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A model of anisotropic fluid with three perfect fluid components in interaction is studied. Each
fluid component obeys the stiff matter equation of state and is irrotational. The interaction is
chosen to reproduce an integrable system of equations similar to the one associated to self-dual
SU(2) gauge fields. An extension of the Belinsky—Zakharov version of the inverse scattering
transform is presented and used to find soliton solutions to the coupled Einstein equations. A
particular class of solutions that can be interpreted as lumps of matter propagating in empty

space-time is examined.

I. INTRODUCTION

Anisotropic fluids are found in general relativity when
electromagnetic fields or a viscous term are present.' But
they may also be found using two perfect fluid compo-
nents>~ or even more components.’

Models with multifluid components are increasingly be-
ing used in cosmology,®’ in the description of collapsing
spheres,® and in the problem of halo and hole formation®'°
in expanding universes to represent inhomogeneous zones
that develop galaxies and voids."'

In the present paper we study a model of anisotropic
fluid with three perfect fluid components in interaction.
Each fluid component obeys the stiff matter equation of state
and is irrotational. The interaction is chosen to reproduce an
integrable system of equations similar to the one associated
to the Yang equations'? for self-dual SU(2) gauge fields
with axial symmetry. For instance, these equations can be
solved using a simple generalization of the Belinsky-Zak-
harov solution generating technique'® (BZSGT).

The application of the BZSGT opens the possibility of
finding solitonlike solutions for the fluid. In particular, we
can describe lumps of matter coupled to gravity propagating
in empty space. The description of lumps is greatly simpli-
fied in the three-fluid model, since we only need a two-soli-
ton solution, i.e., a scattering matrix with two complex
poles.* For the two-fluid model we need four complex poles,
a fact that makes the analysis of the solutions quite compli-
cated.

These solutions may be generalized to represent the col-
lision of cylindrical lumps which may show some features of
the merging of galaxies. These generalizations will be treated
in a future paper.

In Sec. II we present a summary of the main formulas
for the model of anisotropic fluid with multifluid compo-
nents, of Ref. 5. In Sec. III we examine a three-fluid model
with potentials interacting via a Yang-type of equation. In
Sec. IV we study the Einstein equations coupled to the three-
fluid model for cylindrically symmetric space-times. In Sec.
V we present a class of two-soliton solutions for the self-
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gravitating anisotropic fluid of Sec. III and analyze a partic-
ular subclass that describes the propagation of a lump of
matter on a flat space-time. In the Appendix we extend the
usual BZSGT valid for symmetric matrices to the case of
Hermitian matrices.

Il. A MODEL OF ANISOTROPIC FLUID WITH
MULTIFLUID COMPONENTS

The stress-energy tensor for the anistropic fluid is
formed from the sum of three tensors, each of which is the
energy-momentum tensor of a perfect fluid, in the particular
case that the fluids’ four-velocities are linearly dependent,’
ie,

3
TH = z tey, (2.1)
i=1
tiy =@ +p)ulyuly —pig*”. (2.2)
The four-velocities uf;, are restricted by
Wintn, =1, 2.3)

and the existence of quantities b, different from O such that

3
Z but, =0.

i=1

(24)

The functions p, and p; are the fluids’ rest energies and pres-
sures, respectively.
With the transformations®

B+ € 172 .
ey ~utty = cos guts, + (E292) % sin g 2.50)
B+ ae,
ﬂ+a€12 172 .
uly, sul, = — (———— sin guf,, + cos gut,,,
B+ e ’

(2.5b)
where

tan(2¢) = 2[(B + a€,,) (B + ve)1'*/ (@ —B), (2.6)

and the condition (2.4), we find that the energy-momentum
tensor (2.1) can be cast in the form

TW=(p+m)U*U  + (o —m)y*y" —mg™. (2.7)
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The quantities €,,, @, 7, and § are related to the fluid compo-
nents by

€; = €=ty Lj= 1,2,3, (2.3)
_ 2
az<p1+p1>+(p3+p3)(f’—3i—%fﬁ) . @9
— €12
_ 2
y=(2+p2) + (pﬁpﬂ(%—%ﬁl) . (2.10)
— 12
(€13 — €33€12) (€23 — €12€43)
B=(ps+ps5) . (211
3 3 (1—6%2)2

The symbols U*, y*, p, 0, and 7 represent the fluid flux
velocity, the direction of anistropy, the fluid rest energy, the
pressure along the anisotropy direction, and the pressure on
the “perpendicular directions” to y*, respectively. These
quantities are related to the perfect fluid components by

Ut =ulls/(uutya)'’, (2.12)
¥ =uty/(—utut,a)'? (2.13)

p=}(a+y+2Pe,—2m)

+1ila -y +4B +ae,)(B+7re)]"? (2.14)
o= —i(a+y+ 2B, —2m)

+1i(@—)?+4B +aen) B +rven)l'?

(2.15)

7T=p,+P+Ds (2.16)
Also, we have that

UtU, = —xx'=1 U, =0, (2.17)

p=T"U0 U, o=T"y.x,. (2.18)

In general, it is necessary to add supplementary condi-
tions to close the model; this point was treated in some detail
in Ref. 2.

lil. A SPECIAL CASE OF MULTIFLUID WITH
IRROTATIONAL COMPONENTS

A simple closed model of fluid is obtained by assuming
that each fluid four-velocity component is irrotational, i.e.,

u’(li) = ¢8L) /(¢(l'),a¢('g )1/2’ (31)

where, as usual, ¢, =g*“¢,, and ¢, , =3,4,; and
obeys the simple equation of state

P =pi =%¢(_1)2¢(i),a¢2?)’ (3.2)
i.e., each fluid obeys the stiff matter equation of state. Note
that for the first component we recover the well-known
Tabensky-Taub'* relations for the stiff fluid in terms of the
potential A=In ¢,, . Thus the multifluid with fluid compo-
nents obeying (3.2) can be considered as the interaction of a
Tabensky-Taub fluid with other two irrotational fluids. The
case ¢ 3, = 0 corresponds to the fluid studied in Ref. 4.

The condition of linear dependence of the fiuids’ four-
velocities in this case reads

bd* =0, (3.3)
where we have introduced the notation
3
AB = z AnB. (3.4)
i=1
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From (2.1), (3.1), and (3.2) we find
T,uv = ¢(_1)2(¢,;t.¢,v - %gyv‘b,a.(b,a)' (3-5)

The energy-momentum tensor (3.5) can also be derived, in
the usual way, from the Lagrangian density

L =4V — 867170 .0 (3.6)

The simpler condition to determine the fields ¢ ,, is to
impose that they satisfy the Euler-Lagrange equations ob-
tained from (3.6), i.e.,

(\/—:E gaﬁ¢(_1)2¢(1),ﬂ )a t \/tgﬁﬁ(—lf‘b,a'd"a =0, (3.7a)
 —88%88016).a =0 (3.7b)
(N -2 837 3)8) . =0 (3.7¢)
The energy-momentum tensor (3.5) obeys
v, T = (3.8)

as a consequence of (3.7). And for each fluid component we
have

v, 45 #0. (3.9)

The relations (3.8) and (3.9) tell us that the whole fluid is a
closed system with “internal” fluid components in interac-
tion. Also, the anisotropic fluid is completely determinated
by the fields ¢ ,, and their evolution equations (3.7), i.e., no
other extra equation like an equation of state is needed. As a
matter of fact, the anisotropic fluid is completely determined
by the quantities @, B, , 7, and €,, that in terms of ¢ ,, can
be written as

_ 2
a= /{211 [1 +(/113/122 1125'23) ] , (310)
n /111/122_/112
_ 2
,y= /1222 [1 +(/111/123 2’12;113) ] , (311)
(1) /1111’22_2’12

(Aaodis — Aiohss) (Aiidss — Aipdis)
B=\[/1_T 227413 127423 117423 127413 ,
o St Auden — A %)

(3.12)

7= (1/2¢%,,)¢ 0%, (3.13)

€y = A/ Audy (3.14)
where

Ay =8 b pu- (3.15)

IV. EINSTEIN EQUATIONS COUPLED TO MATTER
The Einstein equations
R, —1g.R=—T,, (4.1)

coupled to the energy-momentum tensor (3.5) are equiva-
lent to

R = —80/b.u 0. (4.2)
The integrability of (4.1) is guaranteed by the field equa-
tions (3.7).

We shall consider a space-time with the cylindrically
symmetric metric

ds’ = e°(dt? — dr*) — y,, dx°dx®, (4.3)

where the sum convention is assumed in the indices a and b
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that take the values 2 and 3; (x°x'.x*x3) = (£,1,0.2), Vo

and w are functions of ¢ and r only, and
rY=a) =7, (4.4)
dety =12 (4.5)

From (4.2)—(4.5) and the fact that cylindrical symme-
try implies that the ¢, are functions of ¢ and r only, we get

— (Reo + Ryy)

=0 /t+ 1/t + 3ty +r.yr D, (46a)
=037 (d. 0, +¢,0,), (4.6b)
~ 2Ry =w,/t+ 4ty 7, ), (4.72)
=241,6.0,, (4.7b)

and
v,y D, — @y, vy H,=0, (4.8)

wherey~ ', =(y"1),
The field equations (3.7) in space-time with the metric
(4.3) reduce to

¢(l),tt + ¢(l),1/t - ¢(l),rr =+ ¢(—l)l(¢%2),t - (2) r + ¢(3),r

- ¢%3),r — ¢%1),t + ¢%l),r) =0, (4.9a)
($7b ) — W7 b2r). =0, (4.9b)
(PG b5 ) . — 1BG7Dy,), =0. (4.9¢)

These three equations can be written in a completely equiva-
lent form as the single matrix equation

(10,071, - (1Q,07H, = (4.10)

where
d 1 b —'¢<3>)
= - : 4.11

¢ Py (¢(z> + i, b (4.11)
Note that

0=0" (4.12)

det Q=12 (4.13)

By using definition (4.11) it is not difficult to prove the
following useful identities:

tr(Q, 07 = —263/%,9,, (4.14a)
tr(Q, Q7= -2t 2+ ¢57,d,), (4.14b)
tr(Q,0: ") = — 26576, (4.14c)
From (4.6), (4.7), and (4.14) we get
w,= =2/t—@/Dlyy: +r,v0H
— /2w, 0;'+Q.07h, (4.15a)
w,=— /)ty y; ) —tte(Q, 071,  (4.15b)

The existence of w, i.e., w ,, = ® ,,, is a direct consequence of
Eqgs. (4.8) and (4.10). Thus the solution of the Einstein
equations (4.2) for the metric (4.3) reduces to the solution
of (4.8) and (4.10), and the computation of a quadrature for
the coefficient w. [ Compare Egs. (4.15).]

In the case under consideration we have that the condi-
tion (3.3) is automatically satisfied as a consequence of the
dependence of the function ¢ ,, in only two variables, fand r.
Then, we can have the anisotropic fluid interpretation of the

2433 J. Math. Phys., Vol. 28, No. 10, October 1987

field equations (4.2). We find, after some algebra, that the
quantities that appear in (2.8)~(2.12) can be written as

=o=1¢57¢ “ld, -, |6, + 6], (4.16)
T=4da1e (b, —,d,), (4.17)

—w/2
het — [(9 _9),,2,—(01— 0)”2,0,0], (4.18)
0
— /2 26
Y= ‘i/ﬁ G O 0o>"2,0,0] L (419)
0

where the vertical bars indicate the usual Euclidean norm
and

bo=16,—¢.ld,+d,l, (4.20a)

6=, +6,¢, (4.20b)

O:=d,¢,. (4.20c)
Two useful identities are

a—+y+2pBe,—-2r=0, (4.21)

05 +462 — 0% =0. (4.22)

Equation (4.21) is a consequence of (3.10)-(3.15) and
(4.3), and (4.22) follows from (4.20).
Also, we have

by =t/Cws (4.23a)
by = Re(Q12)/Q10 (4.23b)
¢y = —Im(Q12)/Qy; (4.23¢)

Expressions (4.16)—(4.19) can also be obtained directly
by solving the eigenvalue problem for the tensor (3.5) with
the metric (4.3) and ¢,, functions of ¢ and r only. In other
words, the anisotropic fluid interpretation of (4.3) is inde-
pendent of the identifications (3.1) and (3.2). Thus, even
though (3.1) is meaningless in the case that ¢, .4, <0

the anisotropic fluid interpretation of (4.3) is still valid. The
only problem that one has is that 7 < 0. Note that the same
problem occurs in the one-fluid case (Tabensky-Taub flu-
id). 14,15

Equations (3.7) can also be cast as a matrix equation in
terms of the matrix Q whose elements are space-time scalars
[cf. Eq. (4.11)],

V4(Q,0 " =0. (4.24)
In the case of Euclidean metric g,, =§,,, Eq. (4.24) is
closely related to the equation for self-dual SU(2) gauge
fields in the Yang gauge.'” For a cylindrically symmetric
Euclidean space-time (4.24) reduces exactly to the Yang
equation for axially symmetric instantons.'® Hence (4.10)
can be considered as the hyperbolic version of the Yang
equation for self-dual SU(2) gauge fields.

The real case, i.e., @ = Q "is equivalent to the case stud-
ied in Ref. 4. Note that in this case we also havep = g,1i.e.,a
stiff equation of state in the direction of anisotropy.

V.PARTICULAR SOLITARY WAVE SOLUTION

There are many different techniques used to solve Eq.
(4.10), the most commonly used are the Bicklund transfor-
mations and the inverse scattering method. In this section we
study a particular solution obtained using an extension of the
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Belinsky—Zakharov'? version of the inverse scattering trans-
form that we present in the Appendix.

We shall focus our attention mainly in the matter con-
tent of the solution, for this reason we take the metric as
being diagonal along the complete evolution of the space-
time, i.e.,

~I(e“ 0 )
7’0_ 0 e—ﬂ i

The solution for the matter is generated using the Belinsky—
Zakharov solution generating technique with the diagonal
seed solution

il )

In this case we have that the Einstein equations (4.8),
(4.10), and (4.15) and the metric (4.3) can be written as

(5.1)

(5.2)

ds? = e (dt? — dP) — 1(e® df? + e~ d2), (5.3)
wep= —int+v[Q] +2v[A], (5.4)
V[Q]E-—;—J-t[(ﬂ’z, +02)dr+20,Q,dr],  (55)
Q," + Q,t/t - Q,rr = O, (5.6)
Ay +AJt—A, =0, (5.7)

This particular solution to the Einstein equation for a
single fluid component, i.e.,

b, =€,
¢(2) = ¢(3) =0, (5.8b)
obeying the stiff equation of motion p, = p, is studied in

Refs. 15 and 17. Note that one recovers the vacuum solution
(Einstein—-Rosen'® solution) in the case A =0 (¢, =1)
and ¢, =@y =0.

The application of the one-soluton BZSGT to the seed
solution (5.2), i.e., to the matter only, yields the solution
(see the Appendix)

2 e P Y2 4 121 Y )
[ — D — 2]

(5.8a)

Wy = Woo + 2 In

(5.9)
¢(1) ____eA lpllzlyllz'i'lqllzlyl'—z R (5103.)
o |*| Y /X | + lqllzlyl/Xll__z
¢(2) — A (|X1‘2 }Xll—z)Re(}—)lqlYl/Yl) , (510b)
p,|? |Y/X1f2+|41|2|_}_’1/xll_2
('Xllz IXII—Z)Im(pquYI/Yl)
by =6t - (5.10¢)
SR PN 97 AL AL 5 b
where
Y, =exp(F, — A/2), 5.1
X, = (/)2 (5.12)

By doing A = ¢; = 0 we have the solution characterized
by

w0,=—lnt+v[ﬂ]+ln|’u' I,

(5.13)
I:“l - ’
by = I/t (5.14a)
¢(2) =¢(3) =0. (5.14b)
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To derive (5.13) we have assumed that Im z;7#0 used the
identity

(2 — 1) (it — 12) = 2(@; — @)y, (5.15)
and disregarded a constant of integration, a practice that we
shall follow without warning.

A more interesting solution is obtained by applying the

same one-soliton BZSGT to the diagonal one-soliton already
found. We find the two-soliton solution

a)02=—3—lnt+v[ﬂ]l+ln e — Bl s — #2|
et — 2|13 — 27|

+2In(|p, 12| Y,)* + |g:)%| Y2 7 2), (5.16)
21y |2 2y =2
b1y, = || |2le |Y2|2+ ANRE —, (5.172)
t o pY| /X7 + '42||Y2/X2f_
by = — i (JX2® = 1X;] ")Re(Pg: Y,/ Y,)
t Y/ XN+ ||*| Y/ X
(5.17b)
2 2 _—
b, = | (1 X2|* — | X5| ~*)Im(P,q, Y,/ Y)) (5.17¢)

t PPV + g Y K T
where

Y., — (t(,“l — ) (2, — 143) )1/2

2= y
Koy
and X, is given by (5.12).

The two-soliton solution (5.16) and (5.17) is a particu-
lar case of the complete two-soliton obtained from the vacu-
um as seed solution.

The solution can be used to represent localized distribu-
tions of matter with cylindrical symmetry propagating in
empty space. This is not possible with the one-soliton solu-
tion (5.13) and (5.14) because the fluid potential ¢, di-
verges when 7— oo.

From the application of the BZSGT to some cosmologi-
cal solutions we know'® that two independent complex pole
trajectories are needed in order to obtain localized solutions

(gravitational solitons). Moreover since the metric coeffi-
cients have to be real, for each complex pole its complex
conjugate is also a pole’®; so that we need four pole trajector-
ies in all. However in the present case, since the matrix Q
describing the fluid potentials is not real, localized solutions
can be obtained by using two complex pole trajectories only.

The way by which localized solutions are obtained is by
taking opposite signs in the square roots of the two pole tra-
jectories £, and u, [see Eq. (A6) ]. With such a prescription
it is easy to see that the fluid potentials ¢ ,, (i = 1,2,3), from

(5.17), approach the seed values (¢, =1, ¢, =,
= 0) in the asymptotic regions in the following way. They
approach the seed decreasing like r~! at €7 — o0, they de-
crease liket ~!at r €¢— oo, and decrease like z ~'/2 along the
light cone r~¢— o This behavior is typical of the gravita-
tional solitons in cosmological’>** or cylindrical models®*
and is an indication that the anistropic fluid is localized
around the light cone r = ¢.

In Fig. 1 the fluid density p and pressure along the radial
direction o( = p) of Eq. (4.16) is represented for the fluid
potentials (5.17). We take a negative sign for the square root
of i, and a positive sign for that of 1,. The density is mainly
localized around a cylinder that expands at the speed of
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FIG. 1. Density p and pressure along the radial direction are given in Eq.
(4.16) with the fluid potentials (5.17). The parameters taken are
pP.=¢,=1and a, = —0.2i, a,= — 0.1i. The time and radial coordi-
nates, ¢ and 7, are both represented in the range (0.1,1). The relatively large
value of |a, — a,| has been taken to avoid sharp picks and to obtain a
smooth figure. The background outside the wave is p = 0 ~0, the space-
time axes are drawn on the origin of the vertical axis: p = 0. The maximum
value of p is 7.5.

light. The shape of the wave (its amplitude and width) is
controlled by the imaginary part of @, — a,. The amplitude
of the density wave decreases as the wave gets far from the
origin. The wave propagates on an essentially empty back-
ground (p = 0).

In Fig. 2 the pressure 7, Eq. (4.17), tangent to the cylin-
der is shown. As for the density we have a wave essentially
localized along the light cone which propagates on an empty
background (7 = 0). The peculiarity here is that 7 takes
negative values on the region 2 . As mentioned in Sec. IV
the interpretation in terms of the fluid (3.1) is not possible
although a fluid interpretation is still valid (see Ref. 15).

This model can be used to represent lumps of matter
coupled to gravity propagating on empty space. The qualita-
tive similarity of the waves of matter with the gravitational
solitons,?*?! which are similar to the hydrodynamical soli-
tons, suggests that the collision of lumps of matter might also

277
(AT

PRESSURE

FIG. 2. Pressure 7 is tangent to the cylinder of Eq. (4.17), with the same
parameters as in Fig. 1. The pressure takes positive and negative values in
different regions of the space-time. The background value outside the “‘per-
turbation” is 7~ 0; the space-time axes are drawn in the negative region of
the vertical axis: 7 = — 5.
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have a solitonlike character. Models representing such colli-
sions are being considered by the authors.

A word should be said about the equality p = 0. Al-
though this is not verified by the general three-fluid case
(2.12)-(2.18) it is a feature of the cylindrical case, already
present in the two-fluid case. The stiff equation of state veri-
fied along the propagation direction seems to be a feature of
systems which admit solitons.?? The reason may be traced to
the fact that there is a unique velocity on the system in the
direction of propagation of the wave,?* in this case the speed
of sound and the speed of the gravitational field are the same:
It is known, for instance,? that an initial perturbation with
cylindrical symmetry on a perfect fluid coupled to gravity
will disperse and form shock waves unless the fluid is stiff.
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APPENDIX: EXTENSION OF THE BZSGT

In this Appendix we present an extension of the BZSGT
for the use of Hermitian matrices. This extension is already
known for the elliptic case®® [SU(2) case]. Since the hyper-
bolic case can be treated in a completely similar way, we
shall give only the results.

The n-soliton solution constructed from the seed solu-
tion Q, is

o Mk o N((;I)(F_l)lkNgk)
(@)as = — ((Q Jab — —
’ kl;Il t o7al k,12=l yz
(Al)
where, now the indices a and & take the values 1 and 2, and
m((zk)(Q )a ml _
Fklz_%b(_z,b= ks (A2)
Hieftr — 1
Nf(zk)Emlgk)(QO)ab’ (A3)
mO=miPM 3, (A4)
M(k)E'ﬁo_llA:yk, (A5)
e =a, —r+ [(a, —r)*—12]"2 (A6)

The bar denotes complex conjugation, m§® and a, are sets
of complex constants. Here ¥, = #,(t,7,4) is the solution to
the equations

D,y = ((tU, + AVp)/ (t2 — A D)), (A7)

D,ho = ((tVo + AU/ (% — A )y, (AB)
where

D, =4, + (24t /(t* — A ))d,, (A9)

D,=3, 4+ 24/ (t* —1%))a,, (A10)

U=1Q,,05" V=1Q,.05" (A11)

The coefficient @ can be explicitly computed, we find
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,, =c'[)0+21n[t _'"Z/Z(H |,uk|'"+1)

k=1
X(H (eere — g1 —ﬁll)_l)
k1
k>1
m 2—t2 172
x(H li‘il——z—) detr], (A12)
k=1 |ph — 17

where &, denotes the @ function of the seed solution (metric
and matter).

where

t
Fom [ S5 (i, + o, A e
241

+ (W A, + A L)dr). (A14)
The existence of F, is a consequence of (5.7) and that In g,
satisfies the same Eq. (5.7).

For the diagonal seed solution case®’ the expressions
(A2)-(AS) take the simple form,

For the diagonal seed (5.2) Egs. (A7) and (A8) can be m* =p, (u,)"""*exp Fy, (A15)
solved along the pole trajectories, we get?’ m{ =g, ()~ 2 exp( — F,), (A16)
Yola o = (2ak#k)'/2(e""( -F) 0 ) (AL3) NiZ’ =pkt(uk):z exp(F, — A), (A17)

0 exp Fy N =g t(u,) " exp( — (F, — A)), (A18)
J
r, = [pPu oy + = ) + 9ule expl — (£ +F-M)] (A19)
(peaty — 7)) (pacity)
where

@ =m§P/ 2a,)'?, (A20)

a=ms/(2a,) "> (A21)

Note that the usual BZSGT relations, valid for real as well as for complex poles are obtained by letting [, —p,,
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m0b —>m0’,:), FI—' I’pk —’ﬁk, and qk —qu in (Al), (A2), (A12), a.nd (Alg).
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