BOUNDEDNESS OF THE BERGMAN PROJECTION ON
GENERALIZED FOCK-SOBOLEV SPACES ON C”

CARME CASCANTE, JOAN FABREGA, AND DANIEL PASCUAS

ABSTRACT. In this paper we solve a problem posed by H. Bommier-Hato,
M. Englis and E.H. Youssfi in [4] on the boundedness of the Bergman-
type projections in generalized Fock spaces. It will be a consequence of
two facts: a full description of the embeddings between generalized Fock-
Sobolev spaces and a complete characterization of the boundedness of the
above Bergman type projections between weighted LP-spaces related to gen-
eralized Fock-Sobolev spaces.

1. INTRODUCTION

Let dV = dV,, be the Lebesgue measure on C" normalized so that the
measure of the unit ball B® is 1. If n = 1 we write dA = dV;. Let do be the
Lebesgue measure on the unit sphere S™ normalized so that o(S") = 1. We
denote by H = H(C™) the space of entire functions on C".

Let £ > 0. For 1 <p < oo, a>0and p € R, the space LM = LF , consists
of all measurable functions f on C" such that

2|2
I, = [ 171G+ e Pav(s) < o,
that is, L? , = LP(C"; (1 + |2|)Pe” T dV (2)).
Moreover L = LYY, consists of all measurable functions f on C" such
that

||f||ngP = eSSéup lf(2)|(1+ |z|)pe—%|z|2f < o0.
zeCn
We define the generalized Fock-Sobolev spaces as I}, := H N L} |
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When p = 0, we obtain the generalized Fock spaces F? = F} . According
to this notation we write LY, = L7 .
The space L? is a Hilbert space with the inner product

(fogbai= | FE)gG)e T av ()

and F? is a closed linear subspace of L?. Denote by P, the orthogonal projec-
tion from L2 to F?, which is usually called the Bergman projection.

In [9, Theorem 9.1] the authors showed that P, is bounded from L} to F? if
and only if 8 < 2ac and 8 = 7. In [4] the authors studied the boundedness of P,
between the spaces £F := LP(C"; e "**dV (2)) and L2 := LI(C"; e~ 4= qV (2)).
Observe that L% = L, . Since L] = L the orthogonal projection P, from £
onto F2 := HN L2 coincides with P,. One advantage of considering the spaces
LP is that permits us to include the case p = co. Their results are given in

terms of a parameter ¢ defined by ¢ := %(a — }%) Rewriting the parameters
as a = «, b= fp/2 and d = vq/2, we have that, in our notations, ¢ = 72‘2—56.

Then, the main results in [4] on the boundedness of P, from L} to F7 are:

(i) If P, is bounded, then ¢ > 1.
(ii) If ¢ > 1 then P, is bounded.
(iii) If c =1 and ¢ < 1 then P, is bounded if and only if ¢ > p.

For ¢ = 1 and ¢ > 1 the authors only obtain partial results. In particular

272;1 <l < 2 then P, is bounded if and only if

they prove that if ¢ = 1 and
q=p.

The initial motivation of this work was to close the remaining open cases
which will be achieved by proving:

(iv) If c =1 and ¢ > 1 then P, is bounded if and only if ¢ = p.

This result shows that, of the four possible mutually exclusive assertions in
[4, Proposition 17|, (a) is the valid option.

Note that if ¢ > 1, then a — g > 0, which in our notation is equivalent
to 0 < 2a. The latter condition is necessary in order that the ”pointwise
evaluation” of the Bergman projection is bounded on Lg (see Lemma 2.12
below).

Our main result is the following theorem for generalized Fock-Sobolev spaces.

Theorem 1.1. Let ¢ > 1, a, 3,7 > 0 and p,n € R. For1 < p,q < o0, P,
maps boundedly L’E’p to L2, if and only if one of the following conditions holds:

(i) 0 <a?/(2a—B) < 7.
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(i) a2/(20 = B) =7, p< g and p—y > 2n(¢ 1) (1 = 1).

p q

(i) @?/(2a = B) =7, ¢ <p andp—n>2n<§—%>,

In particular for p = 1 we obtain the following generalization of (iv).

Corollary 1.2. Let { > 1, a,8,7v > 0 and p € R. For1 < p,q < oo, P,

maps boundedly Lgp to LY, if and only if either 0 < a?/(2a — B) < v or

a’/(2a — ) =~ and p = q.

Our approach to obtain Theorem 1.1 differs from the one in [4]. Instead of
proving directly the characterizations, we deduce the results as a consequence
of two ingredients: the first is the identity (see Proposition 4.2 below)

(1.1) Pa(Lg,p>:F§a%ﬁ7 (1<p<oo,l>1p0<2a,p>0)

and the second one is the following embedding result:

Theorem 1.3. Let ¢ > 1, 3,7 > 0 and p,n € R. For 1 < p,q < oo, the
embedding ngp — F1_ holds if and only if one of the following three conditions
18 satisfied:

(i) B <.
(ii)) B=v,q>pand 2n(l—1 (§—1>§p—n.

) e~
(iii) B=7, ¢ <p and Qn(%—%

) <p—n.
Note that as an immediate consequence of Theorem 1.3 we obtain:

Corollary 1.4.
1 > 1 and the embedding — olds, then p > 1.
i) If ¢ > 1 and th bedds Fé’,p Fg,n holds, th
ii) For { =1, the embedding — olds if and only if p < q.
ii) For { =1, th beddi ng Fﬁq’p holds 1 d only 1
u1) For £ > 1, the embedding — olds if and only 1f p = q.
iii) For ¢ > 1, th beddi ng Fg’p holds if and only if

The proof of Theorem 1.3 requires of some results which can be of interest
by themselves. For instance, assertions (i) and (ii) follow from precise point-
wise and L’A ,-horm estimates of the Bergman kernel. As a consequence, we
derive pointwise estimates of the functions in F é” , and some properties on the
boundedness of the Bergman projection. The most difficult part is the proof
of assertion (iii). In this case, for 1 < ¢ < p < oo, we use a technique due
to D. Luecking (see [11]), based on Kinchine’s inequality, which permits the
construction of adequate test functions. Then the case 1 < ¢ < p = oo follows
by extrapolation.



4 CARME CASCANTE, JOAN FABREGA, AND DANIEL PASCUAS

The paper is organized as follows: In Section 2 we obtain pointwise and
Lt mnorm estimates of the Bergman kernel, from which the boundedness of
the Bergman projection P, on L% , is deduced. In Sections 3 and 4 we prove
Theorems 1.3 and 1.1 respectively.

Notations: In the next sections we only consider spaces F §:ﬁ = F¥ ,, with
¢ >1, a>0and p € R. So we omit the conditions on ¢,a and p in the
statement of the results. We denote by p’ the conjugate exponent of p € [1, c0].

Let N be the set of non-negative integer numbers. For a multi-index v =
(v, - ,vn) € N" and z = (21,--+,2,) € C", we write, as usual, z¥ =
2tz ovl=plcpland vl =v 4+ .

For z,w € C", 2w = Y77, 2w;. If z € C" and r > 0 then B(z,7) is the
open ball in C" with center z and radius r. When n = 1, B(z,r) is denoted,
as usual, by D(z,r).

If £ C C™ then Xg is the characteristic function of F.

If X,Y are normed spaces, the notation X — Y means that the mapping
f e X~ feY is bounded.

For A € C\ {0}, we denote by arg A the principal branch of the argument
of A\, that is, —7 < arg A\ < 7. Moreover, \? = |\[Pea8r for 3 € R.

The letter C' will denote a positive constant, which may vary from place to
place. The notation ® < ¥ means that there exists a constant C' > 0, which
does not depend on the involved variables, such that ® < C'W. We write
® ~ U when @ <V and ¥ < O.

2. THE BERGMAN PROJECTION ON L%

2.1. On the two-parametric Mittag-Lefller functions E, ;.

The two-parametric Mittag-Leffler functions are the entire functions
E.p(N) = _ AeC, a,b>0).
7b< ) kz:; F(ak’ + b) ( a )

A good general reference for the Mittag-Leffler functions is the book [§].

In this section we recall the asymptotic expansions of the two-parametric
Mittag-Leffler functions and their derivatives. Those expansions will be useful
to obtain pointwise and norm estimates of the Bergman kernel.
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Theorem 2.1 ([13, Theorem 1.2.1]). Let a € (0,1) and b > 0. Then, for
|A| — oo, we have

(2 2) E b( ) _ {%A(l—b)/aekl/a + O(>\_1); Zf ‘arg)\l S ar,

oY), if larg A > aZ.

By Cauchy formula (see [12, Theorem 1.4.2]), the asymptotic expansions
of the m-th derivatives of E,; (on “smaller” sectors than the ones involved
in (2.2)) can be obtained by differentiating m times the terms in (2.2), that is,
1dm —b)/a /e —1-m ; 3

L <>\(1 Vae > + O(A ), if Jarg Al < a2f,

(23) EW() =4 P |
O(A~1m), if Jarg)| > ar.

2.2. The Bergman kernel.

The next result, which is obtained in [4], gives a description of the Bergman
kernel. The main tool to compute the norm of the monomials in F? is the
identity

[(x) = / t*le7tdt = 2@7’”/ s2le=lg=1s™ g (x >0,v>0).
0 0

is an orthonormal basis for F2, so the

Lemma 2.2. The system {waﬁ > } ENn
F2-V

Bergman projection from L? onto F? is

Pof(2) = (f, Ko)a = (wjxuohg(glwe—aw”dvxw%

where o
Kolzw) = Ko@) = Y o
e 10 1z
_vl+n |vl+n
is the Bergman kernel. Namely, since ||w”||%§ = n!(z:jl(ﬂf‘)! ) , Ko(z,w) =

H,(zw), where

njl X - 1 k/E\k n/l
H(\) la Z (n—14k)! ™A la B (a1,

R D () e

|
n. 7

k=0

In particular, for any 6 > 0 we have
(2.4) K, (z,0w) = § "Kys5e(z,w).

Remark 2.3. In order to obtain norm estimates of the Bergman kernel it
1s useful to make the following change of variables. Given z € C", there is
a unitary mapping U : C* — C" such that U(z) = (|z],0,...,0). Then
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Ky (w,z) = Hy(|z|u1), where U(w) = (uq,--- ,uy,), S0 we may assume z =
(|z],0,---,0).

The remaining part of this section is devoted to derive pointwise and norm
estimates of the Bergman kernel, which will be the key tools to obtain our
main results.

The following corollaries are consequences of (2.3).

Corollary 2.4. Let n be a positive integer. For |\| — oo, we have that

o0 oy = [EXEIN QOO HOOT), i JargAl <
e O™, if |argA| > 3.

Proof. For £ =1, E1p1/0(A) = €* so Ei?e_ll/)g()\) = ¢*, and the above asymptotic

identity is obvious in this case.
Next assume ¢ > 1. By induction on n it is easy to check that

dn—l
(g (NTY) = DX (1 0(A) (1A = oo, [argA] < m/0).
By combining this identity with (2.3) we obtain the result. O

Corollary 2.5. For any § >0 and N > 2, let S := D(0,9) U Sy, where

Sy :={AeC\{0}:|arg | < 37 }.
Then there exist 6 > 0 and N > 2 such that

(25)  [HaV)] = (14 )" X xsy (V) + X0 (M) (A€ S%),
(26)  [Ha(N)] S (14 [AY" D exe®R - (xe T\ Sy).

In particular,

27) Xy SIHLO S A+ Dl (e,

Proof. Corollary 2.4 shows that there is a large R > 0 so that

28)  [HaW] = L+ D[] (A= R JargA| < 5).

(29)  [Ho WS A+ (N = R, |arg A = 5).

Since H, is a continuous positive function on the interval [0, o), we have that
there exist a small 6 > 0 and a large N > 2 such that

(2.10)

[Ha(W)] = 12 (14 M) V] x5 (A + x00a (V) (A€ Sy, A < R),

Therefore (2.5) directly follows from (2.8) and (2.10). Moreover, (2.6) is de-
duced from (2.8), (2.9) and the fact that H, is bounded on D(0, R). O
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As an immediate consequence of the above results we obtain the following
pointwise estimate for the Bergman kernel.

Proposition 2.6. There exist 6 > 0 and N > 2 such that
[Ka(w, 2)] = (1+|zw])"D e (w e 5),
[Ka(w,2)| € (14 [zw])" ¢V e @ (2w e C\ 87).
Now we state norm estimates for the Bergman kernel.

Proposition 2.7. Let 1 < p < oo. Then

‘22

Kol 2)|lgp, = (14 [2]) 20 es T (2 e Cm).

This estimate for 1 < p < oo and p = 0 is stated without a detailed proof in
[4, Section 8.1]. Since this norm estimate of the Bergman kernel is essential in
order to obtain our main theorems and it is deduced from several non-trivial
technical results, we include its proof. The main tool is the pointwise estimate
of H, given in Corollary 2.5, but we also need the following three technical
lemmas.

Lemma 2.8. Let o > 0 and let B € R. Then

sup (1 + z)Pe =" ~ (1 + q)? (a>0).
x>0

Proof. 1t is clear that the supremum is greater or equal than (1 + a)®. The
converse estimate for a large enough, say a > R, follows by checking that
a(z —a)? — Blog(1+x) attains its minimum value at x = a + O(1/a). Finally,
for a € [0, R| the result is also immediate. O

Lemma 2.9. Leta >0 and let b € R. Then
[ byl e 0 v, w) = (14 ) 20D (2 0),
Cn-

Proof. 1t is clear that the estimate of the statement holds for 0 <y < 1. Thus,
by integration in polar coordinates, we only have to prove that

[(y) — / (y + r)be—a(y2+r2)5 rQ”_Sdr ~ yb—2(n—1)(ﬁ—1)e—ay2e (y > 1).
0
The change of variables r = yt shows that I(y) ~ y?*2(=1) = J(y)) where

e}
J(y) = / (1+ t)Pem v (F) =D 2n=3 gy
0
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We obtain the lower estimate for I(y) by considering the root t, > 0 of the
equation y?((1 +#%)¢ — 1) = 1, that is,

_ 1/2 _
ty=(1+y?) 1) =y,

and observing that
t t
) > / y(l n t)be—ayze((1+t2)e_1) 1203 ~ / v 1203t gy 20—
0 0

In order to get the upper estimate, note that if £ > 1 then (1+¢2)*—1 > (t2,
and so

J(y) S / (1 + t)befa£y2£t2 thdet S 2maX(b,0)(J1 <y) + JQ(y»,
0

1 o
J1(y) 1:/ e =3 and Jo(y) ;:/ ol 2n=3+b gy

0 1

By making the change of variables s = y‘t, we have that
yi

J (y) _ y 2(n— 1)£/ 6—@@323271—3 ds ,S y—2(n—1)€ and

0
|
Y

o) o

e—afs2 SQn—3+bd8 5 y—(2n—2+b)€/ e—aésds s y—2(n—1)€’

£ £

Y

which ends the proof. O
Lemma 2.10. Let a > 0 and let b € R. Then
efa\vfz|2 1
I — Ia = — dA ~ — S C
(Z> ,b(Z) /(C (1 + |U|)b (U) (1 + |Z|)b (Z )
and
; ; e—allv]—|2))? " 1 c
(2) = Jap(z) == /(CW (v) =~ W (z € C).

Proof. Since I,4(2) =~ I 3(za/?) and J,4(2) =~ I 4(2a'/?), we may assume that
a = 1. Moreover, I(z) ~ 1 ~ J(z), when |z| < 1, so we only have to prove
the estimates for |z| > 1. In this case we split each of the above integrals
into the corresponding three integrals on the sets 51 = {v € C: |v| < |z|/2},
Sy ={v e C:|z]/2 < |v| <2|z|} and S5 = {v € C : |v| > 2|z|}, that is,
I(z) = Li(z) + Ix(2) + I3(2) and J(2) = Ji(2) + J2(2) + J5(z), where

—lv—2 —(lvl=12)?
Ix(2) == /sk (1+—WdA(v) and  Jy(z /sk T o] dA(v).
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If v € Sy then [v — z| > |z| — |v| > |2|/2. Thus

b
T+ 2"

=2 dr
Li(z) < Ji(2) S e|z|2/4/0 T < e AL 4 |22 <

If v €Sy then (1+2])/2 <1+ |v| <2(1+ |z|). Therefore

N gAY and Jo(z) ~ [ (el
B = g AR and ) = s [ dA()

Since D(z,1/2) C Sy, we have

0 </ e 1P dA(w) §/ e P dA(v) < /e_|w|2dA(w) < 0,
D(0,1/2) So C

and so I5(z) =~ (1 +|z|)7". On the other hand, J,(2) ~ (1 + |2])*~° because

2|z
/ e W=10% g A (v) :/ (=l ~ ]z|/ e Cdt ~ |z].
Sa |21/2 |=1/2

If v € S5 then v — z| > |v| — |z| > |v|/2, and hence
9] —r2/4 00 —r2/8 1
re 2 re
IZ<JZ</ dr<e‘|z/2/ dr < :
WS ) T =T G TR E Iy
Proof of Proposition 2.7. Let p = oco. Then the lower estimate follows from (2.5):
1Kol 2)l|Fge, = Kalz,2) (14 |2])e

o,p —

‘26 a|Z|2Z

= Ho(]2]) (1 + |2])Pe 2
2 (14 |2))"ED (1 + |2]) el ~ (1 + |z|)Pt2nt=1) o5 121%

In order to obtain the upper estimate, first note that (2.7) and the Cauchy-
Schwarz inequality (that is, |zw| < |z||w], for any z,w € C") show that

|Ko(w, 2)| = |Ho(zw0)| S (14 |z@|)”(5*1) ool =l
S (L |2+ fw])n D gedl el

Therefore || Ko(-, 2)||lFe, S < (1 + |2))"ED el M (|2]), where

(D) = sup (L4 =S g (1 20
weC 230
Since, by Lemma 2.8, M(|z]) ~ (1 + Mq% ~ (14 2D, we have

just proved the upper estimate in this case.
Now assume that p < co. By making the change of variables u = Uw, where
U : C" — C" is a unitary mapping such that U(z) = (]z],0 ...,0), we get that

1Ko, = [ 1Holohen) () dA ),
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where
U(uy) = /C (Ut ] e e P ),

Then Lemma 2.9 implies that
1Ka, 2y

(2.11)
= [ IHallhun)l (L a0 ¢ 0 gawy),
C

Now pick N > 2 satisfying the statement of Corollary 2.5. Then note that (2.7)
implies

sy (1) S (|l S (1 fun " Deor (12 <2, 0y € C).
Thus (2.11) shows that

1Ko (s )|y o1 (1 [zt

/ a‘ |2£

(2] <2),

so we only have to prove the norm estimate for |z| > 2. In order to do
that, we split the integral in (2.11) as the sum of the three integrals Z;(|z|),
Z5(|z]) and Z5(]z|) on the sets By = {u; € C: |uy| > 1,|arguy| < 7/(NO)},
Ey ={uy € C: |uy| > 1,|argus| > 7/(Nl)} and E5 = {u; € C: |uy| < 1},
respectively.

To estimate Z;(|z|) recall that (2.5) gives

| Ho(|2]un) [P = (2] Jua])PEDeorlel Revt () € By, 2] > 2),
SO

To(|2]) = 2|V TP [ gy et Dtep=2n-1 1) o= Flui == g 4 (4y).
Ey

By making the change of variables v = uf we have that

Ty(J2]) = |2 DeF / [o]Pe v FI T g A (),
{|v|>1,]argv|<7/N}

where 5 := (n(¢ —1)(p — 2) + pp)/¢. Since for |z| > 2 we have the inclusions

D(|z|"sin(7/N)) € {v € C:|v| > 1} N D(|z[, |2|* sin(x/N))
C{veC:|v>1,|argv| <7/N},

the preceding integral Z}(|z|) satisfies

— 2P|y |22
Zi(el) = [ ol F P dAw) = |2
(|21 sin(m/N))
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Moreover, Lemma 2.10 shows that Z{(|z|) < Lap,-s(|2|°) =~ [2]°%. It follows
that Z!(|z|) ~ |2|%¢ = |z|*¢~DE=2+P and hence

(212)  Ta(lel) = [PV EEIT((2]) o (14 |22V 1hem o
Now we estimate Zy(|z|). By (2.6),
[Ho(|2un) [P S (J2lfug) - Depeos @ E Rl (0, € By, |2] > 2),

so To(|z]) < |z|"PEDe ¥ o (R) 12 77 (|2]), where

‘Z|2e

s

Z£(|Z|) — |u1|”p(£*1)+pp*2(”’1)(5*1)e*%ﬂul\Z*|Z\£ cos(37)} dA(ul)
Es

oo
_ _ _ _ _apyr.l_ |0 L
N/ Tl—l—np(f 1)+pp—2(n—1)(¢ 1)6 P {rt—|2|" cos(F) d?“
1

Then we make the change of variables t = r‘ to get that
I£(|Z|) ~ /00 tﬁ-‘rle—%{t—b\é cos(%)}zdt’
1
so Lemma 2.10 shows that Zj(|z[) < Jep _5(|2]" cos(F7)) = [2[***. Hence

(2.13) Tp(|z]) < |z| Pl DHBEL T c0s*(R)

o2 o2

< (14 |z])2E D= Dter s
Finally, since by (2.7) we have that

[ Ho(|2[u)[” S (1412 Ve?™ (uy € B, |2 > 2),
we obtain that
(2.14) Ty(|2]) S (14 [2))" Vel S (14 |22 D0 one SR,
Taking into account (2.12), (2.13) and (2.14), we conclude that

| Kol z)||§,£7p ~ (14 |2))22 D@D+ P |2 (2] > 2),
which ends the proof. O
Corollary 2.11. Let 1 < p < oo. Then

1Eal o2l = (14 [l el (2 e ey,
Proof. Since K, (0z,w) = 0 " K o(z,w), for § = (8/a)'/¢, we have
1l 2) g 2 W5 2/6)
~ (14 |2]/8)PenE=n/v F1/8

|2Z

= (1+ [2]) eI el
This ends the proof. 0
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2.3. The Bergman projection.
The next lemma shows that the Bergman projection P, is pointwise well-
defined on L} , if and only if 8 < 2a.

Lemma 2.12. Let ( € C" and assume 1 < p < c0.
(i) If for ¢ # 0 the linear functional U : L2 — C, defined by Us(f) =
Po(f)(C), is bounded on the normed space (L7 N LG . || - Iy ) then
B < 2a.
(ii) Conversely, if 8 < 2a then Uc: Lj; , — C, defined by

Ueh) = | fw)Ka(G w)e " av (w)
1s bounded and

ULl S (1 + [c])-PH2ne-D/peh eI,

Proof. Assume that U is bounded on (L3 N LY, || - Iz ). Then, by Hahn-
Banach theorem’s, Us extends to a bounded operator on Lﬁ ,» Which we also
denote by U,.

Let v be a multi-index. It is clear that the function
(2.15) f(z) =

z glzlﬂ
(1 [elyreosent ©

belongs to LZ ,- Let X be the characteristic function of the open ball By
centered at 0 with radius R. Then the function fzr = Xz f isin L2 N Lg , and
| fr— f||F§p — 0 as R — oo. Since

-3 i
S ol
where the series converges in L2,
Pa(fR)( ) fR) Z || M” fR7le>a'

peEN™

By integration in polar coordinates we have (fg, w”>fY = 0,,,¢,(R), where

¢y (R) = w? e(5 =)l gy ()
v T B (1 =+ ‘w‘)|u\+p+2n+1 )

Thus Uc(fr) = Pa(fr)(C) = cu(R) ¢"/||w”||%2. So, by the hypothesis and the
monotone convergence theorem,

UL(f) = Tim U(fr) = 4”2 / lw”|? B g1 ().

f=roo HwaF2 Cn (1 + ‘w‘)|'f|+p+2n+1
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It follows that for any v such that (¥ # 0 we have that the above integral is
finite. Choosing v such that |v| > 1+ p we obtain that 5 < 2a.
Next assume § < 2a. Let F(w) := G(w)H¢(w), where

G(w) := | f(w)|(1 + |w])?e 2™ and
He(w) = |Ko(C,w)] (1 + |w])~Pe @2l

Since ||G|r = ”fHL’,;pa we obtain
U < el < WEal-Olly g,

Hence Corollary 2.11 ends the proof. O

Remark 2.13. From the pointwise estimate of | K, (z,w)| with 2w € S, given
in Proposition 2.6, it is easy to check that if B > 2a and f is the function
defined in (2.15) with v =0, then F, ¢ L*. So U/(f) is not well defined.

Corollary 2.14. Let 1 < p < oo. Then

D o)
Fa,p = Fa,prn(ffl)/p’

that s,

|f(Z)| < ||f||F£,p(1 + |Zl)—P+(2n(€—1))/176a\z|2£/2 (f cFP  »c Cn)

a,p?
Lemma 2.15. Let 1 < p < oo and let 5 < 2a. Then PaLfg’p C H(C"), and
Pof = f, for every f € FY .

Proof. By Proposition 2.6, if R > 0 there is C' > 0 such that |K,(z, w)| < Cl*I",
for every |2| < R and w € C". Then it follows that P, Lj; , C H(C").

Let f € ng. In order to prove that P,f = f it is enough to check that P, f
and f share the same Taylor coefficients, that is,

| PpOTdotc) = [ f0)Taoe) (v,

STL
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Indeed, if f(z) = >, f,27 is the Taylor expansion of f, then, by Fubini’s
theorem and Lemma 2.2,

| Proastc) = [ (Cnf (G w)e e v ()T do ()
[ T s gy

lw][s

HC HL2 Sn) 2¢
. v12 ,—alw|
fv—”UﬂH /n lw?|%e dV(w)

| Q¢ da(Q). O

Proposition 2.16. For 1 < p < oo the Bergman operator P, s a bounded

projection from LL , onto FY .

Proof. By Lemma 2.15 we only have to prove that P, is bounded on Lf |
First we consider the case 1 < p < co. By Proposition 2.7, the function

Qu(z,w) = e 5| Ky (2, w) e 5

satisfies
(2.16) . Qo (2, w) (1 + w])dV (w) = ™2 Ko 2) |1y, = (14 |2])"
If € LE, ,, then Holder’s inequality and (2.16) with ¢ = 0 give
IR < ([ el e uav))
(2.17) c

Cnl@( w)Pe” T, (2, w)dV (w).

So Fubini’s theorem and (2.16) with ¢ = pp imply ||Pa(¢)llzz, S [lellzz,,-
If p = 1 then (2.17) is obvious and, as in the above case, we obtain the

result.
If p = 0o then
1+ 27 3 P £ ligllos, 0+ 1D [ 2o v,
o cn (14 Jwl)?
So (2.16) shows that || Pu(o)llze, S [lellree,- O

Corollary 2.17. Let 1 < p < oco. Then the dual of F? , with respect to the

pairing (-, Va, is F¥

a,—p-

ap7
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Proof. From the classical LP-duality it is easy to check that the dual of L?

a,p?
with respect to the pairing (-,-)¢, is Li ,- This result together with Proposi-
tion 2.16 prove the corollary. O

3. PROOF OF THEOREM 1.3

The case { = 1 and p = 1 = 0 is well known (see [9]). For n = 1, the theorem
can be deduced from the characterization of Carleson measures obtained in |6,
Theorem 1].

3.1. Necessary conditions for all p and g.

Lemma 3.1. If Ff < F1_, then either 3 <~ or =1 and

v’
2n (0 — 1)(% — %) <p-—n.
Proof. By Corollary 2.11 the ratio

|z|2l

a2
1Kol 2)lpe, (14 |2])r2ntDid s

HKoz(',Z)”Fg’m B (1+ ’Z‘)pwn(e—l)/pfe%lzlﬂ

is bounded if and only if 3, v, p and 7 satisfy the above conditions. O

3.2. Proof of Theorem 1.3 for 1 < p < g < oc.
The next lemma shows that the necessary conditions obtained in the above
section are also sufficient, which proves Theorem 1.3 for 1 < p < ¢ < o0.

Lemma 3.2. If either § <~ or f = and

(0 =1)(5— 1) <p—n,
then Fg’p — F9,, provided that 1 < p < q < oo.

Proof. If p = q then n < p. Hence (1 + |z|)7e 3" < (1 + |z|)”e‘§|z|% which
proves the embedding F§ ) — FP,.

The case p < ¢ = 0o is a consequence of Corollary 2.14 and the case p = q.
Indeed, Fg’p = F5 onte—1yp < P

Assume 1 < p < g < oo andlet f € F - Consider F' the function defined
by

F(2) = ()1 + |2])%e 2" = G(z)P/1H (2)@ P/,
where
ﬁ| ‘2Z

G(z) = [FIM +[2])Pe ="

and
q—pp _ 9=BPp

H(z) = |f(2)|(1+ [o]) 55 H e

‘24
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By Corollary 2.14 and the hypotheses on p and 7, we have

()| S I llep (1+ o) o 2 (3t )
0

= ||fHF§ (1+ |Z|)(n_p)ﬁ+2n(f;l)e,%‘du
P
S ler .
Hence
1y, = IF L S AN IGIE = 1% - .
’ P B.p

Observe that, for 1 < p < g < oo, by Lemmas 3.1 and 3.2, the fact that the
embedding F ) < FY, holds is only a question of growth, that is, g  — FY

if and only if F5° o 1y, = F55 oni1y/q

3.3. Sufficient conditions for 1 < ¢ < p < oco.

Lemma 3.3. If either B <~y or =~ and 2n (% — %) < p—mn, then we have
Fg = F1,, provided that 1 < q < p < o0.

Proof. Let f € Fy . Assume first p = co. In this case q(p — ) > 2n, so the
hypotheses on the parameters give

11, = /C FEIL+ [2)me 2 av(z)

v.n
—(p— _ (=B, 2¢
§||f||q§o/ (1+ |2~ Mae= "= av (2) S| f e -
» Jon Bip

Next assume p finite. In this case (p —n) L > 2n. Consider the function

‘ZZ

F(z) = |f(2)|(1+ |2])7e 2" = G(2)H (=),

where

5‘Z|2Z

G(z) = |f(2)|(1+ |z!)pe_§|z|2[ and  H(z) := (14 |z))Pe="5"
By Holder’s inequality with exponent p/q > 1 we have

1 llzg, = 1z < |Gllzo [ H | Loaso-o

P—gq

=iy, ([ 417 v () ™

Therefore [|flrg, < [1/]le2 - O

¥ Y
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3.4. Necessary conditions for 1 < ¢ <p<ooand §=1.

Proposition 3.4. I[f1 < ¢ <p < oo and Fj , — Fj, then 2n <% — %) < p—n.

The proof of Proposition 3.4 follows from the ideas in [11]. We need some
technical results.
For r > 0, let 7, : C — (0, 00) be the function defined by

(3.18) 7(2) = r(1+|2))t*

and let B,.(z) := B(z,7.(2)).
Note that 7, is a radius function in the sense of 7, p.1617-1618], that is,

(3.19) I+ |zl =1+ |w| (z2€C" we B.(2)).
Then we have:

Lemma 3.5 ([7, Proposition 7]). For any r > 0 there exists a sequence {z}
in C" such that the Euclidean balls By, := B,(zy) satisfy:

(i) UpBr = C".
(ii) The overlapping of the balls By is finite, that is, there exists N, € N
such that ), Xp,(z) < N, for any z € C".

The following lemma states a subharmonic type estimate.

Lemma 3.6.
(i) There exists r > 0 such that
Koz )l S e 8H s (14 £ (w € By(2).

(i) Let 1 <p < oo, pe R andr > 0. There exists C = Cqyp,r > 0 such
that

[F(2)P(L + |2])P=2nt=De=F]

Z‘ZZ

<c [ P e T av)
Br(2)
for any f € H(C") and any z € C".

Proof. We begin proving (i). By Remark 2.3, we may assume that z =
(Iz],0,---,0). Then we have to prove that

~ (1+ |z|)2"(€_1) (w € By(2)).

By Corollary 2.5, there exist 6 > 0 and N > 2 satisfying (2.5). For r > 0
small enough we have |z|w; € S%, for any z € C" and w € B,(z). By (2.5),

(3.21) |Ho(|2|wy)| = (14 |2]jw; )" Vel Rewt (4 € B, (2)).

a‘zlﬂ

(3.20) |Ha(|z|w1)|e_%|w‘2ee—5
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In particular for |z| < 2r the terms in (3.20) are comparable to a positive
constant and there is nothing to prove.

Now assume |z| > 2r. In this case, |w| ~ |z] for w € B,(z). Hence, by
(3.21), the equivalence (3.20) will be a consequence of

(3.22) el Rewi =5l =512 ~ 1 (w € B,(2)).

First note that

L 2 20 24 4 £ 2 712\¢ 24
ool Rewf —Slwl? =512 _ Lolal! Rew! ,—§ (w1 P+ ) .~ 52

— o5l —wil? o= S [(wr P! [2) — w1 [*]

By mean value theorem, for w € B,(z) we have
0 < [lof” —wil (] +r(1+]2)'™) 71+ o)) 7 > 1
and
(ol + J' ) = hor 2 S (ol + o) o S 122000 [2)2070 = 1,

we obtain (3.22).

In order to prove part (ii), note that, by (3.19), the case p # 0 follows from
the result for p = 0. This last case can be deduced using the arguments in the
proofs of Proposition 12 and of Lemma 13 in [7].

Let  be a real C*-function on the closed unit ball B(0,1) of C". It is well
known (see for instance [1]) that there exists a real C*-function ¢ on B(0,1)
such that

85¢ = 8530 and H¢||L°°(B(0,1)) S CH@(T%OHLoo(B(Q,l)).

By rescaling, we get that if ¢ is a real C*>-function on the closed ball B(z, R),
then there is a real C2-function ¢ on B(z, R) such that

85¢ = 85(,0 and ||¢||L°°(B(z,R)) S CR2||85<p||Loo(B(z,R)).

Applying this result to the function ¢(w) = |w|?* and to the ball B,(z) there
exists a real C>-function 1, on B,(z) such that 90y, = 90y and, by (3.19),

Hl/Jz“LOO(B,«(z)) < CT2(1 + |ZD2(1_Z) Sg[z )‘U)l?(Z—l) < Cl 7,2.
webr(z
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Since 1, — ¢ is a pluriharmonic function on B,(z), it is the real part of a
holomorphic function h, on B,(z). Thus we have

%|Z|2£ [ 1

P~ ~ Ehz(Z) b
£(2)[Pe FR < B0

~ (14 22D / Flw)Pe ¥
Br(2)

[f(w)e2"=P dv (w)

‘26

dV(w). O]

Lemma 3.7. Let {2z} be a sequence satisfying the properties in Lemma 3.5.
Then, for 1 < p < oo the map

fee) — @(ab)(z) = ZCk ||K§i(zz:>k||>m

18 bounded from the sequence space P to ng.

Proof. For p = 1 the result is clear. Assume p > 1. By Corollary 2.17, the
dual of the space Fg:_p with respect to the pairing (-,-)s is Fjj . Since the
overlapping of the balls By is finite, Proposition 2.7 and Lemma 3.6(ii) show
that the map

9 Ty(9) = {9(z0)/ 1Kz, 20l )

is bounded from F g:f , to ¢*". Indeed,

Ty(g)|", ~ (ze) P (1 + |2 v/ =2n(6=1) o= el
_By2¢ /
<Z / (14 1) e 8 av () = gl
T‘Zk ,—p

So the adjoint map 77, of T}y, with respect to the pairing (-, -)s, is bounded
from /7 to Fj . We are going to show that T, = ®. For {c;} € c,, (the space

of sequences with a finite number of non-zero terms) and g € Fé’:_p we have
(Tidey 9)s = ({ewh, 9(20) /| K (2, 20l g Dee
_ <chKg(z,2k)/||Kg(z, zk)||F§7p,g>B,

since g(z) = Jen 9(2)Kp(2k, 2)e” S 4V (2). Therefore

e = o Boleoo) () € ).

1Kz, 20) |z,

Since c¢,, is dense in P we conclude that T;‘, = &. O
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Proof of Proposition 3.4. Pick r > 0 satisfying Lemma 3.6 (i), and let {2} be
a sequence as in Lemma 3.5. Let {c} € ¢ and consider the function

Dy ({ck})(2) := chrk(t) Kps(z, z)

p 1Kz, 20) |z

0<t<l1,

where {ry(t)} is a sequence of Rademacher functions (see [11, p.336]). By the
hypothesis and Lemma 3.7,

19:({ee})llpz, S NPeerD)llez S IHewre(®)Hle = [{er} e

So, by Fubini’s theorem and Khinchine’s inequality (see [11, p.336))

q/2
Kg( 2
/ >l Koo 2l (1 e ) av()
1K (220

= [ Idtenblgy i S Heahi

By Proposition 2.7 this is equivalent to the fact that I({cx}) < ||{ck}|f, where

2¢ 20\ 4/2
o | K (2, 2 ) [P Planl™ e =Bl
({Ck} / <Z| | 1+|Z ) (p—m)+4n(¢—1)/p’ dV(Z)

Now

20 20 q/2
) ’KB (2, 2z1,)|2ePlal™ e =Bl
({Ck} / (Z ’ ‘ 1+ |Zk’) (p—m)+4n(t—1)/p' XBk(Z) dV(Z')-
Since, by Lemma 3.5, any point z € C" is at most in N balls By, the equivalence

of the £2-norm and ¢%/?-norm on CV give

Bq |Zk‘2€e_%‘z|2£

|K5(2, z)|%e 2
>
IHed) 2 Z e /Bk (1 + |2 ) =mat+2n(e=1)a/p’ v (z).

By Lemma 3.6(i)

Bqlzk‘% _7‘ |2£

| Ks(z, 21)|%e” = ~ (14 |2))*" D (2 € By).

Hence

I{ex % 2 Z e ?(1 + |Zk|)—(p—n)q—%(é—l)(q/p’—q+1)
k

= 3 lealt(1 + |y~ mazeenEaly,
k
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and consequently for any {d;} € /9,
Z |di| (1 4 |25,]) =P~ ma=2nE=D =02 < dy ||
k
By the duality of the sequence spaces (Ep/ 0)* = (p/(P=9) we obtain

D (1 fa]) D < o0
k

Since

oo>21+|zk| pn—2n(£1)NZ/ 1+|| pnpqdv()
= [ R Eave)

we conclude that —(p — 77)pquq < —2n. This ends the proof. O

3.5. Necessary condition for 1 < ¢ <p=o00 and § =1.
In this section we extend Proposition 3.4 to the case p = oo.

Proposition 3.8. If1 < ¢ < oo and I, — Fq then L<p—m.

The necessary condition will be obtained from the case 1 < ¢ < p < oo by
complex interpolation. In particular we will use the Riesz-Thorin theorem and
the following well-known result (see for instance [10, Lemma 7.11]).

Lemma 3.9. Let (Yy,Y1) and (Xo, X1) be admissible pairs of Banach spaces.
Assume that (Yy, Y1) is a retract of (Xo, X1), that is, there exist bounded linear
operators E : Y; — X, and R : X; — Y such that RoE is the identity operator
on Y}', ] = O, 1. Then (Yvo,}/l)[g} = R((XO,Xl)[g]).

Lemma 3.10. Let 1 < g < oo and let 6 € (0,1). If L = % then

(ng, Fg?p)[(’] = F,BS,,O and <FB p? F )[9] - Fg,(l—(?)pwn'

Proof. Observe that the map ®(f)(z) := f(z)e§|z‘%(1 +|z|)7* is a linear isom-
etry from L" onto Lj ), 1 <r < oc. So by Lemma 3.10 and the Riesz-Thorin
theorem, we obtain

(LB, L5y = S((L7, L%)g) = ©(L%) = Lj,
By Proposition 2.16, for 1 <r < oo, (Fj ,, Fi5,) is a retract of (Lj , LZ,) and

SO
(g E5p)ior = Ps((Lp0 L3 p)ie) = Ps(Lp,) = F5,,
which proves the first interpolation identity.
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In order to prove the second identity, by Theorem [3, Theorem 5.5.3] we
have

ﬂlzlﬂ ‘24

(Lfps L)) = (L7(e™

B, (1+ [2])9), La(e 5 (1 + |2))))
= Li(e”

(1 + ‘qu( 1—9)p+977)) — 1

Lz
B,(1=0)p+on"

Therefore, as above,

_,ZQZ _
(FBP’F )[o] —Pg(L 5.0 9)p+9n) Fi(e 512l (1+ 2] 9)p+9n).

This ends the proof. O
Proof of Proposition 3.8. Assume Fg° < Fq . By Lemma 3.10,

F; = (F

ﬁp,FE’C;)[g]‘—)(F F )H Fq

Bip> B,(1=0)p+6m>

with % = %. Since ¢ = (1 — #)s < s < oo, Proposition 3.4 gives

2n(; —3) <p—((1=0)p+0n) =q(; —3)(p—n),

andso%"<p—n. O

3.6. Proof of Theorem 1.3 for 1 < ¢ < p < oc.

The sufficient conditions follow from Lemma 3.3.

If B # ~ the necessary condition § < v follows from Lemma 3.1. If § =~
the necessary condition follows from Propositions 3.4 and 3.8.

4. PROOF OF THEOREM 1.1

First we prove the necessary condition § < 2a. For the case p = 0 next
lemma corresponds to [4, Lemma 3].

Lemma 4.1. Let 1 < p,q < co. If P, is bounded from (L3 N LY . || - |z ) to
L1, then § < 2a.

Proof. For any ¢ € C", the linear form g — g(¢) is bounded on F?, (see
Corollary 2.14). Then the boundedness of P, : (L] N Lj .|| - ez ) = L2,
implies the boundedness of the form Us(f) = P,(f)(¢) on (L2 N Lg ool ||L1/; ).

Hence Lemma 2.12 gives # < 2a.

Now the proof of Theorem 1.1 follows from the next proposition and its
corollary:.

Proposition 4.2. Let1 < p < oo. If0 < 8 < 2« then the Bergman projection

P, is bounded from L% ~onto F?

B.p a?/(2a=8),p"
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Corollary 4.3. Let 1 < p,q < oo and let 0 < § < 2a. Then the Bergman

projection P, is bounded from L} , to LZ  if and only if F52/(2a76)7p — F2,.

Taking for granted these results, we finish the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 4.1 it is clear that f < 2« is a necessary
condition for the boundedness of P, from Lg , to L1 .

If B < 2a, Corollary 4.3 shows that P, is bounded from L% , to L1, if and
only if F?, J2ap)p Fi1 .. Thus Theorem 1.1 is a consequence of Theorem
1.3. ]

We conclude this section with the proofs of Proposition 4.2 and Corollary
4.3. To do so, we introduce the following notations which will used in the next
results. For 8 < 2a;, let

0= (2;—5)1/3 and /f::aézz%‘f_ﬁ.

The next lemma follows from (2.4).

Lemma 4.4. If f € L} , then Po(f) = Pu(T5(f)), where

T5(f)(2) = 0" f(5z)el@ DI,

Proof. Using the change of variables w = du and (2.4), we obtain
Po(f)(2) =0 [ f(ou)Kq(z, du)e= P av (u)
cn

=3 [ (et I (e

|2£

dV(u).

Since —a+ k6% = —a+ad = —a+2a— 3 = a— B we obtain the result. [

Lemma 4.5. The operator Ty is a topological isomorphism from Lgp onto
Lr .
,p

Proof. Since oo — 8 = —g + 2a;ﬁ = —g + 55’%, we have

Ts(f)(2) = 6" f(52)e 2102 512"
Therefore

_B 522
1750z, = 17 62)e 0 (1 4 2]l
_B 522
~ [ £(82)e 50 (14102l = [ fllus,
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So to conclude the proof we only need to show that the operator Ty is
surjective. This follows from the fact that the unique solution of the equation

T5(f) = gis f(z) = 6 g(2/)eP )™ and

10, = WT5(Dllee, = lgle, O

Proof of Proposition 4.2. By Proposition 2.16, P, is a bounded operator from
L%, onto FP . So Lemmas 4.4 and 4.5 give

Pa(L,) = Pu(Ts(L5,)) = Pu(IL,) = FL,. =

Proof of Corollary 4.3. By Proposition 4.2, it is clear that if F”

F4,, then P, is bounded from Lj  to LZ .

. . p . .
Conversely, if F, is bounded from Lj , to L?  then, by Proposition 4.2,

2/(20—B)p

F52/(2afﬁ),p = Fa(L,) = FY, O
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