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Abstract

Density functional theory (DFT) plays a crucial role in computational chemistry, but its
introduction in the chemistry curricula poses a challenge to lecturers when it comes to laying
down its foundation without using a complex mathematical formalism and to establishing its
scope and limitations. This article aims at presenting a simple and clear derivation of the the-
ory that shows up its very general character. It is based on the constrained-search approach,

that bears a close parallelism with the wave-function variational theorem, a familiar tool in
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any quantum chemistry introduction. Notwithstanding its simplicity, this approach shows ap-
pealing features, such as providing an explicit connection of the ground-state density with the
electronic hamiltonian and an expression for the universal functional appearing in the defini-
tion of the energy functional. These lead to a more tangible insight into the theory than the
original derivation by Hohenberg and Kohn, which only guarantees the existence of that con-
nection and this functional. On the other hand, the approach highlights that the theory may,
in principle, treat open and closed shell ground states on an equal footing, without the need
to impose any restriction about the state spin. An interesting result is recalled that guarantees
that a Kohn-Sham scheme may always be set up, no matter the open or closed shell character

of the ground state nor its degree of electron correlation.

Introduction

During the last decades Density Functional Theory (DFT) has become an essential tool for molecu-
lar and material modeling. ! It has allowed a great leap towards the popularization of computational
tools even among non-quantum chemists that were once foreign to quantum methodology. Two
main factors have contributed to this change: the simplicity of DFT calculations as compared with
rigorous wave function-based methods, and their excellent cost-to-performance ratio, that makes
it possible to study fairly complicated systems with very affordable hardware.

DFT tackles the problem of calculating electronic energies and other properties of many-
electron systems with a different strategy than that of the wave function-based methods. These are
normally introduced in quantum chemistry programs by first describing the Hartree-Fock method
as the simplest approach for obtaining approximate electronic wave functions. These are Slater
determinants that admit a straightforward interpretation in terms of orbitals that can be occupied
by one or two electrons. Then post-Hartree-Fock methods are introduced to obtain more accurate
wave functions in order to correct the flaws of the orbital approximation. DFT does not fit into this
scheme, since it aims at obtaining the ground-level electron density and energy of a many-electron

system without actually calculating its wave function. A major advantage here is that the density



is a function of only three variables —the position coordinates x,y,z— regardless of the number of
electrons, while the wave function depends on four coordinates —three spatial and one of spin—
for each electron.

The usual way of introducing DFT follows an historical perspective: from the precedents of
Thomas? and Fermi? in 1927 to the statement of the two foundational theorems by Hohenberg and
Kohn (HK) in their 1964 seminal article.* In 1979 the constrained-search (CS) approach was put
forward by Levy> and Lieb® following an earlier proposal by Percus.’” This approach is concep-
tually clear and elegant, and bears a close parallelism with the wave-function variational theorem,
which is deeply rooted in quantum chemistry. Most importantly, it is more general and rigorous
that the original HK formulation, which was restricted to non-degenerate ground states and re-
lied on the assumption that the trial densities appearing in their variational theorem correspond
to ground state wave functions of many-electron systems (pure-state v-representability), which
is not generally true.® Both limitations are superseded in the constrained-search (CS) approach.
Moreover, this provides an algorithm connecting the density with the hamiltonian and an explicit
expression for the universal term of the energy functional, while the HK derivation only guarantees
the existence of that connection and this functional.

In this article the CS approach will be presented following a simple, lesser-known derivation
published by Levy in 2001,% which uses only basic mathematical tools available in any intro-
ductory quantum chemistry text book. Some criticism about a pretended need to impose spin or
symmetry restrictions on the density for open shell systems® will be shown to be unfounded. The
most widespread practical implementation of the theory —the Khon-Sham (KS) method !°— will
also be briefly discussed. This relies on an assumption made by KS that has been the subject of in-
tense debate: the existence of a non-interacting many-electron system with the same ground-level
density as the real interacting one; that is, the non-interacting v-representability of the density.
Work by Chayes et al. in 1985!! and specially by van Leeuwen in 2003 !2 clarifies this point and
guarantees that a conveniently generalized KS scheme may always be applied.

We hope to contribute to encourage lecturers to use the present approach for introducing DFT



into their quantum chemistry curricula.

One-electron density

Although the formalism is more general, we will refer to an n-electron system under the attraction
of one or more nuclei, typically an atom, a molecule or a solid. Its non-relativistic electronic
hamiltonian is:
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where Te\l \//; and V,,,._.; are the operators corresponding to the n-electron kinetic, repulsion and
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is referred to as the external potential, meaning that it represents the interaction of an electron (i)
with something external to the n-electron system: the nuclei (A). This is a multiplicative, spin-
independent operator and, in fact, all the discussion below is valid for any external potential of that
kind.

The one-electron density (for short, “the density ”) corresponding to any normalized n-electron
wave function ¥ can be obtained by integrating it with respect of all the space and spin coordinates

(7; and @) except the position coordinates of one of the electrons: 14
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The definite integrals in this equation highlight that there is an infinity of wave functions leading to



a given density. Since ¥ is normalized to 1, the density is normalized to the number of electrons:
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According to the time-independent Schrodinger equation the energies of the stationary states

of the electron system are the eigenvalues E; of the hamiltonian:
H¥Y, =E;¥ k=1,...d;

where d; is the degeneracy of eigenvalue E; and {¥ji, - -- 'dej} are d; linearly independent eigen-
functions with that eigenvalue. If ¥ is not an eigenfunction of the hamiltonian the corresponding

state has not a well-defined energy, but we can calculate an energy expectation value by solving
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This can be broken down into two terms by introducing eq. (1):
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Let us show that the last term, namely, the nuclei-electron attraction energy, is determined by the

the integral:
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Since |‘1F’|2 is symmetric with respect to exchanges of electron coordinates and v,, has the same

mathematical expression for every electron, all the terms in the sum are equal, and we can write it



as n times the first term:
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We can now introduce eq. (4) to obtain:
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Of course, the same applies to any other property whose operator is a sum of multiplicative, spin-
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independent, one-electron operators, such as the components of the electric dipole moment (d, =
Y qixi,- ), those of the electric quadrupole moment (Qy, = Y7, q,-xiz, --+), etc. For short, we
will refer to such properties as “one-electron multiplicative properties”. All of these are, therefore,
“functionals” of the density p; that is, (real) functions that depend on the variable p. This type of

dependency is usually represented with brackets: Vy,.—c[p], dx[p], Oxx[p], etc.

The variational HK theorem

The variational HK theorem states that the ground-level energy Ey of an n-electron system is the
minimum of a functional of the electron density E[p]| with respect to densities corresponding to

whatever n-electron states:

Ey= rr})lnE[P] (7)

where
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and F[p] is a universal functional; namely, it is independent of the particular n-electron system
being considered.
To prove it let us recall the standard wave-function variational theorem, which states that any

wave function ¥ of the n-electron (antisymmetric) Hilbert space .7 leads to an energy expectation



value —the variational integral— not lower than the ground-level energy:
(w|aw)=E

so that Ey can be obtained by minimizing the variational integral over the whole antisymmetric
wave-function space .77
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This minimization can be performed in two steps:

1. For any given density p we minimize <‘Pp ‘I-AI ¥ > with respect to all the wave functions ‘¥
leading to that density. This gives a real number that depends on p —that is, a functional of

the density p— that will be referred to as the energy functional:

Elp] = I%n<q¢, A ) = (| ) (10)

where 'I’pmm is the minimizing %¥,.
2. Then E[p] is minimized with respect to the densities of all the n-electron states (eq. 7).

Let us introduce eq. (1) in (10):
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The last integral is the same for all ¥, with the same density p (eq. 6), so 'Pp’”i" also minimizes the

first term, and we can define a new functional F[p] as:

iy (o (7 52) ) - o

(fel‘l“//e\l) lemm> (12)

Introducing eqs. (12) and (6) in (11) one obtains eq. (8).

The operators Te\l and ‘//; are completely determined by the number of electrons (eq. 2), which



is readily obtained by integrating p (eq. 5); therefore, F[p] is independent of the particular n-
electron system being considered; namely, it is a universal functional. If we had an accurate
enough expression of F[p] for some n then, by adding the nuclei-electron attraction energy term of
whatever n-electron system (eq. 6) and minimizing the resulting E[p] we would obtain its ground-
level energy and density. Obtaining F[p] is the sticking point in DFT, and several strategies have
been devised to this end, including the Kohn-Sham method, to be briefly discussed later.

Some points should be made:

1. The minimization of E[p] should be restricted to trial densities coming from (antisymmetric)
wave functions of the n-electron Hilbert space (n-representable densities), since eq. (12)
only defines F[p] for such densities. This requirement is weaker than the v-representability
needed for the HK deduction —that is, the necessity of coming from a ground state of some
n-electron hamiltonian— and, according to theorems 1.1 and 1.2 of ref. 6, it is fulfilled by the

necessary and sufficient conditions:
2 —
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The first two are immediate consequences of the definition of p (see egs. (4) and (5)), and

the third is fulfilled for any system with finite kinetic energy, since it can be shown that

- 2 .
Jz V\/p(?)‘ dr <2 <‘P ‘T‘P> (see the appendix).

2. The existence of a minimizing wave function 'Ppmi" in (eq. 12) is guaranteed by theorem 3.3

of ref. 6.

3. The functional F[p] is universal in the sense that it is independent of the particular form of

the external potential v, (7;), but it depends on the number of electrons 7.

4. The above demonstration applies no matter the degeneracy of the ground level, unlike the
original HK one. If the ground level is degenerate the minimizations in (10) or (12) and (7)

would lead to the density of one of the degenerate ground states.



5. It has been claimed that spin and space symmetry restrictions must be imposed to the
trial densities when minimizing E[p] for an open shell ground level . The present ap-
proach makes clear that such restrictions are unnecessary, as they also are for the trial wave-
functions in the standard variational method. If such restrictions were necessary because
some non-restricted antisymmetric wave functions existed with lower energy than the re-
stricted minimum, we could expand that non-restricted function as a linear combination of
restricted functions, and at least one of these should have a lower energy than the non-
restricted one. This would mean that the minimization process has not explored the whole
antisymmetric Hilbert space. The ground level of any quantum system is the lowest eigen-
value of its hamiltonian, which, in turn, is the lowest value of <'P }I-AI ‘P> for ¥’s in the
antisymmetric Hilbert space —that may include boundary conditions implied by the phys-
ical problem— and, according to quantum principles, no additional restrictions need to be

imposed for obtaining it.

6. Last, but not least, the present approach provides an expression for the functional F[p] (eq.
12), while the original HK demonstration only guarantees its existence. Equation (12) has
been recently used to obtain F[p] for a unidimensional 2-electron system with a softened

Coulomb interaction. '©

7. Lieb® introduced an alternative universal functional in which the expectation value of f\el +
‘//; is calculated and minimized in terms of density operators instead of wave functions (eq.
12). Although it has some mathematical benefits compared to the functional (12) we will not

discuss it here because it exceeds the level of basic quantum chemistry curricula.

The ground-level density determines the external potential

Hohenberg and Khon also demonstrated that the ground-state density po(7) of an n-electron system
determines the external potential except for an irrelevant additive constant.

Let us assume that the ground-level Ey has degeneracy dy. We will use ¥, to refer to one of

9



the corresponding wave functions and pg for its electron density. According to the wave-function
variational theorem (eq. 9) ¥ minimizes <'P )PAI 'P> with respect to any wave function of the
Hilbert space and, in particular, with respect to all of the wave-functions ¥, with density po:

¥ = ‘I’p”gi”. We have already seen that ‘I’p”gi” also minimizes <‘Pp0 (E —HZ;) %0> (see eq. (12)

and the discussion that precedes it):

Y = 'PP’Z’” where "min" refers to min <'Pp0
¥,

(Ter+Vr) %o ) (13)

By performing this minimization one can thus obtain ¥ from py, something that has been called
into question in ref. 9. In case of degeneracy, any one of the ground-level wave functions could be
obtained, depending on the evolution of the minimization process,

By introducing eqs. (1) and (2) into the Schrédinger equation:

n—1 n
H%— el%"‘zz %+Zvne rl%_EO%
i=1j>i Tij i=1

and dividing by ¥ we obtain:

n . el% n—1 n 1
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If we don’t know Eo, Y''_; v, (i) is determined except for an additive constant, that can be obtained
by fixing the origin of the energy scale.

We have already seen that the first two terms Te\l and \//e\l of the hamiltonian (1) are determined
by n which, in turn, is determined by pg (eq. 5). So this density determines, in fact, the complete

electronic hamiltonian:

po—>%H — Ve — H

Note that:

1. The degeneracy of Ej is, again, irrelevant to the preceding derivation, while the original HK

10



demonstration required the ground state to be non-degenerate.

2. To obtain ¥ from py no information about the spin and/or space symmetry of the ground
state, needs to be imposed (apart, of course, of the exchange antisymmetry inherent in the
antisymmetric Hilbert subspace), which contradicts the statement in ref. 9: “one may incor-

rectly claim that py does also determine the ground state wave function”.

3. The present approach provides an explicit recipe for obtaining the external potential from

Po, while the original proof only assures that a dependency relationship exists.

4. Since the eigenfunctions of H determine all the properties of the corresponding electronic
states, all of these —not only the ground state energy and one-electron multiplicative properties—
are determined by py, albeit, in general, we do not know how to obtain them without cal-
culating the corresponding wave-functions or, at least, their 2-particle density matrices (see

ref.!7 for work along this line).

5. For a degenerate ground level it can be shown 2 that, not only the densities poy corresponding
to individual eigenfunctions ¥y, with k = 1,---dp, determine H , but also any “ensemble”

density of the form py = ZZOZI AiPox With 220:1 A = 1 does.

6. The fact that v, is determined by pg admits a simple physical interpretation: pp has peaks on
the nuclei with a slope related to the nuclear charge, so that it is reasonable that the position

and charge of the nuclei and, therefore, v,, (see eq. 3) can be obtained from py.

The Khon-Sham implementation

One year after the publication of the HK theorems, Khon-Sham (KS) published a method for
putting those ideas into practice. This consists in looking for a fictitious system of n electrons
that move independently under an external potential vgg(7) such that its ground-state density is

equal to that of the real system. Then an approximate universal functional is used to obtain the

11



energy of this system. Since the electrons of the fictitious system do not interact with each other,
its hamiltonian eigenfunctions can be taken as Slater determinants, and an algorithm similar to the
Hartree-Fock method can be settled to obtain them. Moreover, although the ground state of this
non-interacting system bears no direct relationship to that of the real system, the interpretation of
their obtitals in a way similar to that of the Hartree-Fock orbitals has proven to be fruitful.

We will not go into the details of the KS method, but we want to clarify some points about
the conjecture made by Khon and Sham about the existence of a proper non-interacting system
for every real system. If such a system exists with a ground state Slater determinant (or a linear
combination of degenerate Slater determinants) with density equal to that of the real system we
say that this density is non-interacting pure-state v-representable. In the degenerate case it could
happen that no density pox corresponding to an individual non-interacting wave function coincides
with that of the real system, but a linear combination of the form py = ZZO:I Aipox does, in which
case we say that this is non-interacting ensemble v-representable (NI-E-R). This is in fact the
case for some strongly correlated systems and for near-degeneracy situations such as in avoided
crossings, among others. Although we currently don’t known if the sets of interacting ensemble
v-representable (I-E-R) and NI-E-R densities are equal, it has been proven!? that for every I-E-
R density —as is any ground level density of any real system— one can find a NI-E-R density
arbitrarily close. Therefore, a KS scheme can always be set up provided that it allows for ensemble
densities. 118

Note that we have not mentioned unrestricted Slater determinants, so that no splitting of the
density in alpha and beta components should, in principle, be necessary to reproduce the density

of real open shell systems.

Conclusions

The constrained-search approach to density functional theory is presented in a simple way particu-

larly suitable for quantum chemistry curricula. The derivation of the Hohenberg-Kohn variational

12



theorem highlights its close parallelism with the wave-function variational method, that plays a
central role in other computational chemistry methods. Contrary to the original formulation by
Hohenberg and Kohn, the present approach is not restricted to non-degenerate ground states, so
it applies to closed and open shell systems indistinctly without the need to impose any restric-
tion beyond the antisymmetry of the wave functions. Moreover, the former is affected by the
unsolved problem of the v-representability requirement for trial densities, while the constrained-
search derivation only necessitates the weaker n-representability, for which explicit necessary and
sufficient conditions are known. On the other hand, it provides an expression for the universal
functional F[p] appearing in the definition of the energy functional and an algorithm to derive the
electronic hamiltonian from the ground-state electron density, while the original formulation only
guarantees the existence of that functional and of a dependency relationship of the hamiltonian
with respect to the density. Besides their potential interest for the development of computational
strategies, those two points make the constrained-search approach more tangible and appealing
from the pedagogical point of view. For all this we consider it the most convenient way of intro-
ducing density functional theory in basic quantum chemistry courses. The Khon-Sham scheme is
also briefly discussed and an interesting result by van Leeuwen is recalled that guarantees that a
Kohn—Sham scheme can always be set up provided that it allows for ensemble densities, not even

being necessary to split de density in alpha and beta contributions for open shell systems.
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Appendix

Differentiation of eq. (4) and use of the Cauchy—Schwarz inequality leads to

‘6113(71)‘2: (

dp(71)
8)61

(8]|‘P\2da)ld?2---

2
) + (x1 = y1) + (x1 — 21)

2
dw,
T > +(x1—>y1)+(x1—>z1)]

2
PR
(/ (|9x| dw1d72"'dwn> +(x1—>y1)+(x1—>zl)]
1

J || . 2
(/2|‘P’ a—mdwldrz---dcon) —|—(X1 —>y1)—|—(x1 —)Zl)

d|w|\?
§n24/|‘P\2dw1d?’2---dwn [/( | |) dw1d?2'--d(0n+(x1—>y1)+(x1—>Z1)]

8x1

— 2
:4np(?1)/‘V1'P‘ dodrs---do,

so that

/‘%1\/m‘2d?1:/ (a\ém—ﬁ) (x —>y1)—|—(x1%21)] dry

. 2
:/ ( 1 ap("l)) +(xl—>y1)—}—(xl—>21)] d?l

2¢/p(71) 9%

e L .
= [ [spte [Fo [
— 2
gn/‘vl‘f" dridwdrs - -dw,

o¥* 0¥ ) .

:l’l/ |: aXI a_)Cl+(XI _>y1)+(X1 —)Zl):| drldwler"‘dCOn
n[(p ¥ [P ¥) + (x1 = y1) + (x1 = 21)]

< pxl > x1_>y1>+(x1—>zl)}

-
~2{wfre)

14



Acknowledgements

Financial support from Spanish Structures of Excellence Maria de Maeztu program through grant

MDM-2017-0767 is acknowledged.

References

(1) Becke, A. D., Perspective: Fifty years of density-functional theory in chemical physics, J.

Chem. Phys. 2014, 140, 18 A301-1-18A301-18.
(2) Thomas, L. H., The Calculation of Atomic Fields, Proc. Camb. Phil. Soc. 1927, 23, 542-548.

(3) Fermi, E., Un Metodo Statistico per la Determinazione di Alcune Proprieta dell’ Atomo,

Rend. Accad. Lincei 1927, 6, 602-607.
(4) Hohenberg, P.; Kohn, W., Inhomogeneous Electron Gas, Phys. Rev. B 1964, 136, 864-871.

(5) Levy, M., Universal variational functionals of electron densities, first-order density matrices,
and natural spin-orbitals and solution of the v-representability problem, Proc. Natl. Acad. Sci.

USA 1979, 76, 6062-6065.

(6) Lieb, E. H., Density functionals for Coulomb systems, Int. J. Quant. Chem. 1983, XXIV,

243-2717.

(7) Percus, J. K., The role of model systems in the few-body reduction of the N-fermion problem,

Int. J. Quant. Chem. 1978, 13, 89-124.

(8) Levy, M., Basic time-independent density-functional theorems for ground states and excited
states, in Density Functional Theory and its Applications to Materials, ed. by V. Van Doren

et al., American Institute of Physics: New York, USA, 2001, pp 38-47.

15



(9) Illas, F.; Moreira, 1. de P. R.; Bofill, J. M.; Filatov, M., Spin symmetry requirements in density
functional theory: the proper way to predict magnetic coupling constants in molecules and

solids, Theor. Chem. Acc. 2006, 116, 587-597.

(10) Kohn, W.; Sham, L. J. Self-Consistent Equations Including Exchange and Correlation Effects,
Phys. Rev. A 1965, 140, 1133-1138.

(11) Chayes, J. T.; Chayes, L.; Ruskai, M. B. Density functional approach to quantum lattice
systems, J. Stat. Phys. 1985, 38, 497-518.

(12) van Leeuwen, R., Density Functional Approach to the Many-Body Problem: Key Concepts

and Exact Functionals, Adv. Quant. Chem. 2003, 43, 26-94.
(13) Atomic units will be used thorough this paper: m, =1,e =1, =1, 4mwey = 1.

(14) All wave functions will be assumed antisymmetric with respect to exchange of the coordi-

nates of any pair of electrons, as required by the Pauli principle.

(15) Inref. 9itis stated that “anti-symmetry and spin restrictions are imposed on the wave function
to satisfy the Pauli principle and spin symmetry requirements”,. .. “spin symmetry restrictions
need to be imposed even on the Full Configuration Interaction wave function ... Neglecting
this constraint would result in broken symmetry solutions where the total spin is no longer
defined”,... “It is customary to expand ¥ in a known basis set and to find the expansion
coefficients using the variational method and with all necessary and sufficient constraints

(spin and space symmetries) to prevent the variational collapse”,

(16) Mori-Sanchez, P.; Cohen, A. J., Exact Density Functional Obtained via the Levy Constrained

Search, J. Phys. Chem. Lett. 2018, 9, 4910-4914.

(17) Cohen, A. J.; Tozer, D. J.; Handy, N. C., Evaluation of <52> in density functional theory, J.
Chem. Phys. 2007, 126, 214104-1-214104-4.

16



(18) Ullrich, C. A.; Kohn, W., Kohn-Sham Theory for Ground-State Ensembles, Phys. Rev. Lett.
2001, 87, 093001-1-093001-1-4.

17



