BILINEAR FORMS ON NON-HOMOGENEOUS SOBOLEV SPACES
CARME CASCANTE AND JOAQUIN M. ORTEGA

ABSTRACT. In this paper we show that if b € L?(R™), then the bilinear form defined on

the product of the non-homogeneous Sobolev spaces H2(R™) x H2(R"), 0 < s < 1 by
(f.9) € HI(R") x H(R") — A (Id = A)*2(f)(x)b(x)dx,

is continuous if and only if the positive measure |b(x)|?dx is a trace measure for H2(R™).

1. INTRODUCTION

The space of pointwise multipliers between non-homogeneous Sobolev spaces HZ(R")
has been object of great atention both for its intrinsic interest and for the study of the
operators in which they are involved, in particular in some partial differential equations,
[14], [15]. The study and description of these spaces of multipliers from HZ(R") and
HZ(R™) when s >t > 0 can be found, for instance, in the book by V.G. Maz’ya and T.O.
Shaposhnikova ( [12]).

The space H2(R"), s € R is the completion of the space of compactly supported C*
functions f on R", D(R") (or the Schwartz class S(R™)), with respect to the norm

1Fllm2eny = (Zd = A)% fl| 2(n)-
Here (Id — A)2 is the Fourier multiplier defined by the function (1 — |£]?)z.

Observe that via Plancherel’s formula the space H?,(R"), t > 0, can be identified as
the dual of the space H?(R"). Hence, the space of pointwise multipliers (non regular)
from H?(R") to H?,(R") can be described as the subspace of distributions m such that
(mf,g) =(m, fg), f,g € D(R"), defines a continuous bilinear form, i.e.,

[(mf, 9)| < CI|f]

In particular, the pointwise multipliers from HZ(R") to H?,(R") are the weights m (or
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more generaly the distributions) such that

[ mxseigxax

which by polarization, is equivalent to

(1.1)
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m(x)|f (x)[*dx
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The first known result in this context is due to Verbitsky and Maz’ya ([14]), who gave

a complete characterization of the space of multipliers from HZ(R™) to H2,(R")). In [15],
1
5.
In [8] (see also the thesis [7]), Lemarié-Rieusset and Gala gave a characterization for

the same authors considered this problem for s =

the space of multipliers from homogeneous and non homogeneous Sobolev spaces for the
case 0 < r < s < n/2. They also state a sufficient condition for a distribution ¢ to be a
multiplier for » = s and conjectured that this necessary condition was also necessary.

The purpose of this paper is to give a description for the space of multipliers from the
non-homogeneous Sobolev space H2(R") to its dual H% (R™). The main result that we
obtain is

Theorem 1.1. Let 0 < s < 1 and b € L*(R™). The following assertions are equivalent:
(i) For any f,g € D

[ 1= 8y o) by

S Il a2 gl m2 @)

(ii) dv(x) := |b(x)|*dx is a trace measure for H*(R™), that is, H2(R") C L*(dv).
Observe that (i) is equivalent to

(i")
S

that is, (Id — A)*/?b is a pointwise multiplier from HZ2(R") to its dual H? (R™).

We also observe that assertion (ii) can be reformulated by the condition that b €
Mult(H?(R") — L*(R")).

The first difficulty when dealing with this problem is that, if it is a function, the symbol
(Id—A)*/%(b) in condition (i) in Theorem 1.1 may change sign. Observe that the condition

H?(R”)Hg‘ H2(R"™),

S (x)g(x)(Id — A)*?(b) (x)dx

(ii) is given in terms of the nonnegative measure |b(x)|?dx. The characterization of such
positive measures is well known (for example in terms of capacities, see for instance [13]).

The second difficulty is to obtain accurate estimates of the norms of functions in H2(R"™).
This is due to the fact that the operator (Id — A)z is non local. To avoid this fact we will
use a generalization of the extension operators from R" to R introduced by Caffarelli
and Silvestre [2]) due to Stinga and Torrea in [17] that reduces the calculus od the non
local operator (Id—A)2 to a limit of local operators. An essential tool here was to obtain
an explicit formula for the extension operator.

For the homogeneous Sobolev spaces, this problem was studied by Cascante, Fabrega
and Ortega in [3]. Among the main technical differences with the homogeneous case,
we first mention that the explicit formula for the kernel of the extension operator (),
corresponding to (Id — A)2 is given by Qs(x,y) = Cy s Ps(X,y)Gon12s11(X, y), where P,
is the extension kernel for the homogeneous case and Gy, 911 is the Bessel function.
Secondly, we prove a weighted L? estimate for an area function for some general kernels.
Finally, we use a procedure of localization in order to substitute the Bessel kernel for the
Riesz kernel, that permits to apply the weighted estimate.

The paper is organized as follows. In Section 2 is devoted to an extension theorem.
Each function f in R™ in the domain of (/d — A)*® can be extended to a function u in
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R™ x [0, 00) in such a way that

['(—s
45T (s)

~—

(Id = A)*f(x).

i g ne) =
This extension gives an isomorphism from HZ(R™) in a subspace of a weighted Sobolev
Space W12,1—25(R1+1)-

Sections 3 and 4 are instrumental and give the assymptotic behaviour at infinity of the
extended functions and its derivatives of the previous section.

In Section 5 we give a theorem on weighted estimates for an area function. This type
of results are well known for extensions of functions in terms of a kernel which come from
a function in R™ with integral 0, but we need a version for a more general class of kernels.
This theorem may be of interest in other contexts.

In Section 6 it is shown that the kernels that appear naturally as a convolution of the
kernel defining the extension given in Section 2 (or its derivatives), with the Bessel kernel
are in the conditions of the theorem on weighted estimates for an area function of Section
5. This will be a fundamental step to prove our main result.

Finally, Section 7 is devoted to the proof of Theorem 1.1. By the result in [7], we only
have to prove that (i)=-(ii). It is shown that the measure |b(x)|?dx is a trace measure by
checking that it satisfies the capacitary condition. This property will follow by applying
the hypothesis (i) to suitable test functions. One of the main steps is the estimate of the
norm in H2(R™) of these test functions. In doing this, we use a localization process that
allows to substitute the Bessel potential by the Riesz potential. We apply the results of
Sections 5 and 6 to a power of the Riesz potential which is in the Muckenhoupt class A,.

Notations: Throughout the paper, the letter C' may denote various non-negative
numerical constants, possibly different in different places. The notation f(z) < g(z) means
that there exists C' > 0, which does not depends of z, f and g, such that f(z) < Cg(2).

2. AN EXTENSION OPERATOR

We recall that the Fourier transform of an integrable function is defined by
F(f)(z) = f(z) = - fx)e ™ dx
The fractional Laplacian is defined for f € S and s > 0
(—A)2f = F (|zI*F(f)).
We also consider the operator defined by
(Id = A)sf = FH (1 + |22 (1)),
the homogeneous Sobolev space H 2(R") is the completion of the space of compactly
supported C* functions on R", D(R") with respect to the norm
lull 2y = I(=2) 22| L2y

The non-homogeneous Sobolev space H2(R") is the completion of D(R") with respect to
the norm

lull 2y = 1(1d = A) 2] p2eny.
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The Riesz kernel I, 0 < s < n, is defined by

& s—n 7rx2d5
I(x) :as/ 553 e —, x € R",
0 J

where a, = ((471’)%F(8/2))_1.
For s > 0, the Bessel function is defined by
+oo 2
Gs(x) = as/ 535ne_|66_457r%5, x € R".
0

s/2

The operator given by the convolution with I, 0 < s < n is the inverse of (—A)%* on

S, whereas the operator given by the convolution with Gy, is the inverse of (Id — A)*/?
(see [16]).

When 0 < 2s < n, the homogeneous Sobolev space Hf(R”) coincides with the space
I,(L*(R™)) of functions I4(g), g € L*(R™) where

Lo)) = [ Lbc-tg(t)at.

The space H2(R"), 0 < s, coincides with the space G4(L*(R")) of functions G,(g), g €
L?*(R™), defined by

G.(g)(x) = / GL(x— tg(t)dt.

For this reason they are called the space of Riesz and Bessel potentials respectively.
If 0 < s < 1, we define the Sobolev space with weights

W12,1723 = W12,1725<R7}r+1) where Riﬂ ={(x,y); x e R", y > 0},

as the completion of D(R’frl) , functions of C <R1+1), compactly supported, with respect
to the norm

HFHW12,1—2S ::/ i |VX:yF(X7y)|2y12sdxdy+/ ’F(X, y)’leizstL'dy.
R+

R+
The following proposition is well known (see, for instance Thm 5 in Chapter 10 in [10])

Proposition 2.1. Let 0 < s < 1. We then have: If f € D(R™), then

(Id — A)3 f(x)dx

R"‘

— inf / B (|Vyulx,v)|* + [u(x, y)|?) y' > dxdy.
R

UED(R1+1), URn =f

If we consider the Euler-Lagrange equation for the functional
I = [ (Vs + fute )y >dxdy
RY

that defines ||ullyz _ , we obtain that

(2.2) (= A u(x,y) + 229

Uy + Uyy = 0,

or equivalently, div(y'=2*Vu) = y'~u.
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On the other hand, in order to study the fractional Laplacian (—A)®, L. Caffarelli and
L. Silvestre in [2] consider the PDE on R" x [0, c0) given by div(y*~2Vu) = 0. If u(x,y)
is a solution of this equation such that u(x,0) = f(x), x € R", then (—=A)®f(x) can be

1_QSuy(x, y). This fact permits to apply local methods to the study

obtained as — lim y
y—0+
of the fractional Laplacian, which is a non-local operator.

Later, Stinga and Torrea (see [17]) extended this theory in the following form. They
considered fractional powers of a linear second order partial differential operator L, non-
negative, densely defined, and self-adjoint in L?*(€2), where € is an open set in R™. The
operator L7, 0 < o < 1, is defined in an spectral way. If E is the unique resolution of
the identity, supported on the spectrum of L (which is a subset of [0,00)]), such that
L = [FAE(N), then L7 = [* X7dE()), for 0 < o < 1. The heat-difussion semigroup
generated by L, for t > 0, is e”** = [ e~"dE()). They described L7 as an operator that
maps a Dirichlet condition to a Neumann-type condition via an extension problem anal-
ogous to the one considered by L. Caffarelli and L. Silvestre in [2]. They also obtained a
corresponding Poisson-type formula and introduce the conjugate equation. Precisely they
obtained:

Theorem 2.2 ([17]). Let f € Dom(L%) := {f € L*(R"); [;°A*dE;;(\) < oo)}. A
solution of the extension problem

2
Suy + Uy, = 0, u(x,0) = f(x),

s given by the Poisson-type formula

2s 0
Yy i e dt
U(X, y) - 48F(S) /0 € f(x)e t1+87

where et t > 0 is the heat-difussion semigroup generated by L.
This solution satisfies:
(i) 5 limy o+ Y 2u,(x,y) = 491“ B L"f(x). The limit must be understood in L*(R™).
(i) [JuC, 2@y < [fllz2@ny and ||u(-,y) = fllL2@n)y — 0 asy — 0F.

(iii) The function v(x,y) = yl zng<X y) is a solution of the following “conjugate”

(2.3) —Lyu +

equation:
1—2s
—Lyv — ——v, + v, = 0.
Y

In our situation, L = Id — A, which is the infinitessimal generator of the semigroup
T, = e 'e*® and the extension problem (2.3) is now

(2.4) —(Id — Ay)u(x,y) + %uy + uy,, =0, u(x,0) = f(x).

We then have that if f € Dom((Id — A)®*) (in particular, if f is in the Schwarz class S),
then (see example 2.14 in [17] for the operator —A), e */4=2) f is the convolution of the

function f with
1 _x?
gt(X) = We et
Hence, the corresponding Poisson-type kernel that solves (2.3) is defined by

2s —t

Yy P2 e dt
25 (X y) = L — &
25) Q) = 3 [



6 CARME CASCANTE AND JOAQUIN M. ORTEGA

The associated operator is given by

Q?(f) (Xv y) = Qs(x —u, y)f(u) du

R'n
and
1 . 17258u o F(_S) s . 2/mn
(2.6) 5 ylir&y 9 (x,y) = FI(s (Id — A)° f(x), in L*(R™).

~—

If we make the change of variables # = r in the integral that defines the kernel,
we obtain
Qs(x,y)
1 y2s /oo 7|x‘i+y2 L, %25 drr
= o — e e 'rz —.
I(s)m2 (|x|2 4+ 42)" 5" Jo r
Now, the change [ = 47r gives
Qs(x,y)
1 Y /°° Y 2 dl
= e e ar —.
(s (e + 92) 5 o l

Here, we recall that the Bessel function G, is a radial function and, with a little abuse
of language, in occasions we will write G4(|t|) = Gs(t1,...,t,). Observe that the function
G depends on the dimension n.

We observe that this last integral coincides, up to positive constants, with the Bessel
function in dimension n 4 1, which corresponds to the parameter 2n + 2s + 1, evaluated
at the point (x,y). From now on, we will denote the corresponding Bessel function in
dimension n 4+ 1 by G.

Hence )
y S
QS(X7 y) = Cn,s 2 N g2n+28+1<x7 y);
(Jx[* +y?)
where o
475 2 1
Chs= r —).

Observe that, up to a constant, Gs(t1, ..., t,) for s > 0, coincides with G, 1(t1, ..., %,,0).

Of course, it can be checked directly, without using the results in [17], that if f €
S(R"), then Qi(f)(x,y) = [pu Qs(x — v,y)f(v)dv satisfies the differential equation
div(y'~*Vu) = y' 2 u.

Theorem 2.3. (i) lim/ Qs(x,y)dx = 1.
y—=0t Jrn

(i) If f € Dom((Id — A)®) is bounded and uniformly continuous on a neighbourhood
of a compact set K C R"™, then

lim Qs(f)(vy) = fa

y—0+
uniformly on K.
Proof. We begin with (i). We recall (see [17], example 2.14) that if

y* /“" Bl 1 dt T(3+s) e
e 4t =
4°T(s) Jo

Pi(x,y) =

(4rt)z s w2D(s) (|zf2 +y2) "2
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then [, Ps(x,y)dx = 1. Since by (2.5),

2s ele] 2 92 —t
Y _lzl"+y e dt
s X’ — e 4t — T,
@s(x,y) 4SF(5)/0 (47t)2 ti+s

we then have that

Qs(x,y)dx — 1

R"

2s e’} 2 —t
y _lal (et —1) _u2 dt
= s y —_ PS s d g t d my t
2,28 00 2 dt
Y —t v
= >t —1)e
4T (s) /O (€7 = De s

Since fooo 'e‘;;i‘dt < 00, the Lebesgue’s Dominated Convergence Theorem concludes the
proof.

Next we prove (ii). We will then have that for x € K,
Qs()(x,y) = f(x)

~ [ @ux- w0+ 700 ([ Qux w1,

Since f is bounded, (i) gives that the second sumand of the last equality tends to 0 when
y — 07. For the first summand the argument is straightforward. Indeed, the uniform
continuity of f gives that for ¢ > 0, there exists 0 > 0 such that for |[x — u| < §, then
|f(x) — f(u)] < e. Then

[ Q= ww)(f(w) - Fx))au

S R R N AR R (O

|x—u|>0
2s

Set / Qu(x —u,y)du S + / Y Gassenn(lt] + )t
x—u[>3 t1>s ([t> +y2) 2
dz
cor [t
2>2 (2> +1) =

From the integrability of the function W, we deduce that the above integral tends
z|“+1) 2

to 0 as y — 0% and that ends the proof. O

Remark 2.4. Observe that since the function ylf?Sg—Z(x, y) satisfies the conjugate equa-
tion in (iii) in Theorem 2.2 with boundary values Cs(Id — A)®f(x), the convergence in
(2.6) is uniform on each compact set where (Id — A)*f is uniformly continuous on a

netghborhood of the same compact. In particular, this is the case for each f € S.

The following lemma permits to conclude that the extension operator (), gives an
isomorphism between HZ(R™) and a subspace in Wi, _, (R}*).
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Proposition 2.5. Let 0 < s < 1. There exists ks > 0 such that for every f € H2(R")
and G S W12,1725(R1+1>7

/]R L VA VO, y)y' > dxdy + / G(x,y)Qs(f)(x, y)y' **dxdy

R+
— k, / (Id — A)Y2G(x, 0)(Id — A2 f(x)dx
In particular, the left hand term only depends on f and the boundary values of G(x,y).

Proof. Since D(Rﬁlfl) and D(R") are dense in W, _, (R and in H*, respectively, it

is enough to prove the result for G € D(R’fﬂ) and f € D(R™).

Consider the differential form in Ri

wl(x,9) = Glx, )y~ (D 1y 08N o ey A AT A A A dy

: 0x;
=1

+(_1)n0%?5f) (x,y)dxy A~ A dxn> )

Since div(y' =2V Q,(f))(x,y) = y172°Q.(f)(x,y), we have

dw(x,y) = Vi G(x,y) Vi Qs (f)(x,y)y" P dxdy + G(x, y)Qs(f)(x,y)y' > dxdy.

Thus, Stokes’ theorem applied to the region Br. = {(x,y) € B(0,R);y > ¢}, withe >0
and R are such that the support of G is in B(0, R), gives

/{ }Vx,yG(X,y)Vx,st(f)(X,y)yl‘%dxdy+ / G(x,y)Qs(f)(x, y)y' > dxdy
y>e

{y>e}
= — / G(x,¢) 51_25M(x, £) dx.
R x{e} dy

Since, Vi G(%,4) Viy Qs (f)(x,9)y' %, G(x,4)Qs(f) (%, )y > € L'(R}), the domi-
nated convergence theorem implies that the first term in the above equality tends when
e — 0 to

/R L VG y) Vi Qs (f) (x, y)y' ™ dxdy + /R G(x,9)Qs(f)(x, y)y' > dxdy.

By (2.6) and Theorem 2.2, (ii), the second term tends to
QSF / G(x,0) (Id — A)*(f)(x)dx
Rn
QSF e / (1 =AY G, 0) (1 (7)),

which proves the result. O

Remark 2.6. The conclusion of the lemma shows that if we take as G(x,y) the function
Qs(f)(x,y), then Q, gives an isomorphism between H2(R™) and a subspace of W2, _,,(RT*).
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3. SOME INSTRUMENTAL LEMMAS

We begin the section with a recopilation of some of the main properties of the Riesz
and Bessel kernels that can be found, for instance, in [16] or in [1].
I'(5)

We recall that if 0 < s < n, I;(f) = F(|z|*F(f)) and that if v(s) = WQQSF(n—
n_

)7
Lf(x) = — /R S

V(s) Jrn [x —uf"s
The following proposition collects the main properties of the Bessel functions that will

N ®»

N |&

then

be used in the forthcoming sections:

Proposition 3.1. (i) For s,t >0, Gsx Gy = Gyy.
(i) For 0 < s <n, 0 < Gs(x) < I4(x).
(iii) G, € LY(R") and ||G4|l1 = G4(0) = 1.
(iv) Let s > 0. Then:
(a) Gs(x) ~ I4(x) = C’M%as|x|—>0if0<s<n.
(b) G ()Nlas|x|—>02fs>n
(c) G4(x) ~1n n @S |x| = 0 if s =n.
(v) For any 0 < ¢ < 1 and s > 0, Gy(x) = O(e™M), as |x| — oo. In fact this

estimate can be improved. Namely:
Go(x) ~ Cy|x|n=D/2e=Ix],

as |x| — oo, for any s > 0, where Cy is a positive constant depending on s.

(vi) Gs(x) S Gs(x +u), x| > 2, Ju] <1.
Gi(r)

S

(vii) If we write r = |x|, we have that there exists ¢ > 0, such that lim = —c.

/ r—oo Gy(r)
If s>1, hm Gilr)

—(n —s). In particular, if s > 1,
ey~ () e /

0G,
ox;

The next elementary lemma will be used for obtaining estimates for the extension

<ﬁs&®+aam

operator (), and its derivatives.

Lemma 3.2. For any (x,y) € R™™ and any t € B(0,1),
€(|x‘2+y2)% ~ e(lx_t|2+92)%_
Analogously, eXIt¥ ~ ex—tl+y,

Proof. For the proof of the first equivalence, it is enough to show that

(I + 9% = (x = t* + )
is bounded from above and from below for any t € B(0, 1).
Indeed,
2 ] -

1 1
(" + 52 = (lx = t]* +¢%)2| < S
(e[ +52)7 + (% — t]2 + 92)
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In order to state the following proposition, we give the following definition.

Definition 3.3. Let 0 < s < 1. We define the function hg : (0, +00) — R given by

(1, ify>1, orify<1,1-2s<0,
he(y) =19 = fy<1,1-25>0
\1+ln§, ify<1l,1-2s=0

Proposition 3.4. Let 0 < s < 1. We then have
(i) 99 (x, y)dx =0, i=1,...,n.

R™ BCEZ
0 [ B ob]
Proof. We begin with (i). We write z; = 2;/y, 1 <i <n and ¥(z,...,2,) = W
z|“+1) 2
Let’s consider
S day = —28 L Sy
AiGR Ox; v yn /R{azi(z)ng rost1((|z]” + 1)2y)

+U(2) Gy, 0011 (2> + 1>%y)(!z\22—il)5} ydz;.

Now, an integration by parts, using that 1(|z])Gansass1 (|22 + 1)2y) — 0 if |z] — oo,
gives that the first sumand equals to

— 2)G oeer (|2 +1)2 — S i
[ PG (o + D)
Consequently,
/ 8Q8d$z = O,
z;€ER axz
and 90
“dx = 0.
Rn 81’1 X

We now prove (ii). Let (x,y) € R%™'. If we denote x = zy, we have that dx = y"dz.

—L . we have that there exists
EERE

Observe that if we write |z| = p and denote ¢(p) = )
p+1

Cps > 0 such that

QS(X7 y) = Cn,s(p(p> g2n+25+1((p2 + 1)%3/)

n

Hence, using n-dimensional polar coordinates in R”,

[ T ix
<[ { (—”"Dy(p) - £ p) Gonsens (7 + 1))

elp) . N
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Next, we observe that by (iv) and (v) in Propostition 3.1, for each y > 0,
o 1
lim p @(P)g2n+25+1((P2 + 1)2y) =0;
p—0t

and
lim p"¢(p)Gantasi1((p® + 1)%y) =0.

p—+oo
Hence, an integration by parts gives that

00 n—1 /
_/0 <np ycp(p) + ‘P;ﬂ)pn) g2n+25+1((P2 + 1)%y)dp

_ 00 n-+1 g/ 2_|_ 1 % 1d
/O P e(P)Gan s ((P7+ 1) y)—(p2+1)5 p

Plugging this formula in the previous sum, we obtain that

991 x| < ]§“1p2+—1>%p”1¢<p>g;n+gsH<<p2—% iy >dp'

~Y

rn Oy
Next, by Proposition 3.1, (vii), we have that the above is bounded, up to a constant,

by

fe'e) pn—l 1 ) 1
(3.7) /0 e <gzn+2s+1((ﬂ +1)2y) + Gonras((p° + 1)23/)) dp

We split the integral over [0, 00) in two parts:
(i) The set of p > 0, such that (p? + 1)2y < 1, i.e. p? < 1 -1
(ii) The set of p > 0, such that (p*+ 1)2y > 1, i.e. p? > i—

We begin with the first part. Since n + 1 < 2n + 2s, Proposmon 3.1, (iv), gives that
both Go, 19511 and Gy, 105 are bounded. Observe that in addition, y < 1.

@p-vt e , ) 1
/ —— (g2n+25+1((p +1)2y) + Gongas((p” + 1)2y)) dp
0 (p?2+1) =

Sk

(-t e B
5/‘ ey S hy) S haly)e
0 (p* +1)

since y < 1.

So we are left to estimate the integral over (p? 4+ 1)y > 1 in (3.7). By Proposition 3.1,
(v), the integral in (3.7) is bounded by

00 n—1 1
p n+2$ 1 nt2s—1 _ 2 5
/«/)2 ) m(p +1)T e e gy
1/y)2—1)2
(38) o1 Y o) pn—l
S y 2 67% n— 1+25 € fdp
o (p*+1)
The change of variables py = A gives that this is estimate by
112 eV AT e VR < hs(y)e_%.
y 0

O

Proposition 3.5. Let f € L'(B(0,1)) and 0 < s < 1. Let k > 1. Then, if |x| +y >k,
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Qu(Go())(x,y)| S e Y / () dw.

B(0,1)
(i)
Voo Qe (Cal ), 9)| S ()™ V20 / 1 (w)ldw.

B(0,1)

Proof. We begin with the proof of (i). We first observe that it is enough to prove that for
|u|+y2k1:k:—1,

(3.9) QuG)(uy)| S e v,
Indeed, if (3.9) holds, we have that

Qu(GL () (x, )| < /

B(0,1

5 / e—ﬁ(lx—t\+y)|f(t)|dt
B(0,1)

| |Qu(Gs)(x = t,y) [ f(t)[dt

which by Lemma 3.2 is in turn bounded by 06_‘}5(|X+y)/ | f(t)|dt, for some C > 0.
B(0,1)

So let us prove (3.9). Let [u|+y > ki =k — 1 and fix 0 < K < &. We decompose
Qs(Gs)(u,y) as

2s

i 1
QS(G3>(U, y) =C —by<K (’u t‘Q + yg)@ g2n+2s+1((’u — t‘2 +y2)2)Gs(t)dt
u—t|+y< — 5
2s
Y 1
" C/ =k (Ju—t2 + y2)ﬂg2n+28+1((|u —t* +y%)2)Gs(t)dt
u—t|+y> — 5

= A(u,y) + B(u,y).

Let us estimate A(u,y). We first check that since for ju —t| +y < K < &, we have
that ju —t| < & and y < &, then |u| > k; — y > k;. Consequently,

k
6] > fu = o= ¢] > fu] = <= > Ju] = = = Zju| > Sk

By Proposition 3.1, (v),

€7|t| 6‘ |
— 51 —
S(t) ~ nt+l—s 5 e 5 € V2

6]

Hence, since y is bounded and Gayszs1((Ju — t|* +42)2) < 1, we have,

2s

y I I ~ L (ul+y)
A(u,y)ﬁ/ e Vzevzevidt Se V2 .
u—try<ic (00— [ +y)m*

Next we estimate the integral B(u,y). Using (iv) and (v) in Proposition 3.1, for \% <

c<landc =c— \/LE we then have that

 (u—t|+y) e—Clt]

B(u,y) < / y¥e Vi ——dt
lu—t|+y> K t]

1 e—cltl _1
<e =5 (lul+y) dt < e =5 (lul+y)
~ re |E]P75 ’
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Now we deal with the estimate of (ii). As in the previous case, it is now enough to
prove that for |u| +y >k =k — 1,

Vs (Qs(G)) (1w, )| < hy(y)e va Y,

We begin with the estimates for

g%@«au»mxw.

If we deal directly with [,

2Q,(u — t,y)]|G,(t)|dt, we would not obtain the de-
sired estimate. We must try to reduce the “singularity” of %Qs(u —t,y) int = u,
independently of y. We will use that by Proposition 3.4,

9Qs

Rn 8@

(u—t,y)dt =0.
As before, let K < %. We have that

a%@s(Gs)(u, v)

0
P AQs(u —t, y) (Gs<t> - Gs(u)X|u\>k1/8) dt
R™ ZT;

(3.10)
:/| 0 Qs(u_

u—tl4y<K OTi

+f 0
lu—t|+y>K axz

We begin with the estimate of C'(u,y). Now |[u—t|+y < K. We have that |u—t|
and y < 2. As before, [u| > & and [t| > Sk;. Hence, observing that G,(t) ~ G (
Proposition 3.1 (vii), gives that

t,y) (Gu(t) = Go(W)X|uj>hi/s) dt

Qs(u —t, y) (Gs(t) - Gs(u)X\u|>k1/8) dt = C(ll, y) + D(u7 y)

k
<k
t? 0)7

Gs(t) — GS(U)X\U|>%1

= |Gs(t) = Gs(u)] < Ju—t| sup [VGesa(v,0)]

v=u+p(t—u); 0<p<1
—|vl —|vl
e e
S ju—tf sup < ) .

n+l—s n+l—s—1
v=u-+p(t—u); 0<p<1 N

v

Since [v| > |u| — p|t —u| > T _ A

ki _ 6k1
S e = g we have that

|G (t) — Gs(0) X jupshs] S u— te M.

Since y is bounded, we have that vz ~ 1. Hence

2s
Y lu — L (jul+y)
C(u, </ eTUdt <e V2 .
R A (e T ~
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In order to estimate D(u,y), we use Proposition 3.1, (iv) and (v) for ¢ > 0 such that
1/v2 < ¢ < 1. We have

0
/| ok %Qs(u —t, y) (Gs(t) - Gs{u)Xl“bkl/g) dt’
u—t|+y> t

<

i

/ | Ke—(|u—t\2+y2)§ (Gs(t) + GS(U)X\uIZkl/S‘) dt
u—t|+y>

_u—t|+y €7c|t\ —clu]
e V2 — e | dt
lu—t|+y>K t]
_ (lultw) e Gl lu—tl _ (lultw)
Se V2 det—i— e vadt|Se V2o

We next deal with the derivative with respect to y. In the corresponding step in (3.10)

1A\

when we now reduce the “singularity” of g—st(u —t,y), it appears a suplementary term,
that by Propositions 3.1 (v) and 3.4, satisfies

—a _ 1
/ ay@(“‘t»y>Gs<u>X|u|>k1/8dt\ < hu(y)e S0,
Rn

Arguing as in (3.10), we observe that the terms when we derivate with respect to y the
denominator of P; or Go,19411, are completely analogous to the derivatives with respecto
to x;. So, in order to finish the proof of the proposition, we need to estimate the derivative
with respect to y of the numerator of P;. We then have to estimate

1 / 1 ,
———Gonyos u—t2+9%)2)|Gs(t) — Go(u) X |u/>k/s|dt.
y1—23 wn (|u—t|2+y2)+72 2n-+2 +1((| | ) )| () ( ) lul> /8|

Spliting again the integral in two terms, when |[u—t|+y < K and when [u—t|+y > K,
and denoting each integral by C;(u,y) and D;(u,y) respectively, we have that

1 1
Ci(u,y) < / Gs(t) — Gs(u) x| dt,
1(u,y) yl2s by <K (lu— t| _|_y)n+2.s| (t) ( )XI |>k/8|

that arguing as before is bounded by hs(y)e*%(‘“Hy),

Next,
1 —clt]
D1(11,y> S 1325 / e—(|u—t\2+y2)% <€ — + €—c|u> dt,
) lu—t|+y>K |t|

that with analogous arguments, is bounded by hs(y)e*%(‘“lw)_

O

Proposition 3.6. Let 0 < s < 1 and let p be a nonnegative Borel measure. For each
A > 1, there exists k > 0 such that if |x| +vy > k, then

Qs(Gas()(x.y)| Z e u(B(0,1)).

Proof. We consider first the case n — 2s > 0. Observe that since we are assuming that
s <1,n—2s<0is only possible when n = 1. Let |u| +y > k > 2.
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If y > k/4, then using (v) in Proposition 3.1 and Lemma 3.2, we have

QuGmylz [ L) I P L
’ ~ t<1 (’u _ t‘ + y>n+28 ’t|n72s
2s
:/ y n+2s+41 6_(‘u_t|2+y2)% iE2S
tl<t (jlu—t[+y) 2 [t]
2s
~ y o [ At o ez S aulty)
- n+2s+1 t n—=2s N ~ Y
(lal+y) 2 t<1 [t]

for any A > 1.

Assume now that y < k/4. Since |u| +y > k, we have that |u| > 3k/4. We also have
that if ju—t| < y, then ju—t|+y < y < k/4 and consequently, Gopyos1 ((ju—t|+y)2) ~ 1.
Hence,

2s

1Qu(Gas) ()| 2 / I Gt

u-tj<y YT
But, we observe that in this region |t| ~ |u|. Indeed,
12 ]~ Ju— ] > Jul — g > o] — /4> o) - =20
Conversely,
6] < Juf+ [u—t] < u] +y < Ju[ + k/4 < (141/3)[ul.

Note that, in particular, [t| < |u| +y and |t| > 235 then by (v) in Proposition 3.1

2s

1Qu(Cae) (. 9)] 2 / 'y

lu—t|<y Y

—n—1+42s
2

o~ (lul+y)

n+1—2s ~v

u[

¢~ Mul+v)

~Y

for any A > 1.
Hence, in any case,

|Qu(Gas) (w,y)| Z e M),

and, consequently,
|Qs(Gas() (%, 1) 2 I/B( )6‘A("‘_t'+y)du(t)| Z e N u(B(0, 1)),
0,1

where we have used Lemma 3.2 since [t| < 1.

The remaining case 1 — 2s < 0 is proved with minor changes using the corresponding
estimates in Proposition 3.1, (iv). O
4. CAPACITIES, TRACE MEASURES AND POTENTIALS OF EQUILIBRIUM MEASURES
Definition 4.1. Let E C R". The Bessel capacity of E s defined by

Capy(E) := inf{]| f||Z2gny : Gs(If]) = 1 on E}.

We list some properties of the equilibrium measure for a compact set in R™, which will
be used below and that can be found, for instance, in [1], Thm. 2.2.7.
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Theorem 4.2. Given a compact set E C R", there exists a positive measure vy on R"
(that is called capacitary or equilibrium measure), such that:
(i) vg is supported on E and vip(E) = Caps(E).
(i) pg := Gas(vg) > 1 a.e. on E.
(it}) p € H2(R) and gl ) S Caps(E).
(iv) There is a constant C' > 0 independent of E, such that pg(x) < C for any x € R".

The following result is well known (see Theorem 3.1.4 and Remark 3.1.1 in [12]) and
gives a characterization of the positive trace measures on the space of Bessel potentials.

Proposition 4.3. Let i be a positive Borel measure on R™. Then, i is a trace measure for
HZ(R™), that is, [o. |f|*dp < ||f\|§{2(Rn) for every f € HX(R™), if and only if there exists
C,, > 0 such that for any compact set E of diameter less or equal to 1, u(E) < C,Caps(E).

Let ¢ : R — [0,00) be a C* radial function, nonincreasing in |x|, with support on
B(0,1) and such that [ ¢ =1. For 6 > 0, let ps5(x) = $9(x/d). We write vgs = vg * @s,
the regularizations of the measure vg. We then have that vg 5 are functions in D satisfying
that dvg s := vp s dx — vg in the sense of distributions and such that ||vgs||1 = Caps(E).

We denote by

PEs = Ggs *VEs, o> 0.

As a corollary of Proposition 3.5 we have that

Proposition 4.4. Let vy be the equilibrium measure of E and 0 < s < 1. If |x| +y >
k> 1, then

() 1Qu(pe)(x,y)| S € ().
(i) [VQs(pr)(x,9)| < hs(y)e EX Iy (E).
We also have that if 6 > 0, then

1 (x
(i) 1Qu(pes) (x.y)| S e 2 g ().
(it) VQs(pea) (2. 9)| < hs(y)e V2™ (),
with constants independent of & > 0.

We will need the following result:

Proposition 4.5 ([11], Chapter 2, Lemma 3). If 2s < n and § € (1, %5), v a non-
negative Borel measure on R. We then have that if Ios(v) is the Riesz potential of the

measure v, then I, (v)? is in the Muckenhoupt class Ay, with A,-constant independent of

1

v. Forn =1 and s = 5, we must replace Iy5 by the logarithmic potential.

Remark 4.6. We observe that if we instead consider the Bessel potential of a nonnegative
measure, proposition 4.5 is no longer true. In fact Ggs 1s not even a doubling weight for
any B > 0, since the exponential function is not a doubling weight. For instance, if n = 1,
Gos(x) ~ %, when |x| — oo. Then, for any R > 0

=

1

SR —px AR Bz - —BR _ _—B5R
e ] e J e e
——dx —dx ~ 5 00,
- 2B(—s) . 2B(1—s) ¢—B2R _ o—PB4R /

when R — oco.
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Theorem 4.7. Let E C R™ be a compact set, vg its capacitary measure and let pp =
Gas(vg) be its capacitary or equilibrium potential and pg s its reqularization Then, if o >
1/2, pg s € HX(R™) and ||p% sl 32 ny S Caps(E).

Proof. 1t is enough to show (see Proposition 2.1) that

/ IV(Qs(prs))*[Py' ™~ dxdy + / [(Qs(prs))* Py~ dxdy S Cap,(E).
Ri+1 Ri+1

In order to estimate the first integral over R we apply Stoke’s Theorem to the
following domain and form. Let n > 0 and R > 0 and let Q, g be the region in R
defined by

QU,R = {(Xv y) S B(O7R) Y > 77}
Let ws be the form defined by
n 9 . /\
ws = (Qs(pps))** 'y =% (Z(_DIHM(X: y)dxy A - Ndxg A - ANdz, A dy

i=1 0

—i—(—l)”w(x, y)dzy A= A d:vn) .
dy
Since div(y' " VQs(pr.s))(x,y) = y' > Qs(prs)(x,y), we have
dw(x,y)

= (200 = 1)(Qs(pEs))** 2 (%, 1) VQs(prs) (%, y) [y *dxdy
+ (Qs(pEs))** (x, y)y' > dxdy.

To conclude the proof we need the following lemmas.

Lemma 4.8.

lim ws = / Ws.
R=00 Joq, » R x {n}

Proof. By Proposition 4.4, we have that, provided |x| + y is big enough,

(Ra—=D)+1)(x|+y)

(Qupea) ™y VQupes) o) Sy halp)e 2 v(E

Hence, for R — oQ,
/ %)
aﬂln,R {y>n}

Analogously, fﬁﬂn,m{y:n} ws — fR”X{n} ws as R — oo. O

((2a—1)+1)R
V2

< R'e” — 0.

Lemma 4.9. There exists a positive constant C' > 0 such that

lim ws = (‘Dno/ (pBs)** s,

170 SR {n) "
Proof. Assume that v is supported in B(0, k) and let K = k+2. We write Rx{n} = IUIs,
where I} = {|x| < K} x {n} and I, = {|x| > K} x {n}.

We have that by Theorems 2.3 and 2.2, lir% P(prs)(x,n) = prs(x), and
n—

. —2s 9 s
lim 7'~ 8_yQS(pE’6)<X> =—C(Id— A)Y’prs(x) = —Crps(x),

n—0
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where C' > 0.
On Iy, Theorem 2.3 gives that lirr(l) Qs(pes)(x,m) = prs(x), uniformly on B(0, K) and
n—
by Remark 2.4,
n a— —48 a n a—
(=1) (Qs(pE,a))2 =2 a—st(pE,a)(Xa n) — —(=1) Cp%,é IVE,J(X)a
when 1 — 0, uniformly on B(0, K). We then have that
lim [ ws = (—1)”“0/ (pe.s)** 'dvps = (—1)”+1C/(pE75)2o‘1dyE,5.
=0 Jp, |x|<K R
frxreland 0 <n <1,
_ (2a=)+1)(x|+n)

r@s(pE,a))?a1n”3§y@s<m><x, I

And this last function is integrable on |x| > K. In addition, since supprvgs C I, we
1-2s 9

5, @s(PEs)(x,m) = 0. Hence, Lebesgue’s Dominated

have that for x € I, lim, o7
Convergence Theorem gives that

lim [ ws = 0.
n—0 I

This concludes the proof of Lemma 4.9. 0

Now, we continue with the proof of Theorem 4.7, proving first that

/ Vi (Qs(prs)™)|*y' > dxdy + / 1Qs(pp,s)*[Py' > dxdy < / (pps)** " dvs.
R1+1 R1+1 n

Using Lebesgue’s Monotone Convergence Theorem, Stoke’s Theorem, and Lemmas 4.8
and 4.9, we have that

/ o [V (Qslpma) )Py dxdy + / Qulpis)Py' > dxdy
R ! 1

Rt
~—  lim (Vi (Qs(prs)®)|* + [Qs(prs)*?) y' > dxdy
n—0,R—o00 Uk
< lim lim ws =C 2=ty s,
™~ n—0 R—oo 0% n J /n(pE,5> B

Using that pgs < 1, and that 2a > 1, we deduce that this integral is bounded, up to a
constant by

/ vps = Caps(E).

5. WEIGHTED LP-ESTIMATES FOR AN AREA FUNCTION

Let K : R" x [0,00) — R™ be a vector-valued kernel (in fact we will consider only
two type of kernels, one a vector-valued kernel in R™™! and the other a scalar one). This
kernel defines a vector valued operator from functions on R™ to vector-valued functions
on R" x [0, 00) given by

K(f)(x,y)= | K(x—zvy)f(z)dz.

Rn
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The area function associated to K is

A(f)(8) = ( / LK y>|2‘§2‘;'i’)% |

where ['(t) = {(x,y) € R ; |x — t| < y} is the cone with vertex t.

We will need a result on a weighted L?- estimate for the area function associated to
some convenient kernels.

We will work with a class of vector-valued kernels that with a little abuse of notation
we will denote by Agk-Calderén-Zygmund type kernels, defined by:

Definition 5.1. A vector-valued kernel K : R™ x [0,+00) — R™ is an Ax-Calderon-
Zygmund type kernel if it satisfies that there exist constants €, > 0 such that:

@ A (2 S N llz2e-
(i) Kyl S

., o nfn -
x[2+y?) 2

(i) For |x — X| < e(|x[2 + ¢?)z,

n _m
K(x,y) - K& y)| s —LF=X"
(kP + )2

For a function g defined on R™ x [0, 00), we define
dudy
2 _: 2
191 0, s / Nl

Theorem 5.2. Let K : R" x [0, +00) — R"™ be an Ak-Calderdn-Zygmund type kernel.
Then, for any w € A,(R™), p > 1, we have that,

AR (H)|o@ax) S 1f1|2oax)-

The proof is based in the ideas in [5], where the authors obtain a weighted LP-estimate
for a Littlewood-Paley square function associated to a function ¢ € S with zero integral.
We also use some results in [9]. We recall that the Fefferman-Stein sharp function f* is
given by

£ = supint o [ [7(y) = cldy.
QI Jo

x€eQ ¢

|

If0 < § < 1, we write fg(x) = SUP,q inf, (ﬁ fQ f(y) — c|5dy> . Applying [9], Theorem
3.1 together with (4.1) in the same paper, we have that:

Theorem 5.3 ([9]). Let 1 < p < co. For anyw € A,, 06 < 1 and for any compactly
supported function f, integrable on R™, we have

1M fll o) S 151z aso,

where M f 1is the usual Hardy-Littlewood maximal function and the constants depend only
on p, n and the weight w. In particular,

(5.11) £l S 1F 150 2o oa)
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5.1. Proof of Theorem 5.2. If we denote K(f)¢((x,y)) := K(f)((x+t,y)), we have

a0 = ( [ KU y>>|2j’§il§“’)é

-(/ L KOG mn?j’jf?)% -(/ K f>t<<x,y>>,2jjjg)5 |

We claim that it is enough to show that for 0 < § < 1,

(5.12) Ax(f); S M(f).

Postponing the proof of the claim, we first finish the proof of the theorem. By (5.11) and
(5.12), we have that if w € A,

AR ()]l ere) S 1A D5l ere) S TM Flliee) S 1 eee),

which gives the desired estimate.

So, we are left to prove (5.12), or equivalently, we will show that for any cube @, with
sides paralels to the coordinate axes, and centered at tq, there exists a constant cg such
that

(ﬁ /Q A f)(8) - cQPdtf < M(to).

We need a lemma that shows that Ak is of (1,1)-weak type and which is based in a
well known technique of splitting functions of A.P. Calderon and A. Zygmund.

Lemma 5.4. There exists C > 0 such that for any A > 0, f € L'(R"),
1 n
e € B A(f)(0) > A 5 LK,

Proof. If A > 0 and f € L'(R"), we denote ) = {x € R"; M(f)(x) > A}
Since the Hardy-Littlewood maximal operator is of weak type (1,1), we have that

1
0S5 [ 17elx
Rn

We must then estimate
[{x & U Ax(f)(x) > A}
Let (Qk)x be a Whitney decomposition of the set 2. We write f = g + b, where

o) = { P, XA
Wka fx)dx  x € Q.

Since (Qg)x is a Whitney decomposition of €2y, there exists R > 0 such that the dilated
cube RQ) satisfies RQ N QS # (. We then have that ||g||ec < A. We denote by = bxg, =

1
(f — fo.)xo., where fo, = m/ f(x)dx. We then have that by is supported in Qy,
El JQp

ka brdx = 0 and ||bg|| L1 (rn) S ka |fldx and b= )", by.
If we decompose
{x ¢ Qx; Ax(f)(x) > A}
< [{x ¢ O Ax(9)(x) > A2} + [{x € Qy; Ak(b)(x) > A/2}] = A+ B,
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Chebyshev’s inequality, (i) in Definition 5.1 and the fact that ||g]|cc S A gives easily
that

A< [ 1 roax.
A Jun

We now estimate B. Let 2" = U@, where @)} is the cube with the same center that
Q. and such that |Qf] = R"|Qx|. We then have that |Q*| < Q2] and

6 2 Ax(B)) > M2 S 3 [ A0

1
< X Z/ Ax (b)) (x)dx.
kY RMQE
So, it is enough to prove that
/ Ax (b)) (x)dx S |0k || L (.-
R™\Qj,

Let x € R™\ Q;. Denote by x* the center of Q, k > 1. The fact that for each k > 1,
Jgn b = 0, gives that

K(by)(x) = / (K(x —u,y) — K(x — x*,9)) by(u)du.

Next, observe that if we choose R big enough so that for any u € @ and x € R" \ Q5,
we have that by (iii) in 5.1,

[u — x*|7y"
=X )

’K(X_uay)_K(X_Xkay)} S (

Thus, the above integral is bounded by

[u — x|y ot /
br.(u)|du < - bi.(u)|du.
T el S it | o)

Hence
Y21 dxdy

(1) (Jx = x| 4-gy)2ntan yntl”

A ()2 (6) < 72 (12 e /

But if |x — t| < y, we have that |x — x¥| +y > |x¥ — t].
Consequently,

dx
Ax (b)) < 2 1bg|? 1 m /
K(be)"(t) S TQk” ’f“Ll(R ) e (X — 5[ 4 [xk — ¢])2ntan|x — g[n—2n

2
7o 0% 171 (g
~|xk — g[2et2n

and

dt

P S 1bxl L1 ey

/ Ae(b)()dx < 7 ell ey /
R™\Qj R™\Qj

We need a second lemma:
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Lemma 5.5. Let K : R" x [0,400) — R™ be an Ak-Calderdn-Zygmund type kernel.
Then there exists 0 < n such that if |r —t| < elr|,

2 [ —t[*

Proof. Let |r — t| < e|r|. We then have that for any [u| <y, [u+r—(u+t)|=|r—t| <
elr| <e(Jlu+r| +y). Since K is an Ak-Calderén-Zygmund type kernel, we have that by
(iii) in 5.1,

6~ x[y® dudy
Ku+t,y) — Ku+r,y)|? v\ S / )
|| ( y) ( y)HLQ(F(O),%> ul<y (|u_|_ I‘| +y)2n+4n yn+1

It is easy to check that

/ 1 dudy 1
ul<y (Ju + 1] 4 y)?r Tyt 2t

And that ends the lemma. O

Now we prove (5.12). Let f = f; + fo, where fi = fxo+ and where, as before, Q* is
the cube with the same center that @) and such that |Q*| = R"|Q|. If we denote as usual

90 = 157 Jo 9(t)dt, let

1

which we wil write briefly as [|(K(f2))utqll (r(o), 24 We then have,
7yn+1

1

o )
_ (ﬁ / \nK(f)tnLQ(F(O),%) ~ IS Dol

1
1 5
< | _— 0
~ (IQI /Q i ”t”ﬂ(ﬂouﬁiﬁ)dt)

! }
; (@ /Q IK (o) = (K (o)) usol dudy>dt) i

The estimate of I follows from Kolmogorov’s inequality, since by Lemma 5.4, Ax(f) is
of weak-type (1,1). We then have,

Oy . st (i )
ol /Q KD 0y < 157 [ 0P 5 (15 /Q )t

and consequently,

=

5
dt>

t)|dt S M f(to).
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Let us now estimate 1. We have that since § < 1

dt

(5 13)
1
< 5/ ||/zeRn\Q*( (u+t—2zy) — <@/reQK(u+r—z,y)dr)) f(z)dzHL2<F(0)7%)dt
Q| 10| K —zy)-K - dzd
: teQH|Q| /ZER"\Q* /rte (utt—2zy) (u+r—z9)||f(z)|dzdr

12 (F(O) dudy )

1
S—Q// /HK(u+t—z,y>—K(u+r >||L2< dudy>\f( z)|drdzdt,
Q1 Jieq Jaermor Jreo

where in the last estimate we have used Minkowski’s inequality. Next, Lemma 5.5 gives
that there exists 0 < 1 < 1 such that

) Ir — |27
IKu+t—-2zy —K(u+r—z, y)HL2<F(0)7%> ~r — z[2rrn

Hence, (5.13) is bounded, up to a constant, by

v — t|*
‘Q’ teQ Jaern\@- Jreq |t — zy2n+2n| (z)|drdzdt < M f(to),

where the last inequality follows easily by a standard discretization method.

6. THE KERNELS K, AND J;,

Let K(x,y) and Js(x,y) be the kernels defined respectively by

K.(x,9) =9y | Vy,Qs(x —1u,9)G,(Jul)du

Rn

J(x,y)=y"* Rn Qs(x —u,y)G,(|ul)du

and the associated integral operators K ( = Jon Ki(x—2,y) f(z)dz and J,(f)(x,y) =

Jen Js(x — 2,y) f(2)dz respectively.
Theorem 6.1. Let 0 < s < 1. Let Ty be either K, or J5. We then have that for some

n >0,
(1) [[Az,(N)llze@ny S
( )’T(X?J)’<W-
(iii) If |x — X| < e(|x|2 + y?)z, for some e > 0,
n _x|n
T 0) - TEo)| § X
(|x[? +y?)

Proof of (i).
We start with the kernel K. Observe that Fubini’s Theorem and Remark 2.6 give that

s dxdy
s, ()22 = / / VUG e )P

= /n“ Y PIVQUG ) (x,y)Pdxdy SNIGof | F2@ny = | F172@n)-
n
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The estimate (i) for Ty = Jg is analogously a consequence of Fubini’s Theorem and
Remark 2.6.

Proof of (ii).

First, we obtain the estimate for the kernel K;. We consider two cases: |x| < y and

[x[ = y.
We prove (ii) for K, when |x| <y. We will check that
1 _ v Yy
’Ks(x7y)’r§_: = n+ts *
v (X )

We have that
K,(x,y)

2s
= yl_s/ Vi <(| . n+23) Gonrosr1((|x — ul’ +y°)2)Gy(Jul)du

X —uf 4y

2s
_ Yy 2 2\ 1
+y1 s/ nzsvx, Gon+as X—ul"+y’)?2 Gy(|ul)du
N e s (Gonszen (1 = +9%)%) ) Gy(Ju)

We observe that by Proposition 3.1, Go,, 10511 and VGs,, 10411 are bounded functions. Hence

S

)
614 KS X7y 5/ n+2s GS u du
(6.14) Kool 5 [ oo Ol

Next,

n+2s (lul)

n —Uu 2 —|— 2
(6.15) e (fx | ) . ) !
5 / n+23 n— sdu + / i n+2s n—s du S o
u|<2y ‘LI| |x—u|>2y ’X - 'Ll| |u| Yy
Now, we prove (ii) for Ky when y < |x|. We will check that in this case,
Y
’Ks(xv ?J)’ ~ ’ ‘”+77’

for some n > 0. In order to avoid the “singularity” of the integral near x, indepently of
y, of the term (

1 .
(ealy)rie We write

KS(X7 y) = ylis VX,yQS(X —u, y)Gs(‘XDdu
Rn

+ yl‘s/ VieyQs(X — w,) (Gs(|uf) — G,(x])) du = Li(x, ) + Lx(x, y).
We begin estimating Iy (x, y). By Proposition 3.4, we have that

1

< hy(y)e v2Y.

~Y

ViyQs(x, y)dx

Rn

—clx| s

Hence, for any 0 < ¢ < 1, |[I;(x,9)| S y' *hy(y)e” 3 W= S s
Now, we deal with I»(x,y). We recall that y < |x|.

x|

We consider first the integral in |[x —u| > ‘7 Here there is no singularity near x, and it

is enough to estimate separately each of the two integrals, corresponding to G4(|u|) and
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Gs(]x]) respectively. Indeed,

yls/| | o Vx@Qs(x = w,y)Gs(Juf)du
x—u 2%

s
1
5/ Y 5 du =
|x7u\2§ ‘X - u’n+ ° ‘u‘nfs

S
Y 1
/ n+2s n—s du +
Ix—u|> L ju|<2|x| x — u u| Ix—ul

Y

s

1

< V_ / L gty / L <
~ —au-ry u
[x|"+25 f <o [ uj>2px| (a2

Next, consider the integral corresponding to G4(|x|), if 0 < ¢ < 1

T R SCXCERIEN T
X—u 2%

s

< efc\x| / ys
TP a2 (Jx = ul? + y?

u < m=g

[u|>2|x| |X - u|n+25 |u’n—s

du

25

So, in order to finish the estimate of I5(x,y), we are left to obtain the estimate when

we integrate in |x —u| < % By the mean value theorem,

|Gs(lu]) = Go(Ix])] < [x = u

z=x+A(u—x); 0<A<1

IVGi(2)].

Applying (vii) in Proposition 3.1, and using that since [x —u| < %, we have that for any

z=x+ANu—-x),0<\<1, |z ~ x|, we deduce that for some ¢ > 0,

VG.(2) S ——

Let 0 < < min(s,1 —s). We then have

yS
/l' (I —uf 1 2)" 5"

S T
x|+

Gs(|u]) = G.(|x|)| du

< yn du <
~ |X|7L+1—S | —u|<m |X _ u|n+25—(5—n)_1 ~ |X|n+77’
— 2

Estimate (ii) for the kernel Js.
If |x| <y, we have that since

2s
Y
Qs(x,y)| S

(el +92) 2

S

Ll < [ y

and we can continue arguing as in (6.14).

——G(|u])du
e (x—up ) e

If |x| > y, an analogous argument to the one used for the derivatives of Q) gives the

desired estimate, using that now

Qs(x,y)dz S ™

R"
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and taking into account that in comparison with the estimate of Vi ,();, in the estimate
of @ appears in the numerator an extra y, that together with e~ gives that ye=% < 1.
As before, this observation allows to reduce the arguments to estimate J, to the ones used
in the estimates of K.

Proof of (iii).

Let’s begin with the kernel K,. We must show that for [x — X| < e(|x|> + y%)2 and
some 1 > 0,

n _m
K,(x,y) - K, (& y)| s X=X
(P +97) 5

We consider separately, as before, the cases |x| <y and |x| > .
If |x| <y, it is enough to see that for any |x — X| < ey, we have that

x —xJ°

Ks(x,y) — Ks(x,9)| S yots

Indeed,
Ks (X, y) - Ks<§u y)

— oyl 5 {(ViyQs(x — w0, y) — Vi, Qs(X — 1, 9)} Gs(|uf)du
= yl_s / —u|<C {vx,st(X —u, y) - vayQS(i - y)} GS(|u|)du

+y' /| |>C {ViyQs(x —u,y) — Vi, Qs(x — u,y)} G,(|uf)du
x—u|>Cy
= Al (X7 i, y) + AQ(X7 i? y)

We begin with the estimate of A;(x,X,y). Since |x —X| < ey and |x — u| < C'y, we have
that for any z = Ax + (1 — M\)X, |z — u| < y and, in particular, |z — u|?> + y* ~ y. On the
other hand, if |x — u| < Cy, we have that |u| < |x —u| + |x| < Ciy Hence, Mean Value
Theorem applied to the functions x — Vy ,Qs(x — u,y) gives that

s

y* ~ du Y
|X o X‘ S yn+25+1

~| s < |X_§|S

‘AI(X7 i’ y>| 5 n |X_X ~ yn+s

yrree <oy a7 "~

Next, we estimate As(x,X,y). Since |x| <y and |x —u| > Cy, if we choose C' > 0 big
enough, we deduce that |u| > Cyy, with C; > 1. We also have since |x — x| < ey that for
any z=Ax+ (1 - A)X,0< A <1, |z—x| <ey and

2 —ul > [x—ul = lz—x| > [x —u[—ey > (1 - S)lx—ul.

Proceeding as in the previous case, we have that

‘A2<X7 ia y>|
</ y*lx — X| 1 du < yi|x — X| 1
~ — u S —
Ix—u[>Cy |X _ u|n+23+1 ’u’n s yns x—u[>Cay ‘X _ u’n+23+1

_yx-F| xR
ynfs+2s+1 ~ yn+s
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Assume now that |x| > y. We must show that for |x — X| < ¢|x| and some 0 < 7,
Mx — X7
< Yx—X|

|KS(X7 y) - Ks(ia y)| ~ |X|n+2n

The change of variables u = x — v and u = X — v respectively, give that

(616) |KS(X7 y) - Ks(ia y)| =

V7 [ VeaQuv ) {Gullv = x]) = Gi(lv = R} v

Since [y' ™V, ,Qs(v,y)| < W‘;nuw and in order to avoid the eventual “singularity” when
integrating with respect to v indepoendent of y, we bound the expression (6.16) by

1—s

Y

Vvvas(‘h y) (Gs(’XD - Gs(’iD) dv

Rn

4 yl—s

. VyyQs(v, 9) {(Gs(lv = x|) = Gu(lv = x[)) = (Gs(x]) — G([x])) } dv

= Bl(Xa i) y) + BQ<X7§7:I/)‘
Let us begin with the estimate of B;(x,X,y). By the mean value theorem,

|Gs(Ix)) = Gs(XD] < x =] sup VG (2)] -

z=Xx+(1-A)X; 0<A<1

But since |x — X| < ¢|x|, we have that for any z = Ax + (1 = A\)x, 0 < A < 1, |z| ~ |x].
Hence, for some ¢ > 0,

x —X|

—clx|
)

X|n+1—s

Applying Proposition 3.4 we have that

Bl (Xa X, y)

S Gs(Ix]) = Gs(1%])ly'

/ ViyQs(v,y)dv

_ 1 ~ ~
1- e V'|x — x| —c|x| yllx — x|
Sy shs(y)w o §|X|n—+2,7,

for some n > 0.
Now we estimate By(X,X,y). In the following arguments we will see why we choose the
next decomposition of the integral that defines By(x,X,y).
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We recall that we are assuming that |x — x| < e]x| and in addition |x| > y. We write

‘B2<X7 i7 y)‘

< y1_5/|>1| |IVv,st(V,y)l |Ga([x]) = Go(X[)| dv

+y13/|>2| ‘!Vv,st(V,y)\ [(Galv —x]) = Gs(lv = x[)) | dv

+¢Sﬁ Vv .y Qs (v, ) [(Gu(lv = x[) = Gi(|v = x[))] dv
LixI<|vi<2lx]

+¢*/FﬂlWWQJWMH@AW—xD—GMV—Q»—KMMD—GMQDWV

= By1+ By + By + Bay.
The estimates of By ; and By, are similar. Applying the Mean Value Theorem in By,

Gu(x]) — ()] < X=X

~ |X|n—s+1
and in By, for some z in the segment with extrems x and X,
x-%  _ x-%
|V _ Z|nfs+1 ~ ‘Xlnferl

|Gs(lv =x) = Go(lv = X)) 5

We then have

o1 dv y°lx — x[°
B Bys < Ylx — X|——— < )
21+ Bag S y|x — X| [T /|v|>;x| |[v[nt2s ~ x|t

Next we deal with the term Bss. If we just argue as in the case By, the intermediate
point that appear when we apply the Mean Value Theorem to

Gs(lv =x[) = G(lv —x])

is not easy to estimate when 1|x| < |v| < 2|x|. For this reason, we will use a different
argument, approximating the Bessel kernels by Riesz kernels, approximation that allows
a more precise estimate.

We express G(|[v—x|)—Gs(|v—X|) as a sum of the difference between the corresponding
Riesz kernels and the difference of the remaining parts. Due to the simmetry of the
position of the points x and x, we will just consider the part of the integral where |v—x| >
|v — x|. We will assume from now on that we have this extra assumption. We have that
there exist a,, b, > 0 such that

~ v Eevl? _s —n+s dJ
Gs(v—x)—Gs(v—x)—as/o (e To—e 5 )(e w—1>5 5

1 1
+bs(| ):D1+D2

X — v|?—s B |x — v|n—s

We begin with the estimate of D;. We have that
‘6%_1‘ 1, ifs<1,
L 1K

° 5, ifé>1.
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We write

lv—x|? |%—v|?
- -

€ 0 — € 6

2
_ izt (1 — e FIV-RHv=xD(iv==I-lv=x) < -m= (1 _ 6—%”|v—?c|\x—?c\>

Next, since 1 —e ™ < X\ if A > 0,

vox 2
< e : 57T|V—X||X X|.

lv—x|? _Z=v?

e’ § —e

Then

1 2
D < |x— x|/ e v —x]|§ 51
0

o0 —n—+s
+ |x — X| e ~2d0.
1
The change of variables A = 7= x|2 , d6 = —%|v — x[*d\ gives that the above coincides,
up to a constant, with
~ ~ > n—s dA
Dy < \x—x||v—x|\v—x|_”+s/ T =
|v—x|27m A

(6.17) " endd

[v—x]2
+ yx—§|\v—§||v—x|”+82/ e

; X
Slx=x[lv—=x[(Jv—x|"""+1).

For the estimate of D,, we will use the following lemmas to estimate the integrals

involving ( o L L

x|n75 - |§—’U|"7‘S
Lemma 6.2. Letn > 1 and 0 < s < 1. We then have that if |h| > |h|,

1 1
[h"=s |pjn—s

o
[b|[hf=s

Proof. The case n = 1 was proved in [4]. If n > 2, Mean Value Theorem gives that

B — b T
= _ < sup | ||z| '

[h|"=s[h["=s e=aht(1-nhio<r<t  [h["=#[hjn=s

1
B[~ ||

But any z = Ah + (1 — A)h, 0 < A < 1 satisfies that |z| < sup <|h|7 |H|> — |h|. Since
n—s—1> 0, we deduce that the above is bounded by

~ 1
h—h|——.
[h[h[rs

O

The estimate (6.17) together with Lemma 6.2 and that we are assuming that |v —Xx| >
|v — x| give that
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/ (Dl + Dg)dV
3 x| <[v]<2lx); [v—X|>[v—x|

~ — ~ 1
,§|X—x|/ <|V—X|_—|—|V—X|+ = _)dv
Lx|<|v]<2px]; [v—%|>|v—x] v —x|n=s v —X||v —x[*

~ 1
S [x — x| (’X|1+s + x|+ m) :

Then, for some 0 < ¢ < 1,

yre Mx—%| (| 1y 1 1 y'lx —xJ°
B23 rg |X|n+28 |X| i |X|n + |X _ §|1—s § |X|n+28 )

Now we estimate Byy. Here we are assuming that [v| < 1|x|[, [x —X| < e[x| and |x| > y.
Assume first that |x — x| < |v].

We apply the Mean Value Theorem to both G(|v — x|) — Gs(|v — X|) and G(|x|) —
Gs(]x]). Let z; and zy be intermediate points corresponding to the intervals of extreme
points v — x and v — X and x and X respectively. We then have that any point w in the
interval joinning z; and z, will satisfy that |w| ~ |x| and |z; — z3| < |x — X| + |v| < |v].
Applying again the Mean Value Theorem, we will get

T vk =X

Y
Bus |
vi<ipx (VI y)mi2s [x|rt2es

We arrive to the same estimate if |v| < |x — X| applying first the Mean Value Theorem
to both G4(|v — x|) — G4(|x]) and Gs(|v — X|) — Gs(|x]).
Next, let 0 < < s and n <1 —s. We then have

n X Ny |l=5—M|x — % Ny — x|7
By, 5/ yn+s+ _ |xn+2>i!S <Y x| n+2|i x| <Y |Xn+2X|
i< (V] +y)rrstnt x| x| || +2n

We finish with the proof of estimate (iii) for J;. We also consider the cases |x| <y and
x| > y.
If |x| <y, we have that

yl—s |QS(X - uay) - C)S(i - u7y>|

/S |X - i| sup ylis vanyS(V —u, y)H )
v=x+A(x—X); 0<A<L1
and use this estimate to proceed analogously to the case of the kernel K.
Finally, if |x| > y, a simmilar type of arguments, absorving the bigger powers of y with
the exponential e~ give the desired estimate for the kernel J;. 0

7. PROOF OF THEOREM 1.1

7.1. Proof of (ii) = (i).
In [7], Theorem 3.1.5, it is proved that if f € D’'(R™) and 0 < s < 1 and we have that
f=(Id—A):F with F € M(H?(R") — L*(R")), then f € M(H?(R") — H? (R")).
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Hence, if (ii) in Theorem 1.1 holds, i.e., b € M(HZ(R") — L*(R™)), this theorem gives
that (Id — A)*/?b € M(H%(R") — H? (R")). Equivalently,

fo(ld— A)?bdx| < | f|

R"

w2 19|l 2.

which gives (i).

7.2. Proof of (i) = (ii).

We begin the proof assuming first that n — 2s > 0.

We will show that the measure du = |b(x)|?dx satisfies the capacitary condition given
in Proposition 4.3, i.e. there exists C' > 0 such that for any compact set £ C R" with
diam F < 1, then pu(E) < CCaps(F). This will be a consequence of the hypothesis (i)
applied to adequate test functions. We consider suitable regularizations associated to
% and to p%. We notice that in Theorem 4.7, we have already obtained an estimate
of t}fle norm of some regularizations of p%. The following step is to give an estimate of

the norm of some regularizations of the function w.

E
Theorem 7.1. Let 0 < s <1 andn —2s >0 and fir o € (5,5 -"5) and a < \/Lé Let E
be a compact set of diameter less than or equal to one. Let b € L*(R™), and consider the

function gg = xgb. Fore >0 and d > 0, let gg = gr * pe and pps = Gas * Vg s, where
Gs(gE,e)

Vg s the reqularization of the extremal capacitary measure v of E. Let fp.5 = Y
B,

Then,
|95
Ircalfizse S [ 252
R" PEs
Proof. We have that by Proposition 2.1

2

el S | Lo
,Es n) ~ a
He(®") Qs(pE,(5> {/[/1271725
< ‘ Qs (G5 (95,)) ’ H VQs (Gs (98,)) ’
~I|" A (. N + a
Qs(pE,6> L2(RTH! y1 =25 dxdy) Qs(pE,é) L2(RTH! y1 =25 dxdy)
S GS g 2
+ ‘ @ (G, (95.)) (gf;f)vcgs(pm) — A+ B+C.
Qs(pEﬁ) L2(R1+1’y1725dxdy)

We will estimate separately each term A, B, C.

7.2.1. Estimate of the term A.

Here we use a localization argument in order to substitute the Bessel kernel by the Riesz
kernel, togeher with the results obtained in Section 5 and refsection 6. Since diam(E) < 1,
E C B(xg, 1) and without restriction we may assume that xq is 0.
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|Q8(G8<9E8))|2 1 2 / / 1Qs(G gEa))|2 1-n—2
- Sdxdy y " dxdyda
/R?jl Qupes) n Qs (pEs)[*

2
_ / / |QS( (gE €2>>| y17n72sdxdydu
rR\B(02k) Jrw) | Qs(PEs) >

2
/ / |Q8 gE82))| yl—n—2sdxdydu
B(0,2k) |Qs(PEs)|**

=A; + A,

where k is as in Propositions 3.5 and 3.6. Let us begin estimating .4;. We first observe
that if u ¢ B(0,2k) and (x,y) € ['(u), then |x| +y > k.

Hence, applying Propositions 3.5 and 3.6 and using that vg s is supported in B(0,1) if
0 is small enough, we have that for any A > 1

2
2
fB(O,I) |9E’78|> o o~ va(xl+y)
A S ( Yyl dxdydu.
ves(E)*  Jra\B02k) Jro e~ 2ra(x]+)

Choosing A > 1, so that p = \/Li — A > 0 (which is possible since o < \/ii), we deduce
that the above is bounded by

(fB(O 1) |gE£| / / 1-n—2s —2p(\x|+y dXdydll

VE, 5
2

< (fB(o,l) |gE,s|) (fB(O,l) |9E,5|)

~ VE75<E)2Q ’

VE,5<E)2a

/ y1—2se—2p(\X|+y)dXdy <
Rn+1

But Holder’s inequality, together with Minkowski’s inequality (1 < 2o < ) give

that ,
2 2
9E, a 9gE,
([ ) <[ LT e <y [ 122
B(0,1) B(o,1) Pes JB(0,)) B(0,1) PEgs

|gE,E|2
Hence, A; < [n o

We now estimate

|Qs(Gs(9p.2))P 1—nes )
A — / < / 7 "2 dy | du
? B(0,2k) \JT'(u) |Qs<pE,5)|2a Y Y

2
:/ (/ |Q8(GS<9E,82))‘ yl—n—stXdy) du
B(0,2k) (x,y)el(u); y>k |Qs(pE,5)| ¢

S Gs € 2
+/ (/ |Q ( (QE, 2)3| yl—n—QSdXdy> du = A21 +A22_
B(0,2k) (x,y)el(u); y<k \Qs (pE,a) ’

To estimate As;, simmilar arguments to the ones used for A; give, since |x| +y > k, that

2
< ‘gE,EI
AQl ~ fRn pQoné .

Now we estimate Agy. Denote I'*(u) = I'(u) N {y < k}. Let (x,y) € ['*(u). We then
have,

2s

Qs (pE,6)(X7 y) Z / Y n+2s g2n+2s+1(v — X, y)pE,E (V)dV.
veB(x,y) (|V—X’2+y ) 2
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But for any v € B(x,y), |v — x| < y. Hence, since in the integral defining A, u €
B(0,2k),
V| <|v—x|+[x—u|+ul 1.
Consequently, we have that for any v € B(x,y), pgps(v) =~ Ios(ves)(v) (when n—2s = 0,
we have that n = 1 and s = % and Ios(vg 5) must be replaced by the logarithmic potential

of the measure vgs). We also have that for |[v — x| <y < k, Gopyost1(Vv —x,y) ~ 1.
Thus,

2s 1
Qu(ps)(%,9) 2 / Y (vms)(V)dv > / L e ves) (V).
veB(xy) ([Vv—x|2+y%) 2 B(xy) Y

Hence,

Qs(G (9Ea))|2 1-n—2
0 o (. S )
* B(0,2k) \JT*(u) |Qs(pE 5)[*
—2«
Qs (G (gp2)) Pyt 25( / L (v dv) dxdydu
/021c/rk(u)‘ ze)) 'y |B(x,y)| B(x,y) 2(vs)(v)

2
/ B(0,2k) /Fk( )|QS gE€>> |2 o <|B X Y | / ]28 VE5 (V>dv) dXdydu
u Bx.y)

/ / 1Qu (Gu (gp.)) Py "> 2 Tos(v.5)~ 2 (v)dv dxdydu
ueB(0,2k) JTF(u) | (X y)l veB(x,y)
1 1
S; QS Gs g 5 23/123_/ —dVdXdy
/Ml' (Go om DY | ey Tlomn ()

1
) NPy T xdydv.
// Qs (Gs (9p.)) |“y T lvma (V) y

Next, Lemma 4.5 gives that Ip,(vgs)?* is in Ay, with constants independent of § > 0 and
~22 5 also in A,. Hence, Theorem 6.1 applied to the operator J,

consequently, Irs(vg )
gives that the above is bounded by

/ |gE,5‘2 N/ ‘gE,aP
R~ IQS(VE,(S)Za n p%ofa ’

since gg . is supported in a set with diameter less than or equal to 2, then, Ios(vgs) =~ pg.s.

7.2.2. Estimate of the term B.
As in the estimate of A, we decompose B in two integrals. Namely

’vQS(GS(gEa))‘ 1 2 / / ‘VQS 9E5>>’2 1-n—2
B = / : “dxdy = y " dxdydu
RFL |Qs(pE5)|2o‘ ueR® JT(u) Qs pE§)|2a

:/ / |VQS( (gE2€))| yl n— 2sdxdydu
Re\B02k) Jrw) | Qs(PEs)]*

VQs )
/ / | % o ;qim))l yl_"_2sdxdydu = B; + Bs.
B(0,2k) s
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We begin estimating ;. Applying now (ii) in Proposition 3.5 and Proposition 3.6, give
that

2
2
fB(O,l) |9E,€|> / / o e~ vz (XlI+v)
B ( ho(y) 2y e dxdydu
vps(E)* R\ B(0,2k) JT'(u) e—2Xa(lx[+y)

(fB(oJ) |9E,e‘)2
vp,s(E)%
The estimate of By is done as in the estimate of A4; decomposing the integral in two

and following the arguments used in the estimate of A;, we get By <

parts, one corresponding to y > k, which we will denote by Bs;, and the other corre-
sponding to y < k, which we will denote by Bss. The estimate of By for y > k it is done
in a simmilar way to the estimate of As;. The estimate of By, follows exactly as in the
estimate of Ass replacing in the application of Theorem 6.1 the operator J, by K.

7.2.3. Estimate of the term C.
We will reduce the estimate the term C to the preceeding two terms A and B, using
Stokes” Theorem. Given 7, R > 0, let €2, r the region in ]R?fl defined by

Qr={(xy) e R, (x,y) € B(0O,R), y > n}.

Let w be the form defined by

W§75<X, y)
S(Gilgee)))? 1 a -, 0Q, -
(7.18) (%S((pE<fi221)l v <Z(—1)Z 1%23’5)0[% AN Ndzg N - Ndxy N dy
: i=1

Using that div(y'~*Vu) = y*~**u, Stokes’ Theorem (orienting 952, p adequately) gives
that

/ s (%) + / Wi (%, )
0y, rN{y=n} 0y, rRN{y>n}

— (2 (Qs (Gs(gE,s)))2 2,125 Iy
— @a+1) / O SR Y Quney iy

(7.19)

VQS (Gs) : VQsQUE 5) 1—2
+2 [ Qu(Guloe.) oEa) =2 gy
Qn.r (QS(pE,5>)2 i
(Qs (Gs(98.)))° 12
+ / ot @s(PEs)y ~dxdy
QR (QS(pE,5)>2 i
In order to pass to the limit when n — 0 and R — oo, we will need the following
lemmas:
Lemma 7.2. Let 0 < s <1,n—2s>0,1/2 < a< min(Q(nﬁzs), %(\% — 1)) and let ws,
be as in (7.18). Then we have that
lim wse(x,y) = 0.

R=00 /o0, rn{y>n}
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Proof. By Propositions (3.5) and (3.6), we have that, if R is big enough and A >
1 such that A(2a + 1) — 3= < 0, the coefficients of the form ws. are bounded by

V2
ha(y)yt= 2= an g consequently,
lim wse = 0.
B0 [ s x4y =R2  y>n}
0
Lemma 7.3. Let 0 <s<1landn—2s>0, 5 <a< min(2(n’jzs), %(\% —1)) and let ws,

be as in (7.18). Then we have that

lim Wse :/ Ws e
R=oo Jaq, rnfy=n} O({(x.y), xER™, y>n})

Proof. As in Lemma 7.2, let A > 1 such that A\(2a + 1) — \% < 0. Then the function

3 X .
X — hs(n)nl_%eo(mﬂ)_ﬁ)(‘ ) ¢ L'(R™) and consequently, the Lebesgue’s Dominated

Convergence Theorem finishes the proof.
O

Lemma 7.4. Let 0 < s <1,n—2s >0, 1/2 < a < min(
be as in (7.18). Then there exists C' > 0 such that

T3] %<\/i§ — 1)) and let ws,

lim Wse = _(_1)110 (Gs(gE,a))Q

dVE IR
20+1 )
n—0 R7 x {n} R™ (pE’(S) ot

Proof. By Theorem 2.2, we have that there exists a positive constant C' > 0 such that for

any x € R"
: _ n(Gs(gpe)(x))? s
%%wé,e(xa 77) - _(_1> C (pE,a(X))%‘H (Id_ A) (pE,§>(X)‘
In order to finish the proof of the lemma, we denote I, = I U I}, where I, =

{(x,m); 1x| < ko} and I? = {(x,n); [x| > ko}, where ko is big enough such that Propo-
sition 3.6 holds. We also may assume that for any 0 < § < 1, the support of vgs is in
x| < ko.

Observe that if |t| < ko + 1, then

pes(t) = /Rst(t —x)dvgs(x) 2 1.

By continuity, we will have that Qs(prs) 2 1 on {(x,y); |x| < ko, y € [0, p|}, for some
p > 0.

On the other hand, the function G4(gg.) is uniformly continuous on {|x| < ko} (see
Theorem 2.3). Hence,

lim Qs(Gs(gp.))(x,m) = Gy(gp.e) (%),

uniformly on {|x| < ko}. Analogously, lim, o Qs(pes)** ™ (x,n) = pQE‘fgrl(x) uniformly on

{Ix| < Ko}
In addition, (Id — A)*prs = vgs € D and by Theorem 2.3,

lim 771—25 Qs (PE,J)
n—0 dy

(x,1) = =C(ld = A)’pps(x)
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uniformly on {|x| < ko}, where C' > 0. Then, we have that

. (Gs(gme))®
lim waz——lnC/ ———(Id — A)* dx
I 0, ( ) x| <ko (pE,d)QOH_l ( ) PEs

n—0
(GS(QEa))2

=—(-1)"C " dugs.

= /|x<ko (ppg)2ert ™ 20

Next, if (x,7) € [5, and denoting by |ws.(x,7n)| the modulus of the coefficients of the

form ws(x,7n), we have that

A2a4+1)— 3 ) |x n
|ws.(x,m)| S e (ear=5) Xlizko} € L'(R™).

Thus, passing to the limit, Lebesgue’s Dominated Convergence Theorem finishes the

lemma.
O

Now we can finish the proof of the boundedness of term C. We have that by (7.19) and

Holder’s inequality,

S GS € 2 —
(200 +1) /Q (% ip;{;";;i? IVQ.(pps)|*y' *dxdy

< / s (%, ) — / wse(%, )
0y, rN{y=n} 0y, rRN{y>n}

(Qs (Gs<gE,E)))2 1—25dxd
* /Q (Qulpag)) T PPl ’

+2 (/Q (Qs (Gs(gE,a)))2 |VQS(pE,5)|2y1_28dxdy>

1
2

Qs(pEs)*t?

N[

IVQs ((Gs(9E,.)) |2 1-2s
: (/Q Qlprs) " dmy) /

Next, we will pass to the limit when R — co and  — 0, using Lemmas 7.3, 7.4 and 7.2,
the Lebesgue’s Monotone Convergence Theorem. Observe that the orientation on 01z,
given by Stokes’s Theorem when passing to the limit corresponds to the usual orientation
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on R" with a factor (—1)"**. We will then have that:

S GS £ 2 —
) [ ST 190, )y axay

Gogp.) s (Gs(gme)))? _
— —C/ ( gE, ) dVE75 +/ X (Q ( (gE7 ))) Qs(pE,é)yl ZSdXdy
R™ Ry
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(Pt (@ulps)) ™"
2 2
2 (/Rnﬂ <QQS ((ijfﬁjz) ’st(pE,é)‘le_%dXdy)
VO Gulop )P oy N o [ (@Glos )
X </RT1 Qs(pE,a)Qa |y xay < /R’Jfl (QS(PE,d))QaH Qs(pE,(s)y xXay
 (Culgn)? ) }
2 (/Rn+l (% ((pE((fl)gazz) IVQs(prs)*y' 2salxaly)

M=

IVQ. (Gs(9E.)) |2 1-2s
% </Ri+l Qs(pE,6)2a Y dXdy) 7

. Gy(9p.))”
since /n #dyﬂg > 0.

We have proved then that C < A+ C2B2 and consequently, that C2 < A2 +C B. Thus,
either %CQ < kCB or %CQ < kA?. Equivalently, either %C < kB or \%C < vkA. Hence,

using the estimates obtained for A and B,

|9E a|2
C<A+BS [ 2EL
E Pggs

7.2.4. End of proof of (i) = (ii) for n —2s > 0.
We begin with a technical lemma.

Lemma 7.5. Let R > 0 and let ¢r(z,y) = ¢(|x]> +4?) be a C®°(R) function such that
or =1 on D(0,R) "R, ¢r =0 on R2 \ D(0,2R), and 0 < ¢ < 1 on R, such

that for R < |x|*+y* < 2R, |[Vor(x,y)|
have,
(i) él_fgo OrfEcs = [Ees in HE(R™).
(ii) I%g%o GrPESs = pEs tn H2(R™).

Y

Proof. We begin with (i). We must show that

1(0r = 1) fE 0]

H2(R") —7 0 R — oo.

< }%, with constants independent of R. We then
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But,

Qs(G (gE s))
(Qs(pE,

||(¢R - 1)fE,£,5||%I§(]R") < ||(¢R - 1) Q ))a ||L2 R"+1 1-2s dxdy)

Qs(Gs(9E.e)) 112

(Qulps))e 11282 1wy

+l(ér - )V (W} g iy

QGulgs) )
(Qs(pps)) ||L2 (B2 125 dxdy) A(R)+ B(R) + C(R).

< [[(¢r —1)

+[[Vor

Since |pgr — 1] < 1, the Lebesgue’s Dominated Convergence Theorem together with The-
orem 7.1 gives that limp . A(R) =0 and limg_,o B(R) =0. Finally, since for R <
x> +y® < 2R, |Vog(z,y)| S %, and ¢r is supported in D(0,2R), we deduce, using
Propositions 3.5 and 3.6 that limg_,,, C(R) = 0.

A similar argument, using now Proposition 4.4 and Theorem 4.7, proves (ii). O
Assume that (i) holds. If we apply this hypothesis to ¢g ﬂ (see notations in
Theorem 7.1) and to ¢rpf 5, we obtain o
[ (= 87 (64G(g5.0)) G00(x) x| < )
We claim that
(7.20) / (Id — A)*? (0% — 1) Gs(gp.)) (x)b(x) dx| — 0, R — oc.

Indeed, using Holder’s inequality, it is enough to show that
[ J(d = A (65 = 1) Galgr) G dx =0, R oo
But, the above is bounded by
[ 6= 1QuCulge ) iy
i

+ /R V(65 = DQu(GLlgz.) ()] ' > dxdy.

A similar argument to the one used in Lemma 7.5, finishes the proof of (7.20).
Using (7.20) and Lemma 7.5, we deduce that

[ = a7 (Gulgn) (00 x| < s 19
l9E, a
By Theorems 7.1 and 4.7, we have that HfEE(;HH2 Bry S /. gEa! and HpE’éH%@(Rn) <

Caps(FE). Hence, using that since gg . is compactly supported in a neighborhood of E of
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diameter les that or equal to 1,we have that in its support, pgs =~ s (ves),

/n 9E.(x)b(x) dx

(7.21) 1/2 1/2
|98 (%)|? 1/2 (/ |95.(x)? ) 1
< —————dx Caps(E)Y? ~ ———_dx Caps(E)'/.
</ - ) I e Talvs ) "
But gp. < Mur(9e) = Mur(xeb). Hence, since I (vps) 2* € Ay with constant
independent of §, the integral fRn % can be bounded by
M 2 2 2
oy [ Db, o B [ O,
g Lo2s(VE )% (%) g las(VE5)?*(x) E PEs(X)

In addition lim. o gg. = xg b in L?. Consequently, from (7.21) and (7.22) we deduce,

, 1/2
/E Ib(X)Izdx‘5< '2&")' dx) Cap,(E)"/?.

E pE,a(X)

(7.23)

Next, recall that for t € E, pps(t) = L (vps)(t) and [ L(t — v)ves(v)dv 2 v(E).
Consequently, the Lebesgue’s Dominated Convergence Theorem gives that,

b(x)|? b(x)|?
lim ’;NL)’ dx = ’;L)’dx < / |b(x)[? dx,
-0 Jp pE5(t) e PE(t) E
where in the last estimate we have used that by Theorem 4.2, (ii), a.e. on E, pg(x)?® > 1.

Hence, from (7.23) we have that

/ |b(x)[Pdx < Cap,(E).
E
And that proves (ii) for n — 2s > 0. O

7.2.5. The case n —2s < 0.

Observe that since s < 1, we have that n — 2s < 0 implies that n = 1. In this case
the proof is much easier since all the functions in H$(R) are bounded and continuous.
In the choice of the test functions we simply take o = 1. The same arguments of the
previous case give the estimates of all the terms except the ones corresponding to Ass,
that in this particular case is, in fact, easier. Indeed, if £ C B(0,1) and v is bounded,
then pp s(v) >~ Cap(F) ~ 1 and consequently, Qs(prs)(v) 2 1. Then, the estimate of the
term Ay, follows directly from the unweighted L2-estimate of the involved area functions.
And the conclusion of the proof is then analogous to the case n — 2s > 0.
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