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ABSTRACT. We investigate the plane dynamical system given by the secant
map applied to a polynomial p having at least one multiple root of multiplicity
d > 1. We prove that the local dynamics around the fixed points related to
the roots of p depend on the parity of d.

1. Introduction and statement of the results. The main goal of this paper
is to investigate the dynamical system generated by the so called secant map, or
secant method when considering it as a root finding algorithm, applied to the real
monic polynomial of degree k > 2,

p(x):akmk-i-ak,lxk_l+~-~+a1x—|—a0, ar=1,a; €R, j=0,... k-1,

under the presence of real multiple roots. The secant map writes as

r—y
S(z,y) (y y p(y)p(x) p(y)) : (1)
We refer to [5] for a detailed discussion of the dynamics generated by S when all
real roots of p are simple. As in [5] we consider S: R? — R? as a rational map (with
poles). We note that S defines a rational map S : C2 — C2. See [1] for a discussion
on this context.

Let a be a root of p, and consider the set

Ala) = {(z,y) € R?| S"(2,9) — (o, ), as n — co}. (2)

Because S is a root finding algorithm, it is natural to investigate the structure
and distribution of the sets A(a) for all roots of p. If « is a simple root, then S
is regular (analytic) at (a, @), and S(a, ) = (o, ). If a is a multiple root, then
the map S : R? — R? may (or may not) be continuous at (c, ), but it is not C*>
smooth there.
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In the present work we assume that at least one real root of p, a € R, has
multiplicity d > 2, i.e. p¥)(a) =0 for 0 < j < d—1 and p(?(a) # 0. This case is
interesting itself but it is also relevant when studying the bifurcation phenomena of
several simple roots colliding together.

Theorem A. Let p be a real, monic polynomial and let a be a real multiple root
of p of multiplicity d > 2. Let S be the secant map defined in (1). The following
statements hold.

(a) If d is an odd number then the point (o, o) belongs to A(w). Indeed there is
an open neighbourhood U of (o, ) such that U C A(«).

(b) If d is an even number then (o, ) belongs to the boundary of A(c). In fact,
it belongs to the common boundary of all the basins of attraction associated to
simple real Toots of p, i.e.,

(o, ) € m OA(T).

TER, p(1)=0, p’(7)#0

Theorem A has several implications when we use the secant method as a root
finding algorithm applied to a polynomial p with multiple roots. If the multiplicity
of the root a of p is odd, it inherits the local dynamics as it was a simple root,
i.e., all initial seeds in a small neighbourhood converge to («,«) (see Theorem
A(a)). However if « is a multiple root of even multiplicity the local dynamics is
quite different. Although most of the initial seeds near (a, a) converge to it, there
are nearby initial conditions converging to all simple real roots of p (see Theorem
A(b)). It seems plausible, and numerical experiments support it, that in fact (o, «)
belongs to the boundary of all roots of p, not only the simple ones. As we said before,
Theorem A will be also useful for studying the bifurcation phenomena coming from
the collision of several roots.

In Figure 1 we illustrate Theorem A applied to pg(z) = (z + 2)z(z — 1)¢, d =
2,3,4,5. Colours red, blue and green, correspond to seeds converging to the roots
x =1,z =0,x = —2, respectively. According to Theorem A the dynamical plane of
Sp near the corresponding fixed point (1, 1) changes drastically for different values
of d. We notice that in Figures 1(b) and 1(d) there are also green points near (1,1)
although it is difficult to see. White colour corresponds to initial conditions whose
trajectories converge to an unbounded critical cycle (for a discussion see [1, 5]).

The paper is organized as follows. In Section 2 we introduce terminology and
tools from a series of papers on rational iteration. In Sections 3 and 4 we compute
the Taylor’s polynomial associated to the secant map at some points, which is the

main tool to prove the Theorem A. Finally Section 5 is devoted to prove Theorem
A.

2. Plane rational iteration. For our purposes we follow the notation, and use
some results and ideas, introduced and developed in the series of papers [2, 3, 4].
Consider the plane rational map given by

x F(z,y) )
T: — , 3
( y ) ( N(z,y)/D(z,y) ®)
where F', N and D are differentiable functions. Set
or ={(z,y) €R* | D(w,y) =0} and Ep =R>\ |J T7"(6r).

n>0
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(b) Zoom of (a) near (1,1)

(0, 0)

(d) Zoom of (c) near (1,1).

() p(x) = (x + 2a(z — 1) () p(@) = (@ + 2oz — 1)°.

FIGURE 1. Dynamical plane of the secant map applied to p(z) = (z +
2)x(x — 1)¢ for several values of d. We show in red (dark grey) the basin of
attraction of the multiple root of p corresponding to the fixed point of the secant
map located at (1, 1), in green (light grey) the basin of attraction of (—2,—2)
and in blue (black) the basin of attraction of (0,0). The white regions that
appear in each of the pictures are in the basin of a critical point of p. The
range of the pictures (a),(c),(e) and (f) is [-3,3]x[-3,3].

Easily T = (T1,T3) : Er — Er defines a smooth dynamical system given by the
iterates of T'; that is {z,, := T™ (x0) }n>0, with zg € T. Clearly T sends points of é1
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to infinity unless N also vanishes. At those points where T5 takes the form 0/0, the
definition of 7" is uncertain in the sense that the value might depend on the path
we choose to approach the point. Although those uncertain points are outside Er,
they play a crucial role to understand the local and global dynamics of T

We say that a point Q € 67 C R? is a focal point (of T) if T5(Q) takes
the form 0/0 (i.e. N(Q) = D(Q) = 0), and there exists a smooth simple arc
v:=7(t), t € (—¢,¢), with v(0) = Q, such that lim; o T5(7y) exists and it is finite.
The line Lo = {(z,y) € R? | z = F(Q)} is called the prefocal line (over Q).

We consider v passing through @, not tangent to d7, with slope m at t = 0.
Then T () will be a curve passing through some finite point (F(Q),y(m)) € Lg at
t = 0 (see figure 2). More precisely the value of y(m) is given by

_N((t))
o) =8 s 1)) W

A focal point @ is defined by the intersection of two (algebraic) curves: N(z,y) =
0 and D(z,y) = 0. If they intersect transversally (at @) we say that @Q is a simple
focal point; otherwise @ is called a non simple focal point. In other words @ is
simple if VN(Q) = (N.(Q), Ny(Q)) and VD(Q) = (D2(Q),Dy(Q)) are linearly
independent (i.e. N,(Q)Dy(Q)—N,(Q)D.(Q) # 0), while Q is non-simple if VN (Q)
and VD(Q) are linearly dependent, i.e. N,(Q)D,(Q) — Ny (Q)D.(Q) = 0.

In the series of papers [2, 3, 4] the authors prove, among other things, many
results to determine the sort of relationship between the slope m of the curve ~(t)
at t = 0 and the corresponding point (F(Q),y(m)) € Lg depending on the type
of focal point. For instance if @ is simple (see [2] for details) there is a one-to-one
correspondence between the slope m and points in the prefocal line Lo = {(z,y) €
R? | x = F(Q)}. We sketch the situation in Figure 2.

\\/T(%)

/
/

FIGURE 2. Dynamics of T near a simple focal point Q.

If @ is a non simple focal point the situation is more delicate (see [4] for de-
tails). The authors studied the possible value(s) of the limit (4) depending on the
precise algebraic conditions implying N, (Q)D,(Q) — Ny (Q)D,(Q) = 0. The major
argument they used is to compute the Taylor’s series of the functions N(z,y) and
D(z,y) at the focal point Q. This is also our main tool here, adapted to the case
of the secant map. Indeed when « is a multiple root of p then the point @ = (o, «)
is a non simple focal point.
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Remark 1. Focal points are also known as indeterminacy points in the general
theory of several complex variables.

3. Taylor’s polynomials of the secant map. In this section we will present
useful expressions of the secant map at the point (a, ) where both o and S are
roots of the polynomial p. Set m > 1 and

m—1

melee m=1,...,k
=0

Q(wvy) = Z aQO(mvy)'

m=1
Lemma 3.1 ([5, Lemma 2.1 and 2.2]). The following statements hold.
(a) Form =1,...k we have
2™ —y" = (z — y)gm(z,y).
(b) The (symmetric) polynomial q(x,y) defined above satisfies
p(x) = py) = (& = y)a(z, y).

In other words, the factor (x —y) divides the expression p(x) — p(y) and the
resultant quotient is a (symmetric) polynomial of degree k — 1.
(c) The secant map defined in (1) writes as

s ) ()

for all (z,y) € R?\ 5.

Next lemma gives precise Taylor’s polynomials of N(z,y) and D(z,y) and hence
of the rational map S(z,y) at a point (a, ), where « is a root of p with multiplicity
d> 2.

Lemma 3.2. Let p be a polynomial of degree k and let « be a root of p of multiplicity
d with 2 <d<k—1. Then,

Sto) = (1 X2 ) _ (00 Role))

where
k m m—1
D _ p( ) (Oé) m—1—£ o L 7
()= (2 — o)™y — a)t, (7)
m=d ) £=0
k m—1
N o . i (m) m—1—¢ £—1 ]
ay) =@ —a)y—a) )y P () ) (@—a) (y— ) (8)
m=d {=1
Proof. First we prove (7). We claim that
k (m) m—l
D(z,y) = Z p xo (x —20)™ 1y — 20)%, 2o €R
m=1 £=0

Assuming that the claim is true, then (7) follows immediately by substituting g = «
where a satisfies pU)(a) = 0 for 0 < j < d — 1 and p(¥(a) # 0.
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To see the claim observe that for any given zy € R we have

m)!

Eoom)(y Eoom)(y
p)= S Ty ana py) = 30 B
m=0 '

m=0

Then

— X k (m)$ — m __ T—x m
D(x,w:q(x,y):p(?ﬁg():zpm<!o>[<y( o)™ — (& — o) ]

y— y—xo)—(x—xo)

Using Lemma 3.1(a) we have that

k
;vyzzp m(T—T0, Y—0) Zp

m=1 =0

(m) () "
O
:L‘ 1'0 m 1— é(y $0)€7

proving the claim.
Now we prove (8) by computing the Taylor’s polynomial expression of N(z,y) =
yq(x,y) — p(y) at the point (a, «). Of course we have

k m m
N =3 57 ) gy (@) (- o) ()

m=1 T =0

Since N(z,y) = yq(z,y) — p(y) we have that

4 4 £—1
g o) = wigh) + gt y) =), (>0
m B
O (xy) = ygt(w,y), 1 m >0
M?nfé\]ayl(‘T’y) = ywﬁ?ilay(:c y)+£W(m y), m—L£>0,£>0.

Now we want to evaluate the expressions above at the point (x,y) = (a, a). Since

by definition ¢(z,y) = D(z,y) we might use (7) to compute the desired derivates.
Let m and / be two natural numbers with 0 </ < m.

0 for m<d—1
o a%(a,a) . form=d—-1
—(,a) = a% f(a,a)—l—m%%(a,a)—p(m)(a) form>d—-1,m—-£=0
ammféaye B#D Y
am(a,a) form>d—1, £=0
m m—1
aaxflfgjy[(a,a)+2(%g_y%(a,a) form>d—1,¢4>1.
(10)
From (7) and (10) we can compute the partial derivatives of (9) depending on m
and ¢ to get N(z,y) = aD(z,y) + Ni(z,y). O

Next two lemmas deal with the partial derivatives of the polynomials N(z,y)
and D(z,y) at points of the form (ay, ) where oy and «s are different real roots
of p of multiplicity d; > 1 and dy > 1, that is p/)(ay,) =0 for 0 < j < dj, — 1 and
(@) (ay,) # 0, k = 1,2. Notice that D(z,y) = q(z,y) and N(z,y) = yq(z,y) —p(y).

Lemma 3.3. Let p be a polynomial of degree k and let ay and oy be two different
real Toots of p with multiplicity di and ds, respectively. Let m and ¢ be two natural
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numbers with 0 < ¢ < m. Then

amq B 1 (m) am—lq
axm (0&1,0{2) - al — as (p (041) - maxm71 (0417062) 3
6mq B 1 (m) 8m—1q
oy (aq,a2) = po—— (p () + Ky (a1, a9) |,
o™ (11)
Bem—tgy? (1 2) =
1 am—lq am—lq
o1 — ag <€8xmgay41 (o1, a2) — (m — f)m (04176¥2)> :

Proof. From Lemma 3.1(b) we know that (z — y)g(x,y) = p(z) — p(y). On the one
hand we can write this expression in the following form

(x —a1)q(z,y) — (y — a2)q(z,y) + (a1 — a2)q(z,y) = p(x) — ply),  (12)

and on the other hand we have the Taylor’s polynomial of the relevant functions

"1 "1
@) =ply) = Y —p"™ (0) (z —an)™ = D —p™ (a2) (y — a2)™,
. m:Om m=0 (13)
= . m\_ 9" a1, 00) (2 —o)™ Yy — az)*
q(w,y) = mz::1 ml ; < / ) Dyt (a1, a2) ( 1) (y 2)".

From (13) we can solve (12) term by term: (z—a1)™, (y—asg)™ and (z—ay)™ (2 —
ag)?, with m,f € N and 0 < £ < m. For instance from (13) the coefficient of
(x — a1)™ in the left hand side of (12) is

1 m—1Y) 0™ g 1 m \ 9™q
e (0 ) Gt non) e e () S e
while the coefficient of (x — a;)™ in the right hand side of (12) is
1
Lo (q).

m!
This gives the first equality in (11). We left the other computations to the reader.
O

Notice that D(z,y) = ¢(x,y), and so the previous lemma gives explicit recursive
expressions of the partial derivatives of D(z,y). Similarly we can prove explicit
recursive expressions of the partial derivatives of N(x,y)

Lemma 3.4. Let p be a polynomial of degree k and let ay and s be two different
real Toots of p with multiplicity di and ds, respectively. Let m and ¢ be two natural
numbers with 0 < £ < m. Then

OmN ( ) _ amq ( )

axm a17 042 - OZQ 31”" al; Oé2 9

OmN 8m—1 am

W(a17a2) :mayT—(f (0417042)4—042%77”(04170&2) —p™ (a2), (14)
OmN am—lq amq

m (Oél, CYQ) = KW (0617012) + QQW (CKl, 042) .
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Proof. The proof follows the same strategy of the previous lemma noticing that

N(z,y) = yq(z,y) —p(y) = (y — a2)q(z,y) — aaq(x,y) — p(y)

and resolving term by term. O

4. Local behaviour of the secant map near focal points and multiple roots.
Our main goal in this section is to study, using the Taylor’s polynomials described
in the previous section, the local behaviour of the secant map at two different type
of points: (o, ) with « being a root of p of multiplicity d > 1, and (aq, o) with
o being a root of p with multiplicity d;, j =1, 2.

Let Ty rr0(t) = (£(t), m k.m0 (t)) be a curve passing through (0,0) at ¢ = 0
with

oLy Ly 1y 5y _
f(t)—t+2t +ot+ ot +0 (t°) =t&i(t) 5)

Ko T3 0 4 O (£°
/’[’ml‘&TUt t t t t t —t t7
wro(t) =m 2 6 24 () m(t)

where m (the slope), k (the curvature), 7 (the torsion) and o are real parameters. If
no confusions arise we will not show the dependence of the curve on the parameters.
To simplify the exposition we introduce the following parameter

M= 2o (). (16)

Lemma 4.1. Let T'(t) be a curve as in (15). Then,

S (&) 4+ a,u(t)+a) = <,u(t) +a, ggg +a) )
where
A(t)—t §1 Z)\ $m= d% m 1—¢ l(t)]Z—l
k m—1 (17)
B(t):tdi Z 7n - m 1=t 1(t)}£
m=d 2:0
Moreover,
AW _ 160mO Tl ™ T GO O
B(t) S At [51( )Im = [ ()]

Proof. We focus on the second component of the secant map. From Lemma 3.2 we
have

ca M@ o) +a)
D (&(t) + o, p(t) + @) D (&(t) + o, p(t) + @)

SR [ ChmgAm S TEOI™ 1 pa(0)) ]
Yomadm X O @)

Some computations show that since £(t) = t&;(¢) and u(t) = tui(t) on the right
hand side of the above expression we get (17) and simplifying the factor ¢t~ in
A(t) and B(t) we obtain (18). O

o+
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Lemma 4.2. Let d > 3 be an odd number and assume o is a multiple root of p of
multiplicity d. Then

lim S (£(t) + o, (1) + @) = (0, 0)

Proof. Using the above lemma it is enough to show that
A
im A _
t—0 B(t)
On the one hand the numerator of (18) tends to 0 as t — 0. On the other hand the
denominator writes as

A [L+m+...+m? 1 +0(t). (19)
We claim that if d is an odd number then \g4 (1 +m4+...+ md_l) is different from

zero. The claim follows from the fact that a is a root of p of multiplicity d, and this
imply that A\g # 0, see (16), and

d if m=1
Gam):=1+m+...+m? ! = J 20
a(m) 11:77’3; otherwise. (20)
O

Lemma 4.3. Let d > 2 be an even number and assume « is a multiple root of p of
multiplicity d. The following statements hold.

(a) If m # —1 then
lim S (£(t) + o, pu(t) + @) = (o, @)

t—0
(b) If m = —1 then
lm S (§() + ., om0 (8) + @) = (@, yx)
and the map K — y, is one-to-one. Moreover, fixing any value of k # —1 and
giwen any pair of values M,s € R there exists a unique pair 74,0, € R such
that S(T'_1 ,x 7..0,.) 1S @ curve passing through the point (o, y,) with slope M
and curvature s.

Proof. The proof of statement (a), m # —1, follows similarly as in the previous
lemma. The equalities and expressions (16), (17), (18), (19) and (20) are exactly
the same. The polynomial G4 for d > 2 even has a unique real zero at m = —1.
Hence for m # —1 the same arguments as before imply statement (a).

We turn our attention to the case when m = —1. Set

d\
C(k) = Td(m +1) + Aas1.
From Lemma 4.1, some computations show that

A(t) = =gt + %(/{ — D% + Ry(r,7)t3 + O(t*),

B(t) = Ct + (R2(m) + %(1 + 7')) 2 4 (Rg(l*i,T) + &(1 + 0)) 3+ 0(th),

12 24
Aig = —Adé + % (RM) + %3(1 + r)) t+
% <R5(l€,7’) + %Ad(l - 0)) 2+ 0(t?),
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where R;(k,7), j =1,...,5 are polynomials whose coefficients depend on Ay, Ag11
and Agyo. Consequently,

. B ALY Ad

1im S (6(8) + 0 -1 (8) + ) = <a, o+ lim B(t)) _ (a, o~ a5

This proves that the map k — y,, := a—A;s/C(k) is one to one. Since the parameters
7 and o appear linearly on the expression of A(t)/B(t) it is easy to see that for any
{M, s}. O

5. Proof of Theorem A. We denote by D ((a, @), ¢) the disc centered at («, @)
of radius € > 0 and by dist the Euclidian distance. The proof of Theorem A splits
into two lemmas.

Lemma 5.1. Let p be a polynomial of degree k and let « be a real root of p of
multiplicity d > 1. Set @ = {(z,y) € R?> | x > a and y > a}. Let € > 0 be a small
enough real number. The following statements hold.

(a) If d is an odd number then D ((a, &) ,€) C A(a).
(b) If d is an even number then D ((o, ) ,e) N Q C A(x). Moreover (o, ) €
0A(w).

Proof. If d = 1 this follows from [5, Theorem A(a)]. So we first assume d > 1 odd.
From Lemma 4.2 we might extend continuously the map S at the point («, «) by
defining S(a, a)) = (o, ). We claim that for sufficiently small values of £, € R we
have

dist (S (e + & a+p), (a,a) <dist (o, @), (@ + &+ p)). (21)

To see the claim we use Lemma 3.2 to show that

Ni(a+§a+p
Statgatn) = (atpas Poteatil) (22)
where
(m) m—1
Ni(a+§&a+p)=En Zp oy ZEM1£Z1
(d) 04) Z d 1—¢ l 1 O(|§‘+‘M‘)d+lv (23)

(m ) ()
D(a+€&atm= Zp ()3 Zsm S Sl C) st 168 4 O (€] + lul)?

On the one hand observe that
Sla,a+p)=(a+p,a) and S(a+¢& a)=(a,a),
and so (21) is satisfied on those lines with equality. On the other hand if {u # 0

d—1 ¢d—1—2,,0-1
87
S(a+&atp)~ (aw,awszzl_l el K (24)
=0 € H
Hence (21) is satisfied if and only if
d—=1 ¢d—1—0, (-1

d=1¢q_1-¢,¢
z:og 1%
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Since d is odd we have from (20) that the denominator of (24) is bounded away from
zero and always positive. So a sufficient condition to satisfy the above inequality is

d—1 d—1

d—1—¢, ¢ d—1—¢, ¢
Dot <y e,
/=1 =0

which is an immediate exercise.

Second suppose d > 1 is an even number. All inequalities above works as well
and the denominator of (24) is bounded away from zero and it is always positive as
long as € and p are positive numbers. So the same conclusion as before is obtained
for points in D ((a, &) ,€) N Q. Notice, however, that Lemma 4.3 implies that there

are curves (all with slope m = —1) passing through (o, «) whose images by S are
curves passing through any point of the form («, y), y € R. Hence we conclude that
(o, ) € OA(). O

Statement (a) of the lemma above implies statement (a) of Theorem A. Moreover
from statement (b) of the lemma above, to finish the proof of Theorem A all we
need to do is to show that (a, ) € DA(B), for all § # « a simple root of p.

Lemma 5.2. Let o be a root of p of even multiplicity d, and let B # « be any
simple real root of p. Then (a, o) € OA(B).

Proof. We claim that there exist curves passing through (o, o) whose second image
by S correspond to curves passing through points (8,y) for almost every y € R.
Since points in this vertical line (except a finite number) belong to A (8) the lemma
follows. We see the claim into two steps.

First, observe that Lemma 4.3(b) implies that it is possible to choose parameters
for a curve I'(t) passing through (o, a) with slope m = —1 such that its image

S (f‘(t)) is a curve through the point (¢, 8) with arbitrary slope and curvature.

Second, let us consider an arbitrary curve I'(¢) passing through the point («, )
with slope equal to 0 and curvature x € R. Our goal is to show that varying k € R
the image curve S (I'(t)) is a curve passing through (8, yx), yx € R, as desired.

To simplify the computations consider the curve in (15) of the form T'g . 0.0
ignoring the higher order terms; that is,

1 K
)= t+ §t27 10,1,0,0(t) = Etz : (26)
Then

. . O N(E@) 4o, pu(t)+ 8
}%S(f(t) +a,u(t) +8) = (ﬂtlg% Dgggt;ia,zgtﬁﬂ;) '

The Taylor’s polynomial of N and D at a point («, 3) (see Lemmas 3.3 and 3.4
for the expressions of the partial derivatives) we get

N <t L ﬁ) - ﬁ (By" (@) — op' (B) ) £ + O()
D (t + %tQ +a, gtz + 6) = ﬁ (" (o) = ' (B) K) 2 + O(t%).

Thus

lim S (€() + a, (1) + ) = (/3, 2 GErT w(ﬂgiﬁ) |

and since p’(3) # 0 the result follows. O
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Remark 2. We believe that Lemma 5.2 is also true if 8 is a multiple root; that is,
there are initial conditions near the point (a, ) whose trajectories under the secant
map converge to (8, 8) no matter the multiplicity of 3.
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