Exact temporal evolution for some nonlinear diffusion processes
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Exact solutions to Fokker-Planck equations with nonlinear drift are considered. Applications of
these exact solutions for concrete models are studied. We arrive at the conclusion that for certain
drifts we obtain divergent moments (and infinite relaxation time) if the diffusion process can be
extended without any obstacle to the whole space. But if we introduce a potential barrier that
limits the diffusion process, moments converge with a finite relaxation time.

I. INTRODUCTION

A time-dependent Fokker-Planck equation (FPE) de-
scribes the dynamical evolution of the diffusion processes.
Nevertheless, when the dynamics of the process is nonlinear
it is very difficult to obtain exact or even approximate solu-
tions of such FPE’s. Since at the present time nonlinear pro-
cesses are of highest interest (instabilities, phase transitions,
etc.)' many people have tried to find exactly soluble nonlin-
ear models.>”’

The most common technique used to solve exactly a
FPE consists in separating the temporal from the spatial
dependence; this latter one is solved by means of an eigen-
function expansion in the same way as occurs with the
Schrédinger equation.?™

Another more direct although more skillful technique
is initiated in Ref. 6 and continued in Ref. 8. It consists in
separating the part which is most related to the potential of
the process (which causes the nonlinearity) from the prob-
ability density P (g,?); then, by means of convenient assump-
tions, the remaining part of P (g,¢ ) is solved separately assum-
ing that it is Gaussian. Concretely in Ref. 8 we have found
that the N-dimensional FPE

Plgt)= —3,[a) Plgt)] +19, 3*P(gt), (1.1)

when d,=d/dg* (sum over repeated Greek indices is as-
sumed) has an exact solution, with the usual initial condition

P(g,0) = 8"g — go) (1.2)
if the drift £ #(q) = f * (91:925---,gx) has the form
fHq)= —aq* +3, 6(q)/¢q), (1.3)
where
Ll 1
$a)= 1T [ F (1] |oct)

+B.aF (1 + 5| 2act])|. (14)

the a; and B, being arbitrary constants and the /, arbitrary
parameters. The function F (I, |1|ag}) is the hypergeometric
confluent function. In this case the exact solution to the FPE
(1.1)is
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Plg.t/q) = (i)”” dla)

2/ (g0
% exp{ — (b/2)t —a Z_, (g, — Bi(t))*/nit)}
(sinh at V2 ’
(1.5)
with

b=[4(k§1 Ik) —N]a, (1.6)
Bilt )=gore ~, (1.7)
7it)=1—e" (1.8)

In Ref. 8 we have also found solutions of Egs. (1.1) for a drift
with spherical symmetry of the form

f(r)=[_ar+M].£ (1.9)
¢in 1r
with

é (r) = |aF (I |N /2|ar)| (1.10)
for whatever value of the dimension N of the phase space,
and

$(r) = laF(l’%.arz)+ gV

N 2 - N arz) '

2 2

if N'is odd. In these cases the normalized solution of the FPE

is given by (1.5) with ¢ (g) given by (1.10) or (1.11) and
b=@4l—N)a. (1.12)

In this article we intend to study some of the applications of

these solutions for concrete models.

xp(1+ 1— (1.11)

Il. A FIRST MODEL OF NONLINEAR DIFFUSION

By means of an adequate selection of the constants a;
and B, that appear in (1.4) we can write

N

dl@)=| I[ (€“**D_,,W2aq.)} ], 2.1)
k=1
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where D _ (v2aq,) is the parabolic cylindric function de-
fined by®

D,fg) =% {r({; (1/3))/2) F( _2V %‘9
5 Ho 132

For />0 the functions D _, (v2ag,) do not have real
zeros and instead of (2.1) we can write

$a= 11 (D ., 2ag.).

The characteristic function & (,,..., ¢ y) associated toa
density of probability P(g,t) is given by’

O(py5s )= f dq, - dqy

Xexp{i{u1q; +

(2.3)

+ ungn)iPlgt).
(2.4)

Substituting in (2.4) the probability density given by Eq. {1.5)
with ¢ (g) given by (2.3) we have

O(pyyes i)
a \¥”2 g~ b/
- (E) ¢ (¢o)(sinh az }¥ 2
1
X H koD_zlk(\/_Qk)eXP{’ﬂqu +— 5 —aq;
_ 2
_ a(qk Bk(t )) ]’ (2.5)
7(t)
since’
D—2Ik(\/—2zqk)
e—(l/z)a'ﬁ‘ ‘/—— 22h=1 4
= exp( —v2aq,s — s ' ds
r@l) Jo A %3
(1 >0). (2.6)

Substituting (2.6) in (2.5) we finally arrive at

Ol thoestn) = 5 - T [enpfie £ute) =i
X e~ ¢hp _ | pk)], (2.7)
where
pr=2aqq; + i(z/\2a)(sinh at ) .. (2.8)

Once we have evaluated the characteristic function,
moments follow easily:

1 &6 i,
Gty = T 1) 2.9)
i alu’l o a#r = =pu,=0
In our case
4l D_,, _1(2a
(Gult)) = gove = — 2 finh ar) 2=t 140)
\/% D_ 2 (\/EQk)
(1 >0) (2.10)
and
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—2ar 11— — 2at
([9x(2)]%) = gde ™ +#
_ 81, go.¢ —“(sinh at) D—Zlk—l(‘/z_aqu)
V2a ) D_zlk(\/z_a%k)

D_,,_ 2(\/2_aqk)
D—zl,‘(\/z%k)
(2.11)

47 (1 1
+—"("+ )(sinhzat)
a

(1 >0).
In this model the drift may be written in the form

fHg)= —ag* —2L,\a[D_,, _,(V2aq)/D _, (V2aq)].
(2.12)
The first moment (2.10) as a function of the drift is
(9ct)) = goue™* + (sinh ar)[qor + filgol/a].  (2.13)

This first moment presents a “boomerang” effect since the
average velocity

d {q,(t)) _
dt

)

(2.14)

becomes equal to zero and changes the sign if 0 </, <} and
— @ik < Gox <91 ( £ ¢y are the positions of the maxima of
the potential of the drift) for a time ¢, (see Ref. 6):

—a {que‘°' — (cosh at )[q0 +

9o, — Jido)
ol = — : 2.15
(ol [a%k + ﬂc(qo) ( )
We easily observe that Egs. (2.10) and (2.11) give
:l-lfg KCAN =x1_l.12 {gxlt))| = w, (2.16)

except for /, = 0 that corresponds to the case of linear drift
[see Eq. (2.12)].

We can also consider the model with spherical symme-
try such that, when ¢, = 0, the probability density (1.5) can
be written as

N2 @ (r) exp{ —
Prt10)= (217) 4(0)

(b /2)t — ar*/q(t )}
(sinh at V2

(2.17)

wherer=(2¥_, ¢%)"/?>and ¢ (r)is given by (1.10). For />0the
function F (1| N /2|ar?) has no zeros and since F (a|c|0) = 1,
we have

é(r)/ ¢(0)=F(|N/2jar?) (150
For this model the potential ¥ (7} of the drift (1.3) is
V(in=1ar* —InF(I|N/2|ar*) (I50).

In Fig. 1 we represent this potential when N=1anda = 1,
for the cases (a) /=0, (b) /=0.1, and (c) / =0.5. The mo-
ments ([r{z)]™) are given by

(2.18)

my _ (2m"72 +m—1
([A2)] )_F(N/z) A rv P(r,t |O)dr
m=1.2,..). (2.19)

Substituting in (2.19) the probability density given by (2.17)
and since®
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(b)

(c)

FIG. 1. Representation of the potential ¥ (r) when N = 1 and a = 1 for the
cases (a) /=0, (b)/=0.1, and (c) / =0.5.

f e~ *zV~'F(a|c|z)dz
0

—a- VI"(V)LF(a,V|c| i),
a
for Rea >0, Rea> Re k, Re V> 0, we arrive easily at

m_ T(m+N)2)
([re)1™ = 21 - N72gm2 (N /2)

<5 3] )

In this case the velocity of the moments is given by

d{[r)1™) _ 2P ((m +r)/2)
dt a2~ (N |2)

x{[ 21— e + e

<r(n 2553 o)

(2.20)

e 2lat [ﬂ(t )]m/z

(2.21)

e—2lat[17(t)]m/2—l

{(N+m)
+—N——n(t)(1—n(t»F(1+l,1
m+N N

T 1+?77(t))}- 2.22)

Now we investigate the behavior of the moments ([~{r)]™)
for large times (r» 1/2a). In this case

7(t)y>1 (t>1/2a) (2.23)
and since®
F(ayb |CIZ) = F(C)F(C —a — b)

lc—b)(c—a)
XFlabla+b—c+1/1—2)
_z](—a—-b)r(a)r(a"'b“c)
(@I (b)
XFlc—ac—blc—a—b+1|1—2) (2.24)
and F(a,b c|1 — n)~1 (t»1/2a), we arrive at

m ri+ms2) o 1 .
([re)] )_2‘—N/2a""21‘(1) e (t> 2 and l;éO)
(2.25)

+(1

This expression diverges when #—co.
The case / = 0 corresponds to linear drift and, there-
fore, presents no difficulty.
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We come to the conclusion that both models presented
in this section could not be valid for the study of the temporal
evolution of physical systems towards equilibrium. In the
following section we find a mechanism that yields exactly
soluble models that relax towards equilibrium with a finite
relaxation time.

Ill. ONE-DIMENSIONAL MODEL WITH POTENTIAL
BARRIER

For a one-dimensional system the potential ¥ (x) of the
drift (1.3) is

Vi(x) = lax* — In ¢ (x), (3.1)
where ¢ (x) is given by Eq. (1.4). By means of an adequate
choice of the constants a, and ,, we can write

¢ (x) = U(l|}|ax?), (3.2)

where U/ |}|ax?) is a function of Kummer.® Let us suppose
now, that, for a certain value of x, < x,, there exists a poten-
tial barrier, that is,

Vix) = [gax2 —Ind(x), x>x,

0, X <Xy,
which is equivalent to the following expression for ¢ (x)

U(l|iax?), x»x,,
¢ )= [ 0, X <Xy
This is possible since ¢ (x) = 0 is also a solution of the differ-
ential equation that satisfies the function (3.2) (see Ref. 8).

In this case, and supposing that x, = 0, the probability
density is

(3.3)

(3.4)

P(x,t|0)= (%)

V2 ¢ (x) expl — (b/2)t — ax’/nie)}

4(0) (sinh at )72
(3.5)

In this model the moments are evaluated by

(e = [

Xy

o

x"P(x,t|0}dx (m=12,..), (3.6)

following the procedure described in the Appendix. Express-
ion (3.6) becomes

(1™ = ZEED ey

27Tam/2
Xexp[ — 2lar + axi/q(t)]
X S hexn(t), (3.7)
where
Ol + 1), 1\
1) . _— -
WLl ) = =2 t nm)
1| axi
XU(1+n - 1;(:))’ (3.8a)
YA, xy5m(2))
0+ (1 [ax? 1|1] exi
= Al (1 n(t)) () U(l+"+ 2{2 1](1‘))
1 1] ax}
+U(l+n+7‘——2— W))]. (3.8)
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When t<1/2a, then 7(t )==2at<1 and the main term of Eq.
(3.7) is exp( — ax2 /7(t)). Therefore,
([x(£)]™) ~e > (t<1/2a). (3.9)

When > 1/2a, then 7(t )=~1 and the main term of Eq. (3.7) is
exp( — 2lat), i.e.,

([x(£)]1™) ~e= 2 (t>1/2a), (3.10)
that yields a relaxation time
Trenx = 1/21a. (3.11)

The moments, for small times, are growing functions of
time; however, for large times, they are decreasing functions
of time. Therefore, in the cases in which (3.7) are continuous
functions of time, the moments pass through a maximum for
t~1/2a and we again have the “boomerang” effect.

We will finish this section studying the case when the
potential barrier is very far away from the origin (that is, our
initial state), i.e., when

axi»l. (3.12)
In such a case, as in Ref. 10,
Ula|clz)~2z~° for z—« (Rea>0) (3.13)

the functions ¥'™(/,x,;7(t)), defined by (3.8), may be written

oo 2

1

X
n! ax?
(m=1,).
Taking into consideration®

Foab= 3 @he), 2,
JFofabiz=") =2°U(ala — b + 1|2),

we arrive at
8 U(I I%( 1 jx;(t)) (axi>1), (3.14)

for m = 1,2. Substituting (3.14) into Eq. (3.7) we finally get
Ll +§) =m0

([X(t)]m)’; 20"'/217' (ax%)l —m/Zc_“a'
2
XU(I 'ﬂ :':‘t‘)) (@3> 1), (3.15)
form = 1,2.

When 1> 1/2a, we have 7(t )=~1. With the approxima-
tion (3.13) we have

s I

%)l —m/2

— 2lat

([x())")=

2ma™? (ax
(ax3>1 and ©>1/2a).
When 7¢1/2a we can approximate
Nt )==2at <1,

(3.16)

e—4latzl

1 — gt )1,
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(for I moderate).
Remembering (3.13), Eq. (3.15) becomes

N F(l+i) e-x%/zt
([X(t)] >— 277'0”'/2 (ax§)1+(l—m)/2
(@x?>1 and t<1/2a). (3.17)

Therefore, even when the potential barrier is very far away
from the initial state, the evolution of the system depends on
the position x, of the barrier.

If we compare Eq. (3.16) with Eq. (3.10), and Eq. (3.17)
with Eq. (3.9), we observe that the asymptotic temporal evo-
lution of the model is similar to the evolution of the general
case.

For x < x, the potential (3.3) is a hard-core potential.
This implies that the barrier is a reflecting barrier. Thus, the
probability current J (x,? ) must be zero for x<x,. In our case
J(x,t) is given by

Jix,t) =K (x,t)[a(1/9(t) — 1)x¢ (x) + 48 '(x)], (3.18)
where
K(xt)s(—a—)m exp{ — (b/2)t — ax*/q(t)}
’ 2 (sinh at)'/2
and®
¢'(x) ={ z XU((I);L gl :z‘l (3.19)

Thus J (x,2 ) will be zero at the barrier if ¢ '(x) is a continuous
function at x = x,. This implies that the potential barrier
must be located at the zeroes of the Kummer function.
If, instead of (3.4), we write
x>xy,

_ [U13]ax?),
¢ )= [ a, X <Xy,

where a <1 (our potential is not completely hard core), we
have

P(x,t /0)=0 for x<x, (3.20)

[see Eq. (3.5)] and the barrier may be located anywhere.
In Fig. 2 we have a representation of the potential (3.3)
in the case where / = — 0.5.

IV. STATIONARY DISTRIBUTIONS

As is well known a one-dimensional FPE

Plxt) = = P )] +%‘92—’;J‘§f—’ (4.1)

V(x)

-
rd

X

FIG. 2. Representation of the potential (3.3) in the case / = — 0.5. The po-
tential barrier is located at x, = 0.25 '/2, and the minimum at x, = a~ /2,
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has a stationary distribution of the form

Pyix)=N exp[ 2 fx S (x')dx’], (4.2)

when the probability current
1 9P(x,t)

J(xt)= flx)P(x,t) — 3 (4.3)
29
satisfies the boundary condltlon10
im J{x)=0. (4.4)

X— + oo

Both our general model represented by Eq. (1.4) as well
as the models represented by Egs. (2.1) and (3.2} satisfy these
boundary conditions. Their stationary solution is

P,(x)=N{[ ¢,x)]% =, (4.5)
where
$1(x) = aF (I |}]ax?) + BxF (I + }|3|ax?), (4.6a)
$aix) = P D _,,(\2ax), (4.6b)
$3(x) = Ul |}]ax?), (4.6¢)
and
a2 [azll"(—l) /92(l+i)1"(—1—5)]‘l
7 Lrg-n 4al(1—1)
(4.7)

[provided that the proper choice of the constants @ and S
extends this normalization to the models (4.6b) and (4.6c)].

Let us study the stability of these stationary distribu-
tions. Following the criterion given in Ref. 4 we can affirm
that the stochastic process represented by Eq. (4.1) has a
stable stationary solution, and all moments (x™) up to the
mth order exist if the following inequality is satisfied:

L=lim =25/, (4.8)
=0 (m+1)nx

In our case we have [see Eq. {1.3) and Ref. 9]
L2 =L3 = + 0, (4.9)

whatever the values of m and /. We see therefore that the
general model is completely unstable (let us remember that
in this model, when 8 = 0, the model presented in Ref. 6 is
included). As a matter of fact, both the general model (4.6a)
as well as the model of Ref. 6 do not behave correctly at
infinity since P, (x}>c when x— + oo.

Thus, we can affirm that the models presented in Secs.
II and III are stable for any value of the parameter /.

L= — o,

V. CONCLUSIONS

Relating the results of Sec. II with those of Sec. III, we
observe that the nonlinear diffusion process, represented in
general form by the drift (1.3), yields divergent momenta
(and infinite relaxation times) if the diffusion process can be
extended to the whole physical space. Nevertheless when,
due to the introduction of a potential barrier, the diffusion
process takes place in a limited part of space, the moments
converge with finite relaxation time given by

Thonlinear — 1/ 21(1.

Comparing this relaxation time with the one that corre-
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sponds to a linear drift, f #(g) = ag*, that is,

Tlinear = l/ a,
we observe that this process of nonlinear diffusion relaxes
quicker than the linear diffusion if

I>1.

Let us remark also that the nondivergent model studied
in this paper can reach large parts of space since the asymp-
totic evolution of the process is the same no matter how far
away the potential barrier is from the initial state.

The general model represented by Eq. (1.4} is unstable

since its stationary distribution P, (x) diverges. The models
studied in Secs. II and III are stable.

APPENDIX: EVALUATION OF INTEGRALS
We have to evaluate the integral

I =f x™P (x%)dx (m=12,.). (A1)
By means of the change of variables z = ax?, we get
I™=K@)[I+15], (A2)
with
i+
K(t)=———e" % (nt) 2 A3
()= e (e (A3)
IM= Jo 2= W2 =20y (] |§|2)dz, (A4)
1= f 2= W2g =My (1 |§|2)dz. (AS)
0

The evaluation of I { is immediate taking into account
that®

o0
J e~ %zF
0

_Teiri+b-9 ,
Fl+a+b—c

~U(alc|z)dz

xF(a,b|1+a+b-c|1—i),
s

where Re s> 1/2 and F(a,b [c|2) is the hypergeometric func-
tion.

The final result is
I = IT'((14+m/2)/2) (1 +m/2) (m(e ) +m)2
rl14+14+m/2)

XF(L{1+m)/2|1 + 1+ m/2|1 —(t)),

valid for m = 1,2,3,... .
To evaluate Y™ we perform the change of variable

(A6)

y = z/7(t). Using the multiplication theorem®

Ula|c|zz') = (z)~° 2 M

X(l - i,) Ula + njc|z),
z
we have
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(1),.(1+£),.( Ly

I =)+ 2 " )

xJoy""“‘Vze"U(I+ n|3| y)dy.
8 4}

(A7)
For m = 1, and recalling that’
J.e"U(a|c|z)dz = —e *Ulalc —1l2) + C,
(A8)
the expression (A7) becomes

1% = (nfe)) =+ [e“‘"f""”[ )

N (1LY

n!

=0 ()
1| axi
XU(1+" —7‘ (t))]
rg 1
_r(1+g)F(1’1+7|1+ ‘ n(t))} 9
since
reg
A L ST
Fl+n+3)=r+3W+ 3.
(@),b), 2z

F(ab|c|z)= i

n=0 (C ),, n! ’
For m = 2, integrating by parts and taking into account
(A8), Eq. (A7) becomes

I(lz’=(‘)7(t))(3/2)—l[e—axf/n(t)[2 (1)..(1+£)n( 1 )"]

7(t)
2
2 o] )
7(t) 2121 nlt)
527 J. Math. Phys., Vol. 26, No. 3, March 1985

1 ax} ]
+U(1+"+7‘__ 17(:))
re 1 ]
_ ! L
ES) Fil+3)1+21 ]
(A10)
In general,
Im =(1;(t))“+'"’/2"[ e—ax?/n(t)
& Ire)
my] . _
x[ngo'ﬂ" (bx ""(t”] T(1+1+m/2)
1 1
><F(1,1+7|1+1+2 1—(—)) (Al1)

with ¢™ (I,x,;7(¢)) given by (3.8). Expression (A11) is only
valid for m = 1,2.

Substituting (A11), (A6), and (A3)in Eq. (A1) and with
the help of Ref. 9,

Fla,b|c|z)=(1 —z)~“Fla,c — b|c|z/(z — 1)};
in this way we obtain Eq. (3.7).
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