BILINEAR FORMS ON POTENTIAL SPACES IN THE UNIT
CIRCLE

CARME CASCANTE AND JOAQUIN M. ORTEGA

ABSTRACT. In this paper we characterize the boundedness on the product of
Sobolev spaces H*(T) x H*(T) on the unit circle T, of the bilinear form A; with
symbol b € H*(T) given by

() = / (=) + 1) () (m)b(n)dor ().

T

1. INTRODUCTION

In [20], V.G. Maz’ya and I.E. Verbitsky characterize the class of measurable func-
tions V' such that the Schrodinger operator —A +V maps the homogeneous Sobolev
space W12(R") to its dual, obtaining necessary and sufficient conditions for the
classical inequality

[ e

sc/’wwm&m u € D(R"),
Rn

to hold. They also obtained analogous characterizations for the non homogeneous
Sobolev space W12?(R™). In this paper we will consider a similar problem on the
unit circle T for the space W*2(T), 0 < s < 1/2.

The space W*%(T) s > 0, is the space of functions ¢ € L?(T) such that if (3(k))xez
is the sequence of its Fourier coefficients, then

lellws2em) = (Z(l + IkIS)QI@(k)IZ) < 00.

kEZ

When 0 < s < 1 and for functions in C*°(T), this norm is equivalent to ||o||L2(r) +
|(=A)*@||L2(r), where (—A)*® is the fractional laplacian defined, up to a constant,
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and the space W*?(T) coincides with the completion of C*(T) with respect to
this norm. In turn, this space coincides with the space of Riesz potentials, that
we will denote by H*(T) := I,(L*(T)), where I, is the Riesz kernel defined by
I(¢:m) = 1“((1;(?)/2)2 |1,<1ﬁ‘1—s and ||¢| Hs(T) = ||¢HL2(T)= if o= I(1).

We are interested in the case where 0 < s < 1/2. When 1/2 < s < 1, H*(T) is an
algebra and the problem that we will consider becomes trivial.

Let A, be the bilinear form with symbol b € H*(T) given by

Am%ww:/keAf+fwwmmeMﬂm.

T

The main object of this paper is the characterization of the symbols b € H*(T)
for which the bilinear form A, is bounded on H*(T) x H*(T), that is,

(1.1) Ao, )] S llel

This problem is equivalent (see Proposition 4.6), to the characterization of the

s ||| sy

functions ¢ € L*(T) that are trace measures (that may change sign) for the space

H*(T), i.e.,
’/\gp|20da
T

In R", V.G. Maz’ya and L.E. Verbitsky considered this problem for s = 1 (see
[20]), showing that the inequality | [, |¢|*cdo| < 11131 @ny» is equivalent to the
inequality | . [¢[*[(—A)72(c)|*do| < @131 (gny» Where |[(=A)73(c)[* is now a
non negative measure (see also [21] and [15] for related problems). In [11] it is
considered the case 0 < s < 1/2 in R. We also recall that N. Arcozzi, E. Sawyer
and B.D. Wick in [5] have considered a result on the boundedness of a holomorphic

S lellzrsmy,

version of this problem on the Dirichlet space (see also [8] for a different proof).

Some of the main difficulties when dealing with fractional laplacians arise from
the fact that on one hand these operators are non-local and on the other hand, there
is a complexity on the computation of fractional laplacians when applied to products
of functions. In order to avoid these difficulties, we will follow the ideas in [11] and
consider an equivalent bilinear problem on a subspace of a weighted Sobolev space
Wi _5s(D), of extensions of functions on H*(T) by a generalized Poisson operator
P, whose definition is given in Section 2. For R", a similar extension operator was
considered by L. Caffarelli and L. Silvestre in [7].

Our main result is the following

Theorem 1.1. Let 0 < s < 1/2 and let b € H*(T). Then, the following assertions
are equivalent:
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(i) For any ¢, € C=(T),
Ao, )] S [lul

(ii) For any ¢, € C=(T),

/DV(PS(W))V(PS(ZD))O = |2 dm(2)

s ||| g (r);

S Nl 19l

+(1=29% [ Plo0) PO = sR) Fdm(:)
(iii) For any ¢,¢ € C=(T),

/D V(PL() Pu()V(Pu(D)) (1 — |2[)**dm(2)

+(1 - QS)Q/DPS(@)PS(@D)PS(Z?)G = [2l) 7 dm(2)| < Nl s 19l r=ry;

(iv) The measure
dv = ‘(—A)g(b)fda is a trace measure for H*(T), that is, H*(T) C
L2(dv);
(v) The measure du = |V(P4())|*(1 — |2|?)"*dm(z) is a Carleson measure
for P,(H*(T)), that is, P;,(H*(T)) C L*(dp).

We observe that as it happens in the real case for s = 1 (see [20]) and n = 1
and 0 < s < 1/2 (see [11]), the problem on traces in H*(T) for measures that may
change sign is reduced to a problem of traces of non negative measures on H*(T),
whose characterization is well known.

The fact that we are considering functions defined on T rather than on R, gives
some extra technical difficulties to some of the technical tools used in the proof.
Among them it is worth to mention the relationship between the fractional laplacian
and a weighted radial derivative of the extensions by P;. We also check that the
operator Py is an isomorphism from H*(T) to its image and study a class of Fourier
multipliers related to I, which, are more involved than in the real case, due to the
fact that the family of Riesz kernels I, is not a semigroup with respect to convolution.
We also prove a weighted estimate for a weighted area function associated with a
Calderon-Zygmund type operator, which may have some interest by itself.

The paper is organized as follows: In Section 2, we introduce the space of weighted
Sobolev functions on the unit disc . In Section 3, we consider the kernels P, and
obtain the main properties. In particular, we prove that P, is an isomorphism
from H*(T) to its image and we represent ((—A)® + I)p((), up to a constant, as

lim (1 — T2)1_258—P5(@)(TC). In the following Section, we obtain the basic relation
r

r—1-
((=A)® + I) Iys = I which, in particular, gives a representation of (—A)® as a Fourier

multiplier. We also state a result on discrete Calderon-Zygmund operators, whose
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proof we postpone to Appendix 1 and we deduce weighted estimates for a class of
Fourier multipliers which includes I !I5,. In Section 5 we state a weighted estimate
for an area function, which will be proved in Appendix 2, which is applied to a vector
valued kernel K associated to the gradient of the convolution of P, with the Riesz
kernel. Section 6 is devoted to introduce the main properties of Riesz capacities
and the characterization of trace measures for H*(T) and Carleson measures for
P(H*(T)). Finally, in Section 7, we give the proof of Theorem 1.1. In particular, for
the proof of the necessary contidion (i) = (iv), we construct suitable test functions
in H*(T), based in the ideas in [20].

Throughout the paper, the letter C' may denote various non-negative numerical
constants, possibly different in different places. The notation ¢(x) < ¥(x) means
that there exists C' > 0, which does not depends of z, ¢ and 1, such that ¢(x) <
Cp(z). We will write ¢(x) =~ ¥ (z) if p(z) < ¥(z) and ¥ (x) < p(z). The fact that
an estimate holds for x >> 1, will mean that it holds for = big enough. All the
function spaces considered will be real valued, the points in T will be denoted either
by ¢ € C or parametrized by €™, the points in the unit disc D will be denoted either
by z € Corre®, 0 < r < 1 and |1 — 2{| = |z — ¢| will denote the euclidean distance
from 2 € D and ¢ € T.

Acknowledgements: This paper was finished while the first author was visiting
the Mathematics Department at the University of Missouri as a Miller scholar.
She thanks the department for its hospitality. We are thankful to Professor Igor
Verbitsky for some helpful conversations during the preparation of this paper.

2. THE WEIGHTED SOBOLEV SPACE Wﬁl,Qs

If 0 < s < 1, the space is defined by W, 5, := W}, ,.(D), as the completion of
functions ® in Cg°(D) with respect to the norm
(2.2)

[Blhwz, ,, = [ VOGP =)' am(z) + [ @GP0~ ) dm(:) < .

This space coincides with the space of real valued functions ® defined a.e. on D,
such that ® and its distributional derivatives are in L2((1— |z|*)!™2*dm(z)) (see, for
instance, [17]).

It is well known that we can obtain a trace operator 7' from W}, onto H*(T),
by defining the trace for functions C*°(D) and extending the definition by continuity
(see [14] for the details of the proof), that is,

Lemma 2.1.

IT(@)1%

H#(T)

/\VCID — 22) 2 dm(z /|<1> (1= |22 dm(z).
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From our next result we deduce an equivalent norm for W?, ..

Lemma 2.2. Let 0 < s < 1/2 and let & € C>(D). We then have that for any e > 0,
there exists C. > 0 such that

/D B(2)(1  |2[2) 2dm(2)

< C’E/ P2(2)(1 — |z[H %dm(z) + 6/ VO (2)(1 — |2]*)'*dm(z).
D D
In particular,
[ IFO@RQ ) 2odm(z) + [ @)1 - [s) Hdm(z)
D D
~ [ IVREP - o) Fdm(z) + [ @)1 o) Fdm(z),
D D
Proof. As a consequence of Stokes’s Theorem applied to the form

w= 10 (z,y)(1 —2° — y*)' "*dy — y®*(z,y)(1 — 2% — y*)' " *dx

and the disc D, = {z € D; |z] <r}, 0 <r < 1, we obtain
9, 0
[ (2(2 —25)8%(1,y) + (a— " ya—y) (s, y>) (1= o — ) dudy

- / 2(1 — 25)®?(z, y) (1 — 2* — y*) " **dady
D

(2.3)

(2.4)

2m
= / ®2(r cost,rsint)r?(1 —r?)'"2dt > 0.
0
Hence, Holder’s inequality gives that

2(1— 23)/ ®?(z,y)(1 — 2* — y*) " **dady

S [ Wl -a ) Fdedy+ [ V0|1~ o - ) dady

r Dy

< / O (2, y)(1 — 2 —y*)  Fdady +¢ | |[VO(z,9)]*(1 — 2 — y*)' **dady
r DT‘

and (2.3) is then a consequence of the Monotone convergence Theorem. U
3. THE GENERALIZED POISSON EXTENSIONS P,

The Euler-Lagrange equation associated to the functional on the left hand side of
(2.4) that corresponds to its stationary values, gives place to the PDE equation

(3.5) (1—(2® +y*)Au —2(1 — 23)(:1:%u + y(%u) — (1 —25)%u =0,



6 CARME CASCANTE AND JOAQUIN M. ORTEGA

or equivalently to
(3.6) div (Vu)(1 — 2 —y*)' ) — (1 = 25)*(1 —2° — y*) Pu=0.

The next theorem is proved in [2] and establishes that the Dirichlet problem
associated to the PDE equation 3.5 has a unique solution. Namely:

Theorem 3.1. Let p € C(T). We then have that the function

uwzm@@:éa@mmm«»

where
1 — 2\2s
Py(z,¢) = C’Sﬁ, z2eD,(eT,
|1 — 2C[1+2s
with Cs ?{;s/f is the unique solution to the PDE given in (3.5), which is a

continuous functzon on D and extends ¢ to D.
In addition, this solution u can be given in terms of its Fourier erpansion. If
a,b,c > 0, the hypergeometric function is defined by

F(a,b;c;x) = Z (a)n(b)nx"

“— (c)un!
where (a)g =1, (a), —a(a+1)...(a+n—1) if n > 1.
If p(e™) = Z P(k)e™ is the Fourier expansion of @, then the function u = Py()
keZ
can be expressed as
(3.7) u(z) = ) filr )t (@(k)e™ + p(=k)e ™),z =re,
k=0

where fr(z) = 1;2(:5 and Fy(xz) = F(k — s+ 5, —s + 3,k + 1;x), with uniform and
absolute convergence on compact sets in . In particular, if ¢ = 1, we have that

(3.8) / Py(2,Q)do(C) = fol|2]?).

We will see (see Corollary 3.6) that P, gives an isomorphism between the space
H*(T) and its image in W} _,,.

Observe that (3.8) gives that, unlike what happens in the classical case for the
Poisson kernel (s = 1/2), P;(1) is not constant.

Definition 3.2. Let 0 < s < 1. If ¢ € C}(T), the fractional derivative of order s is
defined by

ar(oe) = ZTHE L py. [ HO A 4oy,
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As it is usual, if the function ¢ is regular enough, the principal value of the integral
reduces to an ordinary integral of a function. We will see that this operator can be
also defined by a Fourier multiplier.

In R™, in [7] it is proved that an operator analogous to P satisfies that

tim o' 5 P () a.0) = ~(-A) (o)

and that this operator P, is an isometry. Our next theorems establish a version of
these results for the unit circle, which, in particular, permits to study the fractional
laplacian on T through ordinary derivatives on W12,1723-

Theorem 3.3. Let 0 < s < 3 and let ¢ € C'(T). We then have that

T (1= > 2 R0)(r¢) = 2 ok (AP + (0.

Proof. Let, as before, fi(x) be the function defined by fi(z) = ?’;g; We will first
prove that

(3.9)
, i @ o TD(s+1/2T(1—25)T(k+s+1/2)
S (L= e = e SR s —s) Th—s+12) F2°

Indeed, we have that

d 20k 12N kel k-1 2 2F(r?)r* 4 ke (r?)
i —9 k -
drfk@" )T fk<7a )T + KT fk(r ) Fk<1>

Hence, using that by [6], p.58,

(k—s+1/2)(1/2 — s)

Pl F(k—s+3/2,3/2—s;k+2;t),

Fi(t) =
we have that
d
%fk(TQ)Tk

(k- s41/2)(1/2—s)
a (k+1)F(1)

Next, it is well known (see, for instance, [6], p.64) that if |z| < 1, then

krk-1

F(k—s+43/2,3/2 — s k+ 2:r?)2rk+ +
( 2.3/ R

Fk(T‘Q).

F(a,b;c;2) = (1= 2)F(c—a,c— byc; 2).
Thus the above equals to
(k—s+1/2)(1/2 —s)
(k+1)Fi(1)
krk=1

+ ka(T2)

(1= P (s +1/2,k + 5+ 1/2; k + 2;7%)2rF+!




8 CARME CASCANTE AND JOAQUIN M. ORTEGA

and
(1= )2 2 ()
E—s+1/2)(1/2—s , X
(3.10) = ( (k++ {);i({) )F(s+1/2,k+s+1/2;k—l—2;r )2rkt
+ (1 —r?)t2 krk_le(rQ) = A(r) + By(r).

Fi(1)
Since k+1—(k—s+1/2) — (1/2—s) = 2s > 0, the series that defines the function
Fy(r?) converges absolutely in r = 1 ( [6], p.57), so we have that lim, ;- Fj,(r?) =
Fy,(1). Hence, lim By(r) = 0. Next, by hypothesis, we have that k+2—(s+1/2) —
(k+s+1/2) ;_)11 — 25 > 0, so using the preceding argument, we obtain that
: 2(k—s+1/2)(1/2—s) F(s+1/2,k+s+1/2;k+2;1)

lim Ag(r) = :

r—1- (k+1) Fk—s+3,—s+3k+1;1)
But (see [6], p.61), if Rec > Reb > 0 and Re (¢ —a — b) > 0, we have that
L(e)'(c—a—10)
['(c—a)l(c—1b)
Thus, using that I'(z + 1) = 2I'(z), we obtain that

(3.11)
lim Ag(r) =

2k —s+1/2)(1/2 —s) Ck+2)I(1—-2s) D(s+1/2)T(k+s+1/2)
(k+1) I'(k—s+3/2)I'(3/2 — s) Lk +1)[(2s)

2k —s+1/2)L'(s+1/2)I'(k + s+ 1/2)['(1 — 2s)

(k= s+1/2)T(k —s+1/2)(25)1(1/2 — )

[(s+1/2)['(1 —2s)T'(k+ s+ 1/2)
I2s)'(1/2—s) T'(k—s+1/2)
That gives (3.9).
Next, we finishes the proof of the theorem. Using (3.9) for £ = 0, we have that

lim (1 —r2)125§/Ps(rC,n)d0(n)

F(a,b;c;1) =

s 0. d _ (1 —2s)
= lim (1 - r?) o olr ?) =20, T2 s)
Hence,
(3.12)
Tl_i)r{lﬁ(l—?"Q)l 288313( )(r¢) = lim (1 r%“% /T Py(r¢,n)e(n)do(n)

['(1—2s)

W@(C)'

= Jim (1 -2y / P.rC,m) (o) — () do(n) + 2C,

r—1-
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We have that if (7 = €@, |1 — (7] = |z|, and

(1- 7“2)1_252 (1—r?)* = (1—? 1—252 (1—r?)>
Or [1 — r¢n|tt?s Or (141712 —2rcosz) =
—4sr (1 —72)(r — cosx)

= - — (1 + 2s) 8
(1 + 72— 2rcosz) 2 (14+7r2—2r cosz) 2t

Consequently, since p € CH(T), |o(n) — ©(C)] = O(|z|) if z — 0 and |1 — r(7j| ~
(1 — )+ |z|, we have that

(1 ==L ) o) — ()| £

Hence, the Dominated Convergence Theorem gives that

i?ufwﬁl%gaA&Wmﬂwww—dONMM)

(3.13)
e(n) —¢(C) I'(1—2s)
= a5, [ E0 = r(y) = 20,1 2 -8y p(0)),
T K _ 77‘1+2$ ( ) (1/2 . 8)2( ) (Qp(g))
This calculation and (3.12) finishes the proof of the theorem. H

Theorem 3.4. Let ¢ be a C* function on T. We then have that

g (7 fo-are)
:/D\VPS(@)\z(l—x2—y2)1—2sdxdy+(1—23)2/1[)]135(%0)‘2(1_xz_y2)-25dxdy.

Proof. Let w be the form defined on D by

o) = i) (g - B ac ) ey

Let r < 1 be fixed, and let D, be the disc centered at the origin and of radius r > 0.
Stokes’s Theorem and (3.6) give that

VP (o) (1 — 2 —y*) " dady + (1 — 25)* [ [Pu(p)*(1 — 2® — y*)"*dudy.

D Dy
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The Lebesgue’s monotone convergence Theorem gives that
(3.15)

lim / IVP,(0)]*(1 — 2* — y*)' **dady

r—1-

(1 2s)? / PP — 2 — ) P dudy

/ IVP,(0)2(1 — 2% — y*)' *dady + (1 — 23)2/ |Ps(0))?(1 — 2% — y*) " *dwdy.
D

On the other hand, we have

| v
oD,

o A JAG)
— P 1 — 2\1-2s S s .
/0 s(@)\aDr( %) < o7 rCcosx + ay |8DTT sinz | dx

0D,

2m a
:/ (L —r*)'"*Py(¢)jop,7 En —Ps(¢) o, dx.
0

In order to pass to the limit when » — 17, we next check that we can apply the
Lebesgue’s dominated convergence Theorem. Since P,(p) € C(D), we just have to
check that the function r(1 — 7%)'=2*2 P,(¢)sp, is uniformly bounded for r € [0, 1]
by an integrable function. Using (3.7) and (3.10), we have that

& Ple)re)

=D r(Ak(r) + B(r)) (B(k)e™ + B(—k)e ™) .

k>0

T‘(l _ 7“2)1_28

Since the hypergeometric function is an increasing function on r, we have that

A <F(s+1/2,k‘+3+1/2;k+2;1)

fr) 5 Fie(1)

T+ 2T(1—2s) D(1/2+8)(k+s+1/2)
C T(k—s+3/2)[(3/2 - s) L(k+ 1)T(2s)

~k*, k>>1.

And
By(r) S k.

Since ¢ € C*(T), we deduce that |p(k)| < ﬁ, for each [ > 1. Hence,

supr(1l — 7’2)1_25’2135(30)(7"6”6” < 00.
r<1 or
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and consequently applying Theorem 3.3,

27
lim P, (gp)(re' )r(l — 7"2)1 2 0
r—1-— 0 (9

=20ty ([ ¢ [ eare).

Thus, using (3.14) and (3.15), we have proved the theorem.

~-Pu(p)(re”)dz

Corollary 3.5. Let ¢ € C(T). Let v = ((—A)* +1)p. For each k € Z,

~ I'(1/2=s)C(|k|+s+1/2) .
(3.16) Y0 = Ry (R s 1 1/2) ")

In particular, (—A)* can be defined as a Fourier multiplier.

0 .

Proof. By (3.10) and (3.11), lir{1 (1— 7"2)1_288—]35(30)(7‘6”) has as a sequence of
r—1- T

Fourier multipliers

(2F(s+1/2)F(1—23) F(]k]+s+1/2))
FE)C(1/2—s) T(kl—s+1/2) )0y’

Since by (3.10) and (3.13),

lim (1 — 7’2)1_2321[’8(@)(7"6”)

r—1- or
o (1 B 25) s iT
= 20, T(1/2— s (=A) ¢+ ¢) (),
we obtain (3.16). O

Corollary 3.6. For any ¢ € H*(T),

lellscmy = [ Ps(@)llwz, .-

Proof. 1t is a consequence of last theorem, the density of the functions C*(T)
in H°(T) and Lemma 2.2, since by Theorem 3.3 and Stirling’s formula we that

1((=2)) (@)l 2wy & [(=2)*2(@) | L2ny. O

Proposition 3.7. Let o € H*(T) and let ¥ € WE,_,, and ¥ its restriction to T.
We then have that

2. (oot [veare)

= / VUVP(¢)(1 — 2* —y*) 2 dady + (1 — 2s)? / VP, () (1 —2® — y*) **dady.
D

D
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Proof. Since C**(D) and C*>(T) are dense in Wi ,_,, and in H*(T), respectively, we
may assume, without loss of generality, that ¢ € C>°(T) and ¥ € C*(D). Let w be
the form defined on D by

() = 0 (P y - P50

Let r < 1 be fixed. Stokes’s Theorem and (3.6) give that

| e
0D,

= VUVP()(1 —2* — ¢y " dady + (1 — 25)2/ VP, ()(1 — 2% — y*) **dady.

Dy

dx) (1 — a2 — )2, z =T+ 1y.

r

We now observe that since both V¥ and ¥ are bounded on D and by Theorem
3.4, VP,(p) is in the vector valued space L2((1 — [2|*)'72%dm(z2)) and P,(p) €
L2((1 — |2|*)7%*dm(z)), the Lebesgue’s dominated convergence Theorem gives that

lim ( VUVP,(p)(1 —2* — y*)' " *dady
D,

r—1—
+(1 - 25)2/ UP,(p)(1 —2* — yQ)_%dxdy)

= / VUVP(¢)(1 — 2* —y*) 2 dady + (1 — 2s)? / UP,(¢)(1 — 2% — y*) *dady.
D D

A similar argument to the one used in the proof of Theorem 3.4, gives that

27
lim r(l—r )1 25\1’8&5 (©)1oD, dx

r—1-

~ 20 (/ vor [ v 2(0)).

Finally, we recall the following estimate that was implicit in [2], p.130, and whose

proof we include for a sake of completeness.
Let

(3.17) Vip(2) = ((1 = |21 Re, (1 - |2])Re) .

where Ry(z) = Zaz( 2), Ro(z) = zg‘ﬁ(z) are the radial derivatives.

i

Lemma 3.8. Let 0 < s < 1/2. Then

/ VpPu(z,O)do(O)] < (1— 2%, zeD.
D
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s;1;|2]?)| and , by [6], p.58, we have that F'(1/2 — s,1/2 — s;1;|2|*) = (1/2 —
$)2F(3/2—5,3/2—5;2;|2)*) = (1—|2/*)* ' F(1/2+s,1/2+s;1; |z|*). The assertion
is a consequence of the continuity on D of the function F(1/2 + s,1/2 + s;1;|2|?)
(see [6], p.5b7).

Proof. Since (see [2], p.130), | [, VoPs(z,Q)do(¢)| < (1 — |2]*)|F'(1/2 — s,1/2 —

g

4. THE SPACE H*(T) AND WEIGHTED ESTIMATES FOR A FOURIER MULTIPLIER
4.1. The space H*(T).

Definition 4.1. Let 0 < s < 1. The Riesz kernel I on the unit circle is defined by

(14 s)/2)* 1
I(s)  [1—¢ql*~
If f is an integrable function on T, the Riesz operator is defined by

L(F)(O) = / 1(C. ) F()do(n).

The space I,(L*(T)) is the space of functions ¢ = I,(p), ¢ € L*(T), normed by

19122y = ll@llzzm).-
The Fourier coefficients of the Riesz kernel in T are the following (see for instance,

3]):
Lemma 4.2. Let 0 < s < 1. Then for any k € Z,
T(k) = F(|1ki|s+ %)F(ﬁ)‘
PSR + )
Theorem 4.3. Let 0 < s < 1/2.
(4.19) (=AY + 1) I =1.

(4.18) 1(¢,m) = ¢neT.

Proof. Indeed, by Corollary 3.5, we deduce that if ¢ € C*°(T) has as the sequence

of Fourier coefficients ($(k))rez, then the function((—A)® 4 I) ¢ has as sequence
D(kL+s1/2T(1/23) o5

T(|k|—s+1/2)T(1/2+5)

follows then from the density of C>(T) in L?(T) and Lemma 4.2. O

The proof of the proposition

of Fourier coefficients (

Corollary 4.4. Let0 < s < 1/2. We then have that ¢ € H*(T) (that is (—A)*?p, ¢ €
L2(T)) if and only if o = 1,(0), ¥ € I(T) and [lollzeny ~ 16l 2

Corollary 4.5. From Lemma 4.2, the above Corollary and Stirling’s formula, we
deduce that if (™) =,z P(k)e™®, then ||¢] %S(T) ~ D ez (k] +D)p(k)2. O

From Theorem 4.3 we deduce a reformulation of the bilinear problem (1.1).

Namely,
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Proposition 4.6. Let c € L*(T). We then have that the boundedness of the bilinear

form
/ pYedo
T

1s equivalent to the boundedness of the bilinear form

(4.20) S leollezs ey 9]l s ry,

Ao (@, ¥)] = /T((—A)S +1) (pP) Las(c)do| S @l sy 9]l 15 (-
0
4.2. Weighted estimates for the operator 1;11215/2. On the real line, the anal-
ogous to the operator I, on T is the Riesz operator with kernel W‘% This

family of operators on R is a semigroup and, in particular, I I, = I5,. This fact gives
that, as multipliers on L?(R), we have that I, = [215/2 or, equivalently, 1'8_1[218/2 = Id.
Here, in the unit disc, we can also define [213/ * as a Fourier multiplier, but it does
not coincide with I;. Nevertheless, the asymptotic behavior is the same and, in
particular, I-11,/? defines a bounded operator in L2(T). We will need to check that
it also defines a bounded operator on L?(w), where w is a weight in the Mucken-
houpt class A,. This will be a consequence of the fact that T'= I 1121£2 realizes as
a Calderon-Zygmund operator of type zero.

Then, Coiffman and Feferman’s theorem gives that 7" is bounded from LP(w) to
LP(w), for any w in A, (see [p. 205,[22]] for a proof of this result).

We prove a discrete version for the unit circle of a well known result in R" of a
realization as a singular integral operator of an adequate pseudodifferential operator,

see [Ch. VI,[22]]. Namely, if m is the operator defined as a Fourier multiplier by

o Lkl +1/2 —s/2) -1 T(|k| +1/2 — s) 1/2
(4.21) m(k) := (F(\k\+1/2+s/2)> (F(\k|+1/2+3)> :

1
which corresponds up to constants to I; 112, is a Calderon-Zygmund of type zero.
4.2.1. Discrete Calderon-Zygmund Operators.

Definition 4.7. An operator T defined on L*(T) as a convolution operator by a
function T on T\ {1} as

T(4)(C) = / Ty (T p(n)do (n),

T
i1s a Calderon-Zygmund operator if:

@O T @2y S llellz2eny;
(iii) There exists 6 > 0 such that |Tx((@) — Tk(Con)| S %, if |¢ —al >>
’Oé—a1|7 C,Oé,Oél €T and(#O@ C%al'
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Definition 4.8. Let ¢ : R — R be a function. The finite difference of length 1 is
Al(p)(z) = p(z +1) — p(z) and for j > 1, Al(p)(x) = A (AT )(p)().

The proof of the following theorem is postponed to Appendix 1.

Theorem 4.9. Assume that m is a bounded function on Z satisfying that for any
7 > 1, there exists C' > 0 such that

, C
(4.22) |A’(m)(k:)| < W |k| >> 1.
Let T' be the bounded operator on L*(T) defined as
T(f)(k) = m(k) [ (k).
Then the operator T agrees with a convolution operator by a function Tk € C=(T \

{1}) that identifying T in the usual way by e, v € (—m,w| satisfies that for each
J =0,

; 1
(4.23) @) S e v A0

Consequently, T is a Calderon-Zygmund operator. In particular, if w is in the Muck-
enhoupt class A,, p > 1,

(4.24) 1T () lzrw) S llellzr).

1
Our next goal is to prove that the operator I;'I2 defined on L?(T) satisfies the

S

hypothesis of Theorem 4.9.

1
4.3. Weighted estimates for the operator I;'I2. We recall that the operator
1
I7'12 is defined as a Fourier multiplier operator, up to a constant, by
m(k) = U,(lkl), keZ,

where

v = (K2 s))“ (Mt s/2>)‘1,
° L(z+1/2+5s) [(z+1/2+s/2)
By Stirling’s formula, it follows easily that the sequence (V4(|j|)) ez is bounded.
We begin with a technical lemma that deduces estimates on the iterated finite
differences of a function from estimates on its iterated derivatives.

Lemma 4.10. Let C' > 0 be a constant such that for every ¢ € C> function on
[0, +00) and every r > 0,

) C )
W) ()] < prrtl 1, j>1.
Then we have that for every ¢ € C* function on [0,400) and every r > 0,
| A () ()] < r>>1, j>1.

xitr’
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In particular, we have that for every ¢ € C* function on [0,4+00) and every r > 0,
; C
A E) < ——, k>>1, j>1
NCICE iz

Proof. The proof follow easily from induction on j and the Mean-Value Theorem. [

Proposition 4.11. Let 0 < s < 1/2 . We then have that the function
D(z+1/2—5)\? (T(x+1/2—s/2)\ "
by (FEt 12—\ (Tar 122\
[(x+1/2+s) Mx+1/2+s/2
satisfies that for any j € N, there exists C' = C(j, s) such that

: C
()| < =, 2>>1.
xJ
Proof. We will first obtain estimates of the derivatives of the quotient of Gamma
functions involved in the definition of the function ¥. Let ®5, be the function defined

by ®ay(x) = PR 2 > 0. We then have:

(i) For any j € NU {0}, there exists C' = C(j, s) such that

()
®28 (.ZE) S Cx25+]7

(ii) For any j € NU {0}, there exists C' = C(j, s) such that

z >> 1.

s

- 1
(q)il)(J)(iC) < CF, xz >> 1.

We begin with the proof of (i). The proof will follow by induction on j > 0. Stirling’s

formula gives that, provided x is big enough Da—s+1/2) o, 1 Then (i) holds for
/

(
» T(x+s+1/2) 225
r
7 = 0. Next, if we denote by P = T we have that

r(:c—s+1/2)>'_ Vo =5 T 12) oy~ g 1/2) — Pla+ s+ 1/2)).

4.25 =

(4.25) (P(a:+s+1/2) F(z+s+1/2)
Let us now estimate the differences P(z — s+ 1/2) — P(z + s+ 1/2). Observe

that

. 1 - 1
D (5) = (—d), U S
(4.26) PO (2) = ( g)J_lzlﬂ.JrnE:l( ])j—l(n+z>j+1.
Hence,
Pz —s+1/2) = Plr+s+1/2)| < sup P'(y)l.

r—s+1/2<y<z+s+1/2

For z big enough we have that

—s <t <s.

Y T S
—~ (n+a+t+1/2)2~ 2’
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Hence

SR

|P(x —s+1/2) =Pz +s+1/2)| <

and in general,

. . 1
POz —s+1/2) =P (z+5s+1/2)| < i

Next, assume that the estimate (i) is true for [ < j, and we will check that it
also holds for j + 1. By Leibniz’s formula, and the induction hypothesis applied to

(4.25),

Dt (g = (L =5+1/2) R N
2 [(z+s+1/2) e A A x2stitl
A similar argument on induction proves (ii).
Next, Faa di Bruno formula, (see for instance [12]) gives that

(22)" @)
- Zmll---mj!(lj!!)ml ,__(j!)mj(l/Q_ - (1/2=(mg +---+m;))
X Dy ()27 ) ﬁ@é@ ()™,

=1

where the sum is over all the I-tuples of non negative integers (my, ..., m;) satisfying

that 1-mq+2-mo+---+j-m; = J.
Applying that by (i)a |((I)28)(l) (x)| 5 #, for x >> 1, we then have

() 1
(o) @IS = w>>1
xS

Finally, Leibnitz’s rule together with this estimate and (ii) give that

As a consequence of the above result, Lemma 4.10 and Theorem 4.9, we have
Theorem 4.12. For any weight w in the Muckenhoupt class A,,

_ 1/2
17 % B ) S lllirw),  » € L¥(w).
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5. WEIGHTED ESTIMATES FOR A WEIGHTED AREA FUNCTION

Let K: D x T — C x C be a vector-valued kernel. The area function associated
to K is

>
(5.27) Gxle)) = | [ KPR
re (1—1z?)
where T'¢, where I'(¢) = {z € D; |z — (| < a(1 — |z|*)}, @ > 1, is the cone with
vertex (.

We will need a result on a weighted L2- estimate for the area function associated
to a convenient kernel. In R™ and for the area function associated to the classical
Poisson kernel a proof of the weighted estimate can be found in [13]. In [23] it is
obtained a deep generalization of the classical result that heavily relies in the fact
that the kernels K considered in this extension derive from some fixed functions ¢
with integral zero, considering K (z,t) = 1¢(x/t). Since this is not our case, we have
chosen a proof of the weighted estimated, based in the arguments in [16], which were
applied in a different context in [11].

We will use the following theorem which will be proved in Appendix 2:

Theorem 5.1. Let K : D x T — C x C be a vector-valued kernel satisfying that
there exist constants C,c > 0 such that:

1) Gk (@) lz2m) S ||902||L2(1r)7 for any ¢ € L*(T).
(i) | K(z, Q)| < Cff_jé'u)rg, for some & > 0.
(i) For aj,as,( € T, 0 <r <1 such that |y — | < |1 — r(aq],
(1 —=7*)°fn — agf
T

’K(Talu C) - K<r0527 C)| < C
Then, for any w € A,, we have,

Gk (Prw) S NlellLe)-

Our next goal is to check that the (vector-valued) kernel

do(n)

(5.28) K(z,) = (1—|2)~ / Vo (o) e

is in the hypothesis of Theorem 5.1 with ¢ = s.
Proposition 5.2. Let K(z,() be the vector-valued kernel defined in (5.28) and Gk
as in (5.27). We have that there exist constants C,c > 0 such that:

@) 1Gx(@)llz2m) S llellzzm, for any o € L*(T).

(i) K (= )l < O

[
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(iii") For oy, e, € T, 0 <r <1 such that |ag — ag| < ¢|1 —raq],

(1—=7r%)°laq — agf®
K(ray, () — K(ras, ()| < C 1= rCa+zs

5.1. Proof of (i’). It is an immediate consequence of Fubini’s Theorem, Corollary
3.6 and Corollary 4.4.

5.2. Estimate (ii’). We write

K(:.0) = 0= 1) [ Voreon) (=g — s ) 4o
—z/H)~¢ 2z da—(n): - .
(- e AVDPS(’%_ZZP« A(2,C) +B(2.0).

Let us begin obtaining the desired estimate for |A|. Computing Vp and using that
we have that

1

a® ba

_ la—bl(a® +b)

(5.29) < D)

0<a<la,b>0.

we obtain, considering separately the points € T such that |1 — (7| < |1 — 2| and
11— (7| > |1 — 2(] respectively (see (3.17))

’A(Z C)’ < (1_ |Z|_2)S ||1_ZZ| B |1_Cﬁ|| 1
3 ~ ‘1—Z<| T |1—Zﬁ‘1+2s |1_Cﬁ|1—s

-y fli-eg gl
Pl g o [ g o T A T A

do(n)

(1— =) |1 — =7
<
A1<Z7C> ~ |1—ZZ| |1—Zﬁ|1+23|1—§ﬁ|1_5d0(n)

(1- | (1= |ePy
11— (| ll—znPS\l—Cn\l S ™YL — 2(|Hs
Next, we bound As. Let 0 < § < 2s be fixed. We then have:
1_ 2\s 1 1_ 2\ s
Ay(z,¢) 5 LD / _ ___ U=l

1= 2g)1o Jo L= 21— G ™ 1 zgi+e

For the estimate of |B(z,()|, we use that by Lemma 3.8, | [, VpPs(z,n)do(n)| <
(1 —|2]?)*. Hence

(L= 12P) (1= ]3Py
B0 S [ o S i

Altogether gives that K satisfies (ii’).
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5.3. Estimate (iii’) when |o; — as| > §, for some § > 0. This case is immediate
since if |a; — as| < ¢|1 — r¢aq|, with 2¢ < 1, we have that |1 — r(ag| =~ |1 — r{az]
and |K(raq, () — K(ray, ()| < |K(rag, ()| + |[K(rasg, ¢)| < |K(rag, )|. Hence, using
estimate (ii’) and the condition |a; — | > §, we deduce that

(1—1r?)® (1—7’2)3\041—042|5‘

5 11— ra;¢|i+s S 11— ra; |1+

(5.30) K (raq, ¢)

5.4. Estimate (iii’) when |a; —as| < J, for some 6 > 0. We recall that as before,
if 2¢ < 1 and |ay — ao| < |1 — raq], then |1 — rlag| = |1 — r{ag].

|K<TO(17 C) - K(TOQ? C)| = |K(T<7 al) - K(TC7 Oég)|

s 1 1
2) /VDPS(TC,’H) (ll — 77@ B - 1 _7]52|1_5) dU(n)‘
1

(=) /'VDP’"C”"H A TN

do(n)

=(1-r

1 1
’1—TC61|178 ’1—?”652‘178

\ 1 1
2) /TV]D)PS<T<7TI) <|1 _ rgalll_s - |1 _ TC@2‘1_8> da(n)‘
=D+E.

+(1—r

This decomposition permits to avoid integrability problems when we introduce the
modulus inside the integral.

We first observe that by Lemma 3.8, and using again (5.29), we have that since
11 —r¢ay| ~ |1 — r¢ay],

1 1 < (1 —7?)%ay — as]
TR T T ] R i
(1—7r")*los —aol* _ (1 —17)°|as — asf?
~ ‘1 _ TCOC—1’275+571 ~ ‘1 _ TCQ—1’1+25

ES (-2

(5.31)

In order to obtain the desired estimate for D, we consider separately the integra-
tion regions == {n € T, |1 — (7| > €|l —r(az|} and Qp :={n € T, |1 — r(7| <
e|l — r¢aq|}, where e < 1 will be fixed later on. We denote the corresponding
integrals by D; and Ds.
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5.4.1. Estimate of Dy (integration on |1 — r(7| > |1 — r(aq|). Here there are not
integrability problems and we decompose the integral in two parts. We have that

1
o |1 o L= nagle

1
1— 72 Vo Ps(
= fgl’ " T<’7'M1 AR

On D;; we assume without loss of generality that |1 —nag| < |1 —naz|. Then, using
(5.29) and choosing 0 < € < s we have that

Dy 5 (1 _ 7“2)8 |a1 — (l/2| / d0(77)

1 —r¢an|'+2 Jo, [1 —maa]'=s*e[1 — nag|'~=

do(n)

Dy < (1= 12 ww>mnﬂ
. =

dU(’I]) = Dll + Dlg.

where ¢ satisfies that 0 < € < s. Hence,

g — sl
|1 —rag|t+2s

|Oé1 — O./Q| 1
1 —r¢an' 2 Jon — ag|'~

(5.32) Dy S (1—r%)s =(1—7r?)*

Next, we estimate Dyo. By (5.29) and the fact that since 2¢ < 1 for |a; — as] <
c|l — rlaq|, we have that |1 — r{ag| = |1 — r{as|, then

(1—17%)° / loag — ap
Dy § —————F— ——————do(n)
11— @™ Jremsi—rcar)y2 |1 — r¢m[tT2
(1 —7%)%|a; — ay] 1 (1—7%%la; — asl?®
T rmP L= el = 1= ]

(5.33)

5.4.2. Estimate of Dy (integration on |1 — r(n| < €|l — r¢aq|). In this case, it is
convenient to use the parametrization of the unit circle T by e, t € (-7, n]. We
denote ( = €™, n = €%, a; = €', and ay = €2, where z,vy,a1,as € (—7,7|. With
this notation we have

1 1

|1 _ ei(y—al)‘l—s o ‘1 _ ei(y—a2)|1—s_

Dy < / (L—r)
- |1—rei(x_y)|§€\1—rei(z_a1)| |1 - rez(m—y)|1+2s
1 1

|1 _ Tei(x—al)ll—s + |1 _ Tei(z—a2)|1—s

dy

Next, for z,y € (=, 7], such that |1 — re’@=¥)| < g|]1 — re'@=®)|, the function

1 1
’1 _ 6i(y7t)’175 ‘1 — reilz— ’1 s
1 1

40972 (sin(y - 1)/2)) T

O(t) :=

1—s

(1 =r)?+4rsin®*((z — 1)/2)) ?
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is differentiable for t € [ay, as]. By the Mean-Value Theorem, we deduce that

(1 —1r?)® @2
DzS/l T |, —&(t)dt| dy

1—rei@=v)|<g[l—reilz—a)| ’1 — reil@—y dt

_ / (1-—r?)(1—s)1 /“2 sin((y — t)/2) cos((y — ¢)/2)
| a1

(z y)|1+25 9 A(1-5)/2 (SmQ((y B t)/2)) 12241

l—Tei(x_y)‘§€|1—7‘ei(1_”‘1)| |1 — rel\®—

_ rsin((z —1)/2) cos((z — t)/E)
(1 =r)2+4rsin®((z — 1)/2) e

dt| dy.

We first observe that if we choose & small enough, then the condition |1—re@=¥)| <
gl — rel@=a)| gives that 1 — 7 < |1 — €@ @] and consequently, we have that
1 — e@@)| ~ |1 — re’@ )|, Adding and substracting the intermediate term
sin((x — t)/2) cos((x — t)/2)

1—s Y
40-9/2 (sin?((x — 1)/2)) =

we have that

D, < / (1—r*)'(1—s) /“2 sin((y —1)/2) cos((y — 1)/2)
| :

177“61'(1‘—?4)|§5|17'rei(1—a)| |1 - ,,aei(xfy)|1+25 4(1_5)/2 (SinQ((y — t)/2)) 1;s+1

_sin(z=t)/Deos(@ =)/2) | .
40-9)72 (sin?(( — 1)/2)) 7 !

(1—rHs(1—=s) [ sin((x —1)/2)cos((x —1t)/2)
+/| )[1+2s /a1 A(1-5)/2 (sin2((x B t)/2)) XN

1—reia—1) | <e[1—reite—a)| |1 — 7€E@Y

rsin((z —t)/2) cos((z — t)/E) dtdy := Dy + Dss.

- (1 —7r)? +4rsin®((z —t)/2) *

We begin with Dy;. We apply the Mean Value Theorem, and for each t € [ay, as],
there exists [; between x and y such that

pus [ (=r)l—yl [ { cos* (s — 1)/2)
~ [1—rei(@=v)|<e|1—rei(z—a1)]| |1 - Tei(x—y)‘l—&—?s ay
sin?((l, — t)/2)

| sin((ly —1)/2)[>~
sin?((l; — t)/2) cos?((l; — t)/2) dtd
| sin((ly —1)/2)[>~ | sin((ly —1)/2)>~* Y
<1 rei(xfal)‘lf%(]' —7r?)’lay —as| _ (1 —77)%la; — ayf’
~ |]_ _ Tei(:v—al)l?)—s - |]_ _ rei(m—a1)|1+25 ?

where we have used that for any ¢ € [a1,as], |sin((l, — t)/2)| = |1 — re®=9)| and
la; — as| < ¢|]1 —r(a].
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Finally, for the estimate of Dss, we use again the Mean Value Theorem and we
obtain that for each 0 < r < 1 and each ¢ € [ay, ag], there exists [ € [r, 1) such that

D22

(1—r?)(1—r) [* |sin((z —t)/2) cos((x —t)/2)]
<
- /| /a1 ((

U 1 —1)2 + 4lsin®*((z — t)/2) R

1—rei(@—y)|<g|l—rei(@—a1)| ’1 _(rezx

, Usin((@ = 1)/2) cos((@ = )/2)|(2(1 = 1) + 4sin’((z — 1)/2)

| = dtdy.
(1 —1)2 4 4lsin®*((z — 1)/2) ®

Since |1 — 7e’@ Y| < g|]1 — re’@=4)| we have that |1 — [e'®~%)| x |1 — rel@=@)| for

any [ € [r,1). Hence the above is bounded by

2 (1 =721 —7r 1 1
/ / ( zax( ) 1+2)s ( i(x—a1)|2—s + i(x—a1) 33) dtdy
[1—rei@—v)|<g|l—rei(z—a1)| Ja, ’1 —re Y ‘ ‘1 —le ! | ’1 —le ! |

< (1 =731 —r?)2|ay — g < (1—7r?)%ay — anl*
ST ampr Y poamp

where in the last estimate we have used that |a; — as| S |1 — zag| and (1 —7) S

11— zaq). 0

6. CAPACITIES, TRACE MEASURES FOR H*(T) AND CARLESON MEASURES FOR
Py(H*(T))

Definition 6.1. Let E C T. The Riesz capacity of E is defined by

Caps(E) = mnf{|[f]3: L(If]) =1 on E}.

We list some properties of the equilibrium measure for a compact set in T, which
will be used below and that are essentially due to O. Frostman (see [1], Thm. 2.2.7).

Theorem 6.2. Given a closed set E C T, there exists a positive capacitary measure
vg on T, such that:

(i) vg is supported on E and vg(E) = Caps(E).
(i) gp :=Isx Is(vg) > 1 a.e. on E.
(iii) gz € H*(T) and |lqpll3sry S Caps(E).
(iv) There is a constant C' > 0 independent of E, such that for any ¢ € T,
ge(¢) < C. O

Remark 6.3. Since 2s < 1, we have that I, % [, =~ Is,. This fact and Corollary 4.5
give that the function pg = Iys(vg) satisfies properties (iii) and (iv), with property
(ii) replaced by pg 2 1 a.e. on E. For our purposes this is the function we will use
when constructing appropriate test functions.
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Let ¢ : (—m,7) — [0,00) be a C*> function on (—m, 7|, nonincreasing in |z|, with
compact support on (—m,7) and such that fjwcp = 1. For 6§ > 0, let ps(x) =
zp(z/8). We write vgs := vg * s, the regularizations of the measure vg. We then
have that vg s are functions in C* on T satistying that dvg s := vgsdr — dv in the
sense of distributions and such that ||vgs||1 = Caps(E).

We denote by pps := Iz *xvgs, 0 >0.

Lemma 6.4 ([19], Chapter 2, Lemma 3.6). If0 < s <1/2 and 5 € (1,1/(1 — 2s)],
then p?Eﬁ 1s in the Muckenhoupt class Ay, with A;-constant independent of E and §.

Theorem 6.5. Let E C T be a closed set and let pg be the function given in Remark
6.3 and pgs the regularization considered before. Let o > 1/2. Then,

(i) ||p%75| %IS(’JI‘) S Caps(E).

Proof. We define the form wg by

0 0]
s = (Ppa* 1 = 12172 (L Pma)dy - 5 Pupeslds ).

Arguing as in Theorem 3.4, using that pg s is bounded we can pass to the limit
under the integral sign. Then using Theorem 3.3 and Proposition 4.3, we have that

lim Ws
r—1-— aDT
27 a
= lim (1- r2)1_2s(Ps(pE,5)|2§5,17“—Ps(pE,é)wDrdﬁU = /p?;a(;_l(f + (—=A))pes
r—1 0 T 87“ T ’

= /p%ojg_ldVE,é S / dvps = Cap,(E),
T T

Next, Stokes’s Theorem and the Monotone’s Lebesgue’s convergence Theorem,
give that

. 200 — 1
lim ws = 5
r—1- D, (6%

(129 / (1= 12)2|(Py(pss))*[2dm(2).

On the other hand, the function (Pi(pgs))® has bondary values p% 5. Conse-
quently, by Lemma 2.1, we have that

/D (1= )|V (Pu(pgs))*Pdm(z)

168 ey < / (1= )|V (P (pss))*Pdm(=) + / (1= ) 2|(Pulpis))” Pdm(2)
~ lim ws S Caps(B).
r—1- oD,



BILINEAR FORMS ON POTENTIAL SPACES 25

6.1. Trace measures for H*(T) and Carleson measures for P;(H*(T)).
The characterization of the positive trace measures for H*(T) is well known (see,
for instance the book [18] or Theorem 7.2.1 in [1] for a proof). Namely

Proposition 6.6. Let 0 < s < 1/2 and let p be a positive Borel measure on T.
Then, pu is a trace measure for H*(T), that is, [ |f1?dp S || f||3s) for every f €
H*(T), if and only if there exists C,, > 0 such that for any compact set E C T
u(B) < C,Cap,(E).

Definition 6.7. Let E C T. Then the tent over E, T(E) is defined by T(E) =
DA\ Uggr I'(S).

The arguments for the proof of the next elementary lemma can be found, for
instance, in Lemma 3.25 in [11].

Lemma 6.8. Let 0 < s < 1/2, and let E C T. Let f be a nonnegative measurable
function on T such that f > 1 a.e. on E. Then Ps(f) 21 on T(FE). O

Our next result gives a characterization of the Carleson measures for the space
P,(H*(T)). The proof heavily relies on Hanson’s strong capacitary estimate (see,
for instance Theorem 7.1.1 in [1] for a proof) and in Lemma 6.8 (see Theorem 3.26
in [11] for the details of the arguments of the proof).

Theorem 6.9. Let 0 < s < 1/2 and let u be a positive Borel measure on D. Then,
jt is a Carleson measure for Ps(H*(T)), that is, [;, Ps(p)*dp S ||@ll3eery for every
¢ € H*(T) if and only if, there exists C,, > 0 such that for any compact set E C R,
W(T(E)) < CuCap,(E).

We finish the section with two results that will give equivalent reformulations to
(iv) and (v) in Theorem 1.1 and that will be used when needed in the proof of this
Theorem.

Lemma 6.10. Assume that the measure |V P,(b)[*(1 — |z|*)'"*dm(z) is a Carleson
measure for Ps(H*(T)), then the measure |Py(b)|*(1 — |z|*)"*dm(z) is also a Car-
leson measure for Ps(H*(T)).

In particular, |V Py(b)|*(1 — |2]*)'=2*dm(z) is a Carleson measure for Py(H*(T))
if and only if (|[VPs(b)]2(1 — |2?)'72% + |Py(D)|?(1 — |2|*)72%) dm(z) is a Carleson
measure for P;(H*(T)).
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Proof. Let ¢ € H*(T). Applying Lemma 2.2, we deduce that
JIPGPIPORQ = |27 2dm() 5 [ IPAPIPOFL ) 2dm(z)
+ [ IPIVRAAIPBF = 2P 2dm(2)
+ [ IPPIROITABIL = o) dm(z) = T+ 1T+ 111

Now, we use the pointwise estimate for extensions of L2 functions in T given in

Lemma 2.8 in [2], which gives in particular that |Ps(b)(2)| < = ‘2)1 , together with

Corollary 3.6 to obtain

IS [ PR~ R dm(:) S 1P, =~ el

Hs(T)

1

Next, Holder’s inequality and the same pointwise estimate |Py(b)(2)| < TR
—1z]2)2

~Y

)

give that
17

< ([1RPIPORG = o) () ) (/ TPARIPORL - 2 dn) )

€ 2 2 2\—2s 2
<5 [ IPEPIPOFL - 21 dn() + I P, .

where ¢ < 1. Hence, 11 < HPS(go)H%/Vﬁl_QS ~ HQDH%MT)-

N

Finally, Holder’s inequality, the hypothesis and the pointwise estimate | P;(b)(2)| <

~Y
ive
a—mE ©

117

< ([ IRorRora -1y -2an))” ([ IRHTROR - 5 i)

1

2
S| IP@PA = [2P)72dm(2) ) [1P()llwz,,. S IP(@)5e . = el
D , 1,1-2s

Altogether gives finally that

/D PR IPB)P(L — =) dm(=) € [Pz, =~ llell

H*(T)

Lemma 6.11. The following assertions are equivalent:

(i) The measure dv := ‘(—A)S/Q(b)}2 do is a trace measure for H5(T).

2
(ii) The measure dv := ‘((—A)S + I)% (b)‘ do is a trace measure for H*(T).
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Proof. The proof is based in the following result by V. Maz’ya and I.E. Verbitsky(
see [Ma-Ve):

Proposition 6.12. Let g be an integrable function on T such that |g|Pdo is a trace
measure for I[LP]. Let h be a measurable function on T satisfying that there ezists
C > 0 such that for any weight w in Aj,

(6.34) /|h|pw < C'/|g|pw.
T T

We then have that |h|Pdo is a trace measure for I[LP].

Assume that (i) holds, that is [(—A)*/2(b) ‘2 do is a trace measure for H*(T) . Let
h=(~A)2(b) and g = ((—A)* + 1) (b).

Then g = ((—A)* + I)? (—A)~*/2(=A)*/2b = Th, where T = ((—A)* + I)? (—A)~%/2,
Applying Corollary 3.5 and Lemma 4.2 and using an argument similar to the one
used in Proposition 4.11, we deduce that 7" is an operator of Calderon Zygmund.

Hence, applying Theroem 4.12, we have that for any w € A; C As,

/\g\de—/|Th|2dw§/|h\2dw.
T T T

Now, Proposition 6.12 gives that dv is a trace measure for H*(T), which is (ii).
The implication in the other sense is proved in an analogous way. O

7. PROOF OF THE MAIN RESULT (THEOREM 1.1)

7.1. Proof of (i)& (ii)&(iil). If ¢, € C°(T), then Ps(p), Ps(¢) and Py(¢v) are
in W7, 5, N L. Hence Py(p)Ps(¢) € W} ,_,, with the same boundary values, @),
than the function Ps(¢1). Consequently, the equivalences between (i), (ii) and (iii)
follow from Proposition 3.7.

7.2. Proof of (v)=- (iii). We first observe that if
[VP(b)*(1 = [2*)"**dm(2)
is a Carleson measure for P(H*(T)), Lemma 6.10 gives that the measure
(VP = [2)72 + [P(0)[*(1 = [2[*)7*) dm(2)

is also a Carleson measure for P(H*(T)).
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Next, in order to prove (iii), it is enough to consider the case ¢ = 1. Then
Holder’s inequality and the above observation gives that

V(B ) (2)VP(b)(2)(1 = [2[*)*dm(z)

< / P (VPR IVE B (1 — o) dm(2)

< ([ IR@OHTROP0 - 1y -an ) )

X (/D|VPS(90)(2)!2(1 - 12\2)12‘9057”'%(2)>é S lellz

Hs(T)
Similarly,

S llellrsmy,

/D(Ps(w))Q(Z)Ps(b)(Z)(l — [2*)"*dm(2)

7.3. Proof of (iv)= (v). By Lemmas 6.10 and (6.11) it is enough to show that if
(|(=A)* 4 1)2(b)[2do is a trace measure for H*, then |V P,(b)[2(1 — |2]2) 25dm(z) is
a Carleson measure for P;(H*(T)(T)). Using Theorem 6.9, we must show that for
any closed set £ C T, [ [VP(D)P(1 —[2*)"*dm(z) < Caps(E).

Let £ C T be closed and let pg be the potential of the extremal measure for the
set E. For z € D, let I, = {C € T; z € I'(¢)}. We have that if z € T(FE), then
I, C Eand |I,] = (1 —|2*). Let a € (1/2,1/2(1 — 25)]. Then, Lemma 6.4, gives
that p2® € Ay, and, in particular, p%* € As,.

Since pg 2 1 a.e. on E, Fubini’s theorem gives,

[ TG e dm)
1-2s 1 20
/ VPO = ) s [ Qdo(Qam()
< / / VP0) () (1 — [2[2)2p2 () dim(2)do ()
//O (1= [2) VP17 (0)) ()22 () dim(2)dor ()

= |Gx (L (0)) 7220

Since p%* € Ay, Proposition 5.2 and Theorem 5.1 give that the above is bounded by

(/ LB FrE (Qdo(c >)2 = I )0
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Since ;! = 1'218/2[_1[2;1/2, Theorem 4.12 gives

_ 1/2 y—-17-1/2 —1/2
1 020 = 1501 2 0) 20 S 152 (017220

<timint [ p(Q)1 0O Pdo()
6—07+ T
But 12_51/2 = (A +1)2 and |]_1/2( b)(¢)|*do is by hypothesis a trace measure for

H*(T). Then we have that the above is bounded by lim infs ¢ ||p% |
Theorem 6.5, is in turn bounded by Cap,(E).

e (r)» Which by

7.4. Proof of (i)= (iv). By Lemma (6.11), we have that proving condition (iv) is
equivalent to proving that du(¢) = |((=A)*+ 1)z (5)(¢)[2do (¢) = |I,.*(b)(¢)[2da (¢)
is a trace measure for H*®. This will be checked by proving that it satisfies the
capacitary characterization given in Proposition 6.6, that is, we will show that for
each compact set £ C T,

(7.35) / Y2(0)(O)2do(¢) S Capy(E).

Let £ C T be a closed subset of T and let pps = lss * vg s, 0 > 0, where vg s is a
regularization of the extremal capacitary measure of E. Let a € (1/2,1/(2(1 — 2s))
be fixed. We consider the test functions

12 0ep Y20
s = 2s ( EQQS ( ))’ ¢6 = p%ﬁ'
Pgs

We write g5 = Y& <[2;1/2(b)>. Applying the hypothesis (i), we have that

me(T) |5

(7.36) / 522 (6)Pdo = / 152 (st 32 (8o < s

We next estimate each of these last norms. First, we have that by Theorem 6.5,
19817y = 11P% 6175 (1) S Caps(E). Our next objective is to prove that

(7.37) tin | allcn S [ losdo
T

If this estimate holds, we will have by (7.36) that [}, |15, Y2(b)[2do < Cap,(E), which
is the estimate we wanted to prove.
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Using Lemma 2.1,

1/2 2
2 S / v W (1= |22 dm(2)

s

1/2 2
o) o yvans

1/2 2
< [ s

2

o P, (1(9)) ¥ (Pulps) S

Polpna) o
P (Ii{z(gE)) 2 1o
v/ Pulpeg)e | 1D TTAmE)
=1 +1I+1II.

We begin with the estimate of /. Let z € D. We have that

1
PS(pE,6>(Z) Z PE.S-
1| Jr

Using this estimate and Holder’s inequality twice, we obtain that

I</|v (I2( ))) 2(1 = |22 (|I—1| /IZpE,a(n)dU(n)>2adm(2)

< 19 (rue) pa - 12y (o [ ibmastn)

—171/2 2 —22_25mzi o
< / T (P B0 PO = 1)) (o)

o)

Since by Lemma 6.4, pQECfé € Ay with constants independent of F and ¢ (and hence
also pg?(f‘ € Aj), Proposition 5.2 and Theorem 5.1 give that the above is bounded,
up to a constant, by

/ I (g 1& (m)do(n) < / (1) ()dor ().
E6 T

where in the last estimate we have used Theorem 4.12, since pg?ﬁ € A,. Altogether
we deduce that

(7.38) < / G2 ()~ () ().
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Now we proceed to estimate II. We consider the form given by

_(PBC9s)P | eyias (OPulpes) ) OPupes) )
(7.39) ws(z) = (PS(pE,a))Q"H(l |2]%) ( o dy 9 d )

Integrating on the circle of radius r < 1, taking polar coordinates and letting r — 17,
we have (see Theorem 3.3) that

(P(1,%g5,))? O

lim ws = lim 1—r?)t=2r 7.1
r—1~ Jap, e aDT( ) (Ps(pps))?tt or (Pes)
126, )2 L gp,)?
:/ ( 2525_515) (=AY + Dppgs = / %dw > 0.
T PEs T Ppgs

Applying Stokes’s Theorem on D,, and letting » — 17 as in Theorem 3.4, we
have that

1/2
S
w5 2a+1

1/2 2
(204 1) / %WR@EW(I )2 dm(2)

712
R

o [ (P 9m)) [ pes(Q)
+ (1 —2s) /D (Po(prg))2et Jp |z — (|12 do(¢)dm(z).

Since we have shown that fT ws > 0, we deduce that

Py(L) 95)V P(1,[*95) V Py(pi.s)
I[</ 2s 2s 1— (21 250m(
</ P e (1= [Py~ dm(2)

PLP0m) oy
+/JD> (Ps(pes))™ (1= [2%) " dm(2).
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Next, we proceed to estimate the first term on the right. Holder’s inequality gives
that

/ PS(]213/29E>VPS(IQIs/QgE)VPS(pE,é) (1 _ |Z’2)172sdm(z)
D

Ps (pE,5)2a+1

| Ps <[215/2(9E)> |2|V(Ps(pE’5)) 2 e | 1
/D |P.(pg.s)|2o+2 (1= [2]") *dm(z

=

N

[V

1/2 9
) / VP, (Bl (gr)) | L

Ps (pE,5>2a
= II:17 < (1)) +¢ell.
In addition, (2.3) gives that

/(Ps(lsl/ZgEa))2
D (Ps(pE,a))Qa

Consequently, we have shown that

(1 — |2 2dm(z) S TIT+ (I + I1).

(7.40) IT<T+IIT.

Next, if we now choose 0 < & < 1, we have

11 <
P,(I3.g5)? P,(I.g5)?
:/ ( 259E2) (1 — |22 dm(z) +/ ( 259E2) (1— |2 2dm(2).
1—|z2<e Ps(PEs)*™ 1—|zp>er Ps(pEs)*™

Since in the first integral 1 — |z|> < &, using (2.3) and (7.40), it is bounded by
e'(I 4+ 11+ IIT). We pass that to the left hand side and obtain that

1
PS(I;ng)z

(7.41) I+I11+1I1ST +/ 20 (1 — |22) 2 dm(z).

1— 225 Ps(PEs

1 1

But, when 1—|z|* > ¢/, we have that Py(13,(gr)) ~ [; I3(9) and Py(pps) = [ pEs-
Hence, using Holder’s inequality and that by Lemma 6.4, p%E‘f(; € Ay, with constants

independent of E and § we have that

Ps<]2% QE)2 2\1—2
A L Lt 1 — |2 Sdm z
/1 s Bl O =) ()
(7.42)

(o) (Brhn)

- (prE,é)Qa ~ o hpEs
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1
Fubini’s Theorem and the fact that the operator Ij can be represented as a
convolution by a kernel Tk ((,n) satisfying that Tk ((,n) < W
8.3), give that

[ thioe) >gE<<>da<<>\ < [ los(©)ldo (0

Plugging this estimate in (7.42), and using that gg is supported on E, we have that
Holder’s inequality gives that

(f: Batas)do) (J1gn(Qldo(©)* _ m(E) J, g3(0)do(c)

(see Remark

prEa S fqrpEa ~ prEé
So, we have just proved that, using (7.36) and 7.41, that
1 m(E) [y 95(()do(()
sl S 14 11+ 115, [ Gt (o) + ™25 -
e T o PEa pr2E,5dU

We next have that p3's is bounded by above, and also bounded by below (with
constant depending on FE) since,

dvs(n) De(r) —
[ 2 [ ) = ()

Hence, we can apply the Dominated Lebesgue’s Theorem and deduce that

. 1 m(E) J; 95(¢)do(C)
Lim {103 {77+ ) §/Tg%(77)pTéy(n)d0('rz)+ f{fpg;da :

Next, since gg is supported on E and pg = 1 on E, we deduce that

%msﬁﬁwww,

which prove (7.37) and, as it was pointed out, finishes the proof of the theorem. [

pE,é(C) =

i
lim o5

8. APPENDIX 1: PROOF OF THEOREM 4.9

We begin the section with two technical results on finite differences that will be
used in the proof of Theorem 4.9. The first one is a summation by parts formula
that can be proved using induction

Proposition 8.1. Let 1) : Z — C. We define A(p)(k) == o(k — 1) — (k) and
A" (p)(k) == A(A" () (k), n € N.
Let N be a positive integer. We then have that for any |l € N,

S AV = Y eR)ANW)k)

20<|k|< 2ttt 2l <|k|<2it1

- > (1) A™ () (k) (A () (k- 1).

|k|=2t+1,te{0,1}, m=0,-- ,N—1

(8.43)
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Lemma 8.2. Let C' > 0 such that for each ¢ : Z — Z that
A7 (p) (k)| < W%, ke Z\{0} and for some r > —1.
Then, for each non negative integer M > 1 and n € N, there exists Cy, depending
on C, M and n, such that,
(8.44) |AM (K" A (@) (k)| < Cilk[* =M ke Z\ {0}
Proof. The proof is deduced by induction on M. U

Proof of Theorem 4.9. The proof is a version for the group T of a well known result
on R™ (see for instance [22]). Formally, the operator T" will be given by a convolution
with Tx = >z m(k)e™™. Let us check that Tk (z) is a function that satisfies the
estimates (4.23) of the theorem.

Since m is by hypothesis bounded, we may assume that

AT (m) (k)] < % kez\ {0},

Let [ be a non negative integer. For = € [—m, 7|, let

Tia(x)= > mk)e™

20 < k| <2l
Let n > 0 be fixed. We claim that
" 21n
’Tl((l)(m) S m;
(845) ) 21(n+17M)
’TKJ(LU)‘ SJW, M>l+n,

with constants independent of [. Postponing the proof of the claim, we finish the
proof of the estimate (4.23) in Theorem 4.9. Given = € [—7, x| \ {0}, we write,

TR@[ < > T+ Y T @ = A+ B
ol L

ol> 1

] = ||

For the estimate of A, we use the first assertion of the claim and we obtain

in
-y Ty 3 2 1
A= |TK,l (Zlf)| 5 m 5 ‘x’n+l'

2l L 2l

||

Tzl
For the estimate of B, we use the second assertion of the claim for M > 1+ n fixed

and we obtain
2l(n+l—M |M—1—n 1

)
-y 3 |z _
B = |TK7Z (:IJ)’ 5 ‘l’|M < |I|M - ’x|n+1'

QZEL QZEL
] |z
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So we are left to prove the claim (8.45).
We begin with the first assertion.

Tl((nl)(x) = Z ik m(k)e™*,
20<|k|<20+1
and since A (e™**) = (e — 1)e?**, we have by Lemma 8.1, that

(= DTR@| <1 Y Aue)itk m k)

< |k|<2i+1

< D A mR))]

2 <|k|<2i+1

+ > (k= 1Dm(k - 1)

[k|=2t+1, te{0,1}

Next, applying Lemma 8.2 to A, we deduce that [Aq(k"m(k))| < [k["'. So we
have that,

- DTR@] s Y 2 g2,

20 < [k|<2i+1
and consequently, that [Ty (™ (z)| < T;—T For the second part of the claim, let

M > 1+ n be fixed. Since Ay (e**) = (e — 1)Me** Lemma 8.1 gives that

(=M TEE@[ <] 3 AR mE)
20<|k|<27+1

< Y AY (R m(kR)|

20< |k <27 +1

i 3 (AP () AP (K m) (k — 1.

|k|=29+!,ge{0,1}, p=0,--- , M —1

By hypothesis, |AM (k"m(k))| < |k|™ ), and consequently,

(e — 1)MTI((7TZ) (x)‘ < Z h(n=M) | ol(n+1-M).

~Y
2l < |k|<21+1

Hence,

I(n+1—M)
(n) 2
|TK,Z (@) < W
And that finishes the proof of the claim.

Observe that if .

then , identifying T in the usual way by ¢, x € (—m,r|, Tk satisfies (ii) and (iii)

of Definition 4.7, and consequently, 7" is a Calderon-Zygmund operator.
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Next, since 7' is a Calderon-Zygmund operator, we have that for any w € A,,
1 < p < o0, Tk is bounded on LP(w) (see for instance Theorem 7.11 in [13]) . And
that finishes the proof of (4.24) of the theorem. d

Remark 8.3. We observe that the same arguments of (4.9) show that if the Fourier
multiplier m satisfies that AVm(k) = O (;>, 0 < a < 1 then the kernel Tk

==
satisfies |T[((n)(x)] S W

9. APPENDIX 2: PROOF OF THEOREM 5.1

The proof of Theorem 5.1 follows the scheme given in [16]. In consequence, we will
just sketch the specific parts of the proof for our situation and remit to this paper
to find the proofs of the remaining parts used here. We recall some definitions.

If f is a measurable function on T and @ is an interval on T, the local mean
oscillation of f on @ is given by

A(F1Q) = nf(f — o) (@D, 0<A<1,

where ((f —¢)xg)* is the non-increasing rearrangement of (f — ¢)xq.
Let m(f, Q) be the median value of f over @), as a (possibly non unique) real
number such that

max ([{¢ € @; f(C) > m(f, Q)}, {C € Q; f(Q) <my(Q)}]) <|Q[/2.

Next, given an interval @)y, let us denote D(Q)y) the dyadic intervals with respect
to (Qp. The dyadic local sharp maximal function mﬁgo f is defined by

(9.46) mﬁQOf(C) = sup wi(f; Q).
C€Q'€D(Qo)
One key ingredient in the proof of the theorem is the decomposition of A.K. Lerner

in terms of the local mean oscillation. In [4], it is proved the following version of
Lerner’s estimate for homogeneous spaces:

Theorem 9.1. Let f a measurable function on T, D a dyadic decomposition of
intervals of T. Let Qo € D. Then there exists € > 0 and a (possibly empty) sparse
family S(Qo) of intervals in D included in Qo such that for a.e. ¢ € Qo,

(9.47) F(Q) = m(f, Qo) <mPo (N + D wlf,Qxe(<).
QES(Qo)

We would like to apply this theorem to the function f = Gk(p)?, and we will
need to obtain estimates for mg#’QU(GK(go)Q) and w.(Gk(¢)?%, Q).

The following lemma follows from well-known techniques of splitting functions in
“oood” and “bad” parts, which come from a method stated by A.P. Calderon and
A. Zygmund (see [16]).
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Lemma 9.2. There exists C > 0 such that for any A >0, f € L(T),

s Gil)(m) > A} 5 121

We now can prove the following version of Lerner’s estimate:

Lemma 9.3. Let 0 < A < 1. Then, for any cube @) € D;,

59 <2¥“Q%m/ WO

k>0

Proof. Let @ € D;. We decompose Gk (¢)?(n) in two terms given by

Gx()*(n)

- [« of dm)
T(2Q (1 — |2]2)2

P odm(z)
/D\m@ / KOs \( o~ B + B

We will then have that if (; is an arbitrary point in @,

(GK(SO)QaQ)

< ((Gx(9)* = Ll9)(G))xe)” (AQD

S (11(9)xQ)" (AQI/2) + ((12(#) — L2(9)(C1))xq)™ (AlQ1/2))
S (L(@)xe)” (MQN/2) + l[12(¢) — L(9) (Gl (@)

We will first show that

©049) (el (A2 S Y 5 (g [ o)

2k15<1

(9.48)

Since (z + y)? < 2(z? 4+ y?), we have that for any n € Q,

Li(e)(n) < 2 (ILi(exae) () + Lilexmag) (1))

and consequently,

(9:50)  (Le)xe)” (NQI/2) S (I(pxa@))" (MQI/4) + (Li(pxmaq))” (NQI/4).

By Lemma 9.2 we have that

(o))" Ol < (Gloxaa)?) (iel/2) 5 (o [ 1olar)
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Consider now the term (I1(¢oxmag)) (AQ[/2). It will be enough to obtain, for
z € T(2Q), the following pointwise estimate:

1— 22\ 11
©051) Ko@)l S () Y g [ el

l
Q k>1; 2k <1

Indeed, if (9.51) holds, then we will have that by Chebyshev’s inequality

|11 (exTaB@)Xelln
(AQI)/4

XD\4Q(OdU(C)

(Li(expag)xe) (MQI/4) S

~A|Q|//XF

2lg l25 dl
< N d
~ Z ka |2kQ’ /2kQ |pldo /0 l2s T

k>2,2%15<1

2

(1= [2*)~*dV(2)do(n)

2

1 1
< - d
| Y wwal leldo

k>2,2k15<1

Consequently, applying Schwartz’s inequality,

(952)  (L(fxmae)xe) MQI/A S ) ks(Qka )ldotn )

k>2, 2k <1

Let us prove (9.51). If z € T'(2@Q)), we then have that

K(oxmuo) ()] = | / K (2, O)el(O)xmao()do(C)]
(1—[22)\* 11
(") M%}Qﬁm/m'*”'

So, in order to finish the proof of (9.48), we are left to estimate ||12(¢)—12(9) (1) || L (q)-
Let wy,wy € Q). Then,

(9.53)
| I2(0) (wr) — () (w2

— PoAv(z)
o O] TRy
- Vi)
/]D)\T(QQ X do(¢) 1— 222

Z) = z z o QM

: k>1; <1/ TEFHIQNT(2*Q) }XFWI( )~ )} ‘/TK( elO)do(o) (1 —1z[%)*
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We split the points z € T'(25'Q) \ T(2*Q) such that xr, () —xr,,(2) # 0 in two
connected sets, QOF, Q5. We will obtain estimates for the integrals over one of them,
say Q¥ being the estimates over 0§ analogous. Then,

L(e) (@) = L))l S /Q/K do()] V)

k>1, 2kl <1 (1 B |Z|2)2
2 dv(2)
< X / HE A0 Ty
- k>1§ <1/ 2kQ <<)d0-<<—)
dV(z)
g Ly KGOS0 55

Next, observe that if ( € 2"Q and 2z € QF, we have that (1 — |2]?) ~ 2"l and
|1 — 2¢| =~ 2*lg. On the other hand, if ¢ € 27Q \ 227'Q, j > k, we have that
11— 2(| > 2 lg. Altogether gives, integrating in polar coordinates on QF and using
the fact that the angle width is of order lg, whereas the line integral on r is of order
21g , that the above is bounded, up to constant, by

2

2kl 25 l l 2kl s ; do
(2°q) Q / oldo | + @ 3 ( Q)‘fw!@!
(2k1g)2(1F) (2klg) \ Jami, (2¥) (271g)'**

>k, 271<1

Hence, adding up in k, we will have that (9.53) is bounded, up to a constant, by

2
1 1 1 1 1
S (e L)« T saml T g [

k>1,2k1o<1 k>1, 2k <1 >k, 27lo<1

By Holder’s inequality, the above is bounded by

1 1 ’
Z ok (% /2% |90)|>

k>1, 2k <1

1 1 1 /1 2
D I D I N D S C Y C)
k>1,2k15<1 >k, 211n<1 >k, 211n<1 Q

2
1 1
< E | —

E>1,2k15<1
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We now sketch how to finish the proof of Theorem 5.1. First, Lemma 9.3 gives that
a.e. ( €Q, mﬁQG(w)Q(O < M(1)(¢)?, where M(¢)) denotes the Hardy-Littlewood
maximal function. Next, we have that for any Q € D’, there exists a sparse family
S(Q) = (QF), Q% € D' so that if we denote by

1/2
T = Y Wapen)xet (]
QYES(Q)
then by Theorem 9.1, we have that if

0= GaT @)

120
then for a.e ( € Q,

050 |G - ma(G)) < (M<w><<>2 v o (7;5<w>)2) .

1>0

Hence

(9.55) G()(C)* = mo(G)*)'? £ M(¥)(¢) + T (@)(0),

where M is the Hardy-Littlewood maximal function.
It is proved in [16] that for any w € As,

1T @) ey S llzs)

Observe that here we are not interested in obtaining sharpest estimates and in
consequence, we could have chosen other index py > 2 instead of py = 3.

On the other hand, the Hardy-Littlewood maximal function maps L3(w) to L3(w),
0, [|M (V)| 13wy S 1Yl L3(w)- Altogether gives that

1 (G(W)? = ma(G)2)) " sy S 1 llose)

Hence
IG5 = IG@V Il e,
SIGW) = mo(G)) e + IMma(GW))
< [ llza) + lImo(G(w) >||;é32(w

Finally, it is proved in [11] that

1/2
||mQ(G(¢>2>||L/3/2(w) 5 H¢|’L3(w)
Rubio de Francia’s extrapolation theorem gives then that ||G(¥)||zrw) < |¥0]| e w)
]
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