LITTLEWOOD-PALEY FORMULAS AND CARLESON
MEASURES FOR WEIGHTED FOCK SPACES INDUCED
BY A..-TYPE WEIGHTS

CARME CASCANTE, JOAN FABREGA, AND JOSE A. PELAEZ

ABSTRACT. We obtain Littlewood-Paley formulas for Fock spaces fg, w

induced by Weights w E Aggstricted — U1§p<ooA;eStMCted7 where A;estm’cted
is the class of weights such that the Bergman projection P,, on the clas-

sical Fock space 2, is bounded on

= {15 [P wiae) < o).

Using these equivalent norms for F q’w we characterize the Carleson mea-
sures for weighted Fock-Sobolev spaces F7§5'..

1. INTRODUCTION

Let C be the complex plane and denote by H(C) the space of entire
functions. For 0 < p,a < o0, let L? be the space of measurable functions
such that

yyes —pg|z
I = 22 [ Irperse aac) < o,
T Jc

where dA denotes the Lebesgue measure in C. The classical Fock spaces
FP consists of the f € H(C) such that f € £? [19, 21]. A function w : C —
[0,00) is a weight if w belongs to L}, .(C,dA). In this paper, we will deal
with the weighted spaces of measurable functions,

Cr = {15 Wy = [P w(2)dA() < oo}
a,w C
and the weighted Fock spaces FZ , = £F, N H(C).
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2 C. CASCANTE, J. FABREGA, AND J. A. PELAEZ

The orthogonal projection P, : £2 — F2 coincides with the integral
operator

PN =2 [ Qe an©). et

The boundedness of projections on LP-spaces is a classical and interesting
topic, with a flurry of activity in the recent years, which has plenty of
applications on operator theory [1, 2, 10, 17, 20, 21]. It is known that FP,,
and the positive linear operator

PHNG) =2 [ Qe aaQ), fect,

are bounded on the classical LP(C,e " dA) if and only if p = 2. However
they are bounded on £L? for any p > 1, [21, Theorem 2.20] (see also [19]).
Recently, the weights such that P, is bounded on L%,  have been described
in [10, Theorem 3.1]. In order to state this result, we need a bit more of
notation. If ' C C is measurable, we denote by |E| its Lebesgue area
measure and let w(E) := [, w(z) dA(z). Throughout the paper @ denotes
a square in R%. We write 1(Q) for its side length and as usual, }D + z% =1,
for 1 <p < .

Let A, be the class of weights w on C such that w(z) > 0 a.e. on C and

1 1 Yo\
Cpr(w) := sup (—/wdA) (—/ wo dA) < 0.
' Q.= \|Ql Jq QI Jo

If 0 € Cand v € R, w(z) = (1 + |2+ 2])” and w(z) = e"#**| belong to
Ups1 AZestricted (see the proof of Lemma 2.1 below).

We recall that for a measurable function f in C the Berezin transform,
when defined, is given by

Foe) = 2 [ et pa du).

Theorem A. Let >0, 1 < p < oo and w a weight such that w(z) > 0 a.
e. on C. Then, the following conditions are equivalent,

(i) w belongs to A, for some r > 0;
(ii) w belongs to A, , for any r > 0;
(iii) For each o,y > 0

p,(’Y) '
sup@@(2) (w7 (2) < 00;

zeC

(iv) P is bounded on Lf
(v) Py is bounded on LY ,.

The conditions (iii) and (v) in Theorem A do not appear in the statement
of [10, Theorem 3.1]. The equivalence of (v) with (ii) follows easily from
the proof of [10, Theorem 3.1]. Moreover, the “invariant”description of A,
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weights obtained via the Berezin transform was proved in [10, p. 397] (it
also follows from Lemma 2.8 below).

In order to complete the picture about the boundedness of the Bergman
projection on L% -+ we will deal with the remaining case p = 1. In particular,
fixed r > 0, we say that a weight w € Ay, if w(z) > 0 a.e. on C and there
is a constant C' = C'(r,w) such that for any square with [(Q) =7,

w(@Q)

o0 < Cw(u), a.e u€Q.

We denote

Ci,(w):= sup , w(Q) :
’ Q.1Q)=r |Qlinfess,cqw(u)

We will prove an analogous version of Theorem A for A, weights (see
Proposition 2.7 below).

In view of Theorem A and Proposition 2.7, the condition A, , does not
depend on r. So from now on, following the notation in [10], we will write
Arestricted for these classes of weights. Moreover, w € A7 if and only
if P is bounded on L%, , for some (equivalently for any) o > 0.

Similarly to Muckenhoupt weights, we denote

restricted .__ restricted
Are = J 4 .

1<g<0

A discussion about properties and examples of AgeSt”Cted—Weights, as well as
similarities and differences with the classical Muckenhoupt weights, will be
provided in Section 2. In particular, we sketch the proof of a character-
ization of Arestricted_weights in the sense of Kerman and Torchinsky [12],
obtained in [7].

Equipping a space of functions with different equivalent norms results
to be quite effective in the study of function and concrete operator theory
[1,5,17, 20, 21]. In the context of Fock spaces, it is known that (see [3, 4, 5])
for any a,p > 0

k—1
r =S+ [ G
||f||]-‘g - g ’f (0>| +/(C (1 + |Z|)kp dA( )7 f S H<(C)7 (11>

that is, the distortion function in the above Littlewood-Paley formula is

W(z) = ﬁ We will use Theorem A, among other techniques, to prove an

Arestricted
[eS)

extension of (1.1) to weighted Fock spaces induced by - weights.

Theorem 1.1. Let w € ATericted  Then, for 0 < p < oo, k € N and o > 0

(2) dA(z), f € H(C).

k—1
P G (0)|P k) () |pe—pSlel? ¥
1715, = X172 0) + [ pert e



4 C. CASCANTE, J. FABREGA, AND J. A. PELAEZ

As for the proof of Theorem 1.1, it is enough to prove the case k = 1
because

LU(Z) c Arestricted
A+l ==
whenever w € Arestricted (gee Lemma 2.1 below).

Later on, we apply Theorem 1.1 to study the boundedness of the differ-
entiation and integration operator. We denote D™ (f) = f n € N,
DO(f) = f, DED(f)(z) = [7 () d¢ and DEM(f) = DD o DED(f),
n € N. Given 0 < a,p,q < 00, a positive Borel measure p on C is a ¢-
Carleson measure for FZ , if the identity Iy : 2, — L%(u) is a bounded
operator. We denote by D(z,r) the Euclidean disc of center z and radius
r > 0.

wy(z) = v €R,

Theorem 1.2. Let a € (0,00), n € Z, w € Aeicted qnd i a finite positive
Borel measure on C such that sup,ey |2 Lagu) < 00.
If 0 < p < q < o0, the following conditions are equivalent:

(i) D" Fp, — Lp) is a bounded operator;
(i) p is a g- Cdrleson measure for F.
(iii) The function

G(a) == / 31 du(z2)
(Wnp(D(a, 1)))? JD(a,1)
15 bounded on C.
Moreover, if n € NU{0}

Oz Wnp’

hSESY

Hall%e . pago = 1™ 1%, =[Gl =, (1.2)

w— LI (1

and for n a negative integer,

where C,,,, = MaXp—o, . _n—1 Hz"‘H%q(H) < 00.
If 0 < g < p < 00, the following conditions are equivalent:
(i) D™ FP, — Li(p) is a bounded operator;
(ii) p is a g- C’drleson measure for F:
(iii) The function

a Wnp?

1 qaz|?
Hw) = ) /D<u,1f *dulz)

is in Lp%q(C,wnp).
Moreover, if n € NU {0},

(LA

= 1Dy iag =

wLa(p) ”HHLﬁ(C,wnp)’ (1.4)
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and if n is a negative integer,

HId (1) + C,u,n = HD(n)Hg:p

o,w—La(p) + Cﬂa” = ||HH L + C,u,n‘

||3rg,wnp—>m LP=4 (Cywnyp)
(1.5)
It is worth noticing that the technical assumption sup,ey [|2"||rag) < o0
in Theorem 1.2, which is only used when n is a negative integer, is not a real
restriction (see Lemma 2.8 below). Let us also consider the Fock-Sobolev
spaces FP" n € N, of the entire functions such that

a,w)

n—1
g o= SO0 + [ 170 @Pe 2 w(2)dA() < o
’ k=0 €

By Theorem 1.1 and Lemma 2.1 (below), F2¥ coincides with FZ,
so Theorem 1.2 also gives a description of the ¢-Carleson measures for
Fock-Sobolev spaces induced by ATéstrictdwweights. A characterization of
g-Carleson measures for classical Fock-Sobolev spaces is provided in [15],
see also [3, 11].

As a consequence of Theorem 1.2 we obtain characterizations of pointwise
multipliers between weighted Fock spaces, F% , and F, qm, for 0 < q,p < o0,
n a weight and w € Ar®ricted <which are particularly neat for w = 7, see
Theorem 5.4 below.

This paper is organized as follows. In Section 2 we study -weights
and prove a collection of preliminary results which will be employed to prove
Proposition 2.7. These estimates will also be used to prove Theorem 1.1 in
Section 3. We prove Theorem 1.2 in Section 4. Finally, in Section 5 we apply
the descriptions on Carleson measures for F¥  to obtain characterizations
of pointwise multipliers between weighted Fock spaces.

For two real-valued functions Fi, Es we write Fy < Es, or By < Fy, if
there exists a positive constant k& independent of the argument such that
%El < FEy < kE, respectively F; < kE,. Given a weight w € A;“”’ided,
1 < p < oo, we denote the conjugate weight w?/? by w’. We write R(2)
for the real part of a complex number z.

Arestricted
P

2. A;est”cted WEIGHTS VERSUS CLASSICAL MUCKENHOUPT A, WEIGHTS.

In this section we briefly discuss some aspects of the theory of
weights, in particular we give examples and descriptions of these classes
of weights. Some of these characterizations are not used in the proofs of
further results in this work. However we consider relevant to understand
the basic features of A;“t”‘:ted—weights, specially comparing them with their
analogues into the theory of classical Muckenhoupt weights. We recall that
w belongs to the class of Muckenhoupt weights A4,, 1 < p < oo, if

Arestricted_
P

r

@ (F@Y
Alw) = s ( 0l ) <o



6 C. CASCANTE, J. FABREGA, AND J. A. PELAEZ
where the supremum runs over all the squares () C C. In addition, w € A,
if

w(Q)

A = :
1(w) Sgp |Q]infess,cquw(u) =0

An extensive study of these weights can be found, for instance, in [9, 18].

2.1. The class A7t with 1 < p < oo.

We begin gathering some properties of A;esmmd—weights which are anal-
ogous to the properties of Muckenhoupt weights (see [18, p. 195]). We write
Q. (z) for the square of center z € C, with sides parallel to the coordinate

axes and [(Q) = r.

Lemma 2.1. Letp > 1, v € R and w € Aj*""*! . Then
_w(2)
ECEREE
Proof. Fix r > 0. Then for any 2y € C,
(1+]2)
1+7r

So, it follows that (1‘_‘;(‘2)7 c A;es”i“ed. 0

restricted
w € Ap )

< (T [2) <@+ +[2]), 2 € Qrl20)-

Proposition 2.2. Let w be a weight such that w(z) >0 a. e. on C. Then,

(i) Ifl<p<oo,we€ A;“”"'Cted if and only if W = w PP € Argstricted,

(i) If1 < p < 0o, w € Ay if and only if for some (equivalently for

any) r > 0 there is a constant C,. > 0 such that for any nonnegative
measurable function f

! ’ Cr P : B
<@/Qfdz4) < m/@f wdA, for any Q with [(Q) =r.  (2.1)

restricted restricted
(iii) If 1 <p<q<oo, A} ”:‘tdgAq weted,
. T

(iv) If 1 < p < o0, A, C ApesiTeted,

Proof. (i) follows from the definition of Al****dyeights. Let us prove
(ii). If p > 1, Holder’s inequality gives that any w € Arsiced satisfies
(2.1). Conversely if a weight satisfies (2.1), by choosing f = (w 4 ¢)#'/7,
e > 0, and taking limit ¢ — 0%, we deduce that w € Aresiricted Now, if
w € Arestricted then for any f > 0, and any square @,

1 C,

On the other hand, if w satisfies (2.2) then Holder’s inequality gives that
for any 1 < p < o0,

(Gl =Sl
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which implies that w € Ar*s™ited and C,,(w) < CP. Since

p

1 P v
lim | — [ w »dA = supess, .ow (u),
i (g7 " 44)” =swessa't0

we conclude that w € Afjestricted,

(iii) for p > 1 is a consequence of Holder’s inequality, where w(z) =
|2|20=Y for § € (p,q) proves that the inclusion is strict. If w € Arestricted
the assertion follows from the fact that (2.3) holds for any 1 < p < occ.

Finally, it is clear that A, C Aye*"““d_In order to see that the embedding
is strict, one can choose the weight w(z) = (1 + |z[*)P~!, for p > 1. In fact,
Lemma 2.1 shows that w € A7¢*""d and since

P
7

1 1 , »
—— wdA <—/ w PP dA>
D0, 7)| J o D0, 7)| Jp(om (2.4)

= (log(1 + r2))p71 — 00, T — 00,
w is not a classical A,-Muckenhoupt weight. As for p = 1, w(z) = €l*l €
A’/l‘estricted \ Al- O

It is worth mentioning that Proposition 2.2 (ii) implies that each Arestricted.

weight w, 1 < p < oo, satisfies that for any F C @ with I(Q) = r there is

C,p such that
B (w(E))”p
o e I :

RAV(o) (2:5)

The following lemma is proved in [10, Lemma 3.4].

Lemma B. For eachr > 0, let rZ* denote the set {rky+irks : ki, ky € Z}.
If w € Arestricted ihen, there is a constant M = M(w,r,p) such that

w(Qr(v)) —v/|
w@ ) =Y

for all v, V' € rZ2.
Remark 2.3. It follows from (2.5) that for each L > 0, w(Q.(v)) =<

w(Q, (V) if [v — V| < L and w € Arestricted  Go fixed N > r we have
that

w(Qr<V)) = W(QNT(V/))'
Combining these results it follows that
w(Qr(2)) < w(Qr(w)), for any z, w such that |z —w| < L,

whenever w € Arestricted < [, and R € (r, Nr).
In particular, if w € ATericted for any ¢ > 0 and N € N there is C' =
C(w, N, p) such that

w(D(a,t)) <w(D(a,Nt)) < Cw(D(a,t)), aecC (2.6)

and
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w(D(z,r)) <w(D(w, R)), for any z, w such that |z —w| < L, (2.7)

whenever w € Arestricted and O~ <r R < C.
As a consequence, squares of fixed length can be replaced by discs of fixed
radius in the study of Ajesd weights.

is invariant under translations.

Now, let us observe that the class A;esmmd

Lemma 2.4. Let p € [1,00). Then, a weight w belongs to A7*td if and
only for any (equivalently for some) a € C, wiy(u) := w(a+u) € Arestricted,
Moreover,

Cpr(w) = Cpr(Wia))-

Proof. The proof follows immediately from the invariance under translations

of the Lebesgue measure and the definition of the A7¢sric“d_weights.
[

A fundamental property of the classical Muckenhoupt weights is the re-
verse Holder inequality [6, Theorem 7.4]. So, it is natural to ask whether
or not for each A7¢*"““d_weight w there exists ¢ > 0 and C(e,r) > 0 such
that

1 The 1
(g [©a@) " <cengs w0, @y
1Ql Jo QI Jq

for every cube @ with [(Q) = r. The following considerations provide a
negative answer to this question.

Remark 2.5. The weight

2
_ e
Mﬂ:&wm@MQO%EO + Xz213(2)
is in Abestricted put for each & > 0 wlte ¢ Arestricted (5o o does not satisfy

(2.8) ). Indeed, for a fixzed r > 0, there exists C, > 0 such that er(a) w< G,

e = oo for any

and fQT(a)w_l < C, for any a € C. However, fQT'(o)Wl |
e > 0. In particular, the weight v = w™" is in AJstricted \ Uy, o Arestricted,
That 1s, the A;esm“ed—weights do not satisfy the natural analogue of the

(p — €)-condition which holds for the classical A,-Muckenhoupt weights.

2.2. The class Arestricted,

In the classical setting, there are a good number of equivalent conditions
which describe the class A = |UJ;<,o00 Ag (see [7], [18, Chapter 5] or [6,
p. 149]). So, it is natural to ask whether or not the class {J 5, Arestricted can
be described by neat analogous conditions to those describing the class A..
With this aim, we introduce the following class of weights.
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Definition 2.6. A weight w satisfies the K'T,-property, r > 0, if there exist
constants r > 0, 6 € (0,1) and C, > 0 such that for any square ) with
[(Q) = r and every measurable set E C @ it holds that

1E] w(B)\’
g = (w(@) ' (29)

If we replace in (2.9) the constant C, by an absolute constant C' and
(@ runs over all the squares (), it is obtained a condition which describes
the class A of Muckenhoupt weights [7, Theorem 3.1]. It was introduced
by Kerman and Torchinsky in [12, Proposition 1] in order to describe the
restricted weak-type for the Hardy-Littlewood maximal operator. It follows
from [7, Theorem 3.1] (a result which holds for general basis) that, for each
r > 0, a weight w € Arestricted if and only if it satisfies the KT,-property.
For the sake of completeness we offer a direct short proof based on the ideas
of the proof of [7, Thorem 3.1].

Proposition C. Let w be a weight. Then, the following conditions are
equivalent:
(1) = Av;gstricted;
(i) w satisfies the Kerman-Torchinsky KT,.-property for any r > 0;
(i) w satisfies the Kerman-Torchinsky KT,-property for some r > 0.

Proof. (i) = (ii). It follows from Proposition 2.2(ii) (see (2.5)).
(iii) = (i). Let @ be a square with I(Q)) = r. For each A > 0, let us
denote E) = {z € Q : w(z) < 3}. Then, by hypothesis there is 6 € (0,1)

and C, > 0
W(EA)Y
w(@) )’

M (Ey) < By < CQ) <

that is )
L Q| )1“5
ANSw(EY) <Crs | —= :
50 3G
Take p such that p’ € (1, ﬁ) Then, if we denote dw = wdA, for any

M >0

/ wPPdA = / w dw=p' / N LG(Ey) dA
Q Q 0

M ﬁ ~ 1

M
:W(Q)Mp/+orp5( |Q| )prlll‘Sa
TAw(@)
so choosing M = % we get

Jow v dA Q \"
a <o (ig)
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that is w € A, ,, which together with Theorem A finishes the proof. U

2.3. The class Afestricted The primary aim of this section consists on prov-
ing the following result.

Proposition 2.7. Let f > 0 and w be a weight such that w(z) > 0 a.e. on
C. Then, the following conditions are equivalent;

(i) w belongs to Ay, for some r > 0;
(ii) w belongs to Ay, for any r > 0;
(iii) For any a > 0 there is a positive constant C' such that

O9(2) < Cw(z) ae z€C;

(iv) Pg is bounded on Lj,,;
(v) Py is bounded on Lj,.

Some preliminary results, which will also be used to prove Theorem 1.1,
are needed.

Lemma 2.8. Assume that w € A"ricted  Then there exists ro such that
for any r € (0,79) and for any 5 >0

e uz) 4AG) < Clr 51 (@1(0) < o

c
Proof. Choose rg > 0 such that |z —v| < 1if z € Q,,(v). So
V| <14 |z|, ze€Q.(v), re(0,r). (2.10)
Given 8 > 0, choose a € (0, 3) and R = R() such that
alz|? + 2alz| < Blzf?,  if |2| > R.

By (2.6) it is enough to prove that
/ e~ P20l () dA(2) < Cla, 7, w)w (Q(0)) < .
C

Now, bearing in mind (2.10) and Lemma B we deduce that

e~z =2alzl () G A(2) = e~z =20lzl () dA(2
/C () dA(2) Z/T(y) (2) dA(2)

verZ?

e” el w(z z
< Y /M (2)dA(2)

verZ?

< Cla,r,w)w (Q,-(0)) Z el privi

verZ?

< Cla,r,w)w (Q(0)) < oo.
This finishes the proof. 0
Lemma 2.9. [fw € Arericted then for any B,t,r >0 and v € R

Xce_m“'zw (D(u,t))” dA(u) < C(v, B,r,w, t)w (Q,(0))” < oco.
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Proof. Fixed g > 0, choose ry and « as in the proof of Lemma 2.8. It is
enough to prove that

/e_o‘|“|2_2a|“|w (D(u,t))” dA(u) < Cla,r,w, v, t)w (Q,(0))" < .
o
Next, take N = N(¢,r) € N such that
D(u,t) C Qn(v), u€ Q.(v), verz (2.11)

Now, bearing in mind (2.10), (2.11), Lemma B and (2.6), we deduce that

/6_a|“|2_2"‘|“|w (D(u,t))” dA(u)
C

< el / D(u,t))" dA(u)
r(l/)

V6T22

<% 3 ey (Qu ()

verz?
Cla,r) Y e MW (Qu(0)
verz?
< Cla,ryw, t)w Z e A

verZ?

< C(a,rw,v, t)w (Q,(0))" < oco.

Next assume that v < 0. Take p € (1,00) such that w € A7es**ed Then,
= Aggstm’cted and

w (D, t)) = o (D(u, ) ™7, uec,

so the result follows by applying the above argument to w’. This finishes
the proof. O

2.4. Proof of Proposition 2.7. (iii) = (ii) . Take @ with [(Q) =r > 0.
Then for any z,( € Q, |z — (]* < 2r?, so

g2 w(Q) < C(a)a(z) < Cla,ww(z), ae z€Q,

which implies (ii) .
(i) = (iii). Fixed o > 0, r > 0 such that w € A, and z € C. Then, by
Lemma 2.4 and Lemma 2.8

5O(z) = / e P (¢ + 2) dA(C) < Clar,w)wi (@4 (0))
— Clo . w)w(Q0(2))

< C(a,r,w)infess,cq, »yw(u) < w(z), ae. ze€C.

Therefore, we already have proved (i) < (ii) < (iii) .
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Now, let us observe that (L} (w))* ~ L via the pairing

/ F()gE) e 2Puw(z) dA(2).
So, bearing in mind that the adjoint of Ps (via the E%/Q(w)—pairing) is

PG = = [ 5@ e ) dao)

we deduce that (iv) holds if and only if

wéz) /Cf (Qe™ 3P E00() dA(C) | < Ol oo

Therefore, it is clear that (iii) = (iv). In order to see the reverse implication,
for each z € C choose f.(¢) = €™=¢). The equivalence (iii) <(v) can be
proved in the same way. This finishes the proof.

fgz:fa/2

Supesss, ¢

3. A LITTLEWOOD-PALEY FORMULA FOR F% .

3.1. Preliminary results.
In this section we will prove a collection of estimates which will be essen-
tial to prove Theorem 1.1.

Lemma 3.1. Let 0 < p,t < 0o, a > 0 and w € ATetricted  Then_ there
exists a constant C' = C'(a, p,w,t) such that

Ptk ¢ e
P < sp [ e = ww ag)
for any z € C and f € H(C).

Proof. Let be py € (1,00) such that w € A7¢s"d By subharmonacity for
a = 0 and by [16, Lemma 1] (see also [5, Lemma 7]) for a > 0, there is a
constant C' > 0 such that

2
2 _p ol

F()e %

p oful?

<c [ e
D(z,t)
for any z € C and f € H(C). So,

dA(u),

p _ p al?

|[f(z)[poe o2

C paul? 1/po
< w)lPe” 2 w(u)dA(u .
‘ww@mwxéwm” () “)

This finishes the proof. U

The next result follows from Lemma 3.1.
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Corollary 3.2. Let 0 < p,a,t < oo and let be w € ATetricted " Then, there
exists a constant C' = C(a, p,w,t) such that

Ce*5- =
[f(2)] < W"f“faw

for any z € C and f € H(C).

Let us recall that F2°, a > 0, is the space of the the entire functions f
such that

I£ll7z = sup | f(z)]e" 21 < 0.
zeC

Proposition 3.3. Let a > 0 and w € ATetricted . Thenp:
(i) f0<p<g<oo,
FP C Fu.
(ii) For any 0 € (0,a),
}—giacj'—g,wc}jw

Proof. (i) is well known (see for instance [21, Theorem 2.10]). Let us prove
(ii). Let f € F°4. By Lemma 2.8

. < WM, [ €% wl)aa) <

which proves the first embedding.
Now assume that f € F% . Then, by Corollary 3.2 and Lemma 2.9

51zl

2
g, S 16z [ €% (DG 1) ™ dAG:) < o0
This finishes the proof. O

The next result is a technical byproduct of Proposition 3.3(i) which will
be useful to obtain appropriate estimates for 0 < p < 1, in terms of the
ones for p > 1.

Corollary 3.4. Let g € ]:ﬁl, 0 < B < 2«a. Then for 6 € (0,1] we have
[Pa(1aD(2))” < Pyo(lgl®) ().
Proof. For z € C,

P (lgl)(z U (e e~ g A

= [|g(-)en® H;;ang-e | Hfga
= / lg(w) e e~ GA(w) = P(1g°)(2).

Note that the condition f < 2a ensures that all the terms in the above
inequalities are finite. O
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Lemma 3.5. Assume that 0 < <2« and g € ]-"é. Then, for each z € C:
(@.8) |12
|2|

(i) If (e, B) := 525, then P (lg])(z) < e 2 FFllg| 71
(ii) For a non-negative integer k, g™ (z) = akPa(Zkg(C))(z);
(iii) If v > v(a, B), then g € Fy.

Proof. Since 0 < < 2ar, we have

_ B e o 2
R(QZC)—(Q—§)|C| < alz|[¢] — _mM
So,
!g! /]g )e~ 2ICI2 R(az()—(a—2)[¢? dA(C)
(3.1)
< 5 g] 5.

Now, fix z € C and take € > 0 an a polynomial 1 such that

w(z,ﬂ)|z‘2

g =l < 5 and Jg(z) = ¥(2)] < 5.

Then, by (3.1)
Pa(9)(2) — 9(2)] < |Palg — )(2)] + [:(2) — 9(2)]
< PH(lg—)(z) + =

2
v(a B)|,2
< g —pllm + S <

which implies that g(z) = P,(g)(z), for any z € C. From these results it is
easy to check that ¢¥)(z) = osza(Zkg(())(z).

Finally, observe that |( ]ke_ew is a bounded function for any ¢ > 0. Thus,
¢*g(¢) € Fj,. for any € > 0. So, (iii) is a consequence of (i) and (ii). O

The next lemma provides a representation formula of a holomorphic func-
tion in terms of its k-th derivatives.

Lemma 3.6. Let 5 € (0,2a), k € N and f € .7-"51. Let T,,(f) be the Taylor
polynomial of degree m for f, centered at z = 0. Then,

f(2) = To-1(f)(2) + Rar(f)(2),

where

Ror(f)(2) :=

s wr

—k k
a' / (f(w) _ TQk—l(f)(w))( )eozzﬁefoz|w|2 dA('lU)
C
In particular, for k =1 we have

F(2) = £(0) + F/(0)2 + % /(C weawe-alw Alw).
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Proof. By Lemma 3.5 the function ¢, = f — T,,(f) and its k-th derivatives
are in ]:é% for any 0 > 0. Since

wk

(f(w) — TQk—l(f)(w))(k) w2k

is bounded on the unit disk, we obtain that this function is in E}j 45 D0,
Rok(f) is a entire function and

> £0) A
() = T (D) ® = 3 L5051y = b+

j=2k

0 f(m+2k)(0)
=why S (m+2k)(m+2k—1)...(m+k+ ™
> G

Next, orthogonality gives that

1-k k-i—m k
« w — 2
/ e alw] dA( )
C

‘w‘2k

1 k 2I<: ) k+m )

o 2a1+k+m T2k+2m+16 ar? dr 22k+m
2k+m)! Uy

k+m o tk+m
okt (/ th+ - dt) okbm _ (k4 m)! 2t
0

T 2k +m)! akrm (2k +m)! ’
where in the previous to the last equality we have made the change of
variables ¢ = ar?. Bearing in mind this calculation, the fact that (f(w) —
Top—1(f)(w))® ‘;“;k is bounded on D, we deduce that

otk / (f(w) = Top—1(f) (w))®

azw 7a|w|2dA
- — e (w)

B 00 f(m+2k)(0) Oél_k wk‘-i—mwk’ 02— ofuw]?
_Zm+2k S(m+k+ >(m+2k)! A e dA(w)

o - f(m—i-Qk)(O) m+2k

—mz::omz = f(2) = Tox-1(f)(2),
which gives the desired result. 0

Remark 3.7. By Proposition 3.3, if w € AL then FP , C Fl s for
any 6 > 0. So, all the theses in Corollary 3.4, Lemma 3.5 and Lemma 3.6
remain true replacing ]-"é by FL, in the corresponding hypotheses.

3.2. Main results. First, we will restrict ourselves to the case of the first
derivative.

Lemma 3.8. Let p > 0. If w € ATestricted gnd g € FP

D ws then
1P (19Dl ez. < Ngllz..



16 C. CASCANTE, J. FABREGA, AND J. A. PELAEZ

Proof. By Proposition 2.2(iii), we can assume that w € A7 for some
po > max{p, 1}. Remark 3.7, Corollary 3.4 with 8 = p/p, together Theorem
A give

1B (gDl e S N (g2 2 e, = |l pa/p0(|9|p/p°)||pi/;poyw

S lgh ™ 1

ap PO W

= gl #z.,-

This ends the proof. U

Proposition 3.9. Let 0 < p < oo, a > 0 and w € Arestricted . Then,
FON+ 1 Nz, SWflFe,, f€FE

Proof. By Lemma 3.1, there is C' = C(p,w, «) such that

JOr= O/| LG OLZ ORI

So, to conclude the proof we need to show that

172, S 1S 172

By Lemma 2.1, w,(z) = (ﬁi')p € Arestricted -G hy Remark 3.7, Lemma 3.5
and Lemma 3.8

1Fre, S IBF (o f@)Dlier., < Nl < 1l
This ends the proof. O
Proposition 3.10. Let 0 < p < oo, a > 0 and w € ATericted . Then,
1z, SO+ 1 2, [ €FE

Proof. By Lemma 2.1, if w € Arestricted  then w, is also in ATestricted By
Lemma 2.1 and Proposition 3.3 , f' € Fow, C Frig forany 0 < 6 < . So,
by (1.1), we have f € F.. 5. Thus, the representatlon formula in Lemma
3.6 holds and Lemma 2.8 yield

1A llzg. S 1FOI+ 117 O)2ll7z,, + 1Rl 72

1 "(w) — ,0 T 2
;/(Cf< )wf< )eazwefa\w\ dA(U))

By Lemma 3.1 and Proposition 3.3,
FONS N N F,, S U ez, 0>0.

Since [|z]|zz , < 0o, we obtain

F O+ 117 0)zll 7., < O]+ 1|7,

where
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Now, let us deal with the last term above. Let ¢({) := w =

fol f7(t¢)dt. Assume first that |¢| < 1 and let 6 € (0,a). By Lemma 3.1
(with respect to the AT¢ricted weight wy,) and Proposition 3.9

9(O)] < sup @S 17, S 172,
wi>

where in the second to last inequality we use that e~ (*+9)1“l* <1 on D(0,2).
Moreover, if |¢| > 1,

LI+ 17O _ 1)
L+[¢ 71+
Thus, g is a entire function which satisfies

/(O
1+¢]

+1(0)].

9(O)] <2

QIpS
which shows that g € 77, and

lgllzz, < 1F 172, - (3.2)

Therefore, by Lemma 3.8

IR (Nl 7z S NP (gDlez. S Ngllzz., < 1 172,

This ends the proof. O

+1F 7,

Proof of Theorem 1.1. 1t follows from Propositions 3.9 and 3.10 that
12z, =< LA+ 1 N 22, (3-3)

By Lemma 2.1, wy, = (w—1)p)p € A for any k € N. Therefore,
consecutive iterations of (3.3) give that

k-1
Iz, = D OO+ 1Pz, -
j=1
This finishes the proof. O

4. CARLESON MEASURES ON WEIGHTED FOCK-SOBOLEV SPACES

We begin proving appropriate norm estimates for the family of test func-
tions employed in the proof of Theorem 1.2.

4.1. Test functions. We will write K, ,(z) = K,(z) = ¢*** for the repro-
ducing kernels of the classical Fock space JF2.

Proposition 4.1. Let a,p € (0,00) and w € ATetricted  Then,

plal?

1Kall =™ w(D(a, 1)), a€C.
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Proof. Bearing in mind that

HKa”]}g,w — eaplg\ /(Ceapz2a| w(z) dA(Z) _ eap\g\ /Ceam?ul w[a](u) dA(u),
the proof follows from Lemma 2.4 and Lemma 2.8. O

Proposition 4.2. Let a,p € (0,00) and w € A'etricted  Then  for any
sequence {ay, }yerz2 € 1P,

f(z) = Z aVK”—(Z) €Fr,,

||KV||]'—g,w
with ||l 7., < [H{aw} -
Proof. 1f 0 < p < 1, then

11 A}jWWﬁ "o ) dA) = 3 Jal.

verZ? verZ?

If 1 < p < oo, then bearing in mind Proposition 4.1,

111z

ay KVZ : QLZQ
5L<Z || (z) >e2w@w@

verz? e“ 2w (D(Vu 1)>1/p

0, 7| (- N\ e
§A<Z %%w<:)<z f) o eEHE

verZ? e verz? e

Next, by Lemma 3.1

S K () < EjL K. (u)e" dA(u)

vErz? vErz? (V’%)

So, by Proposition 4.1

a, [P _alz?
T ppe— 17 (e w(2) dA(2)
verz? e 2w (D(V’ 1)) c

=l

verZ?

This finishes the proof. U

4.2. Proof of Theorem 1.2. First, we will deal with the case n = 0. Later
on, we will use Theorem 1.1 to deduce the rest of cases from this particular
one.
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4.3. Case p < q.

Theorem 4.3. Let a € (0,00), w € Arestricted qnd let 11 be a positive Borel
measure on C. For 0 < p < q < 0o, the following conditions are equivalent;

(i) p is a g-Carleson measure for F.
( ) HKa”Lq(u 5 “KaH]-‘g,wa acC;

(i) Spn €2 du(z) S (w(D(a,1)))7, a€C.

Moreover,

Oé(x.”

2
" o Vel Joan €47 du(2)
d - 1Kl 2
Fhw—La(w) aeC |KCL||LP(,U,) acC (W(D(a7 1)))5

Ipan e d1=? dp(z
(Jp(a1) @(2) dA())
|| aHLq(H)

(i)=(ii) and the inequality “[d”;&wam(u) > SUPgec Tl

)
q -
p

Proof. Let us denote G := sup,cc

are clear.

Assume (ii). Then, by Proposition 4.1, for any a € C,

hSITS]

et ) = [ i ees ) 5 (D, 1)
C C
So, for any a € C,
(w(D(a, 1)))% Z/ o412 p—ad|z—al? dp(2) x/ c312? du(2),
D(a,1) D(a,1)

which gives (iii) and the inequality

HK 174 > sup fD(a,l) ol du(z)
act 1T, ascC  (w(D(a,1)))?

Now, let us prove (iii)=-(i). It follows from (iii) and Lemma 3.1 that

RS Z/M 21" du(z)

veZ?
(B
—Z/ e dp(z)
vez? D(v,1)
o lf@re T uw daw)’
< Z/ fD( 1) w(u) dA(u) paalz du(2)
vez? D(v,1) W(D(Zv]-))
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Next, for any z € D(v,1), D(z,1) C D(v,2). Hence, by (2.7), we have

NCRS

fD(V2 |f(u)|Pe” paly- W( ) dA(u) PE
& Z 2D, 1)) / oy C )

hSHTS]

<6 () 1rper ¥t aa)

veZ?

Finally, using Minkowski’s inequality and the fact that {D(v,2)},cz2 is a
covering of C which overlaps finitely many times, it follows that

1l S CIflS, . Fe H(O),

which implies that |1, G and finishes the proof. O

H]—"g,w*)LQ(lu) ~
4.4. Case q < p.

Theorem 4.4. Let be a € (0,00), w € Arestricted gnd 11 a positive Borel
measure on C. For 0 < q < p < 0o, the following conditions are equivalent;

(i) p is a qg-Carleson measure for F.
(ii) The function

aw?

gaz|?

fD(u,l) € dp(z)
w(D(u,1))

H(u) = e Lri(C,w).

Moreover,

il = 1E -
Proof. This proof uses ideas from [13, Theorem 1]. Assume that (ii) holds.
Then, by Lemma 3.1, (2.7), and Holder’s inequality, we obtain

a

q fD(z1|f |q@q2 W(“)dA(U) aolz?
[irera s | - ()

S [ tre fDuwlw(; 1)5(2) Sl

p (p—q)/p

e% du(z) |7
< ||f||]:gw /C fD(u:)(DW, 1)5( ) w(u) dA(u)

which gives (i) and the inequality

qa|z|? P—q
fD(ul)e 2 dp(?)
Mall %2 s page) 5/@ (D 1) w(u) dA(u).
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Reciprocally, assume that (i) holds and let us consider the functions

o Fl2)
= 2 R

veZ?

where R,(t) is a sequence of Rademacher functions (see page 336 of [13],
or Appendix A of [8]). So, using G; as test functions, applying Khinchine’s
inequality and using Proposition 4.2, we deduce that

/<Z| ”|2||K IZ, ) (=) X/C/o G dbdplz)

€72
N H[d”;-g,wﬁm(u)Havugp'

Next, bearing in mind that {D (v,2)}, ;. is a covering of C which overlaps
finitely many times, and using Proposition 4.1 it follows that

JEEEY
/ (Z | HKVH%W) du2)

verz?

> [ (z WHK prl Xowa (2 >) du2)

verZ?

2 [ Xl o () dut)
]_‘P

veZ?

sl -

= T g AN )

= |a,|%e a K () du(z
l;W—(W T /D )

q qaz2
=Y e [ e
veze (W (D, 1)) JD(w2)

These estimates together with (4.1) and the classical duality relation

(lg)* ~ l(g), = lﬁ, p > q, gives that

qalz|? e=r qalz|? =
3 Jowze 2 dn(z) (D)= Joway e du(z)
w v, = g
2\ WD) o\ @)
S HIng—‘g’wﬁLq(‘u)'

So, bearing in mind (2.7),
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p—aq

w(u) dA(u)

qolz|?
/ fD(u,l)e = dp(z)
C

w (D(u, 1))

P
P—q

w(D(v, 1)) < [ 1all5

Fhw—La(p)"

< Z fD(VQ 5 dpi(z)

= (v, 1))
This finishes the proof. O

Proof of Theorem 1.2.

The case n = 0 follows from Theorem 4.3 and Theorem 4.4. Next, by
Lemma 2.1

w(z)
(1+ [z
So the equivalece (ii)<(iii) for p < ¢ follows from Theorem 4.3 and the
same equivalence for g < p follows from Theorem 4.4.

Now let us prove (i)« (ii). First, assume that n € Nand I : F§,, =~ —
L4(p) is bounded, that is

1z < Hall72

a,wnp

wE A’;gstrzcted PN WW(Z) — c Arestrzcted

fe H(C).

Then, applying the above inequality to f™, for each f € H(C), and using
Theorem 1.1 we deduce that

1F N 2oy < Mallp,, ol f ™72

a,wnp

1/p
< Mallzz..,,, 20 (Z\f 0 + 1715 )

= | Lall 72

a,wnp

thatis D™ : F?  — L%(p)is bounded and || D™ )||fngLq < || Zal] 22

a,wnp

Reciprocally, assume that D™ : D FR L, — L) is bounded, that is,

£ 2oy < 1D p2sral fllrz,, | € H(C).
Then, by Theorem 1.1,

ol N7z

a wnp

— Lo I 172

=L (p)-

1/p
1f Loy < NP |22 ag <Z|f’“) )7 + 11/ 1% p) , feH(C).

Now, replacing in the above inequality f by D™ (f), it follows that

1o < 1Dz sral fllze,,,: | € H(C).
Therefore, Iy : F%, ~— L(p) is bounded and

HIdH]-'

a,wnp

—Li(p H S ||D ”fgw—wq( )
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Consequently, we have already proved (i)<(ii)<(iii), as well as (1.2) and
(1.4), for any n € NU {0}.

Second, assume that n is a negative integer and D™ : FP = — L9(p) is
bounded, that is,

1D (Nlzagy < NPz s rogllflzz,.,  f € HC).

Then, applying the above inequality to f(-™ and using Theorem 1.1 (with
Whp) it follows that

—n—1 1/p
£l zagy S (ID™ 172, Laguy + Cuun) <Z|f(k P+ ||1}ng>

= (1D 72, pau) + Coun) Ifll 2.,
So, Iy : F?, ~— L%u) is bounded and

,Wnyp
114l 7

a,wnp

S S IIP™ 22— 1egy + Cuns
Finally, assume that I, : %, ~— L%(u) is bounded, that is,

[l 2oy < lHall72, f e H(C).

Then, replacing in the above inequality f by D™ (f) and applying Theo-
rem 1.1 (with w,,), it follows that

HD(”)(f)HLq(u) < Mall 7z, ~2o0 1 D™ (F) 22

a,wnp a,wnp

—agollfllzz

swWnp ’

= Mallzz,,,,~roq 1 fll 72,

a,wnp

So, D" : Fr  — L%(u) is bounded and || D™ 72— rag S IHall 72

@,Wnp _>Lq(u) :
Consequently, (i)e(ii) e (iii), as well as (1.3) and (1.5) hold for any negative
integer n. This finishes the proof. 0

5. POINTWISE MULTIPLIERS AND EMBEDDINGS

In this section, by using Theorem 1.2 (with n = 0) we provide descriptions
of the space of pointwise multipliers F7 , to fg,n’ where 0 < ¢,p < oo and

w is a ALgstricted_weight. Since the constant functions are in FZ , then
Mult(F% ,, F5,) C F4 -

In fact, it follows from the closed graph theorem that
g € Mult(FE,, Fj,) if and only if
B a2
dpg(z) = [g(2)|%e 21 n(2)dA(z)

is a g-Carleson measure for F% . Thus, Theorem 1.2 yields the following
result.

Corollary 5.1. Let o, > 0, w € AL and 1) be a weight. If g € F,,
then
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(i) If0 < p < g < o0, g € Mult(FL,, — F3,) if and only if there
exists C' > 0 such that

1 B—ay,2
G(u) = —/ 2|71z Fn(2)dA(2) < Cw(D(u, 1))@ PP,
)= BTy oy ) NEA(:) < CoD(w, 1)
for any u € C.
(i) If 0 < ¢ < p < o0, g € Mult(F},,,F3,) if and only if G €
Lr/P=9(C, w).

In particular, taking ¢ = 1 in the above corollary we obtain the next
result.

Corollary 5.2. Let o, 8 > 0, w € Arestricted qnd n be a weight. Then,
(i) If0 < p < q < oo, F}, C Fg, if and only if there exists C > 0
such that

u - e~ 155 P (VA ( w(D(u. 1)) aP/p
AW = o) M()A(z) < CuoDlu, 1),

for any u € C.
(ii) If 0 < q < p < oo, FE,, C Fj, if and only if Gy € LP/P~9(C,w).

Despite the conditions in Corollary 5.1 are useful in praxis, let us see they
are particularly neat when both weights coincide.

Proposition 5.3. If 8 < a, then Mult(F% ,, F5,) = 0.

a,w?

Proof. Let § € (0, min {a,O‘T_E}). By Proposition 3.3, F°; C FE , and
Fiw C F5Ss s0

Mult(F?

a,w’Fg,w) - MUlt( (;xié? Ei—&)
For each a € C consider the function f,(z) = e®=9%@, Since
—(a=0)|2|*/2 (a=d)lal?/2 _
|fa(2)]e <e = [[fall7g= 5
for any g € Mult(F° 5, F5%5),
aA—pD— a 2 - a 2
lg(a)|e@* P73l = |g(a) fo (@) e” P2 <lg full 7,
< fallze ;= e(a—5)|a|2/2,
which gives |g(a)| < e(f-at20)lal*/2,
Since f — a + 26 < 0, the maximum modulus principle gives ¢ = 0. [

Theorem 5.4. Let o, 3 > 0 and w € AT¢stricted . Thenp,

(i) If o < 3, then Mult(}"ng,}—p’w) = F3.;
(ii) Mult(f§7w,fg’w) =C;
(iii) If ¢ > p and o < B, then g € Mult(FL ,, Fj5 ) if and only if

|9(U)\e%lu\2 5 w(D(U, 1))(qu)/pq;
(iv) If p> q >0 and o < 3, then Mult(FP ]:gw) _ ]_—pq/(pfq);

a,w)? B—o,w
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(v) If p>q >0, then Mult(F?,, Fd ) = H(C)n LP/ P9 (C,w).

W)

Proof. Bearing in mind Corollary 5.1, in each case (i)-(v), it is easy to
see that the condition describing Mult(FE ,, Fi,,) is sufficient. Indeed, in
order to prove this implication in (i), (ii) and (iii), it is enough to use these
conditions to prove that the corresponding function G satisfies the inequality
in Corollary 5.1(i). In (iii), we also use that w(D(z,1)) < w(D(u, 1)) for any
z € D(u,1) (see Lemma B). The analogue implications in (iv), (v) follow
from Corollary 5.1(ii) and Holder’s inequality with exponent p/q.

In each case (i)-(v), the reverse direction follows from Corollary 5.1 and

Lemma 3.1, which provides the pointwise estimate

gl " S G 5> a
In particular, this estimate in (ii) gives Mult(F? ,,F% ) C H(C) N L=,
which, by Liouville’s theorem, coincides with C. ([l

It is worth mentioning that Proposition 5.3 and Theorem 5.4, together
with Theorem 1.1, provide descriptions of pointwise multipliers between
Fock-Sobolev spaces induced by ATestricted wyeights.
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