Economics Letters 221 (2022) 110921

journal homepage: www.elsevier.com/locate/ecolet

Contents lists available at ScienceDirect

Economics Letters

Non-manipulability by clones in bankruptcy problems

Pedro Calleja®”, Francesc Llerena”

L))

Check for
updates

2 Departament de Matematica Economica, Financera i Actuarial, Universitat de Barcelona-BEAT, Av. Diagonal, 690, 08034 Barcelona, Spain
b Departament de Gestié d’Empreses, Universitat Rovira i Virgili-ECO-SOS, Av. de la Universitat, 1, 43204 Reus, Spain

ARTICLE INFO ABSTRACT

Article history:

Received 24 August 2022

Received in revised form 3 November 2022
Accepted 6 November 2022

Available online 10 November 2022

JEL classification:
71

Keywords:
Proportional rule
Manipulability
Bankruptcy problems

We introduce non-manipulability by clones for bankruptcy problems, which entitles claimants to
merge or split only when they are or become identical agents. We show that this weaker non-
manipulability requirement, together with either claim monotonicity or claims continuity, allows for
new characterizations of the proportional rule on the general class of bankruptcy problems.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Bankruptcy problems (O'Neill, 1982) deal with situations
where an amount of a perfectly divisible resource should be dis-
tributed among a group of agents presenting conflicting claims,
that is, the total amount to divide is not enough to fulfill all
demands. These problems are solved by rules proposing an al-
location vector that takes into consideration the specifics of the
agents.

An important topic in economics is the study of rules that
are immune to the strategic behavior of the agents by misrepre-
senting their characteristics. For the bankruptcy problem, O’Neill
(1982) introduces non-manipulability (or strategy-proofness) as the
combination of non-manipulability via merging and splitting. A rule
is non-manipulable via merging if no group of agents can benefit
from consolidating claims and it is non-manipulable via splitting
if no agent can benefit from dividing its claim into claims of a
group of agents. A rule is non-manipulable if it is unaffected by
both types of misrepresentations.

The proportional rule makes agents’ payments proportional
to their demands and it is one of the most commonly used
proposals in real-life situations when a firm goes into bankruptcy.
Due to its central role in both practice and theory, it has been
extensively analyzed from an axiomatic viewpoint. O’'Neill (1982)
was the first to axiomatically characterize the proportional rule
on the basis of non-manipulability, together with budget balance,
anonymity, continuity, and the dummy axiom (or null consistency).
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Informally speaking, budget balance requires distributing the en-
tire endowment; anonymity asserts that the only important fea-
ture of the agents is their claims; continuity imposes that small
changes in both, the endowment and the claims, result in small
changes in the final allocation; and the dummy axiom states that
if an agent with zero claim leaves, then in the corresponding
reduced problem the remaining agents get the same amount as
initially. O’Neill’s result was refined by Chun (1988) showing that
the dummy axiom is redundant and de Frutos (1999) proves
that anonymity and continuity in Chun’s result can be replaced
with non-negativity, which requires awards to be non-negative.
More recently, Ju et al. (2007) strengthen de Frutos’ result by
relaxing non-negativity to one-sided boundedness, which states
that payments are bounded from either above or below, and
using a pairwise version of non-manipulability as defined in Ju
(2003). Indeed, Ju (2003) introduces restrictions on a coalition
formation, just permitting mergers or spin-offs by pairs, and
characterizes a set of parametric rules (Young, 1987) that are
either non-manipulable via (pairwise) merging or splitting.! On
the other hand, Ju et al. (2007) investigate the relation between
non-manipulability and proportionality in more general classes of
allocation problems.

On the full domain of bankruptcy problems, Moreno-Ternero
(2006) shows that non-manipulability is equivalent to additivity
of claims (Curiel et al., 1987), requiring that merging or splitting
the agents’ claims do not affect the amounts received by any other

1 We refer readers to Ju et al. (2007) for formal definitions of the mentioned
properties.
2 Moreno-Ternero (2006) renames this property as strong non-manipulability.
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agent involved in the problem. Related results can be found in
Ju and Moreno-Ternero (2011) and Ju (2013). The former work
connects non-manipulability to progessivity in taxation problems;
the latter analyzes the implications of non-manipulability in net-
works.

Here, we limit our attention to splits and mergers involving
identical agents, that is, with the same claim. It is quite usual in
a real economy for agents (firms) with some common attributes
to create a joint venture or for an agent to split into similar new
spin-offs, although these practices involving very different agents
are reproved. A natural and simple way to formally accommodate
these ideas is to restrict the possibility of manipulating to sym-
metric agents or clones. We name this axiom non-manipulability
by clones. Interestingly, we show that this substantially weaker
form of non-manipulability is enough to uniquely determine the
proportional rule for the realistic case in which all claims are zero
o rational numbers (Theorem 1). We extend this result to the
general domain of bankruptcy problems by adding either claim
monotonicity (Theorem 2) or claims continuity (Theorem 3). While
claims continuity enforces that small changes in the claims of the
agents do not lead to large changes in the awards recommenda-
tion, claim monotonicity requires that if only one agent’s claim
increases, she should not be worse-off.

The rest of the paper is organized as follows. In Section 2 we
introduce some notation and definitions. Section 3 contains the
characterization results. Section 4 concludes with final remarks.
The proofs of the lemmata are postponed to Appendix.

2. Preliminaries

Let N = {1, 2, ...} (the set of natural numbers) represent the
set of all potential agents (claimants) and let A be the collection
of all non-empty finite subsets of N. An element N € N describes
a finite set of agents where [N| = n. By Q. = {a/b | a, b € N} we
denote the set of positive rational numbers.

A bankruptcy problem is a triple (N, E, c) such that N € N, c €
Rﬁ,E > 0, and ZieN ¢i > E. By B we denote the set of all
bankruptcy problems. If (N, E,c) € B, then each agent i in the
set of creditors N has a claim ¢; to the net worth or estate E > 0
of a bankrupt firm. A bankruptcy rule is a function 8 : B —>
Unen RN that associates with every (N, E, ¢) € B a unique vector
B(N, E, c) € RN satisfying >"Bi(N, E, ¢) = E (budget balance (BB)),

that is, the sum of all pay;rel[zznts should be equal to the estate.

Instances of well-studied bankruptcy rules are the propor-
tional rule (P) and the constrained equal awards rule (CEA). The
P rule makes awards proportional to the claims. Formally, for all
(N,E,c)e Bandalli e N, P(N, E, c) = Ac; where A € R, is such
that ZJ-GN Ac¢j = E. The CEA rule rewards all claimants equally
subject to no one receiving more than her claim. Formally, for
all (N,E,c) € Band all i € N, CEAi(N, E, c) = min{c;, A} where
A € Ry is such that ZjeN min{c;, A} = E. For a detailed analysis
of bankruptcy rules we refer to Thomson (2019).

3. Axiomatizations of the proportional rule

In this part, we provide new axiomatic foundations of the
proportional rule. In insolvency or liquidation proceedings of
bankrupt firms, mergers or spin-offs can hide incentives to ma-
nipulate the final distribution of the firm’s assets. A way to avoid
this malpractice is to make use of allocation rules that prevent
this strategic behavior. In a formal manner, a bankruptcy rule 8
satisfies

e non-manipulability (NM) if for all (N, E, c), (N’,E,c’) € B, if
N’ C N and there is m € N’ such that ¢, = ¢, + ZRGN\N, Ck
and ¢ = ¢; for alli € N’\ {m}, then B(N", E, c’) = Bi(N, E, c)
forallie N\ {m}.
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NM imposes that agents not involved in the merging or split-
ting operations get the same amount as initially. Under BB, this
formulation is equivalent to requiring that the payoffs of neither
the agents merging or splitting vary, that is, B,(N',E,c’) =
Bm(N,E, c)+ ZjeN\N, Bi(N, E, c), as defined in de Frutos (1999).>

A mild version of NM is obtained by restricting these opera-
tions to symmetric agents or clones, that is, agents who have the
same claim. We refer to this new axiom as non-manipulability
by clones, because it prevents equal agents taking advantage
by merging or splitting claims.* Formally, a bankruptcy rule 8
satisfies

e non-manipulability by clones (NMC) if for all (N, E, c), (Nf, E,
¢’) € B,if N C N and there is m € N’ such that ¢; = W\IC\,%
forallie N\ N'U{m} and ¢/ = ¢; for alli € N"\ {m}, then
Bi(N’,E,c’) = Bi(N,E,c) foralli e N\ {m}.

Note that, by BB, it also holds that B,,(N'E, ¢’) = Bm(N,E, ¢)+
2 jenw Bi(N, E, ).

Obviously, the proportional rule satisfies NMC as it satisfies
the stronger NM. It also meets equal treatment of equals, a well-
established axiom that requires that symmetric agents receive the
same amount, and no award for null, which states that no amount
is awarded to agents with zero claims. Formally, a bankruptcy
rule B satisfies

e equal treatment of equals (ETE) if for all (N, E, c) € B and all
i,j €N, if ¢ = ¢ then Bi(N,E, c) = Bi(N, E, c);

e no award for null (NAN) if for all (N, E,c) € Band alli € N,
if c; = 0 then Bi(N,E,c) = 0.

de Frutos (1999) shows that NM implies ETE. This result is
strengthened in the first lemma establishing that ETE is a con-
sequence of the weaker axiom of NMC.

Lemma 1. NMC implies ETE.

Ju et al. (2007) show that NM° implies NAN. The next lemma
states that this logical relation holds when NM is replaced by
NMC.

Lemma 2. NMC implies NAN.

The last lemma says that, in the presence of NMC, if two agents
have rational claims then the ratio between what they receive
and what they claim remains constant.

Lemma 3. Let 8 be a bankruptcy rule satisfying NMC. If (N, E, c) €
Bandi,je N are such that ¢;, ¢; € Qy, then

,Bi(Nv Ev C) _ ﬁj(N’ Ev C)
Ci N Gj '

(1)

Now, we have all the tools to prove that NMC uniquely de-
termines the proportional rule for bankruptcy problems in which
agents either have zero claims or their claims are expressed by
rational numbers.

Theorem 1. Let B be a bankruptcy rule satisfying NMC. If (N, E, c¢)
€ B is such that, for all i € N, c; is either zero or a positive rational
number, then B(N, E,c) = P(N, E, c).

3 See Lemma 3.1. in Moreno-Ternero (2006).

4 In more general settings, such as financial networks or multi-issue prob-
lems, the idea to restrict manipulations to agents with some common traits also
plays a role in characterizing the extension of the proportional rule to these
contexts (see, for instance, Csoka and Herings, 2021; Acosta-Vega et al., 2022).

5 Ju et al. (2007) call this axiom merging-splitting-proofness.
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Proof. Let (N, E, c) € B be such that all claims are either zero or
positive rational numbers. If |{i € N | ¢; = 0}| € {n — 1, n} then,
by NMC, that implies NAN, and BB, (N, E, ¢) = P(N, E, c). Other-
wise, let i, j € N be such that ¢;, ¢; € Q.. In this case, by Lemma 3
we have that (N, E, c)/c; = Bj(N, E, c)/c;. Consequently, there
exists a constant A such that, for all k € N, S(N,E,c) = Ack
since, by NAN, this also holds for players with zero claim. Hence,
by BB, A = E/ ZjeN ¢ > 0, and thus B(N,E,c)=P(N,E,c). O

A way to extend the above result to include non-rational
claims is to impose, additionally, one of the following two widely
accepted axioms. A bankruptcy rule g satisfies

e claim monotonicity (CM) if for all (N, E, ¢), (N, E, ¢’) € B such
that ¢/ > ¢; for some i € N and cj/ =¢jforallj e N\ {i}, then
Bi(N,E,c") > BN, E, c);

e claims continuity (CC) if for each sequence of bankruptcy
problems {(N,E,c")} _ converging to (N,E,c), the se-
quence {B(N,E,c")} _ converges to (N, E,c).

CM says that if an agent’s claim increases, while the claims of
the other agents and the amount to be distributed remain equal,
her award should not decrease. CC imposes that small variations
in the claims imply small variations in the resulting allocation
vector. CM and CC are not related to each other.®

It is well known that the proportional rule satisfies both ax-
ioms. So, it remains to show that CM or CC in combination with
NMC characterize it.

Theorem 2. A bankruptcy rule satisfies NMC and CM if and only
if it is the proportional rule.

Proof. To show uniqueness, let 8 be a bankruptcy rule satisfying
NMC and CM, and (N,E,c) € B. If ¢; equals either zero or
a rational number for all i € N, by Theorem 1, B(N,E,c) =
P(N,E,c).

Otherwise, we use an induction argument on the number of
agents with a non-rational and non-zero claim. Let us denote this
set by Noq,. For [N~q,| = 1, let Nog, = {i*} with ¢ ¢ Qy,
¢ > 0. Then, there exist two sequences of positive rational
numbers {I}, _ and {r} _ converging to ¢ from left and right,
respectively, and such that ¥ < 1 < ¢ < r*1 < r* for all
k € N. Let {(N,E,c"},_, and {(N,E, E")}keN be two associated
sequences of bankruptcy problems converging to (N, E, ¢) where,
forallk e N, cf = ¢l =¢ forallie N\ {i*}, & =¥ and ¢k =rk.

By Theorem 1 and CM, for all k € N,

P(N, E, c*) = Bi(N,E, c*) < Bi(N, E, c) < B=(N, E, &)
= Px(N, E, c*).

By CC of the proportional rule,

lim Pi(N, E, ¢*) = P«(N, E, ¢) < Bi=(N,E, c) < P(N, E, ¢)

k—o00
= lim P«(N, E, c¥),
k—o00

which leads to Si(N, E, ¢) = Px(N, E, c).

It remains to see that Bj(N,E,c) = Pi(N,E,c) for all j €
N\ N-g,. o

If [{ e N\ Nog, | ¢ # 0} < 1, by NMC, that implies NAN,
and BB, B(N, E, c) = P(N, E, c). Otherwise, there are at least two
players in N \ N_g, with rational claims. Thus, by Lemma 3 and
NAN, a consequence of NMC (Lemma 2), there exists a constant
A such that, for all j € N\ N—q,, Bj(N, E, c) = A¢;. By BB,

Cix

E= Y BINECO+P(N.Ec)=i Y ¢+=—0CF

JEN\N-q, JEN\N-q, ZJEN J

6 For a discussion see Thomson (2019).
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which implies A = E/ ZjeN ¢; > 0, and hence B(N,E,c) =
P(N,E,c).

Induction hypothesis: if [N-g, | =k, for 1 < k < n — 1, then
B(N,E,c)=P(N,E,c).

Assume |N_q, | = k + 1. Select an arbitrary agent i* € N_q,
and, as before, construct two sequences of bankruptcy problems
converging to (N, E, ¢) obtained from two sequences of positive
rational numbers converging to ¢+, from left and right. For any
of the bankruptcy problems in such sequences, the number of
players with non-rational and non-zero claims equals k, and thus,
by induction hypothesis, 8 coincides with the proportional rule.
Now, exactly as before, applying CM, and CC of the proportional
rule, we can conclude that Bj(N,E,c) = P(N,E,c) for all j €
N_q. . From this point, using very similar arguments as for the
case |N-g, | = 1 we reach that S(N,E,c)=P(N,E,c). O

If, instead of CM, we require CC together with NMC, we obtain
a new characterization.

Theorem 3. A bankruptcy rule satisfies NMC and CC if and only if
it is the proportional rule.

Proof. Let 8 be a bankruptcy rule satisfying NMC and CC, and
(N,E,c) € B.If foralli € N, ¢ € Q4 then, by Theo-
rem 1, B(N, E, c) = P(N, E, c). Otherwise, there exists a sequence
{(N, E, c®)}xen of bankruptcy problems with cf € Q; foralli e N
and all k € N converging to (N, E, ¢). By Theorem 1, P(N, E, c*) =
B(N,E,c¥) for all k € N. Finally, by CC of 8 and P, we have
that P(N,E,c) = limyo P(N,E,c*) = limy_ o B(N,E,c*) =
B(N,E,c). O

To conclude, in the following remark we show that the axioms
in Theorems 2 and 3 are logically independent.

Remark 1.

The CEA rule satisfies CM and CC but clearly not NMC. Now,
we define a bankruptcy rule 8* meeting NMC but neither CC nor
CM. Let (N,E,c) € B.

o If 3 enng, G =< E. then B*(N, E.c) = P(N.E, c).
o If ZkeN\N_@+ cx > E, then
C.

= Eforallie N\N_g,

keN\N_q, Ck

BI(N.E.c)=

and

B{(N,E,c)=0foralli e Nog,.

Note that 8* is well defined, that is, it meets BB.

To show that B* satisfies NMC it is enough to observe
that when a group of agents with equal rational (irrational)
claims merge, in the new problem the representative agent
of the merger will have a rational (irrational) claim as well.
In the same way, when an agent with rational (irrational)
claim splits into a group of clones, all of them will present
a rational (irrational) claim. Technically, the product of a
rational (irrational) number and a natural number results in
a rational (irrational) number, and the division of a rational
(irrational) number by a natural number results in a rational
(irrational) number. Hence, whenever an agent splits or a
merger occurs, if initially Z,@N\Nﬂ ¢ < E (or the con-
trary), the condition will hold afterwards. Since 8* # P,
from Theorems 2 and 3 we can conclude that 8* does not
satisfy either CM or CC.
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4. Concluding remarks

In the context of bankruptcy problems, we have obtained new
characterizations for the proportional rule imposing NMC, a weak
form of non-manipulability that entitles agents to merge or split
only when they are symmetric, together with BB (included in
the definition of a rule) and a standard axiom referring mono-
tonicity or continuity on claims. These characterizations allow for
a comparison with those provided by de Frutos (1999) and Ju
et al. (2007). With respect to de Frutos’ result, non-manipulability
is weakened into NMC, while non-negativity and either CM or
CC are not comparable. Regarding Ju et al.’s result, one-sided
boundedness is weaker than CC. Clearly, one-sided boundedness
does not imply CM but the reverse implication remains open.
On the other hand, 8* as defined in Remark 1 satisfies NMC
but not pairwise non-manipulability, which indicates that the
former is not stronger than the latter. It has not been determined
yet whether pairwise non-manipulability implies NMC. In future
research, it would be interesting to study whether a pairwise
version of NMC suffices to distinguish the proportional rule.
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Appendix

Proof (Lemma 1).
Let 8 be a bankruptcy rule satisfying NMC, &y = (N°, E, c°) €
B, and i, j € N° such that ¢! = cjo = ¢. We distinguish two cases:

Case 1: [N°| > 3. Suppose, w.l.o.g., that
Bi(go) > Bi(eo). (2)

We will show that this assumption leads to a contradic-
tion. The proof of this case is done in six steps.

Step 1: From &g player i splits into clones i and i’ defining
the bankruptcy problem & = (N!,E,c'), being
N' =N U{i'}, ¢! = ¢ forall k € N'\ {i, i}, and
¢! =c; =¢/2.By NMC, for all k e N'\ {i, '},

Br(eo) = Br(e1), (3)
which implies, by BB,
Bileo) = Bi(er) + Br(e1). (4)

Step 2: From & player j splits into clones j and j' defining
the bankruptcy problem &, = (N2, E,c?), being
N2 =N'"U{j'}, ¢Z = ¢} forall k € N?\ {j,j'}, and
¢ = cﬁ = /2. Note that ¢/ = ¢} = cﬁ =c; =C/2.
By NMC, for all k € N2\ {j,j'},
Bile1) = Brle2), (5)

which implies, by BB,
Bi(e1) = Bje2) + By (e2). (6)
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Hence,

Bi(e2) + Bi(e2) z Bi(er) + Bi(e1) = Bi(&o) Z Bi(eo) 5 Bi(e1)

s Bi(&2) + By (e2).
That is,
Bi(e2) + Br(e2) > Bj(e2) + By (e2).

Assume, w.l.o.g., that
Bi(e2) > Bj(ea). (7)

Step 3: From &, players i, i’ and j/ merge under the name of
i’ defining the bankruptcy problem &3 = (N3, E, c3)
being N3 = N2\{i, '}, ¢ = c? forall k € N3\{i’}, and
¢} = ¢ +¢j+c) =3¢/2. Note that ¢/ = ¢ =¢/2.
By NMC, for all k € N3\ {i'},

Br(es) = Br(e2), (8)
which implies, by BB,

Biles) = Bi(e2)+Br(e2)+By(e2) = E—Blea)— Y Pulea):
keN2\{i,ji' i’}
(9)
Step 4: From &, players 7', j and j’ merge under the name of
i’ defining the bankruptcy problem g4 = (N4, E, c*)
being N* = N2\ {j,j'}, ¢f = ¢ forall k € N*\ {i'},
and ¢} = ¢ + ¢ + cﬁ = 3¢/2. By NMC, for all
ke N*\ (i),

Br(ea) = Pi(e2). (10)
which implies, by BB,

Bir(e4) = Br(e2)+Bi(e2)+By(e2) = E—Bi(e2)—

Z Br(e2).

keN2\{i.j,i'j'}
(11)
Hence,
Briea) SE=Ble) = D0 Bulex) = iles)
keN2\{i,j.i' '} ’
(12)
Moreover, by BB,
E=pilea) + Prlea)+ D Pilea)
keN4\(i,i'}
= Blea+Bile)+ D0 Bler) (13)
keN4\{i,i’}

and

T
Il

Bi(e3) + Bi(e3) + Xyens\irjy Pr(e3)
= Bi(e3) + Bi(e3) + D kensii jy Ple2

N3\{i/ j}:N4\{i 7} ﬂi’(‘SB) + ,Bj(83) + stN“\{i,i’} ﬂk(é‘z).

(14)
From (13) and (14),
Bilea) + Bir(ea) = Br(es) + Bjles)
and from (12) we can conclude that
Bi(ea) > Bj(e3). (15)
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Step 5: From ¢4 player i splits into clones i and j defining
the bankruptcy problem &5 = (N> E,c>), being
N5 = N*U{j}, ¢ = ¢ forall k € N>\ {i,j},
and ¢ = ¢ = ¢/2 = ¢//2 = ¢/4. Note that,
¢ = ¢} = 3¢/2. By NMC, for all k € N°\ {i,j},
Br(e4) which implies, by BB,

IBk(SS) =
Bi(ea) = Bi(es) + Bjles). (16)

Step 6: From &3 player j splits into clones i andj defining
the bankruptcy problem 85 = (NS E,c%), being
NS = N3 U {i}, ¢ = ¢ forall k € N®\ {i,j},

and ¢ = ¢ = ¢}/2 = ¢’/2 = ¢/4. Note that,

c§ =cj =3c/2
Since g = &5, we have that
Bile3) < Bi(eq)
(15)
= Piles) + Biles)

(16)
=. Bi(es) + Bi(es),

E5=

in contradiction with NMC. Thus, we conclude that

Bi(go) = Bi(eo).

Hence, 8 satisfies ETE for [N°| > 3.
Case 2: |N°| = 2. The proof of this case is done in two steps.
Step 1: From gy player i splits into clones i and i’ defining the
bankruptcy problem &; = (N', E, c!), being N! = {i, 7, j},
¢! =c; =¢/2,and cj1 = cjo = c. Since |N!| = 3, by Case
1 we know that 8 satisfies ETE. Hence, Bi(¢1) = Br(e1)

and, by NMC,

Bi(eo) = Bi(e1). (17)
By BB,

Bi(eo) = Bi(e1) + Br(er) = 2 Bi(e1)- (18)

Step 2: From &; player j splits into clones j and j' defining the
bankruptcy problem &, = (N? E,c?), being N> =
A 2 _ 2 A1 _ = 2 _ -1 _ =
{i,7,j,7'}, cj_ =¢ = cj/2 =C/2,¢ =¢ =¢/2, and

¢ = c¢) = ¢/2.Since [N'| > 3, by Case 1 we know hat

B satisfies ETE. Hence, Bi(e2) = Bj(e2) = Bir(e2) = By(e2).
By NMC,

Bi(e2) = Bi(e1), Br(e2) = Bi(er), (19)
and, by BB,

Bier) = Bile2) + By(e2) = 2 Bi(ea). (20)

Finally, fieo) = fi(er) = 2fi(e2) and fileo) = 2filer) =
2 Bi(e2) = 2 Bj(e2). Hence, Bj(e0) = PBi(eo) which concludes the

proof. O

Proof (Lemma 2).
Let B be a bankruptcy rule satisfying NMC, g9 = (N°, E, c%)
B, and i € N° such that ¢ = 0. The proof is done in two steps.

Step 1: From gq player i splits into clones i and i’ defining the
bankruptcy problem e; = (N1, E, c!), being N! = N° U
{i'},ci =cf forallk e N'\ {i,i'}, and ¢! = ¢} = 0. By
NMC, for all k € N'\{i, I'}, Br(g0) = Bi(&1), which implies,

by BB, Bi(eo) = Bi(e1) + Br(e1). By ETE, a consequence of
NMC (Lemma 1), we have
Biler) = rler) = B0 21

2
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Step 2: From ¢; player i’ splits into clones i/ and i’ defining the
bankruptcy problem &, = (N2, E, ¢?), being N2 =N'U
{i"}, ¢ = ¢} forall k € N>\ {i',i"}, and ¢} = c;, = 0. By
NMC, for all k € N2\ {7, 1"},

Br(e1) = Br(e2), (22)

which implies, by BB, Sr(e1) = Br(e2) + Bir(e2). Hence,
by ETE and (21),

Bir(e1)  Bileo)
2 ey 4

Since ci2 = ¢! = 0, by ETE, Bi(e2) = Bi(s2). Hence, from

(21) and (22), we obtain By(e;) = Bi(e2) > Bi(e1) 5

£i) and, from (23), Br(e2) = 242, which implies that
Bi(eo) = 0, concluding the proof. O

By (82) = ﬂw(Sz)

(23)

Proof (Lemma 3).

Let (N,E,c) € B and i,j € N such that ¢;, ¢; € Qy, that is,
¢ = pi/q; and ¢; = p;/q; for some p;, q;, pj, gj € N. Then, b¢; = ag;
being a = p;q; and b = p;q;. Assume, w.l.o.g., that a < b. The proof
is done in two steps.

Step 1: From (N, E, c) define the bankruptcy problem (N', E, cl)
where player j splits into b identical playersj, j', ..., j’
being N' = NU{j',. bl},cjl=c]1]=. _c;b]:gf,
and c, = foralll € N\ {j}; in particular, cl == %cj.
By NMC, which implies ETE, and BB we have

BN.E.c) = B(N'.E,c') (24)
and
BIN.Ec) = > BN'E. Y = bB(N'.E.c).

kel{jjl,...jb=1}
(25)

Step 2: From (N', E, c!) define the bankruptcy problem (N2, E,
c?) where player i splits into a identical players i, i,

ja-1 beinglN2 =N U{',...,i" ), ¢ = cf] = ... =
¢z, =% = b,andc, = ¢/ foralll € N'\ {i}; in
particular, ¢ = ¢! = 5’
By NMC, ETE, and BB we have
Bi(N*.E, c ) /3](1\1l E.c') (26)
and
(N E,c") = N2, E,c*) = aBi(N?,E, c?).
BINLECH) = 3. BdN’EC) = af(N* E,c?)
ke{i,il,....ia~1}
(27)
Finally, since ¢/ = ¢/ = 3’ we can apply ETE again to obtain
Bi(N,E, c) ﬂi(Nl’E,C ) 2 2 2
= N-°,E, = Bi(N°, E
a ) a (27 Bil c ) e Bi(N“,E, c*)
IBJ(N,E,C)

_ Nl 1 —
(26) Al )(25) b

which, in view of ¢; = pi/q;, ¢; = p;j/q;, a = piq;, and b = p;q;,
finishes the proof. O
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