Poincaré wave equations as Fourier transforms of Galilei wave equations
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The relationship between the Poincaré and Galilei groups allows us to write the Poincaré wave
equations for arbitrary spin as a Fourier fransform of the Galilean ones. The relation between the

Lagrangian formulation for both cases is also studied.

1. INTRODUCTION

It is well known that the Galilei algebra is a subalgebra
of Poincaré algebra in one space dimension more." This fact
allows us to relate relativistic Poincaré and Galilean theor-
ies. An interesting point is that Galilei transformations in
two space dimensions are contained in the usual Poincaré
transformations.” This enables us to present Poincaré spin
zero wavefunctions as Fourier transforms of Galilean ones.
In the same way it is possible to see the Klein—-Gordon equa-
tion as the Fourier transform of the Schrodinger equation in
one space dimension less.

On the other hand, due to the fact that the Poincaré
algebra is a subalgebra of the complex Galilei algebra in one
space dimension more,” it is possible to do a similar analysis
as in the preceding case, i.e., the Schrdodinger equation can be
obtained as a Fourier transform of the Klein—-Gordon
equation.”

The aim of this paper is to extend the results above
quoted to the arbitrary spin case and study the possible rela-
tions between the Lagrangian formulations of Poincaré and
Galilei theories.

The organization of this paper is as follows: In Sec. 2 we
give a summary of the results of Ref. 2, in Sec. 3 we extend
these results to the arbitrary spin case; in Sec. 4 we study
some aspects of the Lagrangian formulation; Sec. 5 is devot-
ed to conclusions.

I1. POINCARE AND GALILE! SPIN-0 WAVE EQUATIONS
The light cone transformation
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where P, J, and K are the generators of the (3 +1) Poincaré
algebra.
If we take the linearized natural representation of the

Poincaré group acting on (x%, x', x*, x*, 1) and subduce it to
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the Galilei subgroup generated by (2.2), we obtain, in the
coordinates (2.1), the transformation

t'=t+b, x{=Rx, +vt+a,,

. 2.3)

which is the natural representation of the (2 41) extended
Galilei group.

Notice that the s transformation is related to the phase
that appears in the projective representations of the Galilei
group.*

Let us now relate the spin-0 Poincaré and Galilei wave
functions by means of a Fourier transformation. A wave-
function ¥(¢,x, ,s) scalar under Poincaré group can be ex-
pressed as

Wox, 0= [dne 78,0,

where ¢, (¢, x,) is a scalar wavefunction under the (2 +1)
extended Galilei group. Now we can write the Klein—-Gor-
don equation as

2.4

O+ mie, x,, ) = fdn e NS0 x), (25)

where (S¢, ) is the Schrédinger equation for a (2 +1) Gali-
lean particle of mass 7.

On the other hand, the imaginary coordinate
transformation®

=iz, x'=x, x*=y, x*=yt, yarbitrary, (2.6)

induces the (2 +1) Poincaré algebra

=, Ki=—-i,, K,=iJ,

P =P, P,=P,, K= —IiP;, 2.7)
where P, J are the generators of translations and rotations of
the (3 4+1) Galilei group.

As in the preceeding case, if we take the linearized natu-
ral representation of the extended Galilei group acting on
(x, y, z, t, 5 ,1) and subduce it to the Poincaré subgroup gen-
erated by (2.7), we can obtain, using (2.6), the natural repre-
sentaiton of the (2 +1) Poincaré group.

A wavefunction ¢ (¢, x) scalar under Galilei group can
be written, using (2.6), as

& (x° x', X%, x%) = f die "¢, (x x", x?), (2.8)

where ¢, (x°, x!, x?) is a scalar wavefunction under the
(2 +1) Poincaré group. In the same way, the Schrodinger
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equation can be written as

(S¢ )(xo, Xl, xz’ x3) — fdi e*M""(K-G)iﬁ,l (XO, xl, x2) ,
2.9

where (K-G)y, is the Klein—-Gordon equation in (2 +1)
dimensions with mass M * = —2myA.

Let us remark that the invariance of the Klein-Gordon
equation implies, by (2.5}, the invariance of the Schrédinger
equation. Due to (2.9), the inverse is also true.

Ill. POINCARE AND GALILEI SPIN S WAVE EQUATIONS

We shall first concentrate ourselves in the Dirac equa-
tion for a spin | particle of mass m. This equation is invariant
under the & =D V'/*9*©1/2 representation of SL(2,C ) with
generators

o O _ i fo O
le( _)’ K:_( —).
2\0 @ 20 &

If this representation is subduced using (2.2), to the
(2 +1) Galilei algebra, we obtain an equivalent representa-
tion of that of Levy-Leblond* for spin 1.

This equivalence can be expressed by a matrix 4, whose
explicit form is given by

(3.1

1 0 0 0
0 0 0 —1i
1
4= 0 0 — 0 (.2)
2
0 ___’ 0 0
V2
Using this matrix, we obtain
f:AJA"=l<03 0),
A0 oy
3.3)

G=AG A "' =

[

(O O) 1
U‘-O’l—_’,

which is the usual representation of the Galilei algebra.
The matrix A4 acts on Dirac spinors: ¢, = Ay. Now
we can generalize (2.4), writing

Yt x,,5) = f dne g (%),

where ¢, is a Galilean wavefunction for a spin § particle of
mass 77, and now we can write the Dirac equation for ¢, as

A (V[IP“ - m)A J%(n X S)

3.4)

= J.dﬂ e h]SGI[ ¢1]LL (t! xL ) ’ (35)
where
—io, P, —m 2y ) ¢>,})
G = .
1]¢7]LL ( E l.o_l Pl - m . ’ (3 6)

is the Levy-Leblond equation in (2 4-1) dimensions for a
particle of mass % and spin . Therefore, the Dirac equation is
the Fourier transform of Levy-Leblond equations.

Let us search the transformations properties of the Ga-
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lilean spinor ¢, , from those of the corresponding Dirac
spinor.

Under the Lorentz group, the Dirac spinor transforms
as

Uh(x) =D (A ) (x).
If we restrict ourselves to transformations belonging to the
(2 +1) homogeneous Galilei group, A = A, the new Dirac
spinor ¢ transforms as

s, xS =AU, x,,5), 3.7
whered (Ag) = AL (A;)4 'isthe (2 +1) Galilei subduced
representation generated by (3.3).

Using (3.4), (3.7) is given by

fdﬁ e” " (t/x])

=40Ac) [dne 4 x),
and from (2.3) we have

¢;1LL(t L x()= e'’A (AG)¢1,LL(1: x), (3.8)
where /= [v,x, + v, % |7 is the known phase which ap-
pears in the projective representations of the Galilei group.”

Now let us note that the operator (3.6) can be putin a
more standard form. In order to eliminate the m-dependence
we can define a new transformation on the spinors

- I 0
(z") — ei(m’/?.r])l m I (j’/) ,
. Ty y

that induces a transformation of the operator (3.6), which
becomes

— o P, 2y )
, 39
( E io, P, (3:9)
with a further change (3.9) takes the form
(1 0 )(—ioiPl 27 )(1 0)
0 —i E iolP/J\O 1
o P 2y )
= . 10
( E o, P .10

Thus we have obtained the well-known classical form of the
Levy-Leblond operator.

It is important to observe that while the operator of
(3.9) is invariant under the (2 +1) Galilei group due to the
invariance of the Dirac operator and the relation (3.5), the
Levy-Leblond operator (3.10) is not an invariant one.>®

We can generalize this result to an arbitrary spin case.
Let us begin with the Bargmann—-Wigner’ procedure. The
Bargmann-Wigner equations are

28D @&y (®)=0, i=1-2s, (3.11)
o

where D is the Dirac operator and ¥y, is a symetric multi-
spinor of rank 2s. This equation are invariant under the

Z &+ ® P representation of SL(2,C). If we subduce this
representation, using (2.2), to the (2 +1) Galilei group, we
obtain:
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49--24. (3.12)

The matrix 4 acts on symmetric multispinors ¥y =4 @
- ® Ay, and analogoulsy to (3.4) we can write

‘/’gw (t7 X1y S) = f d77 e iﬂS¢BWT] (t’ xl) ’

where @y, is a Galilean symmetric multispinor of rank 2s.
As in spin i case the BW equations for ¥4, give

(3.13)

A 0AU8--8D @ -81)A"'e0A4 'Y, x,,5)
)

= fdn eI &8G, 8 &l)pyw,(t x,),
@]
i=1.2s,  (3.14)

where (/ ® - 8 G, @ - ® [ )pgw,, (¢, x,) (i = 1---2s) are the

BW Galilean eqil)ations in (2 +1) dimensions for a particle
of spin s and mass 7. Therefore, the BW equations are the
Fourier transform of BW Galilean equations.

If we used another description for a spin s particle, we
can obtain simialar results.For example, if we use the refor-
mulate (6s +1) Hurley theory® as a modified BW set,’ i.e.,

'®+®D & lMgw(x)=0, i=1-2s, (3.15)
[6)

where D is the Dirac operator and I is the projector
I'=( 9). Ypw is a symmetric multispinor of rank 2s. Due
to the fact that I” commutes with the & representation, of
SL (2.C), these equations are invariant under the tensor
product of the & representation.

If we subduce this representation using (2.2) we obtain
the Galilei representation (3.12). As in the usual BW case
(3.11), the equations (3.15) for ¥4, can be written as

Agw@Al"®oD g.-ol)4 "@...@A‘H/,gw(t, X, 5)
O}

= Jdn e ”IK(P“*- ®® G17 L ®P+ )¢BW7](t’ xl) ’
Q]

i=1.25, (3.16)

where(P, ® - ®G, ®-®P , )dpw, isa Galilean equation
() .
in (2 +1) dimensions for a particle of spin s and mass 77 in the
(6s +1) theory. P__ is a projector:
1

P, =A4™' = (3.17)

1

Equation(P, ® ~®G, ® 8P, )dgw, = Oisan invariant
®

Galilean equation owing to the fact that

AP . A=P, .
Therefore, the Pincaré (65 +1) theory is the Fourier trans-
form of the Galilei (6s +1) theory.

Summing up, we can say that the possible Poincaré
multispinor wave equations can be written as Fourier trans-
forms of the Galilean ones. On the other hand, we can span a

symmetric multispinor in a basis of SO(3) tensors. Using this
fact it is easy to see that the Poincaré tensorial wave equa-
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tions can be written as Fourier transforms of Galilei tensor-
ial wave equations.

We want to remark, that in this section we have only
studied the Poincaré wavefunctions as Fourier transforms of
the Galilei ones, a related analysis can be performed in the
inverse situation.

IV. POINCARE AND GALILEI LAGRANGIANS

The results of the preceeding sections suggest that it
must exist a relation between the Poincaré and Galilei La-
grangians. This is due firstly to the fact that Poincaré wave-
functions are a Fourier transform of the Galilei ones and
secondly that the Lagrangians are bilinear functions of the
fields.

Let us begin this analysis with the scalar case. The La-
grangian for the Klein—Gordon fields is given by

Lo, x) = mP*Y + I Iy, “.1n

if we use the coordinate transformation (2.1), (4.1) can be
written as

Lo, x,5)= —m*P*Y + 3 *3,¢
+0,4*3,¢ — 9, y*d; ¢ .
Now, using (2.4), we have

| Zxotn,9ds= [anl-ms3, ~mos:8)

+2ind ,d,¢, — 9,4 ,0:6,]. (4.3)
Dimensional reasons suggest to redefine the Galilean fields

6.t x,) = @mn)"%¢, (1, x,) . (4.9)
Now, (4.3) becomes

1
ffm(t, X9 ds= j AL st x), (@45

where %5, is the usual Schrodinger Lagrangian with an
additive term which is physically interpreted as an energy
shift. Moreover we can write

WKG = fdﬂ WSchn ’

being Wy the action for the Klein—-Gordon field, and
Ween, the action for the Schrodinger field with mass 7 in
(2 +1) dimensions.

We want to remark that the relation (4.6) between the
actions is not given by a Fourier transform. This means that
if we make a variation Wy 5 = 0 it does not imply
W, = 0, therefore we can not take (4.6) as a starting
point in order to relate Poincaré and Galilean theories.

Now let us consider the relativistic Lagrangian for a
spin-1 particle

Lo, x) =YW, P —m)p. 4.7

If we write (4.7) in terms of the new Dirac spinor ¢, we
have

(4.2)

(4.6)

Lo x)=y¢"T4 T Yy, Pr—mA Y, (4.8)
but under the coordinate transformation (2.1), (4.8)
becomes
fD (tr xi ’ S)
Gomis, Poch, and Pons 2684

Downloaded 14 Jul 2010 to 161.116.168.227. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



— E io, P — m)
= + , 49
\/2¢A (—ialPl —m M 4 @9
being E =id /Jt and M =id /Js.
Using (3.4) and (4.9), we have
[#otxnas
E ioc P, —m
- \/EJd + o .
¢ —ioP*—m 27y "
4.10)

In order to cancel the m-dependence in the rhs of (4.10)
and also to recover the dimensionality of the Levy-Leblond
field we define

_ I 0
(5,7(3, X)) = \/ m eitm*/2n _m .t x). (411

27
Therefore, we have found

ffo(z, x,,5) a’s:(\/g/m)fdnfun(t,xl), (4.12)

where .7, is the well-known Levy-Leblond Lagrangian
for a particle of spin L.
In the same way as in the spin zero case, we also have

Wy = fd’? Wiia s

being Wy, and Wy, the actions for the Dirac and Levy-
Leblond fields, respectively. The remarks we have done for
the spin-0 case can serve here unaltered.

IV. CONCLUSIONS

Due to the relation between the Poincaré and Galilei
groups, the Poincaré and Galilei transformations are seen to
be contained one each other in one space dimension more.
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This fact allows us to write the Poincaré wavefunctions as
Fourier transforms of Galilean ones, and also to find the
transformation properties of the Galilei wavefunctions un-
der the (2 +1) Galilei group from the transformation prop-
erties of Poincaré wavefunctions under the (3 +1) Poincaré
group. In particular it is easy to see the projective character
of the representations of the (2 +1) dimensional Galilei
group. Taking into account these last properties we can write
the Poincaré wave equations for arbitrary spin as Fourier
transforms of the Galilean ones, so the Dirac equation can be
seen as the Fourier transform of the Levy-Leblond equation.

The relation between Poincaré and Galilei wavefunc-
tions allows us to the relate the Lagrangians of the two
theories.

The generalization to the higher spin cases, the relation
between the energy-momentum tensor of the two theories
and the possible introduction of external fields in this
framework is under investigation.
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