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Outgoing radiation is introduced in the framework of the classical predictive
electrodynamics using Lorentz-Dirac’s equation as a subsidiary condition. In a
perturbative scheme in the charges the first radiative “self-terms” of the accelerations,
momentum and angular momentum of a two charge system without external field are

calculated.

INTRODUCTION

This is the first of a series of two papers dealing with the
classical dynamics of a radiating system consisting of two
structureless interacting charges. We assume that each
charge is moving in the retarded field of the other according
to Lorentz-Dirac’s equation.'

We take “the absorber” point of view of Wheeler—Feyn-
man?* and use the framework of predictive electrodynam-
ics.** This theory is seen to be consistent with the phenom-
ena of classical radiation and more precisely with the
Lorentz-Dirac equation.

In Sec. 2 we show within a perturbative scheme in the
charges how to construct the dynamical predictive system
(the accelerations) of two classical interacting charges when
radiation is present and there is no external field. Then in
Sec. 3 we give explicitly the first radiative “self-terms” of the
accelerations.

To fourth order in the charges (n + m<4, e,e7") the
other terms in the accelerations, i.e., terms in e,e, and e?e3,
are shown to be those of Refs. 4 and 5.

Section 4 contains a review of the definitions of Hamil-
ton-Jacobi coordinates, momentum and angular momen-
tum in predictive relativistic mechanics together with some
techniques to calculate them in our perturbative scheme.
Proofs and explanations are omitted and the reader is re-
ferred to the work of Bel and Martin.*

Next, in Sec. 5, we calculate the first radiative “self-
term” of Hamilton-Jacobi’s coordinates, momentum and
angular momentum in the perturbative scheme. For all those
magnitudes the terms in e,e, can be found in Ref. 6, while
terms in e3e3 for the Hamilton—Jacobi’s momenta will be
given in paper II (this issue). Our calculations show that our
radiative system is not conservative in the sense of Ref. 6:
Angular momentum does not recover its free particle expres-
sion after the two particles have undergone mutual interac-
tion. This fact allows us to compute the lower “self-term” of
the total intrinsic angular momentum radiated by the sys-
tem. This is done by calculating the limit for the “future
infinity of the first radiative *‘self-term” in the intrinsic angu-
lar momentum.

Finally we calculate the 3-accelerations of the two
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charges to third order in 1/c¢. This gives us the first correc-
tion to the accelerations which are derived from Darwin’s
Lagrangian,” when outgoing radiation is accounted for.

More detailed calculations, including scattering cross

sections and the 4-momentum balance of a scattering pro-
cess, will be given in paper 11.

1. LORENTZ-DIRAC EQUATION FROM THE
POINT OF VIEW OF PREDICTIVE RELATIVISTIC
MECHANICS (PRM)

Let us consider a system of n point structureless classi-

cal particles. In PRM the dynamics of such a system is gov-
erned by a differential system of the form

dxg o
=U,
ds,
dut
—L =B
dsa g ( b c’)
(a7, =0,1,2,3,a,b,c,- = 1,2,...,n), (1.1

where x|, uS,and s stand for the 4-position, 4-velocity, and
proper time of the particle a. The functions & ¢ (the accelera-
tions) are Poincaré invariant 4-vectors which are the solu-
tion of the system

(24 [e4
LAY A (12

ax“r Juc?

where we have raised index @’ to invalidate the summation
convention, which will only work in the case where equal
indices stand in covariant and contravariant positions, re-
spectively. According to this, the index p is summed in (1.2).
Let us note that we will raise and lower latin indices without
change of sign. Finally @’ means “‘different from” a.

The functions § ¢ also satisfy the constraints

U = 0. (1.3)
This guarantees that solutions of (1.1) initially satisfying
u> = — 1(Wechoosesignature + 2)will maintain this rela-

tion forever.

We summarize here the main results of PRM. Further
details can be found in the original papers.®®
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Using perturbation methods, and imposing the com-
patibility of PRM with classical electrodynamics Bel and
Martin and co-workers have singled out the unique accelera-
tions £ ¢ describing the classical particle-particle electro-
magnetic interaction.**? Classical electrodynamics, through
the Lorentz force law and the formula of retarded (alternati-
vely advanced or time-reversal) potentials, specifies the val-
ues of functions £ ¢ for arguments x% standing on null
configurations,

(xfx - x:’)(xaa - ‘xa'a) =0. (14)

Because of (1.1) PRM is a dynamical theory of “Newtonian
type” in the sense that a finite number of initial conditions
(more precisely initial positions and velocities) are enough to
determine the trajectories. Hence the word predictive in the
name (predictive relativistic mechanics) of the theory. Fol-
lowing this terminology we will speak about predictive elec-
trodynamics as it refers to the electrodynamics built into the
framework of PRM.

PRM, as it has been described here, concerns itself with
isolated systems of particles. In this sense it seems at first
sight that predictive electrodynamics is unable to account
for the fundamental phenomena of electromagnetic radi-
ation. However, that this is not the case can be clearly seen if
we take the point of view of Wheeler—Feynman?~* and others.
According to these authors the theory of classical electro-
magnetic radiation is only a way to account for the interac-
tion of a given system of charges with all other charges of the
entire universe (theory of the absorber). In particular, the
Lorentz-Dirac equation for an accelerated radiating charge
is given by

2,
o= LRl 20Ge_gu), (1.5)
m 3m

where u%,& %, e, m are the 4-velocity, 4-acceleration, charge,
and mass of the electric charge, respectively. F *Pis the given
external retarded electromagnetic field acting on the charge.
Finally £ “ stands for (d /ds)é ® and s is the proper time of the
charge.

If we take Eq. (1.5) as the differential equation describ-
ing the charges’ motion we would have to abandon predic-
tive relativistic mechanics, since Eq. (1.5) is a third-order
differential equation. Thus if we want to keep predictive elec-
trodynamics, Eq. (1.5) has to be taken as a differential equa-
tion for the acceleration. In fact, we always have differential
equations for the accelerations in PRM; e.g., Egs. (1.2),
which are by no means the differential equations of the parti-
cle motion. In each physical situation we must supply (1.2)
with the good asymptotic conditions in order to get a unique
acceleration £ 2. Then if we plug into (1.1) the acceleration
obtained in this way, we will be able to write down the equa-
tion of motion. Analogously, Eq. (1.5) has many solutions.
(For example those accelerations which allow for the run
away trajectories.) The problem consists in finding the right
asymptotic conditions in order to select the physical ones.
We assume now that the physical solutions, £ %, of (1.5) can
be expanded in powers of e,

Ef=e E7 4 et ET 4 o, (1.6)
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Itis obvious that (1.5) has a unique solution of the form (1.6).
Furthermore, accelerations such as (1.6) exclude automati-
cally the pathological solutions of (1.5) called run away solu-
tions, " since these solutions are not analytical functions in e
(see for instance Ref. 11). For instance we get for the first
terms of (1.6)

1 2
it = —Fouf, T=0, E'= ——FuP. 1.7
§4= —Ful, % §o= SF (17)

2. THE CASE OF TWO PARTICLES

We will consider, within the framework of predictive
electrodynamics, the case of two charged particles mutually
interacting, without external fields, but taking account of
their electromagnetic radiation. We write an equation simi-
lar to (1.5) for each particle. (Remember that we raise and
lower latin indices a,b,--- without any change: £ ““=¢ ;. Here
again we have raised the index a to invalidate the summation
convention.)

e, 2e2 .
o= Fgpul + (€5 —&ous
a 3m(l
az D50 ) 2.1
(§a ds @

a

where a relates to the particle we are dealing with and F; 5is
the retarded electromagnetic field created by particle
a'(a'+a) on the particle a. The problem with equations (2.1)
is that they are not differential equations—since the term
(e, /m,)F &z is not defined for any x{ and x5, but only for
null configurations

(xg — x[ll)(x2(1 - xl(l) = O (22)

A similar problem must be faced when one considers the
Lorentz equations of two interacting charges

£ = (e./mYF 3, 2.3)

where we have written E ¢ instead of § § to denote the accel-
erations. Using (2.3) as asymptotic conditions and making
the assumption that accelerations can be expanded in powers
of e,e,, a unique acceleration to be used in (1.1)  can be ob-
tained,** as explained before. This acceleration & ¢, could, in
principle, be determined by using a perturbative scheme in
the coupling constant g = ee,. The first two terms in /\the
series, which we write in evident notation "D£ 2, 2¢ 2 are
given explicitly in Refs. 4 and 5. [Attention must be paid to
the fact that the a/c\celeration notation is slightly ambiguous.
The acceleration £ § about which we are speaking here is not
the same as in (2.3). In (2.3), it is only defined for null con-
figurations (2.2) and here it is defined fo/r\ any pair of four
positions x{ and x§ and coincides with £ ¢ in (2.3) for null
configurations. Something similar can be said about func-
tions £ 5 in (2.4) and (2.1), respectively.] Now we substitute
Eq. (2.1) for the new equations,

2
2e;,

3m

EX=F 4 L Eu. 2.4)

a

That is to say
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2e2
£o= 0

2 LOE 2
S — £+ OES O

(2.5)

a

Assuming that £ ; can be expanded in powers of e,,e, we get
for the first terms

(Ll)é—(x:(l,l)é-\a (zz)é. 2.
a U7

("l)é— e, l)g

@

(2.6)

Q.7

where V£ 7 is the coefficient of e e, in the expansion of £ 2.

Then we have a crucial point to clarify: Does & 2, as
determined by (2.4), satisfy Egs. (1.2)? It can be easily seen
that this is the case for all orders. Furthermore, £ ¢ in (2.4)
satisfies (1.3), so it is also easy to see that (1.3) is satisfied by
&< given by 2.4).

Summing up, we have two accelerations, £ ¢, which de-
scribe a predictive relativistic dynamical interaction because
Eqgs. (1.2) and (1.3) are satisfied. Also £ ¢ satisfies Eqs. (2.4)
with Eq. (2.1) as asymptotic conditions; hence this predic-
tive interaction describes two mutually interacting charged
particles with outgoing radiation and without external
fields. [For a more rigorous approach to Eq. (2.4) see Sanz,?
who first and independently of us has adopted most of the
points of view that we have developed in Secs. 1 and 2.}

3. THE FIRST RADIATIVE “SELF-TERM” IN THE
ACCELERATIONS

As it has been pointed out in the last section, the accel-
erations £ J corresponding to the predictive electrodynamics
of two isclated particles (no Dirac term, no external field)
are in principle calculable within a perturbatlve scheme on
the coupling constant. g=e,e, and " VE = DE are explictly
given in Refs. 4 and 5. Here we calculate the first radiative

“self-term” in the accelerations; this is )¢ . According to
(2.6), [(2.7)] we only need ("Dg @ ( = (:DE ) (o calculate
G.Dge For ”§ “ we have the expression*

g e = =1, =1,

3.1
where x§7 — x§=x and (xu, )=x"u,,, (4,u;)=ufu,,, and
r=x + (xu, )] 3.2)

Now we have to compute & ¢. In order to make the calcula-
tions easier, let us introduce a system of new variables which
will replace x%,u{,ut. We define the three linearly indepen-
dent 4-vectors

(2,12)x7]

LQruug —

aa

ho=x" — zuf + zu§, 15=uf + (nu)ul 3.3

where
2= Na[(¥ts) + (i) (xu, )]
o [y —1]

These two 4-scalars, z,, with 4“4 and (1,u,)* — 1 constitute
a set of four independent variables:

hi=hh, A=uuw) -1, z,

@

(3.4)

(3.5)
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and they replace the 4-scalars x?, (xua), (1,u,). With these
new variables, using the definition of (3.2), 7, can be written

ro=[h*+ A2Z5)"" (3.6)
From (3.1) we get

Llye a ak pa zZ,

g o = mari -~ ;;;z (3.7
where

k= — (uu). (3.8)

Now since we want the first order in £ ¢, "¢ % in our
notation, we can write

a(} Mg a
q, 1)§ = S ~_2a (3.9)
IxY
On the other hand, it can be seen that
@ at?
u’ o~ o, ut —2 =0, (3.10)
ax™r Ox4
2 oz
w0 w2t s, (3.11)
Ixr Ixr
thus
w9 9 (3.12)
ox¥ aJz¢

in the system of variables (3.5). Taking into account (3.10),
(3.11), and (3.7), the calculation of (3.9) is straightforward.
We get

12 (3.13)

2
“'”53 _ 31yakA52za et (3/1 7 1 )

2.5 2
m.t, myr, myr,

and using (2.7)
2n.kA %z, ap (2A z2 2 )

m2rs

1%, (3.14)

a

Goga - _
a
m2r) 3m2r

4. MOMENTUM AND ANGULAR MOMENTUM
FOR TWO PARTICLES
In this section we review the definitions of momentum
and angular momentum in PRM, the asymptotic conditions
and calculational techniques. Proofs and detailed explana-
tions are omitted. We refer the reader to Ref. 6 for them.
The momentum P ¢ is a 4-vector invariant by M, trans-
lations such that
dap” d
=0 a= 112,— +
ds, ( ds, a ax §

The angular momentum is an antisymmetric 4-tensor,
J % such that

)(41>

s’
=0 4.2)
das,
and its behavior under M, translations is given by
af3 af3
o Al 8P« — 8PP 4.3)
axy ox)
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Let us consider a canonical coordinate system g, p; in
PRM. If g% — x%, p¢ are invariant vectors under the Poin-
caré group they are said to form an adapted canonical co-
ordinate system. For such a coordinate system we have

P =pt +p5, “.4
T = qop™ — qip™, (4.5)

where P%, J“3 given by these expressions are a solution of
(4.1) and (4.2), (4.3), respectively. A particular kind of
adapted canonical coordinates are the so-calied Hamilton—
Jacobi coordinates, which are characterized by the supple-
mentary relations

At dg
Do _o, De _5,pm 4.6)
ds, ds,

We will first calculate a system of Hamilton—Jacobi coordi-
nates and then (4.4) and (4.5) will give us P* and J “". In this
way when determining momentum and angular momentum
we get a coordinate canonical system and this is interesting if
one wants to quantize the system. Calculations will be made
in the perturbative scheme that we have mentioned in para-
graph two. So, we make the assumption that pg, ¢ can be
expanded in a power series of e,,e,. Accelerations £  are
known explicitly in this perturbative scheme up to fourth
order: "¢ “is givenin (3.1), V£ ? (term relative to ele, ) in
(3.6) and ¢ Zis not given here because we will not use it (it
can be found in Ref. 4).

To the same fourth order we have to calculate
(t.hpe GDpa and Hp® and the same for ¢2. The first terms,
(-pe and ("Vg?, can be found in Ref. 6: Obviously they are
the same as in the more conventional case where the Dirac
term 1s absent. We will limit ourselves to the calculation of
the terms (3.1) which represent the first radiative “self-
terms.” We are able to do this because in the differential
equations (4.6) they are not coupled to terms *2p2, >2g%,
Neither are they coupled to *?£ .

In order to get a family of Hamilton—-Jacobi coordinates
giving us to this order one unique momentum and one
unique intrinsic angular momentum, we need to define ap-
propriate asymptotic conditions for Egs. (4.6). To do so we
work with the system of new variables (3.3).

The asymptotic conditions that we are going to define
are of two different kinds, corresponding, roughly speaking,
to the assumption that we have a free particle system when
(a) x*— + oo or when (b) ¢,¢,—0. As far as case (a) is con-
cerned it can be seen that in the system of variables #2,z,, A ?,
the limit x>~ + oo corresponds to one or both of these two
different situations,

D h>e,
(D) z;—ye,

Yz,

xz_’+°°:>{ Y ke

4.7
where y takes the values + 1 or — 1. Situation (I) means
that we consider successive pairs of trajectories more and
more further away. Situation (II) means that we go to future
infinity (¥ = 1) or past infinity (¥ = — 1) along the straight
lines defined by the two initial 4-velocities. To distinguish
both cases—future or past infinity—we will put x*— o s o1
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X*—w ,, respectively. With these notations the first group of
asymptotic conditions to be attached to (4.6) is

lim pf =mul, lim i(qjj‘ —x5) =0, 4.8)
or
. .1
lim pg=maug, lim —(gg — x7), 4.9)
X'—oc, X -woc, X

while the second group leads to

(0.0),.a

— a  (0,0)
Pa = M l,,

(4.10)

a __ ja
Ta = Xg-

Because of (4.8) and (4.9), p5.q; are called “regular” in past
infinity or future infinity, respectively.

It can be proved that if for a PRM system there exist
invariant Poincaré vectors pZ,q5 — x5, such that (4.6), (4.8)
[or alternatively (4.9)] are satisfied, then p%,q% are a set of
canonical coordinates and so a set of Hamilton-Jacobi co-
ordinates. Finally it can also be shown in a perturbative
framework that Hamilton-Jacobi coordinates regular at in-
finity really do exist."’

Under supplementary assumptions which roughly
speaking reduce again to the general assumption that we get
a free particle system when x>~ + o, it can be proved that

PiPoa= — M. @1
These identities show that, in the language of Dirac,* we are
in the presence of a dynamical system with primary con-
straints. These constraints have their origin in the identities
u, = — 1. Primary constraints introduce difficulties when
one tries to quantize classical dynamical systems. One way of
getting round this problem is to substitute the dynamical
system (1.1} by a new auxiliary one, the so-called “‘auxiliary
dynamical system™”:

Do e ITE e, @.12)
dA daA
where A is a 4-scalar parameter and (7= — 7%7,,)
0505l = Tk GOhm T lum o). (4.13)
In this way we go round the constraints u2 = — 1 since the

% are now to be considered as two new independent varia-
bles to add to the other four: x?, (x7a), (7,7,). Definitions
(3.3) and (3.4) now become

Re=x*— 57% + 278, 1°=ma® + (mm)rs,  (4.14)
and
- na[ﬁ’(xn'a) + (7T s ) Xﬂ-a')]
= t )] (4.15)
A,
with
A= (mm) ~ m (4.16)

Now we can determine Hamilton—Jacobi coordinates, 55,45,
regular at past (or future) infinity for the dynamical system
(4.12), taking 4-vectors 5,45 such that 55, g5 — x5 are Poin-
caré invariant and such that they are solutions of (4.6) satis-
fying the asymptotic conditions
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lim 52 =7% lim Lge —xm, (4.17)

X s, x? >0, X

or the equivalent ones for the infinite future, all of which are
the subsidiary conditions corresponding to (4.8) or (4.9), re-
spectively. On the other hand, conditions (4.10) become

00)za __
pa - 7Tu’

The differential operator d /ds, is now
S L
ds, Ix® I
instead of the similar expression given in (4.1). Finally the
identity (4.11) becomes
Pobaa= — Mol =T, (4.19)
From g, g3 we get the momentum, P<, and angular mo-
mentum, J “ of the auxiliary dynamical system (4.11)
through expressions like (4.4), (4.5). Then it can be proved
that we obtain P and J “?, the momentum and angular mo-
mentum, respectively, of the original dynamical system (1.1)
by “mass geometrization” of P*and J oB that s, making the
substitution 7§ —m ug.

©0zx = x2. (4.18)

a

5. CALCULATION OF THE LOWEST RADIATIVE
“SELF-TERM” IN MOMENTUM AND ANGULAR
MOMENTUM

Taking (3.14) into account we get from (4.13)

—_— s
Ghga — _ 2y mokA 2, he 2y (A Za _ _1‘)~Zw

’ Tefa Fa\ T 3

5.1

where

F=(mh+ A3, k= — (mm). (5.2)

Let us write p§ in the general form

B = o8h A flaal § + gl - (5.3)

n Ref. 6 the reader will find the first order expressions
In Ref. 6 th d 11 find the first ord p

for 5% and 4%, which in our notations are -"52,(" Vg%, Here
we are interested in >4 (and later on in ®'¢%). From the
first group of Eqgs. (4.6) we get to this order

C9(3,1)"(1! 8(0,0) Foded
w 4 4 (3.1)9;; 2 =90, (5.4)
axt ot
or taking (4.19) into account
Db (ll),gzaz _ 6ah 3.y Z» (5.5)

where 8, is the Kronecker delta and D, is the differential
operator

ad
Ixr’

(5.6)

— P
D,=m4

Now it can be seen that

D =D, =0. (5.7)
From (4.19) and the first equation of (4.18) we get
“V,, =0, (5.8)
Taking this and (5.7) into account, Egs. (5.4) become
w2 kA,
— = Saps (5.9)
dz, i
T 2 20
Aaw _ ( _ )5ab, (5.10)
9z, 3w, oy
where use has been made of the following results:
D =Dh*=DA*=0, Dji, =6, (5.11)

[We can get (3.10) and (3.11) from (5.7) and (5.11), respec-
tively, by making the substitutions: 75—m u’.] On the other
hand, we have the asymptotic conditions (4.20) (or the
equivalent ones for the future). The only solution to (5.8),
(5.9) “regular” at infinity is

 2mkAR (% Zds, 2k,

Gbg, = — , (5.12)
S
Ay 2my (% dz,  2A'm
«“ 37Ti ¥ fi 77(21
[ .
e B 30 .
So we have
wyk 2w, ~
ange— _ Nal e | Mataga, (5.14)
wp,
Let us calculate * "% From the second equation (4.6) we get
D, Vg = 3Dgag (5.15)
and if we write
Ghga =g (3,1)’77a;l“a+<3.1)1;aa;‘fzz+<3,l>vaa,?aa,, (5.16)
Egs. (5.15) become
eV _ 22k
Ya _ S (5.17)
oz, 3mir,
FV5, i
. aa — a aéab, (5'18)
9z, 3miF,
g3y
Vaa, _ o, (5.19)
a9z,

|

The general solution of these equations satisfying the asymptotic condition given by the second of the equations (4.17) (or
the equivalent ones for the future) gives the following expression for *'Pg2,

21701?( y z',,) e 27
3T 7,

re 4+ OOy 2+ Oy, 18

aa't a’

(5.20)

Ghza _

0 3nthe

A F

a
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where $Vv_, are arbitrary functions of &2, A%, 7, except for the condition that limk ' .v,,, = 0. We can see that at variance

with @52, we do not have uniqueness for the coordinates

Gz

Using expressions (5.14), the formula (4.4), and making the substitution 7°—m u% we get one unique radiative “self-

term” in linear momentum,

2 2 3 3
e e ez, €32,
2 2 1 2 1 «
p a—e-;’ez (3,1)1)? egel (3'1)[7‘21 — 3 elezk (— — ) he + ;e]eZ(—'— !g + 3! [>.

myr

myrs

(5.21)
mr;

myry

Since the g% given by (5.20) are not unique, the radiative “self-term” in angular momentum "/ aB given by (4.5), (5.14),
(5.20) is not unique. Nevertheless it can be seen that the radiative “self-term,” "W %, of the intrinsic angular momentum W ¢,

defined by
"= ST [PE(— PP, 8 = 1]

is unique. We first get

1

3, BD[pa 3p WMo
eie; We + ese; = — —
[ - ((0,0) pe (0,0)pa)] 2

/Tz
- ((0,0) pa 0.0 1‘5;
and then
1

+ k)(e?ez GO,

r a—,3, 3.1 a 3, (1,3 a _
Wisee W e W (m§ + m5 + 2mumok )

2miA 2z,

3(m? + mi + 2mmok )r?]

2mPA %z,

3(m3 + m3 + 2mm,

where we have put

8P xpu uy, =0 (5.25)
One could ask why we have not considered the terms

(Ihpa (.hga The answer is that if one considers them, then a
similar calculation such as the one that has been used to
calculate (3’1)-‘2,(3‘1)4:’ giVeS (1’3)13? = 0, (1’3)63 = (‘I’B)Vaa?'g
+ 49y 1% and these expressions do not change either
(5.21) or (5.24). "W “ depends on y and so it has different
values at past or future infinity (it goes to zero at one of these
two infinities depending on y). In the language of Ref. 6,
when radiation is present, # < is not “conservative.” Of
course, W ¢ maintains its numerical values along a given pair
of trajectories, but it does not keep the form of the expres-
sions corresponding to free particles, which W “ takes at the
past (or future) infinity. On the other hand, P* does not
depend on 7, so it is “conservative.”

When the Dirac term is not considered, P%, W< are
conservative to first order®: That is, "VP%, "D 2 do not
depend on 7. [It can be easily recognized that terms like
(nmpa (nm e are the same if we consider the Dirac term
(Lorentz-Dirac equation) as if we do not (Lorentz equation
with retarded potentials).].
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k),g”

(5.22)
| el — 2, 00@) + e 1y = 240
T, + e, (3»“;72,)] 8T 7 s (5.23)
e o5 - 2)
e
ne, (5.24)

r

So, to fourth order in efey’ (n + m<4), we have that the
momentum P¢
P%=mu® + mu3 + eje, "VP + elel @PPe 4 PY,

(5.26)

with "P  given by (5.21), is numerically conserved along any
given pair of trajectories and the same can be said about W .
In the spirit of field theory and to this order the first part of
(5.26)— PP =mu% + mus + ee; "PP* 4 ele2 GDpa_
could be interpreted as the total momentum of the system,
consisting of the two charges plus their electromagnetic
field, excluding self-interactions, while "P * would represent
the momentum of the radiated electromagnetic field that
takes the self-interaction into account. Neither P %, nor "P*
are conserved numerically by themselves; but their sum to
this order is conserved. In a similar way we could define” W ¢
and then decompose W as PW = 4+ "W <.

Now we make the choice y = — 1in (5.24), so we take

the intrinsic angular momentum W “ to be “‘regular’ at past
infinity.
Let usintroduce "W such that "W < = "Wn“, Then obvi-
ously we have
lim "W=0

2
X'—>o0,

R. Lapiedra and A. Molina 1313

Downloaded 12 Jul 2010 to 161.116.168.227. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



and for future infinity

W, = lim W= _ 4m,me.e\(ei/m: + e3/mik

- 3(m? 4+ m? + 2mm;k ) AR
(5.27)
Since
lim hpyra_,
we have the evident notation
llm W{x — ((),())W{z + e%e% (2‘2)W+ xna + rW+ Ocna,
: (5.28)

where it is clear that having W« = ©OW ® at past infinity we
do not recover the form of this expression in the infinite
future. [From the definition (5.25) we get

COW e = mym,n®/(m3 + m3 + 2mm;k )'2.]

On the other hand, if we calculate

P = lim "P“

X e,
we will get zero since "P * does not depend on .

From the point of view of the “theory of the absorber”
(see Sec. 1) efed VW, _n" 4+ "W, _n“could be interpret-
ed as all the intrinsic angular momentum that our two parti-
cles, have delivered during all their history to the charges of
the entire universe. The term "W, _n® accounts for the in-
trinsic angular momentum which corresponds, in the lan-
guage of field theory to the “self-terms” of the radiated elec-
tromagnetic field, while the other term ejes @2 W _n“
belongs to the system consisting of the two charges plus their
electromagnetic field (self-interaction excluded). This term
would be absent if the two charges were to interact through
time-reversal invariant potentials instead of through retard-
ed ones, as it is actually the case in the Lorentz-Dirac equa-
tion (2.1).

Similar considerations can be made about the momen-
tum P “ but now the term "P“,__ cancels, that is to say, in our
approximation, the all radiated “self-term” in the momen-
tum by the two interacting particles, is zero.

Probably we would have to go on with our expansion in
el uptoordern + m = 6toget ‘P, 0. In fact dipolar
radiation in conventional electrodynamics begins at sixth or-
der in the charges involved.

We end this paper by making some physical consider-
ations. First of all, we could recover the formal expansions in
the charges of this article by making the reasonable assump-
tion that the magnitudes we have calculated can be expanded
in powers of the dimensionless quantities e e, /c*m x
(x=3 — distance between the two charges). These are not
Lorentz scalar quantities. So, we cannot attach an invariant
meaning to the fact that these quantities were small in a
given inertial system. In spite of this, expansions in
e e, /c'm  x are meaningful since, because of the Poincaré
invariance, accelerations, momentum, etc., are always the
same functions of positions and velocities, no matter which
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inertial system we are talking about. Then each inertial ob-
server must only make sure that quantities e e, /c*m_ x are
small enough for him in order to get a fast convergence of the
expansions.

For electrons we have e ¢, /c*m_,x ~1 when x ~ 3 Fer-
mi. So we can see that e e, /c’m, x will be very small in all the
physical situations where the classical theory developed here
can be used.

In the case of the accelerations, where the terms *2¢ ¢
are known,* we can easily get the 3-accelerations
ul, =d?*x'/dt* up to third order in 1/c. (see, for instance,
Ref. 8 about the three-dimensional formalism of the PRM.)
From ("Dg e GDga oiven by (3.1), (3.14), respectively,
from *?£ 7 ¢ and making use of the relation’

wo=(1- Den,. - Lo, ] 6

(where V! is the 3-velocity of the particle @) we get to third
order in 1/¢

. £1€7 £1€ r-V, %\ .
i — n 12 N z[(—l‘sz,'—Vl'Vz—‘:s_( ))r,
mr’ cm LN 2 2 P

. el 2n eV
*na(l‘-V{,)V'] + N€1€3 4 N€1€2 ,
ccmm,rt cmm,yr’
. 2naeiea'r'v b znae%e% znaezea' i
emr 3cmm.r cmir
(5.30)
where we have put
Vi=Vi—V, r=x, V=(V.V)?, r=(r)"

and V.V, r-r are R * scalar products.

In (5.30), to zeroth order, we recognize, Coulomb’s law.
The second order is the correction of Darwin’s Lagrangian
to Coulomb’s law.” In the third we have two kind of terms:
Only those in e}¢,, come from the Dirac term in the
Lorentz-Dirac equation. We can think about it as a radiative
term. The other two terms in 1/¢* have nothing to do with
the Dirac term. They would be absent if we had taken time-
reversal potentials instead of the retarded ones that must be
used in the case of the Lorentz—Dirac equation.

Notice the fact that the term of !, in 1/¢? vanishes when
e/m, = e,/m,.
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