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Rotating mixed 3He - 4He nanodroplets
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Mixed 3He - 4He droplets may acquire angular momentum during their passage through the nozzle of the
experimental apparatus, cooling down and undergoing isotopic segregation, developing a 3He crust surrounding
a superfluid 4He core. Within density functional theory, we investigate their stability and the relations between
their angular momenta and their shapes. We uncover a variety of behaviors where the interplay between the
superfluid 4He core and the normal-fluid 3He coating leads to a scenario that both bears analogies with viscous
rotating drops and displays new features such as configurations with a fissioned or three-lobed 4He core, or with
multiply charged vortices.

DOI: 10.1103/PhysRevB.102.060502

Ordinary liquids are known to form drops held together by
surface tension. When they are set into rotation, their spherical
shape experiences large deformations, evolving from oblate to
prolate and two-lobed, eventually fissioning if the rotational
velocity is large enough [1]. The appearance and stability
of, e.g., rotating celestial bodies [2], atomic nuclei [3], and
tektites [4], to cite some quite different objects, has been found
to bear similarities with rotating classical drops, adding an
extrinsic interest to their study.

Helium, in its two isotopes 4He and 3He, is the only
element in nature that may remain liquid and form droplets at
temperatures (T ) close to absolute zero [5]. Both isotopes may
be superfluid, with normal-to-superfluid transition tempera-
tures of 2.17 K (4He) and 2.7 mK (3He). At the temperatures
of helium droplet experiments, 0.37 K for 4He [6] and 0.15 K
for 3He [7], 3He is a normal fluid whereas 4He is superfluid.
They constitute an ideal testground to study how superfluidity
affects rotation, as they are isolated quantum systems formed
by atoms subject to the same bare interaction.

Rotating superfluid 4He droplets made of N4 = 108–1010

atoms, produced by hydrodynamic instability of a cryogenic
fluid jet, have been studied by coherent x-ray scattering [8],
revealing the presence of vortex lattices through the obser-
vation of Bragg patterns produced by Xe clusters captured
by the vortex lines. Coherent diffractive imaging experiments
using extreme ultraviolet pulses have also been carried out,
aimed at providing information about the droplet shapes
[9,10]. Surprisingly, these studies have shown that superfluid
4He droplets follow the same shape sequence as rotating
droplets made of viscous fluid do. It has been shown that
this is due to the presence of quantized vortices and capillary
waves, whose interplay confers on the superfluid droplet the
appearance of a classical rotating object [11–13]. Until now,

a deeper knowledge of how superfluid droplets rotate has
been hampered by the experimental difficulty of determining
their angular momentum, which is usually unknown [12]. This
prevents a detailed comparison with theoretical models and
the disclosure of the precise quantum nature of such rotation.
Similar studies have been conducted very recently for rotating
pure 3He droplets [14]. These droplets are nonsuperfluid and
behave very much as classical rotating droplets [15].

In liquid-helium mixtures characterized by the 3He frac-
tion x3 = N3/N , with N = N3 + N4, the normal-to-superfluid
transition temperature decreases with increasing x3 [16]. At
low T , the mixture undergoes a two-phase separation where
a pure 3He phase coexists with a very 4He-rich mixture [16].
These properties are transferred to the mixed droplets, which
at the experimental T —sensibly that of pure 3He droplets
[17]—experience a two-phase separation yielding a core-shell
structure, with a crust made of 3He atoms in the normal state
and a superfluid core mostly made of 4He atoms [18]. This
segregation has been instrumental in finding the minimum
number of 4He atoms needed to display superfluidity [17].

The ability to form self-bound isolated droplets made
of a superfluid core enveloped by a normal-fluid shell is a
unique characteristic of liquid-helium mixtures at very low
temperatures. Bose-Einstein condensates (BECs) immersed
in a Fermi sea have been observed [19], but these sys-
tems are not self-bound, and only exist confined by an ex-
ternal trap to which the droplets adapt their shape; self-
bound droplets made of mixtures of bosonic cold gases
have been also observed [20,21], and self-bound Bose-Fermi
droplets have been studied theoretically [22]. However, cold-
gas mixtures do not exist as phase-separated Bose-Fermi
droplets, as they must remain in a mixed configuration to be
self-bound [23].
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The mixed normal-fluid–superfluid structure of 3He - 4He
droplets is expected to affect their structural properties when
they are set into rotation. A recent study addresses theoreti-
cally the classical rotation of droplets made of two immiscible
viscous fluids [24]; when one component is superfluid, a
quantum description is in order. We provide here such a
description.

We have considered mixed helium droplets at “zero tem-
perature,” i.e., a temperature so low (a few millikelvin)
that thermal effects on the energetics and morphology of
the droplet are negligible, 3He is in the normal phase, and
4He is superfluid. We have taken as a case of study a
4He1500 + 3He6000 nanodroplet (x3 = 80%). It has been cho-
sen (within the limitations imposed by the unavoidable com-
putational cost of the calculations) for physical reasons: a
thick 3He crust is needed to model a deformable container
inside which the superfluid 4He core may undergo different
shape transitions; a thin crust would just adapt to the deform-
ing core and one should not expect a phenomenology much
different from that of pure 4He droplets [11]. At the same
time, the superfluid 4He inner droplet must be large enough to
host a number of quantized vortices [11]. In superfluid helium
mixtures the vortex cores are filled with 3He and, depending
on x3, their radius can be up to five times larger than for pure
4He [25,26]. For the chosen N4 value, the number of vortices
(nv) is expected to be small.

The droplets are described within the density functional
theory (DFT) approach [27,28]. The fermionic shell structure
of the droplet crust is smeared out due to the large num-
ber of 3He atoms, and for this reason 3He can be treated
semiclassically in the Thomas-Fermi approximation [15]. The
DFT equations obtained by functional variation of the energy
density are formulated in a rotating frame of reference with
constant angular velocity ω around the z axis [11]. In terms of
the DFT Hamiltonians H3[ρ3, ρ4] and H4[ρ3, ρ4] [27], they
are{

H3[ρ3, ρ4] − m3

2
ω2(x2 + y2)

}
�3(r) = μ3�3(r),

(1)
{H4[ρ3, ρ4] − ωL̂4}�4(r) = μ4�4(r),

where μ3 (μ4) is the 3He (4He) chemical potential, L̂4 is the z
component of the 4He angular momentum operator, and �3(r)
and �4(r) are the real 3He and complex 4He effective wave
functions related to the atom densities as �2

3 (r) = ρ3(r) and
|�4(r)|2 = ρ4(r). These equations have been solved adapting
the 4HE-DFT BCN-TLS computing package [29] to the case of
helium mixtures, imposing a given value of the total angular
momentum per atom, which requires finding iteratively the
value of ω. Vortices are nucleated in the 4He core using
the imprinting procedure [11]. The calculations have been
carried out as a function of the angular momentum per atom,
L = (L3 + L4)/N = L3 + L4 (expressed in h̄ units), in unit
�L steps although finer meshes have sometimes been used
[26]. For a given L, the stable configuration is that with
the lowest energy including the rotational energy (Routhian,
R) [1]. Configurations with higher R for the same L are
metastable.

We characterize the appearance of the 4He core and 3He
crust by the distance of their sharp surfaces (defined, for

FIG. 1. Stability diagram in the �-� plane. Referring to the
appearance of the outer surface of the 3He shell: open circles, oblate
configurations [�(�) rising branch]; triangles, prolate configura-
tions [�(�) falling branch]; open squares, three-lobed 4He core
configurations. The cross indicates the oblate-to-prolate bifurcation
point. The solid black line connects the stable configurations. The
dotted red line shows the region of metastable fissioned 4He core
configurations. The dashed blue line is the DFT result for pure 3He
droplets [15]. The numbers close to the symbols indicate the value of
the angular momentum per atom in units of h̄. For further details see
Table I of the Supplemental Material [26].

each isotope, by the locus at which the density equals that
of the bulk liquid divided by 2 [11,15]) to the center of
mass of the droplet, denoting the distances along the x, y,
and z axes as ax, by, and cz, respectively; the Cartesian
axes coincide with the principal rotation axes [10,11,15].
Dimensionless angular momentum � and angular veloc-
ity � variables have been introduced [24] (see the Sup-
plemental Material [26] for their definitions). As in the
case of isotopically pure droplets [1,4,12,30], they are use-
ful to scale the results to droplets of different size for a
given composition and have been thoroughly used in this
work.

Figure 1 shows the stability diagram in the �-� plane.
The solid line in Fig. 1 connects the stable, lowest-energy
configurations. For a given � value, metastable config-
urations have been explored, which are also shown in
Figs. 1–3 and discussed in the following. Figure 2 pro-
vides information on the shapes of the droplets through
relationships between the geometrical parameters ax, by,
and cz that characterize the shape of the outer 3He sur-
face [4,10], and Fig. 3 connects the shapes of the droplets
with the dimensionless angular momentum �. The detailed
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FIG. 2. Referring to the appearance of the outer surface of the
3He shell, b3

y/V ratio vs ax/cz, where V is the volume of the spherical
droplet. Symbols and lines have the same meaning as in Fig. 1.
The pictograms represent calculated 3He (top) and 4He (bottom)
two-dimensional densities on the symmetry plane perpendicular to
the rotational axis for selected configurations.

energetics and morphologic characteristics of the nanodroplet
configurations are collected in Table I of the Supplemental
Material [26].

Our study has unveiled a rich variety of stable and
metastable configurations. As � increases from zero, the 3He
crust becomes oblate. At variance, the superfluid 4He core
remains spherical (see middle top panel in Fig. 4), becoming
axisymmetric only when � is large enough. Since the super-
fluid 4He core cannot be set into rotation around the symmetry
axis because it is quantum-mechanically forbidden, at this
stage the angular momentum of the droplet is efficiently stored
in the 3He shell, which acts as a rotating deformable container.
We have found that this happens up to the oblate-to-prolate
bifurcation point at (�,�) = (0.99, 0.52). Thus, oblate stable
configurations are vortex-free for droplets of the size and
composition studied here, although metastable vortex-hosting
configurations do exist [26].

In the prolate branch, the outer surface of the 3He crust
is triaxial-ellipsoid-like up to � ∼ 1.64, where it becomes
two-lobed. At variance, the superfluid 4He core becomes two-
lobed at � ∼ 1.05, i.e., immediately after bifurcation. This
is due to the small surface tension of the 3He - 4He interface,
0.016 K Å−2, as compared to that of the 3He free surface,
0.113 K Å−2. Pure 3He droplets become two-lobed at � =
1.85 [15].

FIG. 3. ax/cz ratio of the outer surface of the 3He shell vs �.
Symbols, lines, and pictograms have the same meaning as in Fig. 2.

Prolate stable configurations with simply connected 4He
cores have been found only in a narrow angular momentum
range 0.99 � � � 1.15, where the core shape evolves from
spheroidal to triaxial to two-lobed. Due again to the small sur-
face tension of the 3He - 4He interface, the 4He core undergoes
fission when the 3He crust is still triaxial-ellipsoid-like. The
resulting stable prolate configuration consists of a fissioned
4He core inside a rotating triaxial 3He crust. The transition
from simply connected to fissioned 4He core configurations
appears as a jump in the �(�) curve in Fig. 1 at � = 1.31; this
could not be predicted out of simply connected shape models.

We have looked for prolate configurations with a fissioned
4He core hosting a vortex in each moiety. After phase-
imprinting them [11], vortices are eventually expelled in the
course of the numerical relaxation; we conclude that these
configurations are not stable for up to the largest � addressed
in this study, � = 1.97.

The existence of metastable vortex-hosting configurations
demonstrates that the droplet size we have chosen for this
study would be large enough to accommodate vortices in the
equilibrium configuration if this were energetically favorable,
as is the case for pure 4He droplets. We remark that the en-
ergy difference between metastable vortex-hosting and stable
vortex-free configurations can be very small [26]. Both kinds
of configurations are likely separated by small energy barriers,
and one should not discard the idea that both could be detected
in experiments.

Remarkably, we have found that along the metastable
oblate branch, configurations with nv = 1 have lower energy
than vortex-free configurations. In this region, configurations
hosting up to four vortices appear at � > 1.15. All these

060502-3



MARTÍ PI et al. PHYSICAL REVIEW B 102, 060502(R) (2020)

FIG. 4. Two-dimensional density of the 4He1500 - 3He6000 nan-
odroplet. Top: on a symmetry plane containing the rotational axis.
From left to right, spherical configuration at � = 0; oblate vortex-
free 4He core configuration at � = 0.99, and oblate one-vortex
configuration with quantum circulation m = 1 also at � = 0.99.
Bottom: on the symmetry plane perpendicular to the rotational axis.
From left to right, prolate vortex-free 4He core configuration at
� = 1.15, oblate three-lobed 4He core configuration at � = 1.32,
and prolate fissioned 4He core configuration at � = 1.97. For each
configuration, the top density corresponds to the 3He crust and the
bottom density to the 4He core. The black vertical bars represent a
distance of 40 Å. The color bar shows the atom density in units of
Å−3 and is common to all configurations.

configurations may decay to prolate configurations lying at
much lower energy [26].

We have also addressed multiply charged quantum vortices
with charge (quantum circulation) m = 2–4, and their relative
stability with respect to configurations with nv = 2–4 and
m = 1. In BECs, multiply charged vortices that are stabilized
temporarily by the external confining potential have been
found [31,32]. In mixed helium droplets, the self-bound thick
3He shell yields a confining potential that plays the same role.
In the oblate branch, we have found that, depending on �,
multiply charged single-vortex configurations with charge m
are more stable than arrays of nv = m singly charged vortices
[26], and hence the former cannot decay into the latter as
would happen in pure 4He. This is likely due to the presence
of 3He in the expanded vortex cores and the 3He crust,
which together define a region similar to the rotating annulus
used to study quantized superfluid states and vortices in the
first experiments on quantized circulation in superfluid 4He
[33,34].

Along the prolate branch, we have found metastable con-
figurations with nv = 1–2 where the angular momentum of
the 4He core is shared between vortices and capillary waves
(see Fig. 3 of [26]). This is similar to what happens in spinning
4He droplets [11,12]. When the 4He core becomes two-lobed,
the neck connecting them gets thinner as � increases and
eventually the most stable configuration is the fissioned one.

Three-lobed configurations were predicted to appear in
rotating classical droplets [1]. These configurations are

metastable with respect to prolate two-lobed configurations
and were not expected to be accessible experimentally. How-
ever, three-lobed configurations were obtained [35], stabi-
lized by forcing the droplet into large amplitude periodic
oscillations—thus not in gyrostatic equilibrium. Charged 4He
drops magnetically levitated have been studied displaying
� = 2–4 oscillation modes induced by a rotating deforma-
tion of the droplet [36]. More recently, triangular-shaped
magnetically levitated water droplets have been found [37]
where the amplitude of the surface oscillation is small and
the equilibrium shape could be observed clearly.

In the water droplet experiment, some surfactant was added
to water to decrease the surface tension, helping the three-
lobed configurations to be formed. In the case of mixed
helium droplets, the surface tension of the 3He - 4He interface
is already small, hence it is possible to have metastable
three-lobed 4He core configurations while the outer surface
of the 3He crust is still oblate. Indeed, we have found such
configurations in the 1.20 � � � 1.64 range, one of which
is shown in Fig. 4 (see also the central pictogram in Fig. 2).
The three-lobed bifurcation sets in at (�,�) = (1.20, 0.58).
We have looked for metastable four-lobed configurations but
have not found any, the droplet always decaying into fissioned
4He prolate configurations.

We have thus shown that the presence of a superfluid 4He
core inside a normal-fluid 3He nanodroplet produces remark-
able changes in its rotational properties. Oblate configurations
are affected as the superfluid core cannot participate in the
rotation. At variance with rotating pure 4He nanodroplets,
oblate vortex-hosting configurations are not the equilibrium
ones, as it is energetically more favorable for the droplet to
store angular momentum in the deformable 3He crust than in
the superfluid 4He core. This happens in the prolate branch as
well.

The presence of vortices can be experimentally tested by
doping the droplets with heliophilic impurities. These im-
purities are captured by the droplet and sink into the 4He
core [18]. Coherent x-ray scattering would reveal the space
distribution of the impurities, which might arrange along the
vortex cores if vortex arrays are present [8,12], producing
otherwise interference patterns very different from those of
vortex-hosting droplets.

Diffractive imaging of fissioned 4He cores should be possi-
ble for the N = 108–1011 drops used in ongoing experiments,
while it would be challenging for the smaller sizes addressed
in this work due to the small contrast between 3He and
4He components. It is less obvious whether metastable three-
lobed 4He core configurations may be readily detected; in
the case of classical droplets, they were identified 20 years
after being predicted. These configurations are highly un-
stable and can either decay to metastable oblate nv = 1
vortex configurations, or to stable prolate, fissioned core
configurations.

We expect that bigger mixed He droplets will accom-
modate a larger number of vortices in the 4He core. As
shown in Refs. [11,12], this will make their rotational be-
havior closer to that of viscous droplets. The nanoscopic
sizes explored in the present work reveal instead many
interesting effects of the interplay between the superfluid
nature of the 4He core and the 3He coating. Considerable
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effort will be needed to reach a range of droplet sizes
where both experiments and calculations can be carried out
and unveil signatures of quantum effects in their rotation
(other than the remarkable presence of vortex arrays) which
are not present in viscous drops; in particular, capillary
waves.
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