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Stochastic processes defined by a general Langevin equation of motion where the noise is the non-
Gaussian dichotomous Markov noise are studied. A non-Fokker~Planck master differential
equation is deduced for the probability density of these processes. Two different models are
exactly solved. In the second one, a nonequilibrium bimodal distribution induced by the noise is
observed for a critical value of its correlation time. Critical slowing down does not appear in this

point but in another one.

PACS numbers: 05.40. + j, 02.50. + s, 02.30.Jr

1. INTRODUCTION

Stochastic differential equations have an important and
successful role in the theory of nonequilibrium phenomena.
Most of them them are Langevin type, which are first-order
differential equations with stochastic terms. In some cases
the stochastic forces enter additively and often it is assumed
that they represent internal fluctuations. In other cases the
noise enters externally by means of a parameter of the pheno-
menological equation of motion which fluctuates. This kind
of external noise has received a great deal of attention be-
cause it can represent a fluctuating external environment or
a controlled noise generated in the laboratory by specific
devices and introduced in the system in order to study its
influence. This external noise is independent of the system
and it is characterized by its intensity and correlation time.
Examples of the influence of external noise can be found in a
variety of systems, such as electric circuits' or liquid crys-
tals,” among others.

The mathematical study of these equations begins with
the modeling of the noise. The simplest assumption is to take
a Gaussian white noise which has zero correlation time. In
this case, the process is Markovian and a Fokker-Planck
equation for the probability density always exists.” Never-
theless, this noise cannot always substitute for a real noise,
which has a finite (perhaps small, but not zero) correlation
time. In this case, the hypothesis of white noise, although
suitable for a general description of the process, does not
explore all the possibilities of a real noise. If we want to take
into account the color of the noise, we should choose a math-
ematically tractable colored noise. Although many possible
noises exist* only two of them have been receiving enough
consideration in the literature.

The first one is the Ornstein—Uhlenbeck process, which
is Gaussian and obeys the same equation of motion as the
velocity of a free Brownian particle. Stochastic processes
driven by this noise have been studied in Refs. 5-8 and inter-
esting features have been found which do not appear in the
white noise assumption.

The second noise is the two-step Markov process or
dichotomous noise.”'? This noise is not Gaussian but Mar-
kovian and its influence in the stochastic process has been
studied in Refs. 10-12. Interesting results, some of them
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quite similar to the former case, have been obtained, but only
for the stationary state. A few dynamical properties are
known in this case.'? This paper will be mainly devoted to
the study of the dynamics of two stochastic processes which
allow an exact analysis. These are linear models except for a
change of variables, but they are not trivial. Moreover they
present mainly the second example—characteristics belong-
ing to the nonlinear cases, such as the possibility of having a
nonequilibrium bimodal distribution.

The study is carried out by means of the evaluation of
the first two moments of the stochastic variable and the solu-
tion of the differential equation that obeys the probability
density.

Section 2 is devoted to the problem of finding the differ-
ential equation satisfied by the probability of the stochastic
process. A short summary of the mathematical tools is pre-
sented and a differential equation of the non-Fokker—Planck
type is obtained for the probability density. This new result is
particularized to exact cases, whose probability density
obeys a second-order partial differential equation of the hy-
perbolic type.

In Sec. 3 we study two exact examples: the first one is a
pure diffusive model and the second one is a linear case with
linear drift and additive noise. This last case is the most rel-
evant and it will show interesting nonequilibrium character-
istics. In Sec. 4 we summarize the main results of this paper.

2. GENERAL THEORY

A. Differential equation for P(qg,{)

Here we summarize some known results. One can as-
sume quite generally'®!" the following equation of motion
for the variable ¢:

g=flg) +8lgik(t) (2.1)

where £ (1) is a stochastic force that we identify with the di-
chotomous noise or two-step Markov process.'* This noise
will only have two possible values + A with equal probabil-
ity and jumps with probability LA d¢ for dt.” It has zero mean
and autocorrelation

() (e) =Aexpf{ — At —1']}. (2.2)
By means of the “formula of differentiation” of Shapiro
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and Loginov,'*

J
2 s lemn
d
=—A<§(t)¢[§(r)1>+<§(z)a—t¢[§<tn>, 2.3)

whered [£ (¢ )]isafunctional of £ (f Jand theaverageisoverthe
distribution of £ (¢ ), we can obtain a closed set of equations for
the probability density P (g,¢ ).'""'* The method we are follow-
ing'" is an alternative to that employed by Kitahara et al.'’
We begin with the stochastic Liouville equation' for the
density p(g,t ) of a set of realizations of (2.1},

plat) = — j—q (Flg) + 2()E (t Nolg,t). 2.4)

Taking the average over £ (¢) and using Van Kampen’s
lemma’®

Plgt)= (P(q’t)>, (25)
we arrive at

Plgt)= — aiqfw 1) — %g(qwq,r h (26

where

Pylg.t) = (£ (t)olgst))- (2.7)
Since plg,t ) is a functional of £ (¢ ), we will use the formula of
differentiation (2.3) to obtain an equation of motion for

Pi(g.t):

Pgit) = —AP,gt) — aiqf(q)P,(q,r )

- aig(qm 2P (g.t), (2.8)
q

where we have used the fact that the square of the dichoto-
mous noise is a constant £%(¢) =4 2.

The set of equations (2.6 and {2.8) form a closed system
of linear partial differential equations whose solution will
give us P(g,t ), provided that we know the initial condition
P(g,0). We also need another initial condition because we
have two linear equations. The second one is obtained as-
suming statistical independence between £ (¢) and p(g,¢ ) in
t=0"

(& (tlplg.t)) | —o = Pi(g,0) =0, (2.9)
which implies in (2.6)
dPigt) I _
a4 f@)Pig.t) . 0, (2.10)
which together with
t)li—o =0lg) 2.11)

will be the initial conditions of the system (2.6), (2.8).

A closed equation for P (g,t ) cannot easily be obtained.
Nevertheless, a formal expression can be given'' in the fol-
lowing way.

Let us formally integrate the linear equation (2.8):

)= —a[ep] ~ (14 S ra)e—o]

ai glg)P (g.t')=—A’B(q,1), (2.12)
q
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where we have used (2.9). Substitutingitin (2.6) we arriveata
formal differential equation for P(g,z)'":

Plgt)= - aiqf(qu )+ 47 gl—g(qw @), 2.13)

The main object of this paper will be the exact solution, for
two particular cases, of this integrodifferential equation.

Although the time-dependent solution is not always
known, the stationary solution is well known and it reads, in
the case that it exists,'*!!

Pl =N
Xexp[ fA dqf(q) }], (2.14)
If in (2.13) we take
expl — A |t — 1"} ~=(2/4)(t — 1), (2.15)

we arrive at the white noise limit for £ (¢ ). This limit holds for
A—0,4— 0,and 4 2/A finite and it give us an insight about
a possible perturbation procedure, taking A as a large param-
eter.

B. Expansionin 1/4

Let us review a perturbative approach to {2.13) consid-
ering A large. The limit A— o is a very crude approximation
because we lose all the specific characteristics of the dichoto-
mous noise. Let us see how to retain the properties of § (¢ ) by
means of an expansion in 1/A4.

We take a time derivative in (2.13)

Plgt)= — aif(q)P @)+ 422 g0) 2 ggPlar)
q dg dq
2 9 REEN
— 47 gla (1 e f(q))B @) (216
If we use now the approximation (2.15) in B {(g,t ), we obtain
Plgt)= — if(q)P (gt)+4° ig(q) f—g(q)P (@)
ad
2 — — .
4 g(q)( 1+ /1 = f(q)) SeaP e
(2.17)

which is valid to first order in 1/4.

So we have reduced (2.13) to a second-order partial dif-
ferential equation. The procedure is extended to the desired
order in 1/4, deriving (2.16) succesively.

At this moment, a question arises: does a process exist
which obeys an equation exactly similar to (2.17)? The an-
swer is affirmative and we are going to study it in the next
subsection.

C. Exact cases
In (2.16) we can use (2.13) to substitute for the term
+474(3g(q)/39)B (g, ),

A* aig(q)B @f)=Plgt) + 2 flgPlgs).  (2.18)
g dgq

The other term — A *(dg(q)/q)(df (q)/Iq)B (g,t ) needs
a careful analysis. By means of the commutation of the g-
derivatives, this term is expressed as (Note: from now on an
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upper point means a partial time-derivative and a comma
means a g-derivative):

9
dq

— _42 % (gla)"(q) — g'aV @) B lgrt)

—42 % g aiqf(q)B 1)

SEINT]
~ 4% fl) 5B o), (2.19)

where the last term can be written in terms of P (¢, )by means

of (2.13) so that

, 0 d
-4 gf(g)g{g(q)l?(q,t)

— _ 9 rapigr) -2 rig 2
=~ 5 faPlet) — 5 Sla) 5 f@IPlgr). (220

Joining all these partial results, the general equation (2.16)
can be written in the following form:

Plgt)= —AP(gt)—2 %f(q)i’ @)

42 fgPig)
dq

SRS
+4 9 glq) % 8lq)P(g:t)

3 3
- Eq_f (@) Ef (q)P(g,t)

_ :% (gla)f'la) — g @HA B g.t). (2.21)

As far as solvability is concerned, this formal equation is
equivalent to (2.16). In order to advance in this way, we need
to eliminate B (g, ) in the last term in (2.21). This can be done
in the case that

glg)f'(g) — &'lq)f (9) = &°g)f(g)/glg) = Cglg),  (2.22)

where Cis a constant. If this condition holds, the last term in
(2.21)is — 3(Cglg)B (¢,t ))/3q and by means of (2.13), it is
transformed into

a
- Ca—g(q)A ’Blg,t)
q

= —CPlgt) - CZ figPig), 2.23)
dq
and hence {2.21):

Plgt)= —(A+C)P(gt) — 2aiq(q)P(q,t)

— i+ aif(q)P (1)

q
20 0
+4 % glg) % gq)P(g.t)
(2.24)

a d

which is a second-order partial differential equation for the
probability density of the process (2.1). This equation is one
of the main results of this paper and it has a time-dependent
exact solution with the initial conditions (2.10) and (2.11).
For this reason, those processes (2.1) obeying (2.22) will be
called exactly solvable models and not surprisingly the con-
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dition (2.22) is the same one that was discussed by Hinggi'®
and San Miguel'” in the context of the white noise hypothesis
for the stochastic force & (¢) in (2.1) and by Sancho and San
Miguel® in the case of a Gaussian but a nonwhite assumption
for £{t).

In all these cases, the equation for the probability den-
sity was of first order in time (Fokker—Planck equation) with
a linear drift and a constant diffusion whose solution is wel}
known. In our case, there are higher time derivatives and the
exact solution is, as of now, unknown. The exact solution of
(2.24) will be another important result of this paper.

Before starting with the process of solving (2.24), we
will write it in the standard form of second-order partial
differential equations. This is done by commuting the g-de-
rivatives

a 2 2 2
[E;Jr(f(q)—d 50D o=

& 3
A+ C+ 2N <
8t¢9q+( + C+ 2f'(q)) 5

+ (4 + C)flg) — 34 8la)e’lq) + Flalfla) }%
+ ((Flq)f (@) — A *(glg)g'(q))
L+ Cria|Pan

In order to classify this partial differential equation, we
need to evaluate the discriminant, which is

(4°¢%q)'"* = Aglg)>0 (2.26)
because g{g) should always be positive. Equation(2.25) is
classified as an hyperbolic second-order partial differential

equation for whose solution we are going to follow the cur-
rent studies on this mathematical topic.

3. EXAMPLES

If our process (2.1) obeys the necessary and sufficient
condition {2.22) to be exactly solvable, we define a new vari-
able Q (q(t ))’5,16.17

+2f(q)

(2.25)

_(4e 3.1
0l f g(q) (
and we have

O=flg)/glg) +£(t)=CQ+A+E(r), (3.2)

where we have used (2.22) in the integrated form and 4 is an
irrelevant integration constant. We can assume 4 equal to
zero. Our problem has been reduced to a linear one with
additive noise. This is well known>'®"" in the context of solu-
ble cases.

Equation (3.2) with 4 = O presents two possible and dif-
ferent versions: C equal to zero or not. These two cases will
be called the pure diffusive case and the linear case, respec-
tively.

A. Pure diffusive case

This case corresponds to the equation of motion (2.1)
with f{g) = 0. The representative model can be written, after
performing the changes (3.1) and relabeling the variable as

gle)=£1(). (3-3)
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Some exact results can be obtained without solving the cor-
responding equation of motion for P (g,t ). For example, the
statistical averages are obtained as follows: The solution of
(3.3)is

ale) =0+ [ £1edr, (3.4
o
and hence the first two moments of the variable ¢ are
(g(t)) = {(q(0)),c =0,

(D) = (@O e = f £ oM | £

- 232 (t— ( “;_M) ) (3.5b)

They are expressed in terms of the initial averages and we
have used the statistical properties of & (¢} in (2.2). These re-
sults coincide with the well-known ones for the position of a
free Brownian particle. We can obtain more interesting in-
formation about the system obeying (3.3). The knowledge of
the time-dependent probability density P (g,f ) showsinterest-
ing behavior very different from that in the white noise limit.

From the general expression (2.25), particularized to
the model (3.3), f(g) = 0, glg) = 1, we obtain the equation of
motion for P(g,t):

(3.5a)

P pgn)-a>Z pgri+alpgn=0 (36
ar? oF* ot

The initial conditions {2.10) and (2.11) become in this case

Plg,t)],—o = blg) (3.7)
9Plgt) =0. (3.8)
6t t=0

A similar equation to (3.6) with the initial conditions (3.7)
and (3.8) appeared in the context of the generalized Smolu-
chowski diffusion equations'®'? and the present example
was solved by Hemmer.?® Therefore, we will not reproduce
the details. The probability density is

P(gt)=le *7?[8(At — g) + 8(At + g)]
i R 211/2
+2AI°(4A(A’ 7) )

A (A 12
2442 — )2 ‘( 24 @t =g )
(3.9)

where I,,1, are the Bessel functions of the imaginary argu-
ments of orders 0,1, respectively.

From (3.9) one can see that P(g,? ) is almost a flat distri-
bution bounded by two delta functions movingtog = + o
with a velocity + 4, respectively. This shape is very differ-
ent from that corresponding to the white noise case,?’ which
presents a Gaussian distribution spreading out in time,

B. Linear case

In this case, Eq. (2.1) takes the general form (3.2), and
after relabeling the variables, it is expressed as

9= —yq+&(t). (3.10)

As in the former case, some interesting results can be ob-
tained using the formal solution of (3.10). This is

357 J. Math. Phys., Vol. 25, No. 2, February 1984

q(t)=q(O)e‘7‘+fe“”‘“"’g(t’)dt’, (3.11)
0
so the mean value is

(q(t)) = (q(0))rce™ ™, (3.12)

which goes to zero for t— w0

An interesting dynamical quantity is the correlation
function

(glt)glt")). (3.13)
Using the solution (3.11}, the statistical properties of £ {f) in
(2.2), and assuming statistical independence between the ini-
tial conditions and £ (¢ ), with g(0) = 0, the quantity (3.13) is

—_ 2 I 1 — pt+t’)
altlte ) = ( )e
Az ~—yt—/11‘__ AZ
Y P

( AZ Az )e~ﬂ1~l’)

A +yyr V-4’
(3.14)

e—yt‘—&t

A 2 —A(t—1t'}
+ Ry e s
and in the stationary state (f, # '~ oo ) but t — ¢ finite,

N Ad?
(qlt)glt' )y = 7/(7’2 lz)e

— At —1t )
T
The equal-time correlation function in the stationary state is

(g =4°/YA +7). (3.16)

From the exact solution (3.15), we can obtain the linear re-
laxation time and see if critical slowing down exists at any

point:
f (qlt)glt + "), Sl + 2% Aty
AP Ay

We can see that only in the cases y—0 or A—0, the linear
relaxation time diverges. In both cases, the formal stationary
probability density is not normalizable, as we will see. The
first case (y—0) is a trivial one because the dissipative drift
disappears and the problem reduces to the case 3A. The sec-
ond case (A—0) is new and more interesting because even
with nonzero dissipative drift, the “‘color’” A and not the
intensity A of the noise £ (¢ ) precludes the existence of a sta-
tionary state. This corresponds to having a noise with infi-
nite correlation time, and hence in the opposite limit of white
noise.

The stationary distribution can be obtained from (2.14):

Py(g) =N -y ), (3.18)
defined between the boundariesg = + 4 /¥. The normaliza-
tion constant is

N= I'4+472y)

AT WA /2y)
One can see that the correlation function in the stationary
state evaluated with (3.18) and (3.19) agrees with (3.16).

The study of (3.18) manifests two different shapes for
P, (g), which we relate to a nonequilibrium phase transition.

e (3.15)

(3.17)

(3.19)
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The critical value of the parameters is A = 2y. In the case
A > 2y, P, (g) has amaximum in ¢ = 0 and goes to zero in the
boundaries. For A <2y, P, (¢) has a minimum in ¢ = 0 and
goes to infinity at the boundaries. This gives rise to a bimodal
distribution when we change the “color” of the noise A from
A > 2y to A <2y. Then we have found a nonequilibrium
phase transition induced only by the “color” of the noise.
The transition takes place at the value A = 2y. We have seen
in (3.17) that no critical slowing down appears in this point
but in A—0. This is a very interesting example of Suzuki’s
theory,® which states that in nonequilibrium phase transi-
tions, the phenomena of critical slowing down and the ap-
pearance of new maxima in P, (g) are separate processes
which can take place for different values of the parameters.

We should mention that in the case A— o0, we recover
the white noise P, (g) corresponding to this problem. Let us
now return to the problem of finding the solution of P(q,r),
which in this case is not known. As the details of the math-
ematical process are very cumbersome, we will state only the
main steps and references used in the evaluation.

In the model (3.10), where f(g) = — vq, glg) = 1, the
equation of motion (2.25) for the probability density is

82

& R &
—+ V¢ —-4%)—=—2rg
ot q
3
~By—=A)—-—7vA -4
at

x I _ YA — 27/)]P(q,t) =0 (3.20)
dq

with the corresponding initial conditions (2.10) and (2.11):

Plgt)|,_c = 6lg), (3.21)

d d )

2 gL y\Pige =0. 3.22)
(8[ 79 Py 7 |Plg.t) L (
The standard approach in the solution of (3.20)?' begins

J

Pigit)=1tye® "{S(A(l —e ") +yg) +8(yg—dlg—e "D},
Polgt) =1 = 2a)24 "~ (A1 + e~ "} — y’¢*) " °F(a,a,1;0),

with its reduction to the canonical form. This is done by
means of a change of variables

§=e"(yg—4a),

n=e'lyg+4), (3.24)

where the new variables &,7 are called the characteristics.
The partial differential equation for P(£,7) takes the hyper-
bolic form

(3.23)

2

—ef -2 _apg-£)-L

€ e
o —§)58——2a PiEm) =0, (3.25)
n
where
a=1-1/2. (3.26)

The equation (3.25) has been studied by Koshlyakov et al.”’
in several cases. We follow their approach. The next step is to
transform (3.25) into the Euler-Darbouse equation by the
change

P =n—£YQEm). (3.27)
Q (£,n) obeys the partial differential equation
F? a J a J
_—— 1) =0 (3.28
iy e el A
with
B = 2a. (3.29)

The solution of the Cauchy problem associated with
(3.28) with the corresponding boundary conditions given by
{3.21) and (3.22), following the Rieman method, is indicated
in Ref. 21. This gives, after transforming variables,

Plgt)= Pl(q’t) + P:’(q’t) + Py(g,2),

where

(3.30)

(3.31)
(3.32)

Pgt)= — Ay tle"(yg—A(l+e ") A H1 + e ") — ¥’¢’) Flaal0)
+hRAPe e AN 1+ e ) — Vg FlaaLiol(y's — A1 e )

X{rg+4(1—e "yg+a(1+e ") ' +lrg—A(l—e ")yg—A(1+e ")},

o= 1= TP — PPN +e TV — 1),
lgl<a /91 + e 7).

F(a,a,l;0) and F'la,a,1;0) are the hypergeometric function
and its derivative with respect to o.

P (g, ) gives the behavior of P (g, } in the initial regime as
one can see taking the limit #—0. P,(q,? ) dominates in the
limit #— o0, giving the stationary solution P,, (g), which coin-
cides with (3.18) and (3.19). Ps(q,t ) refers to the intermediate
regime.

Although the solution(3.30}—(3.35) has its own impor-
tance because of its existence, only a few results can be ob-
tained from it because of its extraordinary complexity. This
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(3.33)
(3.34)
(3.35)

shows that the non-Gaussianity of the process (3.10) mani-

fests itself by the complexity of the solution, even in the case
that we have a linear problem. As in the former case, we have
that P (g, ) is bounded by two delta functions moving to the
stationary boundaries + 4 /¥, and following a deterministic
equation given by

qff = —q i”A or qi :f(qi)ig(qi)A’
(3.36)
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where g | is the peak position of the delta functions. This is
easily understood if we think that the stochastic dichoto-
mous process has only two possible values + A. Thisis a
characteristic of this kind of stochastic process modeled by
this special noise, which has also been found in nonlinear
equations by means of numerical simulation, and whose re-
sults will be presented elsewhere.

4. CONCLUSIONS

We have explored the possibility of obtaining dynami-
cal properties for a Langevin-like equation of motion with
dichotomous Markov noise. We have presented a general
method to obtain the differential equation obeyed by the
probability density of the process. This differential equation
involves higher time derivatives and hence it is not of the
Fokker—Planck type. The main point in this deduction is to
consider the correlation time of the noise as an expansion
parameter. In two particular cases, we have been able to
write an exact differential equation which is a second-order
partial differential equation of the hyperbolic type. In these
two cases, we have found the exact solution of P (g, ). In the
second case, which has a nontrivial stationary state, we have
studied the possibility of the appearance of critical slowing
down by means of the explicit evaluation of the correlation
time. Although the stationary analysis gives the existence of
a phase transition for some value of the noise parameters, no
critical slowing down appears in this point but in another
one. This is an example of Suzuki’s criteria of the appearance
of slowing down in nonequilibrium stochastic processes.

359 J. Math. Phys., Vol. 25, No. 2, February 1984

ACKNOWLEDGMENT

I am indebted to Dr. M. San Miguel for his valuable
comments.

'S. Kabashima, S. Kogure, S. Kawakubo, and T. Okada, J. Appl. Phys. 50,
6296 (1979).

?8. Kai, T. Kai, M. Takata, and K. Hirakawa, J. Phys. Soc. Jpn. 47, 1379
(1979).

*R. L. Stratonovich, Topics in the Theory of Random Noise, Vol. 1 (Gordon
and Breach, New York, 1963).

*A. Brissaud and U. Frisch, J. Math. Phys. 18, 524 (1974).

*J. M. Sancho and M. San Miguel, Z. Phys. B 36, 357 (1980).

“M. San Miguel and J. M. Sancho, Phys. Lett. A 76, 97 (1980).

"W. Horsthemke and R. Lefever, Z. Phys. B 40, 241 (1980).

#M. Suzuki, K. Kaneko, and F. Sasagawa, Progr. Theoret. Phys. 65, 828
(1981).

°N. G. Van Kampen, Phys. Rep. 24, 171 (1976).

UK. Kitahara, W. Horsthemke, and R. Lefever, Phys. Lett. A 70, 377
(1979); K Kitahara, W. Horsthemke, R. Lefever, and Y. Inaba, Progr.
Theoret. Phys. 64, 1233 (1980).

'J. M. Sancho and M. San Miguel, Progr. Theoret. Phys. {1983} (to be
published).

M. Suzuki, in Systems far from Equilibrium, edited by L. Garrido, Lecture
Notes in Physics, Vol. 132 (Springer-Verlag, Berlin, 1980); K. Kitahara
and K. Ishii, “Relaxation of systems under the influence of two level
Markovian noise,” oral communication in Stazphys 14 (Edmonton, Can-
ada, 1981); C. Van den Broeck, Phys. Lett. A 91, 399 (1982).

R. C. Bourret, U. Frisch, and A. Pouquet, Physica 65, 303 (1973).

'*V. E. Shapiro and W. M. Loginov, Physica A 91, 563 (1978).

R. Kubo, J. Math. Phys. 4, 174 (1963); M. Suzuki, Progr. Theoret. Phys.
Suppl. 69, 169 (1980).

'°p. Hinggi, Z. Phys. B 30, 85 (1978).

'"M. San Miguel, Z. Phys. B 33, 307 (1979).

'""H. C. Brinkman, Physica 22, 29 {1956).

“R. A. Sack, Physica 22, 917 (1956).

2°P. Chr. Hemmer, Physica 27, 79 (1961).

?IN. S. Koshlyakov, M. M. Smirnov, and R. R. Gliner, in Differential Equa-
tions of Mathematical Physics (North-Holland, Amsterdam, 1964).

J. M. Sancho 359

Downloaded 14 Jul 2010 to 161.116.168.227. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



