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We introduce Chern degree functions for complexes of coherent sheaves on a polar-
ized surface, which encode information given by stability conditions on the boundary
of the (α, β)-plane. We prove that these functions extend to continuous real valued
functions and we study their differentiability in terms of stability. For abelian surfaces,
Chern degree functions coincide with the cohomological rank functions defined by Jiang–
Pareschi. We illustrate in some geometrical situations a general strategy to compute these
functions.
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1. Introduction

In the context of irregular varieties, Barja, Pardini and Stoppino et al. [3] introduced
the continuous rank function associated to a line bundle, a continuous function de-
fined on a line in the space of R-divisor classes with similar properties to those of the
volume function. Shortly after, in [20] Jiang and Pareschi generalized this notion to
the cohomological rank functions hi

F,L associated to a coherent sheaf (or more gener-
ally, a bounded complex of coherent sheaves) F on a polarized abelian variety (A,L).
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These functions have received several applications. For instance, they have been
used to prove new Clifford–Severi inequalities, i.e. geographical lower bounds of the
volume of a line bundle and characterize the polarized varieties where the bound
is attained [2, 19]. They have been also applied to the study of syzygies of abelian
varieties (see [11, 17, 18] and references therein).

Given x ∈ Q, Jiang and Pareschi use the multiplication maps on A to make sense
of the (generic) ith cohomological rank of F twisted with the rational polarization
xL. This defines the number hi

F,L(x). Their two main results about the general
structure of these functions, a priori only defined over the rational numbers, can
be summarized as follows:

(1) [20, Corollary 2.6] Every x0 ∈ Q admits a left (respectively, right) neighborhood
where the function hi

F,L is given by an explicit polynomial P− (respectively, P+)
depending on x0 .

(2) [20, Theorem 3.2] The functions extend to continuous real functions of real
variable.

These results are proved via an extensive use of the Fourier–Mukai transform on
the abelian variety, which also justifies the need to extend the definition of the co-
homological rank functions to arbitrary objects in the derived category of coherent
sheaves.

In the case of elliptic curves, it is well known that the Harder–Narasimhan
filtration of a coherent sheaf F provides a precise description of its cohomological
rank functions (see Proposition 6.3 for details). Nevertheless, for higher-dimensional
abelian varieties only a few concrete examples of functions are known, and a gen-
eral structure is far from being understood. For instance, it is not known whether
cohomological rank functions are always piecewise polynomial [20, Remark 2.8].

In the present paper we investigate the relation between the functions and sta-
bility in the case of surfaces, from a twofold perspective: not only that of obtaining
a better understanding of cohomological rank functions on abelian surfaces, but
also that of proposing similar invariants on arbitrary (i.e. not necessarily abelian)
polarized surfaces. This can be done in a unified way, by means of the Chern degree
functions that we attach to objects in the derived category Db(X) of any smooth
polarized surface (X,L). These functions are our main object of study, and their
definition relies on a certain set of (weak) stability conditions on Db(X).

More precisely, let (X,L) be a smooth polarized surface. Since the seminal work
of Bridgeland [10] (for K3 surfaces), then extended by Arcara and Bertram [1] to
arbitrary smooth surfaces, one can consider a certain Bridgeland stability condi-
tion σα,β = (Zα,β,Coh

β(X)) for every (α,β) ∈ R>0 × R, where Cohβ(X) is a
heart of a bounded t-structure on Db(X). In the corresponding (α,β)-plane of
stability conditions, the wall-crossing behavior is very well understood. A similar
construction holds in positive characteristic as well, thanks to work of Koseki [22]
(even though the cases we will consider were already covered by the work of
Langer [23]).
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When α = 0, one cannot ensure in general that σ0 ,β is a Bridgeland stability con-
dition. Roughly speaking, this depends on whether the classical Bogomolov inequal-
ity for slope-semistable sheaves of slope β is sharp or not; in case of non-sharpness,
the construction of Bridgeland stability conditions can be extended to a larger
region containing σ0 ,β in its interior, as explained in the recent work [12, Sec. 3].

Regardless of whether σ0 ,β is a Bridgeland stability condition or not, for every
β ∈ Q one can at least ensure the existence of Harder–Narasimhan filtrations
with respect to the tilt slope ν0 ,β induced by σ0 ,β : this defines a weak stability
condition. For instance, in the literature σ0 ,0 has also been called Brill–Noether
stability condition (see [24, Definition 2.11]). The Chern degree functions may be
thought of as a way of classifying the information provided by these (weak) stability
conditions.

Essentially, to every object E ∈ Db(X) we associate non-negative Chern degree
functions

chdkE,L :Q → Q≥0

for every k ∈ Z, related by the identity
∑

(−1)k · chdkE,L(x) = ch−x
2 (E), where cht2

is the second twisted Chern character defined by cht2 = ch2 −tL · ch1 + t2

2 L
2 · rk. For

instance, if F ∈ Cohβ(X) only chd0F,L and chd1F,L are nonzero at −β and

chd0F,L(−β) = chβ2 (F̃ ),

where F̃ is the maximal subobject F̃ ⊂ F with the property that any quotient of
F̃ has positive tilt slope (see Sec. 3 for the general definition).

Our first main result about these functions is as follows.

Theorem A. Let (X,L) be a smooth polarized projective surface over an alge-
braically closed field K of arbitrary characteristic. If charK > 0, assume that X is
neither of general type nor quasi-elliptic with κ(X) = 1.

Then, for every object E ∈ Db(X) and k ∈ Z the following hold:

(1) Every rational number x0 ∈ Q admits a left (respectively, right) neigh-
borhood where the function chdkE,L is given by an explicit polynomial P−

(respectively, P+) depending on x0 , satisfying P−(x0 ) = chdkE,L(x0 ) = P+(x0 ).

(2) The function chdkE,L extends to a continuous real function of real variable.

Let us specify that, even in the case where F ∈ Cohβ0(X), where chd0F,L(−β0 ) =

chβ0
2 (F̃ ), the polynomial ch−x

2 (F̃ ) does not necessarily provide a local polynomial
expression of chd0F,L(x) for x in a neighborhood of−β0 . For instance, the polynomial

expression in a left neighborhood of −β0 is given by ch−x
2 (G), where G ⊂ F̃ is a cer-

tain subobject satisfying Z0 ,β0(F̃ /G) = 0 and appearing in the Harder–Narasimhan
filtration of F with respect to σ0 ,β for all small enough β > β0 .

In other words, to control the local polynomial expressions one is led to deter-
mine the Harder–Narasimhan filtrations of F with respect to σ0 ,β as β tends to
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β0 ; we call such filtrations the weak limit filtrations of F at β0 (see Definition 4.8
for a precise definition). Their study requires a good understanding of Bridgeland
limit filtrations, namely Harder–Narasimhan filtrations with respect to the (honest)
Bridgeland stability conditions σα,β as α tends to 0 (see Definition 4.1).

These auxiliary notions may be of independent interest to study the boundary
of the stability manifold (see also Remark 3.7); as a tool for Theorem A(1), we
prove their existence for objects without Harder–Narasimhan factors of vanishing
tilt slope.

Theorem B. Let β0 ∈ Q and F ∈ Cohβ0(X) be an object having no Harder–
Narasimhan factor with respect to σ0 ,β0 of vanishing ν0 ,β0 . Then,

(1) F admits a Bridgeland limit Harder–Narasimhan filtration at β0 .
(2) F admits a weak limit Harder–Narasimhan filtration at β0 .

The extension of the Chern degree functions to continuous real functions is
obtained by integration after using the local polynomial expression to bound the
derivative, following the approach of [20] for the cohomological rank functions.

Once the continuity is settled, it is natural to study the rational critical points
(i.e. rational points where the Chern degree functions are not of class C∞). In
particular, we obtain the following result characterizing the rational points where
the functions are not C1. This result is a corollary of our characterization of the
critical points in terms of stability (see Proposition 5.3, as well as the beginning of
Sec. 5.2 for a discussion when F ̸∈ Cohβ(X)).

Proposition C. Let β ∈ Q. If F ∈ Cohβ(X), then the Chern degree functions of
F are not differentiable at −β if and only if F has a Harder–Narasimhan factor
(with respect to σ0 ,β) of vanishing tilt slope.

We must point out that the Chern degree functions seem to be especially non-
trivial for polarized surfaces on which σ0 ,β fails to be a Bridgeland stability condi-
tion at every β ∈ Q. Indeed, in those cases, we do not know how to conclude from
Theorem A that the Chern degree functions are piecewise polynomial, as one would
expect. Among these polarized surfaces, it is well-known that one finds abelian sur-
faces. As we explain in Example 2.12, this is also the case for surfaces with finite
Albanese map (and polarization pulled back from the Albanese variety), which in
particular covers polarized irregular surfaces with Picard number 1.a In such cases
of irregular (non-abelian) surfaces, the relation of the Chern degree functions to
the original continuous rank functions, or more generally to the cohomological rank
functions of the push-forwarded object via the Albanese map, remains mysterious.

On the opposite side, for regular surfaces such as K3 surfaces, the Chern degree
functions are clearly piecewise polynomial, since their stability manifold is certainly

aThis provides new examples (X,L) where the Le Potier function ΦX,L is explicitly known, which
may be of independent interest since it allows to describe their Bridgeland stability manifold
(cf. [12, Sec. 3]).
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larger than the (α,β)-plane. This indicates that these functions are probably not
the correct notion to deal with regular surfaces; in Remark 3.7 we propose a variant
(explicitly for K3 surfaces of Picard number 1).

While for arbitrary polarized surfaces we plan to study in future work these
functions, in the case of abelian surfaces the Chern degree functions recover the
cohomological rank functions of Jiang and Pareschi. This establishes a natural ana-
logue with the structure of cohomological rank functions on elliptic curves:

Theorem D. Let (X,L) be a polarized abelian surface. Then, the Chern degree
function chdkE,L equals the cohomological rank function hk

E,L for every object E ∈
Db(X) and k ∈ Z.

Note that this shows, in particular, that the cohomological rank functions of
an object at −β split into simpler pieces, corresponding to its Harder–Narasimhan
factors with respect to σ0 ,β . Conversely, knowing the cohomological rank functions
of an object one can deduce constraints on its behavior with respect to stability
(the easiest case being an object that never destabilizes, see Proposition 7.1).

This new presentation turns out to be significantly useful to understand coho-
mological rank functions. For instance, Proposition C (and more generally Propo-
sition 5.3) characterizes their differentiability at rational critical points, which in
[20, Proposition 4.4] was settled a sufficient condition to control the dimension
of certain jump loci. Observe also that, thanks to Theorem A(2), we obtain that
cohomological rank functions extend to continuous real functions in positive char-
acteristic as well (a case not covered by Jiang and Pareschi).

Furthermore, the stability viewpoint seems to be fruitful for the computation of
particular examples, if one exploits the wall-crossing behavior in the (α,β)-plane.
We end the paper by focusing on Gieseker semistable sheaves, which are well-known
to be semistable for large values of α (at the so-called Gieseker chamber).

For them, we propose a method based on successive destabilizations along the
(α,β)-plane; in many concrete situations, this method gives an explicit description
of chd0F,L as a piecewise polynomial function. We illustrate this phenomenon with
the ideal sheaves of 0-dimensional subschemes of low length on principally polarized
abelian surfaces.

Another concrete example where this method works is the case of the ideal sheaf
of one point, for abelian surfaces endowed with a polarization of arbitrary type. As
explained before, such functions have recently received considerable attention as a
tool to understand syzygies of abelian varieties, thanks to the results of Caucci [11].
A computation of this function for abelian surfaces appears in [31], where the second
author improves the bound given in [16] for the maximal critical point in the case
of arbitrarily polarized abelian surfaces.

Plan of the paper. After some preliminaries on the (α,β)-plane of stability con-
ditions given in Sec. 2, we define the Chern degree functions in Sec. 3 and prove
some elementary properties of cohomological nature. We also discuss how one could
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extend these functions to the boundary of the manifold of geometric Bridgeland
stability conditions.

Section 4 constitutes the technical core of the paper. First, we introduce in
Sec. 4.1 Bridgeland limit filtrations and prove Theorem B(1). In Sec. 4.2 we study
the weak limit filtrations and we prove Theorem B(2), by means of Bridgeland
limit filtrations and a systematic exploitation of wall-crossing. This almost gives
Theorem A(1); the proof is completed in Sec. 4.3 by considering the exceptional
situations.

The proof of Theorem A(2) occupies the first part of Sec. 5. The rest of Sec. 5
addresses the characterization of rational critical points and their differentiability,
which leads to Proposition 5.3 (and in particular, to Proposition C).

In Sec. 6 we briefly review cohomological rank functions on abelian varieties, and
then give a proof of Theorem D. Finally, Sec. 7 deals with Chern degree functions
of (twisted) Gieseker semistable sheaves, including a general discussion (Secs. 7.1
and 7.2) illustrated on principally polarized abelian surfaces (Sec. 7.3).

2. Preliminaries on Stability Conditions

In this section, we review the definitions and basic properties of (possibly weak)
stability conditions, with a special view towards the (α,β)-plane defined by a po-
larization on a smooth projective surface as developed in [1, 9, 10]. We follow the
notations of the excellent survey [27].

2.1. Weak and Bridgeland stability conditions

Let A be an abelian category with Grothendieck group K0 (A).

Definition 2.1. A stability function (respectively, weak stability function) on A is
a group homomorphism Z :K0 (A) → C such that every F ∈ A\{0} satisfies

ℑZ(F ) ≥ 0, and ℑZ(F ) = 0 ⇒ ℜZ(F ) < 0

(respectively, ℑZ(F ) = 0 ⇒ ℜZ(F ) ≤ 0).

Given a (possibly weak) stability function Z on A, one can define a slope for
objects F ∈ A as µ(F ) = −ℜZ(F )

ℑZ(F ) , with the convention µ(F ) = +∞ whenever
ℑZ(F ) = 0.

Definition 2.2. An object F ∈ A\{0} is called (semi)stable if, for every nonzero
subobject E ! F , the inequality µ(E) < (≤) µ(F/E) holds.

Remark 2.3. Equivalently, F is semistable if and only if µ(E) ≤ µ(F ) for every
nonzero E ! F . The same holds (with strict inequality) for stability of F , whenever
Z is a stability function. But if Z is strictly weak, then F may be stable and admit
subobjects with µ(E) = µ(F ); indeed, if Z(F/E) = 0 then µ(E) = µ(F ) < +∞ =
µ(F/E) does not contradict stability for F .
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Now we give the definition of stability conditions on the bounded derived cat-
egory Db(X) of a smooth projective variety X . To this end, we fix a finite rank
lattice Λ together with a group epimorphism v :K0 (X) ! Λ, where K0 (X) denotes
the Grothendieck group of Db(X).

Definition 2.4. A Bridgeland stability condition (respectively, weak stability con-
dition) on Db(X) is a pair σ = (Z,A), where:

(1) A is the heart of a bounded t-structure on Db(X) and Z :K0 (X) → C (cen-
tral charge) is a stability function (respectively, weak stability function) on A
factoring through v.

(2) Every object F ∈ A \ {0} has a Harder–Narasimhan (HN for short) filtration:
there exists a (unique) chain of subobjects

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fr−1 ⊂ Fr = F

with the HN factors Fi/Fi−1 being semistable and µ(F1) > µ(F2/F1) > · · · >
µ(F/Fr−1).

(3) The support property is satisfied: Let Λ0 ⊂ Λ be the saturation of the subgroup
generated by classes v(F ) of objects F ∈ A such that Z(v(F )) = 0. Then
there exists a quadratic form Q on (Λ/Λ0 ) ⊗ R, such that Q(v, v) < 0 for
every nonzero v ∈ (Λ/Λ0 )⊗ R with Z(v) = 0 and Q(v(F ), v(F )) ≥ 0 for every
semistable object F ∈ A.

For (X,L) a polarized smooth projective variety of dimension n, the pair σ =
(Z,Coh(X)) (where Z = −Ln−1 · ch1 +iLn · ch0 ) defines a weak stability condition
on Db(X) (the usual µL-stability) with respect to the epimorphism v :K0 (X) ! Z2

given by v(E) = (Ln · ch0 (E), Ln−1 · ch1(E)). In this case, the support property is
guaranteed by the quadratic form Q = 0.

Let StabΛ(X) be the set of Bridgeland stability conditions on Db(X) (with re-
spect to Λ and v). The support property may be thought of as a technical condition
allowing to give StabΛ(X), when endowed with a certain topology, the structure
of a complex manifold. This result is usually known as Bridgeland’s deformation
theorem ([9], see also [4]). The main consequence is that the regions where ob-
jects of a fixed class are (semi)stable behave the following a wall and chamber
structure.

2.2. The (α, β)-plane of a polarized surface

Let X be a smooth projective surface over an algebraically closed field K; if
charK> 0, we will assume that X is neither of general type nor quasi-elliptic with
κ(X) = 1. For a fixed polarization L ∈ NS(X) on X , we review the construc-
tion of the stability conditions forming the so-called (α,β)-plane of L. This is a
slice of the connected component of the stability manifold Stab(X) constructed by
Bridgeland [10] in the case of K3 surfaces, generalized to arbitrary surfaces in [1].

2250007-7



2nd Reading

March 22, 2022 11:15 WSPC/S0219-1997 152-CCM 2250007

M. Lahoz & A. Rojas

For the rest of this section, we fix the lattice Λ = Z2 ⊕ 1
2 Z together with the

surjective map v :K0 (X) → Λ defined by

v(E) = (v0 (E), v1(E), v2 (E)) = (L2 · ch0 (E), L · ch1(E), ch2 (E)).

Given β ∈ R, consider the full subcategories

Fβ := {E ∈ Coh(X) | µ+
L(E) ≤ β}, Tβ := {E ∈ Coh(X) | µ−

L (E) > β}

of Coh(X), where µ+
L (respectively, µ−

L ) denotes the maximum (respectively, min-
imum) slope of a HN factor in µL-stability. They form a torsion pair, and thus
according to [14] their tilt

Cohβ(X) :=
{
E ∈ Db(X) | H−1(E) ∈ Fβ ,H0 (E) ∈ Tβ ,Hi(E) = 0 for i ̸= 0,−1

}

is the heart of a bounded t-structure on Db(X).

Remark 2.5. If an object E ∈ Db(X) satisfies Hi(E) = 0 for i ̸= 0,−1, then
E ∈ Cohβ(X) is equivalent to µ+

L(H−1(E)) ≤ β < µ−
L (H0 (E)). In particular, as a

condition on β ∈ R, E ∈ Cohβ(X) is open on the right.

For every (α,β) ∈ R>0 × R, we define a central charge Zα,β :K0 (X) → C by

Zα,β(E) = −
(
chβ2 (E)− α2

2
L2 · chβ0 (E)

)
+ i(L · chβ1 (E)),

where chβ = e−βL · ch is the Chern character twisted by βL. Note that Zα,β factors
through v. We will denote by να,β the tilt slope defined by the central charge Zα,β.

The main result of this part, for which we adopt the version in [27, Theorems 6.10
and 6.13], strongly relies on the classical Bogomolov inequality for µL-semistable
sheaves (see [23, Theorem 1.3] for positive characteristic).

Theorem 2.6 ([1, 10]). For every (α,β) ∈ R>0 × R, the pair σα,β =
(Cohβ(X), Zα,β) is a Bridgeland stability condition on Db(X), satisfying the sup-
port property with respect to the quadratic form ∆ := (L · ch1)2 − 2(L2 · ch0 ) ch2 .

Remark 2.7. In the recent work [22] Koseki proved a version of Bogomolov in-
equality in positive characteristic, for surfaces of general type and quasi-elliptic
surfaces with κ = 1. This enables him to construct (a smaller region of) Bridgeland
stability conditions in such cases, that we will not consider.

Given a class v ∈ Λ, a numerical wall for v is the region of R>0×R determined by
an equation of the form να,β(v) = να,β(w), where w ∈ Λ is a class non-proportional
to v. An actual wall for v is a subset of a numerical wall, at which the set of
semistable objects of class v changes. If σα,β lies in an actual wall for v, then there
is a short exact sequence of semistable objects 0 → E → F → Q → 0 in Cohβ(X),
with v(F ) = v, v(E) = w and να,β(E) = να,β(F ) (see [7, Proposition 3.3] or [27, Sec.
5.5]). We say that the short exact sequence defines the corresponding actual wall.
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The structure of the walls in this (α,β)-plane is well understood. Items (1)–(6) of
the following theorem are called Bertram’s Nested Wall Theorem, and were proved
in [26]. The last item is a consequence of [8, Lemma A.7], as part of a systematic
study of the support property in terms of the quadratic form.

Theorem 2.8. Let v ∈ Λ be a class with ∆(v) ≥ 0.

(1) All numerical walls for v are either semicircles centered on the β-axis or lines
parallel to the α-axis.

(2) The numerical walls defined by classes u,w ∈ Λ intersect if and only if v, u, w
are linearly dependent. In such a case, the two walls are identical.

(3) If v0 ̸= 0, there is a unique vertical wall with equation β = v1
v0
. At each side of

this vertical wall, all semicircular walls are strictly nested (see Fig. 1).
(4) If v0 = 0, there is no vertical wall and all numerical walls are strictly nested

semicircles (see Fig. 2).
(5) The curve Hv : να,β(v) = 0 intersects every semicircular wall at its top point.

This curve is an hyperbola (if v0 ̸= 0 and ∆(v) > 0), a pair of lines (if v0 ̸= 0
and ∆(v) = 0) or a single vertical line (if v0 = 0).

(6) If a numerical wall is an actual wall at some of its points, then it is an actual
wall at all of its points.

(7) If an actual wall is defined by a short exact sequence 0 → E → F → Q → 0 of
semistable objects (with v(F ) = v), then ∆(E) +∆(Q) < ∆(F ). In particular,
if ∆(v) = 0 then semistable objects F with v(F ) = v can only be destabilized at
the vertical wall.

Hv Hv

β = v1
v0

Hv Hv

β = v1
v0

Fig. 1. Numerical walls for v when v0 ≠ 0.

Hv : β = v2
v1

Fig. 2. Numerical walls for v when v0 = 0.
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Remark 2.9. If F ∈ Cohβ(X) for some β ∈ R, then L·chβ1 (F ) ≥ 0 gives β ≤ µL(F )
(respectively, β ≥ µL(F )) if ch0 (F ) > 0 (respectively, ch0 (F ) < 0). There is no
condition on β, if ch0 (F ) = 0.

Thus in the study of a particular object F , one is led to consider just one of the
regions separated by the vertical wall (if exists). Such a region is divided into two
parts by a component of Hv(F ); abusing of notation, this component will be called
hyperbola of F and denoted by HF . Note that at the left-hand (respectively, right-
hand) side ofHF , F has positive (respectively, negative) tilt slope. The β-coordinate
of the intersection point of HF with α = 0 will be denoted by pF .

The next result, originally due to Bridgeland, motivates the name of Gieseker
chamber for the chamber above the largest wall, in the case of a class with positive
rank. The reader is referred to [28] or [10, Definition 14.1] for the definition of
twisted Gieseker semistability.

Proposition 2.10 ([10; 27, Exercise 6.27]). Let v ∈ Λ be a class with ∆(v) ≥ 0
and v0 > 0, and let β < v1

v0
. Then an object F ∈ Cohβ(X) of class v(F ) = v is

σα,β-semistable for every α ≫ 0 if and only if F is a twisted (L,− 1
2 KX)-Gieseker

semistable sheaf.

When α = 0 one cannot ensure in general that this construction gives Bridgeland
stability conditions. This is due to the fact that for β ∈ Q the central charge
Z0 ,β may send to 0 certain objects of Cohβ(X), as we describe in the following
proposition.

Proposition 2.11. If β ∈ Q, then an object F ∈ Cohβ(X) satisfies:

(1) L · chβ1 (F ) = 0 if and only if the following hold:

• H−1(F ) is either 0 or a µL-semistable torsion-free sheaf with µL = β.
• H0 (F ) is either 0 or a sheaf supported in dimension 0.

(2) Z0 ,β(F ) = 0 if and only if F = S[1], where S is a twisted (L,− 1
2 KX)-Gieseker

semistable vector bundle with µL(S) = β and ∆(S) = 0.

Proof. The first item is an easy consequence of H−1(F ) ∈ Fβ and H0 (F ) ∈ Tβ .
We explain how to check the “only if” part of (2), the converse implication being
immediate.

Note that Z0 ,β(F ) = 0 implies L · chβ1 (F ) = 0, so H−1(F ) and H0 (F ) must be
as stated in (1). If it were H0 (F ) ̸= 0, then Z0 ,β(H0 (F )) ∈ R<0 ; this would force
Z0 ,β(H−1(F )[1]) ∈ R>0 , which contradicts that Z0 ,β is a weak stability function on
Cohβ(X).

Therefore, F = H−1(F )[1]. If H−1(F ) were not locally free, then
H−1(F )∗∗/H−1(F ) would be a nontrivial subobject of F (in Cohβ(X)) satisfying
Z0 ,β(H−1(F )∗∗/H−1(F )) ∈ R<0 , a contradiction. The maximal destabilizing sub-
object of H−1(F ) with respect to twisted (L,− 1

2KX)-Gieseker stability, if different
from H−1(F ), would give a similar contradiction.
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Finally, ∆(H−1(F )) = 0 immediately follows from chβ2 (H−1(F )) = 0 = L ·
chβ1 (H−1(F )).

Example 2.12. For β ∈ Q, the fact that σ0 ,β is a Bridgeland stability condition
depends on the sharpness of the Bogomolov inequality for µL-semistable sheaves of
slope β, which is encoded by the Le Potier function

ΦX,L(β) := sup

{
ch2 (E)

L2 · ch0 (E)
| E is µL-semistable with µL(E) = β

}
,

see [12, Definition 3.1] for its extension as a real function. This function depends
on the particular geometry of the surface:

(1) If X is a complex abelian surface, the vector bundles S of Proposition 2.11
are semihomogeneous. This is a consequence of [21, Theorem IV.4.7; 33,
Theorem 5.12].

Conversely, for X an arbitrary abelian surface and for every β ∈ Q there
exist semihomogeneous vector bundles S with ch1(S)

rk(S) = βL ∈ NS(X)Q by [30];

for such bundles S, one has S[1] ∈ Cohβ(X) and Z0 ,β(S[1]) = 0. Therefore,
σ0 ,β fails to be a Bridgeland stability condition for every β ∈ Q.

(2) More generally, let X be a surface whose Albanese map a :X → A is finite
onto its image, endowed with a polarization L = a∗L̃ pulled back from a po-
larization L̃ on A. Then, for every β ∈ Q one can find objects F ∈ Cohβ(X)
with Z0 ,β(F ) = 0, for instance F = a∗S[1] for simple semihomogeneous vector
bundles S with ch1(S)

rk(S) = βL̃ ∈ NS(A)Q.

Let us check that a∗S[1] ∈ Cohβ(X), the equality Z0 ,β(a∗S[1]) = 0 be-
ing straightforward. Since µL(a∗S) = β, we need to prove that a∗S is µL-
semistable; by [15, Lemma 3.2.2], it suffices to check that S|a(X) is slope

semistable with respect to L̃|a(X).
And indeed, according to [30, Proposition 7.3], there exists an isogeny π :

B → A and a line bundle M on B with π∗S = M⊕ rkS . This description
implies that π∗S|π−1(a(X)) is slope semistable with respect to π∗L̃|π−1(a(X)),
and therefore the semistability of S|a(X) again follows from [15, Lemma 3.2.2].

In particular, this shows that ΦX,L(x) = x2

2 for every x ∈ R adding an
instance to [12, Remark 3.3].

(3) If X is a simply connected complex surface and Z0 ,β(F ) = 0 for F ∈ Cohβ(X),
then β ∈ Z and the vector bundle S of Proposition 2.11 satisfies S = (Lβ)⊕ rkS ;
this follows from [21, Theorem IV.4.7 and Corollary I.2.7].

In terms of Le Potier function, this means that ΦX,L(x) =
x2

2 if and only if
x ∈ Z.

In any case, Z0 ,β is a (possibly weak) stability function on Cohβ(X) for every
β ∈ Q; since Cohβ(X) is Noetherian, the existence of HN filtrations with respect to
the tilt slope ν0 ,β is guaranteed (see [9, Lemma 2.4; 7, Proposition B.2]). Therefore,
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σ0 ,β = (Cohβ(X), Z0 ,β) is a (possibly weak) stability condition on Db(X).b

We finish this section describing the behavior of semistable objects under the
derived dual. This is certainly well-known to the experts but we include it for easy
reference. For an object E ∈ Db(X), we write E∨ = RHom(E,OX).

Proposition 2.13. For β ∈ R, let F ∈ Cohβ(X) be an object such that ν+α,β(E) <

+∞ for every α ≥ 0 (i.e. F contains no subobject with L · chβ1 = 0). Then

(1) F∨[1] ∈ Coh−β(X).
(2) For every α ≥ 0, F is σα,β-(semi)stable if and only if F∨[1] is σα,−β-

(semi)stable.

Proof. The first item is the particular case for surfaces of the more general re-
sult [5, Lemma 2.19(a)]. As a consequence of it, the contravariant functor ∨[1]
induces a bijection between subobjects of F (in Cohβ(X)) and quotients of F∨[1]
(in Coh−β(X)). Taking into account the Chern character of the derived dual as
well, item (2) is immediately checked.

Remark 2.14. A combination of Propositions 2.10 and 2.13 describes the
semistable objects in the large volume limit for classes with negative rank.

3. Chern Degree Functions

In the next three sections, (X,L) will be a fixed polarized smooth projective surface
over K; in positive characteristic, we assume X is neither of general type nor quasi-
elliptic with κ(X) = 1. We present now the main objects of this paper.

Definition 3.1. Let β ∈ Q be a rational number.

(1) If F ∈ Cohβ(X) is an object with HN filtration 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr = F
with respect to σ0 ,β , we define

chd0F,L(−β) :=
∑

ν0,β(Fi/Fi−1)≥0

chβ2 (Fi/Fi−1),

chd1F,L(−β) :=
∑

ν0,β(Fi/Fi−1)<0

− chβ2 (Fi/Fi−1).

(2) More generally, for an arbitrary object E ∈ Db(X) and any integer k ∈ Z,
we define the number chdkE,L(−β) using the cohomologies of E with respect to

Cohβ(X):

chdkE,L(−β) := chd0Hk
β(E),L(−β) + chd1Hk−1

β (E),L
(−β).

bIf Z0,β is a stability function, the support property for the Bridgeland stability condition σ0,β

holds as explained in [12, Remark 3.5]; otherwise, the quadratic form Q = 0 guarantees the support
property for the weak stability condition σ0,β .
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This rule defines, given E ∈ Db(X) and k ∈ Z, a function chdkE,L :Q → Q≥0

that we will call the kth Chern degree function of E. From the definition, it directly
follows that

∑

k∈Z
(−1)k · chdkE,L(x) = ch−x

2 (E),

so the Chern degree functions are a positive alternate decomposition of the second
twisted Chern character.

Remark 3.2. Thinking of σ0 ,β in terms of slicings, the definition of chdkE,L(−β)
involves all the objects in the HN filtration of E ∈ Db(X) with phase in the interval
[ 12 − k, 3

2 − k).

Example 3.3. To determine the Chern degree functions of OX , observe that for
every β < 0 OX ∈ Cohβ(X); moreover, combining Proposition 2.10 and Theo-
rem 2.8(7) we have that OX is σα,β-semistable for every α > 0, hence for every
α ≥ 0. A similar situation holds for OX [1] when β ≥ 0, so the nonzero Chern degree
functions of OX are

chd0OX ,L(x) =

⎧
⎪⎨

⎪⎩

0, x ≤ 0,

L2

2
x2 , x ≥ 0

and chd2OX ,L(x) =

⎧
⎪⎨

⎪⎩

L2

2
x2 , x ≤ 0,

0, x ≥ 0.

Given F ∈ Cohβ(X), we can also define chd0F,L(−β) in terms of a unique sub-
object. Namely, if

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs−1 ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ Fr = F

is the HN filtration of F with respect to σ0 ,β0 , with the inequalities

ν0 ,β0(F1) > · · · > ν0 ,β0(Fs/Fs−1) > 0 ≥ ν0 ,β0(Fs+1/Fs) > · · · > ν0 ,β0(F/Fr−1),

then observe that chd0F,L(−β) = chβ2 (Fs).

Definition 3.4. The index s = s(F ) is called the switching index of F .

Note that ν−0 ,β(F ) > 0 is equivalent to Fs = F and ν+0 ,β(F ) ≤ 0 is equivalent to
Fs = 0.

These functions satisfy the following properties, analogous to those that are
natural from the viewpoint of cohomology.

Proposition 3.5. If E ∈ Db(X) and x ∈ Q, the following properties hold:

(1) (Serre vanishing) If E ∈ Coh(X), then for x ≫ 0 one has chdkE,L(x) = 0 for
every k ̸= 0.

(2) (Serre duality) We have chdkE,L(x) = chd2−k
E∨,L(−x) for every k ∈ Z.

2250007-13



2nd Reading

March 22, 2022 11:15 WSPC/S0219-1997 152-CCM 2250007

M. Lahoz & A. Rojas

Proof. To prove the first item we note that any sheaf E satisfies E ∈ Cohβ(X) for
every β < µ−(E); in particular, chdkE,L(x) = 0 for every x > −µ−(E) and k ̸= 0, 1.
Thus it only remains to show vanishing for chd1E,L.

To this end, we consider the HN filtration of E with respect to twisted
(L,− 1

2KX)-Gieseker stability (if E is not itself torsion-free, we create this filtra-
tion using the torsion filtration). By Proposition 2.10, this is the HN filtration of
E ∈ Cohβ(X) with respect to ν0 ,β-stability, for β ≪ 0. Therefore, for β ≪ 0 all
the HN factors of E have positive slope ν0 ,β, which proves that chd1E,L(x) = 0 for
x ≫ 0.

For the second item, we will check the equality assuming that E ∈ Coh−x(X);
the general statement follows from considering the cohomologies of E with respect
to the heart Coh−x(X).

For simplicity, we write β = −x. Let

0 = E0 ↪→ E1 ↪→ · · · ↪→ Er−1 ↪→ Er = E

be the HN filtration of E with respect to ν0 ,β, where the first HN factor E1 is
assumed to have slope ν0 ,β = +∞ (if this does not occur, simply write E1 = 0 and
let the rest of the filtration be that of E). By definition

chd0E,L(−β) = chβ2 (E1) + chd0E/E1,L(−β), chd1E,L(−β) = chd1E/E1,L(−β).

Moreover, we have a triangle 0 → (E/E1)∨[1] → E∨[1] → E∨
1 [1] → 0 in Db(X),

where

• (E/E1)∨[1] ∈ Coh−β(X), having (E/Er−1)∨[1], . . . , (E2/E1)∨[1] as HN factors
with respect to σ0 ,−β . This is a consequence of Proposition 2.13.

• It is not difficult to check that E∨
1 [2] ∈ Coh−β(X) and it is σ0 ,−β-semistable

(with slope +∞).

It follows that E∨[1] has two cohomologies with respect to Coh−β(X), namely

H0
−β(E

∨[1]) = (E/E1)
∨[1], H1

−β(E
∨[1]) = E∨

1 [2]

whose HN factors are known in terms of those of E. This gives the desired relations

chd0E,L(−β) = chd1E∨[1],L(β), chd1E,L(−β) = chd0E∨[1],L(β).

The following technical lemma, which will be useful later on, is also natural
from the same cohomological viewpoint.

Lemma 3.6. Let 0 → E → F → Q → 0 be a short exact sequence in Cohβ(X)
(β ∈ Q). If chd0Q,L(−β) = 0 and Q has no subobject Q̃ ⊂ Q in Cohβ(X) with

Q̃ ∈ ker(Z0 ,β), then the equality chd0E,L(−β) = chd0F,L(−β) holds.

Proof. Let 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ F be the HN filtration
of F with respect to σ0 ,β , so that ν0 ,β(Fs/Fs−1) > 0 ≥ ν0 ,β(Fs+1/Fs). That is,
chd0F,L(−β) = chβ2 (Fs).
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By chd0Q,L(−β) = 0 and our extra assumption on ker(Z0 ,β), we know that every
subobject of Q has ν0 ,β0 ≤ 0. This implies that the morphism Fs → F → Q must
be 0, and thus Fs ⊂ E.

It turns out that Fs ⊂ E is the part of the HN filtration of E corresponding to
HN factors of positive slope. Therefore, chd0E,L(−β) = chβ2 (Fs) = chd0F,L(−β).

Remark 3.7. In view of the results in [12, Sec. 3] extending the construction of
(geometric) Bridgeland stability conditions to a region enlarging the (α,β)-plane,
it would be interesting to consider functions defined via weak stability conditions
on the “boundary” of this bigger region. More precisely, Fu–Li–Zhao construct a
Bridgeland stability condition

σ̃a,β = (Cohβ(X), Z̃a,β = (− chβ2 +aL2 · ch0 ) + i(L · chβ1 ))

for every (a,β) ∈ R2 with a > ΦX,L(β)− β2

2 , where ΦX,L(β) is the Le Potier function
(see [12, Definition 3.1] and Example 2.12). In particular, the Bridgeland stability
conditions in the (α,β)-plane are recovered as σ̃α2

2 ,β
= σα,β for every α > 0.

The function f(x) := ΦX,L(x)− x2

2 being upper-semicontinuous, its discontinu-
ities form a meager set. Since the complement of a meager set is dense thanks to
the Baire category theorem, it turns out that the points where f is continuous form
a dense subset AX,L of R.

Henceforth, one could define functions on AX,L ∩Q via the HN filtrations with
respect to the weak stability conditions

{
σ̃f(β),β | β ∈ AX,L ∩Q

}
. Clearly, in the

cases where f ≡ 0 (e.g., surfaces with finite Albanese map, as seen in Example 2.12)
this is nothing but our Chern degree functions. In general, to extend these functions
to the whole R, one could try to follow the same approach of Sec. 4; however, while
we expect that the existence of Bridgeland limit filtrations (i.e. Theorem B(1))
could be proven following similar arguments, the existence of weak limit filtrations
(i.e. Theorem B(2)) seems a much more obscure problem.

Consider for instance a polarized K3 surface (X,L) with Pic(X) = Z · L and
L2 = 2e. In that case, the existence of spherical objects shows that

AX,L ∩ Q = Q
∖{ c

r
∈ Q : r|e(c2 + 1)

}

and f ≡ − 1
2e on this subset. For β ∈ AX,L ∩ Q, one can consider the central

charge of σ̃− 1
2e ,β

given by Z̃− 1
2e ,β

= −vβ2 + i(L · vβ1 ) for (v
β
0 , v

β
1 , v

β
2 ) = v · e−βL the

twisted Mukai vector. Accordingly, if F ∈ Cohβ(X) is an object with HN filtration
0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr = F with respect to σ− 1

2e ,β
, we may define for example

vdeg0F,L(−β) :=
∑

ν− 1
2e ,β

(Fi/Fi−1)≥0

vβ2 (Fi/Fi−1).

In this particular case, we could call such functions Mukai degree functions.
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Observe that in general one cannot expect to extend the Mukai degree functions
to continuous functions in the whole R mimicking Theorem A(2), since disconti-
nuities may arise at certain points of Q\AX,L, as one easily sees with the function
of OX .

In any case, it would be interesting to know if, fixed an object of Db(X), there
are finitely many such discontinuities and the Mukai degree functions encode infor-
mation of geometrical or cohomological type.

4. Local Expressions for the Chern Degree Functions

This section is devoted to prove that, in a neighborhood of every rational num-
ber, the Chern degree functions are piecewise polynomial. The result is analogous
to [20, Corollary 2.6], where it follows for cohomological rank functions from a
transformation formula with respect to the Fourier–Mukai transform. In our case,
the proof follows a completely different path, by describing the behavior of HN fil-
trations around weak stability conditions σ0 ,β0 (β0 ∈ Q). This description may be of
independent interest, especially when σ0 ,β0 lies in the boundary of the (geometric)
stability manifold (see Example 2.12 and Remark 3.7).

Along this section, we keep fixed a rational number β0 = a
b with a and b coprime

integers (b > 0).

4.1. Bridgeland limit HN filtrations

Our first goal is to control HN filtrations with respect to the Bridgeland stability
conditions σα,β0 , for small values of α > 0. In particular, we want to understand
whether these filtrations remain constant:

Definition 4.1. Given F ∈ Cohβ0(X), if there exists α0 > 0 such that F has the
same HN filtration with respect to all the Bridgeland stability conditions σα,β0 with
α ∈ (0,α0 ), we will call this HN filtration the Bridgeland limit HN filtration of F
at β0 .

In case the Bridgeland limit HN filtration exists, the HN filtration of F at σ0 ,β0

can be recovered by identifying those limit HN factors with the same slope at α = 0.
The first result of this section is that Bridgeland limit HN filtrations exist for

σ0 ,β0-semistable objects with nonzero tilt slope.

Proposition 4.2. Any σ0 ,β0-semistable object F ∈ Cohβ0(X) with ν0 ,β0(F ) ̸= 0
admits a Bridgeland limit HN filtration at β0 .

The case L · chβ0
1 (F ) = 0 being trivial (in this case, F is semistable along

the whole line β = β0 ), we will assume that L · chβ0
1 (F ) > 0 (i.e. ν0 ,β0(F ) ̸= +∞).

Thanks to the duality functor ∨[1] and Proposition 2.13, we may restrict ourselves
to the case ν0 ,β0(F ) < 0.
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The proof is then based on two lemmas.

Lemma 4.3. Let F ∈ Cohβ0(X) be σ0 ,β0-semistable, with L · chβ0
1 (F ) > 0 and

ν0 ,β0(F ) < 0.

(1) The set of subobjects

SF =
{
E ∈ Cohβ0(X) :E ⊆ F, ν0 ,β0(E) = ν0 ,β0(F ), ∆(E) ≥ 0

}

with the same slope and non-negative discriminant is non-empty.

(2) The expression L2·ch0

L·chβ0
1

is bounded from below on SF .

Before proving this first lemma, we note the following.

Remark 4.4. By the assumption β0 = a
b , every F ∈ Cohβ0(X) with ν+0 ,β0

(F ) <
+∞ satisfies

{
L · chβ0

1 (G) :G ⊂ F in Cohβ0(X)
}
⊆ 1

b
· Z>0 ,

{
ν0 ,β0(G) :G ⊂ F in Cohβ0(X)

}
⊆ 1

kF
· Z,

where kF = 2b(bL · chβ0
1 (F ))! ∈ Z>0 (it depends only on F ). Indeed, since

2b2 chβ0
2 (G) ∈ Z and bL · chβ0

1 (G) ∈ (0, bL · chβ0
1 (F )] ∩ Z, then ν0 ,β0(G) =

2b2 ch
β0
2 (G)

2b
(
bL·chβ0

1 (G)
) ∈ 1

kF
· Z.

Proof of Lemma 4.3. To prove (1), assume that the set SF is empty; in particular,
∆(F ) < 0, so F is nonsemistable for every Bridgeland stability condition σα,β0 with
α > 0. If n ∈ Z>0 , let Gn be the maximal destabilizing subobject of F with respect
to σ 1

n ,β0
.

Observe that ν0 ,β0(Gn) ≤ ν0 ,β0(F ), by the σ0 ,β0 -semistability of F ; the empti-
ness of SF guarantees a strict inequality. Therefore, ν0 ,β0(Gn) ≤ ν0 ,β0(F )− 1

kF
(by

Remark 4.4). Combining with ν 1
n ,β0

(Gn) > ν 1
n ,β0

(F ), we get

ν0 ,β0(F )− 1

2n2
· L

2 · ch0 (F )

L · chβ0
1 (F )

= ν 1
n ,β0

(F ) < ν 1
n ,β0

(Gn) ≤ ν0 ,β0(F )− 1

kF
− 1

2n2
· L

2 · ch0 (Gn)

L · chβ0
1 (Gn)

,

which gives

−L2 · ch0 (Gn)

L · chβ0
1 (Gn)

>
2

kF
n2 − L2 · ch0 (F )

L · chβ0
1 (F )

⇒ −L2 · ch0 (Gn)

L · chβ0
1 (Gn)

→ +∞ as n → ∞.
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But on the other hand, for every n we have L · chβ0
1 (Gn) > 0 and hence

0 ≤ ∆(Gn) = (L · chβ0
1 (Gn))

2

(
1− 2

L2 · ch0 (Gn)

L · chβ0
1 (Gn)

· ν0 ,β0(Gn)

)
,

which yields

0 ≤ 1− 2
L2 · ch0 (Gn)

L · chβ0
1 (Gn)

· ν0 ,β0(Gn) < 1− 2
L2 · ch0 (Gn)

L · chβ0
1 (Gn)

· ν0 ,β0(F )

for every n such that −L2·ch0(Gn)

L·chβ0
1 (Gn)

> 0. Since ν0 ,β0(F ) < 0, this contradicts the limit

above and concludes the proof of (1).
To prove (2), let E ⊆ F be a subobject with ν0 ,β0(E) = ν0 ,β0(F ) and ∆(E) ≥ 0.

Then

0 ≤ ∆(E) = (L · chβ0
1 (E))2

(
1− 2

L2 · ch0 (E)

L · chβ0
1 (E)

· ν0 ,β0(F )

)

implies, under the assumption ν0 ,β0(F ) < 0, that

L2 · ch0 (E)

L · chβ0
1 (E)

≥ 1

2ν0 ,β0(F )
.

The elements E ∈ SF satisfy L2·ch0(E)

L·chβ0
1 (E)

∈ 1

(bL·chβ0
1 (F ))!

Z. Hence by Lemma 4.3(2),

we can consider an element E ∈ SF with minimum L2·ch0

L·chβ0
1

among the objects of

SF ; by noetherianity of Cohβ0(X), we may assume as well that E is maximal with
this property.

Remark 4.5. A priori, it is not obvious that E must be unique. This will follow
from the proof of Proposition 4.2, where we will see that E is the first step in the
Bridgeland limit HN filtration of F (recall that HN filtrations are unique).

Lemma 4.6. Under the assumptions of Lemma 4.3, let E ∈ SF be an element with
minimum L2·ch0

L·chβ0
1

among the objects of SF and which is maximal with this property.

Then, there exists α0 > 0 such that E is σα,β0-semistable for every α ∈ [0,α0 ).

Proof. The statement is clear for α = 0: σ0 ,β0 -semistability of E (actually of any
element in SF ) trivially follows from that of F .

Now consider α > 0 such that E is not σα,β0-semistable, and let G ! E be
a maximal destabilizing subobject. Note that 0 < L · chβ0

1 (G) (since E is σ0 ,β0 -
semistable) and L · chβ0

1 (G) < L · chβ0
1 (E).

Moreover, ν0 ,β0(G) < ν0 ,β0(E). Indeed, an equality would imply (since

να,β0(G) > να,β0(E)) that G has smaller L2·ch0

L·chβ0
1

than E, contradicting our
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hypothesis on E. Therefore,

chβ0
2 (G) < chβ0

2 (E) · L · chβ0
1 (G)

L · chβ0
1 (E)

< 0

(note that chβ0
2 (E) < 0 because ν0 ,β0(E) = ν0 ,β0(F ) < 0).

Now, since ∆(G) ≥ 0 and chβ0
2 (G) < 0, we have (L · chβ0

1 (G))2 ≥ 2(L2 ·
ch0 (G)) chβ0

2 (G), so

1 ≥ 2L2 · ch0 (G)

L · chβ0
1 (G)

· ν0 ,β0(G)

and

−L2 · ch0 (G)

L · chβ0
1 (G)

≤ −1

2ν0 ,β0(G)
<

−1

2ν0 ,β0(E)
< − (L · chβ0

1 (E))2

2
b ch

β0
2 (E)

,

where in the last inequality we have used that L · chβ0
1 (E) > 1

b . Therefore,

ν0 ,β0(E)− α2L2 · ch0 (E)

2L · chβ0
1 (E)

= να,β0(E) < να,β0(G) = ν0 ,β0(G)− α2L2 · ch0 (G)

2L · chβ0
1 (G)

< ν0 ,β0(G)− α2 (L · chβ0
1 (E))2

4
b ch

β0
2 (E)

≤ ν0 ,β0(E)− 1

kE
− α2 (L · chβ0

1 (E))2

4
b ch

β0
2 (E)

,

which gives the inequality

α2

2

(
(L · chβ0

1 (E))2

− 2
b ch

β0
2 (E)

+
L2 · ch0 (E)

L · chβ0
1 (E)

)
>

1

kE
.

Using ∆(E) ≥ 0, one can check that the factor multiplying α2

2 is positive. Since
this factor and kE only depend on E, this yields a lower bound for those α for
which E is not σα,β0 -semistable.

Proof of Proposition 4.2. Consider the subobject E ⊆ F defined below the
proof of Lemma 4.3. It will be the first step of the Bridgeland limit filtration of F
at β0 . Indeed, an inductive process (applied to F/E) yields a chain of subobjects
of F , which is finite by the noetherianity of Cohβ0(X).

This chain is a HN filtration for F , valid for all σα,β0 with α > 0 small enough.
Indeed, on the one hand the semistability of the HN factors is guaranteed by
Lemma 4.6, and on the other hand the inequalities of tilt slopes follow from the
properties imposed to the subobjects taken at each step.

As a first consequence of Proposition 4.2, we obtain that σ0 ,β0 -(semi)stability
keeps some properties from Bridgeland stability.
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Corollary 4.7. Let F ∈ Cohβ0(X) be an object.

(1) If F is σ0 ,β0-semistable, then ∆(F ) ≥ 0.
(2) (Openness of stability) If F is σ0 ,β0-stable with ν0 ,β0(F ) ̸= 0, then there exists

α0 > 0 such that F is σα,β0-stable for every α ∈ [0,α0 ).
(3) If F is σ0 ,β0-semistable with ν0 ,β0(F ) ̸= 0, there exists a region of Bridgeland

stability conditions in the (α,β)-plane for which F is semistable.

Proof. Note that property (1) is trivially satisfied when chβ0
2 (F ) = 0. If

chβ0
2 (F ) ̸=0, according to Proposition 4.2 the σ0 ,β0 -semistable object F has a

Bridgeland limit HN filtration

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr−1 ↪→ Fr = F

valid for all σα,β0 with sufficiently small α > 0. Of course each HN fac-
tor has ∆(Fk/Fk−1) ≥ 0, and by construction of the filtration the equalities
ν0 ,β0(Fk/Fk−1) = ν0 ,β0(F ) hold. Hence, the numbers Z0 ,β0(Fk/Fk−1) are in a ray of
the complex plane and [8, Lemma A.7] gives ∆(F ) ≥ ∆(Fr−1) ≥ · · · ≥ ∆(F1) ≥ 0.

To prove (2), note that the result is trivial when L · chβ0
1 (F ) = 0 (in this case,

the σ0 ,β0-stability of F is equivalent to F being a simple object of Cohβ0(X)).
If F is σ0 ,β0 -stable with L · chβ0

1 (F ) > 0, no subobject E ∈ SF \ {F} (notation
as in Lemma 4.3) destabilizes F for α > 0. Indeed, since F is σ0 ,β0 -stable we must
have Z0 ,β0(F/E) = 0, so

να,β0(E) < να,β0(F ) < +∞ = να,β0(F/E)

for every α > 0.
By the construction of Proposition 4.2, all the potential σα,β0 destabilizers of

F (for α sufficiently small) are in SF \ {F}; hence the strict inequalities actually
imply that F is σα,β0-stable (for α sufficiently small), which proves (2).

In (3), there is nothing to prove if F is σα,β0 -semistable for small values of α > 0
(in particular, this covers the case where L · chβ0

1 (F ) = 0).
For the rest of proof, we assume without loss of generality that ν0 ,β0(F ) > 0

thanks to the duality functor (recall Proposition 2.13). If F1, F2/F1, . . . , F/Fr−1

denote the factors of the Bridgeland limit HN filtration of F at β0 , by construction
we have

ν0 ,β0(F1) = ν0 ,β0(F2/F1) = · · · = ν0 ,β0(F/Fr−1) = ν0 ,β0(F ).

Thus by Bertram’s Nested Wall Theorem 2.8, each factor Fi/Fi−1 defines the same
(numerical) wall W for F : this wall is a semicircle whose left intersection point with
the line α = 0 is (0,β0 ).

Since the factors F1, F2/F1, . . . , F/Fr−1 are σα,β0 -semistable when α ≥ 0 is
small enough, it turns out that they are Bridgeland semistable along the wall W .
Hence, F is also semistable alongW , since it is a (successive) extension of semistable
objects with the same slope.
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Now we are ready to improve Proposition 4.2, showing the existence of Bridge-
land limit HN filtrations for objects without HN factors of vanishing tilt slope.

Proof of Theorem B(1). The result follows from induction on the length of the
HN filtration of F with respect to σ0 ,β0 ; the initial case is nothing but Proposi-
tion 4.2.

If 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr−1 ↪→ Fr = F is the HN filtration of F with respect
to σ0 ,β0 , by induction hypothesis we may assume that both Fr−1 and F/Fr−1 admit
a Bridgeland limit HN filtration at β0 .

Then, we can glue these filtrations to form that of F . Indeed, if Fr−1/A and
B/Fr−1, respectively, denote the last and the first limit HN factors of Fr−1 and
F/Fr−1, the inequality

ν0 ,β0(Fr−1/A) = ν0 ,β0(Fr−1/Fr−2 ) > ν0 ,β0(F/Fr−1) = ν0 ,β0(B/Fr−1)

guarantees this gluing, since we can take α0 small enough so that να,β0(Fr−1/A) >
να,β0(B/Fr−1) for every α ∈ (0,α0 ).

4.2. Weak limit HN filtrations

Even if we are interested in semistability at the line α = 0, Bridgeland limit HN
filtrations allow us to work in the (α,β)-plane of Bridgeland stability conditions,
where the wall-crossing phenomenon is well understood.

Following this strategy, already used in the proof of Corollary 4.7(3), now we
want to study HN filtrations at σ0 ,β for (rational) values of β close to β0 .

Definition 4.8. Given F ∈ Cohβ0(X), if there exists ϵ > 0 such that F has
the same HN filtration with respect to all the weak stability conditions σ0 ,β with
β ∈ (β0 ,β0 + ϵ)∩Q, we will call this HN filtration the right weak limit HN filtration
of F at β0 . Its factors will be called right weak limit HN factors.

Analogously we define the left weak limit HN filtration of F at β0 .

Lemma 4.9. If F ∈ Cohβ0(X) is an object with ν+0 ,β0
(F ) < 0, then F admits a

right weak limit HN filtration at β0 all of whose right weak limit factors have tilt
slope ν0 ,β0 < 0.

Proof. Denote by

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr−1 ↪→ Fr = F

the Bridgeland limit HN filtration of F constructed in Theorem B(1). We will see
that this is the desired right weak limit HN filtration for F . Recall that when α = 0
(possibly) some of the HN factors get identified, if they have the same slope.

By assumption ν0 ,β0(Fi/Fi−1) < 0 for every i, so the point (0,β0 ) lies on
the right-hand side of the hyperbolas Hi of the objects Fi/Fi−1. In particular,
if we study the locus in the (α,β)-plane where these HN factors Fi/Fi−1 become
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W2 W3 W1

H3

H1

H2 β = β0

Fig. 3. One hyperbola and at most one semicircular wall for each HN factor Fi/Fi−1.

nonsemistable, we find that any such wall contains a segment of the line β = β0 in
its interior (see Fig. 3).

This proves that, for all β in a sufficiently small right neighborhood of β0 , the
objects Fi/Fi−1 are σ0 ,β-semistable. Shrinking if necessary this neighborhood, we
have that the inequalities ν0 ,β(Fi/Fi−1) > ν0 ,β(Fi+1/Fi) are preserved, no matter
if these HN factors were merged in the HN filtration for σ0 ,β0 .

Finally, Remark 2.5 guarantees that, possibly after another shrinking, the chain
of inclusions

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr−1 ↪→ Fr = F

also holds in Cohβ(X), for all β in this neighborhood. Summarizing, we have proved
that this chain is the right weak limit HN filtration at β0 .

When the object is semistable, the same holds for positive tilt slope.

Lemma 4.10. If F ∈ Cohβ0(X) is σ0 ,β0-semistable with ν0 ,β0(F ) > 0, then F
admits a right weak limit HN filtration at β0 .

Proof. We start by assuming L·chβ0
1 (F ) > 0, so that β = β0 is not a vertical wall for

F . According to Corollary 4.7(3) and its proof, the object F is Bridgeland semistable
along the (uniquely determined) semicircle W ′ satisfying: W ′ is centered at the β-
axis, its top point lies on the hyperbolaHF and its left intersection point with the β-
axis is (0,β0 ). This is true regardless of whether W ′ is a numerical wall for F or not.

Let p = (α,β) denote the top point of W ′, i.e. its intersection point with HF .
Local finiteness for Bridgeland stability conditions (see, e.g., [7, Proposition 3.3(b)])
ensures us that, for some ϵ′ > 0, the HN filtration of F is constant for all the stability
conditions σα,β with β ∈ (β − ϵ′,β). This implies that, in a small annulus inside
W ′, the HN filtration of F stays constant (see Fig. 4).AQ: Please

provide cap-
tion for
Figs. 4, 6, 8,
9 and 10.

This constant filtration is the right weak limit HN filtration of F at β0 , as
claimed.

It only remains to check the case when L · chβ0
1 (F ) = 0. The strategy is similar.

In this case, F is Bridgeland semistable along the whole vertical wall β = β0 . Local
finiteness for Bridgeland stability conditions gives that, inside {α > 0,β ≥ β0}, the
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Fig. 4. The HN filtration of F remains constant in a small annulus.

HN filtration of F remains constant for all the stability conditions in a certain open
neighborhood of β = β0 .

Using that objects with ∆ = 0 never get destabilized, it is not difficult to check
that this holds in a “tubular” neighborhood of the form (0,+∞)× [β0 ,β0 + ϵ), for a
certain ϵ > 0. This gives the desired HN filtration of F with respect to σ0 ,β , when
β lies in a right neighborhood of β0 .

In view of Lemmas 4.9 and 4.10, we would like to conclude the right case of The-
orem B(2). Nevertheless, if our object F has more than one HN factor at σ0 ,β0 with
positive slope, the way of gluing their right weak limit HN filtrations is not trivial.
Roughly, this is caused because not all the weak limit HN factors in a limit HN
filtration approach the same slope as β → β+

0 , since σ0 ,β0 is not a proper stability
condition.

In order to solve this problem, we collect some information in the following
lemma.

Lemma 4.11. Let F ∈ Cohβ0(X) be a σ0 ,β0-semistable object with ν0 ,β0(F ) > 0.
Then

(1) There exists a (possibly trivial) subobject F ′ ⊂ F in Cohβ0(X) such that Q =
F/F ′ ∈ ker(Z0 ,β0). Moreover, F ′ can be taken minimal satisfying this property.
We call it a core subobject of F .

(2) If Q ̸= 0, then its tilt slope is discontinuous with respect to β, i.e.

ν0 ,β0(Q) = +∞, lim
β→β+

0

ν0 ,β(Q) = 0.

(3) If F ′ ̸= 0, then the tilt slope ν0 ,β of every right weak limit HN factor of F ′ has
limit ν0 ,β0(F

′) as β → β+
0 .

(4) The right weak limit HN filtration of F at β0 consists of the right weak limit
HN filtration of F ′ together with the quotient Q = F/F ′. In particular, the core
subobject F ′ is unique.

Proof. The existence of F ′ is clear, since we allow F ′ = F . If F ′ ̸= F , then by
Proposition 2.11 Q[−1] is a twisted (L,− 1

2KX)-Gieseker semistable vector bundle
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with µL = β0 and ∆ = 0. Therefore, we can consider F ′ minimal satisfying Q =
F/F ′ ∈ ker(Z0 ,β0), because if

· · · ⊂ F ′
2 ⊂ F ′

1 ⊂ F

is a chain of subobjects with this property, then one has 0 ≤ · · · < ∆(F ′
2 ) < ∆(F ′

1) <
∆(F ).

Now, a simple computation shows (2). In order to prove (3), note that
Lemma 4.10 guarantees the existence of a right weak limit HN filtration for F ′

at β0 .
If L · chβ0

1 (F ′) > 0, by construction this is the HN filtration in an annulus inside
the wall for F ′ passing through (0,β0 ). It is easy to check, under the assumption of
minimality on F ′, that no right weak limit HN factor of F ′ has β = β0 as a vertical
wall. Hence, every right weak limit HN factor has L · chβ0

1 > 0, which shows the
continuity of its tilt slope in a neighborhood of (0,β0 ).

If L · chβ0
1 (F ′) = 0, then every right weak limit HN factor of F ′ either has tilt

slope ν0 ,β = +∞ for every β, or has ∆ > 0 and β = β0 as a vertical wall. In both
cases, the tilt slope ν0 ,β approaches ν0 ,β0(F

′) = +∞ as β → β+
0 . This finishes the

proof of (3).
Finally, observe that Q ∈ Cohβ(X) is semistable for every σα,β with α ≥ 0

and β ≥ β0 , thanks to the description provided by Proposition 2.11. Thus (4)
is a consequence of (3) (all the weak limit HN factors of F ′ approach the slope
ν0 ,β0(F

′) = ν0 ,β0(F ) > 0 as β → β+
0 ) and (2).

Note that if the object F ′ is nontrivial (i.e. F ′ ̸= 0, F ), then F may be σ0 ,β0 -
stable and σ0 ,β-nonsemistable for every β → β+

0 . We can visualize the situation in
Fig. 5.

Proposition 4.12. If F ∈ Cohβ0(X) is an object satisfying ν−0 ,β0
(F ) > 0, then

F admits a right weak limit HN filtration at β0 . Furthermore, all of its right weak
limit HN factors satisfy

lim
β→β+

0

ν0 ,β ≥ 0

with equality for at most the last weak limit HN factor.

W

HQHF
HF ′

β = β0

Fig. 5. The wall W is defined by 0 → F ′ → F → Q → 0.
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Proof. Let 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs = F be the HN filtration of F at σ0 ,β0 .
We construct inductively a chain of subobjects G1 ⊂ · · · ⊂ Gs (with Gi ⊂ Fi) as
follows: G1 = F ′

1 is the core subobject of F1 (throughout this proof we use the
notation of F ′ to denote the core of F as defined in Lemma 4.11(1)), and for i > 1
we define Gi in such a way that (Fi/Gi−1)′ = Gi/Gi−1.

We will prove, by induction on s, that F admits a right weak limit HN filtration
whose last limit HN factor is F/Gs, and that every weak limit HN factor of Gs has
positive limit tilt slope. Note that the case s = 1 follows from Lemma 4.11.

For the induction step, one could assume that the statement is true for Fs−1.
Nevertheless, it is possible that the right weak limit filtrations of Fs−1 and Fs/Fs−1

do not glue directly, since it may happen

lim
β→β+

0

ν0 ,β(Fs−1/Gs−1) = 0 < lim
β→β+

0

ν0 ,β(first limit HN factor of Fs/Fs−1).

Then, the strategy consists on replacing Fs−1 by Gs−1. We are allowed to do
this because the HN filtration of Gs−1 with respect to σ0 ,β0 has length ≤ s − 1.
Indeed, Gs−1 has the same HN polygon as Fs−1, as a consequence of the equality
Z0 ,β0(Gi) = Z0 ,β0(Fi) for every i (see [4, Sec. 3] or [27, Sec. 4] for the definition
and the properties of the HN polygon).

Now, on the one hand by induction hypothesis the right weak limit HN filtration
of Gs−1 exists, and it satisfies

lim
β→β+

0

ν0 ,β(last weak limit HN factor of Gs−1) = ν0 ,β0(Gs−1/Gs−2 ).

On the other hand, we claim that Fs/Gs−1 admits a right weak limit HN filtra-
tion; this is not obvious at all, since Fs/Gs−1 is not σ0 ,β0-semistable (it contains
the subobject Fs−1/Gs−1 with slope ν0 ,β0 = +∞) and we cannot apply directly
Lemma 4.10.

So to see this, we consider the wall W in the (α,β)-plane defined by the short
exact sequence of Cohβ0(X)

0 → Fs−1/Gs−1 → Fs/Gs−1 → Fs/Fs−1 → 0.

The left intersection point of W with α = 0 is (0,β0 ); the picture is similar to
that of Fig. 5, simply replacing HQ, HF , HF ′ by HFs−1/Gs−1

, HFs/Gs−1
, HFs/Fs−1

(respectively).
Note that Fs/Gs−1 is σα,β-semistable for all the Bridgeland stability conditions

(α,β) ∈ W with α > 0, since it is an extension of σα,β-semistable objects of the
same slope. Then, as in the proof of Lemma 4.10, local finiteness ensures that
the HN filtration of Fs/Gs−1 is constant for all the stability conditions in a small
annulus inside W . This gives the desired right weak limit HN filtration for Fs/Gs−1.

Every factor of this right weak limit HN filtration for Fs/Gs−1 satisfies

0 < lim
β→β+

0

ν0 ,β(every limit HN factor of Fs/Gs−1)

= ν0 ,β0(Fs/Gs−1) = ν0 ,β0(Fs/Fs−1)
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< ν0 ,β0(Fs−1/Fs−2 ) = ν0 ,β0(Gs−1/Gs−2 )

= lim
β→β+

0

ν0 ,β0(last limit HN factor of Gs−1)

with the only possible exception of the last weak limit HN factor for Fs/Gs−1,
which may have tilt slope of limit 0. Using the induction hypothesis, one easily
checks that this last weak limit HN factor for Fs/Gs−1 is precisely Fs/Gs.

This allows to glue the right weak limit filtrations of Gs−1 and Fs/Gs−1 to
produce that of Fs, which proves the assertion.

Now we are ready to prove the main existence result of this subsection, namely
the existence of right weak limit HN filtration for objects without HN factors of
vanishing tilt slope (see Remark 4.13 for the left filtrations).

Proof of Theorem B(2) Right case. Denote by 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs ↪→
Fs+1 ↪→ · · · ↪→ Fr = F the HN filtration of F with respect to σ0 ,β0 , so that

ν0 ,β0(F1) > · · · > ν0 ,β0(Fs/Fs−1) > 0 > ν0 ,β0(Fs+1/Fs) > · · · > ν0 ,β0(F/Fr−1).

On the one hand, by Lemma 4.9 F/Fs admits a right weak limit HN filtration.
It turns out that, if R is a weak limit HN factor of F/Fs (corresponding to a weak
limit HN factor of Fi/Fi−1 for some i = s+ 1, . . . , r), then

lim
β→β+

0

ν0 ,β(R) = ν0 ,β0(Fi/Fi−1) < 0.

On the other hand, according to Proposition 4.12, Fs has a right weak limit HN
filtration, with all its weak limit HN factors satisfying limβ→β+

0
ν0 ,β ≥ 0.

A standard gluing of the right weak limit filtrations for Fs and F/Fs finishes
the proof.

Remark 4.13. Under the same hypothesis on F ∈ Cohβ0(X), the existence of a
left weak limit HN filtration at β0 follows from the preservation of stability by the
derived dual (see Proposition 2.13).

The main difference is that for β → β−
0 the object F may have two nontrivial

cohomologies with respect to Cohβ(X), namely

H−1
β (F ) = H−1(F1), H0

β(F ) = F/(H−1(F1)[1]),

where F1 is a first step in the HN filtration of F with respect to σ0 ,β0 , satisfying
ν0 ,β0(F1) = +∞.

The left weak limit filtration of F is thus obtained by applying ∨[1] to the
right weak limit filtration at −β0 of H0

−β0
(F∨[1]) = (F/F1)∨[1] and H1

−β0
(F∨[1]) =

F∨
1 [2].
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4.3. Local piecewise polynomial expressions

An immediate consequence of the right weak limit HN filtrations constructed in
Theorem B(2) is as follows.

Corollary 4.14. If F ∈ Cohβ0(X) is an object with all its HN factors with respect
to σ0 ,β0 having slope ν0 ,β0 ̸= 0, then there exists ϵ > 0 such that the functions
chd0F,L, chd

1
F,L are (piecewise) polynomial along the interval (−β0 − ϵ,−β0 ).

More explicitly, let 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ Fr = F be the
HN filtration of F with respect to σ0 ,β0 , so that

ν0 ,β0(F1) > · · · > ν0 ,β0(Fs/Fs−1) > 0 > ν0 ,β0(Fs+1/Fs) > · · · > ν0 ,β0(F/Fr−1).

Consider the chain G1 ⊂ · · · ⊂ Gs in Cohβ0(X) (with Gi ⊂ Fi) inductively
defined by the rules G1 = F ′

1 and Gi/Gi−1 = (Fi/Gi−1)′ (where F ′ denotes the core
of F as defined in Lemma 4.11(1)). Then, for all (rational) x in a left neighborhood
of −β0 we have

chd0F,L(x) = ch−x
2 (Gs), chd1F,L(x) = − ch−x

2 (F/Gs).

Remark 4.15. Along the interval where the right weak limit HN filtration of F at
β0 remains constant, the functions chd0F,L, chd

1
F,L may still change their polynomial

expression. This happens if the last right weak limit HN factor of Gs acquires tilt
slope 0.

Observe that the chain G1 ⊂ · · · ⊂ Gs of the proof of Corollary 4.14 encodes the
Chern degree functions of F in a left neighborhood of −β0 . For easy reference, we
will use the following terminology (that we adopt for objects F with a HN factor
of tilt slope 0 as well).

Definition 4.16. Let F ∈ Cohβ0(X) and let F1, . . . , Fs/Fs−1 be the HN factors
of F having slope ν0 ,β0 > 0, that is, s = s(F ) is the switching index of F . The
core filtration of F at β0 is the chain G1 ⊂ · · · ⊂ Gs in Cohβ0(X) (with Gi ⊂ Fi)
inductively defined by G1 = F ′

1 and Gi/Gi−1 = (Fi/Gi−1)′ where F ′ denotes the
core of F as defined in Lemma 4.11(1).

Now we want to conclude that for every F ∈ Cohβ0(X) the function chd0F,L

admits the (piecewise) polynomial expression ch−x
2 (Gs) in a left neighborhood of

−β0 , where Gs is the last object appearing in the core filtration of F at β0 . For
this, we need to treat the case of HN factors with slope ν0 ,β0 = 0; we will not find
a weak limit HN filtration for them, but the following result will be enough for our
purposes.

Proposition 4.17. If F ∈ Cohβ0(X) is σ0 ,β0-semistable with ν0 ,β0(F ) = 0, then
chd0F,L(−β) = 0 for every rational number β > β0 such that F ∈ Cohβ(X).
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Proof. Suppose, for the sake of a contradiction, that β̃ > β0 is a rational number

with F ∈ Cohβ̃(X) and chd0F,L(−β̃) ̸= 0. This means that F has a subobject E ⊂ F

in Cohβ̃(X) satisfying chβ̃2 (E) > 0.
We may assume that E is the first HN factor F1 of F with respect to σ0 ,β̃ ; to

see this, we only need to exclude that chβ̃2 (F1) = 0. And indeed, since ν0 ,β̃(F1) > 0

the equality chβ̃2 (F1) = 0 would imply that F1 ∈ ker(Z0 ,β̃); thus by Proposition 2.11

H−1(F1) would be a (twisted Gieseker semistable) sheaf of slope β̃. But then the in-
clusion H−1(F1) ⊂ H−1(F ) would contradict the hypothesis F ∈ Cohβ0(X) (recall
Remark 2.5).

Replacing E by the first step of its Bridgeland limit HN filtration at β̃ (Theo-
rem B(1)), we may also assume that E is σα,β̃-semistable for some positive values
of α.

Consider the distinguished triangle E → F → Q in Db(X) inducing the in-

clusion E ⊂ F in Cohβ̃(X). On the one hand, note that E ∈ Cohβ0(X) as well;
indeed, the inequality µ+

L(H−1(E)) ≤ β0 follows from H−1(E) ⊂ H−1(F ) (recall
Remark 2.5). Moreover, by Remark 2.9 ν0 ,β̃(E) > 0 is equivalent to β̃ < pE ; hence
β0 < pE holds, which gives ν0 ,β0(E) > 0.

On the other hand, it is possible that Q /∈ Cohβ0(X), so Q may have two
nontrivial cohomologies with respect to the heart Cohβ0(X), namely H−1

β0
(Q) and

H0
β0
(Q). In particular, H−1

β0
(Q) is a subsheaf of H−1(Q) such that µ+(H−1

β0
(Q)) ∈

(β0 , β̃].
Therefore, the distinguished triangle yields an exact sequence

0 → H−1
β0

(Q) → E → F → H0
β0
(Q) → 0

in Cohβ0(X). Recall that F is σ0 ,β0 -semistable with ν0 ,β0(F ) = 0 and ν0 ,β0(E) > 0.
If E is σ0 ,β0-semistable, we already have the desired contradiction. In fact, in

such a case Hom(E,F ) = 0 and thus H−1
β0

(Q) = E; but this would imply E /∈
Cohβ̃(X) by our previous description of H−1

β0
(Q).

Therefore, to finish the proof it suffices to check that E may be assumed to
be σ0 ,β0 -semistable. This is essentially due to the support property for Bridgeland
stability conditions in the (α,β)-plane.

Recall that E is σα,β̃-semistable for small enough values of α > 0. Hence, if
E is not σ0 ,β0-semistable, there exists a short exact sequence E1 ↪→ E ! R1

destabilizing E along a wall W1 in the (α,β)-plane, whose left point (0, β̃1) in the
β-axis satisfies β0 < β̃1 < β̃ (see Fig 6).

We can assume, without loss of generality, that E1 is the first step of the Bridge-
land limit HN filtration of E at β̃1. Hence, E1 is σα,β̃1

-semistable for small enough
values of α > 0.

At this point, observe that by the support property (in the form of Theo-
rem 2.8(7)) we have ∆(E1) + ∆(R1) < ∆(E) (in particular, ∆(E1) < ∆(E)).
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HE1

HEHR1 HF

β̃β0 β̃1
pE

W1

Fig. 6. Destabilization of E along the wall W1.

Moreover, we have an inclusion E1 ⊂ F in Cohβ̃(X) (since E1 ⊂ E holds along the
whole wall W1). Let E1 → F → Q1 be the distinguished triangle in Db(X) defining
this inclusion.

Then, the same arguments as before show that E1 ∈ Cohβ0(X) and give an
exact sequence

0 → H−1
β0

(Q1) → E1 → F → H0
β0
(Q1) → 0

in Cohβ0(X). Moreover, ν0 ,β0(E1) > 0 since (0,β0 ) lies on the left-hand side of HE1 .
If E1 were σ0 ,β0 -semistable, by reasoning as in the case of E σ0 ,β0-semistable

we would obtain a contradiction. Otherwise, we destabilize E1 along a wall W2 via
a short exact sequence 0 → E2 → E1 → R2 → 0 with the same properties.

This finishes the proof, since this process must stop after a finite number of
destabilizations thanks to the inequalities

0 ≤ · · · < ∆(E2 ) < ∆(E1) < ∆(E).

Corollary 4.18. If F ∈ Cohβ0(X), there exists ϵ > 0 such that the functions
chd0F,L and chd1F,L are (piecewise) polynomial along the interval (−β0 − ϵ,−β0 ).

Proof. We assume that F has a HN factor with respect to σ0 ,β0 of slope ν0 ,β0 = 0,
otherwise we are in the situation of Corollary 4.14. Thus let

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs−1 ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ Fr = F

be the HN filtration of F with respect to σ0 ,β0 , so that ν0 ,β0(Fs+1/Fs) = 0, in
particular, s = s(F ) is the switching index of F . We claim that chd0F/Fs,L(−β) = 0
for all β in a certain right neighborhood of β0 . This is a consequence of Lemma 3.6,
when applied to the short exact sequence in Cohβ(X)

0 → Fs+1/Fs → F/Fs → F/Fs+1 → 0,

taking into account that chd0Fs+1/Fs,L(−β) = 0 (by Proposition 4.17) and

chd0F/Fs+1,L(−β) = 0 (by Lemma 4.9). Indeed, we can apply Lemma 3.6 because

2250007-29



2nd Reading

March 22, 2022 11:15 WSPC/S0219-1997 152-CCM 2250007

M. Lahoz & A. Rojas

F/Fs+1 has no subobject belonging to ker(Z0 ,β): otherwise, H−1(F/Fs+1) would
have a subsheaf of slope β, contradicting F/Fs+1 ∈ Cohβ0(X).

Now, for all β > β0 in a certain right neighborhood of β0 , we use the vanishing
chd0F/Fs,L(−β) = 0 to apply Lemma 3.6 again, in this case with the short exact

sequence 0 → Fs → F → F/Fs → 0. We obtain the equality chd0F,L(−β) =
chd0Fs,L(−β) in a right neighborhood of β0 .

This proves the result for chd0F,L, since chd0Fs,L is (piecewise) polynomial in
(a shrinking of) this neighborhood by Corollary 4.14. The assertion for chd1F,L is
simply a consequence of the relation chd1F,L(x) = chd0F,L(x) − ch−x

2 (F ).

Proof of Theorem A(1). The left polynomial expression for chdkE,L at x0 is
a consequence of Corollary 4.18 applied to the cohomology objects Hk

−x0
(E) and

Hk−1
−x0

(E). The right polynomial expression can be obtained from the left polynomial
expression of chd2−k

E∨,L at −x0 , thanks to the Serre duality of Proposition 3.5(2).

Remark 4.19. If β0 ∈ R\Q is an irrational number at which F admits a Bridgeland
limit filtration, then the same conclusion of Corollary 4.18 holds. Indeed, under this
assumption F admits a HN filtration

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs−1 ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ Fr = F

with respect to σ0 ,β0 , so that ν0 ,β0(Fs+1/Fs) = 0 (we take Fs+1 = Fs if F has no
HN factor of tilt slope 0). Then

(1) The same arguments of Lemma 4.9 provide a right weak limit filtration for
F/Fs+1.

(2) The arguments of Lemma 4.10 together with induction on s, provide a right
weak limit filtration for Fs. Indeed, Z0 ,β0 is a stability function on Cohβ0(X)
since β0 /∈ Q; hence all the technical construction in Lemma 4.11 and Propo-
sition 4.12 can be avoided. In particular, the core filtration of F at β0 directly
gives F1 ⊂ · · · ⊂ Fs.

Combining these right weak limit filtrations with Proposition 4.17 (also valid
under the assumption β0 ∈ R\Q) applied to Fs+1/Fs, we obtain the polynomial
expression chd0F,L(x) = ch−x

2 (Fs) for all x in a left neighborhood of −β0 .
In all the cases we know, objects have a Bridgeland limit filtration also at

irrational numbers (see for instance the examples in Sec. 7), but we do not know
how to prove this in general. This would imply that the Chern degree functions are
piecewise polynomial, which cannot be directly deduced from Theorem A(1).

5. Continuity and Differentiability of the Functions

5.1. Extension as continuous real functions

In this section, we extend the Chern degree functions chdkF,L to continuous functions
of real variable. A similar result first appeared in [3, Sec. 4] for the continuous rank
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functions, and was later generalized to the study of cohomological rank functions
in [20, Sec. 3].

We essentially follow this second approach, namely: one bounds the derivative of
the functions, and then argues by integration. Whereas our arguments to express the
functions around rational numbers (Sec. 4) were much longer than the ones in [20],
the control of the derivatives for this part is easier in the stability framework.

Following the strategy of Sec. 4, we first consider the case of objects in the
hearts Cohβ(X).

Theorem 5.1. Let F ∈ Cohβ(X) for some β ∈ R. Then, the func-
tions chd0F,L and chd1F,L extend to continuous functions on the interval IF =
(−µ−(H0 (F )),−µ+(H−1(F ))].

Proof. Notice that IF is (minus) the interval of Remark 2.5 delimiting where F
belongs to the heart; we have reversed signs for coherence with the definition of the
functions.

First of all, we claim that we may restrict ourselves to the case where IF is
bounded (i.e. the numbers µ+(H−1(F )) and µ−(H0 (F )) are both finite).

This follows from the Serre vanishing of Proposition 3.5(1). Indeed, on the one
hand, if IF = (−µ−(H0 (F )),+∞) is unbounded from the right, then F is a coherent
sheaf since H−1(F ) is always torsion-free. By Serre vanishing, there exists x0 ∈ Q
so that

chd1F,L(x) = 0, chd0F,L(x) = ch−x
2 (F )

for every rational x ≥ x0 . The extension of the functions is thus clear along the
whole [x0 ,+∞), so the problem is reduced to extend along (−µ−(H0 (F )), x0 ].

On the other hand, if IF = (−∞,−µ+(H−1(F ))] is unbounded from the left,
then H0 (F ) is torsion (or 0). This implies that the complex F∨ has at most two co-
homology sheaves, which will be its cohomologies with respect to the heart Cohβ(X)
for all β ≪ 0:

H1
β(F

∨) = H1(F∨), H2
β(F

∨) = H2 (F∨).

If x0 ∈ Q is a bound ensuring Serre vanishing for the functions of the sheaves
H1(F∨) and H2 (F∨), by Serre duality Proposition 3.5(2) we have

chdiF,L(x) = chd2−i
F∨,L(−x) = chd0H2−i(F∨),L(−x) = chx2 (H2−i(F∨))

for i = 0, 1 and every rational x ≤ −x0 . Hence, we only need to extend the functions
along (−x0 ,−µ+(H−1(F ))].

Now take β0 ∈ Q such that F ∈ Cohβ0(X) (equivalently, −β0 ∈ IF ∩ Q), and
let

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fs−1 ↪→ Fs ↪→ Fs+1 ↪→ · · · ↪→ Fr = F

be the HN filtration of F with respect to σ0 ,β0 , where s = s(F ) is the switching
index of F .
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Consider the subobject Gs ⊂ Fs, where G1 ⊂ · · · ⊂ Gs is the core filtration of
F at β0 . Then, for all x ∈ Q in a left neighborhood of −β0 the function chd0F,L is
polynomially expressed as

chd0F,L(x) = ch−x
2 (Gs).

Therefore, L · chβ0
1 (Gs) is the left derivative of chd0F,L at −β0 . Since this is

the rank of Gs in the heart Cohβ0(X), it turns out that 0 ≤ D− chd0F,L(−β0 ) ≤
L · chβ0

1 (F ).
Summing up, the function chd0F,L has a left (and right) derivative at every

x ∈ IF ∩ Q (actually at every x ∈ IF ∩ U , where U ⊂ R is an open subset con-
taining Q), and they coincide almost everywhere. Moreover, the derivatives are
non-negative and bounded from above. By integration, it follows that chd0F,L ex-
tends to a continuous function on the whole interval IF .

The result for chd1F,L follows directly by defining chd1F,L(x) = chd0F,L(x) −
ch−x

2 (F ) for x ∈ IF .

Remark 5.2. It follows from the proof that the function chd0F,L (respec-
tively, chd1F,L) is non-decreasing (respectively, non-increasing) along the interval
IF . This (a posteriori) explains Proposition 4.17.

Now we are ready to give a proof of Theorem A(2) in full generality.

Proof of Theorem A(2). Using the definition of chdkE,L this becomes an immedi-

ate consequence of Theorem 5.1, provided that chdkE,L is continuous at the (finitely
many) points x = −β where the cohomologies Hi

β(E) change.
And this continuity is guaranteed by Theorem A(1), since such points of

change are rational (they correspond to µL-slopes of Harder–Narasimhan factors of
cohomology sheaves of E).

5.2. Critical points

Let β0 ∈ Q. Now we want to study when the functions chdkF,L attached to an object
F ∈ Db(X) have a critical point at x = −β0 , namely the functions are not of class
C∞ at −β0 .

For simplicity, we will assume F ∈ Cohβ0(X); our explicit analysis (see Propo-
sition 5.3) covers the case where the cohomologies of F change at −β0 . Still, in the
general case, one also should take care of the eventual situation where −β0 is a
critical point for both chd0Hk

β0
(F ),L and chd1Hk−1

β0
(F ),L

, but chdkF,L is regular at −β0 .

Our approach may also detect this phenomenon, but the precise description of the
general situation is tiresome and not so enlightening.

Let 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr = F be the HN filtration of F with respect to
σ0 ,β0 , satisfying

+∞ = ν0 ,β0(F1) > · · · > ν0 ,β0(Fs/Fs−1) > 0

= ν0 ,β0(Fs+1/Fs) > · · · > ν0 ,β0(F/Fr−1),
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that is, s = s(F ) is the switching index of F . We write F1 = 0 (respectively, Fs =
Fs+1) if F has no HN factor of tilt slope +∞ (respectively, tilt slope 0). Then

• As dictated by Remark 2.5, F ∈ Cohβ(X) for all small enough β > β0 . This
means that F will only have two nonzero functions in a left neighborhood of
−β0 , namely chd0F,L and chd1F,L.

• For big enough β < β0 , F may have two nontrivial cohomologies in Cohβ(X).
More precisely, recall that by Proposition 2.11 H−1(F1) is a µL-semistable sheaf
of slope β0 and H0 (F1) is a 0-dimensional sheaf. Therefore, we have distinguished
triangles

0 !! H−1(F1)[1] !!

""☎☎
☎☎
☎☎
☎

F1

""☎☎
☎☎
☎☎
☎

!! F

""☎☎
☎☎
☎☎
☎☎

H−1(F1)[1]

##✿✿✿✿✿✿✿

H0 (F1)

##✿✿✿✿✿✿✿

F/F1

##✿✿✿✿✿✿✿

with H−1(F1),H0 (F1), F/F1 ∈ Cohβ(X) for β < β0 . This tells us that
H−1

β (F ) = H−1(F1) and H0
β(F ) = F/(H−1(F1)[1]) (where this quotient is taken

in Cohβ0(X)).
Moreover, note that the only nonzero Chern degree functions of F in a right

neighborhood of −β0 may be chd−1
F,L, chd

0
F,L and chd1F,L.

Now we consider the polynomial expressions for the functions in a left and a
right neighborhood of −β0 , that we found in Sec. 4. Explicitly, there exists ϵ > 0
such that

chd−1
F,L(x) =

⎧
⎨

⎩
0, −β0 − ϵ ≤ x ≤ −β0 ,

− chx2 (H−1(F1)
∨[1]/P ), −β0 ≤ x ≤ −β0 + ϵ,

chd0F,L(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ch−x
2 (Gs), −β0 − ϵ ≤ x ≤ −β0 ,

chx2 (P )− chx2

(
(F/F1)∨[1]

Rs+1

)
+ length(H0 (F1)),

−β0 ≤ x ≤ −β0 + ϵ,

chd1F,L(x) =

⎧
⎨

⎩

− ch−x
2 (F/Gs), −β0 − ϵ ≤ x ≤ −β0 ,

chx2 (Rs+1), −β0 ≤ x ≤ −β0 + ϵ,

(5.1)

where

• The chain G1 ⊂ · · · ⊂ Gs (with Gi ⊂ Fi) is the core filtration of F at β0 .
• P = (H−1(F1)∨[1])′ is the core subobject of H−1(F1)∨[1] at −β0 .
• The chain Rr−1 ⊂ · · · ⊂ Rs+1 in Coh−β0(X) (with Ri ⊂ (F/Fi)∨[1]) is the core
filtration of (F/F1)∨[1] at −β0 . It is inductively constructed by letting Rr−1 =
((F/Fr−1)∨[1])′ and Ri/Ri+1 = ((F/Fi)∨[1]/Ri+1)′.
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A critical point for chd−1
F,L arises whenever the object H−1(F1)∨[1]/P is nonzero.

Since the regularity of chd0F,L can be deduced from that of chd−1
F,L and chd1F,L, we

are left to compare the polynomial expressions for chd1F,L. To this end, we will
use that chx2 (Rs+1) = − ch−x

2 (R∨
s+1[1]) and we will exhibit a chain of morphisms

connecting R∨
s+1[1] with F/Gs.

By construction, there is a short exact sequence

0 → Rs+1 → (F/Fs+1)
∨[1] → Q → 0

in Coh−β0(X) with Q ∈ ker(Z0 ,−β0); hence the object Q is of the form Q = S[1]
for a µL-semistable vector bundle S with µL(S) = −β0 and ∆(S) = 0. Dualizing,
this yields a short exact sequence

0 → S∨ → F/Fs+1 → R∨
s+1[1] → 0

in Cohβ(X), for big enough values of β < β0 . We have obtained the following
sequence of morphisms:

F/Gs → F/Fs → F/Fs+1 → R∨
s+1[1]

for which there exists ϵ′ > 0 satisfying: F/Gs → F/Fs is a surjection in Cohβ(X) for
β ∈ [β0 ,β0 +ϵ′), F/Fs → F/Fs+1 is a surjection in Cohβ(X) for β ∈ (β0 −ϵ′,β0 +ϵ′)
and F/Fs+1 → R∨

s+1[1] is a surjection in Cohβ(X) for β ∈ (β0 − ϵ′,β0 ).
With all this information, we get the following result.

Proposition 5.3. Let F ∈ Cohβ0(X) and we keep the notation of (5.1).

(1) The function chd−1
F,L has a critical point at x = −β0 if and only if P !

H−1(F1)∨[1] in Coh−β0(X). In such a case, the function chd−1
F,L is of class

C1 at x = −β0 .
(2) The function chd1F,L has a critical point at x = −β0 if and only if F/Gs ̸=

R∨
s+1[1]. This is equivalent to one of the following conditions holding:

(a) Fs ̸= Fs+1, namely F has a HN factor (with respect to σ0 ,β0) of slope
ν0 ,β0 = 0.

(b) Gs ̸= Fs.
(c) F/Fs+1 ̸= R∨

s+1[1].

Furthermore, chd1F,L is of class C1 at x = −β0 unless condition (2)(a) holds.
(3) The function chd0F,L has a critical point at x = −β0 if and only if chd−1

F,L or

chd1F,L has a critical point. In such a case, chd0F,L is of class C1 at x = −β0

unless (2)(a) holds.

Remark 5.4. Intuitively, we may think that the functions have critical points at
x = −β0 if and only if the hyperbola of one of its (possibly weak limit) HN factors
at β0 passes through the point (0,β0 ) of the (α,β)-plane (see Fig. 7).

For instance, condition (2)(b) is equivalent to Fs having a left weak limit HN
factor with tilt slope ν0 ,β tending to 0 as β → β+

0 .
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HFs+1/Fs (a)

HFs/Gs (b)HS∨ (c)

(0, β0)

Fig. 7. Hyperbolas through (0, β0) producing a critical point for chd0F,L and chd1F,L.

(1) The case (1) is certainly exceptional, in the sense that it requires a (nontrivial)
condition on one of the (finitely many) points where the cohomologies of F
with respect to the hearts Cohβ(X) change.

On the other hand, whereas the case (2)(a) is naturally described in terms
of σ0 ,β0 -stability, condition (2)(b) (respectively, condition (2)(c)) requires the
non-triviality of the core filtration of Fs (respectively, (F/Fs+1)∨[1]) at β0

(respectively, −β0 ). In particular, (2)(b) and (2)(c) require that σ0 ,β0 is not
a Bridgeland stability condition.

(2) The possibilities (2)(a), (2)(b) and (2)(c) producing critical points in the func-
tion chd1F,L may not be mutually exclusive. Indeed, we will see below an example
(Example 7.11) where (2)(a) and (2)(c) hold simultaneously. It would be inter-
esting to know whether conditions (2)(b) and (2)(c) may hold at the same time
or not.

Furthermore, the same study can be applied when β0 is an irrational number,
at which F admits a Bridgeland limit HN filtration (recall Remark 4.19).

In such a case, F ∈ Cohβ(X) for some values β < β0 as well, so chd−1
F,L is

identically 0 in an open neighborhood of −β0 . Moreover, possibilities (2)(b) and
(2)(c) must be excluded since Z0 ,β0 (respectively, Z0 ,−β0) is a stability function on
Cohβ0(X) (respectively, Coh−β0(X)) when β0 /∈ Q. Therefore, the only possibility
for a critical point is (2)(a), which gives a point where the functions chd0F,L and
chd1F,L are not differentiable.

6. The Case of Abelian Surfaces

6.1. Cohomological rank functions on abelian varieties

Let (A,L) be a g-dimensional polarized abelian variety over K. In their paper [20]
Jiang and Pareschi attach to every F ∈ Db(A) and i ∈ Z a cohomological rank
function hi

F,L :Q → Q≥0 defined as follows: given a rational number x0 = a
b with

b > 0, then

hi
F,L(x0 ) :=

1

b2g
hi(µ∗

bF ⊗Mab ⊗ α)
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for general α ∈ Pic0 (A), where µb :A → A is the multiplication-by-b isogeny and
M ∈ Pic(A) is any ample line bundle representing the polarization L.

Since µ∗
bL = b2L (hence µ∗

b (x0L) = abL) and deg µb = b2g, the number hi
F,L(x0 )

gives a meaning to the (hyper)cohomological rank hi(F ⊗ Lx0) of F twisted with
the general representative of the fractional polarization x0L.

Remark 6.1. The definition in [20] is given under the assumption charK = 0, but
the same definition works in arbitrary characteristic as observed in [11, Sec. 2].

The main results of Jiang and Pareschi about these functions can be summarized
as follows.

Theorem 6.2. Let F ∈ Db(A) be an object and i ∈ Z. Then

(1) [20, Corollary 2.6] For every x0 ∈ Q, there exists a left (respectively, right)
neighborhood of x0 where the function hi

F,L is given by an explicit polynomial.
(2) [20, Theorem 3.2] If charK = 0, the function hi

F,L extends to a continuous
function of real variable hi

F,L : R → R≥0 .

It is expected [20, Remark 2.8] that these real functions are piecewise poly-
nomial; in other words, that their critical points do not accumulate towards an
irrational number.

In the case of elliptic curves, cohomological rank functions admit a precise de-
scription in terms of µL-stability. The main point is that µL-semistable coherent
sheaves have trivial functions, that is, the support of any of its functions is disjoint
with the support of all the other functions. This is certainly well known to the
experts, but we include a proof since we could not find a reference.

Proposition 6.3. Let (E,L) be an elliptic curve endowed with a polarization of
degree 1.

(1) If F ∈ Coh(E) is a µL-semistable coherent sheaf, then it has trivial functions

h0
F,L(x) =

{
0, χF,L(x) ≤ 0,

χF,L(x), χF,L(x) ≥ 0,
h1
F,L(x) =

{
−χF,L(x), χF,L(x) ≤ 0,

0, χF,L(x) ≥ 0,

where χF,L(x) = rk(F ) · x+ deg(F ) is the Hilbert polynomial of F with respect
to L.

(2) Let 0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr = F be the HN filtration of a coherent sheaf F .
Then the functions of F can be recovered from those of its HN factors:

h0
F,L(x) =

r∑

k=1

(h0
Fk/Fk−1,L

(x)) =
∑

χFk/Fk−1,L(x)≥0

(χFk/Fk−1,L(x)),

h1
F,L(x) =

r∑

k=1

(h1
Fk/Fk−1,L

(x)) =
∑

χFk/Fk−1,L(x)≤0

(−χFk/Fk−1,L(x)).
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(3) For any F ∈ Db(E) and i ∈ Z,

hi
F,L(x) = h0

Hi(F ),L(x) + h1
Hi−1(F ),L(x).

Proof. Item (1) is clear if F is torsion, since in that case h0
F,L(x) = χF,L(x) =

length(F ) for every x ∈ Q. Hence, we may assume that F is a vector bundle.
Let x = a

b ∈ Q. If χF,L(x) < 0 (respectively, χF,L(x) > 0), then we consider a
non-decreasing (respectively, non-increasing) sequence {xn = an

bn
}n ⊂ Q converging

to x, such that for every n the multiplication isogeny µbn : E → E is an étale
morphism.c

We claim that for every degree 1 line bundle M and every n ∈ N, one has

0 = Hom(M−anbn , µ∗
bnF ) = H0 (µ∗

bnF ⊗Manbn)

(respectively, 0 = Hom(µ∗
bnF,M

−anbn) = Ext1(M−anbn , µ∗
bnF )∗

= H1(µ∗
bnF ⊗Manbn)∗ ).

Indeed, µ∗
bn
F is µL-semistable (we can apply [15, Lemma 3.2.2], since µbn is

a separable isogeny) as well as M−anbn . Thus the claim follows from the inequal-
ity µL(M−anbn) = −anbn > b2nµL(F ) = µL(µ∗

bn
F ) (respectively, µL(M−anbn) =

−anbn < b2nµL(F ) = µL(µ∗
bn
F )).

Therefore, h0
F,L(xn) = 0 (respectively, h1

F,L(xn) = 0) for every n, which by
Theorem 6.2(1) implies h0

F,L(x) = 0 (respectively, h1
F,L(x) = 0). This proves (1).

Item (2) follows by induction on the length r of the HN filtration of F , the
initial case being nothing but (1). Let x = a

b ∈ Q. For the induction step, one uses
the long exact sequence in cohomology associated to

0 → µ∗
bFr−1 ⊗Mab → µ∗

bFr ⊗Mab → µ∗
b(Fr/Fr−1)⊗Mab → 0

for every line bundle M of degree 1, together with the observation that

χFk/Fk−1,L(x) > (<)0 ⇔ x > (<)− µL(Fk/Fk−1)

for any k ∈ {1, . . . , r} and the inequalities −µL(F1) < · · · < −µL(Fr/Fr−1).
For the proof of (3), write x = a

b ∈ Q and let M be any line bundle of degree 1.
Considering the distinguished triangle in Db(E) obtained by truncation of µ∗

bF ⊗
Mab,

µ∗
b(τ≤i−1F )⊗Mab → µ∗

bF ⊗Mab → µ∗
b(τ≥iF )⊗Mab

and the corresponding long exact sequence of hypercohomology groups

· · · → Hi−1(µ∗
b (τ≥iF )⊗Mab) → Hi(µ∗

b(τ≤i−1F )⊗Mab) → Hi(µ∗
bF ⊗Mab)

→ Hi(µ∗
b (τ≥iF )⊗Mab) → Hi+1(µ∗

b(τ≤i−1F )⊗Mab) → · · · .

cOf course, if b is not divisible by charK (e.g., if charK = 0) one can take xn = x for every n.
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the result becomes a consequence of the following immediate equalities:

Hi−1(µ∗
b(τ≥iF ) = 0, Hi(µ∗

b (τ≤i−1F )⊗Mab) = H1(µ∗
b(Hi−1F )⊗Mab),

Hi(µ∗
b(τ≥iF )⊗Mab) = H0 (µ∗

b(HiF )⊗Mab), Hi+1(µ∗
b (τ≤i−1F )⊗Mab) = 0.

6.2. Proof of Theorem D

In this part, we will prove that the Chern degree functions chdkF,L attached to any
object F ∈ Db(X) on a polarized surface (X,L) recover, in the case where X is an
abelian surface, the cohomological rank functions hk

F,L of Jiang and Pareschi.
The key point of the proof are the following two lemmas. The first one is the

analogue to the fact that a coherent sheaf on an elliptic curve only may have h0

and h1 as nonzero functions.

Lemma 6.4. If F ∈ Cohβ(X) for a number β ∈ Q, then hi
F,L(−β) = 0 for every

i ̸= 0, 1.

Proof. Since F is a complex with at most two nontrivial cohomology sheaves
(namely H−1(F ) and H0 (F )), it turns out that hi

F,L(−β) = 0 for every i /∈
{−1, 0, 1, 2}. Moreover, we have

h−1
F,L(−β) = h0

H−1(F ),L(−β), h2
F,L(−β) = h2

H0(F ),L(−β),

so it suffices to check that h2
E,L(−β) = 0 whenever E ∈ Tβ and h0

G,L(−β) = 0
whenever G ∈ Fβ .

To prove the first vanishing, we consider a non-decreasing sequence of rational
numbers βn = an

bn
converging to β, such that µbn is a separable isogeny for every

n. Let 0 = E0 ↪→ E1 ↪→ · · · ↪→ Er = E be the HN filtration of E with respect
to µL-stability. Since torsion sheaves are always µL-semistable (they have slope
µL = +∞), it follows from [15, Lemma 3.2.2] that

0 = µ∗
bnE0 ↪→ µ∗

bnE1 ↪→ · · · ↪→ µ∗
bnEr = µ∗

bnE

is a HN filtration for µ∗
bn
E with respect to µL-stability, for every n. Observe that

we have

µL(µ
∗
bn(Ei/Ei−1)) = b2nµL(Ei/Ei−1) > b2n · βn = anbn

for every i ∈ {1, . . . , r}, thanks to the condition E ∈ Tβn inherited from E ∈ Tβ .
Therefore,

0 = Hom(µ∗
bn(Ei/Ei−1), L

anbn) = Ext2 (Lanbn , µ∗
bn(Ei/Ei−1))

∗

= H2 (µ∗
bn(Ei/Ei−1)⊗ L−anbn)∗

for every i, and the equality h2
E,L(−βn) = 0 follows from an easy induction on the

length r of the HN filtration. This is enough to prove h2
E,L(−β) = 0, thanks to

Theorem 6.2(1).
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For the second vanishing, we will check that h0
G,L(x) = 0 for every rational

number x = c
d with x < −β. Again, this is more than enough for our purposes

thanks to Theorem 6.2(1).
We approach x by a non-decreasing sequence xn = cn

dn
of rational numbers

such that the multiplication µdn is étale. As before, the HN filtration 0 = G0 ↪→
G1 ↪→ · · · ↪→ Gr = G of G in µL-stability induces the HN filtration 0 = µ∗

dn
G0 ↪→

µ∗
dn
G1 ↪→ · · · ↪→ µ∗

dn
Gr = µ∗

dn
G of µ∗

dn
G, for every n.

The hypothesis G ∈ Fβ says that

µL(µ
∗
dn
(Gi/Gi−1)) = d2nµL(Gi/Gi−1) ≤ d2nβ < −d2nxn = −cndn

for every i, which implies

0 = Hom(L−cndn , µ∗
dn
(Gi/Gi−1)) = H0 (µ∗

dn
(Gi/Gi−1)⊗ Lcndn).

The equality h0
G,L(xn) = 0 is again obtained by induction on r, and then h0

G,L(x)= 0
follows.

The second lemma is the analogue of Proposition 6.3(1), namely that at a fixed
point, at most one function is nonzero for a semistable sheaf on an elliptic curve.

Lemma 6.5. If F ∈ Cohβ(X) (β ∈ Q) is σ0 ,β-semistable, then h1
F,L(−β) = 0

(respectively, h0
F,L(−β) = 0) if ν0 ,β(F ) ≥ 0 (respectively, if ν0 ,β(F ) ≤ 0).

Proof. First of all, observe that the same arguments of [8, Proposition 6.1] yield

that µ∗
bF ∈ Cohb

2β(X) and it is a σ0 ,b2β-semistable object, for every b ∈ Z>0 such
that µb is a separable isogeny.d Moreover, we have

ν0 ,b2β(µ
∗
bF ) = b2ν0 ,β(F )

as follows from ch(µ∗
bF ) = (ch0 (F ), b2 ch1(F ), b4 ch2 (F )).

If ν0 ,β(F ) ≥ 0, we will prove that h1
F,L(x) = 0 for every x ∈ Q with x > −β;

then, h1
F,L(−β) = 0 will follow again from Theorem 6.2(1). To this end, we approach

x by a non-increasing sequence xn = cn
dn

such that µdn is separable.
Observe that the condition cn

dn
> −β reads −cndn < d2nβ. Therefore, L

−cndn [1]
is σ0 ,d2

nβ
-semistable with ν0 ,d2

nβ
(L−cndn [1]) < 0 ≤ ν0 ,d2

nβ
(µ∗

dn
F ), which gives

0 = Hom(µ∗
dn
F,L−cndn [1]) = Ext1(µ∗

dn
F,L−cndn) = Ext1(L−cndn , µ∗

dn
F )∗

= H1(µ∗
dn
F ⊗ Lcndn)∗

and thus h1
F,L(xn) = 0. It follows that h1

F,L(x) = 0, as desired.
If ν0 ,β(F ) ≤ 0, following the same strategy it suffices to check that h0

F,L(x) = 0
for every rational x = c

d with x < −β and µd étale. And indeed, c
d < −β reads

dThe condition β ∈ Q is required at this point, to ensure the existence of HN filtrations with
respect to σ0,β and σ0,d2β .
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−cd > d2β, so L−cd is σ0 ,d2β-semistable with ν0 ,d2β(L
−cd) > 0 ≥ ν0 ,d2β(µ

∗
dF ). This

implies

0 = Hom(L−cd, µ∗
dF ) = H0 (µ∗

dF ⊗ Lcd)

and therefore h0
F,L(x) = 0.

We are now ready to prove that, on abelian surfaces, cohomological rank func-
tions are recovered by Chern degree functions.

Proof of Theorem D. Given F ∈ Db(X) and k ∈ Z, we will prove the equality
chdkF,L(−β) = hk

F,L(−β) for every β ∈ Q.

We start with the basic case where F ∈ Cohβ(X) is σ0 ,β-semistable. Assume
that ν0 ,β(F ) ≥ 0. Then, on the one hand, by definition of the functions chdk

F,L,

we have chdkF,L(−β) = 0 for every k ̸= 0 and chd0F,L(−β) = chβ2 (F ). On the
other hand, Lemmas 6.4 and 6.5 give hk

F,L(−β) = 0 for every k ̸= 0, and thus
h0
F,L(−β) = χF,L(−β).
Since the polynomial (in x) ch−x

2 (F ) equals the Hilbert polynomial χF,L(x), it
follows that chdkF,L(−β) = hk

F,L(−β) for every k.

If F ∈ Cohβ(X) is σ0 ,β-semistable with ν0 ,β(F ) ≤ 0, then the same arguments
yield chdkF,L(−β) = 0 = hk

F,L(−β) for k ̸= 1 and chd1F,L(−β) = − chβ2 (F ) =
h1
F,L(−β).

When F ∈ Cohβ(X) is an arbitrary object (not necessarily σ0 ,β-semistable), the
result follows by induction on the length of the HN filtration of F with respect to
σ0 ,β , arguing similarly to the proof of Proposition 6.3(2).

To prove the result for a general F ∈ Db(X), we approach −β by a non-
decreasing sequence −βn = an

bn
of rational numbers such that the multiplication

maps µbn are étale. If τβn

≤k−1, τ
βn

≥k denote the truncation functors of the bounded

t-structure defined by Cohβn(X), then one immediately checks (again, using [8,
Proposition 6.1(a)]) that

τ
b2nβn

≤k−1 ◦µ
∗
bn = µ∗

bn ◦τβn

≤k−1,

τ
b2nβn

≥k ◦µ∗
bn = µ∗

bn ◦τβn

≥k

for every n. Therefore, we have a distinguished triangle in Db(X),

µ∗
bn(τ

βn

≤k−1F )⊗ Lanbn → µ∗
bnF ⊗ Lanbn → µ∗

bn(τ
βn

≥kF )⊗ Lanbn .

Arguing with its associated long exact sequence of hypercohomology groups as
in the proof of Proposition 6.3(3) (and using that the assertion has already been
proved for objects of Cohβn(X)), we obtain chdkF,L(−βn) = hk

F,L(−βn) for every

n. Then the equality chdkF,L(−β) = hk
F,L(−β) is a consequence of Theorems A(1)

and 6.2(2).
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This description of cohomological rank functions on abelian surfaces establishes
a clear analogy with the case of elliptic curves. In particular, the proof shows that
the cohomological rank functions of an object F ∈ Db(X) at x = −β split into
simpler pieces, corresponding to its HN factors with respect to σ0 ,β . The main
difference is that, in the case of elliptic curves, the study via µL-stability is actually
global and proves that cohomological rank functions are piecewise polynomial, with
all their critical points being rational. In dimension 2 the study is strictly local as
we saw in Sec. 4, which makes the situation much richer.

To finish this section, it is worth mentioning the following immediate conse-
quence of this new presentation in terms of Chern degree functions, which is a
refinement of [20, Lemma 6.1] for the case of abelian surfaces.

Corollary 6.6. If (X,L) is a polarized abelian surface and F ∈ Db(X), any
local polynomial expression of the cohomological rank function hk

F,L has integral
coefficients.

7. Chern Degree Functions of Gieseker Semistable Sheaves

In order to illustrate with examples the previous account, let us discuss briefly some
properties of Chern degree functions of ((L,− 1

2KX)-twisted) Gieseker semistable
sheaves. We will mainly focus on Gieseker semistable sheaves on abelian surfaces,
where these properties will become properties of the corresponding cohomological
rank functions.

So we fix a polarized surface (X,L) and a torsion-free Gieseker semistable sheaf
F . Note that F ∈ Cohβ(X) (respectively, F [1] ∈ Cohβ(X)) for every β < µL(F )
(respectively, β ≥ µL(F )), hence chd2F,L(x) = 0 (respectively, chd0F,L(x) = 0) for
x ≥ −µL(F ) (respectively, x ≤ −µL(F )).

Moreover, if β < µL(F ) then F is σα,β-semistable for all α ≫ 0 (Proposi-
tion 2.10), so the problem of computing chd0F,L and chd1F,L in (−µL(F ),+∞) con-
sists of studying how the trivial HN filtration of F in the Gieseker chamber varies
as we reach the line α = 0.

7.1. Trivial Chern degree functions

We will call a Chern degree function trivial if its support is disjoint with the support
of all the other functions attached to the same object. In terms of stability, this
reads as the simplest possible situation.

Proposition 7.1. The function chd0F,L is trivial if and only if F is σα,β-semistable
for every α > 0 and β < µL(F ). In such a case,

chd0F,L(x) =

{
0, x ≤ −pF ,

ch−x
2 (F ), x ≥ −pF ,

where −pF is the largest root of the Chern degree polynomial ch−x
2 (F ) (recall also

Remark 2.9).
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Proof. If the semistability assumption on F is fulfilled, F is σ0 ,β-semistable for
every β < µL(F ) and thus chd0F,L(−β) is simply defined according to the sign of
the tilt slope ν0 ,β(F ).

Conversely, assume that the function chd0F,L is trivial. If F is not σα,β-semistable
for every α > 0 and β < µL(F ), there exists an actual wall W (intersecting HF at
its top point) along which F destabilizes. Let 0 → E → F → Q → 0 define this
wall.

Then, for every β ∈ (pF , pE) E is a subobject of F in Cohβ(X) with ν0 ,β(E) > 0,
which gives chd0F,L(x) > 0 for x ∈ (−pE ,−pF ). This contradicts the triviality of
chd0F,L, since for −µL(F ) < x < −pF we have chd1F,L(x) > 0 due to ch−x

2 (F ) < 0
and the relation chd0F,L(x)− chd1F,L(x) = ch−x

2 (F ).

Example 7.2. Let us give some examples of trivial Chern degree function chd0F,L.

(1) Gieseker semistable sheaves with ∆(F ) = 0. These are the only examples
of Gieseker semistable sheaves where the function chd0F,L is trivial and of
class C1 at their critical point −pF , according to Proposition 5.3 (see also
Proposition C).

(2) Gieseker semistable sheaves with ∆(F ) + CL(L · ch1(F )) = 0, where ∆ =
(ch1)2 − 2 ch0 · ch2 and CL is the constant of [8, Lemma 3.3]. These objects
are more general than the objects considered in (1). For example, for abelian
surfaces, where one can choose CL to be zero, the objects in (1) only recover
semihomogeneous vector bundles with determinant proportional to L, while
here we are considering all semihomogeneous vector bundles.

(3) The ideal sheaf Ip of a point p on a principally polarized abelian surface is well-
known to have a trivial h0 function, according to the analysis in [20, Sec. 8].
Conversely, as observed in [29, Sec. 4.1] Ip has no actual wall for β < 0.

(4) Let i :C ↪→ X be an Abel-Jacobi embedding of a smooth curve C of genus 2
inside its (principally polarized) Jacobian X = JC, and let F = i∗M for a line
bundle M of odd degree on C.

In this case, F is torsion, but the same analysis works as in the torsion-free
case thanks to [6]. Then, as explained in [20, Example 4.3] the function h0

F,L

is trivial; according to Proposition 7.1, it follows that F is semistable on the
whole (α,β)-plane.

7.2. Chern degree functions of semistable sheaves
of low discriminant

There are other situations in which chd0F,L, even if not trivial, can be explicitly
described. To this end we consider the minimal discriminant, defined as the positive
generator m of the ideal of Z generated by {∆(v) | v ∈ Λ,∆(v) > 0}.

Note that the quantity m essentially depends on the intersection pairing of
NS(X). For instance, if NS(X) = Z · L (or more generally, if L2 |L · M for every
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W

HQHFHE

pQ pEpF

Fig. 8. Actual wall W for F of minimal discriminant.

M ∈ NS(X)) then m is a multiple of L2 . Of course, in full generality one can only
assert m ∈ Z≥1.

Let us assume now that ∆(F ) = m. Then either the function chd0F,L is trivial
(as happens in Example 7.2(3)–7.2(4)), or F destabilizes along an actual wall W
defined by an exact sequence 0 → E → F → Q → 0 with ∆(E) = 0 = ∆(Q).

In the latter case, E and Q can only be destabilized at their vertical walls
β = pE and β = pQ, so it follows that E and Q are the σ0 ,β -HN factors of F for
all β ∈ (pQ, pE). Clearly, F is σ0 ,β-semistable for β ≤ pQ and pE ≤ β < µL(F ), so
whenever nontrivial the function chd0F,L reads

chd0F,L(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x ≤ −pE,

ch−x
2 (E), −pE ≤ x ≤ −pQ,

ch−x
2 (F ), x ≥ −pQ

and according to the description of Proposition 5.3, the function is C1 at −pE
and −pQ.

Example 7.3. Assume that (X,L) is a (1, 2)-polarized abelian surface with
NS(X) = Z · L. Under these assumptions the linear system |L| has exactly four
base points, that are identified by the polarization map ϕL :X → Pic0 (X). In
other words, for any point p ∈ X there exists a unique α ∈ Pic0 (X) such that
H1(Ip ⊗ L⊗ α) ̸= 0.

By Serre duality, there is a nontrivial extension 0 → L−1⊗α−1 → E → Ip → 0,
which after rotation defines an actual wall for Ip. Hence, the cohomological rank
function h0

Ip,L
is

h0
Ip,L(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, x ≤ 1

2
,

χE,L(x) = 4x2 − 4x+ 1,
1

2
≤ x ≤ 1,

χIp,L(x) = 2x2 − 1, x ≥ 1.
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W
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pQ pE1pE2

Fig. 9. Successive destabilizations for F .

Now assume ∆(F ) = 2m. If chd0F,L is not trivial, then F destabilizes along a
wall W . We can choose a destabilizing sequence 0 → E → F → Q → 0 defining the
HN filtration of F in a small annulus just below W . Then, we have to distinguish
several possibilities.

If ∆(E) = ∆(Q) = 0, E and Q are semistable for all the stability conditions
in the interior of W . Thus the function chd0F,L admits the same description as the
one given in the case ∆(F ) = m, i.e. it has critical points −pE and −pQ (see for
instance Example 7.7).

The other possibility is that either E or Q has positive discriminant, say∆(E) =
m and ∆(Q) = 0. Note that Q is semistable in the whole interior of W . If this is the
case for E as well, then chd0F,L again has −pE and −pQ as its critical points (the
function being not differentiable at−pE). Otherwise,E destabilizes along a wallWE

inside W , defined by a sequence 0 → E1 → E → E2 → 0 with ∆(E1) = 0 = ∆(E2 )
(see Fig. 9).

Clearly, both E1 and E2 are semistable in the whole interior of WE . With this
information, it is easy to describe the HN filtrations of F for all the σ0 ,β with
β < µL(F ), and one obtains

chd0F,L(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, x ≤ −pE1 ,

ch−x
2 (E1), −pE1 ≤ x ≤ −pE2 ,

ch−x
2 (E), −pE2 ≤ x ≤ −pQ,

ch−x
2 (F ), x ≥ −pQ

(with the function being differentiable at its three critical points).
More generally, one may try to apply this philosophy for an arbitrarily big ∆(F )

as follows. If chd0F,L is not trivial, then F destabilizes along a wallW . We keep track
of its HN filtration

0 = F0 ↪→ F1 ↪→ · · · ↪→ Fr−1 ↪→ Fr = F

for Bridgeland stability conditions in a (sufficiently small) annulus just below W ,
which necessarily satisfy ∆(F1) +∆(F2/F1) + · · ·+∆(F/Fr−1) < ∆(F ).
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Now, it is possible that some HN factors Fi/Fi−1 are not semistable in the whole
region inside W , so they destabilize along a wall Wi. For each such Fi/Fi−1, again
we keep track of its HN filtration for stability conditions just below Wi,

0 ↪→ Fi,1/Fi−1 ↪→ · · · ↪→ Fi,ri−1/Fi−1 ↪→ Fi,ri/Fi−1 = Fi/Fi−1,

which satisfies ∆(Fi,1/Fi−1) +∆(Fi,2/Fi,1) + · · ·+∆(Fi,ri/Fi,ri−1) < ∆(Fi/Fi−1).
Proceeding inductively, we finish in a finite number of steps thanks to the strict
inequalities on discriminants.

The process yields a tree, in which the final vertices correspond to objects G
that are semistable in an open neighborhood of (0, pG) in the (α,β)-plane. By
construction, we can consider a lexicographical order on the final vertices.

Definition 7.4. We say that the tree is well-ordered if G1 < G2 implies pG1 ≥ pG2

for any two final vertices G1 and G2 .

Example 7.5. Assume that ∆(F ) = 2m. In the stability situation of Fig. 9 F has
the following tree, which is well-ordered since pE1 > pE2 > pQ:

F

E

Q

E1

E2

If the tree of F is well-ordered, it is not difficult to recover the Bridgeland
limit filtration (and thus the σ0 ,β-HN filtration) of F at every β < µL(F ). The
corresponding function chd0F,L is piecewise polynomial, and their critical points
are precisely the points −pG for the final vertices G of the tree. Furthermore, using
Proposition 5.3 the non-differentiability of chd0F,L at the point −pG is characterized
by the condition ∆(G) > 0.

Even if we do not expect every Gieseker semistable sheaf to have a well-ordered
tree, in many concrete situations this is the case and thus the previous description
of Chern degree functions applies. The examples in the next subsection illustrate
this phenomenon for principally polarized abelian surfaces.

7.3. Finite subschemes on principally polarized abelian surfaces

In the sequel, (X,L) will be a principally polarized complex abelian surface with
NS(X) = Z · L. Under these assumptions, the minimal discriminant is m = 4 and
X is the Jacobian of a genus 2 curve C; after embedding C in X by means of one
of its Weierstrass points, we fix C ∈ |L| as a symmetric theta divisor.

We want to compute h0
IT ,L for ideal sheaves IT of 0-dimensional subschemes

T on X . If n = h0 (OT ) denotes the length of T , we have ch(IT ) = (1, 0,−n),
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χIT ,L(x) = x2 − n (in particular, pIT = −
√
n) and ∆(IT ) = 4n (i.e. ∆(IT ) is n

times the minimal discriminant).
In order to understand geometrically the destabilization of the ideal of a length

two 0-dimensional subscheme T , we first need to control the translates of C that
contain T e via the following easy lemma.

Lemma 7.6. If T ⊂ X is a 0-dimensional subscheme of length 2, then the locus

{α ∈ Pic0 (X) :h0 (IT ⊗ L⊗ α) > 0}

parametrizing translates of C containing T, with its natural scheme structure as
support of the sheaf R2ΦP∨((IT ⊗L)∨), is a 0-dimensional subscheme Γ ⊂ Pic0 (X)
of length 2.

Proof. The reduced case is clear and the nonreduced one follows easily from [13,
Example 2.8].

Example 7.7 (Case n = 2). Let T be a length two 0-dimensional subscheme.
Then the cohomological rank function is

h0
IT ,L(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x ≤ 1,

2(x− 1)2 , 1 ≤ x ≤ 2,

x2 − 2, x ≥ 2.

To illustrate the strategy outlined in the previous section, we consider the first
possible wall W for the Chern character (1, 0,−2) which has center − 3

2 and
radius 1

2 . Indeed, it can be defined by the following combinations of Chern
charactersf:

(1,−L, 1) ↪→ (1, 0,−2) ! (0, L,−3),

(2,−2L, 2) ↪→ (1, 0,−2) ! (−1, 2L,−4).

It is an actual wall for IT , and the first step in the HN filtration of IT after crossing
W has Chern character (2,−2L, 2). Let us see how to construct this subobject.

Let Γ ⊂ Pic0 (X) be the subscheme of Lemma 7.6, and let π :X×Pic0 (X) → X
and σ :X × (−Γ) → X denote the first projection maps. Then E = σ∗(π∗(L−1) ⊗
P|X×(−Γ)) is a semihomogeneous vector bundle of rank 2 on X with ch(E) =
(2,−2L, 2), coming with a natural epimorphism of sheaves E ! IT . For instance, if
Γ is reduced (i.e. there are two distinct translates C1, C2 of C containing T ), then
the short exact sequence attached to E ! IT is nothing but the Koszul complex
of the complete intersection T = C1 ∩ C2 .

eIn the language of Jiang–Pareschi, this is the (scheme-theoretic) support of the sheaf
ϕ∗
LR

2ΦP∨ ((IT ⊗ L)∨), which controls the h0-function in a right neighborhood of x = 1.
fOne can use Schmidt’s implementation [32, Appendix] to find the wall candidates.
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In any case, taking the short exact sequence of sheaves and rotating the triangle,
we obtain a short exact sequence in Coh−

√
2 (X) defining the HN filtration of IT

just below W . Since both HN factors have discriminant 0, they are semistable in
the whole interior of W and our tree is well-ordered, and thus we obtain the claimed
cohomological rank function for IT since χE,L(x) = 2(x− 1)2 .

For the cases n ≥ 3, we will use the following result in [29] describing the stability
of IT along the vertical line β = −2. From now on, a finite subscheme inside X will
be called collinear if it is contained in a (single) translate of the symmetric theta
divisor C.

Lemma 7.8 ([29, Lemma 3.3.6]). Let T ∈ Hilbn(X).

(1) If n ̸= 5 : the object IT is destabilized at the vertical line β = −2 if and only if
T contains a collinear subscheme of colength m, for some 0 ≤ m < n−2

2 .
In such a case, the destabilizing subobject in Coh−2 (X) is L−1 ⊗ IT ′ ⊗ α,

for some T ′ ∈ Hilbm(X) and α ∈ Pic0 (X).
(2) If n = 5 : IT can also be destabilized at β = −2 by K, where K is a slope-stable

locally free sheaf with ch(K) = (2,−3L, 4).
This destabilization takes place if and only if every subscheme of T with

length 4 is non-collinear and contains a unique collinear subscheme of length 3.

Example 7.9 (Case n = 4). If T is a length four 0-dimensional subscheme, we
consider two subcases.

If no translate of C contains T , then IT has trivial cohomological rank function

h0
IT ,L(x) =

{
0, x ≤ 2,

x2 − 4, x ≥ 2.

Indeed, by Lemma 7.8 IT remains semistable along the vertical line β = −2. Since
pIT = −2, this means that IT is semistable in the whole region β < 0.

Now assume that T is collinear. Then, the cohomological rank function of IT is

h0
IT ,L(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, x ≤ 1,

(x− 1)2 , 1 ≤ x ≤ 2,

(x− 1)2 + (x− 2)2 , 2 ≤ x ≤ 3,

x2 − 4, x ≥ 3.

To simplify the notation and illustrate the strategy, let us prove this expression
when T = {p, q, r, s} is a reduced subscheme contained in a translate C1 of C.
Indeed, consider any two points of T : there is another translate of C containing
them, unless C1 has the same tangent direction at these points. Since the Gauss
map of C1 has degree 2, it follows that (possibly after reordering the points of
T ) there are two translates of C passing through p and q (respectively, through r
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and s) simultaneously; being C1 one of them, we denote by C2 (respectively, C3 )
the other one. We take also α,β, γ ∈ Pic0 (X) such that C1 ∈ |L⊗ α|, C2 ∈ |L⊗ β|
and C3 ∈ |L⊗ γ|.

The Chern character (1, 0,−4) has a unique possible wall W , of center − 5
2 and

radius 3
2 . Since T is collinear, we can destabilize IT (as predicted by Lemma 7.8)

via the exact sequence

0 → L−1 ⊗ α−1 ·s1−→ IT → OC1(−p− q − r − s) → 0,

where s1 ∈ H0 (L ⊗ α) defines C1. This sequence gives the HN filtration of IT just
below W .

The subobject E = L−1 ⊗ α−1 is everywhere semistable since ∆(E) = 0. The
quotient Q = OC1(−p − q − r − s) has ∆(Q) = 4, and destabilizes along a wall
inside W defined by a sequence

0 → L−2 ⊗ β−1 ⊗ γ−1
·s2s3|C1−→ OC1(−p− q − r − s)

→ (L−3 ⊗ α−1 ⊗ β−1 ⊗ γ−1)[1] → 0,

where s2 and s3 are sections defining C2 and C3 .
Both Q1 = L−2 ⊗β−1⊗ γ−1 and Q2 = (L−3 ⊗α−1⊗β−1⊗ γ−1)[1] have ∆ = 0,

so it is not necessary to study further destabilizations. We obtain a well-ordered
tree with final vertices E, Q1 and Q2 , which gives the desired cohomological rank
function, since χE,L(x) = (x − 1)2 and χE,L(x) + χQ1,L(x) = (x− 1)2 + (x− 2)2 .

Example 7.10 (Case n = 3). If T is a length three 0-dimensional subscheme, we
consider first the case where T is collinear, where the cohomological rank function
of IT is

h0
IT ,L(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x ≤ 1,

(x− 1)2 , 1 ≤ x ≤ 2,

x2 − 3, x ≥ 2.

Indeed, if C1 ∈ |L⊗α| is the translate of C containing T , then IT destabilizes along
the wall W defined by

0 → L−1 ⊗ α−1 ·s−→ IT → OC1(−T ) → 0,

where the section s ∈ H0 (L ⊗ α) defines C1. This was already predicted by
Lemma 7.8.

The subobject L−1⊗α−1 is obviously semistable everywhere inside W ; the same
happens for the quotient OC1(−T ), since it is a line bundle of odd degree on a genus
2 Abel-Jacobi curve (recall Example 7.2(4)). This completes the tree and we obtain
the desired cohomological rank function.

2250007-48



2nd Reading

March 22, 2022 11:15 WSPC/S0219-1997 152-CCM 2250007

Chern degree functions

If T is not collinear, then the cohomological rank function of IT is

h0
IT ,L(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, x ≤ 3

2
,

4x2 − 12x+ 9,
3

2
≤ x ≤ 2,

x2 − 3, x ≥ 2.

Indeed, according to Lemma 7.8 IT remains semistable along the whole line
β = −2. The next possible wall W ′ has center − 7

4 and radius 1
4 ; let us describe

the destabilization of IT along this wall, under the assumption that T = {p, q, r}
is reduced and every pair of points on T is contained in two distinct translates
of C.

Let C1 = C + t1 ∈ |L⊗α| and C̃1 = C + t̃1 ∈ |L⊗ α̃| be the two translates of C
passing through the points p and q. Among all the translates of C passing through
r, we take two curves C2 = C+ t2 and C̃2 = C+ t̃2 such that t2 − t̃2 = t1− t̃1. This
is possible because the subtraction morphism C ×C −→ S is surjective (the curve
C being non-degenerate).

Writing C2 ∈ |L ⊗ β| and C̃2 ∈ |L ⊗ β ⊗ α̃ ⊗ α−1| (according to the condition
t2 − t̃2 = t1 − t̃1), it is easy to check that h0 (IX ⊗ L2 ⊗ β ⊗ α̃) ≥ 2 and thus
h1(IX ⊗L2 ⊗β⊗ α̃) ≥ 1. By Serre duality, the last condition reads Ext1(IX , L−2 ⊗
β−1 ⊗ α̃−1) ̸= 0. A (rotated) nontrivial extension gives a short exact sequence,
destabilizing IT along W ′.

By repeating this process (starting with the two curves through p and r, and
the two curves through q and r) and taking direct sum, it is possible to destabilize
IT via a short exact sequence 0 → E → IT → Q → 0 corresponding to the HN
filtration of IT just below W ′.

Since ch(E) = (4,−6L, 9) and ch(Q) = (−3, 6L,−12), both E and Q have∆ = 0
and thus the construction of the tree has no more steps.

Example 7.11 (Case n = 5). The Chern character (1, 0,−5) has three possi-
ble walls intersecting the vertical line β = −2, corresponding to the three special
geometric situations described in Lemma 7.8:

• A wall W1 of center −3 and radius 2. Destabilization of IT takes place along W1

if and only if T is collinear.
• A wall W2 of center − 5

2 and radius 1
2

√
5. IT gets destabilized along W2 if and

only if T itself is not collinear but contains a collinear subscheme of length 4.
• A wall W3 of center − 7

3 and radius 2
3 . IT destabilizes along W3 if and only if

every length 4 subscheme is non-collinear and contains a unique length 3 collinear
subscheme.

In these three special geometric situations, the usual method constructs the well-
ordered tree of IT and hence recovers h0

IT ,L. We give some details of the case where
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IT gets destabilized along the wall W2 , since it presents a remarkable peculiarity
and illustrates a special situation in the characterization of critical points (see
Proposition 5.3).

Assume for simplicity that T = {p1, p2 , p3 , p4 , p5} is reduced. If Y =
{p1, p2 , p3 , p4} and C1 ∈ |L⊗ α| is the translate of C containing Y , then

0 → Ip5 ⊗ L−1 ⊗ α−1 ·s1−→ IT → OC1(−p1 − p2 − p3 − p4 ) → 0

is the exact sequence destabilizing IT along the wall W2 . It is also the HN filtration
of IT for stability conditions just below W2 . Since both HN factors have ∆ = 4, we
have to study possible further destabilizations:

• E = Ip5 ⊗ L−1 ⊗ α−1 is semistable everywhere inside W2 , according to
Example 7.2(3).

• The sheaf Q = OC1(−p1 − p2 − p3 − p4 ) destabilizes as described in the case
of 4 collinear points (see Example 7.9). This destabilization takes place along a
wall WQ of center − 5

2 and radius 1
2 . Both the subobject Q1 and the quotient Q2

inducing this wall have ∆ = 0, so we are done.

Figure 10 shows the position of walls and hyperbolas in the (α,β)-plane.
Again our tree (with final vertices E,Q1, Q2 ) is well-ordered, but in this case, we

have an overlap pE = pQ1 = −2. In the terminology of Proposition 5.3, this implies
that x = 2 is a critical point where conditions (2)(a) and (2)(c) are simultaneously
fulfilled.

The cohomological rank function h0
IT ,L can be recovered as

h0
IT ,L(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x ≤ 2,

χE,L(x) + χQ1,L(x) = 2(x− 1)(x− 2), 2 ≤ x ≤ 3,

x2 − 5, x ≥ 3.

WQ

W2

HQ2HQHQ1 HE HIT

Fig. 10. Walls and hyperbolas involved in the tree of IT .
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Finally, if T satisfies none of the special geometric conditions, the next possible
wall W for IT has center − 9

4 and radius 1
4 . According to [25, Theorem 10.2], the

locus

Γ̃ = {α ∈ Pic0 (X) :h0 (IT ⊗ L2 ⊗ α) > 0}

(with its natural scheme structure as support of the sheaf R2ΦP∨((IT ⊗ L2 )∨)) is
a 0-dimensional subscheme of length 5. In other words, among all the translated
linear systems |L2 ⊗ α| there exist exactly five curves (counted with multiplicities)
that contain T .

Similarly to the case n = 2, one can use these five curves to destabilize IT along
W . The tree of IT consists of this single step and the cohomological rank function
reads

h0
IT ,L(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, x ≤ 2,

5(x− 2)2 , 2 ≤ x ≤ 5

2
,

x2 − 5, x ≥ 5

2
.
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