HANKEL OPERATORS ON EXPONENTIAL BERGMAN SPACES
ZHANGJIAN HU AND JORDI PAU

ABSTRACT. We completely describe the boundedness and compactness of Hankel oper-
ators with general symbols acting on Bergman spaces with exponential type weights.

1. INTRODUCTION

Hankel operators acting on Bergman spaces is an important area of research in the
theory of operators acting on spaces of analytic functions. Most of the theory of Hankel
operators on standard Bergman spaces is well understood, but not so much is known for
large Bergman spaces. The function and operator theory acting on large Bergman spaces
on the unit disc D of the complex plane C is just developing, and it is our purpose to
study big Hankel operators acting on such spaces. For a strictly subharmonic function ¢
on D and 0 < p < oo, let L7 consist of those Lebesgue measurable functions f: D — C
such that

1l = { / \f(z)e“”(z)lpdfl(z)}p <o, 0<p<oo

£l = sup|f(2)]e™?) <00, p=o0,
zeD

and consider the weighted Bergman space A? = L7 N H(D). Here H(DD) denotes the set
of all holomorphic functions in D and dA is the Lebesgue area measure on C. We also
use L to stand for the usual Lebesgue space LP(D,dA).

In this paper we are interested in A? with weight function ¢ € W, which was first
introduced in [10]. To describe W, precisely, let Cy be the family of all continuous
functions p on D satisfying lim,,; p(z) = 0. Set

Ez{p:D—)R:pGCO, lpll = sup M<oo},
z,weD, z£w ’Z - ’LU’

and let Ly consist of those p € L with the property that for each € > 0 there is a compact
subset £ C D with

|p(2) — p(w)| < elz —wl
whenever z,w € D\ E. The class W is defined as

1

Wy = € C*(D) : Ap >0, and Ip € L, such that ~ }

0 {@ (D) : Agp p € Lo Vv i
Here and afterward, the expression A ~ B means there exist two positive constants c;
and ¢y independent of the functions being considered such that c;A < B < ¢ A.

It is easy to verify that A? is a Banach space when 1 < p < oo, and Ai is a Hilbert
space. These spaces are also called large Bergman spaces because it usually contains all the
standard Bergman spaces. Examples of weighted Bergman spaces with ¢ € W, includes

2010 Mathematics Subject Classification. Primary 47B35; Secondary 30H20 .

Key words and phrases. weighted Bergman spaces; Hankel operators; d-equation.

The first author is supported by National Natural Science Foundation of China (No.11771139). The
second author is supported by the grants MTM2017-83499-P (Ministerio de Educacién y Ciencia) and
2017SGR358 (Generalitat de Catalunya).

1



2 ZHANGJIAN HU AND JORDI PAU

exponential Bergman spaces, double exponential weighted Bergman spaces, and also some
non-radial weighted Bergman spaces (see [10, 16]). With the Bergman reproducing kernel
K(-,-) on A?a one can define the Bergman projection P as

P(g)(z) = / 9(E)K (2, O)e OdA(€).

For 1 <p < oo, P is bounded from for L? to A7, and P| Az, the restriction on A% is just
the identity operator Id (see [10] for details).
Given some symbol function f, one defines the so-called Hankel operator H; as

(1.1) Hy(g) = (1d = P)(fg).
From [10] we know that

N
= {ZajK(-,zj):NEN,aj €C,z; €D, for1 <y SN,}
j=1

is dense in A?. Therefore, to let Hy make sense on I' we naturally consider those f in the
symbol class S defined as

S = {f measurable on D : fg € L:Q for g € I'}

(from Theorem 3.3 in [10], [[K (-, 2)||re < oo so that P(fg)(z) is well defined for f € S,
g € I'and z € D). The purpose of this work is, for 1 < p,q < 0o, to characterize those
f € S such that Hy is bounded (or compact) as an operator acting from AP to L. The
descriptions obtained are presented in section 4.

As in [10], we write BDK to be the weight class introduced by Borichev, Dhuez and
Kellay in [3]. We know BDK C Wy and Wy \ BDK # (). The Bergman space A2 with
¢ € BDK have been studied in [2, 3, 6, 7, 9, 16, 17].

Given Banach spaces X and Y, and some linear operator from X to Y, we use || - ||x
and ||T||x_y respectively to stand for the norm on X, and the operator norm of 7.
Throughout this paper, we use C' to denote positive constants whose value may change
from line to line, but do not depend on functions being considered.

2. SOME PRELIMINARY

We are going to present some basic conclusions that will be used in the following
sections. Let ¢ € W, with ﬁ ~ p € L. We define a distance d,(z,w) on D as

: v dt
dyfz) = int [ 10

where the infimum is taken over all piecewise C' curves 7 : [0,1] — D with v(0) = z and
(1) = w. It is mentioned in [5] that d,(-,-) is equivalent to the Bergman distance £,(-, )

induced by the Bergman metric %%dz ® dz.

The estimates on the Bergman kernel play an important role in our analysis. The
following lemma comes from [10].

Lemma 2.1. Let ¢ € Wy with ﬁ ~ p € Ly. There are positive constants C,Cs, 0 and

d such that
(2)+o(w)
K (z,w)| < Ci————e 7%EY)  for 2 weD,
p(z)p(w)
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and
e?(2) gp(w)

p(z)p(w)

For K.(-) = K(-,2) € HD) and 0 < p < oo, with Lemma 2.1 and an elementary
calculation as that of Corollary 3.2 in [10] we obtain

|K(z,w)| > Cy for d,(z,w) <d.

2_
(2.1) K|~ P p(z)p 2,

Write k. ), = HK i

LP
For z € D and r > 0, set D(z,7) = {w : |lw — z| < r} to be the Euclidean disc with
center z and radius r. Write

B,(z,r) ={w e D:d,(w,z2) <r}and D"(z) = D(z,rp(2)).

to denote the normalized reproducing kernels in A7,

The following lemma is from [10].

Lemma 2.2. Let p € L be positive. Then there exists a > 0 with the following properties:
(i) There exist constants Cy and Cy such that

(2.2) Cip(w) < p(z) < Cop(w)

for z € D and w € D*(z).
(ii) There exists a constant B > 0 such that

(2.3) D"(z) € DP"(w), D"(w)C D""(z)

forw e D" (z) and 0 <71 < a.
(iii) There exist positive constants ¢; and co such that
(2.4) B,(z,c1r) € D"(2) C B,(z, car)
forzeD and 0 <7r < a.
Moreover, if a is small enough, we can take Cy = 1/2; Cy = 2 in part (i) and B =4 in
part (ii).
For our analysis we need a covering lemma which is almost identical to Lemma 3.1 of
[3].
Lemma 2.3. Let p € L be positive. There are positive constants o and s, depending only
on ||pll , such that for 0 <r < « there exists a sequence {z;}32, C D satisfying
(1) D = Uj»1D"(z5);
(ii) D*"(z;) N D (2y,) = 0 for m # j;
(iii) {DQa(zj)};?‘;l is a covering of D of finite multiplicity.

A sequence {z;}52, satisfying (i)-(iii) of Lemma 2.3 will be called a (p, r)-lattice. Given

some (p,r)-lattice {2;}32,, by the statement (iii) of Lemma 2.3 we have some integer N
so that

oo
(2.5) ZXDBT () <N forzeD.

Here and afterward, y g is the characteristic function of a subset E of D. In what follows
we always take a > 0 as that in Lemma 2.2 and Lemma 2.3. The next lemma has already
been obtained for ¢ € BDK in Arroussi’s dissertation [1].
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Lemma 2.4. Let ¢ € Wy, 0 < p < oo, and let {2}32, be some (p,r)-lattice with
0 <7 < a Then for A = {)\}2, € (P, we have 377, )\ ik p € AP with the norm
estimate

(2.6) < CA -

Z )‘jkzjap
j=1

Proof. We treat the case 1 < p < oo first. Let ¢ be the conjugate exponent of p. For
f € H(D), by Lemma 3.3 in [10] we have

Ne—e@P <« _C D@ P dA(w). =
(2.7) £ < 2w /mz)!f( Je ?|" dA(w), zeD.

Ly

Hence,

Z‘K zje“’zﬂ‘pzj <C’Z/ e“”(’:!dA

T(Z])

< O],
Then, for each N, Holder’s inequality implies

Z})‘jk%p(z)‘ < (Z]/\j\p> <Z|7€zj,p(z)!q>q

j=1 j=1

C ||/\||£p (Z ‘Kz(zj)e_ﬂa(z]')‘qp(zj>2)

=1

< Oy 1K < oo.

A

IN

This implies that Z;; Ajk-, » converges uniformly on compact subsets of . Furthermore,
for any g € AZ,

E ‘ zJ p7

1\ig(z))]

“KZjHLfZ

Jj=1

¢ Z Al ‘g<zj)ew(zj)‘ P(Zj)Q_;
Jj=1

el Y <Z /D " }g(&)e‘*"“)\qu@))q

CliMe Nz

IN

IN

IN

Therefore,

< ClAle llgllze-

J=1

<Z )‘jkz]-,p79> < Z ‘</\jkzj’P’g>L?p
Jj=1 L2

Theorem 4.3 in [10] tells us that the dual of A? is AZ for 1 < p < oo and the predual of
A¥ is A}. From these we obtain (2.6) for 1 < p < oo.
For 0 < p <1, by (a+b)? <aP + b for a,b > 0 we have

N p 00
SNkl < S el = I
j=1 Jj=1

L
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U

In our analysis, we are in need to use the notion of Carleson measures. Here is the
definition.

Definition 2.5. Suppose p is a positive Borel measure on D and 0 < p,q < oo. If the
embedding 1d : AY — LY(D,e~%dpu) is continuous (or compact) then i is said to be a
q-Carleson measure (or a vanishing q-Carleson measure) for AL.

As on the classical Bergman spaces we are going to use ji,. to characterize Carleson
measures shown in the following proposition. For ¢ € BDK, the weight class introduced
in [3], all conclusions in Lemma 2.6 except the estimate (2.9) were represented as Theorem
1 in [16] (although it is given there in a different form). Fortunately, the proof of that
in [16] works well in the present setting with only one adjustment that the test function
Fonp(2) there should be replaced by

Fu(2) = kaoo(2) = pla)’ Ko(2)e™#,

because F, ,,,(2) is available only when ¢ € BDK (particulary, ¢ must be radial), see [3]
and [16].
Given p as above and 0 < r < a, set

N D" (z
fir(2) = %7
where |D"(2)| denotes the area measure of D"(z). Notice that [D"(z)| =~ p(2)?.
Proposition 2.6. Let p be a positive Borel measure on D.
(A) For 0 <p<q<oo, uisaq-Carleson measure for A if and only if

sup 7ir(2)p(2)?07%) < o0
z€eD

for some (or any) v € (0,a]. And pi is a a vanishing q-Carleson measure for AP,
if and only if
lim 73, (2)p()2(' %) = 0

|z| =1
for some (or any) r € (0, q].
(B) For 0 < ¢ < p < oo, p is a g-Carleson measure for AL if and only if p is a
vanishing q-Carleson measure for AL if and only if
fir € Lva
for some (or any) r € (0, q].

When p 1s a q-Carleson measure for AY, there holds

~ 1 1_1 .
28) Ml rapesean = ()7 oG] r0<p<q<os,
and
~ 1 .
(2.9) ||Id||A$—>L4(D,e—Wdu) = H(Mr)q 3 if 0 < q<p<oo.

Proof. We only present the proof of the estimate (2.9). For this purpose we first prove

1
(2.10) 1 Gr) o 1], o < ClMA|| 4o Lo e=sedy)-
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As in [16] we use an argument of Luecking (see [14]). Let {z;}32; be some (p,7)-lattice,
and take {¢;}22, to be a sequence of Rademacher functions on [0, 1]. For A = {\;}32, € (?
consider the function G, defined as

Z)‘JQZ)J Zyp (2).

From Lemma 2.4 we know [|G¢|[42 < C||Al[ee. If g is a g-Carleson measure for A?, then

1GNP d(z) < 1 s |6

Integrating with respect to ¢ from 0 to 1, applying Fubini’s theorem, and invoking Khint-
chine’s inequality we obtain

q
2

/]D) <Z |)\j|2|kzj,p(z)|2) e_qcp(z)d:u( ) < CHIdHAPHLq D,e—9°dy) ||)‘||(lgp'
j=1

On the other hand, by Lemmas 2.1-2.3 and (2.7), one gets

q
2

/ (Zw-mj,p(z)ﬁ) e du2)
D\
>OZ / ( IAj|2|kzj7p<z>|2> e du(2)
s Zk)
203 [ Inblbaflte i)
Tzk)

> CZ Melp(er)® 7 T (21)-
k=1

N

Therefore,

29 __

|/\ ‘q k: 7? (Zk) < C’HIdHAPHLq D,e—9%d ||>‘||zp
L)

By the duality between 7/4 and ¢*/("~%9 we have

pP—gq

P

—~ _p_
(2.11) (Z P(Zk)gur(?«’kz)”> < ClAN %, pae-avdp
k=1
Meanwhile, it is easy to verify that, for z € D"(z),
~ _pP_ ~ _b_
PR <Y )
J:D7(z;)ND7 (z),)#0

Therefore,

75 <3 [ A £ O3 ae )
k=1 zk)

7j=1

This and (2.11) imply (2.10).
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To prove the other direction, for f € H(D) applying (2.7) and Holder’s inequality to
obtain

[ @)

7=1 (%5)
<O fi(z)p(z)? sup  |f(E)|%e2®
j=1 £ED"(25)
<C (Z ﬁr(zj)&p(zj)2) <Z p(z)? sup |f(§)’pe—pso(£))
=t = £€D"(z))
<C (Z ﬁr(z]‘)zﬁzp(z‘jf) (Z/ |pe_W(C)dA(C))
Jj=1 DQT(ZJ)
Cllell 2 1170

LPp—q
This means

rq -

o 1
1l a0, e-vvay < CIN7 o = C | )’

Lpr—a
From this and (2.10) we obtain (2.9). O
3. SOME O-ESTIMATES
By Lemma 2.1 and Lemma 2.2 (iii) we have some a > 0 such that K.(§) = K(¢, z)

does not vanish for £ € D*(z). Given any r € (0,/3] and a (p,r)-lattice {z;}52,, let
{152, be some partition of unity subordinate to the covering {D"(2;)}52,. Precisely,

¢; € C=(D), Suppty; C D'(z;) and ¢ >0, Y ¢ =1.
j=1
Set

_ / G(2, &) F(E)AA(E).

Lemma 3.1. Let p € Wy and 1 <p < oco. Then T is a bounded linear operator on LE.

Define an integral opertor T' as

Proof. We will use interpolation to prove this lemma. By (2.7), and by Lemma 2.1, 2.2
we have

je{k:£eDr (z1)}
< Cev® / K.(O)e#OdA(Q).
D27 ()

Write

e~ P&
(3.1) Q(z,€) =

IV EEINZSY ] e ?©) .
e o el A0
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We have
(32) G(2,6)] < CQ(2,9).
For f measurable on D, set
nHE = [ eEos©e
and

BHE = [ o de.

To prove the conclusion of the lemma, from (3.2) we need only to prove that both 77 and
T are bounded on Lf. For T, by Lemma 2.2, we have

Tl < [ ([ xoo©eEol@laae) o)
= [l ([ wo©aeoeae) dae

< [ui(f, ewgeiac) e

Putting the expression of Q(z, &) inside and using (2.1), we obtain

67‘19(2)
) e ¢ - 2] e O e
e < oo ([ e [ e 0aagaae) ) aae

6_90(3)
e_¢(£) - 2 Ll Z
< [l ( / o T 16 A >) QA(E)
< ¢ / F©)le#OdAe) /D  EE ilp@dw»

Using polar coordinates, it is easy to see that

1
—dA C
Lo EAR < O0tE)

so that, we finally obtain

Ty < € [ 17©1e9aAE) = C

proving that 7 is bounded on L}. Similarly,

IT ()l = supe Q(z,&)[f()]dA(E)

z€D Dr(z)
1
< sz [ e o KO0 dage
1
< C o0 ———dA
< OWlhzmp [ ©
< Ol

Set M., to be the multiplier that M..(f) = fe¥. It is easy to see M., is an isometry from
LP to Lg with the inverse M,-.. Therefore, M, T} M. is bounded both on L' and L.
By interpolation, Mc-»T1 M is bounded on LP which implies 77 is bounded on L%.
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For T5, applying Lemma 2.1, we have

. |£(E)]e#® 2e#©)
miel < [ B (L K@k 9aa0) aa

e?(2) |f( )|e=#&) e 7% (A dA(C)
< 9m )/D\Dr le— 0@ </Dzr(@ o0 )d"“@

=) e(&)
C e¥ [f(©]e~** ( —ody(C2) g 4 ) JAE),
p(z)? /]D)\D’“(z) p(€)? /DQT(O € () (€)

On the other hand, d,(-,) is a distance on D. From Lemma 2.2, part (iii), there is some
constant C' such that, for ¢ € D* (),

dp(&,2) < dp(€,C) +dp(C,2) < C+dy(C, 2).
Thus, for ¢ € D¥(€), we have e~7%(2) < C'e%(&2) Tt follows that
eLp

2O =0do(€2) g A(£).
7o NUNICEael ¢

With this estimate and [10, Corollary 3.1] we obtain

A
||T2f||L}p <C / (/ ’f@”e—cp(f)e—adp(&,z) dA(g)) dA(z)

= [iero ([ S aam ) aae

<l

(2)

Taf(2)] < C

Similarly, for p = co we have

1
T o < su
|| 2f||L¢ = ZEHI; p(2)2

eia‘dp(gvz)
< Cfllzs sup / A
D

zeD ,0(2)2

< Cllflleg-

With the same approach for T3, by interpolation we know that 75 is bounded on L as
well.

/ F(©)le#Ocobl€2) dA(¢).
D\D" ()

O

Set C2° to be the family of all C'"° functions with compact support in D. Given f

Lebesgue measurable on I, for z = x + 4y one can define the weak derivative gx and 2 8y’

see [4]. Set oL =1 {% g—i} and 2L =1 {% +z%}. Since we deal with functions of

one complex variable, we can use f to stand for ‘?—é for short.
Theorem 3.2. Let ¢ € Wy. Given f be measurable on D such that pf € L}p, set

33) w2 =K [ A o

Then u solves the equation Ou = f weakly in D. Furthermore, for 1 < p < oo there is
some constant C' > 0 such that

(3.4) lully < Cllpfllze-
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Proof. For a function f with pf € L, one has u(z) = T(fp)(z). Then Lemma 3.1 implies
Jullzy < CprﬂL{; which gives (3.4).
For f € C'(D), Cauchy-Pompeiu formula tells us that (see Theorem 2.1.2 from [4])
o [ f©)
3.5 dA fi D.
(35 5 | £ELaae = 1) forz e

Then for ¢ € C*(D) and f € Lj,., (3.5) and the fact that K, € H(D) imply

loc)

' ¥;(€) AN
(1.0 [ g o, 32>L2— (b

Set

9= LI [ e el

ZJ

We have
u(z)] < U(2).
By the fact that Supp; C D"(z;), applying Lemma 2.1 and Corollary 3.1 from [10] to

get
: Pty ORI
Ue) = 02 ST Sy T O i 1A

© ol2) |
< cz / Ui |6 pe)ev1aae)

p(2) Jprisy) 1€ = 2]
o(2)
- i “O|dA(E
i L A
Write Q2 = Supp ¢ which is compact. Then,
/U(z) 99 dA(z)
D
O e‘P (2) o
<c [ |50 T Lo laae
OFL . 1
C L‘ Iy . E—— |
<c|=5 o / p() (e (5);%(&) | e
=) de¢ B ad
o€ (&) (E)dA
o en I ACICRa RO
=) d¢ B
C e’ e1A
el e I AZGLGEE
< 00.

Hence, we can apply Fubini’s theorem to obtain

[P @aae = [ (Zmz) / #%@f(i)dfl(é)) 2 c)aA(z)

D

- 3 [ (10 [ 2 Sr9aa0) Feac)
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Therefore,
AN <K | ¥5(9) A @>
()., 2.\ e One )
= _Z<f¢ja¢>L2
j=1
= - <fa ¢>L2 .
With this we know % = f weakly.

4. HANKEL OPERATORS FROM A{; TO L?D

Recall that

N
r:{Zaszj :N€N,a; €C,z €D, for1§j§N,}
j=1
and

S = {f measurable on D : fg € L}Q for g € T'}.

Corollary 4.2 from [10] tells us that I' is dense in AP for all 0 < p < co. Hence, for f € S
the Hankel operator Hy is densely defined on A%. Therefore, a function f € S can be
used as the symbol to define a Hankel operator on A?.

The following lemma sets up a bridge between Hankel operators and the solution to
0O-equation in Theorem 3.2.

Lemma 4.1. Let ¢ € Wy with ﬁ ~ p € Ly, and suppose that f € S with pOf € S,
where the derivative is in the weak sense. Then for g € I' there holds

(@) Hylg) = u— P(w),
where
(1.2 ue) =3 1) [ 2 s aac

Proof. Since pdf € S, for g € T’ we have gpdf € L}D. For u defined as in (4.2), Theorem
3.2 implies u € L¥, with
(4.3) lull 2 < Cllg(pdf)] e

Meanwhile, fg € Lio for g € I'. Then, fg —u € L}O, and Theorem 3.2 tells us that

O(fg —u) = gdf — Ou = 0, showing that fg —u € Al. Since Pl = 1d, we have
P(fg—u)=fg—u

Therefore,
Hy(g) = (u—P(u)) = fg— P(fg) = (u—P(u)) = (fg —u) = P(fg —u) =0,
from which (4.1) follows. O

To characterize the boundedness (or compactness) of Hankel operators H, we need an
auxiliary function G,,(f) which is an analogue of the one first introduced in [13], when
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Luecking studied Hankel operators on the standard Bergman space AP. Let ¢ > 1 and
0<r<a. For f e L] wedefine G,,(f) to be

: 1 q ‘) r
Gor(f)(z) = inf { (m - |f =1 dA) :he H(D (z))} , zeD.
For f € L},.(D),1 <g<ocand 0 <r<a, write
1 .
M, Y 744
N6 = iy [ raa)

to be the ¢-th mean of |f| over D"(z).
Our analysis on the Hankel operator going from A? to L will be carried out in two
cases: 1 <p<g<ooand 1 <qg<p< .

Theorem 4.2. Let p € W, with\/%@:peﬁo, and let 1 < p < q < 0. Sets:%—
Then for f € S, the following statements are equivalent:

(A) Hy: AP — L{ is bounded;

(B) For some (or any) 0 <r < «a, p*Gy.(f) € L>;

(C) f admits a decomposition f = fi + fo, where fi € C1(D) satisfying

SRl

(4.4) p*Hof] e L,
and fo has the property that, for some (or any) 0 <r < a,
(45) oMy, () € L.
Furthermore, for 0 <r < a,
(4.6) IHllap 2 = || 0% Gor ()] -

Proof. (A) = (B). For « as in Lemma 2.2, Lemma 2.1 tells us that there is some constant
C' > 0 such that

inf |k, ,(&)] > C’p(z)_% e?® >0  for z e D.

Then, gl,pP(sz,p) € H(D(z)), and

ke lfy = [ 178:0l®) = PO da(e)

¢ o1
> [ sl |10 - g PR

q

(&) dA(f)

(4.7)
2 1 e
>Cpe) % [ €)= o PUR)(©)] dA)
Dr(2) k.p(§)

> C{p(2)*Gyr ())(2)}".
On the other hand, ||[Hy(k:p)70 < [Hfll% 10 [E=plln = [1Hfl% ,,q- Therefore, we
have
(4.8) p(2)2G . (f)(2) < ClHf||ap—pz for all z € D.

From this, the statement (B) follows.

(B) = (C). Suppose [|p**Gqr(f)||~ < oo for some r € (0,0]. Fix a (p, §)-lattice
{7}, and take {¢;}52, to be a partition of the unity subordinate to {Dg(zj)}]‘?‘;l,
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satisfying p(z;)|0v;| < C for j = 1,2,---. With a normal family argument we may find
some function h; € H(D"(z;)) such that

1 .
(49) ‘f_h]’qu:Gg,r(f)<Z])ﬂ J = 1727"'

D7 (2)] Jprz;)
Set

f1(2) = 25520 hyi(2)5(2) € C>(D)
and fo = f — f1. Define J, = {j : 2 € D"(z;)}. Then, p(z;) >~ p(z) for j € J,, and

(4.10) [Tl => Xprizy)(2) < C.
j=1
As that on pages 254-255 in [14], for z € D there holds
(4.11) p(2) [0f1(2)] < C Y Gual(f)(z).
jeJ:

This implies

(4.12) PP HTA ()] < Ol ()l for = € D.
On the other hand, fy(z) = >272,(f(2) — h;(2))1;(2), and by (2.5) only at most N terms

are not zero in this summation. Holder’s inequality implies
[2(2)[1 < O 1f(2) = hi(2)|"5(2).
j=1

Then, by (4.9),

1
q

|Di@L/quf—hﬁP¢ﬂA)

o/ .
(4.13) <C / — h|7dA
SC2 N D Jo iy T

j=1
<C Z Gor()(z))
jET:
Hence,
(4.14) p(2)*° Myr(f2)(2) < C||p*Gep(f)| o for z € D.

Something more, the condition (4.5) is independent of r € (0, «]. We reach the condition
(C) from (4.12) and (4.14).

(C) = (A). If we set du = | f2|?dA, then

(4.15) fin(2)7 = My, (f2)(2).

The assumption (4.5) and Proposition 2.6, imply that p is a ¢-Carleson measure for
AP with [[1d]| 4z pae-aeap) = 107 Mgy (f2)llze. By the boundedness of the Bergman
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projection on L,

1Hp,gllzs < Cllf29lle

019 <o ([larevin)

<C HIdHAﬂan(]D),e—Wdu) HQHL’J,

<C Hp2qu,T(f2)HLoo gl e -

Next, we suppose that f; satisfies (4.4). With the fact that s < 0 and p>*T'9f € L*,
we know p|0fi| € L. Now, for g € I, take u as in (4.1) so that

- ¥;(6) =
— E K, I AN VA dA(E).
Theorem 3.2 and Lemma 4.1 tell us
Hp(g9) = u— P(u) and |Jullzs < Cllg(pd fi)llre-

From the boundedness of P on Lg we obtain

(4.17) 1, gllrs < (L + 1Pllzare)lullze < Clg(p0fi)| o
Meanwhile, if we consider the measure dv = [p|d flﬂq dA, it is easy to see that
1 =
(4.18) v (2) <C sup p(§)[0fi(E)]-

£eD"(2)

Hence, p(2)%D,(z)7 < C 2% |0 f1||| - It follows from (4.4) and Proposition 2.6 that
v is a g-Carleson measure for A? with [[1d[| 42 Lo e-avdn) = ||p25+1 ’5]”1 . Then

l9(pdf)llrs < C o0 f1]|| e - Ngllze

]z~

Hence,

1H s gllee < C o> OA] oo - gz
With this and (4.16), we obtain

(4.19) 18l ap e < O {llP**H1OA | e + 177 Mo (F2)]] o} -

This gives the implication (C') = (A) finishing the proof of the equivalence among (A),
(B) and (C). The norm estimates (4.6) come from (4.8), (4.12), (4.14) and (4.19). O

The next result describes the compactness of Hy when p < ¢. For ¢ > 1, we understand
that Hy : A? — L% is compact if and only if whenever {g,, }7>_; is a bounded sequence in
AP converging to zero on compact subsets of D, it follows that ||H g1z tends to zero.

Theorem 4.3. Let ¢ € W), wz’thﬁ:peﬁo, and let 1 < p < g < 0. Sets:%—
Then for f € S, the following statements are equivalent:

(A) Hy: AP — LY is compact;

(B) For some (or any) 0 < r < o, limy, 1 p**Gy.(f)(2) = 0.

(C) f admits a decomposition f = fi + fo, where fi € C1(D) satisfying

SR

(4.20) ‘l}ml p(2)*fi(2)] = 0,
and
(4.21) lim p(2)** My (£2)(2) =0

for some (or any) 0 <r < a.
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Proof. Let Hy be compact from A? to L. It is easy to see that {k., : z € D} tends to 0
weakly in AP as [z] — 1. Then, for 0 < r < « fixed, from (4.7) we have

p(2)Gor(f)(2) < ClHy (kep)ll s — 0
as |z| — 1. So, (A) implies (B).
Suppose now that (B) is holds for some r € (0,a]. From (4.11) and (4.13) we know
() THAf(2)| < C Y o) o (£)(2)
J€Jz

and

P My (£2)(2) < C 3 () G () ().
jed.
From these estimates, the statement (C) follows easily.

Finally, we prove the implication (C) = (A). As in the proof of Theorem 4.2, we know
that both du = | f2]|9dA and dv = [p|5f1|}q dA are vanishing ¢-Carleson measures for AL.
With (2.7) we know that the unit ball of A? is a normal family. Then, for any bounded
sequence { g} in AP, converging to zero uniformly on compact subsets of D, we have

| Hp,(gm)l Ly < C </ Ileq!gmlqeq“"dA) 0,
D

and, by (4.17),
1, (gm)llzs, < C'[|(pl0f1]) gunl[ 1o — 0.
Then, lim, o0 | Hf(gm)||o = 0, and this tells us that H; is compact from A? to LZ. [

Next, we proceed to characterize the boundedness and compactness in the case that
1<qg<p<ox.

Theorem 4.4. Let o € W withﬁ:peﬁo, and let 1 < g<p < oo. SetS:é—
Then for f € S, the following statements are equivalent.

(A) Hy: AP — Li is bounded.

(B) Hy: AP — L2 is compact. 1

(C) For some (or any) 0 <1 < 5, Gar(f)(2) € L=.

(D) f admits a decomposition f = fi + fa, where
(4.22) fr e CHD), pldfi] € L+, and M,,(f2) € L+

for some (or any) 0 <r < a.

Furthermore, for 0 <r < ¢ fized,

(4.23) IHpllap -y = [Gar (N2

Proof. (B)=(A) is trivial. We need only to prove the implications (A)=-(C), (C)=(D)
and (D)=(B).
(A)=(C) . For r € (0, o] fixed, take {z;}32, to be some (r/4, p)-lattice. By Lemma 2.4,

for A = {\;} € 7, we have Hz;’;l Ay, < C Al As in [14] again, take {¢;}%, to

j=1
be a sequence of Rademacher functions in [0, 1]. From the boundedness of Hy, we have

Hy (Z \job; (t)kszj,p)
j=1

1
.

< ||Hpllar—za -

Z )‘j¢j(t)k;2j,p
t =1 o

< ClHyllaz—zs [Mle-
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Meanwhile, by Khintchine’s inequality,

/01 Hy (i /\jcbj(t)/fzj,p)
o [

~ [ <Z|Aj|2|ﬂf<kzj,p><z>|2> e rA().

This, together with the previous estimate, gives

q

dt

L
q

J¢J Hf( zgp)() dt

q

/ <Z\Aj|2|ﬂf<kzj,p><z>12) e A() < C ||yl g AL
j=1

On the other hand,

q
2

/ (Zuﬂzwf(kzj,pxz)ﬁ) g A(2)
>CZ / (Al (ko) ()7 = dA2)

=C Z e /D o G ale) = P () dA)
Asin (4.7),
[ hanl) = PP M IAG) 2 € {plen)Con a0}

Therefore, joining the previous estimates, we obtain

D Ml o) G (N ()} < CIH o KA1 o

By the duality between ¢/ and (#/?=9  we have

Z 75 p(5)* = 3 [p(20)* G () (20)] 77 < CIIHfIIAuLm

This can be viewed as the discrete version of the statement (C). Since

(4.24) Gz (f)(w) < CGyr(f)(z)  for w e D3(2),
we have
G, (F)r-adA S G, - (f)ra(u)dA
[Gutaasy [ cupnFsei)
(4.25) < O3 |DE (24)| Gor ()75 ()
k=1
< CllH %", .

This gives the statement (C).
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(C)=(D). As in the proof of Theorem 4.2, set fi = > 2, h;j1; € C*(D), and f, =
f = fi. By (4.24),

From (4.11) we have

rq

() [0A(R)[]77 < ) Goz(H)i(z)

VAN
3 Q
S
S—
3

)

<

s

=

=

i

=

Q.

£

&

IN
Q

Integrating both sides on I against the measure dA, and applying Fubini’s theorem, one
gets

/D [0(2) [3£1()|] 77 dA(2)
—1 _pa_
(4.26) SC/D ‘DT<Z)’dA(Z)/DXDQT(Z)(u)GqJ(f)pq(u)dA(u)
<C /D Gor(f)71 (u)dA(u).

Notice that * > 1. By (4.13) and (4.24) we obtain

Q=

My (f2)(z) < CZ( ! y(f—hj)\qczA>

j:1 ’DT(Z)| DT(Z)FIDTV/Q(ZJ')

1
< Ol Loy, G084

< o{ gz [, Catnouo]

This and Fubini’s theorem turn out

(4.27) [Mqr(f2)]

1t S ClGoar (1)

1.
Ls

And it is trivial that the condition M,,(f2) € L+ is independent of . We see that (4.26)
and (4.27) give the statement (D).
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Now we prove (D)=-(B). First, we claim that both f; and p|dfi| € S. In fact, apply
Lemma 3.3 from [10] to get

/m &)l #OdA(¢)
1 e e
<c / 1660 (g [ Qe 9040 ) dace
_ (0 ) (6|
e / K.(0) / X0 A6 57 A A
sq@%ﬂmMMKﬂW”WM@

<c / My (1) (OK (Ol OdAQ).

By Hélder’s inequality with exponent % = p’%qq and its conjugate exponent denoted by t,
notice also that || K[|z < oo,

/|f2 &)le™?OdAE) < O [Myr(f)l 2 - 112, < 0.

This implies fo € S, and f1 = f — fo € S. For p|dfi], notice that p|df,| € L+ with
s =2 > 1. Then

/D p(E)|0f1(&)K.(E)|e D dA(€) { / (D11 (€

It follows that p|dfi| € S.

FAA© ) Kl <o

As before, write dv = [p|5 flﬂqu. Applying Hélder’s inequality with exponent p%q
and its conjugate p/q, we get

N e [PIBAQ)" dAQ) ) 7
i 1
<c / {[ BOBA@I™ 440} —mase

~ ¢ [ [OBAQ) 44©) < o

Lemma 2.6 tells us that v is a g-Carleson measure for A?. Equivalently, the embedding
Id: AP — LY, e 9%dv) is compact with

1d[% < Clnll, 2,

e —=Li(D,e~9%dv) —

ooty < CloBAII, < oo

Meanwhile, since both f; and p|df;| are in S, for g € T, as in (4.17), we have
17, 9lls < Cllg(p0fi)llrz = CIIA(g)l|o.c-sea)-

Hence Hy, is bounded from AP to L with the norm estimate
(4.28) [Hpllaz e < Cllplofilll 2

We claim that Hy, is compact as well. To see this, let {g,, }7_; be any bounded sequence
in AP with the property that lim,, .o Sup,cs [gm(2)| = 0 on any compact subset K C D.
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We are going to prove Hy, (g,,) — 0 in L% as m — oo. For this purpose, for each m pick
some Ry, € T 50 that ||gm — hmllrz < +. Set

_y 4O, o
n(2) = 3K 2 | &)
Then, Ou,, = hm0 f1 and
[umllzs < Clhm(pdf)llze = Cllhm|| Lo, eoean)-

Notice that Id : A? < Li(D, e~%dv) is compact, s0 limy, e0 ||| L, e-avdr) = 0, show-
ing that
lim_ ol =0.

Then, as Hy, (hy) =ty — P(uy,), we get
(429) Tim [[Hp, (o) < (1 4+ IPlsoszs) T [funlzs = 0.
On the other hand, by (4.28),
tim [1Hp, (9m — o)l < g llaz sz T (g — Bunllzz, = 0.
m—0o0 m—0o0
This, together with (4.29), implies
T | Hp(gn)lzs <l {1Hp (g — ho)lly + H i ()l 2} =0,

which gives the compactness of Hy, from AP to LL.

Finally, we consider the compactness of Hy,. Similarly, du = |f2|?%dA is a vanishing
g-Carleson measure for A?. Equivalently, Id : A? — LY(D, e~%dp) is compact. By
(4.30) 1Hp (9)le < Cllf2glls = ClA(g)]| oo, e-a0dn),

with the similar approach for Hy, above we know Hy, is compact from A? to LZ as well.
This finishes the proof of implication (D)=(B).
Furthermore, from (4.28), (4.30) and (4.26), (4.27) we have
[Hyllapra < CInf{[|Hp, | azzs + (| Hpollaz o} < CllGor (Il 1,

where the ”inf” is taken over all decomposition f = f; + fo as (4.22). This and (4.25)
imply (4.23). The proof is completed. O

5. SIMULTANEOUSLY BOUNDEDNESS OF H; AND Hy
For f € L (D) with 1 < g <ooand 0 <7 < a, set fpr) = \w—l(z)| fDT(z) fdA,

1

1 Y
MO, (f)(z) = {m e |f = fores) dA}

and

Osc,(f)(2) = sup |f(§) = f(2)I.
£€B(z,r)
Lemma 5.1. Let 1 < ¢ <00, 0< s <00, —00 <7 <00, and let f € L], (D). Then the
following statements are equivalent:
(A) For some (or any) 0 < r < «, both p'Gy,(f) and p"G,.(f) are in L*;
(B) For some (or any) 0 <r < «, one has p”MO,,(f) € L*;
(C) f=fi+ fowith fy € C(D), and for some (or any) 0 <r < «

(5.1) p’ Osc,(f1) € L* and p"M,,(f2) € L°.
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Furthermore,

(5.2) 1P G (D)l e + 1[G (D] 1 = 197 MOy (f)

Proof. By definition, we know

(5.3) Gor(f)(2) < MOy (f)(2) and Gor(f)(2) £ MO, (f)(2)

which gives the implication (A) = (B).
Similar to the estimate (2.7) in [11], for fixed 7 > 0, we have some constant C' indepen-
dent of z such that

lu = w(@)llzapran) < Cllollzeor ).
for all real valued functions u and v so that u +iv € H(D"(2)). From this, as done in
Proposition 2.5 in [11], we know

(5-4) MOy, (f)(2) < C{Ger(f)(2) + Gy () (2)} -

This means that (B) implies (A).
Suppose f = fi; + fo is as in statement (C). From

: qu(&)}q

[D7(2)] Jrz)

(f1(&) = f1(¢)) dA(C)

1
MOy (fi)(2) = {|D’“( ) Jorz)

< 20se(f1)(2)
and MO, . (f2)(z) < 2M,,(f2)(z), we know that f satisfies (A) .
To prove the implication (B)= (C) we set fi(2) = fprx) and fo = f — fi. Asin the
proof of Lemma 8.3 in [18] we have

Oscrpa(f1)(2) < CMO,(f)(2) and My, j(f2)(2) < CMO,,(f)(2).

And it is easy to see that the condition (5.1) is independent of r € (0, «]. Then (C) follows
from (B) . The equivalence (5.2) comes from (5.3) and (5.4). O

Lemma 5.2. Let 1 < g <00, 0< s <00, —00<7vy<oo, and let f € L] (D). Then the

loc
following statements are equivalent:
(A) For some (or any) 0 <r < o, lim1 {p(2)Gor(f)(2) + p(2)Gor(F)(2) } = 0;
(B) For some (or any) 0 <r < a, lim;1 p(z )VMOqT(f)(z) O,
(C) f = fi+ fo with f; € C(D), and for some (or any) 0 <r < «
(

T {p()" Oser(F1)(2) + p(2)" My (£2)(2)} =

The proof of this lemma can be carried out with the same approach as that of Lemma
5.1 and will be omitted here.

Here are three theorems for simultaneous boundedness (or compactness) of Hankel
operators Hy and Hy from AP to LI.

Theorem 5.3. Let ¢ € W, withﬁ:peﬁo, and let 1 < p < q < . Set:s:%—
Then for f € S, the following statements are equivalent:
(A) Hg, Hy : A — L2 are simultaneously bounded;
(B) For some (or any) 0 <r < «a, p*MO,,.(f) € L>;
(C) f admits a decomposition f = fi + fo, where fi € C1(D) satisfying
p** Osc,(f1) € L™, and p*M,,(f2) € L™

for some (or any) 0 <r < a.
Furthermore,

(5.5) [Hfllaz 12 + | Hpll az e = [0 MOy (f)

S

Iz
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Theorem 5.4. Let ¢ € W, withﬁ:peﬁo, and let 1 <p < g < 0. Sets:%—%.

Then for f € S, the following statements are equivalent:
(A) Hy, Hy : AP — LY are simultaneously compact;
(B) For some (or any) 0 < r < a, limp,|1 p**(2)M Oy, (f)(z) = 0;
(C) f admits a decomposition f = fi + fo, where f; € C1(D) satisfying
i, 2°(2) 056, (/1)) = 0. and lim 9% ()M (2)(2) = 0
zZ|—

|z|—1
for some (or any) 0 <1 < a.

Theorem 5.5. Let p € W with\/%w:peﬁo, and let 1 < g < p < . Sets:%—
Then for f € S, the following statements are equivalent:

(A) Hy, Hy : AP — Li are bounded.

(B) Hy, Hy : AY — L are compact. 1

(C) For some (or any) 0 <r < a, MO,,(f) € Ls.

(D) f = fi+ f2 with f; € C(D),

Osc.(f1) € L+, and M,,(f;) € L+

1
.

for some (or any) 0 <r < a.

Furthermore, |||z ~ MOy ()1

Proof. The proof of Theorem 5.3, 5.4 and 5.5 are in the same approach, so we only write
out the one for Theorem 5.3 here.
Theorem 4.2 tells us that the statement (A) is equivalent to

P Gor(f) + p*Gon(f) € L™

And this, by Lemma 5.2, is equivalent to Statement (B). The equivalence between (B)
and (C) comes from Lemma 5.2 as well. O

When f is holomorphic, it is trivial that H; = 0. Furthermore, for fixed 0 < r < «
there are two positive constant C7 and Cs such that

Cip(z) sup |f(€)] < My, (f)(z) < Cap(z) sup |f'(E)]-

£eD(2) £eD(2)

Therefore we have the following theorem on Hankel operators with conjugate holomorphic
symbols. The case ¢ € BDK and p = ¢ = 2, was previously obtained in [9].

Theorem 5.6. Let o € W,y with \/%w ~ p € Ly, and set s = é — % for1 < p,q < 0.
Then for f € SN H(D) the following statements are true.
A) For p < q, H+ is bounded from AP to L% if and only if p*T'f € L>; H+ is
f ® ® f
compact from AL to LY if and only if limy,,, p** ' f'(2) = 0.
B) For p > q, H7 is bounded from AP to L% if and only if H7 is compact from AP to
f ® ® b )
LY, if and only if pf' € L+
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