The groups of Poincare and Galilei in arbitrary

dimensional spaces
E. Elizalde® and J. Gomis

Department de Fisica Teérica, Universitat de Barcelona, Diagonal 647, Barcelona-14. Spain

(Received 19 September 1977)

In arbitrary dimensional spaces the Lie algebra of the Poincaré group is seen to be a subalgebra of the
complex Galilei algebra, while the Galilei algebra is a subalgebra of Poincaré algebra. The usual
contraction of the Poincaré to the Galilei group is seen to be equivalent to a certain coordinate

transformation.

I. INTRODUCTION

It is well known that the Galilei group in 2+ 1 dimen-
sions is a subgroup of that of Poincaré, A beautiful way to see
this is by means of a change of coordinates' which is usually
called the light-cone transformation. This fact is physically
understood as the result of an infinite boost of a system in
some direction of the space, which leads to the loss of the
spatial dimension in this direction—due to the Lorentz con-
traction—and leaves the remaining system with a Galilean
structure. This method has had several applications, for in-
stance, to the study of the internal structure of hadrons at
very high energies? and to the connection of relativistic and
Galilean field equations for arbitrary spin particle.’ More-
over, with a modification of the light-cone transformation
involving a continuous parameter* it has been possible to go
from the (2+ 1)-dimensional Galilei group to the Poincaré
one in the same dimension, in a procedure inverse to the
ordinary contraction of the Poincaré to the Galilei group
when ¢— 0.

On the other hand, it has recently been shown that the
ordinary Lie algebra of the Poincaré group is a subalgebra® of
the complex Lie algebra of the Galilei group in 4+ 1 dimen-
sions. Also this result has been obtained through an ade-
quate change of coordinates. Nevertheless its physical inter-
pretation is not so clear. One possible application of this
connection is the derivation of relativistic equations starting
with Galilean ones, in just the reciprocal way of the former
case.’

Summing up, the complex Galilei algebra in 4+ 1 di-
mensions contains the ordinary Poincaré algebra, which in
turn contains a (24 1)-dimensional Galilei algebra, and
these relations have their parallel counterpart at the level of
the corresponding wave equations. The generalization of
this situation to an arbitrary number n of space dimensions is
one of the objects of the present paper. In this way we shall
see that for an abstract physical theory the election of one or
another invariance group (i.e., Poincaré or Galilei) is not so
fundamental as one would think, because it is possible to
obtain a relativistic theory in (# —1) 41 dimensions from a
Galilean one in # -+ 1 dimensions, and vice-versa.

Another purpose of this work is to investigate which is
in the present case the modification of the coordinate trans-
formation® which enables us to obtain the ordinary Galilei
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group from the Poincaré one in the same dimension, as well
as the relation of this modificated coordinate transformation
with the usual contraction of the Poincaré to the Galilei
group. In other words, we want to study the corresponding
procedure to that of the quasi-light-cone frame* in the pres-
ent case.

The organization of the paper is as follows: In Sec. 2, we
generalize the coordinate transformation of Ref. 5 and see
how the Poincaré algebra in » space/1 time dimensions is a
subalgebra of the complex Galilei algebrain (n+1) space/1
time coordinates. In Sec. 3 we generalize the light-cone
frame transformation to an arbitrary number of dimensions
of the space. In Sec. 4 we develop a parametrization of the
original coordinate transformation which enables us to pass
from the Poincaré to the Galilei group in the same number of
dimensions. We study its relation with the ordinary contrac-
tion ¢c— oo . Section 5 is devoted to conclusions.

2.P,,,AS ASUBGROUPOF G, .,
The Lie algebra of the extended Galilei groupin (n+1)
space/1 time dimensions is given by
(Lol =00, Lo+ 8Ly~ 8, Lo—8:L,),
(L,.G,]=—i5,G,—8,G),
[L,»P,]=—i(5,P,~—8,P),
[G,G]=[P,P]=[L,,H]=[P,H]=0,
[G.H]=iP, ,
[G.P]=id,
(rs,uv=12,n+1) ,
[Lpp]=[P.p]=[Gp]=[H,p]=0,

(2.1)

where L, are the generators of rotations, G, the generators of
Galilean boosts, P, those of the space translations, H the
generator of time translations, and p is the neutral element
of the algebra, which is associated with the mass.

The generalization of the coordinate transformation in-
troduced in Ref. 5 to this case is the following. If
x%=(x%x",-,x"*+") are the old and x * =(x°,X",---x "+ ') the
new coordinates of an arbitrary point in the space-time—x°
being the time coordinate—they are related by

X=ixn+l,
F=xl (i=12n), 22
x"t1=x%(y arbitrary).
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With this transformation the real Lie algebra (2.1) becomes where K;= M, (i=1,2,---,n) are the generators of boosts, M ;

a complex algebra of Galilei group. Let us consider the fol- (#j=1,2,---,n) those of the rotations, P, those of the space
lowing subset of the transformed generators: translations, and H= P, the generator of the time transla-
mijE:_—Lij= ~L, tions. The metric tensor is
K=L=—iL, ., (2.3) 41 =
d;=P,=P, (ij+12,...41),
h=P,=—iP, g=

The reason for the selection of these generators has already
been discussed in Ref. 6. The commutation relations for
these generators are the following:

[mypmg) = —i(8my+ 8;m— 8ymy—8;m ),

—1
- .

The generalization of the ordinary light-cone frame

k] =8k — 8 k), : r
{m" :I; {Es'i:’ 51[:; (24) transformation to the present case is

m,ad;| =i0;4;— 0;4;), .
(kok )= —imy P=Git %)/ V2,

v v Xq — ya —
[dyd)] = [mh]=[d,h]=0, X=xt (@=12-n—1) (3.2)
[koh)=id, [k.d,]=isph, Fn=(%—%,)/V2,

. . . . , . b 1_gn+1
which constitute the Lie algebra of the Poincaré group in xnri=xrtl

space/1 time dimensions. The metric tensor is transformed into the following:
pum—
3. LIGHT-CONE TRANSFORMATION IN ANY 0 1)

NUMBER OF DIMENSIONS —1

The commutation relations of the (n+ 1)-dimensional

Poincaré group which we have just obtained can be written 8=
in the compact form 1
[M;w’Mpo-] =i(gy.o-Mvp+gvap.o- 1 0 R
"_gp,vao- _gvchp,p)r v —
[PuM o) =i(8pPo—8uoPo)s (3.1)  while the new M,,, and P, are given by
[Pp‘ypv]:o (P"v’pyo'=0y1v--yn)1 4 }‘)I_L:((I_’O'*"I_)n)/\/-y Pls---,Pn_], (FO_IT")/\/E)’
0 ~KAM )NV —EKeAM )N K,
Ki+M,,)/V2 0 M, w (Ki=M)/V2
= [ &+M,)/V2 M, 0 v (Ka—My)/V2
pv= . . . . (3.3)
~K, (~K+M)/V2 (KA M)V 0
Let us consider now the following subset of the new Iwhich constitute the Lie algebra of the Galilei group in
generators: (n—1) space/1 time dimensions.
WEMe =RV 4. THE CONTRACTION ¢ AS A
. - = . C—
8=K.~M, V2 1=(F-F)/N2, (34  COORDINATE TRANSFORMATION
d,=P,, (@a.b=12,n). In this section we consider the case n =4 for simplicity,
- <f the follow ] ] but all the results are immediately generalizable to arbitrary
ey satisfy the following commutation relations: n. Let us start with the commutation relations (2.1) in the
Uaprleal =88l oe+ 05 dsg— 8, d oy — 84l 0)s particular case n =4. Consider now the following coordinate
(8] = — (8,8, —5,2,), transformation:
F0 — ]
sl = ~iBocly = 8,d,), (3.5) X=ox'+Bx,
(8081 = [doody) = ook ] = [d o] =0, F=x @=123), @D
[ewh) =id, [guds)=i8um, Fi=yx't o
The commutation relations for the generators
L) =[dom] = (] = [,m] =0 i SR
(a,b,c,d=1,2,...,n—l), li=li5_%eijijk’ di=di
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= _ 5 g y
° ad—By ° ad—pBy
kiEMOiz—(agi"‘B)\i)

(jk=12,3) (A\=L,),

d4’

are given by
[li’lj] =l’€ijk1k! [1i9kj] zieijkkk’
[d)=ieud,,  [kokj) =ibieud
[di’dj] =[l,h)= [d,h]=0,
. o By
kuh =—z( x°_ )d.,
[*oH] ad—By ad—By/ "
[kod;] = —i(ap+ Bh+B3d.)S;
Depending on the values of the constants a, 8, v, 5, these

relations either constitute the algebra of the Poincaré group
or the algebra of the Galilei group. In fact, for

a=0, B=+i 6=0. (4.3)

The relations (4.2) turn out to be the (3.1) in the case n =3,
while for

(4.2)

v arbitrary,

a=1, B=0, < and?& arbitrary. (4.4)

Equations (4.2) are the same as (2.1) in the case n =2 (with
g=—kK,).
The coordinate transformation can be parametrized in

order to include these two particular cases for different val-
ues of the parameter. In fact, the following transformation:

coshie O sinhje
x=T(ey)x, T(ey)=| O I 0 (4.5)
0% 0 0

reduces to (4.3) when e=-+7/2 and to (4.4) when €=0.

On the other hand, in order to compare this procedure
with the usual contraction of the Poincaré to the Galilei
group when ¢— 0, we now confront (4.2) with the commu-
tation relations obtained from the Poincaré algebra after the
application of the limiting process, but where the terms up to
first order in 1/¢? are still taken into account’:

[LoL)=ieyL,, [LoK;]=i€uKs

[Li’Pj] =i€ijkPk’ [Pi’Pj] =[L,H|=[P,H']=0,

(K, H')=iP, [Ki,’Kj'] = _(i/cz)eijkLk,

(K P =(/c)o H +ind,.
We see that (4.6) can be obtained from (4.2) provided we
put

a=1, v arbitrary, 6=0.

B=+i/c,

This transformation is also obtained from (4.5) when
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€=+-1/c. Notice that the arbitrarity of & in (4.4) is only
attained when €=0. Therefore it is not restrictive to put
6=0, in general, as we have done in (4.5) to define the
parametrization.

Within the parametrization (4.5) we have been able to
reproduce the usual contraction ¢— o, both when first-or-
der terms in 1/¢? are considered and also when the limit is
fully applied. Observe that the full contraction corresponds
to a finite jump from + /2 to 0 of the parameter €, while the
supression of the terms of first order in 1/¢? (i.e., the last step
of the full contraction) only amounts to a correspondingly
infinitesimal change from e=+1/c¢ to €=0.

5. CONCLUSIONS

We have seen that Poincaré algebra is a subalgebra of
complex Galilei algebra while the Galilei algebra is a subal-
gebra of the ordinary Poincaré algebra, if we consider them
in arbitrary dimensional space. And this has been shown by
means of very simple linear changes of coordinates: the light-
cone transformation' in one case and an imaginary coordi-
nate transformation® in the other. The physical relevance of
this result lies in the fact that, whatever be the invariance
group of the physical theory that we take at the beginning
(Poincaré or Galilei ) it is always possible to extract a theory,
in a space with one dimension less, invariant under the other
group.

Making use of a convenient parametrization of the
imaginary transformation,’ we realized that the usual proce-
dure of contraction of the Poincaré to the Galilei group can
be put into the form of a change of the space-time
coordinates.
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