ON THE RANK AND THE CONVERGENCE RATE TOWARDS THE
SATO-TATE MEASURE
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ABSTRACT. Let A be an abelian variety defined over a number field and let G denote its Sato—
Tate group. Under the assumption of certain standard conjectures on L-functions attached to
the irreducible representations of GG, we study the convergence rate of any virtual selfdual char-
acter of G. We find that this convergence rate is dictated by several arithmetic invariants of A,
such as its rank or its Sato—Tate group G. The results are consonant with some previous exper-
imental observations, and we also provide additional numerical evidence consistent with them.
The techniques that we use were introduced by Sarnak, in order to explain the bias in the sign
of the Frobenius traces of an elliptic curve without complex multiplication defined over Q. We
show that the same methods can be adapted to study the convergence rate of the characters of
its Sato—Tate group, and that they can also be employed in the more general case of abelian
varieties over number fields. A key tool in our analysis is the existence of limiting distributions
for automorphic L-functions, which is due to Akbary, Ng, and Shahabi.
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1. INTRODUCTION

Let k£ be a number field and A an abelian variety defined over k of dimension g > 1. Following
Serre [Ser94|, Banaszak and Kedlaya [BK16a] have attached to A a compact real Lie subgroup G
of USp(2g), the so-called Sato-Tate group of A, with the conjectural property that it governs the
distribution of the Frobenius elements attached to A.

In order to make a more precise statement, let us introduce some notations. Let ¢ be a rational
prime and let V;(A) denote the (rational) ¢-adic Tate module of A. The action of the absolute
Galois group Gy, of k on V(A) gives rise to an f-adic representation

(1.1) 0 : Gy — Aut(Vy(A)).

Denote by P the set of nonzero prime ideals of k of good reduction for A, that is, the set of nonzero
prime ideals of k not dividing the conductor 9 of A. For a prime p in P, set

(1.2) L,(A,T) :=det(1l — 0a(Frob,)T | V;(A)),

where Frob, denotes a Frobenius element at p. Attached to p, one can construct a semisimple
conjugacy class y, in the set of conjugacy classes Y of G such that

(1.3) det(1 — yT) = Lp(A, T//1p]) ,

where |p| denotes the absolute norm of p. We will refer to the projection p of the Haar measure
g of G on'Y as the Sato—Tate measure of A. The conjectural property of G that we have alluded
to before predicts that the sequence {y, },cp, where the ideals in P are ordered according to their
absolute norm, is equidistributed on Y with respect to u.

Let us recall what this means. For z > 0, let 7(z) denote the number of primes p in P such that

[p| < 2. Set
1
Mo 2= m E 5yp )

[p|<z
where 6, denotes the Dirac measure at y, and the sum runs over primes of P such that [p| < .
From now on, we make the convention that all sums of terms involving y, run over primes p € P. By
definition, we say that {y, }pcp is equidistributed on Y with respect to p, or simply p-equidistributed
on Y, if

(1.4) Ly — [ weakly as T — 0.

As explained in [Ser68, Prop. 2, App. Chap. I], the sequence {y, },ep is p-equidistributed on Y if
and only if for every irreducible character x of G one has that

(1.5) lim i) S ) = 6(x),

T—00 71'(37 =
pl<z

where 6() is 1 or 0 depending on whether y is trivial or not!. Recall that, by the Prime Number
Theorem, (1.5) is equivalent to

~—

(1.6) lim 28

T—00 T

> x(wp) =6(x),

[p|<z

IMore in general and for future use, given a virtual character ¢ of G, let d(¢) denote the multiplicity of the trivial
representation in ¢.
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and that, by the Abel summation trick, (1.5) is also equivalent to

(1.7) > X(yp) log([pl) = d(x)z + o(x) -

[p|<z

It is of crucial importance that (1.5) is connected, via the Wiener-Tkehara Theorem, to the theory
of L-functions (see [Ser68, Thm. 1, App. Chap. I]). For p € P, set the polynomial

Ly(x,T) := det(1 — o(yp)T)

where o is an irreducible representation of G of character x. The degree d,(p) of Ly(x,T) is
the degree d, of the representation p, and the roots of this polynomial all have absolute value 1.
One finds that the sequence {y,},ep is p-equidistributed on Y if and only if, for every nontrivial
irreducible character x of GG, the partial Euler product

(1.8) LP(x,s) = H Lp(x, [p|75) 7, defined for (s) > 1,
peP

extends to a holomorphic function on (an open neighborhood of) the halfplane R(s) > 1 and does
not vanish at s = 1. This is unknown in general, but it would follow from the automorphy of
L*(x, s), which is predicted by the global Langlands correspondences. Throughout the paper, we
will assume the automorphy of LY (x,s), together with a number of conjectural properties that
LP(x, s) is expected to satisfy on the halfplane R(s) > 1/2. More precisely, we will consider the
following assumption.

Assumption 1.1. For every irreducible nontrivial representation g of G of character x:

(1) The L-function L¥(y,s) is automorphic. By this we mean that, for each p|91, there exist
polynomials Ly, (x,T) of degree d,(p) < d, such that the Euler product

(1.9) L(x,s) = L"(x,s) [[ Lp(x. ol ™*)7",  defined for R(s) > 1,
p[N

coincides with the automorphic L-function L(w, s) of some irreducible unitary algebraic cus-
pidal representation 7 of GLg, (r.q](Ag). Thus, the function L(x, s) extends to an analytic
function on C.

(2) The Riemann Hypothesis holds for LT (x, s) (equiv. for L(x, s)); that is, all the zeros o + iy
of LY (x, s) (equiv. of L(x, s)) in the critical region 0 < o < 1 have o = 1/2.

Remark 1.2. Note that (1) is implied by standard conjectures on automorphic representations.
Indeed, the global Langlands correspondence implies that L(;, s), as the L-function of an irreducible
representation of the motivic Galois group of k, is the L-function of an irreducible unitary cuspidal
algebraic representation of GLg4, (A) (see for example [Cog03, §4.2]). By automorphic induction (a
consequence of the Principle of Functoriality, see for example [Cog03, §4.1]), L(x, s) is then expected
to be the L-function of an irreducible unitary algebraic cuspidal representation of GLg, [x.q] (Ag).

Now, for a virtual character ¢ of G, that is, ¢ € EBX Z - x, where x runs over the irreducible
characters of G, set

(1.10) 5 a) = —— 5 olyp)-

m(@) [p|<z
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It follows from Assumption 1.1 (1), that for every nontrivial irreducible character y of G one has
that

(1.11) mlgr;o d(x,z)=0.

It is then apparent that a way to estimate the velocity of convergence of the measures p, towards
the measure p is by studying how fast the function §(x, =) approaches the function 0 as x tends
to oo. There are examples of this in the literature: By generalizing [Mur85, Prop. 4.1] and under
Assumption 1.1 (2), in (2.4) of [BK16b] one finds that

(1.12) 5(x,) = O (dyfl : Qa2 log(N (z + dy [k : Q])) log(x) ) ,

where N := [91]. One may interpret the O-notation as a sort of asymptotic supremum norm
(a supremum norm in a neighborhood of infinity) of the function §(x,x). With this notion of
convergence rate, Formula (1.12) makes apparent how the velocity of convergence depends on the
conductor of A.

The goal of this note is to study the influence on the convergence rate of other invariants of A,
most notably (although not only) of the rank of A. For this purpose, we instead propose to use
what could be seen as a sort of asymptotic L?-norm. For X > 0, and ¢ a virtual character of G
not containing the trivial character, define

X
I(p, X) = @/2 §(p, ) %dx .

We will restrict our attention to selfdual virtual characters. We will say that a virtual character
p = Ex cyX, where ¢, € Z and x runs over irreducible characters of G, is selfdual if? Cy = Cy,
where x denotes the dual (or complex conjugate) of x. The main goal of the paper is to study the
asymptotic behavior of I(y, X) as X — co. The following is the main result.

Theorem 1.3. Under Assumption 1.1, for every virtual selfdual character of the form ¢ = Exaél Cx X
where ¢y € Z and x runs over the irreducible nontrivial characters of G, one has that

(1.13) I(g) = Jim I(,X) = (Y ex(@ry+ 1))+ > >

X —o00
X "Yx>0

2ci
1/4 4427

where 1y, denotes the order of the zero of L(x,s) at s =1/2, u, is the Frobenius—Schur index of x,
and ~y,, runs over the positive imaginary parts of the zeros of L(x,s) on the critical region.

Observe that via this theorem, assuming the Birch and Swinnerton—Dyer conjecture and taking
for x the character of the tautological representation of G (seen as a subgroup of USp(2g)), the
influence of the rank of the Mordell-Weil group of A on the velocity of convergence of the measures p,
towards the Sato-Tate measure y becomes apparent?.

The proof of Theorem 1.3 occupies §3. It relies on work of Akbary, Ng, and Shahabi [ANS14]
on the existence of a limiting distribution attached to any unitary cuspidal automorphic selfdual
L-function, and it follows the ideas that Sarnak introduced in [Sar07] to explain the bias in the sign

20bserve that this condition is trivially satisfied if x is selfdual, since x ~ ¥ in this case.
3An effect of the rank on the convergence towards the Sato—Tate measure had been experimentally observed. On
Drew Sutherland’s web page:
https://math.mit.edu/~drew/gl_r28_alf.gif,
one can visualize a very asymmetric convergence towards the Sato—Tate measure in the case of Elkies’ elliptic curve
(the highest rank elliptic curve known to present, of rank at least 28).
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of the Frobenius traces of an elliptic curve in terms of the rank. Sarnak restricted his attention
to elliptic curves without complex multiplication, in which case G = USp(2) and the nontrivial
irreducible representations of G are the symmetric powers of its standard representation.

In §4, we use Theorem 1.3 to give a simple upper bound of the asymptotic L?-norm I(¢). This is
used in §5 to analyze the velocity of convergence of certain virtual characters which are of interest
in the numerical calculation of Sato—Tate groups. Indeed, the usual method for such calculations
is to compute approximations to the limit values of a certain set of virtual characters, for which
these limit values are known to determine the Sato-Tate group. A typical example are the moments
of the coefficients of the polynomial Ly(A,T/+/[p|) (cf. [KS09, FKRS12]) or the so-called power
sums (cf. [KS09]). Formula (1.13) can then be used to determine how fast one can expect different
families of virtual characters to converge. For instance, Shieh [Shil6] experimentally observed a
better convergence of the set of irreducible characters than of the moments. This is consistent
with the velocities of convergence predicted by (1.13), and in fact one can view Theorem 1.3 as a
theoretical justification for Shieh’s observation.

In §6 we report on some numerical experiments, carried out to test whether the predictions of
convergence rate arising from Theorem 1.3 can actually be observed in concrete examples. The
concrete choice of examples also responds to the goal of illustrating how the different invariants of
abelian varieties (the various analytic ranks, the Frobenius—Schur index, the Sato—Tate group, etc.)
affect the convergence velocity.

Notations. We use |-| to denote the absolute norm of ideals in rings of integers of number fields
and the complex absolute value. Its use in one sense or the other should be clear from the context.

Acknowledgments. Guitart is thankful to the ESAGA group in the University of Duisburg—
Essen, for their warm hospitality during his visit on the spring of 2016 where part of this work was
carried out. Thanks to Amir Akbary, Jorge Jiménez, Kiran S. Kedlaya, Victor Rotger, and Mark
Watkins for suggestive remarks and helpful comments.

2. BACKGROUND

In this section, we recall the results of [ANS14] that we will require in §3 and a few technical
lemmas.

2.1. Limiting distributions. Let ¢: R-g — R be a function admitting an expression of the form
(2.1) () =c+ S(z,T) + R(z,T),
for any T' > 2, where ¢ € R and:
i) The main term S(z,T) is of the form R (Z%ST nnx”"), where {v,}n>1 € Ry is a non-
decreasing sequence which tends to infinity, {,},>1 C C, and there exists 6 € [0,3 — /3] such

that
(2.2) > 2l =o(T?).
An<T
i) The error term R(z,T) satisfies
1 X dx
2. lim ——— X)P==0.
(2:3) X oo 10g(X)/2 Rz, X)| x 0

The next statement is contained in [ANS14, Cor. 1.3].
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Theorem 2.1 ([ANS14]). The function v possesses a limiting distribution p, with respect to the
measure dx/x. That is, for any continuous function f:R — R one has

: 1 X dz
(24) Jim e [ @) = [ s,
Moreover, the expectation and variance of j1y are respectively
1
Blugl o= [om@) =c.  Vind = [ @=ouple) = 3 3 Inal
n>1

Remark 2.2. Let ¢ be as in (2.1) and let ¥’ : Ryg — R be such that ¢ (z) = ¢'(z) + A(x), where
A(x) = o(1). If we write ¢’'(s) as

' (z) =c+ S(z,T) + R (x,T),

the main term S(z,T) and the error term R'(z,T) := R(z,T) — A(x) also satisfy (2.2) and (2.3).
Indeed, this amounts to show that

1 X dz
lim —— A(z)P—= =0.
X oo log(X) /2 [A@)] x 0

To prove this, let € > 0 and note that, since A(z) = o(1), there exists X, > 0 such that |A(z)|? < ¢
for x > X.. Then

1 X d 1 X d Xd
lim 7/ A@PEE = lim / A@EE < lim ;/ L
X—oo log(X) Jy r  X—oolog(X) Jx. r T X—oolog(X) Jx, x
We finish this section by recording a property of the limit appearing on the left hand side of
(2.4) that we will use in §3.

Lemma 2.3. Let f: Ryg — Rxq be a locally integrable function such that

1 X
i —_— =A
X e log(X) /2 f(@)dx ’

for some A € R. Let g: Rsyg — R be a function such that lim g(z) =1 and such that fg is locally
Tr—r00
integrable. Then

. I
XIEHOO@/Q f@)g(z)de = A.

Proof. First of all, we observe that for any M > 2 we have that

X
(2.5) )giinmlmgt)()/M f(z)dx = A.

Now fix € > 0 and let X, be such that g(z) belongs to the interval [1 — €, 1 + ¢] for all z > X..
Then, for any X > X, we have

1 X 1 Xe 1 X
gy TP = [ i+ s [ i@t

1 Xe (1+¢) X
<l / f@)gla)ds + {3 /X S,
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Now, by (2.5) for X sufficiently large we will have that

1 X
log(X)/Xe flx)de < A+e.

Also, for X large enough

1 Xe
e [ @ < e

Therefore, we see that for X large enough we have that
1
log(X)
Now, mutatis mutandis one can also show that for X large enough one has
X
long /2 f@)g(x)de > A—e(2+ A—¢)
and we see that the limit when X — oo is also A. d

/Xf(x)g(x)dm <e+(14+€e)(A+e)=A+e2+A+e).
2

2.2. Limiting distributions of automorphic L-functions. Let m be an irreducible unitary
cuspidal automorphic representation of GL,(Ag), for some r > 1, and let L(w,s) denote the au-
tomorphic L-function attached to w. Suppose that L(m,s) # ((s — i) for any 79 € R, where ¢
denotes the Riemann Zeta function. For n > 1, set the coefficients A, (n), by prescribing an equality
of Dirichlet series

L(m,s) _
L((ﬂ',s)) =: Z Ar(n)n™?,

n>1

(2.6) -

and, for x > 0, define the function
1
(2.7) Y(mz) = —= > Ag(n).

The following is [ANS14, Prop. 4.2].
Theorem 2.4. Under Assumption 1.1, for any x > 0 and T' > 2, we have that

(2.8) G(ma) =—2rp — Y

0<|'YW|§T

Pl

— 4 Ru(x,T).
a1, @)

Here, r, denotes the order of the zero of L(w,s) at s = 1/2, v, runs over the non-zero imaginary

parts of absolute value up to T of the zeros of L(m,s) on the critical region, and the error term

R (z,T) satisfies

/248 log? (z)
T

+ 2P~V 2 log(z) +

z/21og®(T)  2'/?log(T)
Rr(z,T) =0 < T log(x) T ) )

for some B €[0,1/2).

Remark 2.5. By combining Theorems 2.4 and 2.1, one obtains as in [ANS14, §4.1] that if = is
selfdual?, then (7, x) has a limiting distribution with respect to the measure dx/z (see [ANS14,
Cor. 1.5]). Indeed, if 7 is selfdual the zeros of L(m,s) come in conjugate pairs, and by pairing

4We alert the reader that the selfduality condition on 7 does not appear in the statement of [ANS14, Cor. 1.5],
although it is used in the proof (see the last display in page 767 of loc. cit.).
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them one sees that ¢ (7, x) can be written as in (2.1) in such a way that R, (z,T) satisfies (2.3) and
that, if {7y, }n>1 is an ordering by size of the positive imaginary parts of the zeros of L(w, s) in the
critical region, then (2.2) is satisfied with n,, := —2/(1/2+47,) and 6 := 3. We will apply a similar
argument to 1 (m, x) + (7Y, x) if 7 is not selfdual (see Corollary 3.3 below).

3. PROOF OF THEOREM 1.3

Resume the notations of §1. The first step towards the proof of Theorem 1.3 is to consider the
case of a nontrivial irreducible character x of G. For x > 0, define the function

log ()
G(x,x) == > x() -
Ve lp|<z '

Proposition 3.1. Under Assumption 1.1, for a nontrivial character x of G and for any x > 0 and
T > 2, we have that

xi’Yx
(3.1) PoT) =2y —uy — Y Tave, TR,
0< |y |<T Tx

where 1y, u, are as in the statement of Theorem 1.3, v, rTuns over the non-zero imaginary parts
of absolute value up to T of the zeros of L(x,s) on the critical region, and the error term R(x,T)
satisfies (2.3).

Proof. Let g be an irreducible representation of G of character x, and let d,, denote the degree of .
For n > 1, define the von-Mangold function A, (n) by prescribing an equality of Dirichlet series

=) Ay(n

n>1

(3.2)

For a prime p of k, let ap1,...,ap.4 (p) denote the recyprocal roots of Ly(x,T). Taking the
logarithmic derivative in (1.9) we find that

log(|p|)cx W —rs
(33) B> 3y e pre = 2 2 TosRD( 2 ap )bl
j=1 r>1 r>1l p Jj=1
For 7 > 1, define®
dy (p)
Ay(p) =log(Ip (D o)
Jj=1

Note that, if p € P, then ay1,...,ap.4 (p) are the eigenvalues of o(y,) and thus A, (p") =
log(|p|)x(yp). Observe also that we similarly find that

S A

r>1peP
For = > 0, define the function

(3.4) V1(x, ) : IZ IZZA

n<x r>1|p|"<z

S5Note that we are using the same notation Ay to denote two different functions; since one is a function of the
positive integers and the other is a function of the ideals of k, their argument is what makes clear which one we refer
to (when k = Q the two functions coincide).
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where the second equality follows from compairing (3.3) and (3.2). Under Assumption 1.1, there is
an irreducible unitary cuspidal representation 7 of GLg, [1r.q) (Ag) such that 11 (x, z) coincides with
Y(m,x), as defined in (2.7) (note that L(m,s) is not of the form ((s — i7y) since x is nontrivial).
Then, by Theorem 2.4 we can write

Y1(x,x) =c1 + S1(x,T) + Ri(z,T),

where ¢; := —2r,, S1(T) = — ZO<\~/X|§T % and Ry (z,T) satisfies (2.3). Define

1 1 )
valer) = 2 DA, A= | AR X MY

Ipl<= bl < /2 k3 [p| <o /h
so that 1 (x, z) = ¥a(x, x) + A1(x). We proceed to study the size of Aj(x). On the one hand, we
have

ST AWM <de DT log(lpl) < dy[k : Q' Flog(x).

lp|<at/k p|<at/k

Since there is no prime ideal p of k such that |p| < z'/* when k > log,(z), the sum indexed
by k in A;(x) has at most O(log(x)) summands. Therefore the right most summand in Aq(z) is
O(x/31og?(x)). On the other hand, (1.7) says that

ST A =0 (P)Vz + o(Va),
|p|<at/2

where x(-2) denotes the central function g — x(g?). Note that the multiplicity d(x(-?)) equals
uy = [ x(9*)pa(g), the so-called Frobenius-Schur index of x. It is known that u, = 0 if x
takes some complex nonreal value, u, = 1 if x is attached to a representation realizable over R,
and u, = —1 if x is attached to a quaternionic representation (i.e., a representation that is not
realizable over R, even if its character takes values in R). We deduce that

¢2(X,9U) = '(/Jl (Xax) — Uy + 0(1) ’
and by Remark 2.2, we deduce that
(35) ¢2(X>33) = C2+SQ($,T)+R2<.'I},T),
where ¢y 1= ¢1 —uy, S2(x,T) := Si(z,T), and Ry (z,T) satisfies (2.3). For z > 0, define the function

wlen) == 3 A,

[p|<z,peP
so that we have that

tal0a) = valx o)+ Aala), where  Aa(e)i= 2= 3 M),

p|MN

Provided that there is only a finite number of primes dividing N, we have that Aq(x) = o(1). But, by
the Abel summation trick (see Lemma 3.2 below), we have that ¥3(x, ) = ¢¥(x, ) +o(1). It follows
from Remark 2.2, that ¥ (x,x) admits an expression of the form ¢(x,z) = ¢+ S(x,T) + R(z,T),
with ¢ = ¢a, S(x,T) := Sa(z,T), and R(z,T) satisfies (2.3).

O

At the end of the previous proof we have applied the Abel summation trick. Following the lines
of reasoning of [RS94, Lemma 2.1], we give the argument involved in gory detail.
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Lemma 3.2. For a nontrivial character x of G, we have
(3.6) > log(lpl)x(yp) =1log(x) > x(yp) + o(v/7).
[p|<z Ip|<w

Proof. Let us write

9(z) = Va s(x.z) = Y log(lp])x(yp) -

lp|<z
Applying summation by parts®, we have

(3.7) > o) = s+ [ o

2
2 log(@) " ) tlog?(t)

Then, integrating (3.5) times 1/z, letting T tend to infinity, and using that 5 < 1/2 we obtain that

B G)= /jﬁ(t)dt =gt —ue?? - T (5 + )G +im)
Yx#0 X X

éJFZ"YX
T + o(x%/?).

Here, similarly as it is remarked in the proof of [RS94, Lemma 2.1], it is used that the series over 7,
converges absolutely. This follows from the asymptotic formula for the number N(T) of zeros in
the critical region with imaginary part of absolute value < T for automorphic L-functions, as in for
example [TK04, Theorem 5.8]. Tt follows that G(x) = O(x%/?).

Integrating by parts the rightmost integral in (3.7), we obtain

o= stoz . gt = (i) 0 UL o)

vz
log x

Both O-terms in the above expression are o ( ) (the first by trivial reasons and the second, by

I’Hopital, for example). We conclude that

(3.9) > xlyy) = 5() +0< Ve )

e log() log()

and this implies the lemma. O

Corollary 3.3. With the notation and assumptions as in Proposition 3.1 we have that
fl/’(Xax) + w(va) = _2(TX + T)Z) - (uX + u)Z) + S(va) + R(va)v

where S(x,T) and R(x,T) are as in (2.1), R(z,T) satisfies (2.3), and S(x,T) satisfies (2.2) with
{Vn}n>1 being the positive imaginary parts of the zeros of L(x,s) and L(X,s), M := and
9 =1/2.

=2
1/2+7;'Yn ’

Proof. This follows at once by adding the expressions for 1 (x,z) and (¥, ) given in (3.1) and
pairing each zero % + iy, of L(x,s) having v, > 0 with its conjugate, which is a zero of L(x,s)
(and, similarly, pairing each zero % + iy of L(X,s) having v > 0 with its conjugate, which is a
zero of L(x, s)). O

We can now prove Theorem 1.3.

5We apply the formula of [IK04, Chap. I, §1.5], with f(p") = > ip=pr log(Ip))x(p) (and f(n) = 0 if n is not a
prime power) and g(z) = 1/log(z).
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Proof of Theorem 1.3. By Corollary 3.3 and Theorem 2.1, we have that for each of the irreducible
constituents y of ¢, the function ¥ (x, ) + 1 (X, ) admits a limiting distribution p, with

2 2
Blind = 2y +r) — iy ), Vi = Y oot Y
x IR YOS AR S VAR

Define ¢ (¢, z) := 3, ex¥(x, x). By additivity and the fact that ¢ is selfdual, it follows again from
Theorem 2.1 that the function ¢ (yp,z) admits a limiting distribution ., with

2c2
Elpe] = — Zcx@Tx + uy) Vipe] = Z Z 7X2 :
1/4 4+~
X X x>0 X
Therefore
1 X dx ’ 2¢2
. 20T 2 _ X
Jim Tog(X) /2 blp,2)"— = Elug]” + Vip,] = (Z ey (2ry +Ux)) +> > Tit2
X X Vx>0 X
Since )
ve2)” 5(p,x)? as T — 00,
x
Lemma 2.3 concludes the proof. O

4. AN UPPER BOUND FOR THE ASYMPTOTIC L2-NORM

In this section we elaborate on Theorem 1.3 to obtain an explicit and simple upper bound for the
asymptotic L2-norm I () of a virtual selfdual character ¢ of G not containing the trivial character
(see Corollary 4.4). We will need the following consequence of Assumption 1.1 (1).

Remark 4.1. If  is an irreducible nontrivial character of G, as a consequence of the fact that L(x;, s)
is automorphic, we have that (see [IK04, §5]) there exist a positive integer N, (the so-called absolute
conductor of x) and complex numbers x, ; with R(x,, ;) > —1 for j =1,...,d, (the so-called local
parameters at infinity of L(x, s)), such that the completed L-function

dX
(41 A9 = NPTOEs) it T = e T 1 (S )

j=1

defined for $(s) > 1, extends to an analytic function on C and satisfies a functional equation

(4.2) A(x,s) = e A(x,1—s).

Here, ¢, € C is such that |e,| = 1, and one has that

(4.3) Ky, < wy Ny < N,

where N := |9] and w, is the weight” of . For the precise definitions of Ny and sy, j, we refer to

[Ser70]. The inequalities in (4.3) follow directly from the definitions.

Proposition 4.2. Under Assumption 1.1, there exists an absolute constant Ky > 0 such that, for
every virtual selfdual character ¢ = Zx#l ¢y X not containing the trivial character, one has that

I(p) < Ky ((Z|CX|SX)2 JFZCiSX) ,

"We define the weight wy of an irreducible character x of G as the weight of the f-adic representation x°o4.
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where
Sy = dy[k : Q] log(N(wy + 3)) .

Proof. By Theorem 1.3, we have that I(y) = I1(p) + I2(yp), where

2
(4.4) Li(p) = (Z oy (2ry "‘“x)) ) Z Z /4+7

X X x>0

Note that 7, < m(x,0), where m(x,0) is as in Lemma 4.3 below. The Lemma implies then that
Li(p) < K2 (32, ¢y Sy)? for some Ky > 0. It suffices to prove that there exists K3 > 0 such that

ZM% :

where p, runs over the set zeros of L(, s) (equiv. A(x, s)) on the critical line. Again by Lemma 4.3
below, we have that there exists K4 > 0 such that

1
Zm, > dylog (N m+5)(wx+3))m

m>1

and the proposition follows. O

The next result is well known. Provided that it is usually presented only in a form asymptotic
in T (which is not precise enough for our purposes), we have decided to include it in the form that
we will require; that is, in the form of a statement valid for any 7" > 0.

Lemma 4.3. Under Assumption 1.1, for any irreducible character x and any T > 0, the number
m(x,T) of zeros py, = 1/2 4y, (counted with multiplicity) of A(x,s) with |y, — T| <1 satisfies

m(x,T) < Kydy[k : Qlog(N(T +5)(wy +3))
for an absolute constant K4 > 0.

Proof. By taking the logarithmic derivative of Hadamard’s factorization of A(y, s) (see [IK04, Thm.
5.6]) and using [IK04, (5.29)], one obtains that

*(5) -2 ()

for any s € C distinct from a zero of A(x,s). Thus, by taking s = 2 + 4T, we get on the one hand

A(x,2+1iT)
A(x,2+4T)

Z;C”/?)”(wa)? > 2w @y 2t ?):

[vx—T1<1

On the other hand, by logarithmically differentiating (4.1), we obtain

A(X,Q—H'T)’ 1 N+ I(x,2+iT) L'(x,2+1T)
A(x,2 +1T) X (x,2+4T) L(x,2+1iT)
But
’L’(X,Q—H’T)‘ d - Q) ‘C(2+iT)’
L(x,2 +1iT) ¢(2+14T)
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and by [IK04, (5.116)] and [IK04, (5.8)], we have that there exists K5 > 0 such that
d

I'(x,2+iT) 1 a
—=—— 2| < K5 - log(IV. ; T x).
Ty | < Ko 0wl 37 5%
The lemma now follows from (4.3) applied to the previous inequality. O

A direct application of the Cauchy-Schwarz inequality yields the following corollary.

Corollary 4.4. Assume the hypotheses of Proposition 4.2. Let S, be max,{S,}, let R, denote
the number of irreducible constituents of ¢, and write C,, := X ci, Then there exists Kg > 0 such
that

I(p) < KeR,S2C, .

5. AN APPLICATION TO THE NUMERICAL IDENTIFICATION OF SATO—TATE GROUPS

Let the notations be as in §1. In particular, A is an abelian variety defined over k of dimension g >
1, G denotes the Sato—Tate group of A, and p is a prime of k of good reduction for A.

In the last years, the development of fast methods for the computation of the polynomial L, (A, T')
(as defined in (1.2)) has made possible numerical approaches to the identification of the group G,
under the assumption of its conjectural equidistribution property (see [FKRS12], [KS09] for exam-
ple).

Let us briefly describe these numerical approaches. One starts by selecting a family of virtual
characters {@,}, of USp(2g) such that {§(¢n|c)}. identifies G as a subgroup up to conjugation
inside USp(2g). Provided that the sets of characteristic polynomials and conjugacy classes of
USp(2g) are in bijection, one can find an expression for ¢, (y,) in terms of L,(A,T). Then, thanks
to the efficient methods of computation of L,(A4,T'), one can compute the sum

1
6(ipn, X) 1= m Z ©n(Yp)
lpl<X
for some large value of X > 0. By (1.5), we have that §(p,,x) is expected to approach the
multiplicity 0(¢n|g) as @ — oo. If X is large enough, the quantities §(¢,, X) will provide good
approximations of the integer §(¢n|q)-

Example 5.1. Let V denote the standard representation of USp(2¢g). For n > 0 and 0 < k < 2g,
define the n-th moment of the k-th coefficient as the character

(5.1) ap == Tr (AFV)®") |

Write simply ay := a}.. For g = 2, it is shown in [FKRS12, Table 8] that the sequence of multi-
plicities® {d(a}|c), 5(a%|g)}n identifies the group G. In [FKRS12, §5], the method described above
for the family of coefficient moments {a?, a} }, is used to numerically identify Sato—Tate groups of
several abelian surfaces.

One may wonder whether the efficiency of the above approach varies depending on the choice of
the testing family of virtual characters. Shieh [Shil6] has proposed to use the family of irreducible
characters {x» }» of USp(2g) instead of the family of coefficient moments {a} },, x. Shieh applies the
Brauer-Klymik formula to recover x,(y,) from L,(A,T), and presents some numerical examples,
where the family {x,}, exhibits a much faster convergence than {a} }, . As remarked by Shieh

8Note that d(ay) is denoted by My [ag] in [FKRS12].
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(see comment at the last paragraph of [Shil6, §1]), the difference between convergence rates of the
two families is specially noticeable in the “generic cases”, that is, when G = USp(2g).
For a virtual character ¢ of USp(2g), write

(5.2) ¢ = ¢le —d(¢le) -

As discussed in §1, the asymptotic L2-norm I($) can be seen as an estimate of the velocity conver-
gence of §(¢, X) towards 6(¢|c). Under this perspective, we can see Corollary 4.4 as a justification
of the efficiency of Shieh’s proposal in the generic cases. Indeed, when x,, is a nontrivial irreducible
character of USp(2g) and G = USp(2g), the quantities Ry, = Cg, = 1 are smallest possible’.

We remark, however, that {Ry, }» and {Cy,}. can grow unboundedly when we take certain
nongeneric G C USp(2¢g). We will now introduce a family of virtual characters {s,}, of USp(2g),
for which the sequence {C5, },, (and thus also the sequence {R;, },) stays bounded for every Sato—
Tate group G C USp(2g). Let V denote the standard representation of USp(2g). For n > 0 and
0 < k < 2g, the (n, k)-th power sum is the virtual character

(5.3) sE() = Te(ARV ().

n

To ease notation, we simply write s, := s.. We remark that the family of virtual characters {s, },,
had already been considered in [KS09].

Proposition 5.2. Let G denote the Sato—Tate group of an abelian variety A of dimension g. Then,
the sequence {Cs, }r is bounded.

Proof. Let g denote the Lie algebra of G. Group representations of G correspond to Lie algebra
representations of g. For every n > 0, one can write s,, as a finite sum of at most 2g weights of g.
Since g is semisimple, by [Gup87, Thm. 3.8] each weight of g can be written as a bounded finite
sum of distinct irreducible characters of g. Moreover, one easily sees from its description in [Gup87,
Thm. 3.8], that the multiplicity of every irreducible constituent of a weight is also bounded. The
proposition follows. O

In the next section, we compare the convergence rates of the families {s,}, and {al}, by
computing the respective explicit bounds of Corollary 4.4 for some of the Sato—Tate groups G
arising for g =1 and g = 2.

5.1. Rate of convergence of moments and power sums.

5.1.1. Dimension g = 1: non CM case. The Sato—Tate group of an elliptic curve over k& without
CM is G := USp(2). If we denote by V the standard representation of G, then the irreducible
characters of G are given by

(5.4) Xn = Tr(Sym"(V)) forn>0.

For a virtual character ¢ of G, let ¢ be as in (5.2), and let Ry, Cyz, and Sz be as defined in
Corollary 4.4. For n > 2, easy computations writing a7 and s, in terms of the y,, show that
S&{l = Sgn and that

2
n n n .
Rap = [5-‘ , Can =1+ Z <<> — <,_1>) , while R; =2,C; =2.
, J J
0<j<n/2

9However7 we do not claim optimality of the family of irreducible characters (in terms of the velocity of conver-
gence) among the class of families of central functions (see §6.1.7).
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5.1.2. Dimension g = 1: CM case. Let E be an elliptic curve over k with CM defined over k. Its

Sato—Tate group is
G = {Au - (10‘ 2) o = 1} ~U(1).

The irreducible characters of G are
(5.5) Um: U(l) = C*, Um(Ay) =u™ formeZ.
For n > 1, writing af and s, in terms of the v, one easily finds that Sz» = Sz, and that

2
R&?:ﬂﬂ,cﬂ: 3 2(2‘) while R; =2,Cs; =2.

2 ,
0<j<n/2

5.1.3. Dimension g = 2: generic case. The Sato—Tate group of an abelian surface A with trivial
endomorphism ring is G := USp(4). The conjugacy classes of G are in bijection with [0, 7]?/Ga,
where G5 denotes the symmetric group on two letters. From [Wey97, Thm. 7.8.C, Chap. VII] one
finds that the irreducible characters xm,, of G, for m > n > 0, are given by the formula

sin((m + 2)a) sin((n + 1)8) — sin((m + 2)8) sin((n + 1))
sin(2«) sin(83) — sin(24) sin(a) ’

(56) X'm,n(avﬁ) =

where (a,8) € [0,7]?/S2. Note that x1,0 is the trace of the standard representation of G. From
(5.6), one finds by direct computation that

Sn = Xn,0 — Xn—1,1 T Xn—3,1 — Xn—4,0

for n > 4. Similarly one computes that s = —x00 — Xx1,1 + X2,0 and s3 = —x21 + X3,0, and
concludes that Rz, , Cs, < 4.

Let us show on the other hand that the sequence { Ry },, (and thus also {Czr },,) grows unbound-
edly!® in n. Let now V denote the standard representation of USp(4). Let W be the representation
defined by A%V = W & C, which has character x1 1. By [FH91, p.248] the character ., n is the
character of a subrepresentation'! of

(5.7) Sym™ (V) @ Sym™ (W) .

But note that the above representation is a subrepresentation of V{m+"® from which we deduce
that a! contains all the irreducible characters X, , for which m +n =t and m > n.
Finally, one can use [FH91, Ex. 24.20] to show that Sz» and S, are of comparable size.

1OUsing [Wey97, §9, Chap. VII|, one can obtain a closed formula for Ca?, but we will not pursue this here. We
will content ourselves with listing a few of them:

Ca2 =12 +1241%, Cpa =3+422+12, Cpu=3"+5"+6"+22+32+1%.

1 Note that in [FHO1, §16.2], it is written 'y, n to denote the representation that is attached to the character
that we denote by Xm,n.
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6. EXAMPLES

In this section, we illustrate the content of Theorem 1.3 by means of considering a few examples.
Except of the example in §6.1.7 (which has a different purpose), they all follow the same pattern:
we take two abelian varieties A and A’ defined over k, of the same dimension g > 1, and similar
conductors, but with distinct arithmetic invariants such as the rank or the Sato—Tate group. Let G
(resp. G’) denote the Sato—Tate groups of A (resp. A’). We take a selfdual character g of USp(2g)
such that its restriction ¢ (resp. ¢’) to G (resp. G’) does not contain the trivial character. We
then plot the functions 6(y,x)? and 6(¢’, x)? for  in a wide range of values, and certify that they
exhibit the behaviour predicted by Theorem 1.3.

Recall that we can write

I(p) = Li(p) + I2(p)

where I1(¢) and I>(¢p) are as defined in (4.4). If o = }° ¢y, let us write r, := 37 cyry. In the
examples below, it will be convenient to use the suggestive notation 7,4y := r,. In the case that ¢
is the character of the tautological representation of G, we will simply write 74 for r,. Note that r4
is the so called analytic rank of A, that is, the order of vanishing of the Hasse-Weil L-function of A
at the central point. By definition, we have

Ii(p) = (2rp + uy)?,

where u,, denotes the Frobenius-Schur index of ¢.

As one can see from the proof of Proposition 4.2, a large conductor N of A with respect to the
rank makes the term I5(¢) dominant, blurring the contribution of I () in the asymptotic L?-norm
I(¢). In order to illustrate the influence in the convergence rate of the arithmetic invariants of A
appearing in I (¢) (the rank and the Sato-Tate group), we will often consider examples for which
Ty or 1, is exceptionally large with respect to the conductor N. This is what we call examples of
‘relatively large rank with respect to the conductor’. In the examples considered, it is I; (¢) which
happens to dominate Iz(y).

In §6.1 and §6.2, we will use the following lemma.

Lemma 6.1. Let vy, Xn, and Xm,n denote the irreducible characters of U(1), USp(2), and USp(4)
as defined in (5.5), (5.4), and (5.6). Their respective Frobenius—Schur indices are

1 2 =0
u={ =0 D), = (1)

0 otherwise,

Proof. The statement for v, is clear, provided that v, takes complex values if and only if m # 0.
By [Ser77, Prop. 38|, a character x of a compact group G has u, = 1 (resp. wu, = —1) if it
corresponds to a representation o which is symmetric (resp. alternating)'?. Since the standard rep-
resentation of USp(2) is alternating, we deduce that u,, = (—1)" from the fact that the product of
an alternating representation and a symmetric one is alternating, and that the product of two alter-
nating (resp. symmetric) representations is symmetric. Let V' denote the standard representation
of USp(4) and W be the representation of USp(4) defined in §5.1.3, so that Xy, is the charac-
ter of a subrepresentation of Sym”™ " (V) ® Sym"™(W). Note that since V is alternating, we have
that W is symmetric. Since a subrepresentation of an alternating (resp. symmetric) representation
is alternating (resp. symmetric), we find that wu,,, , = (=1)""" = (=1)™*", O

12By this we mean that the module V affording o possesses a nonzero nondegenerate G-invariant bilinear form
which is symmetric (resp. alternating).
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Remark 6.2. If y is an irreducible character of G, recall that we denote by w,, its weight (as defined
in Remark 4.1). By deep conjectures (see §6.2) one expects a different behaviour of r, depending
on whether w, is odd or even. In order to isolate these two typical behaviors, and although there
is no such restriction in Theorem 1.3, in all the examples below we consider virtual characters ¢
such that their constituents are either all of odd weight or all of even weight.

Remark 6.3. In order to determine the value of the function d(y, z), we use Sutherland’s library
Smalljac [KS08], which computes the polynomials L,(A,T). One limitation of the version that we
use is that it only works for abelian varieties defined over Q. However, this is enough to deal with
abelian varieties over an arbitrary number field k£ which are the base change of an abelian variety
defined over Q (see §6.1.4).

6.1. Odd weight. In the following examples, all the irreducible constituents of ¢ and ¢’ have odd
weight.

6.1.1. Example 1: The rank matters (g = 1). Let A, A’ be two elliptic curves defined over Q
without CM (i.e. with Sato-Tate groups G = G’ = USp(2)) with similar conductor and analytic
ranks r4 = 1 and ryg = 2. Let 99 = a; be the character of USp(2) defined in (5.1). Using
Lemma 6.1, we obtain that

Lig)=(@2-1-12=1, L(g)=(2-2—1)?=9.

In Figure 1 we plot the function 6(ay,)? for two elliptic curves A and A’ of similar conductor and
ranks 1 and 2 (this is a slight abuse of notation to mean that we plot d(p,z)? and §(¢’, z)?, as
explained above). We indeed observe a better convergence of the curve of rank 1.

6.1.2. Ezample 2: The Frobenius—Schur index matters (g = 1). Let A, A’, and ¢g be as in §6.1.1,
but suppose that now r4 = 1 and r4» = 0. Now we have

Lip)=(2-1-1*=1, L(y)=(2-0-1)%=1.

In Figure 2 we plot §(a1,z)? for two non-CM elliptic curves of the same conductor and ranks 0
and 1. In this case we observe a similar convergence rate.

6.1.3. Example 3: The Sato—Tate group matters (g = 1). Let A (resp. A’) be an elliptic curve
defined over Q without (resp. with) complex multiplication, and let ¢y = a$ be the cube of the
trace character of USp(2). We have G = USp(2) and G’ = U(1) x Z/2Z.

Proposition 6.4. If pq, A and A’ are as above, then
Li(p) = (4ra + 2rsymeay —3)°,  Ti(¢)) = (4rar + 2rgymscan — 4)%.
Proof. From [Ser77, §8.2], one easily finds that the irreducible characters of G’ are
gm = Te(Ind{ ;) (vn))

for m > 0, where vy, is as in (5.5). Let o denote the nontrivial element of Z/2Z. For (A,,s) €
U(1) x Z/2Z, one has

u™ 4+ u”™ if s is trivial,

It follows that ¢’ = 301 + g3 and then, using Lemma 6.1, that
Il(gﬁl) = (2(TSym3(A’) — ’I"A/) -1+ 3(2 A — 1))2 = (47’A/ + 2TSym3(A’) — 4)2

0 if s=o.
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Convergence of the first moment

3.5e-3|
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FIGURE 1. Plot of 6(a,x)? for the non-CM elliptic curves with LMFDB label
390.al (of rank 1) and 389.al (of rank 2).

Provided that ¢ = 2x1 + x3, where x,, is as in (5.4), we obtain that

2
Li(0) = (2 rs = 1) 4221y, —1))" = (4ra + 2rgymsca) — 3)°,

and the proposition follows. O

One can take now A and A’ with similar conductors and such that rgy,3(4) = Tsym3(ary and
ra = r4s. If we take these analytic ranks to be respectively 1 and 0, we find

Li(p) =1, L) =4.

In Figure 3 we plot §(a3,x)? for two curves A, A’ with the above invariants. We observe that for
large values of x, even though the two plots cross many times, the one corresponding to the CM
curve seems to have a larger asymptotic L?-norm.

Remark 6.5. Note that, in the situation considered, if we had we taken ¢y = a1, no significant
difference would have been observed between the convergence of §(p,x) and §(¢’, ). Indeed, in
this case, one finds I1(¢) = (2-74 — 1) = (2- 74 — 1)> = I1(¢’) (compare with §6.1.4).

6.1.4. Ezample 8’: The Sato—Tate group matters (g = 1). We will now consider an example over a
finite extension of Q. Let K be a quadratic imaginary field, A be an elliptic curve defined over K
without CM, and A’ an elliptic curve defined over K with CM precisely by K. As in the previous
example, let po = a}. Note that ¢’ is a selfdual character of U(1), even if its irreducible constituents
are not.
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Convergence of the first moment
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FIGURE 2. Plot of d(a,x)? for the non-CM elliptic curves with LMFDB label
37.b2 (of rank 0) and 37.al (of rank 1).

Square of the third moment
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—CM elliptic curve
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FIGURE 3. Plot of §(a$,x)? for the rank 0 curves 40.al (non-CM) and 49.al (CM).
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Proposition 6.6. If pq, A and A’ are as above, then
5L (90) = (4TA + 2TSyIr13(A) - 3)2 ’ Il((pl) = (4TA' + 27‘Syms(A’))2 :

Proof. Note that ¢’ =v_3+ 3v_1 + 3v1 + v3, where v, is as in (5.5). Using Lemma 6.1, one finds
that

2
Il((p/) = ((2 “Tv_g — 0) + 3(2 Tv_y — 0) + 3(2 Ty — O) + (2 “Tyg — 0)) = (4TA’ + 271Sym3(A’))2 .
The computation of I () is exactly as in Proposition 6.4. O
One can take now A and A’ with similar conductors and such that rgy,s( A) = TSym3(as) and
ra = T4. By Remark 6.3, we are forced to take A and A’ to be the base change of elliptic curves

Ap and Aj, defined over Q. Then the following lemma implies that these two analytic ranks must
be even and satisfy rgyms(ary > rar.

Lemma 6.7. Let E be an elliptic curve over Q and E the quadratic twist of E by the quadratic
extension K/Q. Then
TEx =TE+TE, TSym?®(Er) = TSym?(E) T TSym3(E) -
Moreover, if K is imaginary and E has CM by K, then
TEx = QTE, rSymS(E'K) = 2TSym3(E)7 TSymB(EK) > TEg -
Proof. Let £ denote the quadratic character of K/Q. We have isomorphisms of Q[Ggl-modules
Indgx Sym®(Ve(Ex)) = Sym®(Ve(E)) @ Sym®(Ve(E)) © & = Sym*(Ve(E)) © Sym*(Vi(E))

and the first part of the lemma follows from the Artin Formalism of L-functions. For the second
part, one first needs to note that, under the additional hypothesis, one has

Ve(E) = Vi(E) @ e = Vy(E).

This follows from the fact that Tr(V,;(E))(c) = 0, whenever e(c) # 1 for ¢ € Gg. One then
concludes by noting that there is a Hecke character ® such that

Sym™ V,(Ex) @@m 2§

where ®™~27(5) denotes the j-th Tate twist of ®™~2, O
If we take for example 7gy1,3(4) = rsym3(a) =4 and 74 =74/ = 2, we obtain that
Il((p) = 144, IQ((p/) = 256.

In order to find examples of this type we have used [MWO06, Table 7] for the non-CM curves, and
Watkins’s Sympow package to find the CM curves with appropriate order of vanishing of the third
symmetric power.

In Figure 3’ we plot §(a$,x)? for two elliptic curves A/K and A’/K, where K = Q(v/—3). The
curve A is the base change to K of the curve with LMFDB label 97448.a2; its conductor is the ideal
of K generated by 97448, it does not have CM and its ranks are 74 = 2 and rgyp,3(4) = 4. The
curve A’ is the base change to K of the CM curve with LMFDB label 248004.g1; its conductor is
the ideal of K generated by 82668, it has CM by K, and its ranks are r4» = 2 and rgy3(ary) = 4.
We observe a better convergence for the non-CM curve.
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Convergence of square of the third moment

—non-CM elliptic curve
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FIGURE 3’. Plot of §(a?, z)? for two elliptic curves over Q(y/—3) of rank 2 and
rank of the symmetric cube 4, without CM and the other with CM by K.

Remark 6.8. In order to plot d(a$,z)? one needs to recover the polynomials Ly(A,T) from the
polynomials L,(Ag,T) computed by Smalljack. This is straightforward. Let p be an unramified
prime of K lying over p. If p is split over Q, then Smalljac directly returns L, (A,T) = L, (Ao, T).
If p is inert over Q, then

Ly(AT)=(1-a)(1—-a2) =1~ (a2 —2)T + T2,
where
Ly(Ag, T)=(1—-0a,)(1—a,)=1—a,T+T?.
Remark 6.9. For this example we could have taken g = ay. Similar computations show that then
Li(p) = 4% and I1(¢) = (2ra —1)%.

6.1.5. Example 4: The rank matters (g =2). Let A, A, A”, and A"’ be abelian surfaces of similar
conductor, with Sato—Tate group USp(4), and respective ranks 0, 1, 2, and 3. Letting @9 = a; and
o, ¢”,... have the obvious meaning, we have that

11(90):17 Il(gp/):l’ 11(90//):95 Il((pm):25_

In Figure 4 we plot the function &(ay, z)? for four abelian surfaces of similar conductors and ranks
0, 1, 2, and 3.

6.1.6. Example 5: The Sato—Tate group matters (g = 2). Let A and A’ be abelian surfaces defined
over Q of similar conductor, with analytic rank r4 = ra» = 2, but with Sato—Tate groups G =
USp(4) and G’ = USp(2) x USp(2) (the group denoted by G335 in [FKRS12]). More specifically,
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Convergence of the square of the first moment up to 2™e, e = 25

—rank 0

—rank 1

rank 2
1.2e-5

—rank 3
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FIGURE 4. Plot of §(a1,x)? for the (Jacobians of the) genus two curves with
LMFDB labels 62127.a (of rank 0), 61929.a (rank 1), 62090.a (rank 2), and 62411.b
(rank 3). They all have Sato-Tate group USp(4), and the number in the label in-
dicates the conductor of the curve.

suppose that A" decomposes over Q as the product of two nonisogenous elliptic curves of rank 1.
Taking ¢y = a1, we obtain

Li(p)=(2-2-1)2=9, L)=02-1-1+2-1-1)2=4.

An example of this phenomenon is shown in Figure 5.

6.1.7. Example 6: Non-optimality of the irreducible characters. The goal of this example is to
show that, although in §5 we demonstrated that the irreducible characters of USp(2g) exhibit
an extremely good convergence in the generic cases (and, in fact, almost optimal), one can find
particular examples for which their convergence is beaten by some other family of characters, which
are still a basis of the central functions. For example, let A be an elliptic curve without CM such
that r4 = 2 and rgym3(a) = 0. Let x,, be as in (5.4), and for n > 0 set

/ X1 +xs ifn=1,
Xn = .
Xn otherwise.

Clearly, {x}, }n>0 is also a basis of the central functions on G, and I1(x,) = I1(x},) for every n # 1.
However,

L) =(2-2-1>(2-2-1+2-0-1)> = ,(x,).
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Convergence of the square of the first moment up to 2™e, e = 25

2,566} —rank 2, G {3,3}, curve 16245.c.925965.1
—rank 2, USP(4), curve 16217.a.16217.1
2e-6
15e-6 |-
le-6

l| "l

i
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FIGURE 5. Plot of §(ay,x)? for the genus two curves with LMFDB labels 16217.a
(of rank 2 and Sato-Tate group USp(4)) and 16245.c (of rank 2 and Sato-Tate

group Gs.3).

In Figure 6 we plot 6(x1,7)? and §(x1 + X3, 2)? for the elliptic curve E with LMFDB label 389.al.
It has rg = 2 and 7gy,3 g = 0. Even though x1 + x3 is not always below x1, it does seem to close
a smaller area.

6.2. Even weight. Let x be an irreducible character of G and let w, denote its weight. If w, is
odd, then (w, + 1)/2 is an integer, and the Bloch-Kato conjecture predicts the order of the zero
at (wy +1)/2 of the L-function attached to x° 04, which is precisely .

If w, is even, then (w, + 1)/2 is no longer an integer and the Bloch-Kato conjecture makes no
prediction for the order of vanishing of the L-function attached to x°p4 at this point. The general
philosophy is that r, should be 0 unless there is a specific reason for the contrary to happen, and
one thus expects r,, = 0 for x of even weight.

If Xmn is as in (5.6), then (5.7) implies that x,, , has even weight if and only if m + n is even.
One thus expects 7y, , = 0 whenever m + n is even. Using [Wey97, §9, Chap. VII] again, one
easily finds that

az—1=x11, ai —1=x11+X20, sa+1=—=x11+Xx20-
Let now A be an abelian surface with Sato—Tate group USp(4). By Lemma 6.1, we have that
Ii(ax—1) = (204+1)* =1, I(a?—1) = (2.04+1+2:0+1)* =4 I (s9+1) = (—(2-0+1)+(2-0+1))*> = 0.

In Figure 7 we plot §(a3 — 1,2)%, §(az — 1,2)2, and §(sy + 1,7)2. Observe that, even though
Li(aa — 1) > I1(s2 + 1), it is not clear from the figure whether the convergence for s; + 1 is
better than the convergence for as — 1. This seems to be explained by the fact that the difference
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FIGURE 6. Plot of d(x1,x)? and d(x1 + x3,2)? for the elliptic curve E with label 389.al
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curve 277.a

Comparison of chi_1 vs. chi_1 + chi_3,upto2™e, e = 30
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Ii(az — 1) — I (s2 + 1) is small together with the fact that Iz(az — 1) < Is(sg + 1). Nonetheless, in
the range of primes that we have considered, one clearly appreciates a worse convergence for a? — 1
than for as — 1 and s + 1.

7. CHEBYSHEV BIAS FOR ABELIAN VARIETIES

As we noted in §1, the circle of ideas we used to study the convergence rate towards the Sato—
Tate measure was introduced by Sarnak in his letter to Barry Mazur [Sar07], in order to explain
the bias that the Frobenius traces of elliptic curves have towards being positive or negative, and
how the rank determines the sign of the bias.

Not surprisingly, then, one can also use this approach to study this phenomenon for general
abelian varieties. Indeed, resuming the notations of §1, for a selfdual virtual character ¢ =
> x41 ¢xx of G, recall the function

log(z)
(7.1) Y(p,x) = ©(Yp)-
P

If in the proof of Theorem 1.3 we apply the formula for the expectation, rather than the variance,
from Proposition 3.1 we see that

N S LI )
(7.2) lim 1og(X)/2 . dz = Zcx(2rx+ux).

X —o0
X

In the case of elliptic curves, the bias of a; towards being positive or negative only depends on the
rank. In higher dimensions, the above formula shows that it also depends on the Sato—Tate group.
For example, suppose that A is an abelian surface of rank 74 = 1. Then the right hand side of
(7.2) equals —(2r4 — 1) = —1, and a; has a bias towards being negative. Suppose now that A’ is
an abelian surface of rank r4 = 1 and Sato—Tate group G35 3. Suppose that A’ is isogenous to the
product of two elliptic curves, say E and E’, of ranks rg = 1 and rg, = 0. Then the right hand side
of (7.2) equals —(2rg —1) — (2rg: — 1) = 0, and the a;’s do not have bias towards being positive nor
negative. In Figure 8 we plot the function d(a;,x) for two abelian surfaces A and A’ having these
ranks and Sato—Tate groups. The prediction on the bias of the sign of a; can be clearly observed.
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Henryk Iwaniec and Emmanuel Kowalski, Analytic number theory, American Mathematical Society Col-
loquium Publications, vol. 53, American Mathematical Society, Providence, RI, 2004. MR 2061214
Kiran S. Kedlaya and Andrew V. Sutherland, Computing L-series of hyperelliptic curves, Algorithmic
number theory, Lecture Notes in Comput. Sci., vol. 5011, Springer, Berlin, 2008, pp. 312-326. MR 2467855
, Hyperelliptic curves, L-polynomials, and random matrices, Arithmetic, geometry, cryptography
and coding theory, Contemp. Math., vol. 487, Amer. Math. Soc., Providence, RI, 2009, pp. 119-162.
MR 2555991

V. Kumar Murty, Ezplicit formulae and the Lang- Trotter conjecture, Rocky Mountain J. Math. 15 (1985),
no. 2, 535-551, Number theory (Winnipeg, Man., 1983). MR 823264

Phil Martin and Mark Watkins, Symmetric powers of elliptic curve L-functions, Algorithmic number
theory, Lecture Notes in Comput. Sci., vol. 4076, Springer, Berlin, 2006, pp. 377-392. MR 2282937
Michael Rubinstein and Peter Sarnak, Chebyshev’s bias, Experiment. Math. 3 (1994), no. 3, 173-197.
MR 1329368

Peter Sarnak, Letter to Barry Mazur on “Chebyshev’s bias” for 7(p).

Jean-Pierre Serre, Abelian l-adic representations and elliptic curves, McGill University lecture notes
written with the collaboration of Willem Kuyk and John Labute, W. A. Benjamin, Inc., New York-
Amsterdam, 1968. MR 0263823

, Facteurs locaux des fonctions zéta des variétés algébriques (définitions et conjectures), Séminaire
Delange-Pisot-Poitou. Théorie des nombres 11.2, 1969-1970, pp. 1-15.

, Linear representations of finite groups, Springer-Verlag, New York-Heidelberg, 1977, Translated
from the second French edition by Leonard L. Scott, Graduate Texts in Mathematics, Vol. 42. MR 0450380
, Propriétés conjecturales des groupes de Galois motiviques et des représentations l-adiques, Mo-
tives (Seattle, WA, 1991), Proc. Sympos. Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994,
pp. 377-400. MR 1265537

Yih-Dar Shieh, Character theory approach to Sato-Tate groups, LMS J. Comput. Math. 19 (2016),
no. suppl. A, 301-314. MR 3540962




ON THE RANK AND THE CONVERGENCE RATE TOWARDS THE SATO-TATE MEASURE 27
[Wey97] Hermann Weyl, The classical groups, Princeton Landmarks in Mathematics, Princeton University Press,

Princeton, NJ, 1997, Their invariants and representations, Fifteenth printing, Princeton Paperbacks.
MR 1488158

DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT POLITECNICA DE CATALUNYA/BGSMATH, Epirict OMEGA, C/JORDI
GIRONA 1-3, 08034 BARCELONA, CATALONIA

E-mail address: francesc.fite@gmail.com
URL: https://mat-web.upc.edu/people/francesc.fite/

DEPARTAMENT DE MATEMATIQUES I INFORMATICA, UNIVERSITAT DE BARCELONA, GRAN VIA DE LES CORTS CATA-
LANES, 585, 08007 BARCELONA, CATALONIA

E-mail address: xevi.guitart@gmail.com
URL: http://atlas.mat.ub.edu/personals/guitart/



