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We deal with a classical predictive mechanical system of two spinless charges where radiation is
considered and there are no external fields. The terms **'P,* of the expansion in the charges of the
Hamilton-Jacobi momenta are calculated. Using these, together with known previous results,
we can obtain the p‘, up to the fourth order. Then we have calculated the “radiated” energy and
the 3-momentum in a scattering process as functions of the impact parameter and the incident
energy for the former and 3-momentum for the latter. Scattering cross-sections are also
calculated. Good agreement with well known results, including those of quantum

electrodynamics, has been found.

INTRODUCTION

In this paper we pursue the calculations of the preced-
ing paper (I) (this issue) in order to obtain physical results
such as the cross sections and the “radiated” energy and 3-
momentum. [We explain what is to be considered as radiated
energy and 3-momentum in paper I (Sec. 5) and again at the
end of Sec. 3 in this paper.] We use the notation and general
scheme developed in Ref. 1, i.e., a classical predictive me-
chanical system consisting of two spinless charges, each one
moving in the field of the other according to the appropriate
Lorentz-Dirac equation.

Let us summarize the relevant results of (I): In a pertur-
bative scheme in the charges, e, , the 4-accelerations of the
“auxiliary dynamical system” (1.4.12) are determined up to
fourth order (included). [(1.4.12) means the formula (4.12)
of Ref. 1.] The terms "0 % and *?0 ¢ of the expansion are
the same as if radiation (that is, the Dirac term in the Lo-
rentz~Dirac equation) was not present and they were al-
ready known. The term """'8 “ can be found in Ref. 1. On the
other hand, the terms 2 %, of the original dynamical sys-
tem’s accelerations, can be found in Ref. 2. From them, the
terms 26 * are easily calculated. They are given in Appen-
dix B. The terms 8 ¢, calculated in (I), are new. The terms
99 = can be seen to be absent.

(eped

The Hamilton—-Jacobi coordinates p,45, can be com-
puted taking into account the 4-accelerations, 6 3, of “the

auxiliary dynamical system.” The first terms ("Dp?, (1:Dge,
in the expansions of p¢,§$ are obtained in Ref. 1. In (I) we

have obtained the terms *+'’p2, Vg% (the terms

(.3p (94 can be taken equal to zero). In order to have all

terms to fourth order in 5%,G%, the terms 2p%, 2§ should
also be calculated. Their calculation follows the same lines as
that of *1p, DG byt it is very cumbersome. Neverthe-
less if any more concrete results are to be obtained from our
mechanical system, knowledge of *?)p¢ is needed.

In Sec. 1 we will compute @?pZ and so we will get the

total 4-momentum, P = p$ + p5, of the system to fourth
1 T P2
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order. In Sec. 2 the future (respectively past) infinite limit of
the calculated Hamilton-Jacobi momenta, p&, are calculat-
ed. In this way we can establish the 4-momentum balance of
the interaction and so, in our approximation. We see that
there is no energy and 3-momentum ‘“radiated”. In Sec. 3 we
use the asymptotic behavior of p& in order to calculate the
scattering cross section of the classical process, to sixth order
in e,, e,. In the limit where sixth order terms are negligible,
our results agree with the previous one of Bel® and they are
also shown to agree with those of quantum electrodynamics.

1. THE CALCULATION OF THE TERMS ?2p% IN
THE HAMILTON-JACOBI MOMENTA
EXPANSION

We start with the first equation in (1.4.6), written for the
“auxiliary dynamical system” (1.4.12),

d"’ll
<=0, (LD
ds,
where
4 g0 9 Lgp 9 (1.2)
ds, axb ar

Fourth order terms of the form (2.2) (terms in e2e2) in (1.1)
give

2.2z 1,)za 0.0) za
77'[;——————8 2 = —(1'1)0/;)'———’8( et - (2'2)61’; pa’
xbr are o’
(1.3)
or taking into account (1.4.18) and (1.5.6),
C? (L, Dza
205a (1,1 a (2.2
D, pr = _ (hge e 6281 (14)
that is,
a (1,Dza
-~ Q
D, 2.2) - _(Lhge a ,_(22)03 (1.5)
o
and
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o §hza
D, V5= _(bgp "4 (1.6)
e

Now, for "1V87 we get [see (1.3.7) and (1.4.13)]
gy _ MTak | Tt (1.7)
a Fi ;(31 a

and from Ref. 1 one has for V52

RIP _’Zi]i(l _ _a>~a s
e vy G et
where y stands for + 1 or — 1, according to whether we
want "5% to be zero at the future infinite or at the past
infinite. (When comparing with Ref. 1 attention must be
paid to the fact that there is a slight change of notation for the
symbol 7,.) It can readily be verified from (1.8) that

lim [”:k (,—V, - ﬁ)i{a_ f 73] =0. (1.9)
soeyel B2NAF, AF,

Now, as we know, the symbol ~ in the notation k h,
A,...,etc., means that we refer to “the auxiliary dynamical
system” (1.4.12) and then we have the definitions (1.4.14),
(1.4.15),---, while &, A, A,--- refer to the definitions (I1.3.3),
(1.3.4),---. All through the rest of this article some very
lengthy expressions will appear, we will omit from now on
the symbol ~ when refering to “the auxiliary dynamical
system.” So we will write # %t %,z -, for l?“,?f,’,ia,---. Later
on we will have to work with the original dynamical system.
Then, symbols without a tilde will again have their original
meaning. This will be pointed out when necessary.

Now let us come to Eq. (1.5) and (1.6), which we must
integrate in order to find *?5%. For this we first need to
compute 8% (352 /37%). Taking into account (1.7)
and (1.8) we find after some lengthy calculations (see Ap-
pendix A for details)

(1,1)6p a(l-l)‘"aa _ naﬂ%’A 2Za {l . z_a)
Y Rl \A 1,
T (2 k2
a a 14 a
+ L2 te, 1.10
r (ra Al ) (1.19)
(L )za
(l.l)g,z/a a
an
oTaf kz
= 2 Zethz, — wha O + A 2z,)
ry \hr,

— ke kz, = T2 + KR4 Atzz,)]

YAz, Tof o
+ )h “ + _( (kza - ﬁi’za')(kh : + A ZZaZar)
h? r r

2

(1.11)

k Yk?\, a
A 2ra(kza - 77'i'za’) + T)t a’r

1317 J. Math. Phys., Vol. 20, No. 7, July 1979

that is, "V6£ (3 "VpZ/37) can be written in the form

a (1. Nza

g Fa _@yppa, Qe a
PR Na bk "+ TOCHE,

where the functions @b, and **C, are those appearing in

(1.10) and (1.11).

On the other hand, the terms ®*’¢ %in the accelerations
£ 9 of our predictive dynamical system can be found in Ref. 4
or, ina more compact writing, in Ref. 2. from *?¢ ¢ the term
229 can be calculated according to (1.4.13). It can be
found in Appendix B. Its expression has the form

na(Z,Z)aah a + (2‘2)[ °te

aa’t a»

@by (1.12)

enga - (1.13)

with #2q_ @]  being the appropriate functions.
Finally, according to the notation of (I.5.3) we write
Cpe =1, CVTR T+ OV + VLt s (L14)

Now, putting (1.12), (1.13), (1.14), into (1.5), (1.6) and
keeping in mind (1.5.7), we have

2.2y _ 2,2) 2,2) 2.2)7+
Da a— ba - as Du aa
2,2 2.2)~ 2,2
= —f )Ca’ Da( ):uaa' = - )laa" (115)
2,2)5 __ 2,2) 2.2y
Da’ A, = — ba" Da‘( Maa = 0,

D,*Vg = —CIC . (1.16)

Here, Egs. (1.15) are equivalent to (1.5), and equations (1.16)
to (1.6)

Because of (I.5.11), taking 72,4 2,4 %z, as independent
variables, E gs. (1.15) and (1.16) can also be written
g@

2.2)
(9 aa - _ (2’2)[) _ (2'2)(1 Au’aa
a ‘ )
Za zﬂ
3@,
2,2 aa .
=-0yc, T _ e (117)
dz,
(2,2) 2,2)
ad“%a, @ d a
— = e, _ _Tw_g
a a
Z oz,
gy, |
i R o (1.18)

We will use these equations to determine @?a, and
3 .0, while @, will be obtained from (1.4.19). Let us
begin with @Y. We will have

eI, = Jm (@b, 4+ *Pa )dz, + fm ( lim (2-2>ba,)dza,
Z, z, Z,—Y o
(1.19)

and depending on whether wetakey = + lory= — 1 we
will have lim @Y, = 0 at the future or past infinite respec-
tively. In a similar way we have
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eng fm (2'2)laa,dza+fyw ( fim (2'2)Ca,)dza,.
Z, z, Z,—~¥ec
(1.20)

Taking into account (1.12) and (1.11), it is easy to see that

lim @2p =0, lim @?C, =0, (1.21)
2, ayen z,eyoe
so that (1.19) and (1.20) become:
@ng - f“ (@D 4 g \dy (1.22)
ang f " eor gy (1.23)

Now, as it can be seen in Appendix B, *?a,,*?[_ ., are
rather involved expressions. Consequently these integrals,
though expressible as elementary functions, are involved too.
The final result is:

(M)ﬁa
B Tk o
(kr, — Az )k 2r2 A zz) 2A %h?

QRk>—~AYr, + kA z,
k Zri — A ‘zfl

w2k — Az,
24°h7

-
_ T(ﬂzr + mkz, + Az) + e r3

a’a

X [kry + (2k? — A Dz, — 27%kz,] + —L—

Ah?

o om mrek —A + Az,
X (_" + ) _ Tk g Lo T A2+ AZ)

” Ta Ar (k—A)h?

ek r,— Az, Tk + A
+ arctan

3 wh 24°h°
Az, m, ( ., fraAza)
arctan —— +- arctan
Ah kh

2Ah°

rrw kT, ym(m, + my)

- - e e (1.24)
44k’ 4Ah° 4AhR°
Gy
Wiﬂ'i' 77121'/1 P Zkraza 4 ﬁfzkraza + k*h?
S k—a " k-
N g N 2k 2rtmikh?
Adrg A 4rara' Aqrgra'
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kzkz, +ry)  z molkrg + kT — Az,
Ahrr, A,
kiz, Tz,  (ra+Az)k —A)
-7 lo —.

A, A ey + Az,)

(1.25)

2,2)

Let us now calculate ““u .. Keeping fourth order

terms in (1.4.19) we obtain

2(2 2)paﬂ-a + . ” a & l)Paa - (126)
and from this equation and (1.5.3)
k 2 (1,1)(72 + ,”_20/1 2 (1, 1);72
Q2.2 a aa’
a 1.27
(7 e (1.27)
Then, because of (1.8), we find
T k: (72 1
2.2~ a a
e = 4 — . 1.28
o™ a2 " An ( A) (129

Finally, substitution of (1.28), (1.25), and (1.24) in (1.14)
gives us @252, Then from (1.4.18) and (1.5.14) we can write

- Na k Zq 73'
pPo=7+ elez[ (—- — —)h“ — t‘jv]

h? v, Ay,
+ 6’3@ [ . 277077%1’1( h< 277’2’ZA ta,]
BRI 3wy "

+eres[n, FITh A OVt G+ PVt 3] (1.29)
with @97 @25 and *?4, ., given by (1.24), (1.28), and
(1.25), respectlvely So we have calculated the Hamilton—Ja-
cobi momenta, p%, up to terms in e’ (# + m<4). Should we
need the total 4-momentum, P “, to this order, we only
would have to put P% = p¢ + 5¢.

In the next sections some approximated physical con-
clusions will be worked out from the expression (1.29). Actu-
ally, we will obtain the “radiated” energy, the 3-momentum,
and the scattering cross section.

2. THE “RADIATED” ENERGY AND 3-
MOMENTUM

The approximated Hamilton—Jacobi momenta, j7, giv-
en in (1.29) have been defined in such a way that the condi-
tionlim, , ., p5 = 75, issatisfied, as can be verified direct-
ly in (1.29). So, according to whether we take y = — 1 or
y = + 1, these approximated momenta reduce to the free
momenta 72, in the infinite past or infinite future, respective-
ly. Nevertheless, in the language of Ref. 1, these momenta,
<, are not conserved, that is, we do not recover the free
momenta, 7%, when taking the limit z,,z,— — y o as it also
can be seen from (1.29). Simllar considerations can be made

for the total 4-momentum, P* = pf + 5. Of course, P%and
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also p2 are conserved numerically along a given pair of
trajectories.

So, let us take the limit z,,z,— — ¥ o0 in (1.29). Taking
into account (1.28), (1.25), and (1.24) we obtain

Pi .= lim pl=75+ee

ZipZyr — Voo

X( _ nayﬂ(E\ﬁ_ Tra’) i;’a _
2Ah°
2.1)

where we have restored the symbol ~ because this expres-
sion, as compared with (1.29), is a relatively short one.

By making the substitutions' 75—m_uj, we obtain
PS5 | _ .- Thisis analogous to (2.1), now refering to the origi-
nal dynamical system. That is,

PZ' — Yoo
_ . - o 21,7k . .,
:z\‘.z\,gnl Yoo Pa =ml; +ee A h*+ eie;
X(_ 7707/77(m,+m2)ha—_ 2k? t
2mlm2Ah3 maA 4h2 a

2k
—_tl).
+ m A h? a)

2.2)

Here k,A,-- are the quantities of the original system which
were given in (1.3.3), (I.3.5),and (1.3.8).

From (2.2) and the total 4-momentum, P“ = p} + p5,
we get in our approximation

Pl _, .= lim P%=muf+ mus.

ZpZ,— — Yoo
Then the “radiated” 4-momentum up to order eSe5 with
a + b < 6is zero. But the intrinsic angular momenta radiated
by the two charges is different from zero to order e e,
(1.5.27) due to the presence of the Dirac term.

We do not know presently if they are “radiation” due to
the retarded potential term (1.2.1), because we have not com-
puted the intrinsic angular momentum to order efe3. But, if
this contribution exists, it would not cancel the e ;. term
(except perhaps for equal charges).

Let us note that the first contribution to radiation
comes from the intrinsic angular momentum, Up to order
[ST.e:a:1][SI:e:b:2], a + b = 4, energy and momentum are
conserved, but not the intrinsic angular momentum which is
tranferred by the system to the universe (from the point of
view of the Wheeler~Feynman absorber’s theory).

3. SCATTERING CROSS SECTIONS

Let us consider (2.2) for ¥ = 1. Then since the Hamil-
ton—Jacobi momenta, p¢ are numerically conserved and

since for y = 1 we have lim, . . _p% = m,ug, we can estab-
lish the following equation,
1319 J. Math. Phys., Vol. 20, No. 7, July 1979

2y .k (M + m;,)
muZ + ee, —An;;—h"+efe§(— —u—l——f—h“

2mm,Ah’
2 22
Sy — .rg,)
mAh? m, A ‘h?

3.1)

where symbols on the left side refer to the initial state and
those on the right side to the final state.

a
=myl,p,

From (3.1) and in the laboratory frame, v,. = 0, we ob-
tain the 3-vector equation

27,
m,¥.¥, + ¢e.e; Ez—h -+ E%e%

a

< naﬂ-(ml + mZ)h 2 mgy + m.y, - )
2m1m27/ava|h|3 mama'yavzhz ’

=mMyYarVar - (3'2)
From the identity 4 “u,, = 0, we have h.v, = 0 for

x?9 = x9. Then Eq. (3.2) is equivalent to the two equations

22 my + m.¥q

ma7/uva - 2eleZ T A, ma”aF vaF Cose, (3.3)
mama’7/avzh2

20€: _ 20 TOMAM) _ 0 e sing, (34)

v, |h 2mmyy o 0

where € is the sign of the product e,e, and 8 is the scattering
angle between v, and v,. From (3.3), (3.4) we have to
fourth order

2e06 ( __Tmee )
my [\ d4my,h|/

where m is the reduced mass: m=mm,/(m, + m,). Then

tanf = (3.5)

1 2my, erm vitand\ 2
L 1+ (1 === 7). (3.6)
(h| 7e.e, 2m
Here we want that lim,_,|h|™ = 0 and so only the solution
1 2my, ermpitanf\!?
— = 1—{1- — 3.7
(h| Te.e, 2m

must be retained.

Now the expansion in e,,e,,6, as a function of |h| and y,,
begins with e,e, as it can be seen from (3.5). Taking this into
account we can approximate (3.7) to get

h| = 2e,e,€ _

m,y visind

re.e,

, 3.8
4my, (38)

where the term 2e,e,6/m v v2siné in fact beings with zero
order in e,e, because of the siné appearing in it. Only the
other term, me,e,/4my,, really behaves as an e e, term.

From (3.8) we can evaluate the scattering cross section
in the LAB frame, v, =0,

elel ( erm vlsin(6 /2)
do= 1—
4m2y2p3sin(6 /2) \ 4m

)dﬂ,
(3.9)

with df2 the differential solid angle. To lowest order, when
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[emm 2 sin(@ /2)]/4m <1, we obtain
B ele2dn
4m2y2visin'(0 /2)

which is in fact the cross section that would have been ob-
tained if we had neglected terms in e2e3 in (3.1).

do (3.10)

Let us calculate the cross section (3.10) in the center of
mass system. This can be easily done by neglecting terms in
e2e3 in (3.1). We find

elelk 2dN
4m3y202A sin%(6 /2)
It can be seen that this expression agrees with Ref. 3. Asit is
noted there, (3.11) reduces to Rutherford’s formula in the

low energy limit and when one of the masses becomes infi-
nite it reduces to Mott’s formula for a spinless particle.

do

(3.11)

Now let us suppose that m, = m, and that after the
scattering we cannot distinguish between the two particles.
From (3.11) we then find for the scattering cross section

eiex2ye — 1y

m2vtySsin‘

do = (3.12)
Akhiezer and Berestetskii, in “*“Quantum Electrodynamics,”
p. 838, give (in our notation) to lowest order
eles(2y2 — 1y — 14?2
o — €527 ){ .2 B Y: )d.Q (.13)
amiiy \sin0 221

for the scattering of two indistinguishable spinless particles
in the center of mass system. This formula does not depend
on Planck’s constant. In (3.13) the expression
|2 — 1)/(272 — 1)| is always less than 1. Then we have
2/5in’0> (3% — 1/2)(29? — 1) and (3.13) reduces to (3.12).
So, in the appropriate limit, our results agree with those of
quantum electrodynamics, at least as far as (3.13) is
concerned.
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APPENDIX A
The calculation of ("""82.(3"V5%/37"*) becomes easier
by systematically using the following relations (J. Martin,
private communication):
NhE = —zh®—nAh%,
N & =n,mh,
NG =y kh,
Nz, =mhA? Nz, =khA?,
Nh?*= —2h%, Nk=N,m=0,
QI =0, Q%= —ktl, Q= — s —2kts,
Qz,=kz,, Qz, =72,
Qh= —A% Qh?=Qm =0,
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where N, and P, mean the differential operators

NHE ah P y QaEtz *
T e o
APPENDIX B
Writing
(2,2)6;1 =17, (2,2)aah a + Ql)laa't Z,’

we have for the functions *?a_ and *?_, the following
expressions (J. Martin, private communication):

g, = — A e, — ke kr, — Az
Rk —
X {(kh>m, 2,2, + 7oA Dry !
— [kh (i) 'z kz, — r,) + 7oA 7]
X mokr, — Az,)"}
v ammka vy (= A, - e

Az r
+ A2 (kr, — AZ) + 72A Clog ——2 AL
Az, +r,

k—A

+ m2.A “log _7(,—)’
OB = iy kr, — A%z = 3mimikh iz

X kb 2wy P22y + mpA 2)r, !

— [kh (mmyy 'z (kz, — 1,)

+m2A ) mikr,— Az)")

— M (3A 2y —

X{ — A Hhz, — oz,

+ AT (kr, — Az)!

Az, +r k—A
A log 22 L 2 A0 ]
R gAz,+r 8 e

a a a
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