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Preface

In this thesis we study the problem of classification of symplectic structures in
a neighbourhood of a singular compact orbit of a completely integrable system
on a symplectic manifold (M?", ) for which the foliation determined by the mo-
ment map is generically Lagrangian. The foliation is determined by the orbits
of the distribution generated by the symplectic gradients of the components of
a proper moment map F : M?** — R". We also assume that the singularity is
non-degenerate in the Morse-Bott sense. Under these assumptions, we prove that
any two symplectic structures for which this foliation is generically Lagrangian
are equivalent in the following sense: there exists a diffeomorphism defined in a
neighbourhood of a compact orbit preserving the foliation, fixing the singular orbit
and sending one symplectic form to the other. In the case there exists a symplec-
tic action of a compact Lie group preserving the moment map we prove that the

diffeomorphism can be chosen to be G-equivariant.

We also give an application of this result to contact geometry. We consider a
contact manifold (M?"*! «) for which the Reeb vector field admits n first inte-
grals generically independent and commuting with respect to the Jacobi bracket.
The horizontal parts of the contact vector fields associated to these n functions
determine a foliation F. We consider the enlarged foliation F’ generated by this
foliation and the Reeb vector field. The Reeb vector field is assumed to be the
infinitesimal generator of an S'-action. We study the problem of classification of

contact forms « in a neighbourhood of a singular orbit having the same Reeb



1

vector field and for which F is Legendrian. Then under the assumption that the
singular orbit is compact and non-degenerate in the Morse-Bott sense we prove
that any two contact forms are equivalent. In other words, we show that there
exists a diffeomorphism preserving the foliation F, fixing the singular orbit and
taking one contact form to the other. In the case there exists a contact action of a
compact Lie group preserving the functions and preserving the Reeb vector field

this diffeomorphism can be chosen to be G-equivariant.
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Introduction

“Around the new position, a circle, somewhat larger than in the former instance was
now described, and we again set to work with the spades. I was dreadfully, weary, but
scarcely understanding what had occasioned the change in my thoughts..... I dug eagerly,
and now and then caught myself actually looking with something that very much resem-

bled expectation for the fancied treasure.”
“The Gold Bug” by Edgar Allan Poe

This thesis is mainly concerned with the geometry underlying a completely
integrable Hamiltonian system. A Hamiltonian system on a symplectic manifold
(M?",w) is the system defined by the symplectic gradient of a function H which
is called the Hamiltonian function of the system. The study of the integrability of
such systems is relevant in many areas of mathematics and has its own story.

In June 29th of 1853 Joseph Liouville presented a communication entitled “Sur
I'intégration des equations différentielles de la Dynamique” at the “Bureau des
longitudes”. In the resulting note [40] he relates the notion of integrability of
the system to the existence of n integrals in involution with respect to the Poisson
bracket attached to the symplectic form. These systems come to the scene with the
classical denomination of “completely integrable systems”. In another language, a
particular choice of n-first integrals in involution determines the n components of

a moment map F : M?* — R". A lot of work has been done in the subject after
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X Introduction

Liouville. Let us outline some of the remarkable achievements from a geometrical
and topological point of view.

Consider a completely integrable Hamiltonian system. The symplectic gradients
of the components of the moment map define an involutive distribution. Assume
that the moment map is proper. Let L be a regular orbit of this distribution then
this orbit is a Lagrangian submanifold. Moreover, it is a torus and the neighbouring
orbits are also tori. Those tori are called Liouville tori. This is the topological con-
tribution of a theorem which has been known in the literature as Arnold-Liouville
theorem. The geometrical contribution of the above-mentioned theorem ensures
the existence of symplectic normal forms in the neighbourhood of a compact regu-
lar orbit. To the author’s knowledge, the works of Henri Mineur [44, 45, 46] already
gave the a complete description of the Hamiltonian system in a neighbourhood of
a compact regular orbit. That is why we will refer to the classical Arnold-Liouville

theorem as Liouville-Mineur-Arnold theorem. Let us state the theorem below,

Theorem 0.0.1 (Liouville-Mineur-Arnold Theorem)

Let (M*,w) be a symplectic manifold and let F : M* — R™ be a proper
moment map. Assume that the components f; of F' are pairwise in involution with
respect to the Poisson bracket associated to w and that dfy A --- ANdf, # 0 on a
dense set. Let N = F~Y(c), ¢ € R" be a connected levelset. Then there exists a

neighbourhood U(N) of N and a diffeomorphism ¢ : U(N) — D" x T" such that,
1. ¢(N) = {0} x T".

2. A set of coordinates p; in D™ and a set of coordinates (3; in T™ for which,

¢*<Z?:1 dp; N dﬁ@) = w.

3. F depends only on ¢*(u;) = p; and it does not depend on ¢*(53;) = 0;.

The new coordinates p; obtained are called action coordinates. The coordinates

6; are called angle coordinates. Mineur also showed that the action functions p;
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can be defined via the period integrals. Let x be a point in a small neighbourhood

of N, the period integrals are defined by the following formula:

pi(z) = /F_( = (0.0.1)

where « fulfills the condition da = w, and I';(z) is a closed curve which depends
smoothly on x and which lies on the Liouville torus containing x. The homology
classes of 'y (z), ..., I, (z) form a basis of the first homology group of the Liouville
torus.

The existence of action-angle coordinates in a neighbourhood of a compact
orbit provides a symplectic model for the Lagrangian foliation F determined by
the symplectic gradients of the n component functions f; of the moment map
F. In fact, Liouville-Mineur-Arnold theorem entails a “uniqueness” result for the
symplectic structures making F into a Lagrangian foliation. In other words, if w;
and wy are two symplectic structures defined in a neighbourhood of N for which
F is Lagrangian then there exists a symplectomorphism preserving the foliation,
fixing N and carrying w; to ws. This is due to the following observation: Let
Xy, be the symplectic gradients of the functions f; for any 1 < 7 < n, then the
Lagrangian condition implies that in fact F =< Xy, ..., Xy, >, further {f;, fx}; =
0 where {.,.}; stands for the Poisson bracket attached to w; , i = 1,2 . Then
by virtue of Liouville-Mineur-Arnold theorem there exists a foliation-preserving
symplectomorphism ¢; taking w; to wy = Y _», dp; Adb;. In all, the diffeomorphism
¢, ' o ¢ does the job. It takes w; to wy, it fixes N and it is foliation preserving.

So if the orbit is regular the existence of action-angle coordinates enables to
classify the symplectic germs, up to foliation-preserving symplectomorphism, for
which F is Lagrangian in a neighbourhood of a compact orbit. There is just one
class of symplectic germs for which the foliation is Lagrangian.

One could look at the problem from a global perspective. There are topological
obstructions to the existence of global action-angle coordinates as it was shown by

Duistermaat in [22].
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The problem of classification of symplectic germs for regular Lagrangian folia-
tions can be taken further to consider the case of foliations not necessarily determi-
ned by a completely integrable system. Curras-Bosch and Molino have considered
the following concomitant problem: They consider the problem of classification for
germs of Lagrangian foliation defined in a neighbourhood of an torus equipped
with an affine structure. The motivation for considering an affine structure on the
torus is the Bott-Weinstein connection attached to the regular leaves of a Lagran-
gian foliation [59]. In the case the germ of Lagrangian foliation is determined by a
completely integrable system this affine structure is trivial. In the above mentioned
papers it is proved that there is no uniqueness result for the symplectic germ if
the affine structure on the torus is non-trivial.

After this review for regular Lagrangian foliations, the following question arises:

What can be said about the corresponding classification problem for symplectic

germs if the completely integrable systems has singularities?

This question is quite natural because singularities are present in many well-
known examples of integrable systems. In fact, if the completely integrable system
is defined on a compact manifold then the singularities cannot be avoided.

One of the main goals of this thesis is to prove that the uniqueness result for
symplectic germs for which the foliation determined by a completely integrable
system is generically Lagrangian holds when L is a singular orbit.

In the singular case, the problem can be posed at three different levels:

1. At the orbit level: In the neighbourhood of a compact singular orbit.
2. At a semi-local level: In the neighbourhood of a compact singular leaf.

3. At a global level.

Throughout this thesis we will only deal with the first situation. We will always
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assume that the singularity is non-degenerate. In any case, let us say a few words

about the semi-local and global problem first.

The problem of topological classification of integrable Hamiltonian systems
began with Fomenko [25] in some particular cases. Nguyen Tien Zung [61] studied
the general case for the semi-local problem for non-degenerate singularities. It turns
out that from a topological point of view we have a product-like description of the
singularities in terms of the Williamson type. Nguyen Tien Zung also proved in [61]
the existence of partial action-angle coordinates. The symplectic classification in
the semi-local case for non-elliptic singularities has been studied in the hyperbolic
case by Dufour, Molino and Toulet in [20]. The focus-focus case has been studied
recently by San Vu Ngoc in [58]. In the hyperbolic and focus-focus case there are
more invariants attached to the singularity. The symplectic germ in the hyperbolic
case is determined by the jet of a function depending on a variable and in the
focus-focus case is determined by the jet of a function in two variables. The singular
global case has been studied by Nguyen Tien Zung in the paper [63] where the
notion of Duistermaat-Chern class and monodromy (introduced by Duistermaat
for regular foliations) is extended in order to include the singularities into the

picture.

The condition of non-degeneracy is always present in the works cited above.
There are also some contributions for degenerate singularities in the world of inte-
grable systems. A recent contribution in that direction is contained in the paper
[7] by Colin de Verdiere. In that paper, among other things, the problem of clas-
sification of germs of singular Lagrangian manifolds is posed for more general
singularities with a special emphasis on quasi-homogeneous singularities. For ins-
tance in this paper an explicit classification is obtained in the case of the cusp.
The singular achievements formerly specified often have a semiclassical version.
Their semiclassical counterpart has been obtained by Colin de Verdiere and San

Vu Ngoc in [8, 56, 57, 7].
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After this digression we will focus on the orbit-like case. The main goal of this
thesis is to study problems of classification in the neighbourhood of an orbit.

The singularity of the orbit can be described in terms of the singularity of the
functions f;.

Let us start with the case L is reduced to a point.

Observe that the Poisson bracket induces a Lie algebra structure in the set
of functions. Since the functions f; are in involution with respect to the Poisson
bracket, the quadratic parts of the functions f; commute defining in this way an
abelian subalgebra of Q(2n,R) (the set of quadratic forms on 2n-variables). In the
case the singularity of the functions f; is of Morse type this subalgebra is indeed
a Cartan subalgebra. We call these singularities of non-degenerate type.

The problem of classification of singularities for the quadratic parts of the func-
tions f; can be therefore converted into the problem of classification of Cartan sub-
algebras of @(2n,R). The singularities for the quadratic parts are well-understood
thanks to a result of Williamson [60] where Cartan subalgebras of Q(2n,R) are

classified. Let us recall its precise statement,

Theorem 0.0.2 (Williamson)
For any Cartan subalgebra C of Q(2n,R) there is a symplectic system of coor-
dinates (x1,...,Tn, Y1, -, Yn) in R*™ and a basis f1,..., f, of C such that each f;

1s one of the following:

fi =22 +y? for 1<i<k, (elliptic)
fi = ziy; for ke +1<i<k.+Ek,, (hyperbolic)
fi = TiYiv1 — Tiv1Vi, (focus-focus pair)
Jir1 = ¥ + Tis1Yin for 1=k +k,+27—-1, 1<j<ky
(0.0.2)

The linear system given by the quadratic parts of the f; is called the linear mo-

del for a singularity. Williamson’s Theorem can be seen as a normal form theorem



Introduction XV

for the linear model.

We may attach a triple of natural numbers (ke, kp, kf) to a non-degenerate
singularity p of F', where k. stand for the number of elliptic components in the
linear model, kj, and k; the number of hyperbolic and focus-focus components in
the linear model respectively.

By virtue of Williamson theorem this triple is an invariant of the linear system.
That is why this triple is often called the Williamson type of the singularity.

Now that the classification in the linear model has been carried out a natural
question arises:

Can we linearize the completely integrable system symplectically in a neigh-
bourhood of a point p?

We can reformulate the question as follows,
Problem 1

Consider a foliation F defined by a completely integrable system defined in
a neighbourhood of a non-degenerate singular 0-dimensional orbit of F. Assume
that we are given two symplectic forms w; and wy for which the foliation F is

Lagrangian. Does there exist a local diffeomorphism fixing p and taking w; to ws?

This problem of symplectic linearization is closely related to another problem
in the spirit of Morse lemma which was solved succesfully by Vey for analytic

systems and by Vey and Colin de Verdiere for smooth systems.
Problem 2

Given a function f:R"™ — R with a non-degenerate singularity at the origin
and let w be a volume form on R™ and let () be its quadratic part at the origin.
Does there exist a diffeomorphism ¢ : (R",0) — (R™,0) such that ¢*(f) = @ and

such that w is taken to the volume form wy = dxq A - -+ A dx,,?
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In [6] Colin de Verdiere and Vey prove that there exists a smooth function x
such that ¢*(w) = x(Q) - wo.
In that paper it is also proved that the function y is characteristic of the pair

(f,w) if @ is definite, otherwise only the jet is characteristic for the pair.

As a corollary of this result we obtain normal forms for foliations defined by the
levelsets of f because we can find a foliation-preserving diffeomorphism sending
the volume form x(Q)-wy to the volume form wy as was observed in the paper cited
above. Notice as well that this result provides an affirmative answer to Problem 1 in
the case n = 2 because a volume form on a 2-dimensional manifold is a symplectic

form and the Lagrangian condition for a curve is automatic in that dimension.

The affirmative answer to Problem 1 in any dimension was provided by Eliasson
in [23] and [24]. As a matter of fact the proof provided by Eliasson seems complete
just in the case the singularity is completely elliptic ( of Williamson type (k, 0,0)).

In this thesis we will give another proof of Eliasson theorem with all the details
for singularities whose Williamson type is (ke, kx,0). We will also sketch a proof

for the focus-focus components.

Observe that Eliasson’s theorem can be seen as a symplectic linearization result
which ensures that the initial completely integrable system can be taken to the
linear system and that the symplectic form can be taken to the standard one. As a
byproduct we obtain a multiple differentiable linearization result for n commuting

vector fields with singularities of non-degenerate type.

The symplectic linearization in a neighbourhood of an orbit L with dim L > 0
is due to Ito in the analytic case [32]. In this thesis we present the result in the
smooth case. Partial results in that direction (with dim L = 1 in a manifold of
dimension 4) where obtained by Currds-Bosch and the author of this thesis in
[13] and independently by Colin de Verdiere and San Vu Ngoc in [8]. The final
result in any dimension was obtained by Nguyen Tien Zung and the author of this

thesis in [48]. In [48] it is also included a G-equivariant version of the symplectic
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linearization.

Symmetries are present in many physical problems and therefore they show up
in integrable systems theory as well. Those symmetries are encoded in actions of
Lie groups.

A special emphasis has been given to Hamiltonian actions of tori in symplectic
geometry. Along the way many results of symplectic uniqueness are obtained. A
good example of this is Delzant’s theorem [19] which enables to recover information
of a compact 2n-dimensional manifold by looking at the image of the moment map
of a Hamiltonian torus action which is, surprisingly, a convex polytope in R™. A
lot of contributions in the area of Hamiltonian actions of Lie groups have been
done ever since. Let us mention some of the references of the large list of results
in that direction: the works of Lerman and Tolman to extend those result to
symplectic orbifolds ([37]) and the works of Karshon and Tolman for complexity

one Hamiltonian group actions ([33], [34]).

In this thesis actions of compact Lie group are also considered. We assume
also that the group acts symplectically and preserves the moment map which is

underlying in the foliation.

We end up proving the equivariant version of the symplectic uniqueness result in
a neighbourhood of a singular compact orbit. A nice consequence is the abelianity
of the group of symplectomorphisms preserving the moment map. In particular,
in the case the action of the group is effective then this group is Abelian, in all,
since it is also compact it is a product of a torus with a finite group. In the end,
in the case the group is connected we recover actions by tori in the spirit of the

theorem of Delzant.

Loosely speaking, the odd-dimensional counterpart of the theorems obtained
would be considered in the contact case. That is we can consider foliations on a
contact manifold as close as possible to the ones described by completely integrable

systems on symplectic manifolds. The regular case started with Lutz ([41]) who
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studies the problem of classification for contact structures in a compact contact
manifold under the constraint that they are invariant under the action of a to-
rus. This problem is naturally linked with the analogous problem for symplectic
manifolds exposed above. Recent contributions to that problem in the setting of
contact orbifolds are due to Lerman [36] where a convexity result is also establis-
hed. This problem has been considered by Molino and Banyaga in [3] and [4] also
for singular foliations. The common property of the foliations considered by Lutz,
Lerman, Molino and Banyaga is that their orbits are given by a torus action. In
this thesis we prove a similar result in the neighbourhood of a compact orbit but
for foliations whose orbits are not necessarily given by a torus action but fulfill
hypothesis of non-degeneracy. The foliation is determined as the enlarged foliation
of a Legendrian foliation described by the horizontal parts of contact vector fields
together with a Reeb vector field. We also assume that the Reeb vector field is
the infinitesimal generator of an S'-action. We study the problem of classifica-
tion for Legendrian foliations under the assumption that the contact form has the
same Reeb vector field. This assumption is a bit constraining. The natural gene-
ralization of this result would be to study the problem of classification under the
less-constraining assumption that the Reeb vector field belongs to the enlarged
foliation instead. This result has been left in the pipeline and it is not included
in this thesis. It uses an adaptation of Gray’s path method in contact geometry

adapted to foliations.
Organization of this thesis:

In Chapter 1 we make a review of the differentiable linearization result (
theorem 1.3.1) for the foliations considered. We provide our own proof for the

corank 1 case.
This differentiable linearization allows to work in a linear model in the covering.

In Chapter 2 the analytic tools necessary to face the problem are developed.

We also present our own proof for the symplectic linearization in dimension 2.
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In Chapter 3 we study the corank 1 case in dimension 4. We present two proofs
for the symplectic uniqueness. One of the proofs is based on the construction of
a symplectic orthogonal decomposition to reduce the problem to a 2 dimensional
case. The tecniques of decomposition of functions introduced in chapter 2 are used
to construct the symplectic orthogonal decomposition.

In Chapter 4 we study the rank 0 case in dimension 4. We prove the symplectic
uniqueness again using the geometrical tecniques of symplectic orthogonal decom-
position. In the construction of the symplectically orthogonal distributions we use
Moser tecniques and geometrical tricks relying on the Bott-Weinstein connection.

In Chapter 5 we use induction, Liouville-Mineur-Arnold Theorem and the
results obtained in the previous chapters to prove the general case in any rank and
in any dimension.

In Chapter 6 we present the equivariant version of the symplectic uniqueness
attained in Chapter 5. This equivariant version allows to conclude the symplectic
linearization in a neighbourhood of the initial compact orbit considered. We also
present a slice statement of the equivariant symplectic linearization result in the
neighbourhood of an orbit.

Finally, in Chapter 7 we consider the contact case and prove the contact
linearization result in the covering. We also present the G-equivariant contact
version of the theorem which yields in particular the contact linearization in the
initial neighbourhood considered.

Part of the results contained in this thesis are contained in the publications

and preprints that we cite below,
e Publications:

1. C. Currads-Bosch and E. Miranda, Symplectic linearization of singular
Lagrangian foliations in M*, Differential Geom. Appl. 18 (2003), no. 2,
195-205.
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0.1 Introduccio

Objectius de la tesi

L’objectiu d’aquesta tesi és estudiar dos problemes de classificacié de foliacions. El
primer problema es planteja per a foliacions definides per sistemes completament
integrables a varietats simplectiques. El segon problema es planteja en 'ambit de
les varietats de contacte per a foliacions també de tipus completament integrable
la definicié de les quals esta fortament inspirada en el cas simplectic.

Tot seguit anem a establir els objectius amb precisié que seran tractats en
aquesta tesi.

Primer estudiarem el problema de classificacié d’estructures simplectiques de-
finides a un entorn d’una orbita compacta d’un sistema completament integrable
per les quals la foliacié definida per I'aplicacié moment és genericament Lagrangi-
ana. Quan diem que una foliacié amb singularitats és genericament Lagrangiana
volem dir que les fulles regulars sén subvarietats Lagrangianes. Per continuitat,
les fulles singulars (de dimensié inferior a la meitat de la dimensié de la varietat)
son subvarietats isotropes. Al llarg de tota la tesi treballarem a nivell de germes.
Es a dir tots els objectes es consideren definits a un entorn tubular de 'orbita
compacta. Suposem que l’entorn considerat és una varietat simplectica. Sigui €2

una forma simplectica fixada inicialment a I’entorn. La foliaci6 esta definida de la

xxi
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segiient manera: és la foliacié determinada per les orbites de la distribucié genera-
da pels gradients simplectics respecte de la forma simplectica §2 de les components
de I'aplicaci6 moment. La forma simplectica inicial {2 només és necessaria per a
definir la foliacio. El tipus de singularitats que considerarem sén no degenerades
en el sentit de Morse-Bott. Sota aquestes hipotesis demostrem que qualssevol dues
estructures simplectiques per a les quals la foliacié és genericament Lagrangiana
son equivalents. La nocié d’equivalencia per al problema de classificacié plantejat
és el seglient: Dues formes simplectiques definides a un entorn de la fulla sén equi-
valents si existeix un simplectomorfisme preservant la foliacié que envia una forma
simplectica a 'altra i que fixa I'orbita singular. En el cas que existeixi una ac-
ci6 d’un grup de Lie compacte preservant I'aplicacié moment provem que aquesta
equivalencia és G-equivariant.

El segon problema que ens plantegem és un problema de classificacié per a
formes de contacte. Considerem una varietat de contacte (M?"*1 a) que compleix

les segiients hipotesis:

1. El camp de Reeb és el generador infinitesimal d’una accié del grup de Lie
St

2. El camp de Reeb admet n integrals primeres f; funcionalment independents

en un conjunt dens.

3. Les integrals primeres commuten respecte del parentesi de Jacobi.

En aquesta varietat de contacte hi considerem dues foliacions: la foliaci6 F
definida per les parts horitzontals dels camps de contacte associats a les n integrals
primeres f; considerades i la foliacié6 F’ definida com la foliaci6 generada per F
conjuntament amb el camp de Reeb.

Un cop definida la foliacié anem a plantejar el problema de classificacié: Volem

classificar les formes de contacte o definides a un entorn d’una orbita compacta
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singular de la foliacié F’' que tenen el mateix camp de Reeb i per a les quals la
foliaci6 F és Legendriana. Sota la hipotesis de que la singularitat sigui no dege-
nerada en el sentit de Morse-Bott provem que qualssevol dues formes de contacte
verificant les condicions anteriorment esmentades sén equivalents. Es a dir, pro-
vem que existeix un difeomorfisme definit a un entorn de I'orbita que envia una
forma de contacte a I'altra, preservant la foliacié F i fixant I'orbita singular . En
el cas en que existeixi una accié d’un grup de Lie compacte preservant la forma de
contacte o provem que es pot trobar un difeomorfisme G-equivariant, aixi doncs,

la equivalencia és G-equivariant.

Ubicaci6 del problema

Aquesta tesi es centra en l'estudi de la geometria que esta encoberta als siste-
mes Hamiltonians totalment integrables. Un sistema Hamiltonia en una varietat
simplectica (M?",w) és el sistema definit pel gradient simplectic d’una funcié H
anomenada funcié Hamiltoniana del sistema. L’estudi de la integrabilitat d’aquests
sistemes és rellevant en moltes arees de les matematiques i té la seva propia historia.
El 29 de Juny de 1853 Joseph Liouville va presentar una comunicacié titulada
“Sur l'intégration des equations différentielles de la Dynamique”al “Bureau des
longitudes”. A la nota resultant [40] es relaciona la nocié d’integrabilitat del sis-
tema amb l’existencia de n integrals primeres en involucié respecte el parentesi
de Poisson associat a la forma simplectica. Aquests sistemes apareixen amb la
denominacié classica de “sistemes completament integrables”. En un altre llen-
guatge l'eleccié de n integrals determina les components de l'aplicacié moment
F : M?* — R". Els treballs de Joseph Liouville constitueixen el punt de par-
tida de tot un seguit de treballs posteriors. Anem a destacar algunes de les fites
aconseguides en aquest terreny des d'un punt de vista geometric i topologic.
Considerem, d’entrada, un sistema Hamiltonia completament integrable en una

varietat simplectica. Els gradients simplectics de les components de ’aplicacié mo-
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ment defineixen una distribucio involutiva. Suposem que aquesta aplicacié moment
és propia. Sigui L una orbita regular d’aquesta distribucio, la condicié de comple-
ta integrabilitat implica que aquesta orbita és una subvarietat Lagrangiana. A
més a més es tracta d’un torus i les orbites a un entorn d’aquesta sén també torus.
Aquests torus es diuen torus de Liouville. Aquesta és la contribucié topologica d'un
teorema conegut com teorema d’Arnold-Liouville. L’aportacié geometrica d’aquest
teorema és l'existencia de formes normals simplectiques a un entorn d’una orbita
regular compacta. De fet sembla ser que els treballs de Henri Mineur [44, 45, 46]
donaven una descripcié del sistema Hamiltonia en un entorn d’una orbita com-
pacta regular. Per aquest motiu ens referirem al classic teorema d’Arnold-Lioville

com a teorema de Liouville-Mineur-Arnold. Recordem-ne I’enunciat,
Teorema de Liouville-Mineur-Arnold

Sigui (M*", w) una varietat simpléctica i sigui F @ M?" — R™ una aplicacid
moment. Suposem que les components f; de F' estan en involucio dos a dos respecte
el parentesi de Poisson associat a w i que dfy A --- Adf, # 0 en un conjunt dens.
Sigui N = F~Y(c), ¢ € R™ un nivell connex de ’aplicacié moment. Llavors eristeix

un entorn U(N) de N i un difeomorfisme ¢ : U(N) — D™ x T" tal que,
1. ¢(N)={0} x T".

2. Ezxisteixen coordenades p; a un disc D™ i coordenades [3; definides en un

torus T™ tals que, ¢*(3 i, dps AN df;) = w.
3. F només depén de ¢*(u;) = p; i@ no depén de ¢*(5;) = 6;.
Les noves coordenades p; s’anomenen coordenades accié. Les coordenades 6;

s’anomenen coordenades angle. Mineur va donar la formula de les integrals de

periode que s’utilitzen per a definir les coordenades d’accié. Sigui x un punt a un
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entorn de N, definim les integrals de periode mitjangant la formula:

pi(z) = /F,_( - (0.1.1)

on « és una forma de Liouville per a la forma simplectica, és a dir, ve donada per
la condicié da = w i I';(x) és una corba tancada que depen diferenciablement de x
i esta continguda en un torus de Liouville. Les classes d’homologia I'y (), ..., ', (2)
formen una base del primer grup d’homologia del torus de Liouville.

L’existencia de coordenades accid-angle a un entorn d’una orbita compacta do-
nen un model simplectic per a la foliacié Lagrangiana determinada per les orbites
del gradient simplectic de les n funcions components de l'aplicaci6 moment F.
De fet, el teorema de Liouville-Mineur-Arnold porta implicit un resultat d’uni-
citat simplectica, llevat de simplectomorfisme preservant la foliacid, de formes
simplectiques que fan que F sigui Lagrangiana.

Dit d’una altra manera, si w; i wy sén dues formes simplectiques definides a
un entorn de N per a les quals la foliaci6 F és Lagrangiana, llavors existeix un
simplectomorfisme preservant la foliacid, fixant N i enviant wy a wy. Aixo es degut
a la segiient observacié: Siguin X;ZZ’“ els gradients simplectics de les funcions f; res-
pecte wy per a qualsevol 1 <17 < nik =1,2, llavors la condicié de Lagrangianitat
implica que de fet es té la seglient igualtat F =< X f1“* ... ,Xf‘“: > k=12 a
més amés {f;, fj}x = 0on {.,.}; és el parentesi de Poisson associat a wy, , k = 1, 2.
Llavors, pel teorema de Liouville-Mineur-Arnold existeix un simplectomorfisme
¢k, preservant la foliacié i enviant la forma simpléctica wy a wy =Y., dp; A db;.
Finalment el difeomorfisme ¢ 1o ¢1 envia wy a weq, fixa N i preserva la foliacié.

Per tant si I'orbita és regular I'existencia de coordenades accié angle permet
classificar els germes simplectics per als quals la foliacio F és Lagrangiana llevat
de simplectomorfisme preservant la foliacié. Com acabem de comprovar només
existeix una classe de germes simplectics pels quals la foliacié és Lagrangiana.

Podem mirar aquest problema des d'un punt de vista global. Existeixen obs-

truccions topologiques a l'existencia de coordenades accié-angle global tal i com
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va provar Duistermaat a [22].

El problema de classificacié de germes simplectics de foliacions Lagrangianes es
pot portar més enlla i considerar foliacions Lagrangianes regulars que no provenen,
necessariament, d’un sistema completament integrable. Currés-Bosch i Molino (]9,
10, 14, 15, 16]) han considerat el problema de classificacié per a germes de foliacions
Lagrangianes definides a un entorn d’un torus amb una estructura afi fixada. La
motivacié per a considerar una estructura afi al torus és la connexié de Bott-
Weinstein associada a les fulles regulars d’una foliacié Lagrangiana [59].

En el cas que el germe de foliacié Lagrangiana quedi determinat per un sistema
completament integrable aquesta estructura afi és trivial. Als treballs esmentats
anteriorment es prova que no hi ha resultat d’unicitat per als germes simplectics
en el cas que la estructura aff no sigui trivial.

Després d’aquest repas de resultats per a foliacions Lagrangianes regulars ens

plantegem la segiient pregunta.

Que podem dir sobre el problema de classificacié de germes simplectics si el

sistema completament integrable té singularitats?

Aquesta pregunta és bastant natural perque les singularitats son presents en
molts sistemes integrables coneguts. De fet si el sistema completament integrable
esta definit en una varietat compacta les singularitats sén inevitables.

Un dels principals objectius d’aquesta tesi és provar que es té també un resul-
tat d’unicitat per a germes simplectics per als quals la foliacié determinada pel
sistema completament integrable és Lagrangiana a un entorn d’una orbita singular
compacta.

En el cas singular, ens podem plantejar el problema a tres nivells diferents:

1. A nivell d’orbita. En un entorn d’una orbita singular compacta.

2. A nivell semilocal. En un entorn d’una fulla singular compacta.
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3. A nivell global.

En aquesta tesi només ens preocuparem de la primera situacio.

Es a dir, farem un estudi a un entorn d’una orbita compacta singular que
suposarem singular no-degenerada en el sentit de Morse-Bott. Abans d’endinsar-
nos en l'estudi a un entorn de 'orbita, anem a fer esment rapidament d’alguns
resultats destacables a nivell semilocal i global.

El problema de classificacié topologica dels sistemes Hamiltonians completa-
ment integrables va comengar amb Fomenko [25] en alguns casos particulars. L’es-
tudi de la topologia d’aquests sistemes a ’entorn d’una fulla no-degenerada en
el cas general es deu a Nguyen Tien Zung [61]. La descripcié de les singularitats
des d’un punt de vista topologic és de tipus producte de singularitats el-liptiques,
hiperboliques i focus-focus. El tipus de Williamson és per tant I'unic invariant to-
pologic semi-local. En aquest treball, Nguyen Tien Zung també prova l’existencia
de coordenades accié-angle parcials. La classificacié simplectica en el cas semi-local
per a singularitats de tipus no el-liptic ha estat estudiat per Dufour, Molino i Tou-
let [20], [53] en el cas hiperbolic i per San Vu Ngoc en el cas focus-focus [58]. La
conclusio d’aquests treballs és que hi ha més invariants associats a la singularitat
caracteritzats per jets de funcions d’una variable (en el cas hiperbolic) i pels jets
de funcitons de dues variables (en el cas focus-focus). El cas global singular va
ésser estudiat per Nguyen Tien Zung a [63]. En aquest treball s’estén el concepte
de classe de Duistermaat-Chern i el concepte de monodromia en el cas singular.
La condicié de no-degeneracid esta sempre present als treballs anteriorment citats.
Pero també cal destacar algunes contribucions en el camp de sistemes integrables
amb singularitats de tipus degenerat. En aquesta direccié apunta el treball de Colin
de Verdiere [7]. En aquest article, entre altres moltes coses es planteja el problema
de classificacié de germes de varietats Lagrangianes singulars per a singularitats de
tipus més general que les no degenerades, destacant especialment les singularitats

quasi-homogenies. Per exemple, s’estudia el problema de classificacié associat al
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cas de la cuspide.
La majoria de resultats esmentats tenen la seva versio semiclassica. Els resultats
en ’ambit semiclassic han estat desenvolupats per Colin de Verdiere i San Vu Ngoc

a [8, 56, 57, 7).

0.2 Resultats

L’objectiu principal d’aquesta tesi és estudiar problemes de classificacié en un
entorn de l'orbita.

Les singularitats queden descrites en termes de les singularitats de les compo-
nents de 'aplicacié moment f;.

Comencem pel cas que L sigui reduida a un punt. Observem que el parentesi
de Poisson indueix una estructura de algebra de Lie en el conjunt de funcions
diferenciables. Com que les funcions f; estan en involucié respecte el paréentesi
de Poisson, les parts quadratiques de les funcions f; commuten definint, d’aquesta
manera, una estructura d’algebra abeliana al conjunt de formes quadratiques en 2n
variables que denotarem per Q)(2n, R). En el cas que la singularitat de les funcions
sigui de tipus Morse aquesta subalgebra és una subalgebra de Cartan. Aquestes
singularitats es diuen singularitats de tipus no degenerat.

Per tant el problema de classificacio de singularitats per les parts quadratiques
de les components de ’aplicacié moment s’ha convertit en un problema merament
algebraic: la classificaci6 de les subalgebres de Cartan de Q(2n,R). La classificacié

d’aquestes singularitats es deu al segiient resultat de Williamson ([60])
Teorema (Williamson)

Donada una subalgebra de Cartan C de Q(2n,R) ezisteiz un sistema simpleéctic
de coordenades (T1,. .., Tn,Y1,---,Yn) a R*™ i una base fi,..., f, deC tal que cada

fi €s del segiient tipus:
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fi =22 + y? si 1<i<k,, (el-liptic)
fi =z si ke +1<i<k.+ky, (hiperbolic)
(0.2.1)
fi = Tiyis1 — Ti1vi, (parell focus-focus )
Jir1 = Y + Ti1Yin sioi=keth,+2j—1, 1<j<k

El sistema lineal donat per les parts quadratiques de les f; es diu model lineal
per a les singularitats. El teorema de Williamson es pot veure com un teorema
de formes normals per al model lineal. Podem adjuntar un triplet de nombres
naturals (ke, ks, ky) a una singularitat no degenerada de F' on k. és el nombre de
components el.liptiques al model lineal i kj, i kf sén el nombre de components
hiperboliques i focus-focus respectivament.

Com a conseqiiencia del teorema de Williamson aquest triplet és un invariant
del sistema lineal. Per aquest motiu s’anomena tipus de Williamson de la singula-
ritat.

Ara que ja tenim la classificacié al model lineal la pregunta natural és:

Podem linealitzar simplecticament un sistema completament integrable en un
entorn d’un punt singular p?

Podem reformular la pregunta de la manera segiient,
Problema 1

Considerem una foliacié F definida per un sistema completament integrable
definit en un entorn d’una orbita singular no degenerada de dimensié 0 de F.
Suposem que tenim donades dues formes simplectiques w; i wy per a les quals la
foliaci6 F és Lagrangiana. Existeix un difeomorfisme local fixant p i portant w; a

WQ?

El problema de linealitzacié simplectica esta intimament relacionat amb un
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altre problema en 'ordre d’idees del lema de Morse. L’altre problema és el segiient:
Problema 2

Donada una funcié f : R* — R amb una singularitat no degenerada a 1’origen
i sigui w una forma de volum a R™. Notem per () la seva part quadratica a ’origen.
Existeix un difeomorfisme ¢ : (R",0) — (R",0) tal que ¢*(f) = @Q i enviant la

forma de volum w a la forma wg = dxy A --- Adx,?

A Tarticle [6] Colin de Verdiere i Vey demostren que existeix una funcié dife-
renciable y tal que ¢*(w) = x(Q) - wo.

A Tarticle esmentat anteriorment es prova que la funcio y caracteritza el parell
(f,w) en el cas que la forma quadratica @ sigui definida, en cas contrari només el

jet de la funcié caracteritza el parell.

Com a corol-lari d’aquest resultat obtenim formes normals per a foliacions
definides pels nivells de f perque podem trobar un difeomorfisme preservant la
foliacié i enviant la forma de volum x(Q)-wp a la forma de volum wy com s’observa
a la publicacié anteriorment citada.

Observem que aquest resultat dona una resposta afirmativa al Problema 1 en el
cas n = 2 perque una forma de volum en una varietat de dimensio 2 és una forma
simplectica i la condicié de Lagrangianitat en el cas d’una corba és automatica en
aquesta dimensio.

La resposta afirmativa al Problema 1 en qualsevol dimensi6 és conseqiiencia del
teorema d’Eliasson [23] i [24]. De fet, cal remarcar que la demostracié donada per
Eliasson és completa només en cas que la singularitat sigui completament el-liptica
( tipus de Williamson (k., 0,0)).

En aquesta tesi donem una altra demostracié amb tots els detalls per a sin-
gularitats que tenen tipus de Williamson (k, kp, 0). També donem un esbog de la

demostracio en el cas d’existir components focus-focus.
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Observem que el Teorema d’Eliasson es pot mirar com un resultat de linealit-
zacid simplectica que assegura que el sistema completament integrable inicial es
pot portar a un sistema lineal amb la forma simplectica estandard. Com a resultat
obtenim un resultat de linealitzacié multiple per a n camps vectorials que commu-
ten i que tenen singularitats de tipus no degenerat. La linealitzacio simplectica a
un entorn de l'orbita L en el cas dim L > 0 es degut a Ito en el cas analitic [32].
En aquesta tesi presentem el resultat en el cas diferenciable. Resultats parcials en
aquesta direccié (en el cas en que la dimensié de I'orbita singular sigui 1 en una
varietat de dimensi6 4) varen ser obtinguts per Currds-Bosch conjuntament amb
l'autora d’aquesta tesi conjuntament ([13]) i independentment per Colin de Ver-
diere i San Vu Ngoc [8]. El resultat final en qualsevol dimensi6 ha estat obtingut
per Nguyen Tien Zung conjuntament amb I'autora d’aquesta tesi a [48]. En aquest

paper també esta continguda la versié G-equivariant de la linealitzacio simplectica.

L’estudi de simetries té rellevancia en molts problemes fisics i, en consequencia,
també apareix a la teoria de sistemes completament integrables. Aquestes simetries
queden codificades en forma d’accions diferenciables de grups de Lie. El cas d’ac-
cions Hamiltonianes de torus mereix especial atencié. En aquest teoria apareixen
molts resultats d’unicitat simplectica. El Teorema de Delzant n’és un exemple clar.
El Teorema de Delzant permet recuperar informacié en una varietat compacta de
dimensié 2n a partir de la imatge de I'aplicacié moment, que curiosament, és un
politop convex. S’han produit moltes contribucions en aquest camp darrerament.
En destaquem dues: Els treballs de Lerman i Tolman per extendre aques resul-
tat al cas d’orbifolds simplectiques [37] i els treballs de Karshon i Tolman per a

generalitzar aquests resultats en el cas d’accions Hamiltonianes de complexitat 1.

En aquesta tesi també considerem accions de grups de Lie compactes. Supo-
sarem que el grup actia simplecticament i preserva l'aplicacié moment que esta
oculta a la foliaci6. En aquesta tesi demostrem la versié equivariant dels resul-

tats d’unicitat simplectica en un entorn de ’orbita compacta singular. Una conse-
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quencia curiosa és que el grup de simplectomorfismes preservant ’aplicacié moment
és un grup abelia. En particular, si I'acci6 del grup G és efectiva d’aquest resultat
en podem extreure ’abelianitat de G. Donat que el grup G és compacte és un pro-
ducte d'un torus per un grup finit. En el cas que el grup G sigui connex recuperem

l’accié d’un torus en la linia del Teorema de Delzant.

La contrapartida dels anteriors resultats en dimensié imparella venen donats
pel cas de contacte. Aquest és el segon problema de classificacié plantejat a la
tesi. Considerem foliacions en una varietat de contacte semblants a les donades

per sistemes completament integrables en varietats simplectiques.

La motivacié en el cas regular va ser donada per Lutz ([41]) que va estudiar el
problema de classificacié per a estructures de contacte en una varietat compacta

sota la hipotesi que siguin invariants per l'accié d’un torus.

Aquest problema esta lligat amb el problema analeg per a varietats simplectiques
que hem exposat abans. Cal destacar les seglients contribucions recents en aquest
camp: en el cas d’orbifolds de contacte destaquem els treballs de Lerman [36] on es
dona un resultat de convexitat. Aquest problema ha estat considerat per Molino i
Banyaga a [3] i [4] en el cas de foliacions singulars. El denominador comu de les fo-
liacions considerades per Lutz, Lerman, Molino i Banyaga és que les orbites vénen
donades per 'accié d’un torus. En aquesta tesi demostrem un resultat similar en
I’entorn d’una orbita compacta en el cas que la foliacié no estigui necessariament
donada per l'accié d’un torus. Les singularitats les suposem no degenerades i la
foliacié6 queda deteminada com la foliacié donada per les parts horitzontals del
camps de contacte de n integrals primeres del camp de Reeb conjuntament amb
el camp de Reeb. En aquesta tesi suposem que el camp de Reeb ve donat com a
generador infinitesimal d’una accié del grup S*. Estudiem el problema de classifi-
caci6 de la foliacié Legendriana descrita per les parts horitzontals dels camps de
contacte sota la hipotesi que la forma de contacte tingui el mateix camp de Reeb.

Aquesta condicié és una mica restrictiva. Una generalitzacié natural seria estudiar
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el problema més general en que el camp de Reeb pertanyi a la foliacio. Aquest
resultat que requereix les tecniques de Gray per deformacié de formes de contacte

no esta inclos a la tesi.

Organitzacio de la tesi

Al capitol 1 estudiem el problema de linealitzacié diferenciable en un recobri-
ment de ’entorn inicialment considerat. Donem també una demostracié diferent
a la donada per I’Eliasson en el cas de foliacions amb corang 1. Aquest resultat
de linealitzacié diferenciable permet treballar en un model lineal al recobridor. En
aquest capitol donem una demostracié del segiient teorema en el cas de singulari-

tats de corang 1.

Teorema 1.3.1

—_~—

A U(L) la foliacié Lagrangiana definida pels gradients simpléctics de l'aplicacid

moment és difeomorfa a la foliacio linealitzada.

—_~—

On notem per U(L) un recobriment finit d’un entorn de 1’orbita singular com-
pacta.

L’objectiu del capitol 2 és doble; per una banda s’introdueixen les eines
analitiques necessaries per resoldre el problema també es déna una demostracié de
la linealitzacié simplectica en dimensié 2.

El primer objectiu d’aquest capitol és provar que donada una funcié diferenci-

able g es pot trobar una descomposicié del tipus,

g=g+X(g) , X(g)=0 (0.2.2)

per a determinats tipus de camps singulars, els que corresponen als camps lineals de
la foliacié (components el.litiques i hiperboliques). Aquest tipus de descomposici-

ons de funcions seran 1utils més endavant per a trobar deformacions de 'estructura
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simplectica “a la Moser” preservant la foliacio.

El cas el .liptic ja havia estat considerat per Eliasson. El cas hiperbolic en dimen-
si6 2 també. Donem demostracions pels casos el.liptics i hiperbolics en qualsevol
dimensié. Els resultats principals provats son els segiients:

En el cas que X sigui un camp corresponent a una singularitat el.liptica,
Proposicié 2.2.1

Sigui M una varietat diferenciable i sigut g un germe de funcié diferenciable
en un entorn del punt p. Donat un camp X que en coordenades locals s’expressa

X = :cla%z — :cgaim llavors existeixen funcions diferenciables gy i go tals que:

g:g1($%+$%,1‘3...,1‘n)+X<gg)

En el cas que X sigui un camp corresponent a una singularitat hiperbolica,
Proposicié 2.2.2

Stgui M una varietat diferenciable i sigui g un germe de funcio diferenciable en
un entorn del punt p. Considerem un camp vectorial X que en coordenades locals
s'expressa Y = —1z- + Tag - llavors existeixen funcions diferenciables gy 1 g9

tals que,

g=q1(x122,25...,2,) + Y (92)

En el cas hiperbolic aquest resultat estén el resultat en el cas en dimensi6 2
provat per Colin de Verdiere i Vey a [6]. El cas hiperbolic és més complicat, cal

reduirse primer al cas de funcions planes al llarg d’'un subespai i després usar
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tecniques d’integracié semblants a les usades al Teorema de linealitzacié de Stern-
berg.
Usant aquests resultats analitics en el cas 2 dimensional i tecniques de deforma-
s : NPIE : @y ’ 2143
ci6 d’estructures simplectiques usant camins “a la Moser” demostrem, per ultim,

el resultat de linealitzacié simplectica en dimensio 2,
Teorema 2.3.1

Sigui (M?,wy) una varietat simpléctica 2-dimensional amb coordenades (x,vy)
i sigui F una foliacio Lagrangiana amb singularitats de tipus el.liptic o hiperbolic
a lorigen (0,0), llavors existeiz un difeomorfisme local ¢ preservant la foliacio F

tal que ¢*(dz N dy) = w;.

Aquest resultat de linealitzacié simplectica en dimensi6 2 es desprén de [6] pero
en donem la nostra propia demostracio.

Al capitol 3 estudiem el cas de corang 1 en dimensié 4. Donem dues demos-
tracions de la unicitat simplectica.

El punt clau per a provar la unicitat simplectica rau en recuperar una accié
Hamiltoniana de S* tangent a la foliacié. Per tal d’aconseguir aquesta accié usem
el Lema de Poincaré i provem un lema tipus Moser de deformacié d’estructures

simplectiques preservant la foliacié que citem a continuacié:
Lema 3.2.3

Sigui o una 1-forma, que s’anul.la a L, i que es Fy-basica i sigui wy una forma

simpléctica a My tal que Fo és Lagrangiana. Llavors:

1. La 2-forma w, = w1 — da es una estructura simpléctica en un entorn de L

per la qual la foliacio és Lagrangiana.

2. Ezisteiz un difeomorfisme n entre dos entorns de L a M preservant Fy i tal
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que n*(w1) = wp.

El resultat principal de la segona seccié d’aquest capitol és el segiient,
Proposicié:

FEzisteir una accié Hamiltoniana de S' tangent a la foliacié. De fet, existeizen
coordenades (0,p,x,y) en un entorn de L tal que w = d(pdf + C(p,z,y)dz +
D(p,x,y)dy) i l'accio Hamiltoniana es produeix per translacions en la coordenada

6.

Un cop provada l'existencia d’aquesta accié donem dues demostracions del

segiient teorema,
Teorema 3.1.1

Sigui My = S* x D?, amb coordenades (0, p,x,y). Sigui Fy la foliacié donada

per:

e € {—1,1} (e =1 cas el.liptic, e = —1 cas hiperbolic).
Sigui L = S x (0,0,0). Llavors qualssevol dues formes simpléctiques wy 1wy a

M* per a les quals Fy és Lagrangiana sén equivalents.

La primera demostracié implica un treball de deformacié de la forma simplectica
pel metode del cami. La segona demostracié usa l'existencia d’una accié Hamiltoni-
ana per a contruir una descomposicié ortogonal simplectica (lema 3.3.2) utilitzada

per a reduir el problema a dos problemes de classificacié 2-dimensional.
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Al Capitol 4 estudiem el cas de rang 0 en dimensié 4. Donem un resultat
d’unicitat simplectica usant les tecniques geometriques de descomposicié ortogonal.

Els resultats més importants d’aquest capitol son els segiients,
Teorema 4.2.1 (Descomposicié simpléctica ortogonal)

Sigui w una forma simplectica per la qual F és genéricament Lagrangiana.
Llavors existeix un germe simpleéctic W equivalent a w i existeizen dues distribucions

simplectiques Dy 1 Do tals que,
1. D1 i Dy son involutives @ simplecticament ortogonals respecte @.

2. X1., € Dy i Xa, € Ds.

Teorema 4.2.2 (Unicitat simpléctica)

Sigui w una forma simplectica en un entorn de p per a la qual F és genericament

lagrangiana llavors w €s equivalent a wg = dxy N dyy + dxo A dys.

Per a demostrar 'existencia de la descomposicio ortogonal recuperem accions
Hamiltonianes tangents a les fulles usant el metode del cami. Un dels resultats

basics en la prova d’aquest teorema es la segiient Proposicio:
Proposicié 4.4.1

Existeiz un germe simpléctic Wy equivalent a w tal que,

ix, w1 = Hidfi + Hadfs -

per a funcions F-basiques Hy 1 Hy.

Un cop demostrada aquesta proposicié utilitzem tecniques de normalitzacié per

a trobar camps Hamiltonians convenients, tangents a la foliaci6. La demostracio
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és diferent en el cas que la foliacié contingui components el.liptiques o en el cas
que la foliacié sigui completament hiperbolica. Usem al llarg de la demostracié els
resultats de el capitol 2 i el metode del cami per a deformar formes simplectiques.
El segiient pas per a demostrar 'existencia de la descomposicié ortogonal és pro-
var que un dels camps lineal és paral.lel respecte de la connexié de Bott-Weinstein
definida a les fulles Lagrangianes regulars properes a la fulla singular. El fet que els
camps siguin paral.lels ens permet donar una demostracié geometrica del teorema
de descomposicié ortogonal simplectic. De fet en el cas que la foliacié tingui alguna
component el.liptica donem dues demostracions d’aquest fet, una basada en rao-
naments geometrics usant la connexié de Bott-Weinstein i un altra usant la forma
explicita de 'estructura simplectica en un entorn de la fulla i el Lema de Poincaré.
En el cas completament hiperbolic cal aplicar el metode del cami diverses vegades
per a trobar una estructura simplectica tal que el Hamiltonia corresponent a f;
sigui el camp lineal X;. Aquest procés constitueix el contingut en les proposicions
4.6.1, 4.5.1 i permet demostrar el teorema 4.2.1. Per a demostrar 4.2.1 contruim
dues distribucions ortogonals simplectiques que contenen cadascun dels camps li-
neals de la distribucié. A partir d’aixo per a demostrar el teorema 4.2.2 usem els

resultats d’unicitat simplectica en dimensié 2 demostrats al capitol 2.

Al Capitol 5 usem induccio, el teorema de Liouville-Mineur-Arnold, el metode
de la descomposicio simplectica ortogonal i els resultats de capitols anteriors per

a demostrar el cas general en qualsevol rang i qualsevol dimensio.
En aquest capitol demostrem els segiients teoremes,

Per al cas de foliacions de rang 0,
Teorema 5.1.1

Sigui w un forma simplectica definida en un entorn de l’origen i tal que la foli-
acio lineal F és Lagrangiana, llavors existeiz un difeomorfisme local ¢ : (U, p) —

(¢(U), p) preservant la foliacio i tal que ¢*(D_, dx; ANdy;) = w, essent x;,y; coorde-
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nades locals a (p(U), p).

Per a foliacions de rang diferent de zero provem el teorema d’unicitat simplectica

segiient,
Teorema 5.2.1

Siguin w 1wy dues formes simpléctiques que en un entorn d’una orbita singu-
lar compacta per a les quals la foliacio lineal és Lagrangiana llavors w i wy son

equivalents.

Al Capitol 6 donem la versié equivariant de la unicitat simplectica obtin-
guda al Capitol 5. Aquesta versié equivariant permet concloure la linealitzacié
simplectica en un entorn de I’orbita inicial compacta. També donem un enunciat
tipus “slice”de la linealitzacié simplectica equivariant.

Al llarg d’aquest capitol suposem que G és un grup de Lie compacte que actia
simplecticament en la varietat i deixa invariant 1’aplicacié moment. Els resultats
principals obtinguts en aquest capitol sén els segiients.

En la primera seccié es s’estudia el problema de linealitzacié de I’accié a I'entorn
d’un punt fix.

Per a fer aixo primer estudiem els simplectomorfismes locals que deixen inva-

riant ’aplicacié moment. Provem el segiient teorema,
Teorema 6.3.2

Sigui ¢ : (R*",0) — (R**,0) un simplectomorfisme local de R*™ que preserva
Uaplicacié moment en el model h. Llavors la part lineal V) és un simplectomor-
fisme que preserva [’aplicacioc moment i existeir una unica funcio diferenciable
definida en un entorn de 'origen W : (R?",0) — R que s’anul.la a l'origen, que es

una integral primera del sistema lineal definit per h i tal que ™ op=1 es el fluz a
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temps 1 del camp Hamiltonia Xy de V. Si ) és real analitica llavors ¥ és també

real analitica. Si1 depén diferenciablement del parametres (resp analiticament) W

també.

Com a corol.lari obtenim la versié amb parametres,

Corol.lari 6.3.3

Sigut D, un disc centrat a lorigen 0 en els parametres pq,...,pr. Notem per
p = (p1,...,pr). Suposem que ¥y : (R* 0) — (R*",0) és un simplectomorfisme
local de R*™ que preserva laplicacid quadratica h i que depén diferenciablement dels
parametres p. Llavors existeiz una unica funcid local diferenciable Up : (R*",0) —
R que s’anul.la a 0 i que depén diferenciablement en els paramentres p i que €s
una integral primera del sistema lineal definit per h i tal que ¢él) o 1/1;1 es el flux
a temps 1 del camp Hamuiltonia Xy, de Vy,. En cas que vy sigui real analitica i

depengui analiticament en els parametres, la funciéo ¥, també.

Aquests resultats permetem provar el segiient teorema,

Teorema 6.3.4

Euisteiz un canvi de coordenades a R*™ que preserva el sistema (R*", "7 | dx; A

dy;, h) i que linealitza l’accid de G.

També demostrem com a corol.lari la versié amb parametres que queda recollida

al corol.lari 6.3.5.
Corol.lari 6.3.5
Si Uaccid pp depén de parametres diferenciablement (resp. analiticament) exis-

teiz una transformacid local simpléctica a R*, ®, que preserva el sistema i que

verifica,
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®p 0 pp(h) = pO<h)(1) o P,

Si notem G com el grup de simplectomorfismes preservant I'aplicacié moment

finalment provem el teorema,
Teorema 6.3.6
El grup G és abelia.

Com a corol.lari en deduim que si 'accié es efectiva el grup G és abelia.
Un cop obtingut el resultat local de linealitzacié ’orbita provem el teorema de

linealitzacio en un entorn de 'orbita.
Teorema 6.4.1

Sigui G un grup compacte preservant el sistema (D x TF x D2(=F), Zle dp; \
do; + Z;:lk dz; A\ dy;, F) llavors ezisteix ®g un difeomorfisme en un entorn de
Ny , ne k
Uorbita L = T* que preserva el sistema (D* x TF x D=k N dp; A d; +
S Fday A dy;, F) i que linealitza Uaccid G.

També es dona com a corol.lari un resultat tipus “slice” en un entorn de ’orbita
(Corolari 6.4.2).
Si prenem com a grup G el grup de transformacions recobridores del recobri-

ment U(L) considerat al capitol 1 es prova el teorema de linealitzacié en un entorn

de l'orbita inicialment considerada que enunciem de manera abreujada com,
Teorema 6.5.1

La foliacio F és simplecticament linealitzable en un entorn d’un orbita com-



xlii Resum en catala

pacta singular.

Finalment al capitol 7 considerem el cas de contacte i provem el resultat de
linealitzacié de contacte al recobridor. També donem la versié G-equivariant de
contacte del teorema que ens déna en particular el cas de linealitzacié de contacte
a I’entorn inicialment considerat.

Els resultats més importants d’aquest capitol sén els seglients:

Primer provem un resultat per a linealitzacio diferenciable de foliacions legen-

drianes verificant les condicions especificades a la seccié 7.3.1.
Teorema 7.3.1

Ezisteizen coordenades (0, ..., 0k, D1y -y Dks T15 YLy -+« Tk, Yn—k) €N UN TECO-

briment finit d’un entorn tubular de O tal que
e 7 D
e FEl camp de Reeb és Z = 35 -

o Existeix un triplet de nombres naturals (ke, kp, k¢) amb ke +kp+2kf =n—k

i tal que les integrals primeres f; son fi=p;, 1<i<k i

firw=al+y? si 1<i<k,
five =2y st ke +1 <1 <ke+ky,
fitk = TilYiy1 — Tigays 1

fitht1 = Ti¥i + Tig1Yip1 si i =ke+hy+25—1, 1 <5< ky

e La foliacio F wve descrita per les orbites de la distribucio D =< Yy,...Y, >
onY; = X; — f;Z essent X; el camp de contacte f; respecte la forma de
contacte estandard o = dby + Z:;k %(:):ZalyZ — yidx;) + Zle p;db;.

Un cop demostrada la linealitzacié diferenciable procedim a provar la linealit-

zacié simplectica

Teorema 7.4.1
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Sigui o una forma de contacte a la varietat model M3 per la qual la foliacié
F és legendriana 1 tal que el camp de Reeb és 8%0. Llavors existeix un difeomorfisme
¢ definit a un entorn de l'orbita singular O = (0, ...,0,0,...,0) preservant F' i

enviant o a o.

En el cas que existeixi una accié d’un grup compacte preservant la foliacio i el
camp de Reeb tenim una versié G-equivariant del teorema anterior que enunciem

resumidament,
Teorema 7.5.1
FExisteix un contactomorfisme que linealitza la foliacio F i l'accio del grup.

Si apliquem aquest resultat al cas que el grup sigui el grup de transformacions
recobridores obtenim el Teorema 7.5.2 que assegura que la linelitzacié de contac-
te és pot dur a terme a l’entorn inicial de 1’0rbita. Enunciem aquest teorema a

continuacio,
Teorema 7.5.2

Sigui F una foliacio verificant totes les condicions especificades a la seccio
7.3.1, sigui F' la foliacio ampliada amb el camp de Reeb Z i sigui o una forma de
contacte per la qual F és Legendriana i tal que Z és el seu camp de Reeb llavors
existeiz un difeomorfisme definit en un entorn de O que porta F' a la foliacio
lineal, l’orbita O al torus {xz; = 0,y; = 0,p; = 0} @ la forma de contacte a la forma

de contacte de Darboux oy.

Alguns dels resultats continguts en aquesta tesi estan continguts a les publica-

cions i prepublicacions que citem a continuacio,
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1. C. Curras-Bosch i E. Miranda, Symplectic linearization of singular La-
grangian foliations in M*, Differential Geom. Appl. 18 (2003), no. 2 ,
195-205.

2. E. Miranda, On the symplectic classification of singular Lagrangian fo-
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Soc. Mat. Esp., Madrid, 2001.
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1. E. Miranda i Nguyen Tien Zung, Fquivariant normal forms for non-
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2003, http://xxx.arxiv.org/abs/math.SG/0302287.

2. C. Curras-Bosch i E. Miranda, Symplectic germs of singular Lagrangian
Foliations, preprint 265 de la Facultat de Matematiques. Universitat de
Barcelona, 1999.

0.3 Conclusions

En aquesta tesi estudiem dos problemes de classificacié per a foliacions definides
a varietats simplectiques i de contacte.

En quant al primer problema de classificacié: Com s’ha detallat a la secci6 de
resultats provem que una foliacié Lagrangiana definida pels gradients simplectics
d’una aplicacié moment propia és equivalent a la foliaci6 linealitzada amb la forma
simplectica de Darboux en un entorn d’una orbita compacta singular no degene-
rada.

En relacié a aquest problema també provem un teorema de linealitzaci6 simplectica

per accions simplectiques de grups compactes que preserven l'aplicacié moment.
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En quant al segon problema de classificacié: Provem que una foliacié Legen-
driana completament integrable amb camp de Reeb definit per una accié de una
St és equivalent a la foliacié linealitzada amb la forma de Darboux en un entorn
d’una orbita compacta no degenerada de la foliacié ampliada amb el camp de Re-
eb. També provem un teorema de linealitzacio per accions de grups compactes per

contactomofismes a varietats de contacte.
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Chapter 1

Differentiable linearization

1.1 Introduction

The aim of this chapter is to recall results of differentiable linearization for folia-

tions given by a certain class of singular integrable Hamiltonian systems.

Throughout this thesis and otherwise stated all the objects considered will be
C>.

In this chapter and throughout the thesis, we will consider germ-like foliations
in a symplectic manifold (M?",w) defined by n first integrals in a neighbour-
hood of a compact submanifold L. Since we are considering germs-like objects,
the foliation is defined in a neighbourhood U(L) of L. We denote by fi, ... f, the
n-first integrals. The leaves of the foliation are L., ..y = {p € U(L), fi(p) =
1, - fu(p) = cu}. We denote by F the function F = (f1,..., fn). We will require
the following condition on the functions f;. We will assume that the functions f; are
in involution with respect to the Poisson bracket associated to w in the neighbour-
hood considered. That is to say, {f;, f;} = 0 for any pair 4, . When this condition

is fulfilled we say that F' defines a completely integrable Hamiltonian system on

U(L) and the mapping F' is called the moment map. Namely,

1
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Definition 1.1.1 A completely integrable Hamiltonian system on a symplectic
manifold (M?",w) is a C™ Poisson R"-action, generated by a moment map F :

M2 — R™ .

The foliation defined by the level sets of I’ can also be considered as a pair
(x,A), where x is an n-dimensional commutative Lie algebra of vector fields and
A is a vector space of first integrals of the vector fields of y. This presentation of
the foliation is specially interesting when the foliation has singularities. Then the

foliation obtained from Y is called the singular Lagrangian foliation.

The compact submanifold L that we will consider is an orbit of x through a

singular point. Let us introduce the definition of singular point,

Definition 1.1.2 A point xo € M?" is a singular point of the integrable Hamil-
tonian systems if the rank of dyyF = (dyg f1,- - -, dug [n) 18 less than n.

Remark:

Since L is an orbit of y, all the points in L are singular points for F' and L
is contained in a singular leaf of the foliation. On the other hand, observe that
singular orbits do not necessary coincide with singular leaves of the foliation as
the following example shows. Consider M = R? endowed with coordinates (x, ).
Let F =< xa% + ya% >. A first integral for F is f = 2% — y%. The only singular
point is (0, 0). The orbit through this point is just the point, but the leaf containing
the singular point is L = {(z,y), z*— y* = 0} which consists of a pair of lines

through the origin.

When we talk about differentiable linearization in a neighbourhood of L, we

mean that there exists a diffeomorphism in a neighbourhood of L, fixing L and
taking the given foliation to a simpler foliation defined by a linear model. Lineari-

zation is not always possible. We will need additional assumptions on the functions
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fi- Namely, the completely integrable Hamiltonian system considered fulfills the
following three hypotheses:

1. The global moment map F : M?* — R” is a proper map.
2. The singular orbits L of minimal rank are tori.

3. The singularities considered are of “non-degenerate” type.

Remarks

e As a consequence of Liouville-Mineur-Arnold theorem, if F is a regular fo-
liation given by a completely integrable system and L is an n-dimensional
compact leaf. Then this leaf is a torus and the foliation in a neighbourhood
of L is a foliation by n-dimensional tori. Those tori are Lagrangian for the

symplectic form considered.

Now assume that the foliation is allowed to have singularities. The first exam-
ple that comes to our mind is to create a singular foliation by collapsing some
of the cycles of the regular tori L and leaving the rest of the foliation inva-
riant. In this way, the resulting foliation will be a foliation by regular tori
except for the singular one L which will be a torus with dimension r < n.
When all the cycles of the initial torus L are collapsed we obtain an isolated

singular leaf whose dimension has been decreased to 0, that is, a point.

From a symplectic point of view, this torus is an isotropic submanifold, that is
to say it preserves all the properties of Lagrangianity except for the maximal

dimension.

We will take this example as a starting point. The foliation that we will
consider has a torus as an isolated singular leaf but the neighbouring orbits
are not always tori. The example described above corresponds to the picture

of a “completely elliptic” singularity of corank n — r. As we will see this
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example is one of the “differentiable models” for our foliation. In fact we
will see that our foliation is differentiably equivalent in a finite covering of
a neighbourhood of the singular leaf to a direct product type foliation of a
regular Lagrangian foliation by tori with a singular foliation which is also
a direct type foliation of k. components of elliptic type, k;, components of

hyperbolic type and k¢ components of focus-focus type.

e The third condition (non-degeneracy) is a condition on the quadratic parts
of the components of the moment map. Its role in the linearization process is
similar to that of non-degeneracy for Morse-like theorem for single functions.
In fact the differentiable linearization that we prove is a kind of “multiple
Morse” theorem. That is, we can find a diffeomorphism, in a finite covering of
the initial neighbourhood considered, such that the foliation determined by
the moment map can be taken to the foliation determined by the quadratic
parts of the components of the moment map. This is the main difference
with the result of Morse for non-degenerate singularities of differentiable
functions. The involution of the components of the moment map make this

simultaneous linearization possible.

In this chapter, the symplectic properties of the foliation will be temporarily
left aside and our attention will be focused on the differentiable side of the story.
In any case we will need some facts from symplectic geometry which we introduce

in the section called “Preliminaries” of this chapter.

The linearization will be carried out in a neighbourhood of the singular orbit.

1.2 Preliminaries.

Let us recall some notations and definitions:
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1.2.1 Hamiltonian vector fields and the Poisson bracket

Let us start with the definition of symplectic manifold.

Definition 1.2.1 A symplectic manifold is a pair (M,w) where M is a differen-

tiable manifold and w is a closed non-degenerate 2-form.

Remarks:

e As a consequence of the definition all symplectic manifolds are even dimen-

sional.

e In contrast to Riemannian manifolds, symplectic manifolds have no local
invariants. This is due to the Theorem of Darboux which establishes the

uniqueness of a local model.

Theorem 1.2.1 Let (M,w) be a 2n-dimensional symplectic manifold and
let p be a point in M then there exists local coordinates (x1,y1, ..., Tn, Yn) in

a neighbourhood U of p such that,

w‘U:d:vl/\dyl%—---—i—d:Un/\dyn

In the spirit of this theorem the main goal of this thesis is to establish models
for symplectic manifolds with Lagrangian foliations in a neighbourhood of a

singular orbit of the foliation.

Let (M, w) be a symplectic manifold. Consider the set of differentiable functions
on M, C =C>®(M).

Let us introduce the notion of Hamiltonian vector field associated to a function
f € C and the notion of Poisson bracket associated to a pair of functions f and g

contained in C.
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Definition 1.2.2 Let f € C, we define the Hamiltonian vector field associated to
f as the unique vector field Xy satisfying,

inw = —df

Definition 1.2.3 Let f,g € C we define the Poisson bracket of f and g as

{fa g} = w<Xf7Xg)'
Remarks:

e The following formula can be derived from the definition of Poisson bracket,

X{fyg} = [Xf> Xg]

e Take M = R*" endowed with coordinates (x1,y1,. .., Tn, ys) and let w be the
Darboux symplectic form w = ). dx; A dy;. The standard Poisson bracket is
the one associated to w. Given two functions f,g € C°°(R?"), the standard

Poisson bracket {f, g} equals

i(af dg B af ag)
1 Ox; Oy; 0y; Ox; '
The pair (C*(R?"),{.,.}) is a Lie algebra.

Now consider Q(2n, R) the set of quadratic forms in the variables z1, y1, ..., Tn, Yn
then the standard Poisson bracket of two quadratic forms is again a quadratic

form. Therefore the pair (Q(2n,R), {.,.}) is a Lie subalgebra of (C*(R*"), {., .}).

1.2.2 Completely integrable systems and regular Lagran-

gian foliations

Recall that a system is completely integrable if it is defined by n first integrals in
involution with respect to the Poisson bracket. The following proposition relates

completely integrable Hamiltonian systems to Lagrangian foliations,
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Proposition 1.2.2 Let fi,..., f, be n functions such that {f;, f;} = 0,Vi,j. As-
sume that p € M is a point for which d,fy N\ --- Nd,f, # 0. Then the distribution
generated by the Hamiltonian vector fields D =< Xy, ..., Xy, > s involutive and
the leaf through p is a Lagrangian submanifold.

Proof:

Since [Xj,, Xy,] = X{y,.,3, the condition {f;, f;} = 0 implies [Xy,, Xy,] = 0,
Vi, j and the distribution is involutive. On the other hand, from the definition of
Poisson bracket { f;, f;} = w(Xy,, Xy,). So the foliation defined by D is isotropic.
The condition d,f; A--- Ad,f, # 0 implies that the Hamiltonian vector fields X,

span an n-dimensional vector space at the point p. Therefore the leaf through p is

Lagrangian.
U
Remark
From the definition of Hamiltonian vector fields ix, w = —df; and since w(Xy,, Xy,) =

0 for any pair of vector fields tangent to the Lagrangian foliation then X, (f;) =
0,V%,j. Those conditions imply that the functions f; are first integrals for the
foliation defined by the distribution D.

1.2.3 Orbit versus leaf

In this thesis we will deal with problems of equivalence for symplectic structures
in the neighbourhood of an orbit of a foliation F.

Observe that for foliations given by a completely integrable systems there are
two ways of describing the foliation: the set of orbits and the set of levelsets of the
moment map F'.

An orbit of the foliation is the orbit of the distribution Xp,, where Fj is the ith
component of the moment map.

A leaf of the foliation is a levelset of the moment map F.
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1.2.4 Transversal linearization at a singular point

Let xq be as singular point of the foliation defined by F', we start by defining the

rank and corank of a singular point.

Definition 1.2.4 Let 2o € M?" be a singular point of the integrable Hamiltonian
system we say that the rank of x¢ is k if the rank of the moment map at xq s k,

that is to say if rank d,, F' = rank (dy, f1,...,dzofn) = k.

We say that a singular point of rank k£ has corank n — k.

Recall that the foliation can be thought as a pair (x,.4) , where x is an n-
dimensional commutative Lie algebra of vector fields and A is a vector space of
first integrals of the vector fields of x. The foliation obtained from yx is called the

singular Lagrangian foliation.

We follow Nguyen Tien Zung [61] for the definitions concerning the notion of

transversal linearization at a singular point.

Let xy be a singular point and let x,, be the subspace of T,,,M generated by
Xuo, VX € x. Let Ky = NycaKerd,, f, and let B, the set of f € A such that
dyof = 0. Then Vf € B,, the 2-order jet of f — f(zo) gives a quadratic form
on K,,, such that its kernel contains x,,, so it gives a quadratic form fg on

'T
To?

K.,/ Xz, the set of quadratic forms obtained in this way which we denote by A
is a commutative subalgebra under the Poisson bracket, which is often called the

transversal linearization of F.

Notice that K, /X, carries a natural symplectic structure w,,, and it is sym-
plectomorphic to a subspace R, C Ty, M?".
We are going to introduce the notion of nondegenerate point but first we need

to recall the definition of Cartan subalgebra.

Definition 1.2.5 A Cartan subalgebra is a maximal self-centralizing abelian su-

balgebra.
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Definition 1.2.6 A singular point of corank k is called non-degenerate if Ag 8

a Cartan subalgebra of the algebra of quadratic forms on R,,.

1.2.5 The linear model

Let us recall the following classical result of Williamson [60], which will be the

starting point for the linearization.

Theorem 1.2.3 (Williamson)
For any Cartan subalgebra C of Q(2n,R) there is a symplectic system of coor-
dinates (T1,...,Tn, Y1, -, Yn) in R*™ and a basis fi,..., fn, of C such that each f;

s one of the following:

fi = x? + y? for 1<i<k,, (elliptic)
fi = zy; for ke +1<i<k,+k,, (hyperbolic)
Ji = TYiy1 — Tig1Yi, (focus-focus pair)
Jir1 = ¥ + Tis1Yin for o=ke+k,+2j—1, 1<j<ky
(1.2.1)

This result ensures the existence of a transversal linear model on K, /xz,. This

basis is often called Williamson basis.

The Williamson type of an orbit

In order to prove the existence of a linear model in a whole neighbourhood one
must consider in general a finite normal covering of the initial neighbourhood.
First let us introduce the notion of Williamson type of an orbit of the integrable

system.
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Observe that because of theorem 1.2.3 the triple (ke, ky, k) at p is an invariant
of the point.
This triple is called the Williamson type of the singular point p. As it has been

shown by Nguyen Tien Zung in [61], this triple is also an invariant of the orbit.

That is why it is also called the Williamson type of the orbit L.

A Hamiltonian free action of T* in a covering

In order to introduce the linear model we need to recall a result of Nguyen Tien
Zung [61] which ensures the existence of a locally free action of T* (k is the dimen-
sion of the orbit) in a neighbourhood of the orbit which preserves the foliation.
There exists a normal finite covering of a neighbourhood of the orbit such that
this action can be lifted to a free action in the covering.

In ([61]) Nguyen Tien Zung proves the following results concerning the existence
of Hamiltonian actions of tori in a neighbourhood of a singular leaf of a Hamiltonian
system.

Let N be a singular leaf (not a singular orbit of the foliation). In [61] the pair
(U(N), F) stands for a foliated neighbourhood of a singular leaf (F is the singular

Lagrangian foliation).

Theorem 1.2.4 ( Nguyen Tien Zung )

Let (U(N),F) be a nondegenerate singularity of Williamson type (ke,kn,ky)
and of corank n — k = k. + k, + 2ky of an integrable system with n degrees of
freedom. Then there exists an effective Hamiltonian action of a torus TFtretks ip
U(N) which preserves the moment map. This action is unique up to automorphisms

of the torus.

As observed in [61] in order for this action to be free one must consider a finite
covering of (U(N), L) and choose a subtorus T* of T*+k<*%s Then the following

theorem is proved in [61],
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Theorem 1.2.5 ( Nguyen Tien Zung )
Let (U(N),F) be a strongly nondegenerate singularity of corank n — k = k. +
ky + 2k¢ of an integrable system with n degrees of freedom. Then there exists a

—_——

normal finite covering (U(N), F) of (U(N),F) and a free Hamiltonian action of

—_—

the torus T% in the covering (U(N), F) which preserves the moment map.

Remark:

In [61] a nondegenerate singularity (U(N), F) of an integrable system is called
strongly nondegenerate singularity if the set of singular values of the moment map
when restricted to U(N) coincides with the set of singular values of a singular
point of maximal corank in V.

In the case N coincides with an orbit this condition is automatically satisfied.

Therefore we may apply this result to a neighbourhood of a nondegenerate
orbit of an integrable Hamiltonian system. Namely, since the dimension of the orbit
equals k, the isotropy group of the action is a finite abelian group so there exists a

finite covering U(L) of the neighbourhood of the orbit such that the foliation, the

symplectic form and the action of T* can be lifted to (7(\/1‘/)
And if L is an orbit of an integrable Hamiltonian system we may restate the

theorem above as,

Theorem 1.2.6 Let U(L) be a neighbourhood of a nondegenerate singular orbit
of an integrable system with n degrees of freedom. Assume the corank of the orbit
isn—k = ke+ky+2ks. Let F be the singular Lagrangian foliation defined by the

integrable system. Then there exists a normal finite covering U(L) of U(L) such
that the foliation can be lifted to F and a free Hamiltonian action of the torus T*

in the covering U(L) which preserves the moment map.

Now we can introduce the linear model associated to the orbit L. Later, we
will see that the invariants associated to the linear model are the Williamson type
of the orbit and a twisting group I' attached to it.

First we introduce the linear model in the covering,
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The linear model in the covering

Denote by (pi,...,pr) a linear coordinate system of a small ball D* of dimen-

sion k, (0y,...,0;) is a standard periodic coordinate system of the torus T, and
(T1,Y1y ey Tk, Yn—k) & linear coordinate system of a small ball D2(=k) of dimen-
sion 2(n — k). Now we consider the manifold

V = DF x T* x D=k (1.2.2)

with the standard symplectic form > dp; A db; + > dx; A dy;, and the following
moment map:

F= (p17 "'kaafh "'7fnfk) V—-R" (123)

where

fi=at4y? for 1<i<k,,

i =my; for ke+1<i<ke+ky,

! ’ " (1.2.4)
fi = i¥Yiv1 — iy and

Jirt = xyi + TiaYir for i =ke+k,+27 -1, 1 <j < ky

The linearized foliation in the covering is the foliation determined by the above

moment map. This presentation of the foliation would be the one of A, that is,
the above components of the moment map are the first integrals of the system. We
can also look for generators of x to define the linearized foliation in the covering.
After performing a linear change of coordinates in such a way that the hyperbolic

functions can be written as f; = 27 — 32, the following vector fields form a basis of

X

_ :
Y;—a—gifor 1<i<k,
Xi= ~Yige + iz for 1<i <k,

XZ:yza%z—i—xza%z for ke—i‘lg’igke—i‘kh,

_ o) 0 0 0
Xi =i 81’i+1 o yi"—la_yi - mi"—la_xi + yi 3yi+1 and

Xi+1:_xiaim‘i‘yi%—‘fi_;.l%ﬁ—yi_klﬁﬂ for i:/{?e+kh+2j—1, 1§j§]€f



1.2. Preliminaries. 13

As a matter of notation, when we talk about rank r foliations or corank n — r

foliations, we mean that k=r and that the foliation is defined in a neighbourhood
of an r-dimensional torus.

When we refer to completely elliptic foliations we mean that the Williamson

type of the orbit L is (n — k,0,0). We denote by completely hyperbolic foliations
in any corank those foliations for which the Williamson type of the orbit L is
(0,n — k,0). The linear model in the neighbourhood will be determined by the
following two data: The linear model in the covering and a twisting group attached
to the isotropy group of the Hamiltonian T*-action along the singular orbit L.
In any case the role of the twisting group in the linearization process will be
clarified when we prove the equivariant version of the symplectic linearization. The
linearized foliation in the initial neighbourhood considered U(L) is the linearized

foliation in the covering quotiented by the action of the twisting group.

1.2.6 The parametrized Morse lemma

In this section we are going to recall the parametrized Morse lemma. The Morse
lemma without parameters establishes the existence of a diffeomorphism in a neigh-
bourhood of a nondegenerate singular point of a smooth function which takes the
given function to its quadratic part. If the function depends on parameters then
the above diffeomorphism also exists and depends smoothly on the parameters.
We include here the proof of the Morse lemma without parameters provided by
Richard S. Palais in [51], the Morse lemma with parameters will be a consequence
of it. So let us recall the content and proof of the Morse lemma. But before let us
outline the following: Palais also proved the theorem for Banach spaces; we will

stick to the differentiable case.

Theorem 1.2.7 Let f be a smooth function defined in conver neighbourhood W
of the origin in a finite dimensional vector space V. Let O stand for the origin of

the vector space. Suppose that f(0) =0, dof = 0 and that %d%f 1S a nonsingular
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quadratic form Q. Then there exists a neighbourhood U of the origin and a dif-
feomorphism ¢ : U — W with ¢(0) = 0 and dy¢p = Id such that for x € U,

f(¢(z)) = Q(z, z).

Proof: The proof uses the path method. Put f = f; and define fy(z) = Q(z, ).
We define the path f; = fy +t(fi — fo) for t € [0,1]. Notice that f, = 4 = f, — f,.
We look for a one parameter family of diffeomorphisms ¢; such that f; o ¢, = fo
and satisfying the condition ¢y = Id . Once the one parameter family is found,
the diffeomorphism ¢ that we are looking for will be ¢;. Now we introduce the

t-parametric vector field associated to the family ¢y,

X () = (60t (125

From this expression the following relation is obtained (lemma 1 in [51]),

d .
E(ft 0 ¢y(x)) = (fi + Xi(f1)) o ¢e(x)

From this equation in particular if X;(f;) = —f, Vte [0,1] then f; 0 ¢y = fo. So
going back to the problem posed at the beginning, it is enough to find a dependent

vector field X; such that
Xi(fe) = =(fi = fo)- (1.2.6)

Given a smooth mapping g we will denote by d, g the differential of g at the point x.
In order to see which is the convenient vector field X; observe that since dyf; = 0,

we can write
d

1 1
d. fi(v) = /0 %dsxft(v)ds = /0 d?xft(x,v)ds

And this last term is BL(z,v) where,

1
Bgtv(uav) = / di:pft(u7 ’U)dS
0

Observe that BY = B2+ ¢(B! — BY). On the other hand, since Bf = 2Q and Q is a

nonsingular quadratic form for all ¢ then B is nonsingular Y in a neighbourhood
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of 0 and V¢ € [0, 1]. Now equation 1.2.6 can be rewritten as,
Bi<I7Xt) = fO - f17

so if we could identify g = fy — f1 with a quadratic form then the equation 1.2.6

has a well-defined solution. We make similar computations to the ones we did with

dxfta
1 d
fO_flz/ = (Sl‘)dsz/ dszg(w ds—/ / d?..q(sx, x)drds
o ds 0

This last expression equals the quadratic form C,(x, z) being C, the bilinear form,

(u,v) / / d?..q(su,v)drds

Finally, the X; satisfying the equation is the unique solution of the equation,
Bl (u, X;) = Cp(u,z), YueV.

Now the diffeomorphism ¢; defined by the equation 1.2.5 is such that ¢, is a
solution. Observe also that because ¢ is the identity mapping then dy¢, is also
the identity mapping and since dyX; = 0 then dy¢, is the identity mapping V¢ in
particular for ¢t = 1, as desired. This ends the proof of the theorem. O

Remark: As observed by Guillemin and Sternberg in [30], the proof provided by
Palais allows to claim that if f depends smoothly on parameters then the diffeo-
morphism obtained ¢ will depend smoothly on the same parameters because the
vector field X; depends differentiably on them (all the operations performed to find

X, are differentiable). This is the content of the so-called parametrized Morse Lemma.

1.2.7 Our notion of equivalent symplectic germs

We say that a foliation is generically Lagrangian if its regular leaves are Lagrangian
submanifolds and its singular leaves are isotropic. Let L be an orbit of the foliation.
Let us introduce the notion of equivalence for the singular Lagrangian foliation

in a neighbourhood of the orbit that we will use in the sequel.
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Definition 1.2.7 Let (Uy,w;) and (Usz,ws) be two symplectic germs such that F
is generically Lagrangian for both wi and ws. We say that wy and wy are equivalent

if there exists a diffeomorphism ¢ : Uy — U, such that:
1. ¢*(WQ) = W1.
2. ¢ preserves F.

3. ¢ fixes L.

Notation 1.2.8 We write wy ~7 wy to denote equivalent symplectic germs.

1.3 Differentiable equivalence in a finite normal

covering

In this section we recall the result of linearization in a finite normal covering.
That is, we will see that there exists a finite covering in which the foliation can be
linearized in a neighbourhood of a singular orbit for the foliation. This result was
proved by Eliasson. We give our own proof in the corank 1 case which uses Morse
methods to linearize in the covering. The objective of this section is to provide the

following main result,

Theorem 1.3.1 In Im the singular Lagrangian foliation is diffeomorphic to the
linearized one.
Remarks:

e The linearization result for analytical systems was proved by Vey.

e The differentiable linearization for maximal corank singularities, that is when

L is reduced to a point, was proved by Eliasson in [23].
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e The differentiable linearization for any corank was proved by Eliasson in [24]
and [23]. Another proof in the completely elliptic case for any corank was

provided by Dufour and Molino in [21].

Before proceeding to the proof of the theorem for rank n — 1 foliations, we
recall the result for rank 0 foliations which was proved by Eliasson. We would like
to remark that Eliasson’s theorem of linearization is also valid for a set of func-
tions Ay, ..., hi in involution with respect to the Poisson bracket attached to the
corresponding symplectic form with &£ < n. In any case, we state here the version
for n commuting functions. In the statement of the theorem, the set qi,...,q,
stands for a Williamson basis of the Cartan subalgebra attached to the singularity

as guaranteed by theorem 1.2.3 and {, }¢ stands for the standard Poisson bracket.

Theorem 1.3.2 ( Eliasson ) Let (M, w) be a symplectic manifold and let hy, ..., hy,
be a set of functions in involution with respect to the Poisson bracket {,} attached
to w. Assume p is a non-degenerate critical point of rank 0. Then there exists a
local chart ¢ : TyM — M such that dp(0) = Id and such that {h;jo¢,q;}o =0 for
all i, 7. If there are no hyperbolic elements among the q; then there exists germs of

smooth functions yn, ..., ¢, such that, h;j o ¢ =;(qr,...,q).

Remark:

Although the exception made for the hyperbolic components in the Cartan
subalgebra in the statement of the theorem above, the condition {h; o ¢,¢;}o =0
is enough to guarantee that the foliation is linearizable. This is due to the fact that
the condition {h; o ¢, ¢;}o = 0 is equivalent to the condition X;(h; o ¢) =0, Vi, j
and this, in turn, implies that the foliation is generated, in the new coordinates
provided by ¢, by the vector fields of the linearized foliation.

Finally we proceed to prove the linearization theorem for rank n — 1 foliations
in a 2n-dimensional manifold,

Proof of 1.3.1 in the corank 1 case:
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In [7(L), the algebra A is generated by n functions ¢i,...,g,—1, f. Let Hy,,
1 < i < n—1 be the infinitesimal generators of the Hamiltonian free T"~! -action.

Recall that L is diffeomorphic to a torus T"!. Then one can take coordinates

(917 s 79n—17p17 s 7pn—17x7y)

in U(L) such that,
H

gi:a%iandgi:piforlgign—l.

Let f be a singular first integral. Since {f,g;} = 0, in particular we obtain
% = 0 and the function f does not depend on 6; for any i. Let p be a point in L,
since p is nondegenerate we may apply the result of Williamson and there exists

coordinates on the vector space K,,/X4, such that f is one of the following:

e If the Williamson type of the orbit is (1,0,0) then f = x% + y2.

e If the Williamson type of the orbit is (0, 1,0) then f = 2% — ¢2.

Let us set the following simplifying notation which we will use throughout the
proof, § = (0y,...,0,-1) and p = (p1,...,Pn_1). The notation D.(p) stands for a
disk of radius € in the coordinates p1, ..., p,_1 centered at the origin.

In order to prove the theorem we need the following lemma:

Lemma 1.3.3 Let N € U(L) be defined as

0 0

o o0y
ox oy

Then, under the non-degeneracy assumptions, there ewist functions hy : T" 1 x

D.(p) — R and hy : T" ! x D.(p) — R and a tubular neighbourhood W (L) of
L, W(L) c U(L) such that

N={(0,p,2,y) €UL) |

NN W(L) = {(9,p,$,y) € W(L) | T = hl(eap)7y = h2(9ap)}
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Proof:

Let N be the set {(6,p,z,y) € U(L) | z=y=0}.

There exists a neighbourhood V(L) of L such that the differential of the map-
ping

H: V(L) — NxR?
0,p,x,y) — (0,0, 3L, 5)

is non-singular along L. So there is an open neighbourhood W (L) of L in V(L),
such that Hy () is a diffeomorphism.

We use this diffeomorphism to define h; and hs.

Notice that H(N) = N x (0,0).

Finally defining hy (0, p) = w30 H=1(6,p,0,0) and hy(0,p) = w40 H=1(0, p,0,0)
(where 73 and 74 stand for the projections on the x-axis and y-axis respectively)

we have
NN W(L) = {(Q,p,x,y) S W(L) | T = hl(evp)ay = hQ(evp)}

And this concludes the proof of the lemma.

The proof of the theorem continues as follows:

The following diffeomorphism

G: W) — G(W(L))
O.p,z,y) — (0.0, —hi,y —ho)
takes NNW(L) to {(6,p,0,0) € G(IW(L))}. Let (0, p, x1,y1) stand for coordinates
on G(W(L)).
After applying the parametrized Morse lemma we get coordinates (0, p, Z, y) in

a neighbourhood T'(L) of L, T(L) C W (L), such that



20 Chapter 1. Diflerentiable linearization

f=2+ ey
where € = 1 if f is elliptic and € = —1 in the hyperbolic case. So, the singular
Lagrangian foliation becomes differentiably equivalent to the one described by the
orbits of the distribution generated by Y; and X being Y; = a%’ 1<i<n-—1and
X = —e@(% + Ta% , where € = 1 if f is elliptic and € = —1 in the hyperbolic case.
This ends the proof of the theorem in the corank 1 case.

O



Chapter 2

Analytic tools and symplectic

linearization in dimension 2

2.1 Introduction

In this chapter we will prove some results which will play an important role in the
symplectic linearization process in any dimension concluding also the symplectic
linearization in dimension 2.

The chapter is organized as follows: In the first section we prove some results
concerning two special decomposition for functions. The kind of tools are those of
analysis. Some of this results have already been proved by Eliasson [23] and Colin
de Verdiere and Vey in dimension 2 [6]. In any case, we extend those results to
any dimension. This generalization will be needed in the chapters that follow.

In the last section we prove a symplectic linearization result for singular La-
grangian foliations fulfilling the hypotheses posed in the first chapter in dimension
2.

When we talk about symplectic linearization we mean the following: We con-

sider a foliation given by a completely integrable system with singularities of non-

degenerate type. In the first chapter we saw that those foliations are differentiably

21
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linearizable in a finite covering of a neighbourhood of an orbit of the distribution
generated by the Hamiltonian vector fields. We consider the linearized foliation
in the covering and we pose the following problem. Given a symplectic form for
which the foliation is Lagrangian, does there exist a diffeomorphism in the covering
taking the given symplectic form to the Darboux symplectic form and preserving
the foliation?

When the answer to the question is affirmative we say that the foliation is
symplectically linearizable in the covering. To attain the symplectic linearization
in the initial manifold we will need to talk about an equivariant linearization result.
This will be done in a further chapter.

The aim of the second section is to give an affirmative answer to that matter

in dimension 2.

2.2 Two special decompositions for functions

Let g be a smooth function if X is a smooth vector field on a manifold M and
p € M such that X (p) # 0, then it is a well-known result that g admits a local

smooth decomposition of the following type:

g=g+X(g) , X(g)=0 (2.2.1)

In order to do that just take local coordinates (z1,...,x,) centered at a point p
such that X = 6%1 and apply the classical integration trick. That is, if we consider

the smooth function ¢;(z1,...,z,) = g(0,z,...,x,) and the smooth function

1
92:/ g(txy, ... x,)dt
0

we obtain the desired decomposition 2.2.1.
Now the question arises: Can we obtain similar local decomposition for singular

vector fields?
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In this section we are going to prove that similar decompositions can be obtai-
ned for the following vector fields X = xla;; — xza%l orY = —a:la%l + xza%Q.

This special decomposition for functions are going to become a key point in
the proof of the local uniqueness theorem for the elliptic-elliptic, elliptic-hyperbolic
and hyperbolic-hyperbolic cases.

Let us state and proof the following propositions. The first proposition is pro-
ved by Eliasson in [24] and [23] in any dimension whereas a proof for the second
proposition is proved by Eliasson when n = 2 in [23]. Let us point out that when
the manifold is M = R? a proof of this decomposition had been formerly given by
Guillemin and Schaeffer [28] and by Colin de Verdiere and Vey [6]. This generali-
zation to any dimension seems to be new in the non-elliptic case. In any case the
techniques used here are fairly inspired in those of the paper of Colin de Verdiere

and Vey.

Proposition 2.2.1 Let M be a differentiable manifold and let g be a germ of
smooth function in a neighbourhood of a point p. Consider X a vector field which in
local coordinates can be written as X = :1:18%2 —xga%l then there exist differentiable

functions g1 and gy such that:

g=q(2? + a5, 25...,1,) + X(g2)

Proof:

We follow Eliasson’s recipe [23] for this proof:

Let ¢; be the flow of the vector field X. Since the orbits of X are circles,
after shrinking the neighourhood U of the point p if necessary we can assume that
¢:(U) C U. On the other hand, the orbits of X are periodic of period 27. Thus we

can consider the following well-defined function,

1

2
gl<£L'1, Ce ,l'n) = %A g<¢t($17 e ,l’n))dt
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and
1

g2z, .. x,) = %/o (tg(de(z1, ... x0)) — g1y, ..., zp))dt.

Clearly, these functions are differentiable. Let us check that these ¢g; and ¢»
give the decomposition sought.
First we check X (g;) = 0 and since the orbits of the vector field are connected
this implies that g; = g1 (3 + 23, z3,...,1,).
Since
X(g1) = lim g1(os(1, ... xn)) — g1(2q, . .. ,xn)’

s—0 S

we compute this derivative:

Do) =5 [ 900 )it

Since ¢, is a one-parameter subgroup we get:

1 2m
= %/o 9(Drrs(@1, ... zn))dt

Now we perform the change of variable ¢ = ¢ + s and the right hand side

gl(¢8<xlﬂ s 7x'ﬂ))

becomes:

1 2m+s _

% : g((b;(:l:l,,:cn))dt

Now we differentiate this expression with respect to s to get:

1

%(g(@ﬂs(a:l, o)) = g(Pan(1, .. )

Since ¢, is 2m-periodic this expression equals 0 for all s, in particular, for s = 0
and this proves X (g1) = 0.

Now we perform the same kind of calculations for g;. We have to check that

X(g2)=9—o.

We have,
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1

T or

92(@s(1, .. wn)) /0 W((t+8)g(¢t(¢s($la o @n))) = (t48)g1(ds (21, - - ) dt

We split this into two integrals.
The first integral 5- fo%(t + 8)9(ds(ps(21, - . ., z,)))dt becomes

1 2745

27 J,

(tg(de(x1, ..., xn)))dt

under the change of variable ¢ = ¢ + s. Now differentiating in s we obtain

o (27 + )g(Damsalr, o)) = 59(Bu(ar, - 20))

Again, since ¢, is 2m-periodic this expression equals

= 2mg(6u(ar.... )

Finally, put s = 0; since ¢y = Id we get

g(x1, ..., x).

As for the second integral,

1 2

o |, (t—i—s)gl(qbs(xl,...,xn))dt:gl(gzﬁs(xl,...,xn))/oW(t—l—s)dt
(27)?
2

Finally differentiating in s and setting s = 0 this expression equals,

= g(ps(x1, ..., 25))( + 27s)

1 (2m)?
3 2

X(g1(z1,. .. xn)) +27wg1 (21, ..., 2T4))

But since X (g;) = 0 this integral is ¢;(xy,...,2,). This proves X(¢g2) =g — ¢

and we are done.
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O

Now let us prove a similar result but for a vector field of type ¥ = —a:la%l +
T

We will prove,
Proposition 2.2.2 Let M be a differentiable manifold and let g be a germ of
smooth function in a neighbourhood of a point p. Consider X a vector field which
in local coordinates can be written as Y = —xla%l + ZL‘Q% then there exist diffe-

rentiable functions g1 and go such that

g=gi(v1w9, 3. ..,2,) + Y(g2)

Before we will need some lemmas concerning the smooth resolution of the

equation Y (f) = g for a given smooth g.

Lemma 2.2.1 Let g be a smooth function, the equation Y (f) = g admits a formal
solution along the subspace S = {(0,0,x3,...,x,)} if and only if
2k
%(0,0,x;{, cey ) = 0.
Proof:

Let us construct a solution considering the (zq,x2)-jets. That is, assume the
(21, 2)-jet of f along S = {(0,0,23,...,2,)} is > fijria}, the coefficients fi;
being functions in the variables (3, ..., ,). Denote by > .. g i ah the (x1, z5)-jet
of g along S = {(0,0,z3,...,2,)}.

Then the condition X (f) = ¢ implies the following conditions for the coefficient
functions

(—i+i)fii =95 » Vij

Particularizing ¢ = 7 in this equation we obtain g;; = 0; so in order to have a
solution by jets of the equation Y'(f) = g, the terms %(0, 0,23,...,x,) have
to vanish necessarily.
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On the other hand if ¢ # j from the above relation, the following relation is

met fi; = _“Zijr].. Therefore, if the condition %(O, 0,23,...,2,) = 0 is fulfilled
this gives a solution by jets to the equation Y (f) = g. O

According to Borel’s theorem there exists a smooth function fwith the (z1, z2)-

jets previously found. It remains to solve this equation for functions for which

ot
; g‘(0707x3a"'7xn) = 0.
0z 0,

We will refer to this functions as (xy, z5)-flat functions along the subspace S =

{(0,0,z3,...,2,)}.

Lemma 2.2.2 Let g be a (x1,x2)-flat function along the subspace S = {(0,0, z3, . ..
then there ezists a smooth function f for which Y (f) = g.

Proof:

Consider the function,

1 T
= In &L T1Tg > 0
T(xy,...,2,) = 2w
%11’1 _x—? T1To < 0
Denote by ¢y(x1,...,z,) the flow of the vector field Y, being ¥V = —:(:18%1 +
9@%. Observe that ¢y(x1,...,x,) = (e twy, elyr, ..., Ty,).

Now we define

T(x1,...,Tn)
flxy, ... x,) = —/0 g(pe(1, ..., zp))dt. (2.2.2)

This function is defined outside the set Q@ = Q; UQy being Q1 = {(z1,...,2,), 21 =
0} and Qy = {(z1,...,2,),x2 = 0}. Let us prove that f admits a smooth conti-
nuation in the whole neighbourhood considered and that it is a solution to our

problem.
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In order to check that it admits a smooth extension. We compute the deriva-
tives.
Formally differentiating under the integral sign, the computation of the first

derivatives reads,

o [fi=12

a a T(x1,.sTn) a
f = 901z - | Go(or,. o wa))dt (223)
0

e When i # 1 and i # 2,

ox; Ox;
Observe that the set S equals S = €1 N €)y. Observe that f is smooth outside the
set 0 = QU Q.
The first term in 2.2.3 is smooth outside the set Q = Q; U 9. And observe
that if p lies in € then from the definition of 7', the point ¢7(p) lies in S. On

o T(x1,.,Tn) )
0

the other hand, the function ¢ is flat along the subspace S. Thus the first term
in 2.2.3 —g(gﬁT(mhmmzn))%T is smooth in the whole neighbourhood of the origin
considered.

As for the second term, we could reproduce word by word the proof supplied
by Eliasson in [23] in the two dimensional case. The proof can be adapted because
the function g is flat along S. In fact, it is just the parametric version of Eliasson’s
result. In the same way, Eliasson’s proof yields that the integral 2.2.4 is a smooth
function.

The same arguments applied to the successive derivatives prove that f admits
a C* continuation.

In fact in [23] it is proved that the integral defining f is absolutely integrable,
thus we can differentiate with respect to s. This lets us prove that f is, in fact, a

solution to the equation Y'(f) = g.
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Now let us check that this is a solution to the equation.

First,

T(¢s(x1,..,2n))
F(Gulrs 1)) = — / G(u(Du(ar, ., )t (2.2.5)

—e ' p =8 95
esSxo T2

when z129 < 0 imply T'(¢s(z1, ..., 2,)) = T(21,...,2,) — s. On the other hand,

e 1
esSxo

The relations In

= lni—; — 2s when 129 > 0 and In

since ¢, is a one-parameter subgroup. Equation 2.2.5 can be written as,

T(x1,..sTn)—S$
f(¢s<x1a'-->$n)) = _/0 g(¢t+8(x1,...,xn))dt

Now we perform the change of variable ¢ = t + s and this equation reads,

T(x1,sTn) ~
F(6uan. . 2a)) = / o6, )

Now after differentiating in s this equation yields,

df(¢s(x1d,8. ) = g(ds(x1,...,20))

Finally, put s = 0 to obtain Y (f) = g as we wanted.
This ends the proof of the lemma. O

Let us go back to the proof of proposition 2.2.2. Given a differentiable function

g, we want to find smooth functions g; and g, such that

g=g1(r129, 3 ..., 2,) + Y(g2)-

The strategy for finding this decomposition will be to find a solution by (z1, x2)-
jets and then apply the second lemma to gather all the remaining (1, x2)-flat terms

as Y (f) for a certain smooth f.

Solet 3, gijx’iazg be the (x1, z5)-Taylor expand for g at a point (0,0, z3, ..., x,)
lying in the subspace S = {(0,0, z3,...,2,)}.
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Now we split this Taylor expand in two. The first one, Y. g;;z4ab, and the
second one ) . oy gwx’lxé Denote by 7 and 75 two smooth functions with the

previous jets. Then we can assert that

?1 = gl(fﬂll’g,l’g, Ce ,iL‘n) + ¢(l’1, Ce ,l’n),

being ¢(z1,...,2,) a (x1,x9)-flat function along S = {(0,0,z3,...,x,)}. Furt-
her, using the two above lemmas (2.2.1,2.2.2), the function 75 can be written as
7o = Y(Ry). Now since ¢ is (x1,y;)-flat, according to lemma 2.2.2 we can write
o(z1,...,2,) = Y(R). Finally define g = Ry + R and ¢; and g, satisfy the de-
composition sought g = g1 (129,23 ..., 2,) + Y (g2). And this completes the proof
of proposition 2.2.2.

Observation 2.2.1 Observe that the function defined by formula 2.2.2 is not
smooth if g is not flat along the subspace S.

If g is only flat at the origin then we can find examples which show that f does
not admit a smooth continuation.

For instance consider n = 4, the function g = e_(%)z is flat at the origin but
it is not flat along the subspace S = {(0,0,x3,24)}. Observe that the integral does
not extend to a smooth function at points of the form (0,3, 23, 29) with =3 # 0
and z3 # 0.

This integral has been used by some authors without the condition of flatness
along the subspace and just the condition of flatness at the origin (see proposition

2.18 in [57]). Thus, the functions defined by those integrals in [57] do not always

admit a smooth continuation unless the function g is flat along S.

2.3 Symplectic linearization in dimension 2

In this section we consider a foliation given a completely integrable system with

singularities of non-degenerate type in a 2-dimensional manifold.
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As we observed in the first chapter, the foliation defined as above can be diffe-
rentiably linearized because of Eliasson’s theorem for rank 0 singularities.
Then we know that the foliation is differentiably equivalent to the foliation

defined by the orbits of the vector field,

Where € = 1 in the elliptic case and ¢ = —1 in the hyperbolic case. That is,
the foliation that we will consider will be F, =< ma% — ey% >.

The problem that we want to solve in this section is the following:

Problem
Given two symplectic structures w; and ws, we want to find a local foliation

preserving diffeomorphism defined in a neighbourhood of the origin such that

¢*(w1) = wa

This problem is not new.

The affirmative answer was given by Vey [55] in the analytical case and by
Colin de Verdiere and Vey [6] in the smooth case. A proof for the smooth elliptic
case was given by Eliasson in [23].

In any case, we provide our own proof here.

Observe that in dimension 2 this problem is equivalent to the problem of sym-
plectic linearization of singular Lagrangian foliations. This second problem is more
constraining in dimensions greater than 2.

Let us recall what is the problem of symplectic linearization of singular La-

grangian foliations about,

Problem
Let F be a foliation given by a completely integrable system with singularities

of non-degenerate type.
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Given two symplectic structures w; and ws for which F is Lagrangian, we want

to find a local foliation preserving diffeomorphism defined in a neighbourhood of

the origin such that ¢*(w;) = ws.

This result has an utter importance in the forthcoming chapters. It can be
considered as the first step of an inductive process valid for integrable systems
without focus-focus components which will allow us to conclude the symplectic
linearization.

Now we can state and prove the following,

Theorem 2.3.1 Let (M?,wy) be a 2-dimensional symplectic manifold endowed
with coordinates (x,y) and let F be a singular Lagrangian foliation with an elliptic
or hyperbolic singularity at the origin (0,0), then there exists a local diffeomorphism

¢ preserving F such that ¢*(dx N dy) = w;.

Proof:

Let X, = az% — eyZ. We denote by f. be the function f. = 22 + ey?. Now
assume w; = A(x,y)dz A dy Then ix w = —Adf..

In the elliptic case (¢ = —1) lemma 2.2.1 shows that we can write A = A; +
X1(Ay) with A; basic for convenient functions A; and As.

In the hyperbolic case (¢ = —1) we use lemma 2.2.2 to find a similar decompo-
sition. But we have to perform a change of coordinates first, consider T = z+y,7 =
x — y and now apply lemma 2.2.2 which guarantees the existence of functions A;
and A, such that A = Ay + X_1(Ay) with A; basic.

Now in both cases, we define o = Asdf.. Observe that « is a basic 1-form.

The next lemma shows that we can deform w; to an equivalent w; with the
coefficient function A basic for F. More exactly, we prove the following lemma

which is a foliation-preserving version of the Moser path method.

Lemma 2.3.2 Let a be an F-basic 1-form and let wy be a symplectic germ on a

2-dimensional manifold for which F is Lagrangian. Then:
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1. The 2-form wg = wy — da is a symplectic structure in a neighbourhood of p.

2. There is a diffeomorphism n between two neighbourhoods of p preserving F

and such that n*(w1) = wp.

Proof:

First, let us check that wy is a symplectic form in a neighbourhood of p. Clearly,
wp is a closed 2-form. Let us see that it is non-degenerate; Since « is basic for the
foliation, a = g - (df.). In particular a vanishes at p = (0,0) and wp , equals w .
Therefore, since w; is non-degenerate at p, the 2-form wy is non-degenerate in a
neighbourhood of p. This ends the proof of the first assertion. In order to prove

the second assertion we consider the following family of 2-forms:
wi = wp + t(wy —wp), te0,1]

Let us see that these 2-forms are symplectic germs. Clearly, the 2-forms w, are
closed. And since wy, = wo,,, we can repeat the argument above to see that the
2-forms are non-degenerate. Therefore, they are symplectic in a neighbourhood of
the point p.

Now we are going to use Moser’s path method to conclude. First, we consider

the well-defined vector field X; by the following equality:
Lx,wy = —au.

Recall that o vanishes at p, this guarantees [59] that the time-dependent vector
field X, is integrable. Let ¢, stand for the “fHow” of the time dependent vector
field X; defined by the conditions: ¢g = Id, X; = %= _ We check that this field

ds |s

is tangent to the foliation, in this way the flow of the time-dependent vector field
will preserve the leaves of the foliation.
The singular set for the foliation is reduced to the origin p. We will see that

the vector field is tangent to the foliation in two steps:
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e At points ¢ # (0,0): Since « is basic for the foliation X, verifies w;( Xy, X.) =
—a(X.) = 0. Therefore, X; belongs to its symplectic orthogonal and thus it

has to be tangent to the foliation along the regular leaves.

e At the point p = (0,0): The vector field X; is tangent to the foliation because

« vanishes at p = (0,0) and therefore X; vanishes at p.

So, we conclude that its flow preserves the leaves of the foliation. Further, remem-
ber that we are looking for a symplectomorphism; this symplectomorphism will be
given by the flow of the vector field X; at time ¢ = 1. Remember that the flow ¢,

gives us a family of diffeomorphisms verifying:

L. ¢:(p) = p.
2. ¢jw; = wp; that is to say, as a particular case, we have: ¢} (w1) = wp.
3. ¢, preserves the leaves of the foliation.

So ¢; is the symplectomorphism we are looking for and the two symplectic forms
wp and wy define equivalent symplectic structures. This proves the second assertion

of the lemma.

O

Now we continue with the proof of the theorem. We apply the lemma taking

a = Asdf, and the symplectic form W; = w; — da is equivalent to the initial wq
and so far

ix,w = —Adfy

with A; basic.

The theorem will be proved once we prove the following lemma,
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Lemma 2.3.3 For any 2-form on R? of the form w = x(fJ)dz A dy wverifying
x(0) # 0, there is a germ of diffeomorphism v preserving the origin and also

preserving the foliation given by df. = 0, such that

v (w) =dx Ady

Proof of the lemma:

To start with, observe that if ¢(f.) is any differentiable function of f, such that
¥(0) # 0, the mapping

G: (R?,0) — (R%,0)
(I’,y) - (xqu)(fe)ayqvb(fe))

defines a germ of diffeomorphism preserving the foliation df. = 0. Moreover, ob-
serve that

G*(do A dy) = (42 + 200" f.)dw A dy.
Consider the equation

d

(A ) ) = x(w),

where u = f.. Observe that after integrating in u we obtain,

)

2
Y ) = X
which is a smooth function.
On the other hand since
o (x(u)
22(0) = 1 D) _ g

u—0 u

and x(0) # 0 (it is the coefficient of a symplectic 2-form) we can assert that
Y is a smooth function in a neighbourhood of the origin and that (0) # 0. So

taking as 1 the solution of the equation



36 Chapter 2. Analytic tools and dimension 2

L)) = x(w

where u = f., we have the desired diffeomorphism v and that finishes the proof of

the lemma and therefore the proof of the theorem.

g



Chapter 3

Rank 1 singularities in dimension

4

3.1 Introduction

In the first chapter we attained the differentiable equivalence between the sin-
gular Lagrangian foliation and the linearized one. In this chapter we shall see that
this equivalence becomes symplectic in a covering of a neighbourhood of a non-
degenerate singular periodic orbit L. That is to say, we consider a foliation F given
by a completely integrable system on a four dimensional manifold fulfilling the hy-
potheses of non-degeneracy established in the first chapter. Then we consider a
symplectic germ in a neighbourhood of the non-degenerate singular periodic orbit
for which the foliation is Lagrangian.

We prove that there exists a diffeomorphism defined in a neighbourhood of L
then the foliation can be symplectically linearized in a neighbourhood of a singular
periodic orbit.

Namely, we will prove the following theorem,

Theorem 3.1.1 Let Mj = S* x D3, endowed with the coordinates (0,p,xz,y). Let

37
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Fo be the foliation given by:

0
E—ya—x—ﬁﬁé—y

e€ {—1,1} (e =1 elliptic case, ¢ = —1 hyperbolic case).
Let L = S x (0,0,0). Then any two symplectic two forms wy and wy in M*
such that Fy becomes Lagrangian are equivalent, i.e, there exists a diffeomorphism

between two neighbourhood of S* such that ¢ preserves Fo and ¢*(wy) = w;.

Observation 3.1.1 Once this theorem has been proved, as we proved in the first
chapter that the singular Lagrangian foliation s differentiable equivalent to the
linearized one then it is symplectically equivalent to a neighbourhood of L in Mg,
with a certain symplectic structure on it, but as this symplectic form is equivalent
to the standard one, we finally get the desired symplectic equivalence which we

formulate as:

Theorem 3.1.2 Given an integrable Hamiltonian system on a symplectic mani-
fold (M*,w) with a non-degenerate singular periodic orbit L. Let F be the singular
Lagrangian foliation associated to it. Let wg be the canonical symplectic structure

on Mg given by: wo = dp A df + dz A dy.

o If the singularity on L is elliptic there are neighbourhoods of L in M* and
Mg and a diffeomorphism between them ¢ such that ¢*(wy) = w, sending F
to f‘o.

o [f the singularity on L is hyperbolic there are in general a double covering of a
neighbourhood of L in M*, a neighbourhood of L in Mg and a diffeomorphism
¢ between them such that ¢*(wo) = w, sending F to Fy.
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The results contained in this section have been obtained jointly with Carlos

Curras-Bosch and are contained in the paper [13].

In any case we include two proofs of this fact here one of them is different from

the one contained in the publication.
Let us outline how the chapter is organized.

In the first section, we prove the existence of a Hamiltonian S'-action tangent
to the foliation which will be a key point in the proof of linearization. Namely,
according to the first chapter, we may assume that the foliation is generated by
V=L and Y = ya%—e:c% e € {—1,1} being € = 1 in the elliptic case and € = —1
in the hyperbolic case. Let w be a symplectic structure such that F is Lagrangian.
In order to achieve the symplectic linearization we prove first the existence of a

Hamiltonian S!-action by translations which is tangent to the foliation.

In the second section we give two proofs of the theorem: The first one uses some
of the analytical tools contained in the first chapter and defines some diffeomorp-
hisms ad hoc. The second proof is based on the idea of finding a sort of splitting
which separates clearly the singular part from the regular part of the foliation.
Namely, we define two symplectic orthogonal distributions D; and D,y such that
Y, € Dy and Y5 € D,y. Then we show that these two distributions are integrable.
In this way we obtain new coordinates in a neighbourhood of the singular circle.
Finally the symplectic form w may be written as w = w; + wy being w; and ws be
two symplectic forms in the 2-dimensional submanifolds integrating the distribu-
tions Dy and Dy respectively. Since each distribution contains a vector field of the
foliation, once reached this point, the symplectic linearization results in dimension
2 obtained in chapter 2 let us conclude the symplectic linearization process. This

second proof sets a precedent for induction which will be used later.
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3.2 Recovering a Hamiltonian S'-action

In order to prove theorem 3.1.1 we need first to find a Hamiltonian S!-action by
translations preserving the foliation.
Let w be a symplectic form in M{ such that Fy is Lagrangian. Let f be a func-

tion defined on S! x D3, we denote by HY the Hamiltonian vector field associated

to f.

Lemma 3.2.1 There exist coordinates (0,7, x,y) in a neighbourhood of L = S* x

(0,0,0), such that Hz%)uv = a% on N ={(6,p,0,0)}.

Proof: Let us consider N C M, N = {(,p,0,0)} and let i : N — M be the
inclusion of N in Mj. One can easily check that i*w endows N with a symplectic
structure and that dp = 0 defines a regular Lagrangian foliation on N by circles; by
a simple continuity argument: ¢ BN = Adp , A # 0, so one can take coordinates
(6,p) in N such that z%(z*w) = dp. Considering (0,7, x,y) as coordinates in Mg

(after shrinking M if necessary), we have
1 D WIN = d]_)
o6
U

To avoid unnecessary changes of notation, we will consider from now on Mg

endowed with coordinates (0, p, x,y) verifying H = % on N.

By using the generalized Poincaré Lemma one can write

w = d(Adf + Bdp + Cdx + Ddy)

where A, B, C, D are differentiable functions vanishing on L.

Now we need the following



3.2, A Hamiltonian S'-action 41

Lemma 3.2.2 There exist coordinates (0,p,x,y) in a neighbourhood of L such

that
w = d(pdf + Bdp + Cdx + Ddy)
where B, C, D vanish along L.

Proof:
Considering the decomposition

0A
A(eapvray) - Ao(p,%y) + —.
00
We can write
i 0A 0A oA
w = d(Ao(p, z,y)d0 + d(A) + (B — a—p)dp +(C =S )dw+ (D — 8_y)dy>'

Now w = d(Ay(p, z,y)df + Bdp + Cdz + Ddy).
Let us see that Ag is basic for the foliation Fy. As Fy is Lagrangian for w, we

have

0 0 0, — —
(—ya + exa—y)Ag + %(yC —exD) = 0.

So this yields the following two equalities
0 0
— —ex—)Ay =0
(yam €T ay) 0
—yC +exD = f(p,x,y).

The first condition together with % = 0 implies that Ay is basic for the foliation

On the other hand, as H; = % on N, in particular we obtain % =1on N.

So the following mapping

Mé1 — Mé‘
(gvpaxﬂy) I (evAO(pa'ray)rray)
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is a foliation preserving diffeomorphism.
Finally,
©*(d(pdf + Badp + Codx + Dody)) =

the following functions 282, 2¢2 and 8D2 vanish

Notice that ason N, HY = 90 0 00

P 89’
on N. So, in particular By, Cy, D are constant on L.

As
= d(pd9+(32 _BQ(Q, 0, 0, O))dp+ (02 —02(9, O, 0, 0))dl’+ (D2 —Dg(e, O, 0, O))dy),

we can assume that the coefficients B, C, D are zero along L. OJ

We will need the following lemma which is an application of Moser’s path

method:

Lemma 3.2.3 Let o be a 1-form, vanishing on L, and Fy-basic and let wy be a

symplectic structure on M§ such that Fo is Lagrangian. Then:

1. The 2-form w, = wy — da is a symplectic structure in a neighbourhood of L

and makes the foliation Lagrangian.

2. There is a diffeomorphism 1 between two neighbourhoods of L in Mg such

that it preserves Fy and n*(wy) = wp.
Proof: Let w; = d(pdf + Bdp + Cdx + Ddy). As « is basic for the foliation,
a = F(zdz + eydy) + Gdp.

Consider the following family of 2-forms w; = wy + t(w; — wp), t € [0, 1]. So,

= d(pdf + Bdp + Cdzx + Ddy + (t — 1) F(xdx + eydy) + (t — 1)Gdp),

where B, C, D and G vanish along L. And therefore w|,, is the 2-form
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oB  oC G
=dpNdi+(— — —+({t—1)=—)dx Nd
welp = dp A +(ax ap+( )&6) x A dp+
OB 0D oG oD oC
— - —+({t—-1)—)dyNd — — —)dz Nd
oy~ T g N+ (Gr = 5 o)de Ady,
wi |, non-degenerate implies that (22 — %)\ 1 # 0 and one can check that this

implies that w; is non-degenerate along L, for all ¢ € [0,1]. Therefore, we may
assume that Vt € [0, 1] wy is symplectic in a tubular neighbourhood of L. Moreover,

as

: 0B oG oC oD OF
iow = (% —14+(t— 1)¥)dp + %d:c + Wdy +(t— 1)%(3%1% + eydy)

we conclude that the foliation given by Y}, Y, is Lagrangian for all w.
In particular, taking ¢ = 0 we have proved the first assertion claimed in the

lemma.

Now, using non-degeneracy, we have a well-defined vector field X; by the follo-

wing equality

ix,wy =—a. (I)

Notice that as we have assumed that o, = 0, this guarantees ([59]) that the
time-dependent vector field X; is integrable (as it is integrable on L). Let ¢; stand
for the “flow” of the time dependent vector field X; defined by the conditions

dos

=1Id, X,= .
¢0 ) t dS 5=t

We check that this field is tangent to the foliation, in this way the flow of the
time-dependent vector field will preserve the leaves of the Lagrangian foliation. Let
B = {(0,p,0,0)} be the singular set for the foliation. We will see that the vector

field is tangent to the foliation in two steps:
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e Outside B:

Notice that since the regular leaves of the foliation are Lagrangian subma-
nifolds for all w;, any vector field belonging to its symplectic orthogonal has
to be tangent to the foliation; but as « is basic for the foliation X; verifies
wi (X, Y1) = —a(Y)) = 0 and w(Xy, Ys) = —a(Ys) = 0. So X, is tangent to

the foliation along the regular leaves.

e In the singular set B:

Let ¢ = (0, ¢p,0,0) € B. A singular leaf for the foliation through c¢ is the
circle L. = {(6,¢0,0,0)}. So a time-dependent vector field tangent to L. at
¢ has the form (0, p, z, y)%. Let us check that X; has this form: On B, X;
has to be tangent to B otherwise its flow would reach a regular Lagrangian

leaf of the foliation. So Xz = O‘taﬁp + ﬁt%.

Finally, as X; has to verify (I), a; has to be zero, and therefore X} is tangent

to the foliation along B.

So, we conclude that its flow preserves the leaves of the foliation.
Further, remember that we are looking for a symplectomorphism; this sym-
plectomorphism will be given by the flow of the vector field X; at time ¢t = 1.

The flow ¢; gives us a family of diffeomorphisms verifying:

1. It is equal to the identity on L.
2. ¢jw; = wyp; that is to say, as a particular case, we have ¢} (w;) = wy.

3. ¢, preserves the leaves of the foliation.

So n = ¢, is the symplectomorphism we are looking for and the two symplectic
forms wy and w; define equivalent symplectic structures. This proves the second

assertion of the lemma. OJ
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Now we are going to apply this lemma to prove that there is a Hamiltonian

Sl-action tangent to the foliation:

Proposition 3.2.1 There is a Hamiltonian S*-action tangent to the foliation. In
fact, there exist coordinates (0,p,x,y) in a neighbourhood of L such that w =
d(pdd + C(p,x,y)dx + D(p,z,y)dy) and the Hamiltonian S*-action is performed

by translations with respect to 6.

Proof:
We will apply lema 3.2.3 in two stages:
First stage:

Consider wy = d(pdf + Bdp + Cdx + Ddy) and wy = w; — d(Bdp).

As B vanishes along L, applying lemma 3.2.3, wy defines a symplectic structure
in a neighbourhood of L such that makes Fy into a Lagrangian foliation and it is
equivalent to wy .

And so far, we can assume

w=wy = d(pdf + C(0,p,x,y)dx + D(0, p,z,y)dy).

Second stage:

As
) oC oD
low= —dp—i-%dx—l—%dy,
then
oC oD
%d:ﬂ + %dy = Madx + eydy)
for a certain function \.
Therefore,
oC oD
% = ZL’)\, W €y>\
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This leads us to the following decomposition

C = Colp,z,y)+ x%—[;

OH
D = Dy(p, z,y) +eyap

Now

OH
w = d(pdf + Co(p, 2, y)dz + Do(p, z,y)dy + —7(zdz + eydy)).

Let wg = d(pdf + Co(p, z,y)dx + Do(p, z,y)dy). So, we can apply lemma 3.2.3

again and we can assume

w = d(pdf + C(p, x,y)dz + D(p, x,y)dy)

Notice that i%w = —dp.
So, S! acts on this neighbourhood in a Hamiltonian fashion and p is the moment
map.

This concludes the proof of the proposition.

3.3 Two proofs for theorem 3.1.1

In this section we present two different proofs of the symplectic linearization for
rank 1 singularities in dimension 4 which use the Hamiltonian S!-action obtained
in the previous section.

The first one is the one which appears in our joint paper with Carlos Curras-
Bosch [13] but we also include here a proof for the elliptic rank 1 case which was
already proved in a different way by Eliasson and Molino and Dufour.

The second proof is based on a geometrical idea of finding a decomposition

which singles out the singular part and the regular part. This technique has turned



3.3. Two proofs for theorem 3.1.1 47

out to be very useful to give a general proof for the symplectic linearization in any
dimension. We define two symplectic orthogonal integrable distributions which

allow to reduce the proof to the 2-dimensional case.

3.3.1 First proof

Let us go on with the proof of 3.1.1.

Without loss of generality, we may assume that the symplectic form on M§ =
S! x D3 can be expressed as:

w=dpANdi+ Ap,z,y)dp AN dx + B(p,z,y)dp AN dy + C(p, z,y)dz A dy

Recall that Fy is, Fy =< %, Eya% + xa% >.

Observation 3.3.1 As w is symplectic C(0,0,0) # 0 so after shrinking the

neighbourhood, if necessary, we may assume C(p,0,0) # 0.

Let us introduce the following notation:
For any function f(p,x,y), drf will stand for the 1-form:
drf = %dw—i—g—gdy. We use the notation f. to refer to the function f. = x%+ey?,

where € = 1 in the elliptic case and € = —1 in the hyperbolic case.

Lemma 3.3.1 Given C(p,x,y) there exist C*-functions x and f such that:

C(p,z,y)dx Ndy = x(p, fo)dz A dy + dpf A d(fe)

Proof of the lemma:
According to lemma 2.2.1 in the elliptic case we can write the following decom-

position,

C(p,z,y) = Ci(p, 2> + y*) + X1(Cs)

In the hyperbolic case, after performing the change of coordinates T = z +

Yy, Y=z —y, we can apply lemma 2.2.2 to write a similar decomposition,
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C(p,x,y) = Ci(p, 2> + ) + X_1(Cy)

Now take y = C and f = % and the function decompositions above yield

the desired decomposition,

C(p,z,y)dz Ndy = x(p, fo)dz A dy + drf Ad(fe)

And this ends the proof of the lemma.

Once reached this point, we can assert that w can be written as:

w=dpANdl+ A(p,z,y)dp N dz + B(p,z,y)dp A dy + x(p, fe)dx A dy + d( fdf.)

Now applying lemma 3.2.3 we can eliminate d(fdf.) by using a diffeomorphism
which preserves the foliation.

The next step will be to “normalize” the coefficient of dx A dy, we achieve this
applying lemma 2.3.3 with parameters. Namely,

Observe that if ¢ (p, f.) is a smooth function such that 1(0,0) # 0. Then the
mapping:

G: (My,0) — (G(Mj),0)
O,p.2,y) — (0.p,2-¥(p, fo),y ¥(p. fo))

defines a germ of diffeomorphism preserving the foliation df. = 0.

As we saw on the proof of lemma 2.3.3 we can take as 1 the solution of the

equation:

d
(% (p,w) - u) = x(p,u)
where u = f,., we have the desired ¢, and that finishes the proof of the lemma.

Using the previous lemma we can find a diffeomorphism preserving F; , such

that the pull-back of w is:
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w=dpAdd+ Alp,z,y)dp Adx + B(p,z,y)dp A dy + dx A dy

Finally, as w is closed, there exists g(p, z,y) such that,

A= 5
ox oy
And using the diffeomorphism:
¢ : M — M

(972%15;9) - (‘94‘9(]9737;9)7297%3/)
which preserves Fy, we can write w = dp A df + dx A dy. And this ends the proof

of the theorem.

3.3.2 Second proof

In this section we construct two symplectic orthogonal distributions. Those distri-
butions will be 2-dimensional regular distributions and will allow us to reduce the
proof to the 2-dimensional case.

Recall that we may assume that the symplectic form on Mg = S' x D3 can be
expressed as:

w=dpAdf+ Alp,z,y)dp N dx + B(p,z,y)dp A dy + C(p,z,y)dx A dy
Lemma 3.3.2 The distribution D1 =< X,Y > defined by the relations:
ixw =dp

iyw = df

is C, symplectic in a neighbourhood of p and involutive everywhere.

Proof: First of all, since w is symplectic and the forms dp and df are differentiable

and independent, the distribution D; is clearly C*° and regular. Now let us prove
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that this distribution is symplectic. Observe that this distribution is symplectically
orthogonal to the distribution Dy =< a%v a% >. As a consecuence of observation
3.3.1, Dy is symplectic in a neighbourhood of the origin then its symplectic ortho-
gonal is also symplectic.

Now let us see that this distribution is involutive. We have to check that
[X,Y] € D,VX,Y € D;. In fact, it is enough to prove that [ X, Y] € D, for vector
fields which are independent on a dense set in the neighbourhood considered. So
we can take X =Y; = %. By Leibnitz’s rule:

L (Y, 20) = Ly, ()(Y, 20) + (LY, o)+ Y, L (50)

Now if we take any Y € D; then the left hand side of the equality above equals
zero. As for the right hand side: The first term is zero because Y; is Hamiltonian

and, in particular, it is symplectic; the third term vanishes because Lyl(a%) = 0.

So we are led to w(Ly,Y, 2) = 0. In the same way, we prove that w(Ly,Y, a%) =0
and therefore the distribution is involutive.

O

Now consider two distributions D; and D, those distributions are symplec-
tically orthogonal distributions and contain Y; and Y5, respectively. Since these
regular distributions are involutive, there are regular foliations F; and JF5 integra-
ting Dy and D5 respectively. Now take a point p in the singular orbit, Frobenius
Theorem provides new coordinates (7, 0,7, 7) in a neighbourhood of p such that
the leaves of F| are Ly, = {(p,0,b1,bs),b1,b, € R} and the leaves of F, are
Lao = {(a1,a2,%,7),a1 € Ray € [0,27)}. Since the vector field & is Hamiltonian,
in particular its flow is a symplectomorphism and preserves the symplectic ortho-
gonal decomposition. Thus, sliding along the singular circle, we can extend these
coordinates to a whole neighbourhood of the singular orbit. Now let us see what
the expression of w is in these coordinates; Since D; and D, are symplectically

ortogonal and since dw = 0, in these new coordinates the symplectic form can be
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written as:

Wy = A(p,0)dp A d + B(Z,7)dT A dy.

Observe on the other hand, that Y; defines a foliation by circles on the submani-
folds L, and Y5 defines a foliation on the submanifolds Lo, with a singularity of
elliptic type when ¢ = 1 and hyperbolic type when ¢ = —1. It remains to apply
the known results of symplectic uniqueness in dimension 2. Namely, Y] defines a
regular Lagrangian foliation by circles on Ly,. Thus after the theorem of Liouville-
Mineur-Arnold, there exists a local diffeomorphism defined in a neighbourhood of
the singular circle such that ¢%(dpAdf) = A(p, 0)dpAdb, being p, § the coordinates
defined by ¢;. The vector field Y; defines a nondegenerate singularity in each 2-
dimensional submanifold Ls,. So we may apply the symplectic linearization result
in dimension 2 ( Theorem 2.3.1) to find a local diffeomorphism in a neighbourhood
of the origin ¢ such that ¢5(dz A dy) = B(Z,0)dZ A dy, being z,y the coordina-
tes provided by the diffeomorphism ¢,. Finally, we define a diffeomorphism in a
neighbourhood of L, ¢(p,0,%,7) = (¢1(p,0), $2(Z,7)). This diffeomorphism pre-
serves the foliation F and satisfies that (¢*)(dp A df + dx A dy) = ©s.

This ends the second proof of the theorem.
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Chapter 4

Rank O singularities in dimension

4

4.1 Introduction

In this section we consider the symplectic linearization problem for foliations de-
fined by a completely integrable system with rank 0 singularities in dimension 4.
According to the first chapter we will assume that the foliations are already linear.
That is, F =< X7, X5 >. Recall that there are 4 possible cases from a differentiable

point of view:

e Elliptic-elliptic case: In this case there are coordinates (z1,y1, T2, y2) cen-
tered at the point p such that two first integrals of the Hamiltonian system

1‘2+ 2 x2+ 2
are fi = 225 and f, = 252,

e Elliptic-hyperbolic case: There are coordinates (x1,y1, x2,y2) centered at
the point p such that two first integrals of the Hamiltonian system are f; =

2,2 2_ .2
i +y1 _ Ta7Y5
5 and f2 =5

e Hyperbolic-hyperbolic case: There are coordinates (1, ¥y, T2, y2) cente-

red at the point p such that two first integrals of the Hamiltonian system are

23
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22 —y2 22—y2
le%andfé:%'

e The focus-focus case: There are coordinates (z1,y1, T2, y2) centered at the

point p such that two first integrals of the Hamiltonian system are f; =

T1Y1 + Toy2 and fo = 21Y2 — Tay1.

For the sake of brevity, we will refer to the first three types as decomposable

at p and we will say that F is non-decomposable at p if its Williamson type is of

focus-focus type.

Following the spirit of the preceding chapters, we look for a local symplec-
tic classification of a foliation defined by the “linearized” model under the only
constraint that the regular leaves of the foliation are Lagrangian. We give a com-
plete proof for the symplectic uniqueness result in all the decomposable cases.
Recall that this symplectic uniqueness for the “linearized” model is what we call

symplectic linearization.

We do not provide a proof for the focus-focus case. In fact, so far, two proofs for
the symplectic linearization in the focus-focus case are known to the author: The
one provided by Eliasson in his thesis [23] and another proof provided by Nguyen
Tien Zung, recently [65].

We would like to point out that this symplectic uniqueness is a consequence of
Eliasson’s Theorem. One of the main motivations for providing another proof for
this fact is the following: the key point of Eliasson’s proof is Proposition 4 in his
thesis [23] but this proposition is stated without proof. The analogous proposition
when the system is of analytical nature was proved by Vey [54] (lemma 1). The
transition from the analytical case to the smooth case entails a non-trivial work

with flat functions which in our opinion cannot be neglected.

A proof for this Proposition when the system is completely elliptic is contained
in Eliasson’s paper [24]. In the case that the dimension of the manifold is equal to

2 or the dimension of this manifold is 4 and the foliation corresponds to a foliation
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of focus-focus type, a proof of this fact is contained in Eliasson’s thesis. In fact
when the dimension of the manifold is equal to 2 and the foliation is of hyperbolic
type this had been formerly proved by Colin de Verdiere and Vey [6]. As far as the
remaining cases are concerned, to our knowledge the only attempt to provide a
proof in the completely hyperbolic case is due to San Vu Ngoc [57]. Unfortunately,
the proof provided by San Vu Ngoc in that paper is based on a construction of
a solution to a differential equation which is only smooth under some additional
conditions concerning the flat terms which are not necessarily fulfilled under the
hypotheses considered as we showed in Observation 2.2.1. Thus, from out point
of view the proof provided in [57] does not fill the gap. Therefore, in our opinion,
the problem remains unsolved in the decomposable cases which are not completely

elliptic.

In this chapter we are going to provide a proof for the local symplectic uni-
queness in dimension 4 for all the cases which does not rely on Proposition 4 of
Eliasson’s theorem. We do not attempt to give a proof of this Proposition but to

prove the local uniqueness result.

In order to do that, we look for a symplectic orthogonal decomposition in the
decomposable cases to reduce the problem of local uniqueness in dimension 4 to a
problem in dimension 2 as we did in chapter 3. Although the proof is inspired by
ideas coming from geometry, we had to plunge into analytical problems in order to
find an orthogonal symplectic decomposition. Some of those analytical questions

have already been presented in chapter 2.

The chapter is organized as follows: In the second section we pose the problem
for the decomposable cases and we outline the strategy of the proof. In the third
section we prove three basic lemmas that will be used in the uniqueness proof.
One of them is a foliation preserving version of Moser path’s method for corank
2 singularities. In the fourth section we prove a common proposition concerning

basic 1-forms attached to the foliation and the symplectic form. In the fifth sec-
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tion, we look for a special Hamitonian vector field in the elliptic-elliptic case and
elliptic-hyperbolic cases that will lead us to the symplectic orthogonal decomposi-
tion. We give two proofs of this fact: one is based on computation with forms and
the second one is a geometrical proof which uses Bott-Weinstein connection and
results for rank 1 singularities in dimension 4 obtained in chapter 3. In section 6 we
find a special Hamiltonian vector field for hyperbolic-hyperbolic singularities. Fi-
nally, in section 7 we prove the existence of a symplectic orthogonal decomposition
which yields the symplectic uniqueness for the decomposable cases (elliptic-elliptic,

elliptic-hyperbolic and hyperbolic-hyperbolic cases).

As a side remark, let us point out that this technique of reduction to lower
dimensional cases can be exported to dimension higher than 4 using induction to
give a complete proof for the local uniqueness theorem in any dimension as we will

see in the next chapter.

4.2 Strategy of the proof

Let M be a 4-dimensional manifold endowed with coordinates (x1, 41, x2,y2) and

let p be the point p = (0,0, 0,0). In the sequel we will deal with germ-like objects in

0

a neighbourhood of the point p. Consider the vector fields X ., = Ila%l — €Y1,

and X, = xga%Q — ezyga%g where €; and €; can be either +1 or —1. Throug-
hout this section, F will stand for the germ of foliation given by the vector fields
X1 and X, and f; and fo will stand for the first integrals f; = 2% + ;37 and
fo = 22 + €295 The pair (€, €5) labels the foliation. When (€1, €5) = (1,1) we say
that F is of elliptic-elliptic type. If (e1,€3) is (1,—1) or (—1,1), we talk about a
foliation of elliptic-hyperbolic type. And finally when (€1, €2) = (—1, —1) the folia-
tion is referred to as a foliation of hyperbolic-hyperbolic type. Our goal is to study
the germs of symplectic structures at p for which the decomposable F is generi-

cally Lagrangian. We say that a foliation is generically Lagrangian if its regular
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leaves are Lagrangian submanifolds and its singular leaves are isotropic. In this
section we prove that if w is such a symplectic germ then there exists a local dif-
feomorphism ¢ preserving F, fixing p and such that ¢*(w) = dxy A dy; + dza A dys.
We organize the proof in two stages: In the first stage we find a symplectically
orthogonal decomposition adapted to F. The proof of the construction of this
symplectic orthogonal decomposition differs slightly in each of the cases (elliptic-
elliptic, elliptic-hyperbolic, hyperbolic-hyperbolic). In the second stage we use this
decomposition and the known results in dimension 2 to prove that any two sym-
plectic germs are equivalent. Let us state the main concluding results contained in

this chapter:

Theorem 4.2.1 (Symplectically orthogonal decomposition) Let w be a sym-
plectic germ for which F s generically Lagrangian. Then there exists a symplectic
germ w equivalent to w and there exist two symplectic distributions Dy and Do

such that:
1. Dy and Dy are involutive and symplectically orthogonal with respect to w.
2. Xl,el € D1 and X2762 € DQ.

Theorem 4.2.2 (Symplectic Uniqueness) Let w be a symplectic germ at p for
which F is generically Lagrangian then w is equivalent to wg = dxi Ady,+dzs Adys.

In order to prove Theorem 4.2.1, we will find an equivalent @ for which the
vector field X; will be Hamiltonian with Hamiltonian function f;. But first we

need a few propositions and lemmas.

4.3 Three common lemmas

In this section we are going to prove several lemmas which will be used later to

prove the local uniqueness of the symplectic germs in the decomposable cases.
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When we write X7, Xo we mean a basis of the Lagrangian foliation. Let us set

the particular basis we are going to use throughout the section:

0 0

e In the elliptic-elliptic case, X; = L1, — yla%l and X, = xga%Q — Y2505

o : _ .9 d _ .0 d
e In the elliptic-hyperbolic case, X; = 150 — Ylger and Xy = T25, T Y250,
e In the hyperbolic-hyperbolic case, X; = xlaiyl—l—yla% and Xy = ZEQ%—’—yQ%.

e In the focus-focus case, X; = —:1:18%1 + yla%l — xgaim + 3/28%2 and Xy, =
o _ .. 0 0 _ .0
15,5 — L28, T Y, — Y25,

The first lemma is a foliation-preserving version of the Moser path method.

Lemma 4.3.1 Let o be an F-basic 1-form and let wy be a symplectic germ for

which F is Lagrangian. Then:

1. The 2-form wy = wy; — da is a symplectic structure in a neighbourhood of p

and makes the foliation Lagrangian.

2. There is a diffeomorphism n between two neighbourhoods of p preserving F

and such that n*(wy) = wy.

Proof:

First, let us check that wy is a symplectic form in a neighbourhood of p.
Clearly, wp is a closed 2-form. Let us see that it is non-degenerate; Since « is
basic for the foliation, a = F(df1) + G(dfs). In particular « vanishes at p =
(0,0,0,0) and wo,, equals wy . Therefore, since wy is non-degenerate at p, the
2-form wq is non-degenerate in a neighbourhood of p. In order to prove that
the foliation is Lagrangian for wy we have to check that wo(Xi, X2) = 0. Since
wo(X1, Xo) = wi(Xq, Xs) — da(Xq, Xs) and F is Lagrangian for w;, we have to
see that da(X7, Xs) vanishes. Since « is F-basic and [X;, X5| = 0, the formula
da(Xy, Xo) = Xja(Xs) — Xoa(Xy) — a([X1, Xs]) implies that da(X;, Xs) =0 .
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This ends the proof of the first assertion. In order to prove the second assertion

we consider the following family of 2-forms:
wr =wo + t(wy —wyp), telo,l]

Let us see that these 2-forms are symplectic germs for which the foliation F is
Lagrangian. Clearly, the 2-forms w; are closed. And since Wy, = wo,, We can repeat
the argument above to see that the 2-forms are non-degenerate. Therefore, they
are symplectic in a neighbourhood of the point p. Further, since wo(X7, X2) = 0
and wy (X1, Xo) = 0, the foliation F is Lagrangian for w, Vt € [0, 1].

Now we are going to use Moser’s path method to conclude. First, we consider

the well-defined vector field X; by the following equality:
Ix,W = —u.

Recall that « vanishes at p, this guarantees [59] that the time-dependent vector
field X, is integrable. Let ¢; stand for the “flow” of the time dependent vector

field X; defined by the conditions: ¢y = Id, X; = dis|s:t We check that this

field is tangent to the foliation, in this way the flow of the time-dependent vec-
tor field will preserve the leaves of the Lagrangian foliation. Consider the sets:
Bi = {(x1,11,0,0)} \ {(0,0,0,0)} and By = {(0,0,22,92)} \ {(0,0,0,0)}. Then
the singular set for the foliation is B = {(0,0,0,0)} U By U By if the foliation is
decomposable. In the focus-focus case the singular set for the foliation reduces to
(0,0,0,0).

We will see that the vector field is tangent to the foliation in two steps:

e Outside B: Notice that since the regular leaves of the foliation are Lagrangian
submanifolds for all w;, any vector field belonging to its symplectic orthogonal
has to be tangent to the foliation; but as « is basic for the foliation X, verifies
wi( Xy, X1) = —a(Xy) = 0 and wi( Xy, Xo) = —a(X3) = 0. So X; is tangent

to the foliation along the regular leaves.
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e Along B, the singular set: We check that the vector field X} is tangent to the

foliation in the following cases:

— The focus-focus case: In this case the only singular point is the origin.
The vector field X, is tangent to the foliation because « vanishes at

p=(0,0,0,0) and therefore X; vanishes at p.

— The decomposable cases. In this case the singular set is B = {(0,0,0,0) }U
By U B;y. Let us check that X, is tangent to the foliation:

1. At the point p = (0,0,0,0): The vector field X; is tangent to the
foliation because « vanishes at p = (0,0,0,0) and therefore X;
vanishes at p.

2. At a point ¢; = (ay,b1,0,0) € By: Since app, = F(q1)(ardxy +bidyr),
the symplectic orthogonal to X; at the point ¢; is generated by the
vector fields X, % and % and since thql we can write Xt\ql =
fi(a1,by,0, 0)X1+gt(a1,bl,0,O)aierht(al,bl,O,O)aiw. If X, is not
a multiple of X, the flow of X, starting at ¢; would reach a regular
Lagrangian leaf of the foliation. So X; = fi(ay,b1,0,0)X; and, in
particular, it is tangent to the foliation.

3. At a point go = (0,0, a9,bs) € By: We proceed as in the previous
case to see that Xt‘qQ = 1,(0,0,as2,b9) X5 , and again X, is tangent

to the foliation at the point gs.

So, we conclude that its flow preserves the leaves of the foliation. Further, remem-
ber that we are looking for a symplectomorphism; this symplectomorphism will be
given by the flow of the vector field X; at time ¢ = 1. Remember that the flow ¢,

gives us a family of diffeomorphisms verifying:

L. ¢¢(p) = p.

2. ¢jwy = wp; that is to say, as a particular case, we have: ¢} (w;) = wy.
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3. ¢, preserves the leaves of the foliation.

So ¢; is the symplectomorphism we are looking for and the two symplectic forms
wp and wy define equivalent symplectic structures. This proves the second assertion

of the lemma.

O

The following lemma will be used in the proof of the symplectic uniqueness for

the decomposable cases. It also holds in the focus-focus case but we have included

the proof only for the decomposable cases. The lemma proves that the forms 7x,w

and iy,w are basic for the foliation. That is, they are a combination of df; for f;
defining the foliation.

Under these assumptions,

Lemma 4.3.2 There exists C*°-functions hy, ho, g1 and go such that:
ix,w = hidfi + hadfs
ix,w = gidfi + gadfs

Proof:
Let us check that ix,w = Hydfi + Hadfy and that ix,w = Gidf; + Gadf, for

certain differentiable functions. Let the symplectic form w be

w = Adxy Ndy, + Bdxy Ndxy 4 Cdzy Adys + Ddy, Ndxs + Edy; A dys + Fdxg Adys.

In the decomposable cases, the foliation is generated by X ., = xlaiyl —elylaixl

and Xy, = :L‘ga%z) — (—:nga%2 where €¢; and ey can be either +1 or —1. If ¢; and €s
have different sign, we say that the foliation is of elliptic-hyperbolic type. If the
pair (€1,€) = (1,1), we say that the foliation is elliptic-elliptic. Finally, if the pair
(€1,€2) = (—1,—1), we say that the foliation is hyperbolic-hyperbolic.

Now let us look at the contractions ix,  w and iy,  w:

X)W = —A(x1dry + eyyrdyr) + (Dxy — €. Byr)dzy + (Exy — eCyp)dys
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ix,,.,w = (e2Bys — Cz)dxy + (e2Dy2 — Exz)dyr — F(zads + €2y2dyo)

But since F is Lagrangian, we have ix,w(X2) = 0; and so we are led to the equality:

yQ(DZL‘l — €1By1) = (elel — El’1>$2 (I)

From here it is clear that if we take Hy = 2 “;ZIB = Elcy;;Eml, the following

equalities hold: Dxy—e; By, = Howg and €;C'y;— FEx1 = Hays. To check that this Ho

is a C*°-function, we apply a classical integration trick: Consider ¢(z1, y1, T2, y2) =
y2(Dxy — €1 Byp). Then we can write the following decomposition:

1
0
o(x1, Y1, T2, y2) = O(21,91,0,y2) + xg/ _(3x¢ (21,1, twa, y2)dt.
0 2

Due to (I) the function ¢ vanishes on (x1,%1,0,¥y2), this implies that Hy equals
the function fol g—i(xl,yl,t:cg,yz)dt which is C*. So taking H; = —A and Hy =
D’“;—ZlByl we have proven that ix,, w = Hidf) + Hadfs. The condition of La-
grangianity can also be written as: ix, w(Xi) = 0; and this leads us now to
the equality: y;(e2Bys — Cxa) = (e2Dys — Exo)x;. As before, we can prove that
G, = % is C*°. And taking Gy = —F" we have that: iy, ,w = G1df1 + Gadfs.
O

Finally, let us state and proof a very simple lemma which is a consequence of

Cartan’s formula and the Lagrangianity condition.
Lemma 4.3.3 The following equality holds
Lxgixlw = LXliXQW.

Proof:

First, since i;x, x,jw = Lx,ix,w — ix,Lx,w and [X;, X5] = 0, then Ly ix,w =
ix,Lx,w.

Now we compute:

lXQLxlw = ZXdeXIE = Llexlw—dZXZZXIE‘ = szlew
dw=0 Lx=dix+ixd ZXQ'LXlWZO
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And this proves the formula.

g

Observe that this lemma holds for all the cases, decomposable or non-decomposable

and also in any dimension.

4.4 A common proposition

We will assume throughout the section that the foliation is decomposable since
the proofs are supplied just in the decomposable cases. As a matter of fact, as we
saw on the preceeding sections the proposition holds also for the focus-focus case.
But we do not give a proof for this fact.

In subsequent sections we will try to identify the Hamiltonian vector field asso-
ciated to f;. The main goal will be to find new coordinates in such a way that X,
can be identified with the Hamiltonian vector field of the function f; in convenient

coordinates. The first step is given by the following proposition,

Proposition 4.4.1 There exists a symplectic germ Wy equivalent to w such that,
ix, w1 = Hdfi + Hadfs -

for F-basic functions Hy and Hs.

Proof:

First by lemma 4.3.2 we can write
in,qw = Hldfl + Hgdfg .

We distinguish the following cases:
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4.4.1 Proof of proposition 4.4.1 in the non-completely hy-

perbolic cases

We prove 4.4.1 in the elliptic-hyperbolic case and the elliptic-elliptic case:
In this case, we can assume €; = 1. For the sake of simplicity, we write X;

instead of X ;. Applying proposition 2.2.1 we can write:

H1($17ylax2ay2) = h1($%+y%,x2,y2)+X1(El)
H2(1‘179175(72,92) - h2($%+y%,I2,y2)+X1(ﬁ2

)

Now consider the 1-form o = Eldfl +Egdf2. Since « is F-basic, we can apply lemma
4.3.1 taking w; = w. As a consequence, w; = w — da will be a symplectic germ
equivalent to the initial w. Let us check that for this w; the conditions stated in the
proposition are fulfilled. First, we calculate ix,w;. We have ix,w; = ix,w — ix, do.
Due to Cartan’s formula, we have iy, da = dix, o + Lx, . But since « is F-basic,
in particular ix,a = 0. So in the end, ix, da = X1(hy)df1 + X1(hs)df,. Finally, we
have that ix,w; = hi(2? + y2, 2o, yo)df1 + ho(22 + Y2, 2o, yo)dfo.

Now
ix, w1 = hidfi + hodfs

iX,,W1 = g1df1 + gadfs
for certain differentiable functions ¢g; and g¢s.
For the sake of simplicity we write X, instead of Xo,,.

According to lemma 4.3.3 the following formula (5.1) takes place
LX22'X151 - LXlinwl-

From this formula we obtain the following relations,

Xo(h1) = Xi(gr), (I1a)
Xo(he) = Xi(g2), (11b)
Now, apply Lx, to these equalities and use that [X;, Xo] = 0 and the fact that
Xi(h1) =0 and X;(hg) =0 to get
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Xi(Xi(gr)) = 0, (4)

Xi(Xi(g2)) = 0, (B)
Now we want to prove that this implies X;(g1) = 0 and X;(g2) = 0. In order to
do this, we consider the change to polar coordinates given by the equalities z; =
rcosf,y; = rsinf,ry = x2,y2 = yo. This change of coordinates is valid outside
the meagre set (0,0, x2,y2). In these new coordinates, equations (A) and (B) are
written as g—;(gl) =0 and g—;(gg) = 0, respectively. So from these equations, the
functions ¢; and ¢, are affine functions in the #-coordinate. Since they are 2m-
periodic in the coordinate 6, they have to be constant in the coordinate . And as
a consequence the conditions X;(g;) = 0 and X;(g2) = 0 are satisfied in the whole
neighbourhood of p considered. Finally, turning back to (I a) and (II b), we are
led to the equalities X3(h1) = 0 and X5(hy) = 0. This completes the proof of the
proposition in the elliptic-hyperbolic and the elliptic-elliptic cases.

4.4.2 Proof of proposition 4.4.1 in the completely hyper-

bolic cases

We prove proposition 4.4.1 in the hyperbolic-hyperbolic case.
For the sake of simplicity, we write X, instead of X; _;.
We consider the change of coordinates, z; = “3% ¢ = WS Ty = To, Yo = Yo

2
o)

And X, in the new coordinates can be written as, X; = —ulaiul + V15

Applying proposition 2.2.2 we can write:

)

)

Hi(ui, v, 22,y2) = hi(urog, @2, 92) + X1(h
Ha(ui, v, 22,y2) = ho(ui.vr, 32, y2) + X1 (he
Now consider the 1-form o = hydf; 4+ hadfs. Since « is F-basic, we can apply lemma

4.3.1 taking w; = w. As a consequence, w; = w — da will be a symplectic germ
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equivalent to the initial w. Let us check that for this w; satisfies the conditions
stated in the proposition. First, we compute ix,w;. We have ix,w; = ix,w —ix, do.
Due to Cartan’s formula, we have iy, do = dix, o + Lx, . But since « is F-basic,

in particular ix,a = 0. So, ix,da = X1 (hy)df, + X1(hs)dfs. Finally, we have that

Ix,W1 = hl(ul-vam Z/2)df1 + h2(U1-01; 56’273/2)df2-

Now
ix, w1 = hudfy + hodfs

iX,,W1 = G1dfi + gadfs
for certain differentiable functions ¢g; and gs.
For the sake of simplicity we write X, instead of Xo,,.

According to lemma 4.3.3 the following formula (5.1) takes place
LXZixlwl = LXlngwl-
From this formula we obtain the following relations,

Xo(hy) = Xi(g1), ([Ia)

Xa(he) = Xi(g2), (I1D)
We are going to use this relations to draw conclusions about the (uy,v;)-jets
of hy and ¢y along {(0,0, z3,y2)} using lemma 2.2.1.

By construction and as it was seen in the proof of lemma 2.2.2 the (uy,vy)-jet

of hy along {(0,0,z2,y2)} is of the form

On the other hand as it was seen in the proof of lemma 2.2.1, the (uy,v1)-jet of

Xi(g1) along {(0,0,x2,y2)} has the form

i,
E TijU 01

i#]
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for certain differentiable functions r;;(xa, y2). With all this information at hand, we
can look at the equation (ITA), Xo(hy) = X1(g1) at the level of (uq,v;)-jets along
{(0,0, x5, y2)}. We obtain 3, Xo(hy)ujv] = >, rijuiv]. In particular, Xo(hy) =
0,Vi. And from this relations h; = S; + ¢; where S satisfies X5(S;) = 0 (and
X1(S1) =0) and ¢ is an (ug, v;)-flat function along {(0, 0, 2, y2)}. Finally, apply
lemma 2.2.2 to ensure that we can write ¢; = X;(R;) for a smooth R;. Therefore,
so far we have hy = S1 + X1(R1), Xi(S1) =0, X5(S;)=0.

We may proceed in the same way for hs to write the following decomposition
ho = Sy + Xi(R2), Xi(S2) =0, Xs(Sz)=0.

Now,

ixlwl - (Sl + Xl(Rl))dfl + (SQ + Xl(RQ))de

for basic S; and Ss.

Finally, we apply Moser again 4.3.1 with o = Ridf; + Rodfs to obtain a new
symplectic form @y equivalent to w such that ix,w; = Sidfi + Sadfs for basic
functions S7 and S;. This ends the proof of the proposition in the hyperbolic-

hyperbolic case and therefore the proof of the proposition.
O

4.4.3 A normalization result

Observe that h; = —A, that is to say —h; coincides with the coefficient function
of dxy A dy;. If we could “normalize” our symplectic form in the (xy,y;)-direction
( that is to say, find a foliation preserving symplectomorphism such that A = 1)
we would be closer to our result. The following lemmas will ensure that we can

“normalize” our symplectic form in a foliation preserving way.

Lemma 4.4.1 Let w be a symplectic form such that the foliation F is Lagrangian.

Let Dy and D, stand for the distributions D =< 8%17 8%1 > and Dy =< 8%2, 8%2 >,
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Let wip, and wp, be the restriction of w to the planes integrating the distributions
Dy and D, respectively. Then wyp, and wp, are symplectic forms in a neighbour-

hood of the point p.

Proof:
The condition w(Xj,,Xa.,) = 0 for all ¢ in the neighbourhood considered,

implies in particular the following relations:

o 0
w(a_.rl7 a_y2>|q(y1,zz) = O’ q(ylva):(07y17x270) (I>

o 0
w(a_xl’ 5’_x2)“1<y17y2> =0, d@ia=0mom )
o 0
o o 207 z1,22)=(21,0,22 111
w(ayl ayQ)l(I(zl,zQ) q( ) ) ( ,0, 70) ( )
o 0
WG gy e = O dan=@i00m) (V)

In particular all these relations are fulfilled at the point p = (0,0,0,0). If wp,
was not symplectic at p, then the w(a%l, aiyl)lp = 0. But this condition together
with conditions (I) and (III) would imply that wy, would vanish on a 3-dimensional
vector space, which is not possible because the initial w is symplectic. In the same
way, we can prove that wp, is symplectic at p. Since we have proved that WD,

and w)p, are symplectic at p and the condition of being symplectic is an open

condition, they are also symplectic in a neighbourhood of p.
OJ

Lemma 4.4.2 There exists a symplectic germ Wy equivalent to wy such that:
ix, W2 = —dfy + hadfo.

Proof: Due to 4.4.1, the plane II = (x1, 31,0, 0) is symplectic and this implies that
A # 0 in a neighbourhood of p. We apply the same trick as in the proof of lemma

2.3.3 in chapter 2 but with two variables u and v corresponding to the first integrals



4.4. A special Hamiltonian for the non-hyperbolic cases 69

of the foliation f; and f,. That is, observe that if ¢(f1, fo) is any differentiable
function of f; and f; such that v(0,0) # 0 and U stands for a neighbourhood of
the origin where everything is defined, the mapping

G (U,0) — (G(U),0)
(1,91, 72,92) — (z1-0(f1, f2), 1 - (fr, f2), T2, 42)

defines a germ of diffeomorphism preserving the foliation defined by f; and f.

Consider the equation

d

@(W(% U) ’ u) = A<u7 U)7

where u = f; and v = f5. As we saw in the proof of 2.3.3 1) is smooth and normalizes
the coefficient function of dx; A dy;. Furthermore, since the function A is basic,
this diffeomorphism is foliation preserving. Now if we define Wy = (¢~ !)*w;. Then
Wy is equivalent to w; and satisfies ix,ws = —df; +Egdf2 for a certain differentiable

function hs.

4.5 A special Hamiltonian for the non-completely

hyperbolic cases

The aim of this section is to prove the existence of a diffeomorphism taking the
initial symplectic form to a symplectic form for which the vector field X, is the Ha-
miltonian vector field associated to f;. The proof uses the preceeding lemmas but is
shorter if the singularity is non-completely hyperbolic. The hyperbolic-hyperbolic
case will be treated separately in the next section.

The result is summed up in the following proposition,
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Proposition 4.5.1 Let F be a foliation of elliptic-elliptic type or elliptic-hyperbolic
type. Let X be the vector field X, = 1:10%1 — yla%l belonging to F. Under the as-

sumptions of lemma 4.4.2, we have:

inwz == _dfl

We present two proofs of this proposition. The first one uses decompositions of

symplectic 2-forms while the second one is based on a geometrical argument.

4.5.1 First proof of proposition 4.5.1

Proof:
Let us recap information on the symplectic form.

Since wsy is locally exact, we can write:

Wy = d:(,’l N dy1 + d(Aldxl + Bldyl + Agdl’z + BQdy2>

Given a smooth function f, we denote by d(1)(h) = a_fldxl + aa_yhldyl and dy)(h) =
g_azd@ + %dyz. By lemma 4.4.2

ix, Wy = —dfy + hadfs.

This yields dqy(Aidz, + Bidy:) = 0 and therefore, Aydx, + Bidy, = d1y(91)
for a certain differentiable function. On the other hand, taking into account that

d(g1) = day(g91) + d(2)(g1), the above symplectic form becomes,

Wy = dxy ANdyr + d(d(g1) — d2)(91) + Aadzy + Badys).

So after gathering coefficients of the terms dzs and dy, we obtain,

Wy = dl‘l A dy1 + d(CQd.Z‘Q + ngyQ),
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for certain smooth functions Cy and Ds.

Now, we compute the contraction ¢x,w, again with this expression to get:

inwQ = —dfl + Xl(CQ)dI‘Q + Xl(Dg)dyg
The Lagrangian condition yields in the elliptic-elliptic case,

Xl(Cz) = E2(£2)
Xi(D2) = ha(ys)

And

X1 (Cg) = Ez (332)
Xi(Da) = —ha(ys)
in the elliptic-hyperbolic case.

In both cases, since X;(hy) = 0, we can apply Ly, in these relations to obtain,
Xl(X1<02)) - O y X1<X1(D2)) = O

Using these equations, we want to deduce that X;(C2) = 0 and X;(D5) = 0.

In order to do this, we consider the change to polar coordinates given by the
equalities 1 = rcosf,y; = rsinf, xo = o, y2 = y2. This change of coordinates is
valid outside the meagre set (0,0, z2,y2). In these new coordinates the equations
above are written as 5—622(02) = 0 and g—;(Dg) = 0, respectively. So from these
equations,Cy and Dy are affine functions in the a-coordinate. Since they are 27-
periodic in the coordinate «, they have to be constant in the coordinate a. And
as a consequence the conditions X;(Cs) = 0 and X;(D2) = 0 are satisfied in the
whole neighbourhood of p considered.

Finally, from this equations we obtain hy = 0, this proves that X; is a Hamil-
tonian vector field with Hamiltonian function f; and this ends the proof of the
proposition.

O
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4.5.2 The Bott-Weinstein connection and a geometrical

proof of proposition 4.5.1

In this short section we propose a digression. We will give another proof of proposi-
tion 4.5.1 based on geometrical arguments concerning the Bott-Weinstein connec-
tion. Observe that, a posteriori, the vector field X; is Hamiltonian. Hamiltonian
vector fields are a special class of parallel vector fields with respect to the Bott-
Weinstein connection defined in the neighbouring regular leaves of the Lagrangian
foliation. Let us introduce the notion of Bott-Weinstein connection for a regular

Lagrangian foliation.

The Bott-Weinstein connection associated to a Lagrangian foliation. Let F be

a regular n-dimensional Lagrangian foliation. We denote by V the Bott-Weinstein
[59] connection associated to F. We recall that the Hamiltonian vector fields of the
functions which locally define F are parallel with respect to V. Now the question
arises: Is the converse true? That is to say, Can we assert that a parallel vector
field is locally Hamiltonian? The following innocuous example can help us to see

that this is false in general. For example take w = dxy Ady; +dxs Adys, consider the

0

regular Lagrangian foliation generated by the vector fields X = 8%1 and Y = e

Those vector fields define in turn a basis of parallel vector fields with respect to the
Bott-Weinstein connection. Consider now the vector field Z = eyQ%. This vector
field is parallel but since izw = e¥2dy;, it is not locally Hamiltonian. As this exam-
ple shows the affirmative answer is far from being true; But in the case the foliation
is given by the vector fields X; and X, of elliptic-elliptic type or hyperbolic-elliptic
type, we use the existence of a Hamiltonian S'-action tangent to the regular leaves
of the foliation to prove that the parallel vector field X; is indeed Hamiltonian.
Namely, recall that in the second section of chapter 3 we recovered a Hamiltonian

Sl-action for the elliptic-hyperbolic case and the elliptic-elliptic case. We will use

the existence of this action in the elliptic-hyperbolic case to prove the result. In
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the completely elliptic case we will use the Liouville-Mineur-Arnold theorem ap-
plied to the compact regular leaves. This, in particular, leads to another proof of

proposition 4.5.1.

Second proof of 4.5.1

Let S be the singular set for the foliation S = {(0,0, z2,y2)} U {(2z1,91,0,0)}.
We denote by B the dense set B = M\S. Then 7' = FNB is a regular Lagrangian
foliation. Let V be the Bott-Weinstein connection associated to F'. We are going
to prove that X; is Hamiltonian in B.

We are going to distinguish cases:

e The Elliptic-elliptic case.

The foliation F’ is a regular foliation by tori on B and the functions f;
and f5 are regular functions. According to Liouville-Mineur-Arnold, there
exist a basis of Hamiltonian vector fields Z; and Z; which are periodic of
constant period 27 and which are tangent to the foliation by tori. Those
vector fields form a basis of parallel vector fields, so we may write the vector
field X1 = g1241 4+ 927> for basic functions g; and go. Now the vector fields
Xy, 7y and Z, are periodic vector fields of constant period, hence ;f—; takes
values in Q therefore using continuity the quotient Z—; is a rational number §
with (p,q) = 1. Summing up, we can write X; = gg(ng + Z3). If we proof
that g9 is constant then as a consequence X; will be a Hamiltonian vector

field.

In order to do this we need the following well-known sublemma which will

be useful later.

Sublemma 4.5.1 Let X, and Xq, be two Hamiltonian vector fields tangent

to F. Denote by qSﬁ(Gl and ¢§(G2 the time-s-map of X, and Xq, respectively.
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Then

s s
¢§(G1+XG2 o ¢XG”1 © ¢XG2'

Proof Since {G1, G2} = w(Xg,, X¢g,) and Xg, and X¢, are tangent to the
Lagrangian fibration F then {G1,Gs}r = 0 for any regular fiber L of F.
On the other hand, since the set of regular fibers is dense and Xg, and
X, are also tangent along the singular fibers, the bracket {G4, G2} vanishes

everywhere.

This implies in turn that [Xg,, Xg,] = 0 and therefore
Fxo, © Pxa, = Pia, © Prgr VST (4.5.1)

Now consider a, = ¢§(G1 O¢§(G2. Due to 4.5.1, a is a one-parameter subgroup.

It remains to compute the infinitesimal generator.

Since

(05, © Okey) _ A0 00) | 0k, © k)
ds n dt [t=s dr |r=s 7

setting s = 0 this expression implies that the infinitesimal generator of ay is

XG1 + XGQ.

In particular this proves that
¢§(G1+XG2 = ¢§(G1 © ¢§(G2’ vs'

O

Now going back to the vector field X; applying this sublemma the period of
Xy is %. But X is a periodic vector field with constant period. Therefore
go is constant and the vector field is Hamiltonian on B. Observe that since

X; is Hamiltonian on B we obtain d(ix,ws) = 0 on B. This implies that
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B%Ihg and %hg vanish on B and hence, using the density of the set B, they
vanish everywhere. So hy does not depend on the variables x; and y;. But

since ix,W2|(0,0,22,y.) = 0, the function hy vanishes.

Therefore, ix,wy = —df; as we wanted.

e The elliptic-hyperbolic case

In this case we cannot go straight to the regular foliation F’ (Liouville-
Mineur-Arnold only works when we consider regular foliations with compact
leaves and in the elliptic-hyperbolic case those leaves are cylinders). So let
us consider the auxiliary foliation F” = FN (M \ {(0,0, z2, y2)}, By virtue of
proposition in chapter 3 , we know that there exists a unique Hamiltonian S*-
action which is tangent to the leaves of the B”. Consider now Y7, a vector field
generated by this Hamiltonian S'-action with constant period 2wk. Complete
Y] to a basis Y], Y5 of Hamiltonian vector fields tangent to the leaves of F.
Observe that Y5 cannot be periodic because the leaves of F N B are cilinders.
Using lemma 4.4.2, the vector field X; can be expressed as X; = Xy, —ho Xy,
for a basic function hsy. As a consequence, the vector field X; is parallel with
respect to V and therefore we can write X; = a1Y; + Y5 for basic functions
a1 and ag. Since X7 and Y] have periodic orbits but Y5 does not, as has to
vanish. Now as X; = a1Y7, the period of X; has to be % But the period
of X is 2m, so ay; = k and therefore, X; is Hamiltonian on B. Finally, X,
is Hamiltonian on B yields d(ix,ws) = 0 on B. This implies that %hg and
%hz vanish on B and hence, using the density of the set B, they vanish
everywhere. So hy does not depend on the variables z; and y;. But since
iX,W2)(0,0,22,5) = 0, the function hy vanishes. And in the end, the condition

Ix,Wy = —dfy is met.

This ends the second proof of proposition 4.5.1.
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4.6 A special Hamiltonian for the completely hy-
perbolic cases

It remains to prove an equivalent proposition for the hyperbolic-hyperbolic case. In
the hyperbolic-hyperbolic case we do not have a privileged S'-action. This means

that to reach a similar result we need to apply our Moser type lemma again.

Proposition 4.6.1 Let F be a foliation of hyperbolic-hyperbolic type. Let X; be
the vector field X, = 551% + yla%l belonging to F. Under the assumptions of
lemma 4.4.2, there exists an equivalent symplectic form ws for which we have:
ixlwg == _dfl

Proof:

Since Wy is locally exact, we can write:

Wy = dl’l N dy1 + d(Aldxl + Bldyl + AQde’Q + BQdyQ).
Using lemma 4.4.2,
ix, w2 = —dfy + hadfs.

This yields dq)y(Aidz, + Bidy,) = 0 and therefore, Aydx; + Bidy, = day(g1) for a
certain differentiable function. And collecting the coefficients of the terms dzs and

dys as it was seen in the first proof of 4.5.1, we can write
52 == dml AN dyl + d(ngfEQ + ngyg)

for certain smooth functions C'y and Ds.

Now, we compute the contraction ¢x,ws again with this expression to get:

ix,we = —dfs + X1(Cs)dzy + X1 (D2)dys.

After making a change of coordinates in such a way that f; = x1y; and fy, =

222, the Lagrangian condition implies,
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X1(Cy) = ha(y)
X1(Dy) = ho(wy)

Let us use the first equation, for instance, to draw conclusions about the
(x1,y1)-jets of the function hsy along {(0,0, 2, y2)}.

As observed in the proof of 2.2.2) the (z1,y;)-Taylor expand of the function
X1(C2) along {(0,0,22,y2)} has the form 3, cijxiyl where ¢;; are smooth func-
tions in the variables (z3, y2). Therefore the funtion hy has a (x1, y; )-Taylor expand
of the form ), oy hijxﬁy{ for certain differentiable h;;.

But, since the function hs is basic, X;(hs) = 0. This implies that hy is (z1,y1)-
flat along {(0,0, z2,y2)}. Now we apply 2.2.2 to ensure that there exists a smooth
h such that hy = X;(h).

So far,

ix,wy = —df + (X1(h))df.

Finally, we can apply lemma 4.3.1 with the basic 1-form a = hdf; to obtain a

new symplectic form ws, equivalent to wy for which,

iX1w3 = _dfl

This ends the proof of the proposition.

4.7 Two symplectic orthogonal distributions and

symplectic linearization

For the sake of simplicity, let us unify the notation in all the cases and denote W

the symplectic form equivalent to the initial w for which X; is Hamiltonian with
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Hamiltonian function f;. Once reached this point, we are close to the symplectic

orthogonal decomposition. Let us proof the following lemma before:

Lemma 4.7.1 The distribution Dy =< X,Y > defined by the relations:
in = d[L'1

iyw = dyl

s C*°, symplectic in a neighbourhood of p and involutive everywhere.

Proof: First of all, since @ is symplectic and the forms dx; and dy; are differen-
tiable and independent, the distribution D; is clearly C*> and regular. Now let us
prove that this distribution is symplectic. Observe that this distribution is sym-
D 9 defined in lemma 4.4.1.
Oz’ Oy2

Since Ds is symplectic in a neighbourhood of p (lemma 4.4.1), the distribution D,

plectically orthogonal to the distribution Dy =<

is also symplectic in a neighbourhood of p. Now let us see that this distribution is
involutive. We have to check that [X,Y] € D;,VX,Y € D;. In fact, it is enough
to prove that [X,Y] € D for vector fields which are independent on a dense set

in the neighbourhood considered. So we can take X = X;. By Leibnitz’s rule:

I BN, B o . )
L, (@(Y, 5) = Ly @)Y, 5) + DL Yo 50 + 3V L ()

Now if we take any Y € D; then the left hand side of the equality above equals
zero. As for the right hand side: The first term is zero because X, is Hamiltonian

and, in particular, it is symplectic; the third term vanishes because Ly, ( 8872) = 0.
0

Oxa

) = 0. In the same way, we prove that W(Lx, Y, -2) = 0

So we are led to W(Lx,Y, s

and therefore the distribution is involutive.

OJ

Now let us use the distribution above to prove Theorem 4.2.1. We recall the

precise statement of Theorem 4.2.1.
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Theorem 4.2.1(Symplectically orthogonal decomposition)
Let w be a symplectic germ for which F is generically Lagrangian. Then there
exrists a symplectic germ W equivalent to w and there exist two symplectic distribu-

tions Dy and D, such that:

1. Dy and Dy are involutive and symplectically orthogonal with respect to w.

2. Xl,el € D1 and X2762 € DQ.

Proof of Theorem 4.2.1: Consider D; the distribution defined in the above
lemma. Observe that propositions 4.5.1 and 4.6.1 prove that this distribution con-

tains the vector field X in the elliptic-elliptic, elliptic-hyperbolic and hyperbolic-

0 0

hyperbolic cases. On the other hand, we consider the distribution Dy =< 53’ By

>,

this distribution contains the vector field Xs. The distribution D, is symplectic

due to lemma 4.4.1 and trivially involutive. The distribution D; is symplectically

orthogonal to Dy by construction. This ends up proving Theorem 4.2.1 in all the
cases.

OJ

Next step, we use the symplectic orthogonal decomposition to prove that there

is just one symplectic germ making the foliation F into a Lagrangian foliation.

For the sake of clarity, we recall the precise statement of Theorem 4.2.2:
Theorem 4.2.2

Let w be a symplectic germ at p for which F is generically Lagrangian then w

15 equivalent to wy = dxy N\ dyy + daxg A dys.

Proof:
Firstly, by virtue of Theorem 4.2.1 there exist symplectically orthogonal dis-

tributions D; and D, containing X; and Xs, respectively. Since these regular
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distributions are involutive, there are regular foliations F; and F, integrating
D, and D, respectively. Furthermore, Frobenius Theorem provides new coordi-
nates (Z1,7;, T2, 7y) in a neighbourhood of p such that the leaves of F; are Ly, =
{(%1,7y,b1,b2),b1,b2 € R} and the leaves of F, are Lo, = {(a1,as,T2,7s,), a1, a2 €
R}.

Since Dy and Dy are symplectically ortogonal and since diws = 0, in these new

coordinates the symplectic form can be written as:

Ty = A(T1,7,)dT) A dF, + B(Ta, §5)dTy A dfs.

Since X; belongs to D; and X5 belongs to Dy it remains to apply the known
results of symplectic uniqueness in dimension 2 (theorem 2.3.1 in section 2) in the
(Z1,7, )-coordinates and in the (T2, 7y, )-coordinates separately.

More exactly, let us recall this results in dimension 2 and then we perform a

composition of symplectomorphisms.

Theorem 2.3.1

Let (M?,w;) be a 2-dimensional symplectic manifold endowed with coordinates
(z,y) and let F be a singular Lagrangian foliation with an elliptic or hyperbolic
singularity at the origin (0,0), then there exists a local diffeomorphism ¢ preserving

F such that ¢*(dz N dy) = w.

Let ¢1 and ¢y be the diffeomorphisms provided by the above theorem, attached
to Dy and D, respectively.

We define a local diffeomorphism

gb(fl?yl?f%y?) = (¢1(fl7y1)7 ¢2(527y2))'

This diffeomorphism preserves the foliation F and satisfies that

d)*(dl'l A dy1 + dﬂi‘g A\ dyg) = Wo.



Chapter 5

Higher dimensions

The aim of this chapter is to give a general result for symplectic linearization in
arbitrary dimension and for foliations defined by completely integrable systems in
a neighbourhood of a rank k-orbit of the system. In the preceeding chapter we
set a precedent for induction. The idea of the proof relies on an inductive process
and the symplectic orthogonal decomposition. Those tecniques were thoroughly
studied in the last chapter. Most of the lemmas contained in this chapter will be
claimed without proof. In fact, they are the higher dimensional counterparts to the
lemmas contained in chapter 4. That is why we omit their proofs understanding
that the dimension makes no difference in that matter.

The chapter is organized as follows: In the first section we study the rank 0-
foliations and we prove the symplectic uniqueness for those foliations in the case
there are no focus-focus components. In the second section we pose the problem
for rank k-foliations and we prove that the linear foliation in the covering is sym-
plectically linearizable. We do it by defining a splitting of the regular and singular
parts. The splitting is again a symplectic orthogonal decomposition. For the re-
gular part, we apply the classical Liouville-Mineur-Arnold theorem and we apply
the result of symplectic uniqueness established in the first section for the singular

part.

81
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5.1 Rank 0 foliations in any dimension

In this section we deal with the rank 0 case. That is assume that F is the linear
foliation defined by F =< Xj,..., X, > where the vector fields are the linear
vector fields introduced in the first chapter.

This foliation is a linear foliation on M?" with a rank 0 singularity at the origin
p. Assume that the Williamson type of the singularity is (ke, ks, kr). Recall that
the foliation is then generated by the following vector fields,

Xi = ~Yige + iz for 1<i <k,

Xi:yia%i—i—xi% for ke +1<i<k.+ky,,
Y - R - B _0
X, = x; gy~ Yitlgy — Titlag, + y; Do and

X,L+1:—,’L‘Zaixl—i—yzaiyl—.ﬁprl%—f—yprlﬁil fOI' Z:ke+kh+2j—1, 1§]§]€f

We want to prove the following theorem,

Theorem 5.1.1 Let w be a symplectic form defined in a neighbourhood of the
origin for which F is Lagrangian, then there exists a local diffeomorphism ¢ :
(U,p) — (¢(U),p) such that ¢ preserves the foliation and ¢*(>_, dz; A\ dy;) = w,
being x;,y; local coordinates on (p(U),p).

Remarks

Observe that this theorem has already been proved in dimension 2 in chapter
2 and in dimension four in chapter 4. So we propose here to prove it by induction.
Before starting the induction process we claim the following two lemmas (we omit
the proof) which are the higher dimensional analogues of lemmas 4.3.2 and 4.3.1,
respectively. We include the proof here just in the case that the Williamson type
is (ke, kn, 0).

Lemma 5.1.2 There ezists C®-functions h?, Vi, j € {1,n} such that
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ixw =Y hidf;
j=1

The following lemma is a foliation-preserving version of the Moser path method

in the general case.

Lemma 5.1.3 Let a be an F-basic 1-form and let wy be a symplectic germ for

which F is Lagrangian. Then:

1. The 2-form wy = wy; — da is a symplectic structure in a neighbourhood of p

and makes the foliation Lagrangian.

2. There is a diffeomorphism n between two neighbourhoods of p preserving F

and such that n*(w) = wp.

We will also need the following lemma. We already proved this lemma in any

dimension in the previous chapter.

Lemma 4.3.3
The following equality holds

LXi’inw = LinXiw, \V/Z,j € {1,71}

Now we can start the proof of the theorem.

Proof of theorem 5.1.1
We prove it by induction on n. Recall that dim M = 2n.

e Case n = 1. This is nothing but the symplectic linearization result (theorem

2.3.1) in dimension 2 which is contained in chapter 2.
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e Now let us assume that the theorem holds for » < n —1 let us prove that the
result is true for » = n. Observe that when we pass from n— 1 to n we attach
a component of the foliation which can be elliptic or hyperbolic. In the case
we attach an elliptic or hyperbolic component we are adding a vector field

(generically independent from the others) to the distribution.

So we need to make out the following cases

1. Attaching an elliptic component.

According to lemma 5.1.2 we can write,

ixw=Y_ hidfs, Vi<n

k=1
On the other hand for each function A} we can apply the decomposition

of proposition 2.2.1 in page 23 (chapter 2) to write,

Z - E: + XH(HI?)7 XH(EZ) =0,

for convenient differentiable functions. Now consider the 1-form o =
> r_y Hidfy. We can apply lemma 5.1.3 with this 1-form and w will be
equivalent to W = w — da.

Now we compute ix,w = ix,w — ix,do. We can compute the second
term in the right hand side of the equality using Cartan’s formula to

obtain,

ix,do = Ly, o —dix,a =Y X,(Hp)df

k=1
where in the last equality we have used the fact that the 1-form is

F-basic.

In the end this yields,
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ix,0 = v, Xn(hy) = 0.

For the sake of simplicity we will keep the notation A} instead of EZ
bearing in mind that we can assume that X, (h}) = 0. Observe that

formula 5.1 Lx,ix,w = Lx;ix,w of lemma 4.3.3 yields the relations,

X,(h) = Xi(h).  Vij.k (5.1.1)

After taking ¢ = n in the relation above and applying Ly, both sides
we obtain,

Xo(hi) =0

now since X, is a periodic vector field we can reproduce the arguments
exposed in the first proof of proposition 4.5.1 in page 69 to obtain
X,.(hl) = 0, now going back to equation 5.1.1 we get,

Next step, we normalize in the (z,,y,)-direction, that is to say as we
did in the proof of 2.3.3 in page 34 first we consider the smooth solution

of the differential equation

d
5 A'n,; An : - h'ﬂ ) A'rl7 An )
L ) ) = K2 50)
where u = 22 + y2, 2, = (v1,...,7p_1) and 9, = (y1,...,Yn_1) and

then we define the foliation preserving diffeomorphism

gb(j:Tw g?ﬁ Tn, yn> = (‘%na gn? 1/J * L, ¢ ' yn)

This diffeomorphism takes the symplectic form to a new symplectic

form w; such that,
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n—1
ix, 01 =Y hydfy — dfn,  X(hy) =0. (5.1.2)
k=1

Taking into account the expression above and since w; is locally exact,

we can write:

@1 = day Adyy +d(>_(Apday, + Brdyy).

k<n

We use the notation by d1y(h) = %dmn + (%;dyn and dp)(h) =
Y ken %dmk + a%dyk with dy (D4, (Ardry + Bidyy)) = 0 and there-
fore, 3., (Ardzy + Brdyy) = d(1)(gn) for a certain differentiable func-

tion. After gathering coefficients conveniently this yields,

W = dx, N\dy, + d(Z(A_kdxk + Bidy)),

k<n
for certain smooth functions A, and Bj.

Now, we compute the contraction iy,w; again with this expression to

get:

ix, @1 = —dfn + Y (Xn(Ap)dry + X, (Br)dys).

k<n

Comparing this expression with equation 5.1.3 we obtain,

Xn(Ar) = hi(x)
Xo(Be) = exhi(yr)

for any k, where ¢, = 1 if the function fj is elliptic and ¢, = —1 for an

hyperbolic function f.

Since X, (h}) =0, we can apply Ly, to these relations to obtain,

XZ2(A,) =0, XZ(By) =0,
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again since X, is periodic these relations yield,

proving so far

z‘anl = —dfn

In order to finish the proof it remains to define a symplectically ortho-

gonal decomposition and apply the induction hypothesis.

As we did in chapter 4 we use the lemma,

Lemma 5.1.4 The distribution D1 =< X,Y > defined by the rela-
tions:

ixwl = d[L‘n
lyWw) = dyn

is C*°, symplectic in a neighbourhood of the origin and involutive everyw-

here.

The proof can be treated along the same lines that is why we omit it.

This lemma allows us to talk about symplectically orthogonal decom-
position. Notice that from the definition the 2-dimensional distribution
D; is symplectically orthogonal to the 2(n —2) dimensional distribution
Dy generated by the vector fields % and %, for k # n. Both distribu-
tions are involutive. The integral submanifolds M, integrating the first
one are symplectic whereas the integral submanifolds N, integrating
the second distribution are symplectic because they are symplectically

orthogonal to the former.

These two orthogonal distributions provide coordinates 7;, 7;. Such that

the symplectic form may be expressed as w; = wy +wy, where w; defines
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a symplectic 2-form on T},(M,) for each p € M, and, in the same way,
wsy defines a symplectic 2-form on 7),(V,) for each p € N... The condition
dw, = 0 implies that w; depends only on the 7,7, variables and w,

depends only on the Ty, 7, variables (for k # n).

Observe that (M.,w;) is a 2-dimensional manifold endowed with the
foliation F; defined by X,. In the same way, (N, ws) is a 2(n — 1)-
dimensional manifold endowed with the foliation F, generated by Xj

for k # n.

The lagrangian condition imposed on the initial foliation F implies the
Lagrangian condition for F; and JF5. So we may apply the hypothesis for
induction to the symplectic submanifolds N, and M, to define foliation
preserving diffeomorphisms ¢; and ¢, for which ¢*(w) = dz,, Ady,, and
¢ (wa) = D peyy dg, A dyy,.

Finally define ¢ = (¢1, ¢2) to get the desired foliation preserving diffeo-

morphism.

. Attaching an hyperbolic component.

The proof follows the guidelines of the elliptic case with some differen-

ces. Let us point them out.

First, using lemma 2.2.2 in page 26 and lemma 5.1.3 we can assume

that,

As we observed in the proof for completely hyperbolic case in chapter

4, this implies

X2(ht) =0, Vik
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Since X, is a vector field corresponding to an hyperbolic singularity,
this does not imply necessarily that X, (h;) = 0. It remains to apply
Moser again exactly as we did on chapter 4 to obtain X, (h%) =0, Vi.
As a consequence of the commutation relations this yields X;(h}) = 0
, Vi, k and then we can proceed to normalization. That is to say we

consider the foliation preserving diffeomorphism

st(jfm gm L,y yn) = (jm gm ¢ * T,y ¢ : yn)‘

where 1) is the smooth solution of the differential equation

d . e oA
@(@DQ(U, T, yn) : u) = hn<u7xn7yn)7

and u = 22 —y2 %, = (v1,...,7,_1) and ¥, = (y1,...,yn_1) This
diffeomorphims takes the symplectic form to a new symplectic form @,

such that,

1
ix, 01 =Y hpdfy —dfn, X,(h,)=0. (5.1.3)

1

3
I

B
Il

Now in view of this expression and following the same arguments as in

the elliptic case, the symplectic form can be written,

w1 =dx, N\ dy, + d(Z(A_kdxk + Bydyy)),

k<n

for certain smooth functions A, and Bj,.

The contraction 7y, w; reads,

k<n
From here and the Lagrangian condition we can write
Ap) = ()

Xn( k
n(Br) = EkhZ(ykz)’

X,.(B
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for any k, where ¢, = 1 if the function f; is elliptic and ¢, = —1 for an

hyperbolic function f.

Since X,,(h}) =0, we can apply Ly, to these relations to obtain,
X2(A,) =0, XZ2(By) =0,

from this expressions we can draw conclusions about the (x,,y,)-jet
of the function along the subspace z, = 0,y, = 0 and then apply
Moser again as we did in the proof for the completely hyperbolic case
in chapter 4. Then we will be taken to a new symplectic form and for

new coefficients A; and By, for which

proving so far

ix, w1 = —dfy.

From this moment on, we can define the symplectically orthogonal de-
composition as we did in the proof of the elliptic case and follow the

same proof which takes the initial symplectic form to the standard one.

Remark

This theorem was proved with all the details by Eliasson just in the
completely elliptic case. Here we have included a different proof for fo-
liations of Williamson type (ke, kp,0). We have not include here the
more general case ky # 0. But let us add a few words about this case,
when k¢ # 0 we can prove the theorem using induction as well. Observe
that when we attach a focus-focus component we are adding two vector
fields to the distribution. One of this vector fields X,,_; is periodic. For

this vector field, we can obtain a decomposition as the one obtained in
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chapter 2 proposition 2.2.1, page 23. Then using Moser and tecniques
similar to the elliptic case we can prove that X,,_; is a Hamiltonian
vector field with hamiltonian function f, ;. This enables to define a
symplectic distribution which obviously contains X,,_;. Since this dis-
tribution is symplectically orthogonal to the distribution generated by
%, % k # n, k # n — 1. This distribution also contains X,,. Once re-
ached this point, we have an orthogonal symplectic decomposition and

we can apply the induction hypothesis exactly as we did in the other

cases.
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5.2 Rank k foliations in any dimension

The goal of this section is to give a symplectic uniqueness result in the neighbour-
hood of an orbit for the linearized foliation. This result is contained in the joint
paper [48] with Nguyen Tien Zung. We provide a different proof here. Recall that
the foliation is given by the vector fields,

V=2, 1<i<k

00;°
o 0 0
Xi——yia_m‘i‘afia_w
for1 <i<k,.,

_ 0 0 0 )
Xi = iz = Yit1g,, = Tivig, T Vig, ; and

Xi+1:_xi%+yi%_$i+lﬁ+yi+lﬁ+l for i=ke+kn+2j—-1, 1<75<Fk

We denote this foliation by F. We want to prove the following theorem,

Theorem 5.2.1 Let w and wy two symplectic forms in a neighbourhood of a sin-

gular orbit for which the foliation F is Lagrangian then w and wy are equivalent.
Remarks:

e Taking into account the notion of equivalence, we could also state this theo-

rem in the following way,

Theorem 5.2.2 Let w be a symplectic form defined in a neighbourhood of a

singular orbit L, then there exists coordinates (01, ...,0k,p1,. .., Dk, T1,Y1,

s Tpks Yn—k), G diffeomorphism ¢ in a neighbourhood of L preserving the

foliation F such that

k n—k
¢ (D dpi Ad; + > dr; Ady;) = w.
=1 i=1
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e The idea of the proof is to define an splitting at each point of the symplectic
manifold into two symplectic manifolds M, and N, which are symplectically
orthogonal and such that the regular distribution ( generated by the vector
fields Y;) is tangent to M, and the singular distribution ( generated by the
vector fields X;) is tangent to IN,,.

Proof of theorem 5.2.1:

Let w be a symplectic form for which F is Lagrangian. In order to define the
symplectic orthogonal decomposition we need to prove the existence of a Hamil-
tonian T* action tangent to the leaves of the foliation. In section 3, proposition
4.5.2 in page 75 we proved the existence of a Hamiltonian S!-action tangent to the
leaves of the foliation using Moser path method and the Lagrangian condition.

[terating this procedure and using 5.1.3 we have the following proposition, we
omit the proof because it is a straightforward generalization of proposition 4.5.2.

Let us introduce the following simplifying notation,

9:<017"'70k>7p: (pla"'apk) x:('xla"'axnfk‘) andy:(ylw"aynfk)

Proposition 5.2.1 There is a Hamiltonian T*-action tangent to the foliation.
In fact, there exist coordinates (6,p,x,y) in a neighbourhood of L such that w =
d(ZlepidGi + S C(p,z,y)dz + D(p,x,y)dy) and the Hamiltonian T*-action is

performed by translations with respect to 0;, for 1 <i <k.
Under these conditions we can prove the following lemma,

Lemma 5.2.3 The distribution D =< Zy,T},...,Zy, Ty, > defined by the rela-

tions:

iz,w = dp;
iTiw = d@l

is C*, symplectic in a neighbourhood of L and involutive everywhere.
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Proof:

Clearly this distribution is smooth and regular. First we prove that the dis-
tribution is symplectic. From the definition, this distribution is the symplectic
orthogonal to the distribution D’ generated by %, (%i forl1 <i<n—k If we
prove that D’ is symplectic in a neighbourhood of the orbit L then we will be done.

In order to check that D’ is symplectic we use the same strategy as in the
proof of lemma 4.4.1 in page 67. From the Lagrangian conditions at any point
in p in a neighbourhood of L the following relations are fulfilled, w(Y;, X;) = 0,
w(Y;,Y;) =0 and w(X;, X;) = 0.

Now along L the coordinates x; and y; vanish so in the absence of focus-focus

components, the relations above read,

w(%,%)mzo, g€ L
w(%,%)qzo, qe L
w(%,aiyj)q:(), g€ L
w(%,%)mzo, qgelL
w(a%’a%j)'q:o’ qge L
W(%,%)m:@ i#j q€lL

Following the same arguments as in proposition 4.4.1 these relations imply
that D’ is symplectic and therefore its symplectic orthogonal distribution D is also
symplectic. In the case there are focus-focus components the last relation changes
for j = i+ 1 in a focus-focus pair f;, f;+1 and following similar arguments we

conclude that D’ is also symplectic.
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In order to see that the distribution is involutive observe first that the vector
fields Z; coincide with the vector fields Y; = 0%_. Therefore, [Z;, Z;] = 0. On the
other hand according to proposition 5.2.1 the coefficients of the symplectic form
do not depend on the angular coordinates 6;. From here, [Z;,T;] = 0 because of
the expression of the symplectic form obtained in Proposition 5.2.1.

It remains to check that [T}, 7] = 0.

We use the formula,

’L[Ti’Tj]w = LTiszw — ’LTjLTia}. *

The second term vanishes because from the definition of T} the vector field T} is
locally Hamiltonian. As for the first term, applying the definition of 7}, we obtain

the following chain of equalities,

LTiz'Tjw = LTide - d(T’l(ej)) = 07

where in the last equality we have used again the explicit expression of w in pro-
position 5.2.1.

Now going back to * we obtain,

i, yw = 0

Finally this yields [T}, 7] = 0 and the distribution is involutive. This ends the
proof of the lemma. O

Once this key lemma has been proved we are already done. Because we have
two symplectic orthogonal distributions D and D'.

Now through each point p in L there are two symplectic submanifolds, sym-
plectically orthogonal to each other, M, and N, integrating D and D’ respectively.
Observe that the distribution generated by the singular vector fields X is tangent
to M, thus defining a foliation tangent to M,. We call this foliation F;. In the

same way, the distribution generated by the regular vector fields Y; is tangent to
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N, thus defining a foliation tangent to IV,. We call this foliation F5. Note, as well,
that the Lagrangian condition imposed on F implies that the foliations F; and F
are Lagrangian with respect to the symplectic forms w; and ws induced by restric-
tion of w to M, and N, respectively. Further, since M,, and N,, are symplectically

orthogonal to each other we may write,

W= wi + wsy.

Let us have a look at the expression of w in local coordinates. Frobenius theo-
rem provides coordinates (@1, 01Dy DR T T - - s Tp—k, Up_p) 0 & neigh-
bourhood of p such that (6y,...,0k, Py, .., D) are coordinates in N, and

(T1,Yy - - - s Tn—k» Yp_) are coordinates in M,. The condition dw = 0 implies that
the coefficient functions of wy just depend on Z; and ¥y, and that the coefficient
functions of w, just depend on p; and 6;.

Once reached this point, we can apply theorem 5.1.1 to the pair (M,,w;) and
there exists a diffeomorphims ¢ preserving the foliation F; and coordinates (z;, ;)
such that ¢* (>, dx; A dy;) = wi. We can apply Liouville-Mineur-Arnold theorem
to the pair (NV,,ws) to obtain a diffecomorphims ¢, preserving the foliation F, and
coordinates (p;, 6;) such that ¢*(>, dp; Adb;) = w,. Observe that these coordinates
can be extended to a whole neighbourhood of the orbit using the flow of the vector
fields Y; which are symplectomorphisms.

Finally the desired preserving foliation diffeomorphism is ¢ = (¢1, ¢2).

This ends the proof of theorem 5.2.1.
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Equivariant linearization and

symplectic equivalence

6.1 Introduction

In the previous chapters we have attained the symplectic linearization of the folia-
tion F in a finite normal covering U (L) of the initial neighbourhood of the orbit
L.

As we observed in the first chapter, the group I of deck transformation attached
to the covering preserves the symplectic structure and the fibration given by the
mapping F = (f1,..., f.). Therefore, in order to prove the symplectic equivalence
in the initial neighbourhood of the orbit we have to check that the symplectomorp-
hism which provides the linearization result in the covering can be chosen to be
I'-equivariant.

We can pose the problem in the following terms,

Denote by « the initial symplectic action of the group I' in the covering U/'(\/L)

and we denote by w the symplectic form in the covering. This action preserves

the fibration given by F. Let ¢ : U(L) — ¢(U(L)) be the symplectomorphism

attained in the previous chapter. This symplectomorphism preserves the foliation

97
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F and satisfies (¢*) Y (w) = wo, being wy = Zle dp; N db; + Z?;lk dz; A dy;.

Then the initial action a of I' becomes an action p on ¢([7(\/L)) preserving wy
and the fibration given by F = (f1,..., f,.).

Summing up, if we prove that the I'-equivariant equivalence taking the initial
action to a linear action can be attained in the linear model with the symplectic
structure wg = Zle dp; N\ df; + Z?:_lk dx; A dy;, then we will be done.

Observe that the twisting group I' is a finite group. So it would be sufficient to
prove that the I'-equivariance holds for finite groups.

We will prove a more general theorem which will yield the desired result as a
corollary.

The general result that we prove provides an equivariant version of the sym-
plectic linearization. In other words, we will assume that there exists a symplectic
action of a compact Lie group in a neighbourhood of L preserving F = (f1,..., f,)
and we will show that the symplectic linearization can be carried out in an equi-
variant way.

As a consequence of this result we end up proving the symplectic linearization
result in the original neighbourhood of the orbit.

Another byproduct of the proof of this theorem is that if the action is effective
then the group G fulfilling all the above-mentioned hypotheses has to be abelian.

As a matter of fact, the equivariant symplectic linearization result turns out
to have interest by itself. It follows the general philosophy of the large list of
linearization results for compact group actions preserving additional structures.
From our point of view, the first one in this long list is the one for fixed points due

to Bochner. Let us state Bochner’s linearization theorem.

Theorem 6.1.1 (Bochner)

Let a be a smooth action of a compact group G on a manifold M and let
xog € M be a fized point for the action, i.e a(g, xo) = xo, Vg € G. Denote by a; the
differential at xo of the diffeomorphism oy : M — M induced by «. Then there
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exists a G-invariant neighbourhood U of xy and a diffeomorphism ¢ from U onto

an open neighbourhood V' of the origin 0 in T, M, such that,

¢(x9) =0, dyp=1d

and

¢oag:aé1)o¢, Vge G, xzeU

The orbit-like version of this theorem was given by Koszul [35]. This theorem
has been known in the literature as the slice theorem. It guarantees that for any
smooth action of a compact Lie group on a manifold M there exists a slice S
through every point x € M. Furthermore one can choose coordinates on S so that
S is an open invariant disk in a vector space upon which the isotropy group acts

linearly. Namely,

Theorem 6.1.2 (Koszul)

Let G be a compact connected Lie group acting on a manifold M and let x € M
be a point. A neighbourhood of the orbit G-z through the point x, is G-equivariantly
diffeomorphic to a meighbourhood of the zero section of the homogeneous vector
bundle G xg, W where W = T,(M)/T,(G - x) and where the action of G, on W

1s linear.

An extension of this theorem to proper actions of groups was provided by R.
Palais [50], [49].
Another G-equivariant result concerning also symplectic forms is the G-equivariant

Darboux theorem. We state it below,

Theorem 6.1.3 Let G be a compact Lie group acting smoothly on a manifold M,
let Y be a G-invariant compact submanifold of M, and let w1 and ws be two G-

invariant symplectic forms on M such that wy, = wy, for all p € Y. Then there
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exists a G-invariant neighbourhood U of Y and a G-equivariant diffeomorphism
f of U onto another G-invariant neighbourhood of Y such that f(y) = y for all
y €Y and f*(w) = wp.

The first two theorems can be considered as linearization theorems for actions of
compact Lie groups whereas the last theorem is also concerned with an additional
geometrical structure (the symplectic form).

In this spirit we will prove similar linearization theorems in the neighbourhood
of a point and in the neighbourhood of an orbit under the more constraining con-
dition that the diffeomorphism preserves the map F and the symplectic structure.

This chapter is organized as follows: in the first section we introduce the notion
of the linear action on the linear model. In the second section we study the case of
a fixed point and we prove that the action can be linearized. As a by-product, we
prove that the group of symplectomorphisms preserving the system is abelian. In
the third section we prove the G-linearization in the neighbourhood of an orbit. As
a corollary we obtain the symplectic equivalence in a neighbourhood of an orbit,
this result is included in the last section.

Throughout the chapter there will be two different concepts that show up.
The concept of foliation preserving symplectomorphism and the concept of system
preserving diffeomorphism. They are slightly different concepts. Let us point out
the difference in advance.

When we say that a symplectomorphism is foliation preserving we mean that
it preserves the foliation. That is, it sends leaves to to leaves. When we refer to a
system preserving diffeomorphism we mean that the diffeomorphism preserves the
symplectic form considered and F. In particular, a system preserving diffeomorp-
hism is foliation preserving.

The results contained in this section have been obtained jointly with Nguyen
Tien Zung. The proofs provided here (with the only exception of the proof of the

linearization theorem in the neighbourhood of an orbit and the parametric version
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of theorem 6.3.2 and theorem 6.3.4 (corollaries 6.3.3 and 6.3.5)) are contained in
the joint paper [48].

6.2 The linear action on the linear model

We are going to introduce the notion of linear action on the linear model associated
to the orbit L for a given symplectic action preserving the system. Later, we will
see that the invariants associated to the linear model are the Williamson type of
the orbit and a twisting group I' attached to it.

We recall the notion of linear model. Denote by (p1, ..., px) a linear coordinate
system of a small ball D¥ of dimension k, (6;(modl),...,0;(modl)) a standard
periodic coordinate system of the torus T*, and (z1,¥1, ..., Tn_k, Yn_k) @ linear
coordinate system of a small ball D2®=%) of dimension 2(n — k). Consider the
manifold

V = DF x TF x D=k (6.2.1)

with the standard symplectic form wy = ) dp; Adb;+ > dxjAdy;, and the following

moment map:

F:(p177pk7fk+177fn> VHR” (622)

where

firr =22 +y? for 1<i<k,

ik = a0y for ke +1<i<k.+kp,,

i ’ " (6.2.3)
fitk = TiYiy1 — Tip1y; and

fitht1 = XY + Tig1Yipr for i =k +ky+2j -1, 1 <j<ky

For the sake of simplicity we will denote by p the mapping whose components are
the k regular first integrals p; and h will stand for the mapping whose components
are the singular first integrals f;, ¢ > k; following this convention we will write

F = (p,h). Let " be a group with a symplectic action p(I') on V', which preserves
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the moment map F. We will say that the action of I' on V' is linear if it satisfies

the following property:

' acts on the product V.= DF x TF x D*™=%) componentwise; the action of T
on D* is trivial, its action on T* is by translations (with respect to the coordinate
system (01, ...,0;) ), and its action on D*™=%) is linear with respect to the coordinate

system (T1,Y1, -, Tk Yn—k)-

Suppose now that I' is a finite group with a free symplectic action p(I') on
V', which preserves the moment map and which is linear. Then we can form the
quotient symplectic manifold V/I', with an integrable system on it given by the

induced moment map as above:

F = (p1, ., Pk, fryts ooy fu) 1 V/I = R" (6.2.4)

The set {p; = x; = y; = 0} C V/T"is a compact orbit of Williamson type (k., ky, k)
of the above system. We will call the above system on V/I', together with its
associated singular Lagrangian foliation, the linear system (or linear model) of
Williamson type (ke, k¢, k) and twisting group I' (or more precisely, twisting action
p(I')). We will also say that it is a direct model if I is trivial, and a twisted model

if T is nontrivial.

A symplectic action of a compact group G on V/T" which preserves the moment
map (p1, -, Pk, fra1, -, Jn) Will be called linear if it comes from a linear symplectic
action of G on V which commutes with the action of I'. In our case, let G’ denote the
group of linear symplectic maps which preserve the moment map then this group
is abelian and therefore this last condition is automatically satisfied. In fact G’ is
isomorphic to T x G; X G5 X G3 being (G; the direct product of k. special orthogonal
groups SO(2,R), G5 the direct product of kj, components of type SO(1,1,R) and
('3 the direct product of ky components of type R x SO(2,R), respectively.
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6.3 G-linearization for rank 0 foliations

In this section we consider the action of a compact Lie group on the linear model
corresponding to a rank 0 point of Williamson type (ke, ki, kr). We assume that
this action preserves the symplectic form and the mapping F = (fi,..., f,) where
fi are of elliptic, hyperbolic or focus-focus type as specified in the section above
(formula 6.2.3). We prove that the action can be linearized in a foliation preserving
way. We will also provide the analytic version of the theorem.

The proof of this linearization theorem resembles very much the proof of Bo-
chner’s linearization theorem. We will use the averaging method. Nevertheless, we
have to make sure that the linearization can be carried out using symplectomorp-
hisms and that all the symplectomorphisms preserve the Lagrangian foliation. In
order to do that, we will often consider flows of Hamiltonian vector fields which
are tangent to the foliation.

Let us fix some notation that we will use throughout the chapter. The vector
field Xg will stand for a Hamiltonian vector field with associated Hamiltonian
function W. We will denote by ¢%, the time-s-map of the vector field X;. Let ¢
be a local diffeomorphism 1 : (R**,0) — (R?",0). In the sequel, we will denote by
¢ the linear part of 1 at 0. That is to say, v (z) = doto(z).

In this section we will linearize the action of G using the averaging met-
hod and a theorem about local automorphisms of the linear integrable system
(R2", 3% dxi A dy;, h).

First we recall this well-known sublemma (sublemma 4.5.1) of chapter 4.

Sublemma 6.3.1 Let Xg, and Xg, be two Hamiltonian vector fields tangent to
F. Denote by ngfXGl and ngXGZ the time-s-map of Xg, and X¢, respectively. Then

¢SXG1 +XG2 = gbifcl © gbi(GQ'

Now we can state and prove the following theorem,
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Theorem 6.3.2 Suppose that 1) : (R**,0) — (R?",0) is a local symplectic diffeo-
morphism of R?" which preserves the quadratic moment map h. Then the linear
part Y is also a system-preserving symplectomorphism, and there is a unique
local smooth function ¥ : (R?",0) — R wvanishing at 0 which is a first integral for
the linear system given by h and such that ¥ o =" is the time-1 map of the
Hamiltonian vector field Xy of V. If 1 is real analytic then V is also real analytic.
If ¢ depends smoothly (resp analytically) on parameters so does V.

Proof
We are going to construct a path connecting ¢ to ¢! contained in G = {¢:
(R*™ 0) — (R?",0), such that ¢*(w) =w, ho¢=h}. Given a function ¢ € G,

we consider

SOREEE

being g; the homothecy g;(x1,...,x,) = t(x1, ..., x,).

Observe that in case 1 is smooth, this mapping Sf’ is smooth and depends
smoothly on t. In case v is real analytic, the corresponding Szp is also real analytic
and depends analytically on ¢. If 1) depends smoothly or analytically on parameters
so does S} .

First let us check that ho S = h when t # 0. We do it component-wise.

Let x = (21,...,x,) and let f; be one of the components of h, then

fio (@)@) _ (f5 O¢t§ g9:)(x) _ i Otgt(x) = fi(z)
where in the first and the last equalities we have used the fact that each component
f; of the moment map h is a quadratic polynomial whereas the condition hot) = h
yields the second equality.

Now we check that (S{)*(wo) = wo when ¢ # 0. Since wy = 3. dx; A dy;, then
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g7 (wo) = t?wy. But since 9 preserves wy then

(5)"() = (P22 = wo

when ¢ # 0.

So far we have checked the conditions h o S = h and (S{')*(wy) = wo when
t # 0 but since Sf depends smoothly on t we also have that h o S;¥ = h and
(S¢)*(wo) = wp. So, in particular, we obtain that Sy = () preserves the moment
map and the symplectic structure and therefore 1! is also contained in G.

Now consider

R, = @D(l) o St(lwl)

with ¢ € [0, 1], this path connects the identity to 1™ o ¢~! and is contained in G.

We are going to use this path to define a Hamiltonian vector field such that
its time-1-map is ™) o ¢p~1. First, we consider the ¢-dependent vector field X,
satisfying

d

Xi(p) = T (Ro(@)js=t; 4= R (p) (6.3.1)

with ¢ € [0, 1] . Since R; is a symplectomorphism for any s contained in [0, 1], the
vector field X; is locally Hamiltonian. Then the vector field

1
0

is also locally Hamiltonian. Since the symplectic manifold considered is a neigh-
bourhood U of the origin, the vector field X is indeed Hamiltonian in U. There is
a unique local Hamiltonian function ¥ associated to X satisfying ¥(0) = 0. This
Hamiltonian function is a first integral for the system since {¥, h;} = 0. If ¢ is real
analytic (respectively differentiable) X; is also real analytic (respectively differen-
tiable) and the same property holds for W. Observe that in the case 1 depends
smoothly (resp. analytically) on parameters then by construction the ¢-dependent
vector field X; depends smoothly (resp. analytically) on that parameters and the-
refore so does the vector field X and its time one map. It remains to check that

the time-1-map of X is () o1,
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We are going to prove that the time-1-map of the vector field X coincides
with Ry by performing a partition of the interval [0, 1] into n pieces and then
approximating the integral by a sum.

First observe that formula 6.3.1 shows that the vector X 1kt (p) is tangent to
the curve R, o Rl__l w1 (p) at the point p. On the other hand by the definition of

flow the vector is also tangent to the curve ¢% (p) at the point p.
1

_ k1
So in fact,
Ry 5o, 0 Ry _se (p) —p
Xi_en(p) = lim S R (6.3.2)
n s— S
and also
X, s (P) =P
X, wni(p) = lir% " (6.3.3)
n 5— S
Therefore,
Ry w0 R (0) = 0% ., (D)
s— S

In other words, Rl_%jLSOR:% (p) = ¢}1_ﬂ (p) + o(s!). After refining the initial

n
partition if necessary, we can particularize s = % to obtain

_ 1 1
Ry_xo Ry, = 0% T 0(5). (6.3.5)

Since Ry can be written as,

Ri=(RioR ') oR _1--0(R,_nioRy"). (6.3.6)

we can perform the necessary substitutions of 6.3.5 in 6.3.6 and we are led to

Fo()o (6%, +o()o-o(6f, +o())  (637)

3o
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Assuming that [ ] here stands for the composition of diffeomorphisms, we can write

this expression in a reduced form as

k=n—1

H ¢>X1 ) +o(1). (6.3.8)

Observe that the vector field X, is tangent to the fibration F for any ¢ contained
in [0, 1] because the diffeomorphisms R, preserve the fibration F, Vs. On the other
hand, each vector field X; is Hamiltonian. Therefore we may apply sublemma 4.5.1
for any pair ¢, contained in [0, 1] and the following equation holds ¢%, tx, =

s s . .
9%, © ¥%,,- Now this expression reads,

1

Ry = (o= Shenetx E)—I—o(l). (6.3.9)
Since the time-1-map of % and the time—g—map of X are related by the formula
gbi = ¢’ , we obtain,
5 Ry = lim (¢! x4 ) (6.3.10)
=
But,

k=n—1 X E
lim Z / X.,dt.
This identity shows that R; = ¢} and this ends the proof of the theorem.
U
As a corollary of the above theorem we obtain a local linearization result of

symplectomorphism depending on parameters. The corollary below will be a key

point in the proof of the linearization in a neighbourhood of the orbit.

Corollary 6.3.3 Let D, stand for a disk centered at 0 in the parameters pq, . .., Dg.
We denote by p = (p1,...,px). Assume that vy : (R*,0) — (R*,0) is a local
symplectic diffeomorphism of R?" which preserves the quadratic moment map h

and which depends smoothly on the parameters p. Then there is a unique local
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smooth function ¥p : (R* 0) — R vanishing at 0 depending smoothly on p which
is a first integral for the linear system given by h and such that 2/1(()1) oy L s the
time-1 map of the Hamiltonian vector field Xy, of Wy. If 1y is real analytic and
depends analytically on the parameters then Wy, is also real analytic and depends

analytically on the parameters.

Proof:

According to theorem 6.3.2 there exists a first integral F} , such that the time-
one-map of the Hamiltonian vector field Xp,  is ¢£,1) oYy 1 'We will apply the same
trick that we applied to the path R; in the proof of theorem 6.3.2 but applied to
the path in G, M, defined as follows,

M, =50 (wggp)yl»
where g:(p) = (tp1, ..., tpr).

Observe that the path is contained in G and is well defined (since the disk is
convex). This path is smooth (resp. analytic) if ¢ is smooth (resp. analytic) and
depends analytically on t. Now we can apply the same reasoning as in the proof
of theorem 6.3.2.

Namely, we can consider the t-dependent vector field,

d

Xu(p) = —=(Ms(@))s=t: = M, (p) (6.3.11)
And also the averaged vector field
1
0

As we pointed out in the proof of theorem 6.3.2, this vector field is Hamiltonian
and it is tangent to the foliation. Denote by F, the only Hamiltonian function
attached to X such that F,,(0) = 0. This function is a first integral of the system.
And the time-1-map of the vector field Xp, , coincides with ¢ o (i1,
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Now we consider the composition of the two time-1-maps associated to Xp,
and Xp, , respectively.

The composition equals,

(@5 o () ™) o (P ol

In the end we obtain the desired diffeomorphism,

(45" 0 v ").

This diffeomorphism has been presented as a composition of two time-1-maps.
The time-1-map associated to Xp , and the time-l-map associated to Xp, . It
remains to identify this composition as the time-1-map of a Hamiltonian vector
field tangent to the foliation.

On the one hand, according to sublemma 4.5.1 with s =1

¢§<F2YP+XF1YP = ¢.1XF2,p © ¢4]5<F17p
On the other hand, Xp, , + Xp,, = Xp 45 ; in view of this decomposition
the Hamiltonian vector field to consider is G = F} , + Fb . Since Fy , and F;, are
first integrals for the system so is G.
This ends the proof of the corollary.
O
By abuse of language, we will denote the local (a priori nonlinear) action of
our compact group G on (R*", 3"  dx; A dy;,h) by p. For each element g € G,
denote by Xy(y the Hamiltonian vector field whose time-1 map is p(g)V o p(g) %,
where p(g)") denotes the linear part of p(g), as provided by the previous lemma.
Consider the averaging of the family of vector fields Xy (4 over G with respect

to the Haar measure du on GG. That is to say,

Xg(z) = / Xy(g(@)dp, x€R™ (6.3.12)
G
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This vector field is Hamiltonian with Hamiltonian function fG\IJ(g)du. It is
also tangent to the foliation. Denote by @4 the time-1 map of this vector field X.
Observe that this mapping preserves the system.

Finally we can prove the local linearization theorem,

Theorem 6.3.4 O is a local symplectic variable transformation of R** which
preserves the system (R**,>""  dz; A dy;,h) and under which the action of G

becomes linear.

Proof.

Since P is the time-1 map of a Hamiltonian vector field then it is a diffeomorp-
hism satisfying ®F, (w) = w. Therefore it defines a local symplectic variable transfor-
mation. Let us check that this transformation linearizes the action of G. We want
to show that for any h € G the following relation is fulfilled ®gop(h) = p(h)M odg.
From the definition of & and formula 6.3.12,

Ba(o) = (o) = [ 0k, (@)
But since, ¢k, == p(g)M o p(g)~" we have,
bo(x) = /G p(9)"V 0 plg)~ (x)du
Now we write,
(p(h)M 0 @ o p(h)~")(x) = p(h)V o /G(p(g)(l) o p(g)"")(p(h) ™" (x))dp.

Using the linearity of p(h)(!) and the fact that p stands for an action, the expression

above can be written as,

/G (p(1) 0 p(g)V o (p(1) © plg)) ™ ()du

Finally this expression equals ®4 due to the left invariance property of averaging.

So ®¢ o p(h) = p(h)M o d and this ends the proof of the lemma.
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0
As a consequence of this theorem and corollary 6.3.3 we obtain the following

parametric version of the theorem,

Corollary 6.3.5 In the case the action pp depends smoothly (resp. analytically)
on parameters there exists a local symplectic variable transformation of R*",

which preserves the system and which satisfies,
Py, 0 pp(h) = po(h)M o Pp

Let
G = {¢: (R?",0) — (R?",0), such that ¢"(w)=w, hog¢=h}

be the group of germs of smooth symplectomorphisms that preserve w and h, i.e
the symmetry group for the system. We will denote by G’ the subgroup of linear
transformations contained in G. As we have observed in the introduction, this
group is abelian.

A direct consequence of theorem 6.3.2 is that any two diffeomorphisms contai-
ned in G whose linear part is the identity commute because they are the time-1-map
of hamiltonian vector fields tangent to the foliation and those in turn commute by
virtue of sublemma 4.5.1. In fact, this property extends to the whole G. This is

the content of the theorem below.

Before stating the theorem, let us point our some general observations which
we will apply later.

Let f be a diffeomorphism and let X be a vector field, we denote by f, and f*
the push-forward and pullback associated to f. Recall that the following formula
holds

irxow = (f)"(ix(f*(@)))-
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Now let f be a diffeomorphism contained in G'. In particular f*(w) = w. Therefore
the above formula shows that the pushforward of a Hamiltonian vector field is also

a Hamiltonian vector field. In fact, f.(Xy) = Xyop-1.
Theorem 6.3.6 The group G is abelian.

Proof

We will prove that any two diffeomorphisms contained in G commute by stages.

First we prove that any diffeomorphism 1) contained in G commutes with any
linear transformation A contained in G’.

We will denote by G the connected component of the identity of G’. Observe
that if the system does not contain any hyperbolic component G’ = G.

Let X¢ be the Hamiltonian vector field with associated Hamiltonian W whose
time-1-map is ©y(Y ogp~1. The existence of this vector field is guaranteed by theorem
6.3.2. Now due to the above observation, the vector field YV = (A).(Xy) is a
Hamiltonian vector field with Hamiltonian function ¥ o A=!. Assume first that A
is contained in G{. We are going to show that for such a linear transformation,
VoA l=10.

In order to do that we start by observing that since the vector field Xy is
tangent to the fibration F then {V¥, h;} = 0.

Let us assume first that there are no hyperbolic components among the h;.
Then according to Vey [54] for an analytical h and Eliasson [23] (Proposition 1) in
the differentiable case, we can assert that ¥ = ¢(hy, ..., h,) being ¢ an analytical
(respectively differentiable) function.

In the case there are hyperbolic components this assertion is no longer true
for differentiable functions as was observed by Eliasson in [23]. But the property
remains true if we restrict ¥ to each orthant. We label each orthant with an n-
tuple of signs (€1, ... €,), ¢ € {—1,+1} following the convention ¢; = +1if z; > 0
and ¢, = —1 if x; < 0. Then we can assert that ¥ restricted to each orthant is a

function ¢, ep)(R1,- .-, hn).
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After making this distinction, observe that in both cases since A~! belongs to
the connected component of the identity G, then it leaves the connected compo-
nents of the fibration F invariant. Therefore, the transformation A~! leaves the
function ¥ invariant when restricted to each orthant. So in fact, ¥ o A=! = ¥ and
the vector fields Y and Xy coincide. As a consequence their flows coincide as well.

Recall that if X is a vector field whose flow is ¢ x then for any diffeomorphism
the flow of (f,)X is fo¢x o f~!. The same is true replacing flows by time-1-maps.

Therefore, since Y = Xy we obtain the following relation
pWoyp™t=AoypMoyp™o AL
But since 4 and ™) commute this expression reads
oy =y ooy oA

which leads to the commutation of A with 1.

If A does not belong to G, then we can write
A= IDpogt10--0lyyi10B (6.3.13)

with B belonging to G; and for certain diagonal matrices I5, 2,41 (corresponding
to hyperbolic involutions) whose entries a;; satisfy the following relations as, o, =
—1,a9 412041 = —land a;; =1 @ # 2r , ¢ # 2r + 1. It can be checked
that the linear transformations of type Io 2x+1 commute with any diffeomorphism
contained in G. Now since G’ is abelian the expression 6.3.13 shows that the linear

transformation A commutes with any v contained in G.

In particular, taking A = ¢/ ()™ we obtain that ¥ commutes with ¢(!). And
as a consequence, given two diffeomorphisms 1), and 15 contained in G the diffeo-
morphisms f = (") "1 o1h; and g = s 0 (§”)~1, commute because they are the

time-1-map of Hamiltonian vector fields.
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Finally we are going to show that any two diffeomorphisms v); and 1, contained
in G commute.

We can write,

oty =i o (W) o) o (1 0 (157) ) 0 ) (6.3.14)

As we have explained before, the diffeomorphisms within brackets commute and

this expression reads,

PP o (g0 (W)™ o (W) o) o Y

Due to the commutation of any linear transformation contained in G’ with any

diffeomorphims contained in G, we can write this expression as,

P o (5 o (p) ot o (Y o 9hy)

But since G’ is abelian the expression above equals 1, o 1)y and therefore coming
back to equation 6.3.14, ¢, and 1 commute.
This completes the proof of the theorem.
O
A smooth action of a group G on a manifold M is called effective if the condition
p(h,p) =p, Vp€ M implies that h = e.
Now assume that we are given an effective action of a group p preserving
the system. If the action of the group is effective the abelianity of G implies the

abelianity of G.. As a direct corollary we obtain,

Corollary 6.3.7 Let G be a compact Lie group which acts effectively on the linear
model of a rank 0 singularity preserving the system (R*",>".dx; A dy;,h) then G

18 abelian.

Proof: Consider the group of diffeomorphisms p(h), h € G. According to theorem
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6.3.6 this group of diffeomorphisms is abelian. Therefore p(h;) o p(ha) = p(hsg) o
p(h1), Vhy, he € G. Since p is an action, this relation yields,

p(hihohi hy') = p(e), Vhi, hy € G

But p(e) is the identity mapping and since the action is effective this implies

hlhghl‘lhgl =-e, Vhy,hy € G and therefore the group G is abelian. O

6.4 Linearization in the neighbourhood of an or-
bit

In this section we prove a linearization theorem in the neighbourhood of an orbit.

Recall the meaning of linear action of a group G in the neighbourhood of an
orbit,

G acts on the product V.= DF x T* x D*"=%) componentwise; the action of I’
on D¥ is trivial, its action on T* is by translations (with respect to the coordinate
system (01, ..., 0k) ), and its action on D>™=%) is linear with respect to the coordinate
system (T1,Y1, s Ty Yn—k)

Now we are ready to state and prove the linearization theorem in the neigh-

bourhood of an orbit.

Theorem 6.4.1 Let G be a compact Lie group preserving the system (D* x T* x
D2(n=k) Zle dp; \db; + Z:;k dz; Ndy;, F) then there exists ®g a diffeomorphism
defined in a tubular neighbourhood of the orbit L = T* which preserves the system
(D* x T* x D*=k), Zle dp; N\ db; + Z?;lk dx; Ndy;, F) and under which the action

of G becomes linear.

Proof:
After shrinking the original neighbourhood if necessary, we may assume without

loss of generality that we are considering a G-invariant neighbourhood of L. First
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of all, let us express in local coordinates how the action looks like. We denote by p

the action of GG. For convenience, we use the simplifying notation p = (p1,...,px)
and (z,y) = (1,91, -, Tn_k, Yn_r)- Since G preserves the system, in particular p
0 0

preserves p and sends 5o because it preserves the symplectic form and it

o L0 55

0;
sends the Hamiltonian vector fields associated to p; to the same vector fields. After
all these considerations, for each h € G the diffeomorphism p(h) can be written

as,

p(h><p7 917 s >9k7x7y> = (p7 91 + g?(paxvy)a s .. 7‘9k + gZ(p,x,y),ah(:c,y,p))

where the functions ¢! and o are subdued to more constraints given by the
preservation of the system. Before considering these constraints, it will be most
convenient to simplify the expression of o first. This will be done using the local
linearization theorem with parameters (corollary 6.3.5).

In order to do that, we restrict our attention to the induced mapping,

p(h)(p, z,y) = (p,a"(p,z,y))

and we consider the family of diffeomorphisms p(h), : D*™=% — D2("=k) defined

as follows,
p(h),(2,y) = "(p,z,y).

We may look at p = (p1,...,px) as parameters. For each p the mapping
p(h)p(x,y) induces an action of G' on the disk D2"%) which preserves the in-
duced system (D*™=%) ™" dx; A dy;,h). Observe that the preservation of the
induced system implies, in particular, that the action fixes the origin.

According to corollary 6.3.5 we can linearize the action p(h), in such a way
that it is taken to the parametric-free linear action ,E(h)((]l). We can extend tri-
vially the diffeomorphism & in the disk provided by the corollary 6.3.5 to a

diffeomorphism ¥ in the whole neighbourhood considered, simply by declaring,
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U(p,0y,...,00x,y) = (p,b1,...,0 P(x,y)). After this linearization in the (z,y)-

direction the initial expression of p(h) looks like,

p(h)(p, 01, ..., 0k, ,y) = (0,01 + gF (D, 2,9), - -, O + g¥ (0, 2, y), AR (2, ),

Since the action preserves the symplectic form >, dp; AdO; + > 7" dz; A dy;
we conclude that the functions g do not depend on (z,%) and so far just depend
on the parameters (p1, ..., pk).

That is,

p(h)(p, 01, ... O, y) = (p, 61 + G (D), - -, O + gl (p), D) (2, ),

Observe that if we prove that these functions g do not depend on p then we will
be done because then the induced action on T* will be performed by translations.
And, in all, the action will be linear.
Consider H = {p(h), h € G}, we are going to prove that this group is abelian.
We have to check that p(h1) o p(ha) = p(h2) o p(hy)
We compute
p(hy) o p(he)(p,01,...,0kx,y) =

(p.01+ g2 (D) + g7 (p), ... .0k + g(p) + g (), B(h1) P (2, ) 0 P(h) Y (, )

on the other hand,

p<h2) © p(hl)(pa 917 cee >9kamay) =
(9,61 + g (0) + 92 (D), ..., 6k + g (0) + 912 (), B(h2) " (2, ) © P (2, )

Clearly, the first 2k components coincide. As for the 2(n — k) last components,
we can use theorem 6.3.6 to conclude the commutation.
So far we know that the group H is abelian. It is also compact, therefore it is

a direct product of a torus T" with finite groups Z/m,Z. We are going to check
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that for each p(h) € H the functions g do not depend on p. It is enough to check

it for p(h) in one of the components Z/nZ and T". So we distinguish two cases,

e p(h) belongs to Z/nZ.

Then p(h)™ = Id this condition yields, ng?*(p) = 2wm,, for all 1 <i < k and

m; € Z. In particular, gi'(p) = @ and g does not depend on p.

e p(h) belongs to T". We can consider a sequence p(h,) lying on the torus
which belong to a finite group Z/k,Z and which converge to p(h). For each
of these points p(h,) we can apply the same reasoning as before to obtain,
9" (p) = .

Now for each n, the diffecomorphism p(h,) does not depend on p, we may

write this condition as,

Op(hn)
Opi

=0, 1<i<k

Now since the action is smooth we can take limits in this expression to obtain

that
dp(h)
Ip;

=0, 1<i<k

and finally ¢%(p) does not depend on p.

And this ends the proof of the theorem.

We may look at this theorem as a slice theorem for integrable systems.

In order to announce this result as a slice theorem we need some notation.

6.4.1 The classical slice theorem

Let G be a compact Lie group and let H be a closed subgroup. Let ¢ be a re-

presentation of H on a vector space E. Then we have an induced action of H on
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the product G x E. The action is given by p(h, (g,u)) = (gh™,¢(h,u)). We can
consider the space of orbits by this action; it is the quotient G x E/H. Observe
that this quotient is a vector bundle over G/H with typical fiber E. Classically,
this quotient in denoted by G x g F.

As a matter of notation a class in the quotient is denoted by [g,u]. Observe
that the action of G on G x E defined as a(a, (g,u)) = (ag,u), a € G commutes
with the action of H and hence descends to the quotient and the projection 7 :

G xy E — G/H is G-equivariant.
Example

Assume that 3 stands for an action of a compact Lie group on a manifold M.
Let p be a point in M. We denote by G -p the orbit through the point p. We denote
by G}, the isotropy group for the action at the point p, G, ={g € G, «(g,p) = p}.
It is a well-known fact that the isotropy group is a compact subgroup of G. Now
consider a Gp-invariant Riemannian metric in a G, invariant neighbourhood of
the orbit G - p. Define E as the subspace of the tangent space at the point p
which is orthogonal to the tangent space to the orbit. Since the metric chosen is
Gp-invariant. The action of G, induces an action of G, on E. Denote by Oz,(}) the
differential of the action of G, at the point p. As before, %(71) defines a representation
when restricted to E. So if we take H = G, and ¢ = ozél) the vector bundle defined

above becomes, G X¢, I.

This example is more than an example. It is the standard model for the action
of a compact Lie group on a manifold. The classical slice theorem [35] asserts that a
neighbourhood of the orbit is diffeomorphic to G' x¢, E. The linear representation

of G, on E induced by the action of G is called the slice representation.

In the case the action of the manifold preserves the fibration defined by F' and

the symplectic structure, we have a similar “slice theorem” in the neighbourhood
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of an orbit whenever the orbit L coincides with the orbit of the action of the group.

6.4.2 The slice statement of the linearization

Now, let us go back to our situation. Let p be a point lying on the orbit L. Observe
that the preservation of the system yields that the orbit of the action through a
point p € L is contained in L but it does not have to coincide with L.

From now on we will assume that L coincides with an orbit of the action.
We take coordinates centered at p. We consider the isotropy group at p, G,.
Since G, preserves the symplectic structure leaves the symplectic orthogonal to
the orbit invariant. On the other hand, the isotropy group G, fixes L thus it
induces an action of G, on DK where D*"~% is endowed with the (x;,v;)
coordinates. On D?"~*) we have the induced system (U(L), ", dz; A dy;, h) being
h = (fxs1, ..., fn). By virtue of theorem 6.3.4 we can linearize the induced action
by the isotropy group in a foliation preserving way. Observe that this linear action

can be extended trivially to a linear action 3, on a vector space Ef (n=F)

containing
the disk D% In the same way the foliation defined by h can be extended to a
foliation F’ on E12 =) We denote this extension by Ep. Now let E¥ a vector space
containing the disk D* endowed with coordinates (pi,...,px). Finally, we define
the linear representation of G, on Ef(n_k) x EY as y,(u,v) = (gp(u), v).

Now form the bundle G'x ¢, (Ef (k) E%) attached to this linear representation.
On this bundle we can consider the foliation induced by the product foliation
G-pxF onGx(EX"M x E.

With all this notations, now we are ready to give another presentation of theo-

rem 6.4.1 “a la slice”. We do it in form of corollary,

Corollary 6.4.2 Let G be a compact group preserving the system (D* x Tk x
D2(n=k) Zle dp; N\ db; + Z:.L;lk dx; Ndy;, F) and let p be a point in L. Assume that
L =G -p, then a neighbourhood of the orbit L is G-equivariantly diffeomorphic to
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a neighbourhood of the zero section of the bundle G xg, (Ef(n_k) x EX). Further,

this diffeomorphism can be chosen to be foliation preserving.

6.5 Equivariant symplectic equivalence

As a corollary of the G-linearization results in the linear model obtained in the last
section and the symplectic linearization in the covering obtained in the last chap-
ter we obtain the equivariant symplectic equivalence. This equivariant symplectic
equivalence is valid also for analytical systems (since the results for G-linearization
are valid for analytical systems and the results of symplectic equivalence in the co-
vering are valid for analytical systems [54]). Now we can formulate the equivariant
symplectic linearization theorem for nondegenerate singular orbits of integrable

Hamiltonian systems, that we have been envisaging for chapters:

Theorem 6.5.1 Consider F the foliation defined by a completely integrable sys-
tem and consider L, a compact orbit of Williamson type (ke,kn,kys). Let w be
a symplectic for which the foliation F s Lagrangian. Then there exists a finite
group T and a diffeomorphism taking the foliation to the linear foliation on V/T'
given by (6.2.1,6.2.2,6.2.3,6.2.4), and taking w to wy, which sends L to the torus
{pi = z; = y; = 0}. The smooth symplectomorphism ¢ can be chosen so that via
@, the system-preserving action of the compact group G near L becomes a linear
system-preserving action of G on V/T'. If the moment map F is real analytic and
the action of G near L is analytic, then the symplectomorphism ¢ can also be cho-
sen to be real analytic. If the system depends smoothly (resp., analytically) on a
local parameter (i.e. we have a local family of systems), then ¢ can also be chosen

to depend smoothly (resp., analytically) on that parameter.

Observation 6.5.1 A proof for the twisted hyperbolic case whenn =2 and k =1
was provided by Currds-Bosch in [11].
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Chapter 7

Contact linearization of singular

Legendrian foliations

7.1 Introduction

The aim of this chapter is to prove an analogue to the linearization result for
singular Lagrangian foliations which was studied in the previous chapters but in
the case of singular Legendrian foliations in contact manifolds.

Consider a contact manifold M?"*! together with a contact form. We assume
that the Reeb vector field associated to « coincides with the infinitesimal generator
of an S! action. We assume further than there exists n-first integrals of the Reeb
vector field which commute with respect to the Jacobi bracket. Then there are two
foliations naturally attached to the situation. On the one hand, we can consider
the foliation associated to the distribution generated by the contact vector fields.
We call this foliation F’. On the other hand we can consider a foliation F given
by the horizontal parts of the contact vector fields. The functions determining
the contact vector fields may have singularities. We will always assume that those
singularities are of non-degenerate type.

Observe that F’ is nothing but the enlarged foliation determined by the folia-

123
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tion F and the Reeb vector field.

Let o/ be another contact form in a neighbourhood of a compact orbit O of F’
for which F is Legendrian and such that the Reeb vector field with respect to o’
coincides with the Reeb vector field associated to «. In this chapter we prove that
then there exists a diffeomorphism from a neighbourhood of O to a model manifold
taking the foliation F’ to a linear foliation in the model manifold with a finite
group attached to it and taking the initial contact form to the Darboux contact
form. As it was done in the last chapter for Lagrangian foliations determined by a
completely integrable system, we also prove the G-equivariant version of this fact
for Legendrian foliations. That is, we prove that in the case there exists a compact
Lie group preserving the first integrals of the Legendrian foliation and preserving

the contact form then the contactomorphism can be chosen to be G-equivariant.

The problem of determining normal forms for foliations related to Legendrian
foliations has its own story. P. Libermann in [38] established a local equivalence
theorem for a-regular foliations. Loosely speaking, those foliations are regular fo-
liations containing the Reeb vector field and a Legendrian foliation. The problem
of classifying contact forms is different from the problem of classification of contact
structures. As a example of this, if M is a compact manifold then any two contact
structures are equivalent as Gray’s theorem asserts ([27]). Whereas one can find
examples of two contact forms which are not equivalent (see for example [26]). The
problem of classifying contact structures which are invariant under a Lie group was
considered by Lutz in [41]. In particular he proves that two contact structures in
a compact manifold M?"*! which are invariant by a locally free action of R*! are
equivalent in the sense that there exists an equivariant contactomorphism taking

one to the other.

The foliations studied by Libermann and Lutz are regular. The singular coun-
terpart to the result of Lutz was proved by Banyaga and Molino in [4] but for

contact forms.
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Namely, Banyaga and Molino study the problem of finding normal forms under
the additional assumption of transversal ellipticity. The assumption of transversal
ellipticity allows to relate the foliation F’ of generic dimension (n + 1) with the

foliation given by the orbits of a torus action.

This chapter pretends to extend these results for foliations which are related in
the same sense to (n+1)-foliations but which are not necessarily identified with the
orbits of a torus action. All our study of the problem is done in a neighbourhood
of a compact orbit. Global results for contact manifolds admiting torus action
have been obtained by Banyaga and Molino in [4] and recently by Lerman in [36].
Linearization results for contact vector fields in R?" with an hyperbolic zero were

considered by Guillemin and Schaeffer in [28].

The chapter is organized as follows: In the first section we make a review of the
basic facts in contact geometry that we will need later. In section 2 we define two
foliations, F and F’ and we prove that we can find coordinates in a finite covering
such that the foliations have a particularly simple form. In section 3 we prove that
for any two contact forms for which F is Legendrian and having the same Reeb
vector field, we can find a foliation preserving contactomorphism taking one to the
other. It turns out that the Legendrian condition imposed on the foliation for the
contact form o becomes a Lagrangian condition for the same foliation with the
symplectic form da defined in a convenient submanifold. The result appears then
as an application of the symplectic equivalence results for Lagrangian foliations

which we have been working out in the previous chapters.

In the last Section we establish the G-equivariant version of contact equivalence.
Applying this G-equivariant version to the particular case of the finite group at-
tached to the finite covering, we obtain as a consequence the contact equivalence

of any two contact forms fulfilling the above mentioned conditions.
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7.2 Basics in contact geometry

In this section we recall some basic definitions in contact geometry.

Definition 7.2.1 Let M*"* be a 2n + 1-dimensional manifold. A 1-form on a
manifold M*"*' is a contact form if the set E = {(p,u) € T(M), «a,(u) =0}
is a smooth subbundle of T(M) and dog is a symplectic structure on the vector

bundle E — M.

When we talk about a contact pair we consider a pair (M, «) where « is a

contact form on M.

Remark:

e The classical definition of contact manifold is the following. It is a pair (M, «)
where a satisfies the condition aA(da); # 0, Vp € M. In turn, this condition
implies the nonintegrability of the subbundle E = {(p,u) € T(M), a,(u) =
0}. That is it is not possible to find a symplectic submanifold S such that
T(S)=E.

Suppose that « is a contact form on a manifold M. Then if f is a positive
function the 1-form fo is also a contact form.

This motivates the definition of contact structure,

Definition 7.2.2 A contact structure on a manifold M is a subbundle E of the
tangent bundle of the form E = {(p,u) € T(M), «a,(u) = 0} for some contact

form «a.

The problem of classification of contact structures is different from that of con-
tact forms. There are a lot of results in the literature concerning the classification
of contact structures from a local, global or semilocal point of view. Finding their

counterparts for contact forms is not always possible.
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Our problem of classification will always be focused on contact forms.

In contrast to symplectic manifolds (M,w) where the condition ix(w) = 0
implies X = 0, in a contact manifold we can find non-trivial solutions X to the
equation ix(w) = 0. A privileged solution of this equation has the particular name
of Reeb vector field. It is a concept attached to the contact form rather than the

contact structure.

Definition 7.2.3 Given a contact pair (M,«), the Reeb vector field Z is the

unique vector field satisfying the following two conditions,
o iyda = 0.
e a(Z)=1.
The Reeb vector field is a particular case of what we call contact vector field.

Definition 7.2.4 Let f be a smooth function on the contact pair (M, «) the con-
tact vector field associated to f is the unique vector field Xy fulfilling the following

two conditions
® indCX|E = _df\E
[ Oz(Xf) = f

Observe that the contact vector field associated to the function 1 is precisely
the Reeb vector field.

As it is proved in [38], we can express any vector field X in T'(M) as a sum of
two vector fields X; and X, where the vector field X; belongs to the subbundle F
and its called the horizontal part of X and the vector field X5 is the component
in the direction of the Reeb vector field. The standard notation for the horizontal

vector field associated to X is X.
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We can now define the notion of Jacobi bracket of two functions, which is the

contact counterpart to the Poisson bracket of two functions.

Definition 7.2.5 Let f,g be two smooth functions on a contact pair (M, a), we

define the Jacobi bracket as,

[/ 9] = a([Xy, X))

The following relations are proved in [38],

Xipg = X5, Xy (7.2.1)

[/, 9] = do( Xy, Xg) + f(Z(9)) — 9(Z(f)) (7.2.2)

Definition 7.2.6 A submanifold N C M**! is Legendrian if dimN = n and
a(X) =0 for any X € T(N).

7.3 The foliation and its differentiable lineariza-
tion

In this section we define the foliations that we will work with throughout the

chapter and we will also define the linear model.

7.3.1 Posing the problem

Let (M?"*! a) be a contact pair and let Z be its Reeb vector field. We make the

following assumptions,
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e We assume Z coincides with the infinitesimal generator of an S* action. Let

S be one of its orbits.

e We assume that there are n first integrals fi,..., f, of Z (that is Z(f;) = 0)
which fulfill the following additional hypotheses:

1. The first integrals are independent in an open dense set. That is, df; A
-+« ANdf, # 0 in an open dense set.

2. The n-first integrals are in involution with respect to the Jacobi bracket

associated to a. That is to say,
[flvf]]zo ,VZ,]

3. The minimum rank of the differential (dfy,...,df,) is k. Let p be a
point in M?"*! such that the rank is exactly k. Let O be the orbit of

the contact vector fields through p. We will assume the following,

(a) O is diffeomorphic to a torus of dimension k + 1.

(b) The first integrals fi,. .., fi are non-singular along O and the first
integrals fii1, ..., fn have a non-degenerate singularity in the Morse-

Bott sense along O.

Since [f;, f;] = 0 then due to formula 7.2.1, [X},, X,] = 0 and this implies
that the distribution < Z, Xy,,..., Xy, > is involutive because the functions f;
are first integrals of the Reeb vector field. Thus, we can talk about the foliation
generated by the contact vector fields of the functions 1, fi,..., f,. This foliation

will be denoted by F'.

On the other hand, consider the horizontal parts of the contact vector fields.
They have the form )?f = Xy — fZ. Thus the distribution < )A(fl, e )?fn > defines

an involutive distribution. The foliation defined by this distribution will be denoted
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by F. Observe that since a(Xy) = f and a(Z) = 0 then the regular leaves of this
foliation are Legendrian submanifolds with respect to «.

That is why this foliation will be called the singular Legendrian foliation.

In fact we will work with germ-like foliations. That is, we will assume that the
foliation is defined in a neighbourhood of O. Now let p € M be a singular point.
We will say that the point has rank r if the dimension of the orbit through p is r.

Once the two foliations F and F’ are defined we are ready to pose the following

problem.

Problem
Study the contact forms o defined in a neighbourhood of O for which F is
Legendrian and such that the Reeb vector field with respect to o/ coincides with

the Reeb vector field with respect to a.

As far as this problem is concerned we will prove the following.
There exists a diffeomorphism ¢ defined in a neighbourhood of O such that
¢*(a’) = a and ¢ preserves the foliations F and F'.

In order to deal with this problem we will need to introduce coordinates in
such a way that the foliations F and F’ are really simple. This judicious choice of

coordinates leads us to the linear model.

7.3.2 Differentiable linearization

In this section we want to prove that under the above assumptions there exist

coordinates in a neighbourhood of O such that the foliation can be linearized.
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We prove the following theorem,

Theorem 7.3.1 There ezist coordinates (0o, ..., 0k, D1y -y Pky T1, Y1y« Trmkey Yn—k)

in a finite covering of a tubular neighbourhood of O such that
e The Reeb vector field is Z = 3%0.

o There exists a triple of natural numbers (ke, kn, k) with ke+kn+2kr =n—Fk
and such that the first integrals f; are of the following type, fi = p;, 1 <
1 <k and

fiw=ai+y} for 1<i<k.,
firr = xiy; for ke +1<i<k.+k,,
fivk = TYiy1 — Tiy1y; and

Jivkr1 = iy + vy for 1 =ke+ky+2j -1, 1 <5 < ky

e The foliation F is given by the orbits of the distribution D =< Yy,...Y, >
where Y; = X; — f;Z being X; the contact vector field of f; with respect to

the contact form o = dfy + Z;:lk %(szdyl — ydx;) + Zle p;db;.

Proof:

First of all, since Z is the infinitesimal generator of an S!-action, according
to the Slice Theorem [50] a neighbourhood of O in M?"*! is diffeomorphic to the
bundle St x s1 W where S! denotes the isotropy group at a point in the orbit. Thus

we can choose coordinates

(907 B 70k7p17 ey Py 15, Y15 - - - al‘n—kvyn—k)

in a finite covering of a neighbourhood of O such that the Reeb vector field has

the form 7 = 8%0. Now the 1-form « can be written as

Oé:deo + .
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Observe that since Z is the Reeb vector field in particular we obtain
1zda =0

Using Cartan’s formula Lyz(da) = diz(@) + izda we deduce that @ does not
depend on 6.

Further, the condition on the contact form a A da™ # 0 implies that da is a
symplectic form in the submanifold Ny = {p € U(O), 6y = 0}. Let f; be the n
first integrals. The equation

tyda = —df;
has a unique well-defined solution when restricted to the symplectic submanifold
No. We denote by X3 the n Hamiltonian vector fields of the functions f; with
respect to the symplectic structure da on Ny. We denote by X§ the n contact
vector fields of the functions f; with respect to the contact structure . With all

these information at hand we can write
X]‘il_ = X;i + g;Z (7.3.1)

for certain smooth functions g;.

We are going to focus our attention in the symplectic submanifold Ny and in

the Hamiltonian vector fields X ; for a while.

First of all, we will check that {f;, f;} = 0 where {, } stands for the Poisson
bracket attached to da. Thus, the vector fields X7 define a completely integrable
Hamiltonian system on Ny and the foliation they define is a singular Lagrangian
foliation.

We are going to check
{fiafj} = [fl:fj]
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Because of the definition of Poisson bracket,

{fis 3} = da(X}, X3)

Since do = da, we can write this last equality as, da(X3, X jéj)
Taking into account this observation and due to 7.3.1 this equality can be

written as,

But Z is the Reeb vector field and the last expression reads

da(X;i,X]?j)

which is, by definition, the Jacobi bracket of the functions f; and f;. Thus {f;, f;} =

Denote by Oy a singular compact orbit of minimal rank of the singular Lagran-
gian foliation in Ny. According to the symplectic linearization theorem (theorem
6.5.1) for Lagrangian foliations whose proof was concluded in the last chapter.
There exists a diffeomorphism in a neighbourhood of a singular compact orbit
which takes the foliation to the linearized one and the symplectic structure da to
the Darboux symplectic structure. Recall that the linearized foliation has a finite

group attached to it. In particular, we can find a diffeomorphism in a covering of a
tubular neighbourhood of O, ¢ : (U(Oy)) — ¢((U(Oy))) such that in the new
coordinates provided by the diffeomorphism the first integrals have the following

simple form:
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fik=a?+y? for 1<i<k,,

firw = zy; for ke +1<i¢<k.+k,

Jisk = TYiy1 — Ti1y; and

Jivht1 = Ty + Tiy1yipr for i=ke+k,+25 -1, 1 <5< ky
Now define,

—_—— —_——

p: ST x(UON) — ¢(S'x (U(On)))
(6o, 2) - (6o, #(2))

Observe that since
k n—=k
¢* () dpi Adb; + > da; Ady;) = dav
i=1 i=1

Then ¢* (> %(xidyi —yidx;) + > pidb; +dH) =@
this yields,

1

Thus we may assume that in the new coordinates

n—k k
1
=1

i=1
Now consider the path of contact forms

n—Fk

k
1

i=1 i=1

Observe that oy = « and «ay is the Darboux contact form.

Let 1y be the flow of the vector field X = —HZ. Note that as a matter of fact,
61(00,01, -, 0k, D15 Dk Ty e ooy Ynek) = (Oo—H, 01, .. Ok, D1y Dhy Ty - oy Ynk)-
So 1(aq) = ap. Thus, (1) = ap and in the new coordinates provided by 4
we can assume that « is the Darboux contact form. That is to say, we can assume

that a = dfy + Y1) L(aidy; — yidz:) + 305, pidb;.
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Observe that L_gz(f;) = 0 this implies that %w;"(fi) = 0 and therefore ¥} (f;)
does not depend on ¢ thus 1 (f;) = ¥§(fi) = fi- So in the new coordinates f; have
the same form.

Finally the foliation we are considering is generated by the horizontal parts of
X, which in the new coordinates are Y; = X, — f;Z being X, the contact vector field
of f; with respect to the contact form o = df +2;‘;1’“ %(chdyZ —y;dx;) —i—Z?:l p:db;.
This ends the proof of the theorem.

O

This theorem establishes the existence of a linear foliation and a model mani-
fold.

The model manifold is the manifold Mi"™ = Tt x UF x V2R where
U* and V2"=% are k-dimensional and 2(n — k) dimensional disks respectively.
Now we introduce a contact form in this model manifold. We take coordinates
(0o, ...,0) on TF1 (py,....pp) on UF and (z1,..., Zp_p, Y1, ... Yn_g) on V2R

and we consider the following contact form
k (n—k) 1
o = dby + ;pidei + ; Q(l’z’dyi — yidx;).

The pair (MZ"™ ap) is called the contact model manifold. The Reeb vector
field in the contact model manifold is the vector field a%).

Now consider functions of the following type, f; =p;, 1<i <k and

fisp=a24y? for 1<i<k,,
fivw = 23y, for ke +1 <0< ke+ky,
firk = @iYiy1 — Tip1y; and
Jivhr1 = 2y + Tip1yipr for i=ke+k,+25 -1, 1 <5< ky
The linear foliation is the foliation given by the orbits of the distribution D =<
Yi1,...Y, > where Y; = X; — f;Z being X, the contact vector field of f; in the

contact model manifold.
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In all, we have proved that there exists a finite covering of a neighbourhood
U(O) of the compact orbit considered such that the lifted foliation in the covering
is differentiably equivalent to the linear foliation in the contact model manifold.

The linear model for the foliation F” is the foliation expressed in the coordinates
provided by the theorem together with a finite group attached to the finite covering.

The different smooth submodels corresponding to the model manifold are la-
beled by a finite group which acts in a contact fashion and preserves the foliation
in the model manifold. This is the only differentiable invariant. Therefore, our
problem of contact equivalence will be studied in this model manifold and the
equivalence will be established via the equivariant version equivalence which will

be considered in the last section.

7.4 Contact linearization in the model manifold

The aim of this section is to prove the following theorem,

Theorem 7.4.1 Let o be a contact form on the model manifold MZ"* for which
F s a Legendrian foliation and such that the Reeb vector field is 8%0. Then there
exists a diffeomorphism ¢ defined in a neighbourhood of the singular orbit O =

(Bo, ..., 0k, 0,...,0) preserving F' and taking « to ay.

Proof:

We are going to solve the problem by adjusting the contact form to a point
where we can apply our symplectic linearization result.

Let us start by considering the contact 1-form «,

a = Adf, + Z Bidp; + Z C;do; + Z D;dx; + Z E;dy;

Observe that the fact that the Reeb vector field is % imposes the following two

conditions on «,
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o a(a%)) =1, that is to say A = 1.

So far we can write o = dfy+/, being o/ = > Bydp; + > C;db; + > Didx; +
Z E;dy;.

Now Cartan’s formula yields,

96 2LH) 90

Since the last term vanishes this chain of equalities give the condition,

Therefore, the coefficient functions do not depend on 6y. Let us see that the
submanifold 6y = 0 equipped with the form da’ is a symplectic submanifold of the
model contact manifold. We denote this submanifold by V.

Since « is a contact form da has to be symplectic in the vector bundle E defined
by £ ={(p,u) € T(M), o,(u)=0}and da = do’ then do/ defines a symplectic
structure on V.

Observe that the vector fields X; = Xy, are tangent to the submanifold N.
Next step, we check that the vector fields X; are Lagrangian for N, observe that
a(X;) = fi

Now since, do/(X;, X;) = X;a(X;) — X;a(X;) — a([X;, X))

According to the computation above X;a(X;) = X;(f;) but f; are first integrals
for the foliation and therefore this term vanishes. Symmetrically, the second term

vanishes. And since the Lie bracket of the vector fields are zero we obtain,

dC(/(XZ', XJ) =0
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Therefore, the foliation F is Lagrangian for do/ and we may apply the symplec-
tic linearization result in a neighbourhood of L = T* (theorem 5.2.1) to find a local
diffeomorphism ¢ : U(L) — (U(L)) in a neighbourhood of the leaf L, preserving
the foliation F and satisfying ¢*(wy) = do’, where wy = ), dp; ANdb; + ) dx; Ady;.
After shrinking the initial neighbourhood if necessary, the neighbourhood of T#+!
in the initial manifold M can be decomposed as a product, S' x U(L). The S!
corresponds to an orbit of the Reeb vector field. We denote by z a point in U(L).

Now we define a diffeomorphism in the following way,

6: S'xUL) — ¢S x U(L))
(6o,2)  — (0o, 9(2))
Since ¢ preserves F it is clear that this diffeomorphism is foliation-preserving.
Now consider ¢(S* x U(L)) endowed with the Darboux contact form. That is

with the contact form oy = dfy + Zle pidl; + ZEZ{’“) %

(x;dy; — y;dx;). It remains
to check that the diffeomorphism above is indeed a contactomorphism.
First observe that since

@*(wo) = do’

and wy = d(f3), being 8 = (X5, pidf; + S\ Laidy; — yide;)) we can assert
that ¢*(6) = o/ + df for a smooth function f. Observe that since ¢ preserves the
foliation the function f is a basic function for the foliation. Now consider the path
a; = g + tdf being ag the contact form oy = dfy + .

Now, consider the vector field X = —f 8%0. Denote by ), its flow. Since
U1(0o, 01, Ok D1y oo Dy 1y ooy Ynek) = (O0—H, 01, oo Ok, D1y oo DEs X1y e ey Ynek),
we obtain ¢} (o) = ag.

Therefore ¢ is a contactomorphism. And clearly it preserves the foliation be-

cause [X, X;] = 0 and therefore the flow 1, preserves the foliation.

And this ends the proof of the theorem.
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7.5 Equivariant contact linearization

In this section we consider a compact Lie group G acting on a contact model ma-
nifold in such a way that preserves the n first integrals of the Reeb vector field and
preserves the contact form as well. We want to prove that there exists a diffeo-
morphism in a neighbourhood of O preserving the n first integrals , preserving the
contact form and linearizing the action of the group. This result is a consequence
of the equivariant symplectic linearization theorem of the last chapter.

The notion of linear action of a Lie group on the contact model manifold is
analogous to the equivalent notion for the symplectic model manifold.

Let G be a group defining a smooth action p : G x MJ"™ — MZ"*! on M7
We assume that this action preserves the contact form ag of the contact model
manifold. That is to say p;(ag) = ag. Assume further that it preserves the n-first
integrals (f1,..., fn), where f; = p;; 1 < i < k. For the sake of simplicity we
denote by F the collective mapping F' = (p1, ..., Pk, fet1,- -, fn). We will say that
the action of G on MZ"*! is linear if it satisfies the following property:

G acts on the product MJ" ™ = D* x TF! x D*"=k) componentwise; the action
of G on D* is trivial, its action on T*! is by translations (with respect to the
coordinate system (0y, . ..,0;)), and its action on D*™=%) s linear with respect to
the coordinate system (1, Y1, .., Tn—k, Yn—k)-

Under the above notations and assumptions. Now we can state and prove the

following theorem,

Theorem 7.5.1 There exists a diffeomorphism ¢ defined in a tubular neighbour-

hood of O such that,

e it preserves the contact form aq i.e ¢*(ag) = ayp.
e it preserves F'.

e it linearizes the action of G. That is to say ¢ o py = p_((,l) o ¢.
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Proof:

Recall that oy = dfy + @ being @ the 1-form (Zle pid0; + ZE:IC) 5 (2idy; —
y;dz;)). Consider the symplectic manifold S = MJ"™ x (—¢, €) endowed with the
symplectic form wy = dt A dby + day, where t stands for a coordinate function on
(—¢,€). An action of G on MZ"™ can be extended in a natural way to an action

of G on S as follows,

p: Gx M x (—e,e)+ — M x (—¢,¢)
(9,2,1) —  (py(2),1)

On S we consider the moment mapping F = (F,t). We can apply the equi-
variant linearization theorem to obtain a symplectomorphism @ preserving F and
linearizing the action p. From the definition of the action p and the definition of F ,
this symplectomorphism clearly descends to a diffeomorphism ¢ on M02”+1 which
linearizes the action p and which satisfies ¢*(dag) = day.

Therefore,

o () = ap + dh

Finally the diffeomorphism,

¢(007"'79kap17"'7pk7x17"'7ynfk) = (00 - h‘a"'aekapla"'7pk7x17"'7ynfk)

takes the form ag + dh to ag and provides new coordinates for which the action is
linear.

O

In the previous section we have attained the contact linearization in the cove-

ring. Now applying the theorem of equivariant linearization to the group of deck

transformations we obtain as a corollary the following theorem,

Theorem 7.5.2 Let F be a foliation fulfilling the hypotheses specified in section
7.3.1, let F' be the enlarged foliation with the Reeb vector field Z and let o be a
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contact form for which F is Legendrian and such that Z is the Reeb vector field
then there exists a diffeomorphism defined in a neighbourhood of O taking F' to
the linear foliation, the orbit O to the torus {x; = 0,y; = 0,p; = 0} and taking the

contact form to the Darbouz contact form ay.
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“Where am 1?2 Metaphysics says
No question can be asked unless
It has an answer, so I can

Assume this maze has got a plan.”

“The Maze” W.H Auden
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