Since H is closed we have that

H= () G(n).
n=1
Consider now the hitting times of the open set G(n): 7, = t¢(". By

Lemma [11] these T, are stopping times. Then, by proposition Proposi-
tion [3.6| the limit is also a stopping time, since clearly T, increases to '.
Since
H = inf{t > 0Bt € ) G(n)} =inf{t > 0|B; € H},
n=1

the proof is finished. O

In the proof of Kakutani’s theorem we use exiting times, instead of hitting
times. The exiting time of D C IR? is just the hitting time of the comple-
mentary D¢, therefore it is well defined for both open and closed sets. We
denote

=12 = {t <0|B; ¢ D}.

Remark 3.8. Given two sets, open or closed, such that A C B in R?, their
respective exiting times 74 and tp satisty 74 < T3.

3.2.1 Regularity of some stopping times

The next proposition bounds the exiting times of sets of finite measure and
will be useful in Chapter 3.
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Proposition 3.9. For an open or closed subset U C IR? with Lebesgue measure
m(U), we have
m(U)

P t) < ,
Z(TU> )_ 27t

t>0.

In particular, if m(U) < oo, then

]PZ(TU = OO) = }L%]PZ(TU > t) =0.

Proof. If 1y > t, then B} € U and therefore {1ty >t} C {Bf € U}. Hence,
since Bf ~ N(z, t) has density given by (3.1):

—Hz y\z m(U)
< Z — —
]PZ(TU > t) - IPZ(IBt < U) /u 27t }/ / 27‘ctdy 2t

as desired. O

Remark 3.10. The closure of a bounded open set D is always in a disk. That
implies that it has finite measure, and therefore a Brownian motion starting
at z € D leaves D in finite time with probability 1. (This also proofs that IB}
goes to infinity with probability 1, since it leaves any disk ID(0,n),n > 1).

A technical property of stopping times, required in the proof of Kakutani’s
theorem, is that of upper semicontinuity. One might think that the function
h(t) = P(tp > t), for a given domain D, is always continuous. It turns
out that there are domains with irregular points where the function does
strange things. Fortunately, we can ensure its semicontinuity.

Definition 12. A real-valued function h : R*> — R is upper semi continuous at
a point z € R? if
limsup h(x) < h(z).
X—2z
Analogously, it is lower semi continuous if
liminfh(x) > h(z).

X—Z

The specific property that we will need is the following.

Lemma 13. Let (f;)nenN be an increasing sequence of continuous functions in R
such that

lim f,(z) = f(z), z € R~

n—o00
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Then, f is lower semi continuous for all z € R?, meaning that

liminf f(x) > f(z), z € R%

X—2z

Proof. Since (fn)neN is increasing, it holds that f(z) > f,,(z) forall m € N
and z € R?. Given a fixed z € R? and m € N, it follows that

liminf f(x) > lixgl}?ffm(x) = fm(2).

X—Zz

as desired. n

Lemma 14. Let D C R? be a domain. For any fixed t > 0 the function f(x) =
P, (tp < t) is lower semi continuous on R?,

Proof. We want to prove that for all z € R?

X—2z

We will construct an increasing sequence of continuous functions that con-
verges pointwise to P (7p < t) and then apply the previous lemma (LemmalL3).
Fix 0 < s < t. By the Markov property (Theorem [8), we can write

P.(3u € (s,t] : By € D) = E[Px(3u € (0,t —s] : By, € D|Fy)]
— E,[Pp:(3u € (0,t —s] : BY® € D]
= E[Pp:(1p <t —59)],

where E, denotes the expectation of a Brownian motion started at x mea-
sured by P,.

This expectation can be expressed as the integral of the conditional expec-
tations given that BY = y, for y € R%. Since BY ~ N(x,s) has density
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function given by (3.1)), we get
Ex[Pps(tp < t —5)] :/ Py (1p < t —5)dP
0

_ . X _

= [ [ Pe(eo < t = s|BX = y)Fu(y)dydP

= /Q /IR2 P,(tp <t —s)F(y)dydP

= /IR2 Py(tp < t—s)F(y)dy

1 P

— 2 %e_ 2s ]Py(TD S t— S)dy

Since the right hand side of the equation is continuous in x, then the left
side is continuous as well.

It remains to show that IP,(7tp < t) is the increasing limit

lim P, (Ju € (s,t] : B, € D°).

s—0

Take a sequence (s;)yeN such that s, N\, 0 as n — oo, and note that the
sequence of sets (A,)yen defined by A, := {Ju € (sy, t]|B, € D¢}, is in-
creasing to tp and

{to <t} ={3u e (0,t]|B, € D} = [ Au
nelN

By the continuity of the measure IP, it follows that

n—oo

and by Lemma [13| the function f(x) = Px(tp < t) is lower semi continu-
ous. O

Remark 3.11. A reformulation of the previous Lemma [14|is that
is upper semicontinuous, that is,

limsupPy(tp > t) < P,(1p > ).

X—Zz
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3.3 Strong Markov’s property

As we have seen, Brownian motion has no memory (Theorem 8| and Theo-
rem [9), meaning that for a Brownian motion B} that passes across a point
y at a given time s, the following path of this motion will have the same
distribution as lB]t/_s. Here we prove the same result as in Theorem (8 but
when the time s is randomized.

Let us observe that a stopping time T can be discretized in the following
way: let
_om+1 m m+1

Tn = o if 7€ [Z—n, 2—71)

me Z. (3.2)
Then, by construction 0 < 7, — 7 < zln

Strong Markov’s property. For any T finite stopping time, the process
{Brtt — B<[t > 0}

is a Brownian motion independent of Fr.

Proof. We will first see the independence for the Brownian motion defined
with the discretization (7,), of T, so that passing to the limit we will have
the independence for the T case. Then, we will finish the prove by showing
that the that Brownian motion passing to the limit is also Brownian motion.

We begin by using the discretization 7, defined in (3.2) to define the fol-
lowing processes. Let B = {Bf|t > 0} where
k _

B =B,, I B ko
and let B* = {B}|t > 0} be defined by

:[B;k - :[Bt+"[n - ]BT}’!'
It is immediate to see that Bf and B} verify the Brownian motion proper-
ties detailed in Section

We want to see here that B; is independent of F=,. It will be enough to see
that forallt > 0, A € F and E € F7,

P({B* € AYNE) = P({B* € A}))P(E).
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Since {B € A} is independent of E N {Tn = 2%} € F i, by Theorem ﬁ
21

with time s = 2%, we have that

P({B* € A} NE) = i]P({IBkeA}ﬂEﬂ{Tn = 2%})
k=0

oo k
= kgo]P({IBk € A})lP(Em {'cn = 2_"})'

Moreover, by the Weak Markov property (Theorem [8) we have that inde-
pendently of k, P({B* € A}) = P({B; € A}) = P({B* € A}), so

gﬂ’({nsk e ADP(EN {Tn = 25}) —P({Bi € 4}) ¥ P(EN {T” B Zk})

k=0

—P({B* € A}) Y P(En {Tn - 25})

k=0
We can rewrite the discrete summation as
ad k
kZ%)]P(Eﬂ T = 5 () = P(E),

so it follows that

P({B* € A}NE)=P({B* € A})P(E).
We have seen that B* is a Brownian motion independent of the filtration
F=, and now we will see this for time 7.

Since 1, > 7 and (7,), converges to T as n — oo, we have Fr, D Fr and
]B5+t+1- — ]Bt—i—T = lim ]Bs+t+Tn - ]BH-Tn' (33)
n—oo

Notice that we define B* as Bst¢+r — B¢+, which is a Brownian motion in-
dependent of Fr, and Fr, D Fr, thatis, {Bs+r — B¢|t > 0} is independent
of F~.

To finish the proof, it only remains to show that {B;1r —B¢|t > 0} is a
Brownian motion, but this is routinary. Let be X; = B;,+ — B:. We have to
see that X; verifies the conditions of Brownian motion (see Section [3.1):
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1. Fort =0 we have X) = By — By = 0.
2. Given t,s,h > 0
XH—S - Xt - ]BT—l—H—s - ]BT - (IBT—H - ]BT)
= ]BT—I—H-S - ]BT+t
which follows a normal distribution N(0, s).
3. ForO=t) <t; <--- <ty
Xt, — Xt , = Bty — Bs — (B, ,+s — Bs)
= IBt,'+S - IBt,',1+S/

so we get the increments X;, — X; ., Xy, — Xy, are independent.

H_17 "

]
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Chapter 4

Kakutani’s theorem

In this final chapter we give the detailed proof of Kakutani’s theorem. We
begin with a discussion about the domains where the Dirichlet problem
can be solved.

4.1 Regular domains

The Dirichlet problem has solution for most bounded domains D C IR? but
not all. If the boundary 0D isn’t good enough and has complicated parts
is not possible to solve it.

Definition 15. Let D C IR? be an open set and let { € 9D. The point T is called
regular if P;(tp = 0) = 1. The domain D is regular if all points { € oD are
reqular.

Remark 4.1. By Blumenthal’s 0-1 law (Section [3.1.2), the probability of the
event {1p = 0} € Fo must be 0 or 1. Therefore P;(1p = 0) > 0 is equiva-
lent to P;(tp = 0) = 1.

Unfortunately, there is no clear geometrical description of regular points
or domains. We state a rather general geometrical condition that implies
regularity.

Definition 16. A point { € 9D satisfies the truncated cone condition if there
exists a truncated cone V with vertex at { such that V. C D°.

33
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\

&

Figure 4.1: Domain verifying the cone condition at the point 9(x).

Proposition 4.2. If D satisfies the cone condition at { € 0D, then { is a regular
point of dD.

Proof. As pointed out in Remark it is enough to show that P;(1p =
0) > 0. Let V be a cone contained in D¢ with vertex . Since t < tp implies
]Btg € D notice that

P;(t > 1p) > P; (B¢ ¢ D) > Py (B¢ € VNID(Z,7))

Figure 4.2: The orange colour is VN ID((,r) and the red V N oID({,r).

where r > 0. Then, due to the Brownian motion isotropy (Lemma 3.4), we
can rewrite the last term in the following way. Let m denote the Lebesgue
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measure in R%; then

m(V NoD({, 1))

P;(Bf € VNID((,r)) = m(aD(Z, 7))

P (B} € D(Z,7)),

where C(V) := % is a positive constant. Then

P;(t > 1p) > C(V)P;(B¢ € D({,7)).

By the previous remark, it remains to see that ng(]BtC € ID(Z,r)) is bounded

below by a positive constant. To prove it, we will use that ]Bg ~ N(Z,t) and
write the density function F;(w) of (3.1) in polar coordinates:

P BC D( o ded "4 d
5 — T X
g( < g r / / 27Tte tp h= / te pap

2
= /‘/Z e_Tudu —1—¢ 7.
0

This tends to 1 as t — 0, as desired. Thus, passing to the limit as ¢ tends to
zero, it follows that

P (1o = 0) = Py(( {TD < %}) = lim Py(1p < )

n—o0
n=1

> lim C(V)P;(B$ € D(Z,7)) = C(V) > 0.

n—o00

Let us see some examples of domains satisfying (or not) the cone condition:

1. Convex domains are regular. For every { € 9D, for D convex, there
exists a line through { (tangent to D) so that D is on one side of the
line. Any cone V on the other side proves that { is regular.

2. The punctured disk ) = D\ {0} is clearly not regular at z = 0:
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N
N

3. The open set D = ID(1,1) UID(—1,1) does not verify the cone condi-
tion at z = 0. Notice that there is only one tangent line to D through
0 and therefore is not possible to let it be the vertex of a truncated
cone in D¢:

4.2 Proof of Kakutani’s theorem

Let us recall the statement.

Kakutani’s theorem. Let D C R? be a bounded reqular domain and let f €
C(0D). Then

u(z) = B.[f(BZ,)]

is the unique solution to the Dirichlet problem with data function f, that is

{Au —0 inD,
ulgp = f-

Proof. First we shall to prove that u(z) is harmonic and that its boundary
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values, u({), { € 9D, coincide with f({). We will finish by proving the
uniqueness.

1. u is harmonic:

First, notice that f(IB%,) is continuous at any z € D, since it is composed
by B% € dD, which is continuous by definition, and f continuous at the
boundary points of D. So, as the expectation of a continuous function is
continuous, u(z) = E,[f(B%,)] is continuous.

Since u(z) is continuous its enough to check the mean value property (see
Theorem [4).

Thus, given z € D and U = ID(z,r) a disk centered in z and such that
U C D, we want to prove that:

u(z) = ELF(B,)) = g [ ELB% ) lidw] = o [ aw)ldu,

where |dw| indicates the arc length of oU.
Consider the exiting time of U,
Ty = inf {t > 0|B? ¢ U}

( see Lemma [IT]and 3.2). Since U C D we have 1y < Tp < oo almost surely
(see Remark [3.8 and Proposition [3.9).

By the isotropy (Lemma at the Brownian motion, the probability that
BZ, leaves U through A C dU is uniformly distributed in dU, that is:

A
P, (B2, € A) = ”a—u‘|
Then, since B} has to leave U before leaving D, we can write:

u(z) = ELA(BS,)] = [ LB, )5, = wl 550

By the strong Markov property (Theorem the distribution of B} after
hitting oU at a point w € dU is the same as B}, and therefore:

E[f(B,)[By, = w] = E[f(BZ,)].
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Therefore

dw| 1

u(z) = ELf(B7,)) = [ ELf(BY)] s = o | w(@ldel,

ou

as desired.

2. u has boundary values f:
Let ¢ € oU fixed. We want to prove that

lim u(z) = £(0)
zeD

Since  is a regular boundary point of D we have P;(1p = 0) = 1, so:

u(g) = B [f(BS,)] = E¢[f(BS)] = E¢[f(2)] = £(2).

Moreover, since f({) is a constant it follows that

E.[f(BZ,)] — f(¢) = E:[f(B%,) — f(O)]-

Then,

u(z) = f(O)] = [E:[f(BT,) — f(O]] < E:[f(BT,) = F(OI],

so its suffices to show that

lim E[|f(B,) ~ £(0)]] = 0. @y

zeD

Let € > 0. We want to find » > 0 so that if |z— | < r and z € D then

E.[|f(B%,) - f(DI] <e.

Fix 7 > 0 and take the disk ID({, 7). Let 7, be the stopping time Tz ).
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Figure 4.3: Disk centered at { € 9D with radius r such that z € ID((, ).
The black line indicates oD.

In order to prove we separate two cases, depending on whether B}
leaves first ID({, ) or the domain D:

E.[|f(B%,) — F(OI] = E[|f(BZ,) — f(D)], & < D]
+E:[[f(B,) — f(O], ™ < 5.

For the first term, we estimate brutally

E.[|f(B%,) = f(D| & < ] = / |[f(B7,) = f(O)|dP(w)

{TrSTD}

< 2-||fllo - (% < ).

For the second term, since Tp < 7, and therefore B} € D(Z,r), we can
estimate as follows:

E:[|f(B%,) = f(D)], o <w] < sup [f(Z) = f(n)|-Pz(1D < )

|g—n|<r
neaD

< sup [f(Q) = f(n)l-

|g—n|<r
neaD

(4.2)
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It remains to show that these two terms tend to 0 as z tends to {. The first
one will go to zero because P, (7, < 1p) tends to 0 as z tends to {, whereas
the second one will vanish because of the continuity of f.

Let us prove first that the second term (4.2) tends to zero.

By the continuity of f, given € > 0 there exists r > 0 such that for all
n € D(g,r) NoD we have |f({) — f()| < €/2. Since Tp < T;, we have
B%, € D(¢,r) and therefore

4

sup |f(§) = f(n)] <

|0—n|<r
neoD

N ™

as desired.

Let us see now that the first term can also be made smaller than €/2. In
order to show P, (7, < 1p) tends to zero, assume that z € D is close enough
to ¢ so that |z — (| < 3.

So, if we consider the disk centered at z with radius 4 then ID(z,5) C
D(Z,r) and so TD(,5) < Tr- Therefore,
P2(t < ) < Pz(1p(,,5) < ),

and it suffices to estimate P(7p,;) < Tp) as z tends to { (i.e, as r — 0).

For any small t > 0 the event E = {1p(,z) < Tp} is the union of E; =
En{tp <t} and E; = EN{tp > t}. Since clearly E; C {Tp,r) < t} and

E; C {tp > t} we deduce that

2
E= {T]D(Z,%) < TD} - {T]D(Z,%) < t} U {TD > t}.

It follows that

]PZ(T]D(z, ) < TD) < ]PZ(T]D(z, ) < t) —|—]PZ(TD > t).

NI~
NI~

Therefore, it is enough to see that both probabilities tend to zero as t — 0.
For that, we bound the first term using distribution of B} as ¢ tends to 0
and, for the second term, we take the limit with z approaching .
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Figure 4.4: Disks ID(z, 5) C ID({,r) such that { € ID(z, %).

Let IP;(Tpp(; 25 < t) and notice that its value clearly increases as t increases,
SO

Pa(Tp(zg) < 1) = Pa(3s < t]BZ ¢ D(z, 7)) < max/P-(B: ¢ D(z, 7))

— P, (IB? ¢ lD(z,%)).

Moreover, since Bf ~ N(z,t), using the density function F,(w) of (3.I) in
polar coordinates we have that

P, (T]D(z

~
NI~

21 2
) <) <P,(Bf € D(z /r / e 2tpd(9dp
2

2

P2 r
= / _g_?pdp — e 8
5 t
Therefore

2
151’61132(’( D(z,%) < i’) < }g%e st = (.

Thus for t small enough we have

P-(Tp(z,;) < ™) < 1 —|-]PZ(TD > ).
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So it remains to prove that for any fixed ¢, lim,_,; IP,(1p > t) = 0. Applying
Remark we see that

limsup]PZ(TD > t) < ]Pg(TD > t) =1- ]Pg(TD < t),

z—(

where IP;(1p < t) increases as t does. So
IPg(TD = 0) S Pg(TD S t) S 1,

since P;(1p = 0) = 1 by the assumption of regularity on {. Then, taking z
close enough to { we have that P,(1p > t) < e/4.

Finally, it follows that

€ €

E:(If(B3,) ~ f(O)l < w < 5+ (5 + 5

and therefore holds.

It only remains to show that the solution is unique. To prove the unique-
ness we will not require probabilistic methods, since this is given by the
fact that the solution u is harmonic.

Suppose that 1 € C?(D) is another solution to the Dirichlet problem. Then,
u and h harmonic on D and we have that the function (u — ) is also har-
monic since

A(u—h)=Au—Ah=0.
Moreover, (1 —h) = 0 on 9D because f({) = u({) = h({) for all { € oD.

Applying the maximum principle, Theorem [2, of harmonic functions to
u — h, we have that

glE%X(u —h)(z) = g;gg(u —h)(¢) = 0.

Therefore, h = u on D as we wanted to prove. O
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Conclusions

We conclude by emphasizing that solving the Dirichlet problem via Brow-
nian motion is an example of how powerful are the probabilistic methods
in the study of many problems in different areas of Mathematics.

In this memoir we illustrate how the properties of Brownian motion lead to
an explicit solution to a classical partial differential equation with boundary
values.
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