Invariant decomposition of the retarded electromagnetic field
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The integral representation of the electromagnetic two-form, defined on Minkowski space-time,
is studied from a new point of view. The aim of the paper is to obtain an invariant criteria in order
to define the radiative field. This criteria generalizes the well-known structureless charge case. We
begin with the curvature two-form, because its field equations incorporate the motion of the
sources. The gauge theory methods (connection one-forms) are not suited because their field
equations do not incorporate the motion of the sources. We obtain an integral solution of the
Maxwell equations in the case of a flow of charges in irrotational motion. This solution induces us
to propose a new method of solving the problem of the nature of the retarded radiative field. This
method is based on a projection tensor operator which, being local, is suited to being implemented
on general relativity. We propose the field equations for the pair {electromagnetic field,
projection tensor}. These field equations are an algebraic differential first-order system of one-
forms, which verifies automatically the integrability conditions.

i. INTEGRAL REPRESENTATION OF THE
ELECTROMAGNETIC FIELD

It is well known that the vacuum Maxwell equations for
the potential one-form 4,, are

A, —4,° = —47j,, (1.1)

n,a
from which we can derive the wave equation for the electro-
magnetic two-form field F,,, =4, , —4,,,,

Fyv,aa = - 47T(iv,,u _jy,,v )' (1'2)
We shall make use of this equation because it incorporates
the motion of the sources. We must point out that although
the law of charge conservation has been lost in (1.2), all our
results are consistent with it.

Analyzing the motion of the sources by Fourier trans-
formation, the integral representation of F,,, is obtained in
momentum space as

_ 47i J‘d4ke—ik"x‘7
(2a)?

X [k, J, k) — K, j.tk )] 7k k. (1.3)
This approach is in the spirit of Huygens and Fresnel. Like
them, we consider the field as generated by a distribution of
localized sources. The calculus of this integral leads to re-
sults that can be found in any advanced textbook, ' but trans-
forming back j, (k %) from momentum space to space-time,
Eq. (1.3) becomes

47 — ik (x — &)
- d* fd“ke -
(27}4f J

X[k, (&) —k.j. ()] /k ks (1.4)
which is the retarded field, when suited boundary conditions
are imposed. It may seem at a glance that this hybrid expres-
sion is not mathematically attractive, but if we look at it from
a physical point of view, it can be interpreted as follows: the
field generation process at the event £, and its propagation to
the field event x, is analyzed in momentum space by means of
the density

d¢e” "Lk j €)= ko j(€)] /KK, ).

F,x) =

Fx) =

2024 J. Math. Phys. 26 (8), August 1985

0022-2488/85/082024-06$02.50

The integration over k” then gives the contribution to the
total field generated at £, and finally the integration over
the domain of definition of the current j, (§ ©) yields to F,,, (x).
The possibility of such an interpretation is apparently close-
ly related to the linearity of the theory. This simple interpre-
tation encourages us to go with our purpose to study geome-
trically the retarded radiative field and to generalize the
expression of the electromagnetic field created by a struc-
tureless point charge in a given arbitrary motion.

Our starting point will be the integral on momentum
space. With respect to a global inertial frame the volume
element splitsintod *k = d *k dk °. Now, we can analytically
continue k © to the complex plane, and applying the residue
theorem, by choosing the retarded prescription, it is ob-
tained:

_,-’; (x— &)
F,x)=

€0 — °)f ot

X{k AJE N +e (15 NN}, (L5)

where we have defined the following.
k a

(1) + =(|k|,k), — =( — |k|,k) are the lightlike vectors.

(2) (K AJE N =K,J, () —
duct.

(3) 8 (x° — £9) is the Heaviside or step function. It is un-
derstood that the Minkowski metric has signature + 2,1i.e.,

kk, =n,5k°%kf= — (k% + Kk~
Until now, this approach is equivalent to the propagator
(Green’s function) approach.

Taking into account that dw = d *k/|K| is the measure
of the upper light cone on momentum space, Eq. (1.5) can be
written geometrically

T2 )2Jd4§6(x B O)J

xe* T A jIE), (1.6)
where ¢(k °) is the signum function.

k.j.(£) is the exterior pro-

dw ek )

© 1985 American institute of Physics 2024

Downloaded 21 Jul 2010 to 161.116.168.227. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



It is clear in Eq. (1.6) that the integral over the momen-
tum light cone is the exterior differential of the invariant
Jordan—Pauli distribution,? therefore we can reduce the inte-
gral to the upper light cone k %k, 6 (k°) = 0, by virtue of
0 (x° — £°). In order to calculate it, we shall make use of the
following orthonormal tetrad field: {e;} = {egey.exes),
which is defined at the generic source event £ according to
the following.

(a) e,=v is the current four-vector velocity, i.e., if p, is
the proper charge density, then j* = pv#,v#y, = — 1.

(b) e, is a unit spacelike vector efe,, = 1, orthogonal to
e, and included in the plane determined by e, and the separa-
tion vector R = (x — £)°.

(c) e, and e, are two unit orthogonal spacelike vectors
€ ey, = €5 ey, = 1,65 e;, = 0, the plane they determine be-
ing perpendicular to that defined by {e,.e,].

The dual basis {@'} to {e;} is canonically defined by

(0'e;) =6,
where 8 is the Kronecker delta. Care must be taken because
the velocity v, considered as a one-form, is related to »° with
a minus sign: 05 = — v,

The separatlon vector R =[x — £) between the field
event x and the source one § is expressed with respect to the
tetrad {e;} by

R=x—¢g=rey+re, (1.7)
where r = — e;R and 7 = e¢;*R are the Lorentz-invariant
tetrad components of R.

In order to compute the integral over the upper light
cone

)= f dw e~ "8 kA E), (1.8)
Kk B(k) =

we make use of standard calculations. For example, by

choosing spherical coordinates at the simultaneity £ ° = ¢,
with polar axis e,, it is easily obtained

1(§)=4mrd|k| ¢ikir

cos|k|r’ sinjk|’ .
(1 elKl _ Skl e,

Now, according to the Laplace—Carlson transform,?

) dte?sin at=—L,
pJ; P+a

pJ dte "t~ 'cosat
(]

r 1
=Ty (A — )
2 p—ia)* (p+ia)
Insertion of p= —ir,a=r,v=2,I(2)=1, t= K| into
the above integrals yields
r+r? 1 )

1
)= —dmis Q P —Ptr
Xei(§)NJE ). (1.9)

Inserting the expression (1.9) into the electromagnetic field
(1.6), we get the equation
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__ Am 4
Fiy= -2 )zfd £6

0)__

( r4r?

(—r2+r’2)2+( )e,(§)/\j(§).

(1.10)

1
—r4r?y

Il. LOCALLY PROPER TIME SYNCHRONIZABLE FLOW
OF CHARGES

At a glance it may seem that in order to derive conse-
quences of expression (1.10), it is necessary to know j(£ ), but
on second thought if we dare try some general properties of
the flow of charges that constitute the current density, an
interesting expression of the electromagnetic two-form can
be derived.

We first assume for a current density j = pov, that its
velocity one-form field v verifies Frobenius condition*

vAdv=0. 2.1)

From a physical point of view it means that the observers
associated to the v timelike flow make a locally synchroniza-
ble frame. This condition result is too general, therefore, we
furthermore assume the more restrictive one

dv=0, (2.2)

which means that the flow is locally proper time synchroni-
zable, i.e., the observers reference frame can experimentally
correlate by “radar” their proper times. In other words,
there exists a family of three-spaces to which the streamlines
are orthogonal. This motion is an irrotational one, i.e., in
decomposing that portion of the covariant derivative v,z
which is perpendicular to the velocity, into its antisymmetric
part, its symmetric trace-free part, and the trace itself®

Vap = — Vay V'V + Wog + Oup + §0h,g
The rotation reduces to @ = a Av. Now, according to the
global version of the Frobenius theorem, due to Chevalley
and Ehresman, applied to the present case, it implies that
Minkowski space-time is foliated by the integral manifolds
(three-spaces above) of the vector distribution defined by the
velocity field v:x—M,, . This foliation can be labeled by the
proper time 7 coordinate (v = d7) and three spacelike coordi-
nates 77 suited to the three-spaces.

Therefore, we refer Minkowski space-time to the iner-
tial coordinate system (£ °,£’) and to that induced by the folia-
tion (7,7°)

{§0 = §O(Tr77i)’ [7 = T(é— 0’§ i):
E'=Emm),  lm=71€%).

We can bring the Minkowski line element with respect to the
coordinates (7,7') to the form

(2.3)

ds = —dr + g, (ryldy' dn = — (dEF + (d B,
(2.4)
because v* is not a null vector. The volume element will be
expessed as
d*€=lg|drd?y =\gdrd>y. (2.5)

With these premises, Eq. (1.10) can be split into
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F(x)=$fd3nfdr@0(x°—§°)

1 ((v-R P+ (e,-R ) 1

+ e, \Jj.
evR\ (RR R,,R“) i

(2.6)

The integration over ~ will be done by applying the residue
theorem. The Heaviside function selects the retarded pole,
but the difference from the previous calculation (integral

J

over k °) consists in the fact that the denominator (R °R_, )
now vanishes to the second order (pole of order 2), so that we
have to carry the expansion to the order (r — 7,)? (where “r”
stands for “retarded”)

RaR = — (Rava)f,(T — Tr) - (1 + Raaa)r,
X(r—7F+0[(r—7.)] 2.7)

Inserting the development (2.7) into the expression (2.6), it
reduces to

I O TS { IR ei A
F(x)—m'fd Y 271)}113 (r=m) €'R — 2R, v(r—7,)+ O [(r—7.)]
+—'a—((7'—7'r) Vg (UR)2+(:1R)2 . . 1/\j)]- (2.8)
or eprR —2R V1 —7,)— (1 + R, a%T — 7. ) + O [(r—7.)*]

This method of calculus follows the Sommerfeld approach
to the residue theorem.® We now introduce the lightlike vec-
tor L = e, + v, which verifies the following algebraic rela-
tions:

LL=0, Le, =1, Lv=—1.
Differentiating these relations along the flow worldline, i.e.,
with respect to 7, and making simple algebraic operations,
we obtain

a a

or
Taking into account the law of charge conservation
8.j% =0, we can easily derive

o _ v

ar
and, finally, applying the equality

1 dg — Ve,

g or
it allows us to express Eq. (2.8) as we desire

fd "(g° elAﬁ)z)
"'fd "( g0 — Aﬁ))

+fd3n(@po —q(-'-—(?——;‘%/\L) g

Until now we have not dealt with the question of the integral
domain of the ° coordinates. The calculus of the residue has
implied that this domain is defined by the equations

{T' =7’ =[x =), | [60=x"—|x—§],
7' = 7%’ — |x — .69, §l=¢.
(2.13)

Therefore it is clearly seen that the integration domain is the
retarded light cone of the field event: 7, (x).

Now, following Newman and Penrose,’ 2 complex null
tetrad {z} = {/,n,m,m} is introduced for expressing Eq.
(2.12), because of its adequacy and internal adaptability for

—=(V,e,)*= —a* +(a-e,)L" (2.9)

wPo = —pPoV, (2.10)

(2.11)

Flx)=

(2.12)

“|
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I
studying the solution and the equations of massless fields

possessing certain algebraic properties. ,
The Newman-Penrose tetrad is defined by the standard
prescription

=(I/\2)v + &)=L A2, v=(1/2)(l +n),
n=(1/20v—e) e =(1/2)l—n)
m = (1/\2)e, + ie;), e, = (1/i2)im — ),
m = (1/\2)e, — ies), es=(1/\2)m + ).
With respect to this tetrad the acceleration a is expressed as

(2.14)

a=a'e, +ad’e, +a’e,

= (1/\2)(@'l —

where we have defined 4 =
jugate of 4.

Therefore, Eq. (2.12) will reduce to

Al
d>n g po "’2
1{x)

a‘n + Am + Am), (2.15)

(@® + ia®); 4 is the complex con-

Flx)=

+ [ @ gpoyo L
2 Jiw

(2.16)

+ d3n\g Po (A_mj_/.!_'-n.)_ AL
Iix) r

At this stage we must point out that the Newman-Penrose
(NP) tetrad is associated with the flow of charges, but in the
one-point structureless charge case is directly associated to
F. In fact, for this particular and well-studied problem, the
integration is made trivially because it reduces to the inter-
section of the g charge worldline with the retarded light cone
I (x), and taking into account that V-v = 0, Eq. (2.16) is in
this case

Fx)=q(nA\l/P), +q((Am +Am)Al/r), . (2.17)
We remember here that every magnitude refers to the retard-
ed event z*(£ %) = 2%(x° — |x — §|) of the x field event, z*(£ 9)
being the trajectory of the g-point charge. Now the New-
man-Penrose tetrad is associated with the light congruence
of F, whose tangent null vector field is /.
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The matrix representation of Eq. (2.17) with respect to
the n.p. tetrad is

0-11
F=Ll=1_01 2
"\To 1o
-4 4
0 1 0
+% -—j--(-)-'r-g-- (2.18)
—4 ol ©

As was shown by Newman and Penrose, this approach is
equivalent to the spinor formalism. The consequence for the
one-point charge have been widely studied in the literature.
For this reason, we now turn back to the much more general
and not-studied case, represented by Eq. (2.16). We must
remember that the integrals extend to the lower light cone of
the field event, parametrized by a generic spacelike slice of
the foliation induced by v. The splitting of the two-form
F=F, dtNdx' + F; dx' Ndx’, which lets us identify
{Fo;) = E as the electric field and (F;; €7*) = B as the magnet-
ic field, only has meaning with respect to an inertial frame!
Therefore, we must refer Eq. (2.16) to an inertial frame.
Then, writing down the vector components by Greek letters,
we obtain, returning back to source kinematical variables

ve8—uvge, 1

f r 2 Jim

dw po

XVuv,e s —vge,) + J dw py[la,vg — agv,)
TIi(x}

- (ela(alvﬂ +a,)— elﬁ(alva + a)))], (2.19)

where we have taken intoaccount thatdw = Jg(d >7/ — v-R)
is the measure or absolute Lorentz-invariant two-content of
the retarded null cone of the field event.

The meaning of the three-integral splitting of Eq. (2.19)
is as follows:

generalized coulomb field,

V€15 — Ug€
- o Ya*1p B la_
Cop= | duwp® =022,

I (x)

intermediate-longitudinal field,

1
ILy=| do - PV €15 — Vgeia);
1x)

radiation field,

(2.20)

RaﬂEJ;( )da)po [(@vp — agv,) — (eala'vg + ap)

—egla'y, +a,))]-

The justification of C,z,/,4,R,s becomes apparent when
one goes to the rest system of the integrand two-forms. In
this system, it is verified at the fixed source event we work
on: v, =(~ 1,0),e, = (0,r/|r|); r being the three-vector
which points from the retarded position of the flow of
charges to the field point. The Coulomb and radiation fields
are direct generalizations of the one-point structureless
charge.

The intermediate-longitudinal field is a new one, which
has a structure, being longitudinal, similar to the Coulomb
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field, but it depends on 7, like a radiation field. Then the
Lorentz-invariant separation between velocity and accelera-
tion-radiation fields is only possible for the one-point charge
case.

llil. ANEW APPROACH: PROJECTION OPERATOR

The electromagnetic radiation field appears in a number

of different forms: acceleration-retarded fields (kinematical
source criteria); free fields (dynamical criteria), e.g., F
= F,tarded — Fadvancea; NIl fields (algebraic criteria);
asymptotic developments (Goldberg-Keer theorem, B.M.S.
group}); etc. None of these methods scarcely may be com-
pletely implemented in general relativity, and they are not
always equivalent among themselves. Then we consider it
quite reasonable to ask ourselves: What do we mean by “ra-
diative field”’? Perhaps this question is a methodological one,
but even in this case, we must remember what Ginzburg®
said: “In Physics there are many ‘perpetual problems’ the
discussion of which continues for decades... . On the other
hand, however, neglect of such methodological types of
problems sometimes incurs vengeance!” Our approach to
dealing with the problem, i.e., to defining what the radiative
field is for us, is a dynamical geometrical one, which takes
into account that when the electromagnetic field produced
by a given source is measured, one always finds the retarded
field, and it shares the maximum number of common fea-
tures of all the above criteria.

For the moment we shall not invoke “Occam’s razor,”
and shall assume the existence of a projection tensor opera-
tor P8 5+ such that when applied to the total electromag-
netic field gives us the desired radiative part

R,,=P_,"F,;. _ (3.1)

Y
It is easily found that P,g,, is antisymmetric in each of the
index pairs a8 and 4, but is symmetric under interchange of
the pairs.

It is clear that the problem now has been shifted to find
P,g,5. What are the advantages to introducing this new enti-
ty? First of all, if we can find a reasonable system of first-
order partial differential equations for it, we shall have a
criteria based on dynamical-geometric equations that when
applying the strong equivalence principle will be valid in
general relativity. Second, it is therefore a local field criteria.
Third, it implies a new concept of the electromagnetic field,
which we view now as the pair { P,F ], the contraction (P,F )
being the radiative part.

The algebraic-partial differential system that we pro-
pose is as follows:

*Fiopy) — 4T %10y =0, (3.2a)
Flap,1 =0, (3.2b)
Poguy — PogysP rs/.w =0, (3.2¢)
Pogu FPFH* =0, (3.2d)
€apys PP F,F,, =0, (3.2¢)
Piug™ Fpspy+ P g1 Frp =0, (3.2f)

and boundary conditions in the Sommerfeld sense. We have
to mention that, because there is some confusion in the liter-
ature. Sommerfeld said quite explicitly that his aim is to ex-
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clude incoming radiation. Retarded solutions for spatially
bounded sources satisfy his conditions automatically in fu-
ture null directions. (# T is the “future null infinity,” the
region f + |r|— + co at finite # — |r|.)

In system (3.2), the first two equations are Maxwell
equations. The third equation simply states that Pis a projec-
tion tensor. The fourth and fifth equations mean that the
radiative field has to be degenerate or algebraically special
(they are equivalent to F,z F * = 0,»F,;,F *# = 0). The sixth
equation states that the radiative field is closed. As far as the
boundary conditions are concerned, we adopt the Sommer-
feld point of view, and explicitly we exclude the homogen-
eous-free solutions of the system. Then as Fock has re-
marked, care must be taken at past infinity, because as one
recedes along null straight lines coming in from the past, the
retarded field reflects source behavior at even earlier times; a
condition on the time dependence of the sources in the past
infinity is required in order that the retarded field satisfies
Sommerfeld’s condition at past null infinity.®

We have studied the system (3.2) from the point of view
of the differential ideal of Frobenius—-Cartan theory, i.e., as
an exterior differential system. After a lengthy but easy cal-
culation we have proved that the system verifies the required
integrability conditions, and consequently has solutions in
any given Riemannian spacetime, i.e., in the presence of gra-
vitational fields. (In the Appendix to the present article we
sketch the proof.)

For the one-point structureless charge problem, we
have found the solution. The projection tensor referring to
the dual bases of the orthonormal tetrad defined in Sec. I is

P= — (0’ N’ No?) + (@' N @' No?),  (3.3)

being expressed with respect to the global inertial frame as
follows:
Paﬂuv = [1/(02)2] 5;};‘ 5‘,:;"’ { , = alva,el

— (v, .a

s s’

1
X,.a, —av.e.)+le,a,e,.a.l}
(3.4)

where 52" = 62 85" — 63 82, and the orthonormal basis
has been chosen so that a = a'e, + a’e,. Functionally P
must be considered as depending on the field event x through
the retarded prescription, i.e., P(x) = P(7.(x)).

The physical and mathematical structure of the projec-
tion tensor which corresponds to the electromagnetic field
derived in Sec. II of this article can be easily determined if we
is taken into account its similarity with the one-point charge
solution; in fact, the Coulomb and intermediate two-form
integrands are always bivector orthogonal to the radiation
two-form integrand.

According to the existence theorem for the system (3.2),
it shall be possible to find a tetrad field of one-forms { W (x)}
to refer to the cotangent bundle associated to Minkowski
space-time. With respect to this tetrad field, Eq. (2.19) may
be expressed as

F(x) = (CT)x){ Wx) A W'(x)}
+ RX){(W°x) — W) A W3(x)}, (3-5)
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where
1

(CHX)WOAW'=— :

1(x)

dwpo[% + V-v]wo/\w',

(3.6)
Rx)W°—WHYAW? =] dwple® —o') A\
I,(x)
Therefore the projection tensor operator will be
Pix)= —(WOAWHNWAWHY+ (W AWHW AW?).
(3.7)
It is interesting to remark that the radiative solution implied
by Eqgs. (3.6) and (3.7) obeys at least the same properties of
usual null fields. In fact, with respect to a global inertial
frame {x* }, where it is defined W °x) — W '(x)=/, dx°, the
radiative field will be expressed as
R.s =R(xX)l, AW} (x). (3.8)
Evidently, here /, is a null one-form: /¢/, = 0, which be-
longs to the congruence associated to R,g(x). Its impulse-
energy tensor reduces to
TR =(1/4m)(R,. R: — 17,,RzR )
R %x)
=—"2] (%) (x), 39
ym W) (%) (3.9)
which in view of the lightlike nature of /,, satisfies the
known relations for null fields
L, T**=0, T*, =0, T*T,, =0. (3.10)
An inertial observer characterized by its four-velocity u“
will measure a flux of energy or density of four-momentum
given by
N%x) = T%ug = [R*x)/4n]lzuPl " (3.11)
As N is proportional to /#, it is also a null vector, whose

zero component N” u, gives the energy density as measured
by this inertial observer.

APPENDIX: EXISTENCE OF SOLUTIONS

The algebraic-partial differential system (3.2) is ana-
lyzed from the point of view of the differential ideal of Fro-
benius—Cartan.* Consequently, it will be considered as an
exterior differential system, in which G**°” is a representa-
tion of the metric in the exterior algebra

0

o=F,5,5 =0,

o .
a=+Fi.5,) — 4% 0p, >

P

orys

0
D opys =Pogys — G*"Pog,, =0,

]
B =G PG #vpﬂeimoplﬂaﬁPTO”VFyana =0,
y=G*47BG™wp,  F F, =0, (Al)

0
D3y =GP ) 0 1Fag + PiasroG % ,\F g
+ Pl1r0, GO F o5, =0,

1
w,,=dF,, —F,,  dx"'=0,
1

D170 =AP; 1,0 — P10, dX",
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plus the closure, i.e., the exterior differential of the system
{A1), that we symbolically write down

d(Al). (A2)

Equations (A1) and (A2) are defined on a 139-dimensional
manifold N = N(x*F,, ,Ps,, F g, +Pys,.), because the elec-
tromagnetic field source and the geometry of the base space
(space-time) are considered to be given.

After a lengthy but easy calculation it is proven that we
recover system (3.2) when the complete exterior system (A1)
and (A2) is restricted to the original manifold, and its inte-
grability conditions are automatically satisfied!

Therefore, the equations we propose to define the radia-
tive electromagnetic field as the contraction Pa,,,,aF”" have
solutions. It remains to prove mathematically its unique-
ness.
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