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Abstract: We studied some examples of Fano resonances in Plasmonics. In particular, we dis-
cuss the hybridization between the broad spectrum of localized surface plasmon resonances and the
energy-discrete opening of a diffraction channel in a square lattice of Au nanobars. Our results
evidence the broad phenomenology regarding Fano resonances, ranging from a substantial magnifi-
cation of the system response to a hindering of the excitation.

I. INTRODUCTION

One of the few phenomena ubiquitous in Physics are
resonances, where an increase in a certain physical mag-
nitude is caused by the interaction of two periodical sys-
tems. One of the most common kinds of resonances have
a symmetrical response regarding their spectral shapes
that can be modeled by the so called Lorentzian curve:

L(E) =
1

1 +
(

E−Ep

Γp/2

)2 , (1)

where E is the energy of the resonance, Ep is the value
of the energy corresponding to the maximum amplitude
of the resonance, and Γp is its spectral width. In the
last century a different kind of phenomenon was discov-
ered: Fano resonances.[1] This kind of excitation gener-
ally arises under the hybridization of a broad and a sharp-
spectrum excitations. For instance, the autoionization of
an atom via Auger emission, where an electron of an ex-
cited atom transitions to an inner shell and the energy
released by this process causes the ejection of a second
electron from the atom. This phenomenon can be un-
derstood as a hybridization between the energy-discrete
transition of the first electron and the continuous energy
process of ionization due to the emission of the second
electron. The resulting absorption spectra of the system
shows a highly asymmetric character that is distinctive
of Fano resonances and is modeled by the line-shape

F (ξ) =
(ξ + q)

2

1 + ξ2
, (2)

for ξ = (E − Ef )/Γ being the reduced energy, where Ef

an Γ are, respectively, the energy at the maximum of
the sharp resonance and the width of the corresponding
peak, and q is the so called asymmetry parameter. In
this work, we aim at studying Fano resonances in Plas-
monics. This field carries out the study of surface plas-
mons, the coupling between the surface conduction elec-
trons in metals and electromagnetic waves. Our matter
of study will be Localized Surface Plasmons (LSP), a
non-propagating excitation which is observable when an
electromagnetic wave with wavelength λ interacts with a
metal nanostructure smaller than λ. In this scenario, the

FIG. 1: Panels (a) and (b) show the enhancement of the elec-

tric field
∣∣∣E⃗/E0

∣∣∣ surrounding a isolated Au nanobar for a LSP,

and for a SLR in a square array of the same nanoelements, re-
spectively. Panel (c) shows the extinction cross-section σe for
a single bar (blue curve) and the extinction Ex for the square
array (magenta curve). These quantities are properly defined
in section II. Panel (d) shows a schematic of the coupling pa-
rameters among a photon, a discrete state, and a continuous
energy state.

electric field of the wave interacts with the electrons at
the metal surface inducing localized charge oscillations
that, in turn, are coupled to the original electromagnetic
field, giving rise to a symmetrical resonance. This origi-
nates an electric field in the vicinity of the metal, an ex-
ample of which can be found in Fig.1(a). When incident
radiation is suppressed, the charge oscillation dampens
as its energy is absorbed by the bulk of the metal and
radiated out by the accelerated charges. This process
follows a Lorentzian line-shape and its characteristic life-
time is inversely proportional to the width of the reso-
nance peak, normally in the order of 100 nm, as shown
by the extinction cross-section σe of an Au nanobar in
Fig.1(c).[2]

However, these peaks can be narrowed by arranging
the metallic elements in an array, so that the far-field
radiation emitted from one element interacts with an-
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other, preventing the dampening effect. Moreover, under
certain conditions, the scattered radiation from differ-
ent array elements can build a constructive interference,
magnifying the LSP significantly via diffraction. This ex-
citations are called Surface Lattice Resonances, or SLR.
An example of this is given in Fig.1(b), where high val-
ues of the electric field far away from the metal can be
observed, due to the constructive interference among the
light scattered by the elements of the array. Further-
more, as it is shown in Fig.1(c), SLR show much sharper
spectral peaks, in the order of 10 nm, which implies that
their life-times are longer.[3]

As this last phenomenon consists on a hybridization
between the LSP and the energy-sharp creation of the
diffraction channel, we should expect a Fano-like line-
shape, as shown by the Ex in Fig.1(c). In fact, we show
in section II that the SLR can be modeled by Eq.2, where
ξ and q will also be a function of the coupling parameters:
ν, between LSP and SLR; w, between the electromag-
netic wave and the diffraction channel; and g, between
the electromagnetic wave and the LSP.[4] These param-
eters are schematized in Fig.1(d).

The aim of our work will be to study the SLR exci-
tation taking profit of the easy to manipulate nature of
the diffraction through the system geometry, which will
allow us to create diverse tailor-made Fano resonances
and effectively characterize this phenomenon.

II. SYSTEM AND SIMULATION SETUP

In this work, we present the results of different
simulations of plasmonic excitations performed with
Lumerical’s Finite-Difference Time-Domain (FDTD)
software[5], which is capable of solving Maxwell’s equa-
tions in the Time Domain via the finite difference nu-
merical approximation. More information is given on
Appendix VB.

The system consisted in Au bars of length l and square
base of edge d < l, placed on a square Bravais lattice with
periodicity Λ, formally known as pitch, and arranged as
shown in Fig.2(a). Then, a short quasi-monochromatic
pulse was shot perpendicularly to the array, with its elec-
tric field parallel to the long axis of the bars. With this
setup, the electric field distribution and the following
two quantities were computed: the fraction of the in-
coming radiation scattered back to the source, known as
reflectance (R); and the fraction of the incoming radia-
tion that passed through the array without interacting,
known as transmittance (T ). Other relevant magnitudes
include the absorbance (A), corresponding to the fraction
of the incident energy absorbed by the system, calculated
as A = 1−R− T , and the extinction (Ex), the fraction
of the incident radiation that interacts with the system,
which can be calculated as Ex = 1− T .
The latter will be our figure of merit, as it is related to

the extinction cross-section σe, which is the probability
that radiation interacts with a single metallic nanostruc-
ture through a plasmonic resonance. Other relevant mag-

FIG. 2: Geometrical arrangement of the system (a). Charge
and angular scattering distributions for the dipole (b) and
tetrapole (c) modes of a single bar. The angular scattering in
(c) has been scaled up for the sake of clarity. Panel (d) shows
σe of a single bar as a function of λ.

nitudes for the LSP are the absorption cross-section σa

and the scattering cross-section σs, the probabilities that
radiation is absorbed and scattered through a plasmonic
resonance of a single element, respectively.

Taking control of parameters such as the range of λ or
the size of the bars allowed us to study the SLR resulting
in the hybridization of the diffraction channel with basi-
cally two different kinds of LSP. The first one showed a
localization of opposite charge at both ends of the bar, as
shown in Fig.2(b). The angular scattering distribution of
this LSP is also shown in Fig.2(b), being like that of a
dipole. We will refer to this excitation as a dipole mode.

The second excitation, the tetrapole mode, is charac-
terized by a four pole charge distribution, with opposite
charge at both ends of the bar and between the center
and each end of the bar, as can be seen in Fig.2(c). In
this case, the angular scattering profile (see Fig.2(c)) ex-
hibits a considerably lower magnitude than the dipole
one, which will be significant for the discussion in section
III.

In Fig. 2(d), the extinction cross-section σe of an Au
bar is shown. Two peaks can be recognized, the bigger
one corresponding to the dipole mode and the smaller
one, at lower wavelengths, corresponding to the tetrapole
mode. All results will be discussed under the Fano model,
in which σe of a single bar can be modified into the ex-
tinction Ex of the plasmonic array via the equation

Ex(E) =
(ξ(E) + q(E))

2

1 + ξ(E)2
σe(E), (3)

where now all Fano parameters are dependent on the
energy E and the coupling parameters ν, w, and g, under
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the relations[6]

q(E) =
νw/g

Γm(E)/2
+

E − Ep

Γp/2
, (4a)

ξ(E) =
E − Ed

Γm(E)/2
− E − Ep

Γp/2
(4b)

with Γm(E) = 2πν2L(E), a new parameter related to the
SLR spectral width, where L(E) is the Lorentzian distri-
bution function L(E) = L(E)/πΓp, for L(E) defined in
Eq.1. More details are given on Appendix VA. It should
be noted that the coupling parameters will depend on
various factors that will characterize how good the two
excitations hybridize.

III. RESULTS AND DISCUSSION

Here we present the results of our simulations for the
two cases studied. Both of them confirm that SLR ex-
hibit one of the assymetries characterizing Fano reso-
nances: the response of the system varies depending on
the relationship between the energies of the two exci-
tations forming the hybridization. This translates into
the fact that the behavior of SLR will not be the same
whether the diffraction channel has lower or higher en-
ergy than the base LSP. Given that all these excitations
are driven by electromagnetic radiation, it is more con-
venient to study this assymetry in geometrical terms and
take into account the relation between the wavelengths
of the LSP and the diffraction channel. For the former,
this will be λp, the wavelength at which the extinction
of the LSP excitation is maximum; and for the latter,
the wavelength of the excitation will be the pitch of the
array, Λ.

A. Dipole mode hybridization

In this part of our work, we excited the dipole mode
of an Au bar of l = 400 nm and d = 40 nm. The array
pitches were between Λ = 800 nm and Λ = 1600 nm and
λ of the incident radiation was within 1100− 1700 nm.

Our results show that SLR manifest the energy as-
symetry we introduced earlier. In Fig.3, we show how the
electric field intensity varies in one Bravais cell, along the
direction perpendicular to the long axis of the bar pass-
ing through its center, measured at the λ for which the
Ex of each system is maximum, λm. Taking into ac-
count that the maximum of the dipole mode corresponds
to λp = 1375 nm, it is clear that the electromagnetic
response behaves differently depending on whether Λ is
greater or less than λp. In fact, when Λ < λp, the electric
field is concentrated near the bar, exhibiting a similar re-
sponse to that of a LSP. However, as Λ increases, the
electric field grows far away from the bar. For very high
pitches, when Λ > λp, the electric field develops a max-
imum at the border of the Bravais cell, just at the mid-
point between the nearest neighbors of the array. This

FIG. 3: Electric field enhancement profiles on a Bravais cell
along the direction indicated in the inset, computed 10 nm
over the bars for the dipole mode, at λ = λm for each case.
Three colors were added to better distinguish the three dif-
ferent behavior regimes, being green for low pitches, blue for
intermediate pitches, and purple for high pitches.

field distribution is a direct effect of the constructive in-
terference among the scattered radiation by the elements
of the lattice, meaning, of the diffraction.

Furthermore, the electric field enhancement reaches
much higher values when the diffraction dominates over
the LSP, due to the fact that the scattered energy of a
single element still interacts with the system and it is
not radiated away. Moreover, it can be observed that,
for Λ on the order of λp, an intermediate region exists
where the system is not entirely dominated by the LSP
nor the diffraction. In fact, for these values of Λ, the
principal contribution to the electric field is still near the
bar, but the array effects start to be noticeable in the
form of curvature in the field profile far away from the
bar. Also, in this region, the field enhancement over the
array exhibits a maximum and then starts decreasing as
Λ reduces. This effect can be understood in terms of the
depolaraizing effect that starts to take place as dipoles
get closer to each other. So, more energy is required to
sustain the dipole charge distribution and less is radiated
into the near field.

One of the factors determining the intensity of this en-
hancement is the quality of the diffraction process. Un-
der perpendicular incidence, the bars will scatter radia-
tion as shown in Fig.4(a). In particular, for λ = Λ, the
diffracted beams are in-plane. Then, the intensity of the
scattered wave can be roughly estimated by the scatter-
ing efficiency εs = σs/S, where S is the geometrical area
of the scatterer perpendicular to the incident wave. So,
at the maximum of the LSP, εs ≈ 35 ≫ 1, indicating
that the magnitude of the diffraction will be consider-
able and high hybridization between the two excitations
is expected.

A further indicator of this good mixing lies in the Ex
spectrum. For all the studied cases, two peaks could be

Treball de Fi de Grau 3 Barcelona, June 2023



Fano resonances in plasmonic nanoarrays Joan Núñez Corbacho

FIG. 4: Diagram of the diffraction ocurring in the array (a).
Panels (b), (c), and (d) show Ex as a function of λ for Λ
equal to 1150 nm (b), 1300 nm (c), and 1450 nm (d). Plots
of the Fano model calculated using Eq.3 are included in the
insets, with parameters ν and w/g equal to 2.5, 0 (b) and (c),
and 12 and 6 (d). The units of ν are in terms of the discrete
excitation width.

identified by looking at whether the electric field was con-
centrated over the bars or at the space between them. It
was found that one of the peaks corresponded to a LSP-
dominated excitation and the other one to a diffraction-
dominated excitation. Three illustrative examples can
be found in Fig.4. These spectra can be seen as the
perturbation of the single bar σe, shown in Fig.2(d). In-
terestingly, for low and medium Λ, the dominant peak
resembles the symmetric peak of the isolated bar, but,
for higher Λ, the dominant peak bears an asymmetric
line-shape, corresponding to the hybridization with the
diffraction. Also, for Λ < λp, the dominant peak appears
at λ similar to λp and the other one near Λ, but for
Λ > λp, the bigger one appears near Λ and the smaller
one appears left of λp. In other words, the excitation
with lower energy is magnified by the hybridization and
the other one is reduced and pushed to higher energies.

Finally, another way to interpret these results is by
using Eq.3-4a-4b, and the parameters corresponding to
σe of the LSP excitations. Playing with the free coupling
parameters ν and w/g, we can approximate a line-shape
bearing the relevant characteristics of Ex(E) that will be
informative of the nature of the hybridization. For our
case, when the LSP dominates over the diffraction, our
data resembles a line-shape with w/g ≈ 0, indicating that
the direct coupling of the photons with the diffraction
channel is very weak and the excitation of this mode
takes place essentially through the LSP. The opposite
case happens for high Λ, when the array-effect dominates
and w/g > 1. In every case, the mixing factor ν is high,
indicating that the coupling between the two excitations
is strong and the hybridization is favored.[6]

B. Tetrapole mode hybridization

The second kind of simulations performed studied the
tetrapole mode with an Au bar with l = 800 nm and
d = 20 nm, with λ between 1000 and 1400 nm. Now
λp = 1170 nm, so Λ was in between 1000 and 1350 nm.

FIG. 5: Electric field enhancement profiles on a Bravais cell
along the direction indicated in the inset, computed 10 nm
over the bars for the tetrapole mode, at λ = λm for each
case. Three colors were added to better distinguish the three
different behavior regimes, being green for low pitches, blue
for intermediate pitches, and purple for high pitches.

Now, simulations show that LSP does not hybridize
well with the diffraction channel. In fact, rather than
magnifying the response of the system, the array effect
seems to hinder the LSP. One indicator of this is again
at the electric field profile shown in Fig.5. Now, the field
distribution is concentrated near the bars for all Λ, indi-
cating that the LSP always dominates, in contrast with
the dipole mode. Nevertheless, array effects can be per-
ceived for Λ ≈ λp as the faint curvature in the profile lines
near the borders of the Bravais cell, but they are almost
negligible. Furthermore, instead of reaching a maximum,
the field enhancement reaches a minimum, further indi-
cating that now LSP and diffraction do not hybridize
well.
An indicator of this poor hybridization can be found

again in the quality of the diffraction process. As shown
in Fig.6(a), now the optical response of the LSP is domi-
nated by σa, being σs considerably lower. Quantitatively,
εs ≈ 1, in contrast with the dipole mode. Then, only a
poor hybridization of the two excitations is expected.
In addition, Ex spectra shown in Fig.6(b)-(d) all re-

semble the Lorentzian profile characterizing LSP, with a
dip about λ = Λ. Therefore, the two excitations do not
add up, but instead, the array interferes with the LSP
tampering its optical response.
By using Eq.3-4a-4b, we can produce similar line-

shapes as those obtained in our simulations. Now, all
of them comprise low values of both w/g and ν, indi-
cating that the continuous LSP always dominates over
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FIG. 6: Absorption cross-section σa and scattering cross-
section σs as a function of λ for the 800×20×20 nm3 bar (a).
Panels (b), (c) and (d) show Ex as a function of λ for Λ equal
to 1100 nm (b), 1200 nm (c), and 1300 nm (d). Plots of the
Fano model calculated using Eq.3 are included in the insets,
with parameters ν and w/g equal to 0.015 and 0.015 (b), and
0.03 and 0.05 (c) and (d). The units of ν are in terms of the
discrete excitation width.

the discrete diffraction and that the two excitations hy-
bridize poorly, as expected. These values reflect the weak
coupling between the photon and the diffraction channel
explaining the low quality of the hybridization. Conse-
quently, the diffraction tampers the LSP instead of mag-
nifying it, unlike the case of the dipole mode.

C. Comparison between both modes

In order to characterize the nature of the hybridization
giving rise to the SLR it is useful to look at which λm

the optical response of the system is maximum. In Fig.7,
we plot λm as a function of Λ for the two LSP stud-
ied. Fig.7(a) shows that for the dipole mode the three
regimes described in section IIIA can be recognized. For
lower Λ, λm is near λp as the LSP dominates and de-
creases as the bars get closer together because of the
depolarizing effect. For higher Λ, instead, the diffraction
dominates, and so λm ≈ Λ. This behavior is characteris-
tic of a crossing interaction between the two resonances.

On the other hand, in Fig. 7(b), the behavior is com-
pletely different. For Λ < λp, λm is near λp, meaning
that the LSP still dominates with a small influence of
the array. However, now, for Λ > λp, the diffraction
effect becomes completely negligible as λm = λp. Inter-
estingly, when Λ ≈ λp, λm seems to increase, a sign that
the two excitations seem to repel each other. All this
phenomenology indicats a kind of anticrossing between
the two resonances.

FIG. 7: λm as a function of Λ for the dipole mode-SLR (a)
and the tetrapole mode-SLR (b). The gray dashed lines corre-
spond to Λ = λp and λm = λp, and the magenta lines sketch
the assymptotical behavior of the data. Error bars for the
data in panel (a) are about the size of the dots. Error bars
are included for panel (b) with the spectral resolution of our
simulations.

IV. CONCLUSIONS

We have shown that SLR can be described as the hy-
bridization between LSP and a diffraction channel, and
that the characteristics of each excitation determine the
quality of the resonance. We have also shown two dif-
ferent cases of this hybridization, a crossing and an anti-
crossing. We can conclude that when the coupling of the
incident photons with the diffraction is strong, the re-
sponse of the system is magnified, and SLR can either be
determined by LSP or diffraction; but when the coupling
is weak, the array effect induces destructive interference
between its elements, and SLR only exhibits features of
a hindered LSP.
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V. APPENDIX

A. Fano Model in Plasmonics

In this section we aim at showing that SLR are ex-
pected to follow a Fano line-shape as described in Eq.2.
For that purpose, we shall adopt Dirac’s formalism, un-
der which the SLR will be a mixed state |Ψ⟩ between
a quasi continuous state |c⟩, corresponding to the LSP,
and a discrete state |d⟩, the opening of the diffraction
channel. We can introduce the independent Hamilto-
nian H0, such that ⟨c′|H0 |c⟩ = Ecδ(c− c′), ⟨d|H0 |d⟩ =
Ed, and ⟨c|H0 |d⟩ = 0. Then, we can induce a mix-
ing of the two states as a perturbation H′ such that
⟨c|H′ |d⟩ = ν

√
L(E), where ν is a real mixing parameter

and L(E) is the Lorentzian distribution function equal
to L(E) = L(E)/πΓp, for L(E) defined in Eq.1. In other
words, we are considering a system with well-defined en-
ergy states and we are introducing a small mixing be-
tween them, with the reasonable assumption that the
mixing factor is proportional to the line-shape of the con-

tinuous state, meaning |⟨c|H′ |d⟩|2 = ν2L(E). Then, the
SLR will be the mixed state |Ψ⟩ solution of the eigenvalue
equation H |Ψ⟩ = E |Ψ⟩, for H = H0 +H′. The interest-
ing part will be that the optical properties of the system
can be described by considering the interaction of a pho-
ton |i⟩ with the SLR, modeled under a coupling operator

W such that ⟨i|W |d⟩ = w and ⟨i|W |c⟩ = g
√

L(E),
where w and g are the coupling parameters of the pho-
ton with the discrete and continuous states, respectively;
and the same assumption of proportionality to the line-
shape has been made. This way, we should be able to
reproduce how the LSP is modified into the SLR via the
magnitude[6]

F (E) =
|⟨i|W |Ψ⟩|2

|⟨i|W |c⟩|2
. (5)

Surprisingly, this quantity can be calculated as a func-
tion of only the mixing parameters ν, w, and g, by com-
puting |Ψ⟩ as a function of |c⟩ and |d⟩, and then simply
calculating ⟨i|W |Ψ⟩. After defining new quantities, one

can get

F (E) =
(ξ(E) + q(E))

2

1 + ξ(E)2
, (6)

where now all Fano parameters are dependent on the
energy E under the relations given in Eq.4a-4b.

B. Lumerical software

All simulations throughout this work were performed
using Lumerical’s FDTD software.[5] This software’s
method works by creating a spatial and temporal grid

FIG. 8: Screenshot of Lumerical’s interface simulating a SLR.

and then solving Maxwell’s equations on each point of
the grid. Different materials can be defined by giving
different values of the refractive index n and the absorp-
tion coefficient κ to each point of this mesh. The software
included a visual interface, shown in Fig.8, which allows
to easily create different simulations by building custom
light sources and metallic structures with tabulated val-
ues of n and κ. All physical objects needed to be set
inside a simulation environment, whose boundaries could
be set with periodic boundary conditions, allowing for an
effective simulation of an infinite periodic system. The
meshing needed to perform the FDTD method can also
be customized in order to obtain a good resolution and
computing time.
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