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Resum

Els teoremes de representabilitat son fonamentals en teoria d’homotopia i
en algebra homologica. El primer resultat d’aquest tipus va ser el teorema
de representabilitat de Brown, del qual es despren que tota teoria de coho-
mologia additiva pot ser representada per un espectre. Aquest resultat va
ser generalitzat al context de les categories triangulades per Neeman en els
termes segiients: tot functor cohomologic d'una categoria triangulada ben
generada a la categoria de grups abelians que envia coproductes a productes
és representable.

En aquesta tesi s’estudia el problema de representar functors cohomolo-
gics definits en subcategories de categories triangulades, de manera analoga
al teorema de representabilitat d’Adams per a functors definits en espectres
finits. Més concretament, si 7 és una categoria triangulada amb coproductes
i a és un cardinal regular, diem que 7T satisfa la a-representabilitat d’Adams
per a objectes si tot functor cohomologic H: T — Ab de la subcategoria
plena d’objectes a-compactes 7% C 7T a la categoria dels grups abelians
que envia coproductes de menys de « objectes a productes és de la forma
T(—,X)|7« per a un objecte X de 7. La a-representabilitat d’Adams per
a morfismes es defineix de manera semblant. Fn aquesta tesi s’imposen
condicions a T que impliquen la validesa de la a-representabilitat d’Adams
per a cardinals @ > Ny (on Ny és el primer cardinal infinit).

La importancia de la validesa de la a-representabilitat en una categoria
triangulada qualsevol ha estat posada de manifest recentment per Neeman
i Rosicky. Tot i aixi, s’han obtingut molt pocs resultats per a a > V.
Nosaltres demostrem que si T és N;-compactament generada i 7™ té car-
dinalitat igual o inferior a Ny, aleshores T satisfa la N;-representabilitat per
a objectes (on N; denota el cardinal successor de ¥g). Utilitzem aquest
resultat per a donar exemples de categories triangulades que satisfan la
N;-representabilitat d’Adams per a objectes, tals com la categoria derivada
d’un anell de cardinalitat N; o la categoria motivica estable d’'un esquema
noetheria amb un recobriment per oberts afins amb anells de cardinalitat
inferior o igual a N;.



Més exactament, donem condicions necessaries i suficients per a la validesa
de la a-representabilitat d’Adams en funcié d’una nocié de dimensié pura
projectiva adient i estudiem detalladament el cas de les categories derivades
d’anells. Utilitzem els nostres resultats juntament amb un resultat recent
de Braun i Gobel per demostrar que la categoria derivada de Z no satisfa
la a-representabilitat d’Adams per a morfismes si a > Ny. Aquest resultat
déna una resposta negativa a una pregunta de Rosicky: és cert o no que per
a tota categoria triangulada amb un model combinatori existeixen cardinals
« arbitrariament grans per als quals 7 satisfa la a-representabilitat per a
morfismes?

Els resultats d’aquesta tesi estan enunciats en un context molt general
amb l'objectiu de fer-los ttils per a altres aplicacions. Per aquest motiu,
introduim les nocions de categoria a-Grothendieck i objecte a-pla, com a
analegs per a cardinals superiors de categoria de Grothendieck i objecte pla.
Pel que fa a les aplicacions, el resultat més rellevant que demostrem és una
generalitzacié del Lema d’Auslander en el context de categories a-Grothen-
dieck.

També donem resultats nous respecte a functors de Rosicky, que van
ser introduits per Neeman com un formalisme abstracte per a estudiar la
a-representabilitat d’Adams en categories triangulades.



Introduction

Summary

Representability theorems are fundamental in homotopy theory and homo-
logical algebra. The first result of this kind was Brown representability,
according to which every additive cohomology theory can be represented by
a spectrum. This result was generalized to the context of triangulated cat-
egories by Neeman, stating that every cohomological functor from a well
generated triangulated category to the category of abelian groups that sends
coproducts to products is representable.

In this thesis, we study the problem of representing cohomological func-
tors defined on subcategories of triangulated categories, in the spirit of Adams
representability of functors defined on finite spectra. More precisely, if T is
a triangulated category with coproducts and « is a regular cardinal, we say
that T satisfies a-Adams representability for objects if every cohomological
functor H: T — Ab from the full subcategory of a-compact objects T C T
to the category of abelian groups that sends coproducts of less than a objects
to products is of the form 7 (—, X)|7« for an object X in 7. One defines
a-Adams representability for morphisms similarly. In this thesis, we give
conditions on 7 ensuring that a-Adams representability holds for cardinals
a > Ny (where Ny denotes the first infinite cardinal).

The importance of the validity of a-Adams representability in triangu-
lated categories has been pointed out recently by Neeman and Rosicky. How-
ever, very few positive results have been obtained for a > Ny. We prove that
if 7 is Nj-compactly generated and 7™ has cardinality less than or equal
to Wy, then T satisfies 8;-Adams representability for objects (where X; de-
notes the successor cardinal of Rg). We use this result to exhibit examples
of triangulated categories that satisfy 8;-Adams representability for objects,
such as the derived category of a ring of cardinality ¥; or the stable motivic
homotopy category of a noetherian scheme with an affine open cover by rings
of cardinality less than or equal to N;.

In fact, we provide necessary and sufficient conditions for a-Adams repre-
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sentability to hold, in terms of a suitable notion of pure projective dimension,
and study in detail the case of derived categories of rings. We show that our
conditions can be used, together with a recent result by Braun and Gobel, to
prove that derived category of Z does not satisfy a-Adams representability
for morphisms if o > V. This result answers negatively a question raised by
Rosicky of whether for every triangulated category 7 with a combinatorial
model there exist arbitrarily large regular cardinals « for which 7 satisfies
a-Adams representability for morphisms.

The results in this thesis are presented in a very general context, in order
to make them useful for various applications. For this reason, we introduce
the notions of a-Grothendieck categories and a-flat objects, as higher-cardinal
analogs of Grothendieck categories and flat objects. For our purposes, one of
the most relevant results that we prove is a generalization of the Auslander
Lemma to a-Grothendieck categories.

We also give new results about Rosicky functors, which were introduced
by Neeman as an abstract formalism to study a-Adams representability in
triangulated categories.

Background and recent advances

Triangulated categories provide a suitable formalism to study stable homo-
topy and derived categories. Representability theorems appeared first in
stable homotopy theory, but their generalizations to triangulated categories
have been very fruitful in the context of derived categories.

Stable homotopy focuses on properties that become stable after suspend-
ing spaces sufficiently many times. A way to make this precise is to work in
the homotopy category of spectra Ho(Sp) as introduced by Boardman [Vog70]
and Adams [Ada74]. An object X in Ho(Sp) is a sequence of pointed topo-
logical spaces X, X1,... together with structure maps o: ¥X,, — X,, 1 for
n > 0. Morphisms are homotopy classes of maps between such objects.

Given a spectrum E such that the adjoint maps F, — QF, ., are weak
equivalences, one defines a generalized cohomology theory as E"(X) =
colim;[¥' X, E,, ], where [—, —] denotes homotopy classes of maps of pointed
spaces, for n € Z. The converse of this theorem is known as the Brown
Representability Theorem [Bro62). It states that every additive generalized
cohomology theory E* can be represented by a spectrum, in the sense that
there exists a spectrum E such that E"(X) = colim;[X‘X, F, ;] for every
pointed space X and n € Z.

Whitehead [Whi62] showed that a spectrum E also defines a homology
theory by taking E,(X) = colim;[S"™ X A Ej| for n € Z, where S™™ is
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the (i 4+ n)-sphere. The converse is also true and in fact it is deduced,
using Spanier—Whitehead duality [SW55], from the Adams Representabil-
ity Theorem [AdaT7l]. Adams’ theorem states that every generalized co-
homology theory E* defined only on finite CW-complexes can be repre-
sented by a spectrum, in the sense that there exists a spectrum E such
that E"(X) = colim;[X'X, E, ;] for every finite CW-complex X and n € Z.
The Adams Representability Theorem implies both Brown’s theorem and the
representability of generalized homology theories satisfying the limit axiom.

The theorems of Brown and Adams can be rephrased in a simpler form
using the language of triangulated categories as introduced by Puppe in
[Pup62] and Verdier in [Ver77] and [Ver96].

A triangulated category T is an additive category together with an equiv-
alence X: T — 7T and a class of sequences in T of the form

A B C— YA,

called triangles, that satisfy a list of axioms. In the case of T = Ho(Sp), the
equivalence Y is induced by the suspension functor — A S* and the triangles
are sequences inducing long exact sequences of abelian groups after applying
the functors [K, —] and [—, K] for every spectrum K.

An additive functor H: T°° — Ab is called cohomological if it sends every
triangle

X——Y " 7—"5%X
in 7 to a long exact sequence

H (u) H(Y) H(v) H(w)

o H(X) H(Z2) 2 gex) T2 gsy) -
in the category Ab of abelian groups. We say that Brown representabil-
ity holds for 7 if it has coproducts and, for every cohomological functor
H: T° — Ab that sends coproducts in 7 to products in Ab, there exists
an object X in T and a natural isomorphism H(Y) = T (Y, X) for every Y
in 7. The fact that Brown representability holds for Ho(Sp) is equivalent to
the classical Brown Representability Theorem.

Brown representability does not hold for arbitrary triangulated categories,
as shown by Casacuberta and Neeman in [CN09], but it is known to hold
for many families of triangulated categories, such as derived categories of
Grothendieck categories [Nee(la] and homotopy categories of combinatorial
model categories [Ros05].

If A is an abelian category, its derived category D(A) has as objects
the (cochain) complexes of objects in A, and morphisms are obtained from
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morphisms of complexes by formally inverting quasi-isomorphisms. Two par-
ticular cases have been of historical importance. One is the derived category
D(R) of a ring R, where A is then the category of R-modules, and the other
one is the derived category D(¢qc/X) of quasi-coherent sheaves over a scheme
X. Verdier introduced triangulated categories in [Ver77] and [Ver96], inde-
pendently from Puppe, in order to give a general context to state and prove
Grothendieck duality. He showed that if f: X — Y is a proper morphism of
schemes, then, under suitable hypotheses on f, X and Y, the functor

Rf.: D(ge/X) — D(qc/Y)

has a right adjoint f'. Neeman noticed in [Nee96] that the existence of this
adjunction is an easy consequence of the fact that Brown representability
holds for D(gc/X).

It was Neeman [NeeO1b] who first observed that the proofs of Brown and
Adams were based on the fact that Ho(Sp) is generated by the suspensions of
the sphere spectrum S in the following way: A set of objects .S in an additive
category 7T is said to generate T if for every non-zero object X in T there is
a non-zero morphism s — X with s € S.

A compactly generated triangulated category is a triangulated category
generated by a set of compact objects, where an object X is called compact
if the canonical morphism

[[Tx.v) — 7X J[v)

i€l i€l

is an isomorphism for every set of objects {Y;}ic; in 7. The full subcategory
of compact objects is denoted by 7. Examples of compactly generated
triangulated categories include the stable homotopy category Ho(Sp), where
the compact objects are the finite spectra, and the derived category of a ring
D(R), where the compact objects are bounded complexes of finitely presented
projective R-modules. Brown representability holds for every compactly gen-
erated triangulated category [Nee96]|.

It was also Neeman [Nee97] who introduced the analog of Adams repre-
sentability for compactly generated triangulated categories, as follows. Let
T be a compactly generated triangulated category.

1. Wo-Adams representability for objects holds in T if, for every additive
functor
H: {TY}* — Ab

that sends triangles to long exact sequences, there exists an object X
in 7 and a natural isomorphism H(Y) = T (Y, X) for every Y in T™o.
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2. No-Adams representability for morphisms holds in T if, for every natu-
ral transformation F': T (—, X )|, — T (—,Y )|, there exists a mor-
phism f: X — Y such that F'= T (—, f)|.

If 7 is compactly generated and 7™ is countable, then 7T satisfies
No-Adams representability for objects and for morphisms [Nee97]. In par-
ticular, we obtain the original Adams representability for Ho(Sp), but also
for D(R) if the ring R is countable. However, in contrast with Brown repre-
sentability, there are many examples of compactly generated triangulated cat-
egories that do not satisfy Ry-Adams representability, as shown in [CKNO1].

In the process of extending the proof of Brown representability for com-
pactly generated triangulated categories to other triangulated categories,
Neeman introduced in his book [NeeOIb] the notion of well generated tri-
angulated categories, which is the higher-cardinal analog of compactly gen-
erated ones. If a is a regular cardinal, one defines a-compact objects as
higher-cardinal analogs of compact objects (in a precise sense that we do not
explain in detail here). Each a-compact object X in T has the property that
every morphism X — [, Y; factorizes through a morphism X — [[,.,Y;
with J C I aset of cardinality less than a.. The full subcategory of a-compact
objects is denoted by 7% and a triangulated category is called a-compactly
generated if it is generated by a set of a-compact objects. A triangulated
category is called well generated if it is a-compactly generated for some car-
dinal &. Neeman proved in [NeeQlb] that Brown representability holds for
every well generated triangulated category.

Well generated triangulated categories turn out to have other interesting
properties than Brown representability. The most important one is a gener-
alization of the Thomason Localization Theorem, stating that every Verdier
localization of a well generated category is well generated. Using this result,
Neeman proved that most interesting triangulated categories are well gener-
ated. For instance, the derived category of a Grothendieck category is well
generated.

Since the publication of Neeman’s book [Nee0Ib], many authors have
published interesting articles about well generated triangulated categories.
The starting point of this thesis was one of these articles: Generalized Brown
representability in homotopy categories [Ros05] by Rosicky. In this article,
Rosicky proved that the homotopy category of a stable combinatorial model
category is well generated, and he also explored the idea of considering Adams
representability in other subcategories than the subcategory of compact ob-
jects. This idea is implicit in Neeman’s book [Nee(OIb] and it was further
studied in [Nee09).

The articles [Nee09] and [Ros05] received much attention in the Research
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Programme on Homotopy Theory and Higher Categories held in the CRM
of Barcelona during the academic year 2007-2008. Neeman and Rosicky
attended this research programme and explained open questions and possible
consequences of their articles. Those conversations motivated this thesis.
Although the idea was already present in [Nee09] and [Ros05], the following
definition, as a higher-cardinal analog of Ny-Adams representability, is new
in this thesis.

Definition Let T be a triangulated category with coproducts. Let
be a regular cardinal.

1. a-Adams representability for objects holds for T if for every cohomo-
logical functor H: {7} — Ab that sends coproducts of less than
a objects in T to products in Ab there is a natural isomorphism
H(—) = T(—,X)|re for an object X in T.

2. a-Adams representability for morphisms holds for T if every natural
transformation F': 7 (—, X)|7e — T (—,Y)|7« is of the form T (—, f)|r«
for a (not necessarily unique) morphism f: X — Y in 7.

Rosicky [Ros05] and Neeman [Nee(9] inferred strong consequences of
a-Adams representability. For instance, Neeman proved in [Nee09] that, if 7
is a well generated triangulated category and satisfies a-Adams representabil-
ity for morphisms for some «, then 7 and 7°P satisfy Brown representability.
It was already known that every well generated triangulated category satisfies
Brown representability, but the fact that if 7 is a well generated triangulated
category then 7°P satisfies Brown representability is still a conjecture. The
difficulty in proving this conjecture relies on the fact that the opposite of a
well generated category is almost never well generated [NeeO1h].

After [NeeO1b] and [Ros05], it became clear that it is interesting to give
conditions on a triangulated category in order to ensure that it satisfies
a-Adams representability. However, the only known results at the time were
for a« = Ny. As we have already mentioned, a well generated triangulated cat-
egory need not satisfy RXo-Adams representability. Rosicky [Ros05] raised the
question of whether a well generated triangulated category satisfying some
extra assumptions could satisfy a-Adams representability for a large enough
regular cardinal a.

Question [2.3.34] Let T be a well generated triangulated category with a
combinatorial model. Is it true that there exist arbitrarily large reqular car-
dinals o for which T satisfies a-Adams representability for morphisms?

This question was the first target of this thesis. In order to address this
question, we generalize some of the results in [Bel0Ob] and [Nee97] for higher
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cardinals using the following notation: If Mod,-7“ denotes the category of
contravariant additive functors from 7 into Ab that send coproducts of less
than « objects in 7 into products, and

Sy: T —— Mod,-T%,
X T, Xl

is the restricted Yoneda functor, then

1. T satisfies a-Adams representability for objects if and only if every
cohomological functor in Mod,-7® is in the essential image of S, and

2. T satisfies a-Adams representability for morphisms if and only if S,
is full.

The categories Mod,-7* play a very important role in this thesis. In
contrast with the category Mod-T* of additive functors from 7 into Ab,
Mod,-7* is usually not a Grothendieck category, because it need not have
exact filtered colimits and even not enough injectives. We study the cate-
gories Mod,-7® in Chapter [ using the abstract formalism of a-Grothendieck
categories that we introduce as a higher-cardinal analog of Grothendieck cat-
egories.

The study of Rp-Adams representability in [Nee97] and [Bel0Ob] relies in
the notion of purity. The Ng-pure global dimension of a triangulated category
T is defined as

Pgldimy (7) = sup{pd(H) | H: T"° — Ab cohomological},

where pd(H) denotes the projective dimension of H in Mod-7T™0. It was
proved in [Nee97] and [Bel0Ob|] that

1. T satisfies Ng-Adams representability for morphisms if and only if
Pgldimy (7) < 1, and

2. T satisfies Rp-Adams representability for objects if Pgldimy (7) < 2.

We have extended these results in Chapter [3| to uncountable cardinals.
After [Bel00b] and [Nee97], the study of No-Adams representability con-
tinued in J[CKNOI] with the particular case of the derived category of a ring.
Among other results, it was proved that, under certain circumstances, the
No-pure global dimension of the derived category of a ring is less than or
equal to the classical global dimension of the ring. This result is an im-
portant source of examples of triangulated categories that do not satisfy
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No-Adams representability. We extend this result in Chapter [5| for uncount-
able cardinals.

The results in Chapter |3| and Chapter |5 led us to a reformulation of
Question [2.3.34] in terms of higher purity of rings. Recall that a short ex-
act sequence 0 - A — B — C — 0 is called a-pure exact if for every
a-presentable module P the induced sequence of abelian groups

0 — Hom(P, A) — Hom(P, B) — Hom(P,C) — 0

is exact. With this definition, we can define a-pure projective modules and
the a-pure projective dimension of an R-module as usual. In February 2010,
Braun and Gébel reported in [BG10] that Pgldim,(Z) > 1 for every regular
cardinal a > Ny, which implies, using our reformulation, that the answer
to Question is negative. In this example, however, Pgldimy (Z) = 1.
Recently, Bazzoni and Stovicek [BS10] overcame this issue and proved that
Pgldim, (k[X,...,X,]) > 1 when n > 2 and k is an uncountable field, for
all regular cardinals «.

Until now, all results about a-Adams representability for a > Ny were
negative (stating that representability failed in certain categories). In this
thesis, we give examples of triangulated categories satisfying N;-Adams rep-
resentability for objects in Chapter [6]

Summary of results

This thesis extends a number of known results about Xy-Adams representabil-
ity to a-Adams representability for regular cardinals o > Ny. As in the case
of Ny, if T is an a-compactly generated triangulated category, a-Adams
representability is closely related to the properties of the restricted Yoneda
functor
Sy: T —— Mod,-T*.
X+—T(—, X)|7a

The category Mod,-7“ was extensively studied in [NeeOIb]. In Section
2.3.1] we explain that most properties of Mod,-7“ do not depend on the
triangulated structure, but just on the fact that 7 is an additive category
with coproducts of less than « objects.

If C is an essentially small additive category with coproducts of less than «
objects, we denote by Mod,-C the abelian category of additive contravariant
functors from C to Ab that send coproducts of less than « objects to products.
We prove in Section that the category Mod,-C is an exact subcategory
of Mod-C with coproducts and exact products, and it is locally a-presentable.
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A generating set of a-presentable projectives is given by {C(—, X) | X in C}
where C is a set of representatives of the isomorphism classes of objects in C.

The category Mod,-C does not have exact filtered colimits in general,
but only exact a-filtered colimits. A category is called a-filtered if every
subcategory of cardinality less than « has a cocone. In analogy with the
N, case, we call an abelian category with a set of generators and with exact
a-filtered colimits a-Grothendieck.

In Section [3.1] we prove a relation between the validity of a-Adams rep-
resentability and the a-pure global dimension of the triangulated category,

Pgldim, (7)) = sup{pd(H) | H cohomological in Mod,-T*},

where pd(H) denotes the projective dimension of H in Mod,-7®. Our main
result is the following:

Theorem [3.1.10 Let a be a regular cardinal and let T be an a-compactly
generated triangulated category.

1. If Pgldim (7)) < 2, then T satisfies a-Adams representability for ob-
jects.

2. Pgldim,_(T) < 1 if and only if T satisfies a-Adams representability for
objects and for morphisms.

In the case o = Ny, this was proved by Neeman in [Nee97] and Beligiannis
in [BelOOb]. This result translates a-Adams representability into a problem
of homological algebra where it is possible to carry out computations. The
most important part of the thesis is devoted to finding conditions on the
triangulated category 7 in order to obtain an upper bound for its a-pure
global dimension. For this reason, Chapter [4| studies cohomological functors
and a-purity in Mod,-7*. Since most of the results depend only on the fact
that Mod,-7® is an a-Grothendieck category, we present our results in a very
general context. One of our key results in Chapter [4]is the following gener-
alization of the Auslander Lemma, a well-known result about Grothendieck
categories.

Corollary Let A be an X, -Grothendieck category and let M =
colim;, M; be such that My = 0, M; C M; if i < j and v > w,. Assume
that colim;.s M; = Mgy for every limit ordinal B with w, < 8 < v. If
pd(M;/M;) < d for alli < j < i+ w,, then pd(M) <n+d.

Notice that if n = 0 we obtain the classical Auslander Lemma and the
projective dimension of the colimit is not greater than the projective dimen-
sion of the objects used to define it. The fact that for n > 0 the projective
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dimension increases is the ultimate reason that prevents us from obtaining
examples that satisfy a-Adams representability for a > N;.

In order to be able to use this generalization of the Auslander Lemma,
we need to express every cohomological functor in Mod,-7* as a colimit, as
in the statement of the previous corollary. This will be done in Section |4.2
and Section 4.3

For the study of a-Adams representability, we are interested in cohomo-
logical functors in Mod,-7“. The natural analog for a general a-Grothen-
dieck category (which need not be a category of functors) is that of an a-flat
object.

Definition [4.2.1] Let A be a locally a-presentable a-Grothendieck category
with a generating set of a-presentable projectives. An object in A is said to
be a-flat if it is an a-filtered colimit of a-presentable projectives.

We prove in Lemma that an object F' is a-flat if the following
equivalent definitions hold:

1. If P C A is the full subcategory of a-presentable projective objects,
the canonical diagram (P | F) — A is a-filtered.

2. Every morphism N — F' where N is a-presentable factorizes through
an a-presentable projective object.

In the case of categories of the form Mod,-7“, where T is an a-compactly
generated triangulated category, Neeman [NeeOIDb] proved that the a-flat
objects are precisely the cohomological functors. In the case of categories
of the form Mod,-A“ where A is an abelian category with coproducts and
A is the full subcategory of a-presentable objects, we prove in Lemma 4.2.4
that the a-flat objects correspond precisely to the left exact functors.

In Section |4.3| we introduce a-purity in the general context of a-Grothen-
dieck categories. A short exact sequence 0 -+ A — B — C' — 0 is called
a-pure exact if for every a-presentable object P the induced sequence of
abelian groups

0 — Hom(P, A) — Hom(P, B) — Hom(P,C) — 0

is exact or, equivalently, if it is an a-filtered colimit of split exact sequences.
With this definition, we can define a-pure projective objects and the a-pure
projective dimension of an object as usual.

The main result of Section is the following corollary, that will be used
to write cohomological functors in Mod,-7* as colimits of the correct shape
in order to apply our generalization of the Auslander Lemma.
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Corollary [4.3.8 Let « be a regular cardinal and let A be a locally a-presen-
table a-Grothendieck category with a generating set of a-presentable projec-
tives. Fvery object M in A is the colimit of an a-filtered ascending chain of
a-pure subobjects M = colim; . N; such that colim;.3N; = Ng for every limit
ordinal > « and, if i < j < i+ «, then N;/N; has less than or equal to
max{a, #A*} generators.

In Section 4.4 we introduce the notion of a-noetherianity in locally a-pre-
sentable a-Grothendieck categories. This property, when it holds, is very
useful for the computation of a-pure global dimensions. An object X in an
abelian category is called a-noetherian if for every set {4}« of subobjects
of X well ordered by inclusion, i.e. A; C A; if ¢ < j, there exists an ordinal /3
with #8 < a such that A; = A; whenever § < 1,5 <. An abelian category
is said to be locally a-noetherian if it has a generating set of a-presentable
projective a-noetherian objects. In a locally a-noetherian abelian category,
an object is a-generated if and only if it is a-presentable.

We also study the a-flat dimension of an object, which is defined as the
minimal length of a resolution by a-flat objects. The weak global dimension
weakgldim(A) of a locally a-presentable a-Grothendieck category A is then
defined as the supremum of the a-flat dimensions of all the objects in A. We
prove in Lemma [£.4.7) that if A is locally a-noetherian, then

weakgldim(A) = sup{pd(B) | B a-presentable}
and in the case o = R,, we prove in Corollary that
weakgldim(A) < projgldim(.A) < weakgldim(.A) + n.

Notice that if & = R this implies that weakgldim(.A) = projgldim(.A). Brune
[Bru83] used this fact to prove that, if A is locally noetherian, then every
subobject of an Ny-pure projective object is No-pure projective. In partic-
ular, Pgldimy (A) < 1 and this is exploited in [BBL82] to compute the
No-pure global dimension of certain rings. These computations were used
later in [CKNOI] to provide counterexamples to No-Adams representabil-
ity. We generalize this result to the case @ = R,, in Theorem and
Proposition These generalizations imply, in particular, that, if 7 is
an N,-compactly generated triangulated category satisfying some extra hy-
potheses, then every object in Mody, -7 has N,,-pure projective dimension
less than or equal to n + 1.

In Chapter [6] we use the results in the previous sections to give examples
of triangulated categories satisfying N;-Adams representability for objects.
They are consequences of the following general result.



XX Introduction

Theorem [6.1.1] Let C be a category with coproducts of less than W,, objects.
If #C <N, then every N,,-flat object in Mody, -C has projective dimension
less than or equal to n + 1.

In the case o = Ny, as a consequence of Theorem [3.1.10] we obtain:

Corollary [6.1.3|. Let T be an Ny-compactly generated triangulated category.
If # T <Ny, then T satisfies N;-Adams representability for objects.

In order to give concrete examples for which this corollary applies, we
study in Chapter [5| the particular case of derived categories of rings. What
we do is to relate the a-pure global dimension of the derived category of a ring
with the a-pure global dimension of the ring. All the rings that we consider
are associative with identity. In the first section, we review the definition of
a-purity for rings as given in [JL89]. This notion is classical, but has not
received much attention except for the case a = Ny. In the second section
we prove the following result:

Corollary Let R be a ring and o > RXg be a reqular cardinal.
1. If R is a-coherent, then Pgldim,(R) < Pgldim,(D(R)).
2. If R is hereditary, then Pgldim,(R) = Pgldim,(D(R)).

For the case a = Ny this fact was proved by Christensen, Keller and
Neeman in [CKNO1], who used the computations in [BBL82] to prove that
some derived categories of rings do not satisfy No-Adams representability for
morphisms. In the same spirit, we use Theorem and Corollary
together with a recent computation by Braun and Gobel [BGI0] stating that
Pgldim,(Z) > 1 for every o > Ng to prove the following result:

Proposition m. The category D(Z) does not satisfy a-Adams repre-
sentability for morphisms if a > Ng.

This result gives a negative answer to Question because D(Z) is a
compactly generated triangulated category with a combinatorial model, yet
there is no regular cardinal o > ¥ for which a-Adams representability for
morphisms holds. However, notice that Pgldimy (Z) = 1 and hence D(Z)
satisfies Ng-Adams representability for morphisms. After this example, it is
natural to ask if there exists a triangulated category that does not satisfy
a-Adams representability for any cardinal o. Recently, Bazzoni and Sfovicek
[BS10] proved that there are rings R such that Pgldim,(R) > 1 for every
regular cardinal . Specifically, after applying Theorem and Corollary
we have the following result:
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Proposition [5.2.11] Let k be an uncountable field and let R be one of the

following rings:

1. k[Xq,...,X,] forn>2.

2. <§ Z) where V' is a k-vector space with dimg (V') > 2.

Then the triangulated category D(R) does not satisfy a-Adams representabil-
ity for morphisms for every reqular cardinal o.

It is worth mentioning that before the result of Bazzoni and Stovicek
was announced, Trlifaj [TrI10] studied the stable version of Question
and proved that for every regular cardinal «, there is a ring R such that
Pgldim,(R) > 1.

In Section [6.1] we exhibit examples that satisfy N;-Adams representability
for objects. They all follow from Corollary[6.1.3]if we assume the Continuum
Hypothesis (CH).

1. D(R) where R is a ring such that #R < N;.

2. The stable homotopy category Ho(Sp).

3. The homotopy category of chain complexes of projective R-modules
K(R-Proj) where R is a ring such that #R < ¥.

4. The homotopy category of chain complexes of injective R-modules
K(R-Inj) where R is a noetherian ring such that #R < N;.

5. The derived category of sheaves on a connected paracompact manifold
D(Sh/M).

6. The stable motivic homotopy category SH(S) over a noetherian scheme
of finite Krull dimension S with an affine open cover by rings of cardi-
nality less than or equal to R; (assuming that 2™ = V).

In |[CKNOI] it is proved that the derived category of a ring R satisfies
No-Adams representability for objects and for morphisms if R is countable,
but this need not be true if R has cardinality X;. Notice that, if we assume the
Continuum Hypothesis, it follows from our results that the derived category
of the ring C[X7, ..., X,| satisfies N;-representability for objects.

The triangulated categories K(R-Proj) and D(Sh/M) need not be com-
pactly generated. Hence, Nyp-Adams representability does not even make
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sense. Neeman proved in [NeeOla] and [NeeO8| that they are N;-compactly
generated, while the N;-Adams representability results are new in this thesis.

The first representability result for the stable motivic homotopy category
SH(S) was obtained by Voevodsky [Voe98|. He proved that if the category
of smooth S-schemes of finite type Sm/S is countable, then SH(S) satisfies
No-Adams representability for morphisms. In Section we extend this
result, following a proof given by Naumann and Spitzweck [NS09], to cover
the case where the category Sm/S has cardinality W;. In particular, our
result applies to schemes S = J; Spec(R;) with R; rings of cardinality less
than or equal to ¥; for all ¢ € I. Hence, if we assume the Continuum
Hypothesis, the rings R; can be chosen as quotients of rings of polynomials
over the complex numbers, which are of great interest in algebraic geometry.
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Chapter 1

Triangulated categories

In this chapter, we overview the main aspects of the theory of triangulated
categories following Neeman’s book [NeeQ1b]. This point of view is the most
convenient for our purposes, although there are some differences with the
foundational papers by Puppe [Pup62] and Verdier [Ver77], [Ver96], the most
important being the treatment of the Octahedral Axiom.

We have divided this chapter into four sections. The first section contains
the definitions and basic properties of triangulated categories. The second
and third sections are devoted to examples, namely in the second section we
describe the stable homotopy category and in the third section we discuss
the derived category of an abelian category. Finally, the fourth section is
devoted to localization, which is one of the most useful constructions in the
theory of triangulated categories.

1.1 Triangulated categories

This section is a survey of the theory of triangulated categories. In particular,
we set up the basic notation used in the thesis. Since everything in this
section is well known, most results are stated without a proof. We give
references for all results, mainly from Neeman’s book [Nee(OIb]. Examples
will be given in the following sections.

We work under the axiomatics of Zermelo and Fraenkel together with the
Axiom of Choice (ZFC). All the categories that we consider have a proper
class or a set of objects and, for every pair of objects, a set of morphisms
between them. We will frequently use basic facts about categories, especially
additive categories, for which we refer to [Mit65] or [Pop73].

A triangulated category is an additive category with extra structure,
called distinguished triangles, that replaces short exact sequences (which
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are available in abelian categories, but not in additive categories in general).
Before making this precise, we recall some terminology.

Definition 1.1.1. Let C be an additive category. A representable (covariant)
functor from C to the category Ab of abelian groups is a functor of the form

C(X,—): C——Ab
Y ——C(X,Y)

for some object X in C. Dually, a representable (contravariant) functor from
C° to Ab is a functor of the form C(—,Y") for some object Y in C.

Definition 1.1.2. Let C be an additive category and let ¥: C — C be an
equivalence. A candidate triangle is a sequence of morphisms in C of the

form
Xty 7Y% X

such that the compositions v o u, w o v and Xu o w vanish.
A morphism of candidate triangles is a commutative diagram

X——Y ——7—5%X

N

R Y S ) ¢

where the rows are candidate triangles. It is an isomorphism of candidate
triangles if f, g and h are isomorphisms in C.
A homotopy between two morphisms of candidate triangles

X——Y ——7—5%X

N

X sy Y 7 X

and
X =Y 27 "s3%X
Ll
X My g e
consists of three morphisms ©: Y — X', &: Z - Y’ and ¥V: XX — Z’ such
that f— f/=0Qu+X (W' V), g—¢ =Pv+u'Oand h—h =V w+v ®. If
there exists a homotopy between two morphisms of candidate triangles, we
say that these morphisms are homotopic.
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Definition 1.1.3. Let C and ¥ be as in the previous definition. Suppose
that we are given a morphism of candidate triangles

X—=Y =7 —"5%X

bl bl

Xy Y g wosxr

We define the mapping cone of this morphism as the candidate triangle

5 ) r v) (5 )

Yo X — 70— 53X e ——533%Y o XX

Up to isomorphism, the mapping cone of a morphism of triangles depends
only on the homotopy class of the morphism [Nee0O1b, Lemma 1.3.3].

Definition 1.1.4. A triangulated category T is an additive category to-
gether with an equivalence >: T — T, which we call suspension, and a class
of candidate triangles, called distinguished triangles, having the following
properties.

TRO The class of distinguished triangles is closed under isomorphisms and
the candidate triangle

Xy x 0 X

is distinguished for every object X in 7.

TR1 For any morphism f: X — Y in T there exists a distinguished triangle
of the form

f

X Y > Z X,

TR2 A candidate triangle

X——=Y "5 7—"53%X

is distinguished if and only if the candidate triangle

—>u

Y — 7 -——5%X XY

is distinguished.
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TR3 For any commutative diagram of the form

Xy sz ¥X
Il
Xy g X

where the rows are distinguished triangles, there exists a morphism
h: Z — Z' which makes the diagram

X2y 27 Yy X
lf lg J/h lzf
) (I YU TR 3)
commutative.
TR4 The Octahedral Aziom. Let

x-Loyv Lo Lhex,

Y2 z-250, 245y and

Xz to, vy

be three distinguished triangles in 7. Then we can construct a com-

mutative diagram

x—t oy Loy
id g id
XYz o, Myx
g/
id
0——C, c, +0
g//
nx —Lyy 2owe, 2 sex

where every row and column is a distinguished triangle.

Notice that, since every equivalence between additive categories is addi-
tive, X is an additive functor [Pop73, Ch. 3, Corollary 1.3]. It is also known
that some parts of the definition are redundant [NeeOIb, Remark 1.1.3]. It
is not necessary to assume that the sequences

XY ——7—""53%X
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in the class of distinguished triangles are such that the compositions u o v,
vow and w o Xu vanish. It is also sufficient to assume that 7T is a category
with a zero object enriched over abelian groups, i.e. the sets of morphisms
from one object to another carry an abelian group structure and composition
is bilinear. Finally, we also want to notice that it is not known if axiom
[TR4] can be deduced from the other axioms. In fact, all known examples of
categories satisfying [TRO], [TR1], [TR2] and [TR3] also satisfy [TRA4].
From now on, when we say that 7 is a triangulated category we will
assume that it is equipped with a triangulated structure, 7.e. an equivalence
Y. T — T and a class of distinguished triangles, which we call just triangles.

Remark 1.1.5. Let T be a triangulated category. Then its opposite category
T°P also has a triangulated structure with equivalence ¥~ and triangles
X —-Y = Z—¥X in T corresponding to triangles Z - Y — X — X717
in 7°P [NeeO1b, Remark 1.1.5].

Let f: X — Y be a morphism in a triangulated category. By [TR1] it
can be completed to a triangle. Given two such completions

x-1.y A YX and

X1y 7 nX

it is not difficult to prove [NeeO1b, Remark 1.1.21] using [TR3| that Z = Z'.
Hence, Z is well defined up to non-canonical isomorphism. We will make an
abuse of notation and call any object Z as in axiom [TR1]| a mapping cone
of f and denote it by Cy.

Lemma 1.1.6 ([NeeO1b, Corollary 1.2.6]). A mapping cone C¢ of a mor-
phism f is zero if and only if f is an isomorphism.

In contrast with abelian categories, triangulated categories in general do
not have kernels or cokernels. However, because of Lemma [1.1.6, we can
think of C'; as a twisted version of kernel and cokernel.

The following proposition can be seen as an analog of the Five Lemma
[Hat02 p. 129] or the Third Isomorphism Theorem [Fre64, p. 58]. In fact, it
can be proved without using [TRA4].

Proposition 1.1.7 ([NeeO1b, Proposition 1.1.20]). Let T be a triangulated
category and let
X—Y ——7—%X

lf lg lh lﬁf
Xy Y Wosxr

be a morphism of triangles. Then, if f and g are isomorphisms, so is h.
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Proposition 1.1.8 ([NeeO1bl Section 1.2]). Let T be a triangulated cate-
gory. The class of triangles is closed under products, coproducts and direct
summands.

Products and coproducts need not exist in a triangulated category. Thus,
Proposition refers to those that exist.

For many of the results in this thesis, we will need that our triangulated
categories have coproducts, or, at least, coproducts of certain cardinalities.

Recall that a cardinal « is called regular if every set of cardinality « is not
the union of less than « subsets of cardinality less than «. For instance, X,
is regular for every integer n > 0 and every successor cardinal is regular. A
cardinal that is not regular is called singular, e.g. X,,. The following notation
will be very convenient.

Definition 1.1.9. Let 7 be a triangulated category and let @ be a regular
cardinal. We define the following axiom.

TR5,, For any set of objects {X)}xea in 7 such that #A < «, the coproduct
[1,ep X exists in T

Dually, we say that T satisfies [TR5%] if 7°P satisfies [TR5,], i.e. products
of less than a objects exist in 7. We also define

TRS5 All coproducts exist in 7, i.e. T satisfies [TR5,] for all a.

Dually, we say that T satisfies [TR5%] if all products exist in 7T
Definition 1.1.10. Let 7 be a triangulated category and assume that it
satisfies [TRby,|. Let

J1 J2 J3
Xo > X1 X

be a sequence of morphisms in 7. The homotopy colimit of the sequence is
denoted by Hocolim X; and is defined by the triangle

ITx =% J] X — Hocolim X, — =[] X

i=0 i=0 i=0
where the shift map is the direct sum of j;11: X; — X,y for every ¢ > 0
together with 0 — X.

It can be seen that the homotopy colimit of any strictly increasing sub-
sequence is isomorphic to the homotopy colimit of the whole sequence; see
[NeeO1bl Lemma 1.7.1] for details.

The next proposition says that idempotents split in every triangulated
category in which [TR5y,] holds. The axiom [TRby,]| is required because
homotopy colimits are needed for the proof.
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Proposition 1.1.11 ([NeeO1b, Lemma 1.6.8]). Let T be a triangulated cat-
egory satisfying [TRby,|. Let e: X — X be an idempotent morphism in T,
i.e. eoe=e. Then e splits, i.e. there are morphisms

xtiy_f2.x

such that go f = e and f o g =1id.

1.1.1 Triangulated subcategories

Definition 1.1.12. Let 7 be a triangulated category. A full additive subca-
tegory S C T is called triangulated if S is closed under isomorphisms and
suspension, and if for any triangle

X > Y A » 2 X

in 7 such that X and Y arein S, Z is also in §.

Thus, the additive category S inherits a triangulated structure, where the
triangles in S are just the triangles in 7 whose objects lie in S.

Definition 1.1.13. Let 7 be a triangulated category satisfying [TR5] and
let S C T be a triangulated subcategory.

1. § is called thick if it contains all direct summands of its objects, i.e. if
whenever X @Y is an object in S, then so are X and Y.

2. S is called a-localizing for an infinite cardinal « if it is thick and closed
under coproducts of less than « objects.

3. § is called localizing if it is closed under all coproducts, i.e. it is
a-localizing for every infinite cardinal a.

Remark 1.1.14. If o > Ny, then every triangulated subcategory closed under
coproducts of less than a: objects is automatically thick by Proposition[1.1.11]

1.1.2 Exact functors

Definition 1.1.15. Let 77 and 7, be triangulated categories. An ezxact
functor, also called triangulated functor, is an additive functor F': T — T
equipped with a natural isomorphism

dx: F(SX)— SF(X)
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for every object X in 77, and such that, for any triangle

XY "5 Z—""3%X
in 77, the candidate triangle

FOO -2 poyy 9 p(z) XM 5

is a triangle in 75.

The inclusion functor of a triangulated subcategory S < 7T is exact with
¢x = idxx for every object X in S.

Definition 1.1.16. Let I': 7 — 75 be an exact functor. The kernel of F
is the full subcategory ker(F') of 7; whose objects are those X such that
FX=0in 7Ts.

Proposition 1.1.17 ([NeeO1b, Lemma 2.1.5]). The kernel of an exact func-
tor 1s a thick triangulated subcategory.

1.1.3 Homological functors

Definition 1.1.18. Let 7 be a triangulated category. A functor from 7T to
the category of abelian groups H: 7T — Ab is called homological if it sends
triangles to long exact sequences, i.e. if for every triangle

X—=Y 753X

in 7 the sequence

H(u) H(v) H(w) H(Xu)

—— HXEX)——HXY) —---

coo HX) 2L HY) H(Z)

is exact in Ab. Dually, a functor H: 7° — Ab that takes triangles in 7 to
long exact sequences is called cohomological.

The next proposition is one of the most important direct consequences of
the axioms of a triangulated category.

Proposition 1.1.19 ([NeeO1b, Lemma 1.1.10]). Let T be a triangulated cat-
egory.

1. For each object X, the functor T(X,—): T — Ab is homological and
takes products in T to products in Ab.
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2. For each object Y, the functor T(—,Y): T°® — Ab is cohomological
and takes coproducts in T to products in Ab.

The converse of the above proposition, stating that every homological
functor taking products to products is representable, and similarly for co-
homological functors, does not necessarily hold. When it does, we use the
following terminology due to Neeman, although other authors name it dif-
ferently.

Definition 1.1.20. Let 7 be a triangulated category satisfying [TR5].

1. We say that Brown representability holds for T if every cohomological
functor H: 7°° — A that sends coproducts in 7 to products in Ab is
representable, i.e. there is a natural isomorphism H(—) = T (—,Y) for
an object Y in T.

2. We say that the dual of Brown representability holds for T if every
homological functor H: 7 — A that sends products in 7 to products

Y

in Ab is representable, i.e. there is a natural isomorphism H(—) =
T(X,—) for an object X in 7.

As we review in the following chapters, Brown representability is known
to hold for a broad family of triangulated categories. It holds for well gener-
ated triangulated categories (Theorem . On the other hand, the dual
of Brown representability is only known to hold under very restrictive hy-
potheses, although no counterexample has been given of a well generated
triangulated category for which the dual of Brown representability fails to
hold.

The following propositions are important consequences of Brown repre-
sentability:.

Proposition 1.1.21 ([Nee96, Theorem 4.1]). Let F': S — T be an exact
functor of triangulated categories that preserves coproducts. Assume that
Brown representability holds for S. Then F has a right adjoint.

Proposition 1.1.22 (|[Nee(O1bl Proposition 8.4.6]). Let T be a triangulated
category satisfying [TR5], i.e. having coproducts. Assume that Brown repre-
sentability holds for T. Then T satisfies [TR5*|, i.e. it has products.

1.2 The stable homotopy category

The first representability results for a triangulated category were obtained for
the homotopy category of spectra, also called stable homotopy category. We
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review these results in this section, since they were the motivating examples
for other representability results. We mainly follow the book of Margolis
[Mar83], but using simplicial sets instead of CW-complexes.

The notion of spectrum is central in homotopy theory. Spectra are the
objects of the stable homotopy category, and can be introduced in many dif-
ferent ways. We can think of the stable homotopy category as a universal con-
struction that inverts the suspension functor of spaces up to homotopy; see
[HovO1] for details. There are different models for spectra yielding the same
homotopy category. We will use simplicial spectra as defined by Bousfield
and Friedlander [BFT78]. Other important models are Adams CW-spectra
[Ada74], S-modules [EKMM97] and symmetric spectra [HSS00].

In the whole section, when we say space we mean simplicial set. A good
introduction to simplicial sets can be found in [Cur71]. We will denote by
sSet, the category of pointed simplicial sets. Recall that, given spaces X
and Y, the wedge sum X VY is the quotient of the disjoint union X LY
obtained by identifying the base points. The smash product X NY is defined
as X x Y/X VY. The suspension functor is defined as ¥(—) = St A —
where S = A[1]/0A[1] is the simplicial circle. It has a right adjoint Q(—)
Hom(S', —), where Hom denotes the mapping space in sSet,.

Definition 1.2.1. A spectrum X is a sequence Xg, X1,...,X,,... of pointed
spaces together with a structure map o: ¥X,, — X, 41 for every n > 0.
A map of spectra f: X — Y is defined by a sequence of pointed maps
fn: X, = Y, such that the diagram

Y Xy —= X1

EfnJ/ lf'rﬂ»l

XY, — =Y,
is commutative for every n > 0. We denote by Sp the category of spectra.

Given a pointed space X, we can consider the spectrum ¥°° X given by the
sequence of pointed spaces X, ¥ X,..., X" X, ... and identities as structure
maps. The spectrum S = £*®°S5° is called sphere spectrum. We define the
homotopy groups of a spectrum X as m;(X) = colim,, m;1.,(X,) for i € Z,
where the colimit is that of the direct system

A d 7T2+n(Xn) L 7Ti+n+1(2Xn) L) Ti+n+1 (Xn+1> —_— ...

Definition 1.2.2. A map of spectra f: X — Y is a stable weak equivalence
if m(f): m(X) — m(Y) is an isomorphism for every i € Z.
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Bousfield and Friedlander [BEFT78] proved that there is a model category
structure on the category of spectra with stable weak equivalences as weak
equivalences. Hence, we can define the homotopy category of spectra Ho(Sp)
by formally inverting stable weak equivalences. The set of homotopy classes
of maps in this category is denoted by [—, —].

An Q-spectrum is a spectrum X such that the adjoints of the structure
maps X,, = QX,.1 are weak equivalences and X, is fibrant for all n > 0.

Theorem 1.2.3 (Eilenberg and Steenrod [ES52]). Let E be an Q-spectrum.
Then the functors
H"™: {sSet,}°? —— Ab

X—[X,E,]
for every n € Z form a reduced additive cohomology theory.

A definition of reduced additive cohomology and a proof of this theorem
can be found in [ES52] or [Hat02l Section 3.1 and Theorem 4.58]. (For n < 0,
define E, = Q™ "Ej.)

The converse of this theorem was proved by Brown [Bro62] and is known
as the Brown Representability Theorem. We will state it as Theorem [1.2.13
with a more convenient notation.

There is also a corresponding theorem for homology theories:

Theorem 1.2.4 (Whitehead [Whi62]). Let E be a spectrum. Then the func-
tors
H,: sSet, —— Ab
X+——m,(X AE)

for every n € Z form a reduced additive homology theory, where (X NE)y =
X N By for k> 0.

The definition of reduced additive homology and a proof of this theorem
can be found in [Hat02, Section 2.3 and Theorem 4F.2].

The converse of this theorem was proved by Adams [Ada71] and is known
as Brown Representability for Homology. We will state it as Theorem [1.2.16
with a more convenient notation.

1.2.1 Triangulated structure

It was proved by Puppe [Pup62] that the category Ho(Sp) has a triangulated
category structure. We sketch in a series of lemmas how this can be done.
Details can be found in [Ada74, Part III] or [Mar83) Ch. 2.
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The category Ho(Sp) has an additive structure. The idea of the proof
is simple. For any two spectra X and Y, [¥X, Y] is a group and [2%X, Y] is
an abelian group. The argument is the same that proves that the homotopy
groups of a space m,(X) are abelian for n > 2 [Hat02, Sec. 4.1]. Since there
is a bijection between [X,Y] and [X2X, X2Y], we have proved that [X, Y] is
an abelian group for all X and Y and it is easy to see that composition is
bilinear.

We also have a functor ¥: Ho(Sp) — Ho(Sp) that is an equivalence of cat-
egories. This was constructed by Adams and then reformulated by Bousfield
and Friedlander in the context of Quillen model categories [Hov01, Theo-
rem 3.9].

Theorem 1.2.5 (Adams). The prolongation of the suspension functor to
the category of spectra ¥: Sp——Sp defined by (XX),, = 3(X,,) induces
an equivalence ¥: Ho(Sp) — Ho(Sp).

It is worth mentioning that there is also a shift functor s, : Sp — Sp,
where (s;X), = X,41, that also induces an equivalence of categories in
Ho(Sp) and is naturally isomorphic to 3.

In order to see that every morphism in Ho(Sp) can be completed to a
triangle, we use the mapping cone of spectra [Rud98, Ch. II, Definition 1.7]:
A morphism f: X — Y in Ho(Sp) can always be represented by a map
/' X" = Y in Sp such that X' = X in Ho(Sp) with X’ cofibrant in Sp, and
Y =Y in Ho(Sp) with Y’ fibrant in Sp. We define C(f’), the mapping cone
of ', as

C(f)n=C(f,) =Y, Uy, C(X,),

where C(X!) = X! x I/X! x {0} with structure maps

oy1UC(ox7)

SC(f")n =2Y, Usy C(XX]) Y, U C(X) 1) =C(f)nt1.

This determines a triangle

X 15y —C(f) — 35X,

unique up to natural isomorphism in Ho(Sp). This triangle is also called a
cofiber sequence of spectra, or Puppe sequence, associated to f.

Definition 1.2.6. A sequence of maps X — Y — Z — X in Ho(Sp) is
defined to be a triangle if it is isomorphic to a cofiber sequence of spectra.

The fundamental property of cofiber sequences is the following.
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Proposition 1.2.7 (Puppe [Ada74, Proposition 3.9 and 3.10]). Let

X——Y——Z—3X

be a cofiber sequence in Ho(Sp). Then the sequences

e [5Z, K] — [X, K] < [V, K] 5 [Z, K] <2 [X, K] — . .
and

— K, 271z K, X] == K, Y] 2= [K,Z] == [K, £X] — . ..

are exact for every spectrum K.

Theorem 1.2.8 (Puppe [Pup62]). The additive category Ho(Sp) together
with the functor ¥ and the class of triangles of Definition satisfies the
axioms of a triangulated category.

The coproducts in Ho(Sp) can be constructed as levelwise wedge sums
(XVY), = X, VY,. With this definition, Ho(Sp) satisfies [TR5]. Even more,
Tn(Vier Xi) = @,c; mn(X;) for every index set . The existence of arbitrary
products will be a consequence of Brown representability; see [Ada74l, Part
III, Sec. 3], [Mar83, Ch. 2, Sec. 2] or [Wei94l, Sec. 10.9] for details.

Remark 1.2.9. The triangulated category Ho(Sp) is generated by {3'S}cz,
in the sense that an object X in Ho(Sp) is zero if [X'S, X] = 0 for every i € Z.
The notion of generating set in a general triangulated category (Definition
will be extensively studied in Chapter

Adams [Ada74 Part III, Sec. 4] defined a symmetric monoidal product
A in Ho(Sp) called smash product. This is a bifunctor

— A —: Ho(Sp) x Ho(Sp) —— Ho(Sp)

that satisfies associative, commutative and identity laws and such that — AX
has a right adjoint Hom(X, —) for every spectrum X. The category Ho(Sp)
together with the smash product is a (closed) symmetric monoidal category.
However, this smash product does not come from a symmetric monoidal
structure on Sp, because the coherence diagrams only commute up to homo-
topy. This was the motivation of [EKMM97] and [HSS00] to introduce the
categories of S-modules and symmetric spectra, which have a model category
structure with a strict smash product whose homotopy category is equivalent
to Ho(Sp) as closed symmetric monoidal categories.
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1.2.2 The category of finite spectra

The Spanier—Whitehead category SWy is the category whose objects are pairs
(X,n) where X is a pointed simplicial set with only finitely many non-
degenerate simplices, n € Z, and, for every pair of objects (X, n) and (Y, m),
the set of morphisms from (X, n) to (Y, m) is defined as {(X,n), (Y,m)} =
colim; [Y" T X, Xy

There is a functor ¥*°: SW;——Ho(Sp) that sends (X, n) to the spec-
trum X defined by X; = Y7 "X for i > n and X; = * for 0 < i < n and
with structure maps o;: L(X7"X) = X" X fori <n, 0,_1: * = X and
o —>xfor0<i<n-—1.

Definition 1.2.10. The homotopy category of finite spectra Ho(Sp;) is the
full subcategory of Ho(Sp) whose class of objects is given by the essential
image of SW; under the functor . The objects in Ho(Sp;) are called
finite spectra or compact spectra.

It is not difficult to see that Ho(Sp;) is a thick subcategory; see [Fre66,
Corollary 5.2] for details. The following result says that the stable homotopy
category is generated by Ho(Sp;) in the sense of Definition 2.1.1}

Proposition 1.2.11 ([Mar83|, p. 24]). The category Ho(Sp) is the smallest
triangulated subcategory of Ho(Sp) containing Ho(Sp;) and closed by coprod-
ucts.

One of the most important properties of finite spectra is that they satisfy
the so-called Spanier—Whitehead duality, or S-duality.

Theorem 1.2.12 (Spanier and Whitehead [Mar83, Ch. 1, Theorem 11]).
There exists a functor D: Ho(Sp;) — Ho(Sp;)°P, unique up to natural equiv-
alence, which is an equivalence of categories and such that D* = Id. Fur-
thermore, there is a natural isomorphism [A A B,C| = [A, DB A C| for all
A, B and C in Ho(Sp;).

1.2.3 Representability results

In this section we state the main representability results for Ho(Sp) in the
language of triangulated categories.

Brown proved in [Bro62, Theorem II] that every additive generalized co-
homology theory can be represented by an -spectrum. We will state this
theorem as in the book of Margolis [Mar83], since it takes advantage of the
fact that Ho(Sp) is triangulated. For instance, the Mayer—Vietoris hypoth-
esis in the original article by Brown is transformed into the assumption of
being cohomological.
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Theorem 1.2.13 (Brown [Mar83, Ch. 4, Theorem 11]). For every additive
functor H: Ho(Sp)°®® — Ab that sends coproducts in Ho(Sp) to products
and sends triangles to long exact sequences, there is a natural isomorphism
H(—) = [—,H] where H is a spectrum.

A stable natural transformation of cohomology theories 7: H — H' is a
natural transformation such that the diagram

H(ZX) = 0'(2X)

o) a3

SH(X) - SH(X)

commutes for every spectrum X, where ¥ H denotes the composite of H with
Y: Ho(Sp)°®® — Ho(Sp)°?. If H and H’ are represented, respectively, by
spectra Y and Z, then it is a direct consequence of the Yoneda Lemma that
there is a bijection between stable natural transformations from H into H’
and [Y,Z].

The following is a direct consequence of Proposition [I.1.22]

Corollary 1.2.14. The triangulated category Ho(Sp) satisfies [TR5*], i.e. it
has products.

We want to point out that infinite products are not computed objectwise
in general.

There is another representability result in Brown’s paper [Bro62, Theo-
rem II]. It was substantially improved by Adams in [Ada7l, Theorem 1.6]
in order to have representability results for cohomology theories that were
only constructed for finite spectra, such as K-theory and some cohomology
theories derived from Spanier-Whitehead duality (Theorem [1.2.12)).

Theorem 1.2.15 (Adams [Mar83 Ch. 4, Theorem 13]). For every additive
functor H: Ho(Sp;)°® — Ab that sends triangles to long exact sequences,
there is a natural equivalence H(—) = [~ H]|uo(sp,) where H is in Ho(Sp).
Furthermore, for any stable natural transformation between two cohomology
theories ¢: H — K there is a map of spectra f such that ¢ = [—, f]|uo(sp,)-

As before, representability holds for stable natural transformations be-
tween cohomology theories. In this case, we stated it as part of the theorem
because it does not follow from the Yoneda Lemma. In fact, there is no bi-
jection between maps in Ho(Sp) and natural transformations of cohomology
theories from Ho(Sp;), because there are nontrivial maps between spectra
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that induce the zero natural transformation between the corresponding co-
homology theories. These are called phantom maps. After passing to the
quotient of the homotopy classes of maps between spectra by the phantom
maps, we do obtain a bijection; see [Mar83, Ch. 4, Theorem 15| for details.

One of the main interests of Adams’ theorem is the next representability
result for homology theories [Ada71, Theorem 1.9].

Theorem 1.2.16 (Adams [Mar83, Ch. 4, Theorem 16]). For any additive
functor H: Ho(Sp) — Ab that sends coproducts in Ho(Sp) to coproducts
and sends triangles to long exact sequences, there is a natural isomorphism
H(-) =[S, — AH], where H is a spectrum.

This theorem is an immediate consequence of Theorem [1.2.15] together
with Spanier—Whitehead duality (Theorem [1.2.12)) and the following result.

Proposition 1.2.17 (Margolis [Mar83l Ch. 4, Theorem 6]). For every spec-
trum X there exists a small subcategory A(X) C Ho(Sp;) such that, for any
additive functor H: Ho(Sp) — Ab that sends coproducts in Ho(Sp) to copro-
ducts and sends triangles to long exact sequences, there is an isomorphism
H(X) = colimpx)H (X)) where Xy runs over all objects of A(X), and A can
be chosen functorially.

Proof of Theorem [1.2.16] The theorem follows from the following composi-
tion of isomorphisms given by Theorem [1.2.15] Theorem [1.2.12] and Propo-
sition [L.2. 17}

H(X) = COlimA(X)H(XA) = COlimA(X)H(DZX)\)
= colimA(X)(H @) D)DX)\ = colimA(X) [DX,\, ]D)]
= colimA(X) [S, X/\ VAN D] = [S, XA D]

where D is a spectrum such that [—, D] is naturally isomorphic to the coho-
mology theory H o D: Ho(Sp;)°" — Ab, that exists by Theorem [1.2.15, [

Remark 1.2.18. By [Boa70], the opposite of the stable homotopy category
has no non-zero compact objects. Hence, we cannot dualize the original
proof of the Brown Representability Theorem. For this reason, the dual of
Brown representability was unsuspected until Neeman proved it, 36 years
after Brown’s theorem.

Theorem 1.2.19 (Neeman [Nee98a, Theorem 2.1]). For every functor
H: Ho(Sp) — Ab

that sends products in Ho(Sp) to products and sends triangles to long exact

[

sequences, there is a natural isomorphism H(—) = [H, —|, for some spec-
trum HI.
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1.3 The derived category of an abelian
category

Derived categories were introduced by Grothendieck and his collaborators
in the decade of 1960. The derived category of an abelian category A is a
triangulated category that has as objects all (cochain) complexes of objects of
A and its morphisms are obtained from morphisms of complexes by formally
inverting all quasi-isomorphisms. We will summarize the theory of derived
categories following [Kel96], [Kra07] and [Wei94].

1.3.1 The homotopy category of an additive category

Definition 1.3.1. Let A be an additive category. A (cochain) compler in
A is a sequence of morphisms

n—1

d d%
o X A X S Xy

such that d% o d’y ' = 0 for all n € Z. The morphisms d’% are called differ-
entials and we will omit the subscript if it is clear from the context.

A morphism f: X — Y of complexes is a sequence of morphisms
fT: X™ — Y™ such that the diagram

n d?( n+1
o— X — X —_— ...

fnl lfn+ 1
dan.

B A

commutes for every n € Z. We denote by Ch(A) the category of complexes
of A.

A homotopy ¢ from f: X — Y to g: X — Y is a sequence of morphisms
¢": X™ — Y"1 such that dy ' o ¢" + ¢"t o d% = g™ — f for all n.

The objects in A are identified with the complexes concentrated in degree
Zero

0 A 0

This defines an additive functor A < Ch(A). If A is abelian, the category of
complexes Ch(.A) inherits the abelian structure of A [Wei94, Theorem 1.2.3].

A morphism of complexes f is said to be null-homotopic if it is homotopic
to the zero morphism. The class of null-homotopic morphisms forms an ideal
Z in the sense of [Mit72, p. 18], i.e. for every pair of objects X and Y the
subgroup Z(X,Y) C Ch(A)(X,Y) of null-homotopic maps from X into Y is
such that a composition f o g belongs to Z if f or g belongs to Z.
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Definition 1.3.2. Let A be an additive category. The homotopy category
K(A) of A is defined as the quotient of Ch(A) with respect to Z, i.e. K(A)
has the same objects as A and for every pair of objects X and Y we define
K(A)(X,Y)=Ch(A)(X,Y)/I(X,Y).

From the fact that Z is an ideal, it can be seen that K(.A) is well defined
as a category [Wei94] Sec. 1.4].

Definition 1.3.3. Let A be an additive category. The shift functor
¥: Ch(A) — Ch(A)
is defined by (£X)" = X"*! with differentials dgy = —d%™.
In the category of complexes there is a notion of mapping complex.

Definition 1.3.4. Let A be an additive category and let X and Y be a pair
of complexes in Ch(A). We define the mapping complex Hom(X,Y') as the
complex of abelian groups defined as follows. For every n € 7Z,

Hom(X,Y)" = [[ A(X?, vP*)
PEZL

and the differential is given by

dﬁom(X,Y)((fp)peZ) = (d];/+n o fp— (=1)"fpr10dx)pez
for every (f,)pez in Hom (X, Y')".
Notice that H"(Hom(X,Y)) = K(A)(X,X"Y), because ker(djy,u,x.y))
can be identified with Ch(A)(X,X"Y) and im(dﬁ;il(x,y)) is then identified
with the ideal of null-homotopic maps X — X"Y’; see [Kra07] for details.

Definition 1.3.5. Let A be an additive category and let f: X — Y be a
morphism in Ch(A). We define the mapping cone of f as the complex Cy
such that (Cy)" = X" @ Y™ with differentials

—antt o )
fn+1 d;b,»

—_—5

The mapping cone fits into a sequence of morphisms of complexes

X =Y = Cf = XX,

Xn+1 o) yn Xn+2 o) Yn—&—l'

where the morphisms in the sequence are given by
(i0)

A sequence of morphisms in K(.A) that is isomorphic to a sequence as above
is called a triangle of complexes.

xXn fr yn Xn+1 @Yn (id_0) ;XnJrl‘
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A proof of the following theorem can be found in [Wei94, Proposition
10.2.4).

Theorem 1.3.6 (Verdier [Ver96|). Let A be an additive category. Then
K(A) is a triangulated category with the shift functor X and the triangles of
complexes.

1.3.2 The derived category

The derived category is obtained from the homotopy category by formally
inverting a certain class of morphisms. We explain this in detail.

Definition 1.3.7. Let A be an abelian category. The cohomology of a com-
plex X in A is defined as H"(X) = ker(d%)/im(dy ") for every n € Z. It
defines an additive functor H™: Ch(A) — Ab for every n € Z.

Note that if two morphisms of complexes f and g are homotopic then
H™(f) = H"(g) for every n € Z [Wei94, Lemma 10.1.1]. This says that
cohomology of complexes defines a functor on K(.A).

Definition 1.3.8. Let A be an abelian category. A morphism f in Ch(.A) is
said to be a quasi-isomorphism if H"(f) is an isomorphism for every n € Z.

The definition of a derived category is done by formally inverting the
class of quasi-isomorphisms. This can be done using calculus of fractions.
For a detailed explanation, we refer to [GZ67], [Kra07] or [Wei94), Sec. 10.3].
This construction can fail to produce a category, because there could be
a proper class of morphisms between two objects after inverting a proper
class of maps. However, we will see that, in many of the cases that we are
interested in, this difficulty does not occur. Specifically, we need that the
class of quasi-isomorphisms be locally small, in the sense defined below. We
also want to notice that it is possible to work with categories with proper
classes of morphisms between two objects by introducing the formalism of
universes; see [DHKS04, Section VI.3.2] for details.

Definition 1.3.9. Let C be a category. A multiplicative system of morphisms
in C is a class of morphisms S satisfying the following conditions.

1. S is closed under composition and contains all identity morphisms.

2. Let f: X — Y beamorphismin S. Then every pair of maps g: Y’ — Y
and h: X — X" in C can be completed to a pair of commutative
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diagrams
Xy X X s x
Yy Yo Y

such that f" and f” are in S.

3. Let f, g: X — Y be a pair of morphisms in C. Then there is a mor-
phism «: X’ — X in S such that f oa = go « if and only if there is a
morphism £: Y — Y’ in S such that fo f=fog.

A class S of morphisms in C is said to be locally small if for every object X
in C there is a set of morphisms Sx = {X; — X };c; in S such that for every
morphism f: Y — X in S there is a morphism g: X; — Y in C for some
1 € I such that fog e Sy.

Theorem 1.3.10 (Gabriel and Zisman [GZ67]). Let C be a category and let
S be a locally small multiplicative system in C. Then there exists a category
C[S™Y and a functor w: C — C[S™'| such that w(f) is an isomorphism for
every f € S and m 1s universal with this property.

Definition 1.3.11. Let A be an abelian category. The derived category
D(A) = K(A)[Q7'] of A is the localization of K(A) with respect to the
multiplicative system defined by the class () of quasi-isomorphisms. If the
class of quasi-isomorphisms is locally small, then D(A) is a category with
small hom-sets.

This construction will be reformulated in Section as Example [1.4.2]
In fact, this definition is what motivates Section [I.4], where we study loca-
lizations of triangulated categories.

Remark 1.3.12. Observe that we could have defined localization with respect
to quasi-isomorphisms directly in the category Ch(A) and we would have
obtained the same derived category; see [Kra(7] for details. However, in
many cases, the class of quasi-isomorphisms is locally small in K(.4) but
not in Ch(.A). For instance, for A the category of modules over a ring or a
category of sheaves over a scheme, localization is constructed using calculus
of fractions in K(A).

Definition 1.3.13. An abelian category is well powered if the class of sub-
objects of every object is a set.

Theorem 1.3.14 (Gabber [Wei94, Sec. 10.4]). Let A be a well powered
abelian category satisfying [ABbS] and with a set of generators. Then D(A) is
a category with small hom-sets.
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The hypotheses of the theorem can be simplified due to the following fact:
A category with a generator is well powered [Fre64, Proposition 3.35].
The following examples are particular cases of Theorem [1.3.14]

Example 1.3.15. Let R be a ring with identity and let R-Mod be the category
of left R-modules. We denote D(R) = D(R-Mod).

Ezample 1.3.16. Let X be a topological space. Let PSh(X) be the category of
presheaves of abelian groups on X, and let Sh(X) be the category of sheaves

of abelian groups on X. Their derived categories are denoted by D(PSh/X)
and D(Sh/X), respectively.

Now that we know that in many interesting cases the derived category is
well defined, we see that it has a triangulated category structure.

Theorem 1.3.17 (Verdier [Ver96]). Let A be an abelian category. Assume
that D(A) is a category with small hom-sets. Then D(A) has a triangulated
structure with the shift functor ¥ and the triangles of complexes.

Remark 1.3.18. The construction of the derived category of an abelian cate-
gory was generalized to any ezact category by Neeman [Nee90]. In particular,
the homotopy category and the derived category construction can be applied
to the full subcategories of free, projective, flat, injective or finitely gener-
ated modules, among others, and also to the full subcategory of coherent,
quasi-coherent or perfect sheaves over a scheme. This is studied in detail
in [Kel96].

Remark 1.3.19. Instead of considering all complexes, we could have consid-
ered the full subcategories of Ch(.4) whose objects are the following ones:

Ch™(A) ={X in Ch(A) | X" =0 for n > 0}
Ch*(A) = {X in Ch(A) | X" = 0 for n < 0}
Ch®(A) = {X in Ch(A) | X" = 0 for |n| > 0}.

These are called, respectively, the bounded above, bounded below, and bounded
complexes. The corresponding homotopy categories are denoted by K™ (.A),
K*(A), and K°(A), and the corresponding derived categories obtained by
localizing each homotopy category with respect to quasi-isomorphisms are
denoted by D™ (A), DT(A), and D’(A).

The bounded below derived category of quasi-coherent sheaves over a
noetherian scheme D" (gc/X) is of historical importance, since Grothendieck
needed it to formulate his generalization of Serre’s duality. His student
J.-L. Verdier worked out the construction in [Ver96] by formalizing the notion
of triangulated category.
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1.4 Localization of triangulated categories

The most important tool to construct new triangulated categories out of old
ones is localization. It consists of formally inverting some of the morphisms of
the original triangulated categories. However, in order to obtain well defined
triangulated categories, the morphisms we want to invert have to be part of
a localizing subcategory (Definition . We will review the basic aspects
of localization theory, essentially due to Verdier [Ver77]. We follow [Kra0§]
and [NeeO1bl Chapter 2].

Given a triangulated subcategory S C 7T, the construction of the Verdier
quotient 7 /S is done by localizing with respect to a multiplicative system
Morgs defined by the class of morphisms whose mapping cones belong to S.

Theorem 1.4.1 (Verdier [NeeO1b, Theorem 2.1.8]). Let T be a triangulated
category and S a triangulated subcategory of T. If the class of morphisms
Morg is locally small, then there is an exact functor F': T — T /S with T /S
a triangulated category which is initial among all exact functors G: T — D
which send all morphisms in Mors to invertible morphisms.

The triangulated category T /S is called the Verdier quotient of T by S.

The conclusion of the theorem can be rephrased in terms of the kernel
(Definition as “there exists an exact functor F': T — T /S with T/S
a triangulated category such that ker(F') is the smallest thick subcategory
containing §”; see [NeeQ1bl, Section 2.1] for details. We notice that if S C T
is a thick subcategory, then ker(F) = § and F' is initial among all functors
T — D that send morphisms f: X — Y that can be completed to a triangle
X =Y —=>7Z—¥X with Z in S to invertible morphisms.

Ezample 1.4.2. Let A be an abelian category. We can view D(A) as the
Verdier quotient with respect to the thick subcategory of acyclic complexes
Q C K(A), i.e. X € Qif and only if H*(X) = 0 for every n € Z.

Proposition 1.4.3 (|[NeeO1bl Corollary 3.2.11)). Let T be a triangulated
category satisfying [TR5]. Let S C T be a localizing subcategory. Then T /S
satisfies [TRH] and the localization functor T — T /S preserves coproducts.

Observe that the converse also holds, i.e. the kernel of a functor that
preserves coproducts is localizing.

The fact that Verdier quotients may produce a category with a proper
class of morphisms between two objects can be dealt with by assuming some
extra hypotheses on the subcategory. The origin of the following theory goes
back to Bousfield in the context of model categories, but the translation
into triangulated categories is due to Neeman; see [NeeOlbl Chapter 9] or
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[Kra08]. We will use the original notation from homotopy theory. We will
call left Bousfield localization what Neeman calls just Bousfield localization,
and right Bousfield localization what Neeman calls Bousfield colocalization.

Definition 1.4.4. Let 7 be a triangulated category and let S be a thick
subcategory of 7. We say that the localization functor 7 — 7 /S is a left
Bousfield localization if it has a right adjoint.

Theorem 1.4.5 ([NeeOlbl Theorem 9.1.16]). Let T be a triangulated cat-
egory and let S be a thick subcategory of T. Let w: T — T/S be a left
Bousfield localization. Then w induces an equivalence of categories between
T /S and the category of S-local objects, i.e. the full subcategory of T whose
objects x are such that T (s,x) = 0 for every object s in S.

The following is a direct consequence of the definition of left Bousfield
localization.

Corollary 1.4.6 ([NeeO1D, Lemma 9.1.7]). Suppose that =: T — T/S is
a left Bousfield localization. Let G: T /S — T be right adjoint to w. Then
the unit of the adjunction n: Id — G o 7 is a natural isomorphism, or,
equivalently, m is a fully faithful functor.

Corollary 1.4.7 ([NeeO1b, Example 8.4.5]). Let T be a triangulated category
satisfying [TR5] and let S C T be a localizing subcategory. Assume that
Brown representability holds for T and that T /S exists. Then the localization
functor T — T /S is a left Bousfield localization.

The following proposition will also be very useful and makes no use of
Brown representability.

Proposition 1.4.8 ([NeeOlb, Proposition 9.1.18]). Let T be a triangulated
category and let S be a thick triangulated subcategory of T. The inclusion
functor & — T has a right adjoint if and only if the localization functor
T — T/S has a right adjoint, i.e. if it is a left Bousfield localization.

The next corollary will simplify the use of localizations when working with
well generated triangulated categories. It is, somehow, an improvement of
Corollary [1.4.7], since we make no assumptions about the resulting quotient.
Instead, we have to make an extra assumption on the localizing subcategory.

Corollary 1.4.9 (|[NeeO1bl Proposition 9.1.19]). Let T be a triangulated cat-
egory satisfying [TR5] and let S be a localizing subcategory of T. Assume that
Brown representability holds for S. Then the localization functor T — T /S
is a left Bousfield localization.
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Proof. Since S is localizing, the inclusion functor & — T preserves coprod-
ucts and, by Proposition [I.1.21} it has a right adjoint, as a consequence of
Brown representability. Finally, by Proposition , T /S is a left Bousfield
localization. O

Definition 1.4.10. Let 7 be a triangulated category and let S be a thick
subcategory of 7. We say that the localization functor 7 — T /S is a right
Bousfield localization if it has a left adjoint.

If the localization functor 7 — 7 /S is both a left and right Bousfield
localization, then, by the previous results, we can draw all pairs of adjoint
functors in a diagram

S T T/S.

This situation is called the siz gluing functors in [NeeOIb, Definition 9.2.1]
and it is also known under the name of recollement. It has been widely studied
in algebraic geometry. For a treatment in general triangulated categories, see
[Hei07] and [Kra08].

When we assume that Brown representability holds, we have the following
interesting proposition, which was explained to us by Neeman.

Proposition 1.4.11. Let T be a triangulated category satisfying [TR5] and
let S C T be a localizing subcategory such that w: T — T /S is a right Bous-
field localization. Assume that T satisfies the dual of Brown representability.
Then T /S satisfies the dual of Brown representability.

Proof. Fix a homological functor H: T /S — Ab that preserves products. By
Proposition [I.1.22] 7 has products and, since the functor 7: 7 — T /S is a
right adjoint, it preserves products (it also preserves coproducts by Proposi-
tion . Then the composition H o preserves products and is homolog-
ical. Since we are assuming that 7 satisfies the dual of Brown representabil-
ity, we have a natural isomorphism H o 7w = T (t,—) for an object ¢t in T.
Finally, denote by G the left adjoint to the localization w. Then we have
H(=)= (HomoG)(=)=T(tG(-)) = (T/S)(x(t),-). O



Chapter 2

Well generated triangulated
categories

Well generated triangulated categories were introduced by Neeman as a fam-
ily of triangulated categories for which his proof of the Brown Representabil-
ity Theorem could be carried out. Compactly generated triangulated cat-
egories, such as the stable homotopy category and all derived categories of
rings, are, in particular, well generated. As we will see, many interesting
triangulated categories are well generated due to the fact that every Verdier
quotient of a compactly generated triangulated category is well generated.
The converse of this fact has been proved independently by Heider [HeiO7]
and Porta [Por07] for certain families of well generated triangulated cate-
gories.

In this chapter, we review the definition of a well generated triangulated
category and its basic properties. In particular, we state that Brown repre-
sentability holds for every well generated triangulated category, as proved by
Neeman, and some results about the dual of Brown representability, which
is not known to hold for every well generated triangulated category. We also
introduce some of the basic concepts that will be of central interest in the
rest of the thesis, such as a-Adams representability and a-Grothendieck cat-
egories, that are generalizations of Adams representability and Grothendieck
categories to cardinals o bigger than Ng.

This chapter also contains original results. In Section[2.3.1we prove some
properties of the abelian category of contravariant functors from an additive
category with coproducts of less than a: objects into Ab that generalize results
of Neeman [Nee(Ib] in the context of triangulated categories. In Section [2.3.2)
we review the formalism of Rosicky functors [Nee(9] and study the relation
with Adams representability. Finally, in the last section we give results about
the cardinality of the category of a-compact objects that will be very useful
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to provide examples of categories satisfying N;-Adams representability for
objects.

2.1 Well generated triangulated categories

A well generated triangulated category is a triangulated category generated
by a set of a-compact objects where « is a regular cardinal. Recall that a
cardinal « is called regular if no set of cardinality « is the union of less than
a subsets of cardinality less than a. We begin by recalling the definition of
a generating set in an additive category.

Definition 2.1.1. Let C be an additive category. A class of objects S in
C is called a class of generators for C if, for every object X in C, X = 0 if
C(s,X)=0forall seS.

If a class of generators consists of only one object, then this object is
called a generator of C. The dual notion of a generating class is called a
cogenerating class.

The definition of a-compact objects is done in two steps. We first recall
the definition of a-small objects.

Definition 2.1.2. Let 7 be a triangulated category satisfying [TR5], i.e.
such that coproducts exist in 7. Let « be an infinite cardinal. An object s
in T is a-small if every morphism s — [[,.; X; in T factors through [ [, Xi,
where I’ C I and #1’ < a. We denote by 7 the full subcategory of a-small
objects in T .

Remark 2.1.3. If a is a regular cardinal, then the category 7@ is an a-localiz-
ing triangulated subcategory of T; see [NeeOlb, Lemma 4.1.4 and Lem-
ma 4.1.5].

In order to define a-compact objects, we need to introduce first the notion
of an a-perfect class.

Definition 2.1.4. Let T be a triangulated category satisfying [TR5] and let
a be a regular cardinal. A set S of a-small objects in T closed under coprod-
ucts of less than a objects is called a-perfect if, for every set of morphisms
fi: Xi = Y, i €I, in T, the induced morphism

T (s Lser fi)
T(Sa Hz‘el XZ) — T(Sa Hie[ Y%)

is surjective for every s € S provided that the induced morphisms 7 (s, f;)
are surjective for every ¢ € I and every s € S.
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There is another notion of a-perfect class defined by Neeman in [Nee01b,
Definition 3.3.1]. Krause [KraOl, Lemma 4] proved that both definitions
are equivalent for sets of a-small objects. We state Neeman’s definition for
completeness.

Definition 2.1.5. Let 7 be a triangulated category satisfying [TR5]. Let
« be an infinite cardinal. A class of objects S in T is called a-perfect if it
contains the zero object and, for every object s € S and every morphism

S —> HXZ
in 7, where #I < a, there is a factorization

§ ’ Hie] Xi

Hie[ Si

where s; € S and f;: s; — X, for every ¢ € [.

It is a result of Neeman [Nee(Q1bl, Corollary 3.3.10] that, given a triangu-
lated subcategory & C T, there is a unique maximal a-perfect class in S for
every infinite cardinal o. This enables us to give the following definition.

Definition 2.1.6. Let 7 be a triangulated category satisfying [TR5]. Let «
be a regular cardinal. Let 7 be the full subcategory whose class of objects
is the maximal a-perfect class of a-small objects. Then the objects of T¢
are called a-compact objects.

Remark 2.1.7. In the special case o = Ny, since all classes are Ny-perfect, the
No-compact objects are exactly the Rp-small objects. In this case, they are
just called small or compact and the categories 7®0) and T are denoted
by T°.

Next we give an explicit description of a-compact objects in some trian-
gulated categories.

Ezample 2.1.8. The compact objects in Ho(Sp) are precisely the finite spec-
tra. That is, Ho(Sp)¢ = Ho(Sp;). This follows from the fact that

=Y, \/ X)) = PIEY, X

jedJ jed

for every finite spectrum Y and all ¢, for every index set J.
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For derived categories of rings, we make a distinction between the char-
acterizations of a-compact objects for & = Xy and for o > N, as illustrated
by the next two examples. All the rings we will consider are associative with
identity and the R-modules will be on the right.

Ezxample 2.1.9 (JAJS03, Lemma 4.3]). Let R be a ring. A complex in the
derived category D(R) is compact if and only if it is quasi-isomorphic to a
bounded complex of finitely generated projective R-modules. This can be
deduced from the forthcoming Example [2.1.24]

Ezample 2.1.10 (Neeman [Mur09, Theorem 14]). Let R be aring and o > X,
a regular cardinal. First recall that a complex of R-modules P is said to
be K -projective if the mapping complex Hom(P, X) is acyclic as a complex
of abelian groups for every acyclic complex of R-modules X. A complex in
D(R) is a-compact if and only if it is quasi-isomorphic to a K-projective
complex of free R-modules with less than a generators.

If we impose conditions on the ring R, then we can give more explicit
characterizations of a-compact objects in D(R), as follows. Recall that an
R-module is a-generated if it has less than « generators and it is a-presented
if it has less than « generators and less than « relations; see Definition
for the precise definition.

Definition 2.1.11 ([JL89, Chapter 7]). Let R be a ring. An R-module is
called a-coherent if it is a-presented (Deﬁnition and every a-generated
submodule is a-presented. A ring will be called a-coherent if it is a-coherent
as a left module over itself.

In the case a = N, this notion coincides with the usual notion of coher-
ence; see [Pre09) Sec. 2.3.3].

Remark 2.1.12. Left noetherian rings and rings R such that #R < « are
a-coherent; see [Mur(9, Lemma 18] for a proof. Also hereditary rings are
a-coherent for all a. This can be easily seen from the definition. Recall
that a ring R is hereditary if all its ideals are projective or, equivalently, if
it has global projective dimension less than or equal to one. Let P be an
a-generated ideal of R. Thus, there is an epimorphism ¢: F' — P with F' a
free a-generated R-module. If R is hereditary, then P is projective and there
is an isomorphism F' = P @ ker(¢). Since F' is a-generated, so is ker(¢).
Hence, P is a-presented.

The next propositions describes a-compact objects in the derived cate-

gory of an a-coherent ring. We first state the case a = N.

Proposition 2.1.13 ([CKNO1, Lemma 1.1]). Let R be a ring. Then the
following are equivalent.
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1. R is coherent and each finitely presented R-module is of finite projective
dimension.

2. FEach finitely presented R-module is compact as a complex in D(R) con-
centrated in degree zero.

3. A complex X is compact if and only if H"(X) is finitely presented for
alln € Z and H™(X) = 0 for all but finitely many n € Z.

For higher cardinals we have the following characterization.

Proposition 2.1.14 (Neeman [Mur09, Theorem 19]). Let R be a ring and
a > Ng be a reqular cardinal. Suppose that R is a-coherent. Let F be a
complex of R-modules. Then the following are equivalent.

1. F is an a-compact object in D(R).

2. F is isomorphic, in D(R), to a complex of free R-modules with less
than o generators.

3. H"(F) is an a-generated R-module for alln € Z.

As a direct consequence of Proposition [2.1.14] if R is a-coherent for a
cardinal o > Ny, then every a-presented R-module is a-compact as a complex
concentrated in degree 0.

Now we can give the definition of an a-compactly generated triangulated
category.

Definition 2.1.15. Let 7 be a triangulated category satisfying [TR5]. Let
a be a regular cardinal. We say that T is a-compactly generated if there is a
generating a-perfect set of a-small objects. We say that T is well generated
if it is a-compactly generated for some regular cardinal a.

The Ny-compactly generated triangulated categories are just called com-
pactly generated triangulated categories.

Proposition 2.1.16 ([NeeOlb, Lemma 4.2.4, Lemma 4.2.5 and Lemma
4.4.5]). Let T be a triangulated category satisfying [TR5] and a a regular
cardinal. Then the category T is a-localizing. If we assume further that
T is a-compactly generated by a set S, then T is the smallest a-localizing
subcategory of T containing S.

Remark 2.1.17. Let T be an a-compactly generated triangulated category
and let # > « be a regular cardinal. Since every a-compact object is
B-compact, i.e. T C T”, we infer that 7T is also a S-compactly generated
triangulated category.
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Ezample 2.1.18. Let Ho(Sp) be the stable homotopy category. Then {3'S};cz
is a set of generators of Ho(Sp) as we observed in Remark [1.2.9, and they
are compact since they are finite and Ho(Sp)¢ = Ho(Spy).

Example 2.1.19. Let R be a ring. Then the derived category of R-modules
D(R) is compactly generated.

Ezxample 2.1.20 (Krause [Kra05]). Let R be a ring. Suppose that R is noethe-
rian. The homotopy category of chain complexes of injective R-modules
K(R-Inj) is compactly generated and there is a natural equivalence between
the subcategory of compact objects and the derived category of bounded
complexes of finitely presented R-modules.

All the examples we have given so far are compactly generated. The
following one is not.

Ezample 2.1.21 (Neeman [Nee(0§]). Let R be a ring. A complex in the ho-
motopy category of chain complexes of projective R-modules K(R-Proj) is
compact if and only if it is isomorphic to a bounded below complex X of
finitely generated projective R-modules such that H"(X) = 0 for n < 0.

From this characterization it can be shown that, if R is a coherent ring,
then K(R-Proj) is compactly generated. However, K(R-Proj) is not com-
pactly generated if R = k& ) where k is a field and () is an infinite dimen-
sional vector space over k [Nee08, Example 7.16].

Neeman also gave a description of the a-compact objects in K(R)-Proj)
for @ > Ny. A complex in K(R-Proj) is a-compact for a > N if and only if
it is isomorphic to a chain complex of free R-modules with less than « gener-
ators. Using this description, it can be seen that K(R-Proj) is R;-compactly
generated for every ring R.

The following theorem describes the behavior of a-compact objects under
Verdier localizations. It is the basic tool to see that the well generated
triangulated categories behave well under Verdier localizations, as we will
see in Proposition and Corollary 2.2.6] This theorem was proved by
Neeman, but he calls it “Thomason Localization Theorem” because it was
proved by Thomason [TT90] in the particular case of the derived category of
quasi-coherent sheaves over a noetherian scheme D(gc/X). From this fact,
Thomason deduced important applications to K-theory. We formulate it as
done in [Kra08, Theorem 7.2.1].

Theorem 2.1.22 (Neeman [NeeOlbl Theorem 4.4.9]). Let o be a regular
cardinal. Let T be an a-compactly generated triangulated category and let
S C T be a localizing subcategory. Assume that the triangulated category
obtained by passing to the Verdier quotient T /S is defined. Assume further
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that S is also a-compactly generated and that the a-small objects generating
S are also a-small in T. If a > Ny, the natural functor

T/ — {T/S}°

is an equivalence. If oo = Wy, it is fully faithful and every object in in {T /S}¢
is a direct summand of an object in T¢/S¢.

This result is depicted in the following commutative diagram of categories:

S T AT/S}e
Ta/Sa

S T T/S.

Remark 2.1.23. A way to ensure that the category 7 /S has small hom-sets
is to impose that a left Bousfield localization exists; see Theorem for
details. However, we will see in Proposition and Corollary that
this extra condition is not necessary. This will be a consequence of the Brown
Representability Theorem.

The Thomason Localization Theorem is the most important ingredient in
the following example, which was observed by Neeman in order to prove that
the Grothendieck Duality Theorem follows from the Brown Representability
Theorem [Nee96].

Ezxample 2.1.24. Let X be a quasi-compact, separated scheme. Then the de-
rived category of quasi-coherent sheaves on X, which is denoted by D(gc/X),
is compactly generated and D(gc/X)€ is the full subcategory of perfect com-
plexes in D(gc/X). A complex is perfect if it is quasi-isomorphic to a bounded
complex of vector bundles.

One of the bad properties of compactly generated triangulated categories
is that a left Bousfield localization of compactly generated triangulated cate-
gory with respect to a localizing subcategory can fail to be compactly gener-
ated even if the localizing category is generated by a set, as shown in [Nee(la].
However, it will be well generated, as we will see in Proposition [2.2.5. This
is one of the motivations to introduce well generated triangulated categories
for higher cardinals. We next give a concrete example.

Ezample 2.1.25 (Neeman [Nee(Ola]). Let M be a non-compact, connected
manifold of dimension greater than or equal to 1. The derived category of
sheaves of abelian groups over M is denoted by D(Sh/M). It has no non-zero
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compact object. Hence, it cannot be compactly generated. However, by a
general result of Alonso, Jeremias and Souto [AJS00], D(Sh/M) is equivalent
to a Verdier localization of the derived category of a ring. Because of this,
Neeman deduces from Corollary that D(Sh/M) is well generated; see
Example [2.2.7]

Next we give another example of a localization of a compactly generated
triangulated category that is not compactly generated.

Ezample 2.1.26 (Neeman [Nee98b]). Let R be a commutative, noetherian,
regular local ring of height 2. Let k£ be the residue field of R and let K be
the field of fractions of R. Let S be the full subcategory of D(R) of objects
E such that F® (k@ K) = 0 where ® is the derived tensor product in D(R).
Then the Verdier localization D(R)/S is not compactly generated.

As we already mentioned, one of the most important consequences of
Theorem is that the localization of a well generated triangulated cat-
egory by a “nice enough” localizing subcategory is well generated. This will
be explained in the next section, after we state the Brown Representabil-
ity Theorem for well generated triangulated categories. However, we want
to point out here that all known well generated triangulated categories ap-
pear as Verdier localizations of compactly generated ones, as we explained in
[Nee09, Remark 1.4]. This is supported by two recent results by Porta and
Heider that we describe in the following examples.

Ezxample 2.1.27 (Keller and Porta [Kel06], [Por07]). Algebraic triangulated
categories were introduced by Keller [Kel06] as a generalization of derived
categories of abelian categories. They are triangulated categories that are
equivalent to a full triangulated subcategory of the homotopy category of
complexes of an additive category.

Porta proved, as part of his PhD thesis advised by Keller, that an alge-
braic triangulated category is well generated if and only if it is equivalent
to the Verdier quotient of the derived category of a DG-category with re-
spect to a localizing subcategory generated by a set of objects, which is
always algebraic and compactly generated. Porta calls this theorem Gen-
eralized Gabriel-Popescu Theorem, due to the analogy with [Pop73, Ch. 3,
Theorem 7.9].

Ezample 2.1.28 (Schwede and Heider [Sch08], [Hei07]). Topological triangu-
lated categories were introduced by Schwede [Sch08| generalizing the con-
struction of the stable homotopy category. A triangulated category is called
topological if it is equivalent to a full subcategory of the homotopy category
of a stable model category; see [Hov01] for details.

Heider proved, as part of his PhD thesis advised by Schwede, the analog
of the Gabriel-Popescu Theorem in this case, i.e. a topological triangulated



2.1 Well generated triangulated categories 33

category is well generated if and only if it is equivalent to the Verdier localiza-
tion of the derived category of a spectral category with respect to a localizing
subcategory generated by a set of objects, which is always topological and
compactly generated.

Ezxample 2.1.29 (Muro, Schwede and Strickland [MSS07]). We also point out
that there is only one known family of examples of triangulated categories
that are neither algebraic nor topological. This family consists of the cate-
gories of finitely generated free R-modules F(R), for R a commutative local
ring of characteristic 4. For instance, we can take R to be Z/4. There exists
a unique triangulated category structure on F(R) with ¥ = idrg) and such
that
R—2+R—2+R-2-R

is a triangle. The fact that it cannot be topological will not be explained
here, but we can easily tell the reason why it cannot be algebraic. Given an
object X in an algebraic triangulated category and a triangle

p ity GENNGN 55 g
the equation 2-idc = 0 holds [Kel06l, 3.6] [Sch08]. Since R is of characteristic
4, F(R) cannot be algebraic.

Most of the examples mentioned so far, including algebraic and topolog-
ical triangulated categories, are particular cases of Theorem [2.1.32] below.
Before we state the result, we briefly recall the definition of a stable combi-
natorial model category; see [Dug01] or [Hov01] for details.

Definition 2.1.30. A model category is a category K with all limits and
colimits together with three distinguished classes of maps called weak equiv-
alences, fibrations and cofibrations satisfying the following axioms.

1. Let f: X - Y and ¢g: Y — Z be a pair of maps in . If two out of
{f, 9,90 [} are weak equivalences, then so is the third.

2. Each of the classes of weak equivalences, fibrations and cofibrations is
closed under retracts.

3. Let

A—f>X

|
B—>Y
be a commutative diagram with ¢ a cofibration and p a fibration. If ¢

or p is a weak equivalence, then there exists a map h: B — X such
that f =hoiand g=poh.
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4. Every map f: X — Y can be factorized in the following two ways:

x— 7t .y X——Y

NS N

X' Y’

where 7 is a cofibration and a weak equivalence, p is a fibration, i’ is a
cofibration and p’ is a fibration and a weak equivalence.

Condition 2 in the definition is sometimes shortened by saying that i
satisfies the Left Lifting Property (LLP) with respect to p, and that p has
the Right Lifting Property (RLP) with respect to i.

Model categories provide a natural setting for homotopy theory. The
homotopy category Ho(KC) of a model category K is the category obtained
by formally inverting the weak equivalences. It is a consequence of the axioms
that the homotopy category is well defined.

Definition 2.1.31 ([Hov01l, Definition 2.1.17]). A model category K is called
cofibrantly generated if there are sets of maps [ and J in K such that the
following hold.

1. If A is a domain of a map in I, then (A, —) commutes with A-filtered
colimits of sequences of maps that are transfinite compositions of push-
outs of maps in I for some cardinal \.

2. If X is a domain of a map in J, then (X, —) commutes with A-filtered
colimits of sequences of maps that are transfinite compositions of push-
outs of maps in J for some cardinal A.

3. The class of fibrations is the class of maps with the RLP with respect
to every map in J.

4. The class of maps that are both a fibration and a weak equivalence is
the class of maps with the RLP with respect to every map in I.

A model category is called combinatorial if it is cofibrantly generated and
the underlying category is locally A-presentable (Definition for some
cardinal A. In the homotopy category of every model category I with a
zero object, it is possible to define a suspension functor ¥: Ho(K) — Ho(K)
[Hov01l Sec. 6.1]. We say that a model category with a zero object is stable if
Y is an equivalence. In this case, Ho(K) can be given a natural triangulated
structure [Hov01l, Ch. 6].
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Theorem 2.1.32 (Rosicky [Ros05, Proposition 6.10]). Let K be a stable
combinatorial model category. Then its homotopy category Ho(K) is well
generated.

Remark 2.1.33. The opposite category of a well generated triangulated cate-
gory is almost never well generated. For instance, the opposite of the stable
homotopy category has no non-zero compact objects by a theorem of Board-
man [Boa70]. In fact, in [NeeOlbl Appendix E.1], it was proved that the
opposite of a compactly generated triangulated category cannot be well gen-
erated.

Neeman gave an example in [NeeOIb, Appendix E.3] of a triangulated
category 7 that is not well generated nor its opposite. It is the category
K(Z), i.e. the homotopy category of abelian groups. In order to deal with this
triangulated category and similar ones, Stovicek [Sfo08] introduced locally
well generated triangulated categories. These are triangulated categories such
that, for every set of objects S in T, the smallest localizing subcategory of
T containing S is well generated. They include the homotopy category of
essentially small additive categories. Hence, they can fail to satisfy Brown
representability but they admit a theorem of existence of adjoints similar to

Proposition [1.1.21]

2.2 Brown representability

The following result is the Brown Representability Theorem for well gener-
ated triangulated categories. It was one of the motivations for introducing
well generated triangulated categories.

Theorem 2.2.1 (Neeman [NeeOIb, Theorem 8.3.3]). Let T be a well gener-
ated triangulated category. Then Brown representability holds for T .

Note that, by definition, well generated triangulated categories satisfy
[TR5]. Observe also that, by the Yoneda Lemma, any natural transformation
between cohomological functors from 7 into Ab that sends coproducts to
products is represented by a unique morphism in 7.

There are many interesting consequences of this theorem apart from
the existence of adjoints (Proposition and the existence of products
(Proposition [1.1.22).

The next lemma gives an equivalent notion of generating set for well
generated categories.

Lemma 2.2.2 ([NeeQ1bl, Proposition 8.4.1]). Let T be an a-compactly gener-
ated triangulated category for a reqular cardinal o > V. Let S be an a-perfect



36 Well generated triangulated categories

set of a-compact objects closed under suspensions. Then S is a generating set
of T if and only if T is the smallest localizing subcategory of T containing S.

The following corollaries of Theorem [2.2.1]| are of major importance, par-
tially because of their consequences in the study of Verdier localizations in
well generated triangulated categories that we will state as Proposition [2.2.5
and Corollary [2.2.6]

Corollary 2.2.3 ([Kra02, Corollary p. 858]). Let T be an a-compactly gen-
erated triangulated category for a regular cardinal oo. Then T has only a
set of isomorphism classes of objects, i.e. it is essentially small, and T is the
smallest localizing subcategory of T containing T.

As a consequence of Corollary if 7 is an a-compactly generated
triangulated category, then a set of representatives of the isomorphism classes
of objects in T“ is an a-perfect generating set of 7.

Corollary 2.2.4 ([NeeOlb, Proposition 8.4.2]). Let T be a well generated
triangulated category. Then the following hold.

1. For every reqular cardinal o, the category T is essentially small.
2. T=U,T"

We would like to use this result to overcome the issue about smallness of
hom-sets when working with Verdier quotients. This has been carried out
with slight modifications in [Hei07], [Kra08] and [Por(7] by different authors,
all based on the original results by Neeman in [Nee(Q1b].

The following results are direct consequences of Theorem [2.1.22] and
Corollary [[.4.90 The main point is that we do not need to assume that
the resulting Verdier quotient has small hom-sets as in Theorem [2.1.22]

Proposition 2.2.5 ([Kra08, Theorem 7.2.1]). Let T be an a-compactly gen-
erated triangulated category for a reqular cardinal o and let S C T be a
localizing subcategory which s also a-compactly generated. Then the functor
T — T/S is a left Bousfield localization and T /S is an a-compactly gener-
ated triangulated category.

The following result is, essentially, what was used in [NeeOlal] to prove
that the derived category of sheaves of abelian groups over a manifold is
well generated, not being compactly generated when the manifold is non-
compact. It has also been used as a key result in [Por07] and [Hei07] to
prove analogs of the Gabriel-Popescu Theorem for triangulated categories.
We formulate it as in [Hei07, Proposition 3.3], [Kra08, Corollary 7.2.2] or
[Por07, Corollary 3.12].
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Corollary 2.2.6. Let T be a well generated triangulated category and let
S C T be a localizing subcategory generated by a set of objects S. Then S
and T /S are well generated categories.

Ezample 2.2.7 (Neeman [NeeOla]). Let A be a Grothendieck category. A
result by Alonso, Jeremias and Souto [AJS00] says that there exists a ring R
and a localizing subcategory S generated by a set of objects such that D(.A)
is equivalent to the Verdier localization D(R)/S. Hence, by Corollary [2.2.6]
D(A) is well generated.

As a particular case, this proves that the derived category D(Sh/X) of
sheaves over a topological space X is a well generated triangulated category,
although, as we observed in Example [2.1.25] it may fail to be compactly
generated.

There are other interesting representability results that apply to well
generated triangulated categories due to Franke and Krause. We review
the relation between these results and Theorem [2.2.1] following [Kra02].

Theorem 2.2.8 (Krause [Kra02, Theorem A]). Let T be a triangulated cate-
gory satisfying [TR5]. Then Brown representability holds for T if there ezists
a set S that satisfies the following conditions.

1. Ift is an object in T and T (s,t) =0 for every s € S, thent = 0.

2. For every set of morphisms {f;: X; — Yitier in T with #1 = N, the
induced morphism

T(sLies £2)
T(Sv Hie[ XZ) — T(Sv Hz’el Y;)
is surjective for every s € S provided that the induced morphisms
T (s, f;) are surjective for everyi € I, and every s € S.

By definition, all well generated categories satisfy the hypotheses of the
above theorem.

Theorem 2.2.9 (Franke [FraOll, Theorem 2.4]). Let T be a triangulated ca-
tegory satisfying [TR5]. Then Brown representability holds for T if there
is a set G of objects in T and a regular cardinal o satisfying the following
conditions.

1. T is the smallest o -localizing full triangulated subcategory of T that
contains all coproducts of objects in G, where o™ denotes the successor
cardinal of c.
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2. There exist arbitrarily large regular cardinals k and essentially small,
full, k-localizing triangulated subcategories C(k) C T containing G and
such that, for every object ¢ in C(k) and g € G, #C(g,c) < k.

Krause proved in [Kra(Oll, Theorem C] that, if there is a set S that satisfies
the following conditions, then there is a set G and a cardinal « satisfying the
hypotheses in Franke’s Theorem.

1. If t is an object in 7 and T (s,t) = 0 for every s € S, then t = 0.

2. For every set of morphisms {f;: X; — Y;}ic; in T, the induced mor-
phism
T (s, ies fi)
T(Sa Hie[ XZ) ~ 5 T(Sa Hie[ Y;>
is surjective for every s € S provided that the induced morphisms
T (s, f;) are surjective for every i € [ and every s € S.

Remark 2.2.10. Theorem [2.2.§ and Theorem seem to be more general
than the representability theorem that we stated as Theorem [2.2.1] but Nee-
man points out in [Nee(09, Remark 1.4] that he does not know of any example
of a category satisfying the hypotheses of the theorems by Krause and Franke
that are neither well generated nor the opposite of a compactly generated
triangulated category.

2.3 Adams representability for higher
cardinals

The name “Adams Representability Theorem for higher cardinals” seems
to be new. Rosicky in [Ros09] calls it “A-Brown” and Neeman in [Nee(9]
includes it as part of the existence of a Rosicky functor. We have adopted
this terminology because it was Adams who proved the theorem in the stable
homotopy category for the cardinal N.

Many of the results that we present in this chapter are well known when
the cardinal is Ny and the category is compactly generated. The main ref-
erences for this are [Bel00b], [CKNO1] and [Nee97]. Even in this case, there
is no standard terminology for the generalization of Adams’ original repre-
sentability theorem in the homotopy category of spectra. Neeman called it
“Theorem of Brown and Adams” in [Nee97] and “Brown Representability
Theorem” in [CKNOI1]. As we will see, some results that hold for compactly
generated triangulated categories do not generalize to well generated trian-
gulated categories.
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We will first define Adams representability for higher cardinals and then
explain the relationship with the previous work of Neeman [Nee(9] and
Rosicky [Ros09]. Finally, we will state some open questions about this theo-
rem.
Remember from Proposition that, for every triangulated category
T satisfying [TR5], the functors of the form 7 (—, X) are cohomological and
take coproducts in T into products. Then, functors of the form 7 (—, X)|7«
are also cohomological and send the coproducts that exist in 7% into prod-
ucts. Since T is a-localizing, it sends coproducts of less than « objects into
products.

Definition 2.3.1. Let 7 be a triangulated category satisfying [TR5]. Let «
be a regular cardinal.

1. We say that a-Adams representability for objects holds for T if for every
cohomological functor H: {7%}°? — Ab that sends coproducts of less
than a objects in 7% to products in Ab there is a natural isomorphism

H(—=)=T(—,X)|re for an object X in T.

2. We say that a-Adams representability for morphisms holds for T if
every natural transformation ¢: 7 (—, X)|7e — T(—,Y)|7« is of the
form ¢ = T(—, f)|7« for a (not necessarily unique) morphism f in 7.

As in the case of the stable homotopy category, the non-uniqueness of the
representability of morphisms is due to the existence of phantom morphisms;

see Theorem [1.2.15]

As usual, we will write Adams representability instead of No-Adams rep-
resentability.

Definition 2.3.2. Let 7 be an a-compactly generated triangulated category.
A morphism f: X — Y in T is called a-phantom if T(—, f)|7« = 0.

We begin with the first positive result that appeared in the literature.
Recall that the cardinality of an essentially small category C is defined by

#C=# | | c(x,v)

Xx,yeC
where C is a set of representatives of all isomorphism classes of objects in C.

Theorem 2.3.3 (Neeman [Nee97]). Let T be a compactly generated triangu-
lated category. Assume that #T¢ < No. Then T satisfies Adams representa-
bility for objects and for morphisms.
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This theorem includes the case of the stable homotopy category proved
by Adams, since #Ho(Sp f) = Ny by Definition . However, the proof of
Theorem [2.3.3|by Neeman is of a different nature than Adams’ proof, because
Neeman did not use the existence of models for the triangulated category, i.e.
the triangulated category need not be the homotopy category of any model
category.

Another example that satisfies the hypotheses of Theorem [2.3.3] is the
derived category D(R) of a countable ring R. Remember from Example
that the compact objects in this case are isomorphic to bounded complexes
of finitely generated projective R-modules. Hence, #D(R)¢ = Ny.

We also want to point out that it is not true that every compactly gener-
ated triangulated category satisfies Adams representability. We briefly sketch
an example that will be reviewed in more detail as Example [5.2.7]

Example 2.3.4 ([CKNOI]). Let k be a field such that #k = X,, where ¢ >
0, and let R = k(X,Y’) be the ring of non-commutative polynomials with
coefficients in k. Then D(R) satisfies Adams representability for morphisms
if and only if ¢t = 0.

As we already mentioned, the case a = Ny has been studied in detail in
[BelOOb], [CKNO1] and [Nee97]. In contrast, almost nothing is known about
a-Adams representability for a > Ng. We will explain in this section what
makes the case a > Ny more difficult. In Chapter |3| we will give new results
about a-Adams representability by considering the notion of a-purity and in
Chapter |5l we will study the case of derived categories of rings.

Remark 2.3.5. We first observe that it is not possible to extend Neeman’s
proof of Theorem [2.3.3] The problem is that in Neeman’s proof [Nee97], and
in all other proofs of similar results by Adams [AdaT71], Beligiannis [Bel00b]
or Margolis [Mar83|, one uses the fact that a filtered colimit indexed by
a category of cardinality Ny has a cofinal sequence [AR94, Theorem 1.5].
However, this is false for greater cardinals, as shown in [AR94], Example 1.8].

In fact, as a consequence of the results in Section 5, we will see that the
analog of Theorem for @ > N is not true in general.

2.3.1 Categories of additive functors

In order to study a-Adams representability we will need some results about
the category of additive contravariant functors that send coproducts of less
than « objects into products. We will study this here following the book of
Neeman [NeeO1b] and extending some results when necessary.

Definition 2.3.6. Let 7 be a triangulated category and let « be a regular
cardinal. Let Mod,-7% be the category of additive contravariant functors
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from 7 to Ab that send coproducts of less than « objects in 7 to products.
We define the restricted Yoneda functor for a as

Sy: T —— Mod,-T¢,
Xl—)T(—,X)|7’a.

Observe that S, is well defined since T is a-localizing and essentially
small, as we have seen in Proposition [2.1.16] and Corollary [2.2.4l With this
notation, we can restate a-Adams representability as follows.

1. T satisfies a-Adams representability for objects if the essential image
of S, consists of all cohomological functors that send coproducts of less
than «a objects to products.

2. T satisfies a-Adams representability for morphisms if S, is full.

The notation Mod,-7* is motivated by the fact that, for a ring R, objects
in the category Mod-R of right R-modules can be viewed as additive functors
R°P — Ab.

Neeman studied extensively the category Mod,-7 in chapters 6 and 7
of his book [NeeOlb]. We point out that he used the notation Ex(7%, Ab)
instead of Mod,-7“. Some of Neeman’s proofs are also valid if we take C an
additive category with coproducts of less than a objects instead of 7¢. We
state these properties in this section and check that Neeman’s proofs work
in this more general setting. We will need this generality in Chapter [d, when
we apply these results to locally a-presentable additive categories. In order
to state these properties, we need to introduce some standard notation; see
[Ere64], [Mit65] or [Pop73| for details.

We begin by recalling the definition of the Grothendieck axioms for abe-
lian categories; see [Pop73| Section 2.8].

Definition 2.3.7. Let A be an abelian category. We say that A satisfies
ABS3 if it has coproducts;

AB4 if it satisfies [AB3] and the coproduct of a set of monomorphisms is a
monomorphism;

ABS if it satisfies [AB3] and filtered colimits of exact sequences are exact.

Dually,

AB3* if it has products;
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AB4* if it satisfies [AB3*] and the product of a set of epimorphisms is an
epimorphism;

ABS5* if it satisfies [AB3*] and filtered limits of exact sequences are exact.

A Grothendieck category is an abelian category satisfying [AB5] and having
a generator.

We will also need the following standard terminology.

Definition 2.3.8. Let a be an infinite cardinal. A category I is called
a-filtered if every subcategory J C [ such that #J < « has a cocone in . A
colimit indexed by an a-filtered category is called an a-filtered colimit.

In the case a = N, a-filtered colimits are just called filtered colimits.
We next review some terminology form [AR94].

Definition 2.3.9. Let C be an additive category with colimits and X an
object in C.

1. X is called a-presentable if the functor C(X, —) commutes with a-fil-
tered colimits.

2. X is called a-generated if the functor C(X, —) commutes with a-filtered
colimits where all morphisms are monomorphisms.

Definition 2.3.10. Let C be an additive category with colimits. We say that
C is locally a-presentable if it has a generating set of a-presentable objects,
i.e. there is a set of a-presentable objects S in C such that, if C(s, X) = 0

for every s € S, then X = 0. The full subcategory of a-presentable objects
in C will be denoted by C*.

We will need the following standard facts about locally a-presentable
categories. We follow the book of Adamek and Rosicky [AR94]

Proposition 2.3.11 (JAR94, Proposition 1.16]). Let C be a locally a-presen-
table category. Then a colimit of a-presentable objects indexed by a category
of cardinality less than o is a-presentable.

Theorem 2.3.12 ([AR94, Theorem 1.20]). Let C be an additive category
with colimits. Then C is locally a-presentable if and only if it satisfies the
following conditions.

1. Ewvery object in C is an a-filtered colimit of a-presentable objects.

2. There is, up to isomorphism, only a set of a-presentable objects.
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Definition 2.3.13. Let C be a category. For every subcategory D C C and
for every object X in C, the forgetful functor (D | X) — C is called the
canonical diagram of X with respect to D where (D | X) is the comma-
category with respect to the inclusion D C C associated to X. The objects
of (D | X) are morphisms in C with domain in D and codomain X and,
for every pair of objects a: A — X and b: B — X in (D | X), the set
of morphisms form a into b is the set of morphisms A: A — B such that
a="boh.

Proposition 2.3.14 (JAR94, Proposition 1.22]). Let C be a locally c-presen-
table category. Denote by C* C C the subcategory of a-presentable objects.
Then, for every object X in C, the canonical diagram (C* | X) — C is
a-filtered and its colimit is X .

Notice that, if C is an abelian category with a generating set of a-presen-
table projective objects, a direct consequence of Definition [2.3.10]is that, for
every object X in A, there exists an epimorphism

Hz’el Pi— X

where P; is a-presentable projective object for every i € I [Fre64, Proposition
3.36]. The following theorem justifies the terminology of a-presentable and
a-generated in this context.

Theorem 2.3.15 ([AR94, Proposition 1.69], [Pop73|, Sec. 3.5]). Let A be a
locally a-presentable abelian category with a generating set of a-presentable
projectives satisfying [AB3], and let X be an object in A.

1. X s a-presentable if and only if there is a short exact sequence
Hjej Qj ’ Hz‘el b » X >0

where P; and Q); are a-presentable projective for alli € I, j € J, and
#1 < a and #J < .

2. X is a-generated if and only if there exists an epimorphism
Hie[ P—X
where P; is a-presentable projective for all i € I and #1 < .

In the case of the category of R-modules a-presentable objects are com-
monly known as a-presented modules (Definition [5.1.1)). For traditional rea-
sons, we will use the terminology a-presented in the context of R-modules.
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Remark 2.3.16. Let A be a locally a-presentable abelian category with a
generating set of a-presentable projectives satisfying [AB3], and let X be an
object in A.

1. X is a-generated if and only if it is an epimorphic image of an a-gene-
rated object.

2. X is a-presentable if for every morphism p: [[.., B — X with P
a-presentable projective for all i € I and #I < «, ker(p) is also
a-generated.

3. If X is a-generated and projective, then it is a-presentable.

Notation 2.3.17. Let o be an infinite cardinal and C an essentially small
additive category with coproducts of less than « objects. As in the case
of triangulated categories, Mod,-C will denote the category of contravariant
additive functors from C into Ab that take coproducts of less than a objects
to products. We will prove in Proposition that Mod,-C is a full exact
subcategory of the Grothendieck category Mod-C of all contravariant additive
functors from C into Ab.

The following lemma generalizes a result of Neeman [Nee0Olb, Lemma
A.1.3].

Lemma 2.3.18. Let a be a reqular cardinal and let C be an essentially small
additive category with coproducts of less than « objects. Then the inclusion
Mod,-C C Mod-C preserves a-filtered colimits.

Proof. Fix an a-filtered colimit colim;F; in Mod-C such that F; is in Mod,-C
for all © € I. Let {X;},c; be a set of objects in C such that # J < o. We
want to show that

(colim; F}) (H Xj) =[] ((colim; F3)(X;)) -

jeJ jeJ

This will prove that colim;F; is also a colimit in Mod,-C and hence the
lemma. There always exists a morphism

(colim; F}) (HJEJ Xj> 2 T ((colim F) (X))

induced by the inclusion of the factors of the coproduct.

We will first show that ¢ is an epimorphism. Let a = (a;);es be an
element of ;. ((colim7F;)(X;)). Since colimits in Mod-C are defined ob-
jectwise, for every j € J there is an i; € I such that a; can be identified
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with an element in Fj (X;). Since # .J < o and [ is a-filtered, there exists a
cocone of {i;};es in I that we denote by . By construction, a can be identi-

fied with an element of [[,_; Fir(X;), but now [[,.; Fir(X;) = Fi (Hje, Xj>
since Fj is in Mod,-C. If we consider the following commutative diagram

(colim; F) (H e Xj> 2 e ((colim  F)(X;))

|

Fy (Hjej Xj) ———— ey (X)),

then a = ¢(n(a)). Hence, a is in the image of ¢.
Next we show that ¢ is a monomorphism. Let a be an element of
(colim; F) (]_[jej Xj> such that ¢(a) = 0. Since colimits in Mod,-C are

defined objectwise, there exists an i’ € I, an element b of Fj (H] . j) and
a map

Fy (]_[ i Xj) — 7 (colim;F}) (]_[ i Xj)

such that 7(b) = a. If we consider the following commutative diagram

(colim; F) (H e Xj> 2 L ((colim  F)(X;))

] }p

Fo (Ies X)) ———— TLes Fr(X)),

then ¢(7(b)) = ¢(a) = 0. Now we consider b = (b;);es as an object in
[1;c; Fir(X;). Since the colimits in Mod,-C are defined objectwise, for every
j € J there exists an 4; € I, morphisms j — i in I and a commutative
diagram

[T,e, Fo(X)) v [T, ((colim/F;)(X;))

HjeJ Fi} (X;)

such that ¢(b) = 0. Since # J < «a and [ is a-filtered, there exists a cocone
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of {#}jes in I that we denote by i”. Then there is a commutative diagram

ngJF H <y ((colimr F3)(X;))

\EJ /

such that /o (b) = 0. But now [];; Fin(X;) = Fp <]_[j€J Xj) since Fyn is
in Mod,-C and, by construction, there is a commutative diagram

(H]EJX cohmIF) (HjeJXj>

such that a = 7(b) = 7’ o x(b) = #'(0) = 0. O

In the following proposition we summarize some of the properties of
Mod,-C, which have been proved by Neeman |[NeeO1b| in the case C = T*.

Proposition 2.3.19. Let a be an infinite cardinal and C an essentially small
additive category with coproducts of less than « objects. The category Mod,-C
is an exact subcategory of Mod-C in the sense of [Fre6j|] and is a locally
a-presentable satisfying [AB3] and [AB4*]. Even more, a generating set of
a-presentable projectives is given by {C(—, X) | X in C} where C is a set of
representatives of the isomorphism classes of objects in C.

Proof. Recall that the category Mod-C of additive contravariant functors
from C into Ab inherits the abelian structure of Ab and also many of its
properties [Pop73, Ch. 3, Theorem 4.2]. The short exact sequences are the
objectwise exact sequences, i.e. a sequence

O /F /G /H O

is exact in Mod-C if and only if the sequence

0—— F(X)—— G(X)—— H(X) ——0

is exact in Ab for every object X in C.
By [Ere64, Theorem 3.41], in order to see that Mod,-C C Mod-C is exact
it is enough to prove that, given a pair of objects A and B in Mod,-C, their
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coproduct in Mod-C lies in Mod,-C and that, given a morphism f: M — M’
in Mod,-C, its kernel and cokernel in Mod-C lie in Mod,-C.

Let A and B be a pair of objects in Mod,-C and let {X;};c; be a set of
objects in C such that #I < a. Then

(A D B) (Hz‘el Xl) =A (Hz’el XZ) © B (Hz‘el Xl)
- (HiEI A<Xl)) ® (Hz‘el B(Xl))
= [Lie/(A(X:) ® B(X;)) = [Lie,(A @ B)(X3).

Let

f

0 K M M Q——0

be a short exact sequence in Mod-C and let {X;};c; be a set of objects in C
with #1 < «. Since exact sequences in Mod-C are objectwise exact and Ab
satisfies [AB4*], we have a commutative diagram

0— K([Lie; Xi) — M(I1ic; Xi) —> M'(ILic; Xi) — QILic; Xi) — 0

b R

00— [Lies K(Xi) — TLics M(Xi) — [Lie; M'(Xi) — []ic; Q(Xi) — 0

where the rows are exact and f, and f3 are isomorphisms. Then, by diagram
chase, it is easy to see that f; and f; are isomorphisms. This proves that
Mod,-C C Mod-C is exact. In particular, Mod,-C is an abelian category and
the exact sequences in Mod,-C are the objectwise exact sequences.

We will prove that Mod,-C satisfies [AB3*]. Recall that the product of
{M;}jes in Mod-C is computed as

(H Mj) (X) = JT(M;(x)).

jedJ jedJ

If we assume that each M; is in Mod,-C, we claim that Hj6 s M; is also
in Mod,-C and therefore it is also a product in this abelian category. Let
{Xi}ier be a set of objects in C with # I < «, then we have the following
sequence of isomorphisms:

[T (H xz-) ~11 (H Mj<xi>) ~11 (.H Mj<xi>) |

This proves that Mod,-C satisfies [AB3*| and that products are computed
objectwise. Since we have already proved that exact sequences in Mod,-C
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are computed objectwise, and Ab satisfies [AB4*], we infer that products are
exact in Mod,-C.

The fact that {C(—,X) | X in C} is a generating set of projectives is
a direct consequence of the Yoneda Lemma, stating that every morphism
C(—,X) — F in Mod,-C corresponds bijectively to an element of F'(X). If
F is such that C(—, X) — F is zero for every X in C, then F(X) = 0 for every
X in C. Hence, F is zero. This proves that {C(—, X) | X in C} generate.
If f: G — F is an epimorphism in Mod,-C, then fx: G(X) — F(X) is
an epimorphism for every X in C. Hence, every morphism C(—,X) = F
factorizes through G. This proves that the objects in {C(—, X) | X in C} are
projective.

We will see that every object of the form C(—, X) is a-presentable. Con-
sider an a-filtered colimit colim; F; of a diagram in Mod,-C. It is an object in
Mod,-C by Lemma [2.3.18, Then, by the Yoneda Lemma, there is a bijection
between the set

Mod,-C(C(—, X), colim F})

and the set (colim;F;)(X) which is equal to colim;(F;(X)) by Lemma [2.3.18
If we apply the Yoneda Lemma to each F;, we obtain a bijection between the
set colimy(F;(X)) and

colim; (Mod,-C(C(—, X), F})) .

Hence, C(—, X) is a-presentable.

The fact that Mod,-C satisfies [AB3] can be seen using the following ab-
stract argument. Since the inclusion Mod,-C C Mod-C is exact and preserves
products, it preserves all limits [Pop73, Ch. 1, Theorem 4.1]. Then it has
a left adjoint L and, in particular, it preserves coproducts [Fre64, Sec. 3 J].
Hence, a coproduct in Mod,-C is the image under L of the corresponding
coproduct in Mod-C. n

From Proposition [2.3.19]it can be seen that Mod,-C has enough projec-
tives, and projective objects are precisely the direct summands of coproducts
of the projectives in the generating set ([NeeO1b, Remark 6.4.3]).

In general, coproducts in Mod-C of objects in Mod,,-C do not coincide with
the coproducts computed in Mod,-C. In the case C = T for an a-compactly
generated triangulated category 7, Neeman gave an explicit construction of
the coproduct in Mod,-7“ and used this to prove that Mod,-7¢ satisfies
[AB4]; see [NeeO1bl, Proposition 6.1.15 and Lemma 6.3.2] for details.

Now we state some of the properties of the restricted Yoneda functor for
a-compactly generated triangulated categories.
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Proposition 2.3.20 (Neeman [Nee(Olbl). Let « be a regular cardinal and
let T be an a-compactly generated triangulated category. Then the restricted
Yoneda functor
Sy T —— Mod,-T“.
X T (= X) e

is homological, respects products and coproducts and reflects isomorphisms.

Remark 2.3.21. In the case a@ = Ny, the category Mody,-7T™ is equal to
Mod-T° and it is a Grothendieck category, the representable functors being
a set of projective generators. However, for a > N this is not the case, since,
in general, the category Mod,-7“ does not satisfy [AB5]; ¢f. [Nee09, Remark
6.3.3]. Because of this, we cannot apply the standard procedure to prove that
Mod,-7* has enough injectives. In fact, it does not have enough injectives
in general. Neeman proved in [NeeO1bl Section C.4] that if R is any discrete
valuation ring and a = Ry, then Mod,-D(R)* does not have a cogenerator.
And from this it can be seen [NeeO1b, Lemma 6.4.6] that it does not have
enough injectives. Neeman also observed in [NeeQlbl Remark 6.4.7] that a
slight modification of the argument also proves that Mod,-7“ does not have
enough injectives when 7T is D(Z) or Ho(Sp).

It is clear that the category Mod,-7“ plays an important role in the study
of Adams representability, but the fact that it is not Grothendieck makes the
task more difficult. We have pointed out that not all colimits have to be
exact. However, we will see in Proposition that if 7 is an a-compactly
generated triangulated category, then a-filtered colimits of exact sequences
are exact in Mod,-7“. Following [NeeO1b, Definition B.2.1], we denote this
property by [AB5,].

Definition 2.3.22. An abelian category is said to satisfy [AB5,] if it satisfies
[AB3] and a-filtered colimits are exact. An a-Grothendieck category is an
abelian category satisfying [AB5,| and with a generator.

In the case of Grothendieck categories, condition [AB5] can be formulated
in terms of sums and intersections; see [Pop73, Ch. 3, Theorem 8.6] for details.
We have an analogous description for [AB5,]. Before we give the proof, we
recall the definition of sum and intersection.

Definition 2.3.23. Let A be an abelian category satisfying [AB3|. Let
{Xi}ier be a set of subobjects of X. Then the image of the universal mor-
phism [ [,.; X; — X is called the sum of { X;};c; and it is denoted by > ., X;.
Let A and B be a pair of subobjects of X. The pullback of the inclusions
into X is called the intersection of A and B and it is denoted by A N B.
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Since finite products and finite coproducts coincide, we obtain the formula
X+Y=XaoY)/(XNY).

Lemma 2.3.24. Let A be an abelian category satisfying [AB3]. If A satisfies
[AB5,], then, for every object Y, and every well ordered o-filtered chain
{Xi}ier of subobjects of Y such that X; C X, if i < j, and every subobject

X of Y,
D> (XinX) (ZX) NnX.

el i€l

Proof. We can identify I as the set of ordinals {i | i < 7} where #I = #~
and v <. Since },_ (X;NX) C >, X;and >, (X; N X) = X, there
is an inclusion -, (X; N X) C (32, Xi) N X. To see the other inclusion,
we will compare two short exact sequences in A.

For every ¢ < « there is a short exact sequence

0> X—->X;+X > (X;+X)/X =0

and, since our category is [AB5,], we obtain the following short exact se-
quence after taking the colimit

0—X — Z(Xi + X) = colimy ((X; + X)/X) = 0
Hence,
colimy (X + X)/X) = (T, X+ X) /X
Zi<'y X@') / ((Zi<'y Xi) N X)

For every ¢ < vy, we have another short exact sequence

12

0=-X,NX—=>X,—» (X;+X)/ X =0
and taking the colimit we obtain a short exact sequence

0— Z(XiﬂX) — ZXZ- — colim;,((X; + X)/X) = 0

i<y 1<y

In particular, colim;<, ((X; + X)/X) = >, X/ >, (XiN X).
Finally, if we put together the two isomorphisms we obtain

(Z Xi> NXc) (XinX).

1<y 1<y
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The following proposition is due to Neeman [NeeO1b, Lemma A.1.3] in
the case of triangulated categories, but, as in Proposition [2.3.19] it is true in
a more general context and we will need this generality in Chapter [

Proposition 2.3.25. Let a be a regular cardinal and let C be an essentially
small additive category with coproducts of less than « objects. Then Mod,-C
is an a-Grothendieck category.

Proof. Notice that Mod-C satisfies [AB5] since Ab does. On the other hand,
a-filtered colimits coincide in Mod-C and Mod,-C by Lemma [2.3.18] There-
fore a-filtered colimits are exact in Mod,-C. O]

In the case of triangulated categories, more is true. The next result, due
to Neeman, says that Mod,-7® satisfies a universal property with respect to
abelian categories satisfying [AB5,].

Theorem 2.3.26 (Neeman [NeeQlbl Theorem B.2.5]). Let a be a regular
cardinal. Let T be an a-compactly generated triangulated category. Then the
restricted Yoneda functor S,: T — Mod,-T* is universal among homological
functors from T to abelian categories satisfying [ABb,] that respect products.

The following proposition is a useful characterization of cohomological
functors in Mod,-7*.

Proposition 2.3.27 ([NeeO1bl Section 7.2]). Let T be an a-compactly gen-
erated triangulated category. Let H be an object in Mod,-T®. Then the
following conditions are equivalent.

1. H s cohomological, i.e. it sends triangles to long exact sequences.

2. H is an a-filtered colimit of representable functors in T<, i.e. there is
an isomorphism H = colim;e;T(—, X;), where I is a-filtered.

In the case o = Ny, Beligiannis [Bel00al, Remark 8.12] and Krause [Kra00),
Lemma 2.7] proved independently that the conditions in Proposition
are also equivalent to the fact that F' is flat in the Grothendieck category
Mod-T°. Recall that, if C is an additive category, an object in Mod-C is
flat if it is a filtered colimit of representable functors. We will use this
characterization to define the analog of flat objects in the context of a-
Grothendieck categories in Chapter @] The proofs by Beligiannis and Krause
use the existence of a tensor product in Grothendieck categories. However,
since Mod,-7* is not Grothendieck, we will have to prove it in a different
way.
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2.3.2 Rosicky functors and a conjecture by Neeman

The notion of Rosicky functor was introduced by Neeman in [Nee09]. He
was motivated by the work of Rosicky [Ros05], [Ros08|, [Ros09] related to
the restricted Yoneda functor (Definition [2.3.6)). In fact, a Rosicky functor is
an abstraction of a restricted Yoneda functor together with some axioms, and
its existence implies Brown representability and its dual. Rosicky proposed a
strategy to prove that for every triangulated category 7 with a combinatorial
model the restricted Yoneda functor S,: 7 — Mod,-7¢ is a Rosicky functor
for arbitrarily large cardinals a. However, as we will see in Chapter |5 this
is not always possible.

We begin with the definition of a Rosicky functor [Nee(9, Definitions 1.19
and 1.20].

Definition 2.3.28. Let 7 be a triangulated category satisfying [TR5] and
[TR5*]. Let A be an abelian category satisfying [AB3] and [AB3*]. A Rosicky
functor is a homological functor H: 7 — A together with a set of objects
P C T, closed under suspension, having the following properties.

R1 H is full.
R2 H reflects isomorphisms.
R3 H preserves products and coproducts.

R4 The objects of the form H(p) with p € P are projective in A and
generate it.

R5 For every object y in T and p € P, the natural map
T(p,y) — A(H(p), H(y))

is an isomorphism.

R6 There exists a regular cardinal a such that every object in P is a-small.

As we have observed in Proposition and Proposition [2.3.20] if 7 is
an a-compactly generated triangulated category then the restricted Yoneda
functor S,: 7 — Mod,-T* satisfies all the properties of a Rosicky functor
except [R1], and in this case [R1] amounts to say that T satisfies a-Adams
representability for morphisms.

Example 2.3.29. Let T be a compactly generated triangulated category. As-
sume further that 7° is such that #7° < Xy. Then, by Theorem [2.3.3]
Sx,: T — Mod-T¢ is a Rosicky functor.
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We will prove in this section that, if a triangulated category has a Rosicky
functor with P = T¢, then S, is a Rosicky functor. The next example
provides a family of Rosicky functors not coming from a restricted Yoneda
functor.

FExample 2.3.30. Let R be a hereditary ring, i.e. a ring whose global dimension
is less than or equal to 1. For any complex X in D(R) there is an isomorphism
X = [,z 2"H(X) [Nee92, Lemma 6.7]. Because of this fact, it is easy
to see that the cohomology functor

H: D(R)® — (R-Mod)?,
X+—— H*(X)

where (R -Mod)Z is the category of graded R-modules, is a Rosicky functor
with P = {¥"R | n € Z} and a = Ny. On the other hand, H is different
from the restricted Yoneda functor

Sy : D(R)°® —— Mody,-D(R)™.
X > D(R)(—, X)'D(R)NO

We give an example: If R = k(X,Y") is the hereditary ring of Example m
with £ a field such that #k = N;, where ¢t > 0, then Sy, is full if and only
#k = Ny. Hence, Sy, can be a Rosicky functor or not depending on the
cardinality of the field k, whereas H is always Rosicky. So the existence of
a Rosicky functor in the case P # T may have nothing to do with the fact
that the restricted Yoneda functor is a Rosicky functor. In particular, it may
have nothing to do with Adams representability.

The most relevant consequence of having a Rosicky functor is the follow-
ing theorem, which follows from Theorem 1.11, Remark 1.12 and Theorem
1.17 in [Nee09).

Theorem 2.3.31 (Neeman [NeeQ9]). Let T be a triangulated category satis-
fying [TR5] and [TR5*]. If T has a Rosicky functor, then T and T°P satisfy
Brown representability.

Using the fact that an a-compactly generated triangulated category T
satisfies a-Adams representability for morphisms if and only if the restricted
Yoneda functor S, is a Rosicky functor, we have the following direct corollary.

Corollary 2.3.32. Let T be an a-compactly generated triangulated cate-
gory. Assume that there exists a reqular cardinal B > « such that T satis-
fies B-Adams representability for morphisms. Then T satisfies Brown repre-
sentability and its dual.
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Remark 2.3.33. We would like to comment in detail the results of Rosicky
[Ros05], [Ros08], [Ros09]. In order to do this, notice that his notation is
different from ours.

Let K be a stable combinatorial model category as in Theorem [2.1.32] In
particular, there is a regular cardinal « for which K is locally a-presentable.

We also need to introduce the following notation. Given a category C
with colimits, we denote by Ind,(C) the closure of C by a-filtered colim-
its. It can be constructed as the full subcategory of the category Set®” of
contravariant functors from C into Set, consisting of a-filtered colimits of rep-
resentable functors. In particular, by the definition of locally a-presentable,
K = Ind,(K,), where K, C K is the full subcategory of a-presentable ob-
jects.

As we reviewed in Theorem [2.1.32] Rosicky proved that Ho(K) is well
generated. More precisely, there exist arbitrarily large regular cardinals o
for which Ho(K,,) corresponds to the full subcategory of a-compact objects
generating Ho(K). Hence, the restricted Yoneda functor, in Rosicky’s nota-
tion, is

E,: Ho(K) — Ind,(Ho(K,)).
where Ind,(Ho(KC,)) corresponds, in our notation, to the homological func-
tors in Mod,-Ho(K,) by Proposition [2.3.27] Furthermore, if we denote by
P: KK — Ho(K) the functor that sends K to its homotopy category, he proved
that the diagram

Ind, (Ky)
K. ;l “— Ho(K) = Ho(Ind, (K.))
P"C"l Inda<P;ca>l /
Ho(K,)~— Ind,(Ho(K,))

commutes up to isomorphism. Hence, a-Adams representability for mor-
phisms reduces to the fact that Ind,(P|c,) is full. In the language of ho-
motopy theory, this corresponds to a problem of strictifying a homotopy
a-filtering colimit into an a-filtering colimit. In general, this cannot be done.
Given an a-filtered colimit in Ho(/C, ), Rosicky managed to construct a weak
colimit in I, with the same cocone, but it was not a-filtering any more.

The idea of Rosicky was that, even if this strategy could not be carried
out for «, there would always exist a regular cardinal § > «, which could
be taken to be arbitrarily large, such that the restricted Yoneda functor Eg
(that is, Sp in our notation) would be full. We will see in Example that
this cannot be done in general either.
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The following question is inspired by the previous remark.

Question 2.3.34. Let T be a well generated triangulated category with a
combinatorial model. Is it true that there exist arbitrarily large reqular car-
dinals o for which T satisfies a-Adams representability for morphisms?

If the answer to this question were affirmative, then, by Theorem [2.3.31]
every well generated triangulated category with a combinatorial model would
satisfy Brown representability and its dual. For Brown representability we
already knew this, but for its dual it would be a remarkable achievement. As
we will see in the next section, very little is known about the dual of Brown
representability and an affirmative answer to this question would provide a
proof for almost all known well generated triangulated categories, in partic-
ular for the derived category of any Grothendieck category.

We will see that the answer to Question is negative in Example
[5.2.8 Specifically, we will see that the compactly generated triangulated cat-
egory D(Z), i.e. the derived category of chain complexes of abelian groups,
does not satisfy a-Adams representability for morphisms when o > Xy. How-
ever, it does satisfy Ny-Adams representability both for objects and for mor-
phisms by Theorem [2.3.3

According to Neeman [Nee(09, Remark 1.25], the above question was the
most important motivation to state the following more general conjecture.

Conjecture 2.3.35 (Neeman [Nee(9, Conjecture 1.27]). A triangulated cat-
egory admits a Rosicky functor if and only if it is well generated.

Observe that the counterexample to Question is not a counterex-
ample to Neeman’s conjecture, because the restricted Yoneda functor Sy, for
N, is a Rosicky functor.

The only if part of the theorem is easy. We prove it in the following
proposition.

Proposition 2.3.36 (Rosicky). Let T be a triangulated category satisfying
both [TR5] and [TR5*] that admits a Rosicky functor H: T — A. Then T
is a-compactly generated for some reqular cardinal o. In fact, the cardinal o
can be chosen to be the same as in the conditions of H being Rosicky.

Proof. By [R6], objects in P are a-small, and, by [R3], [R4] and [R5], P is
a-perfect. Then we only have to see that P generates.

Let X be an object in T and assume that every morphism p — X is zero
if p € P. By [R5], p — X is zero if and only if H(p) — H(X) is zero. Hence,
H(X) =0 by [R4] and this implies that X = 0 by [R2]. O
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The if part of Conjecture states that for each well generated tri-
angulated category there is a Rosicky functor. Observe that this would be
implied by a positive answer to Question in the case of triangulated
categories with a combinatorial model, but, in general, the actual relation be-
tween the two statements is subtle, as may be inferred from Example [2.3.30]
The following theorem says that, under some extra conditions, the existence
of a Rosicky functor implies that the restricted Yoneda functor is in fact a
Rosicky functor.

Proposition 2.3.37. Let T be a triangulated category satisfying both [TRS]
and [TR5*]. Assume that T admits a Rosicky functor H: T — A together
with a set of objects P C T. Then the restricted Yoneda functor S, is a
Rosicky functor if P contains a representative of every isomorphism class of
objects in T*.

Proof. By Proposition[2.3.36], 7 is a-compactly generated. Then, by Proposi-
tion and Proposition [2.3.20] the restricted Yoneda functor S, together
with P satisfies conditions [R2] to [R6]. So we only have to see that S, is
full.

Since we are assuming that P contains a representative of every isomor-
phism class of objects in 7%, there are isomorphisms

A(H(p), H(X)) = T(p, X) = Moda-T*(Sa(p), Sa(X))

for every p in P and for every object X in 7.

Let F': So(X) — S,(Y) be a morphism in Mod,-7®. Since objects of
the form S,(p) with p € P are a generating set of projectives, there is an
epimorphism

1 Sa(p) = Sa(X)

icl
where the coproduct is taken over the set of all morphisms {p — X | p € P}.
For every p € P, we consider the composition

[Lics Sa(p) L Sa(X) —5 S.(Y)

y
9;

Sa (p)

Since T (p, X) = Mod,-T“(Sa(p), Sa(X)), there is a bijective correspondence
between the morphisms f! and ¢, and morphisms f;: p — X and ¢g;: p = Y
respectively. Then we have morphisms f: [[..,p = X and g: [[,c,p = Y
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and they are such that S,(f) = f" and S,(g) = F o So(f). We complete g

into a triangle in T

Hz‘elp Y Z \EHz‘eIp'

If we apply H, we obtain the following long exact sequence
o= H(EZ) — H([Lig p) = HY) — H(Z) — H(E i p) —

But now, since H commutes with coproducts, and the objects of the form
H(p) with p € P generate A, and there is a bijection A(H (p), H(X)) =
T(p,X), the morphism H(f): H([[,.;p) — H(X) is an epimorphism.
Hence, there exists a morphism F’: H(X) — H(Y') such that F' o H(f) =
H(g). Since H is full, there exists a morphism h: X — Y such that H(h) =
F'. By the bijection A(H(p), H(X)) = T(p,X), h is such that ho f = g.
Then S, (h)oS.(f) = Salg) = FoS,(f). Since the objects of the form S, (p)
are a set of generators of Mod,-7T?, we obtain that S,(h) = F. O

The converse of the above theorem is false. Example [2.3.30] gives a
Rosicky functor that is not the restricted Yoneda functor Sy, and the class
P = {X"R | n € Z} does not contain representatives of all isomorphism
classes of compact objects in D(R). Even more, as we already explained,
depending on the ring R, the functor Sy, will be full or not. Specifically, by
Theorem [2.3.3] if #R < Ny then Sy, is full. However, according to Exam-
ple 2.3.4] there are hereditary rings for which No-Adams representability for
morphisms does not hold, i.e. Sy, is not full.

2.4 The dual of Brown representability

In the context of well generated triangulated categories, the dual of Brown
representability is still a conjecture. Remember from Remark that the
opposite of a well generated triangulated category might not be well gen-
erated and so it is not possible to proceed as in the proof Theorem [2.2.1]
But, surprisingly, the dual of Brown representability does hold for compactly
generated triangulated categories. As we will see in this section, the only
known results follow from quotients of compactly generated triangulated cat-
egories, or the possible different examples coming from Krause’s Theorem
2.2.8 Franke’s Theorem [2.2.9 or Neeman’s Theorem [2.3.31] The first result
in this direction was obtained by Neeman [Nee98al, Theorem 2.1] for the sta-
ble homotopy category. This theorem can be reformulated, in the spirit of
Neeman’s Theorem [2.3.31], to cover other examples. Specifically, if Adams
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representability for objects and for morphisms holds for a compactly gen-
erated triangulated category, then Brown representability and its dual also
hold. Hence, the dual of Brown representability for compactly generated
triangulated categories holds under the same hypotheses as Theorem [2.3.3]
However, Krause extended in [Kra02] the result for all compactly generated
triangulated categories. First of all, we need the following definition.

Definition 2.4.1. Let T be a triangulated category satisfying [TR5]. A set
of objects S in 7T is said to be a set of symmetric generators for T if the
following conditions hold.

1. For every object s € S, T(s,—) commutes with coproducts.

2. There exists a set of objects R in 7 such that, for every morphism
f: X — Y in T, the induced morphism T (s, f): T(s,X) = T(s,Y)
is surjective for every s € S if and only if the induced morphism
T(f,r): T(Y,r) = T(X,r) is injective for every r € R.

Theorem 2.4.2 (Krause [Kra02, Theorem BJ). Let T be a triangulated
category satisfying [TRbH]. Assume that T has a set of symmetric genera-
tors. Then T has arbitrary products and satisfies the dual of Brown repre-
sentability.

If T is compactly generated and S is a set of small generators of a trian-
gulated category T, take as R the set of objects representing the functors

TP — 5 Ab
X —— Ab(T (s, X),Q/Z)

for every s € S. With this definition, 7 satisfies the hypotheses of Theorem
Hence, we have the following corollary.

Corollary 2.4.3. Let T be a compactly generated triangulated category.
Then the dual of Brown representability holds for T, i.e. for any homolog-
ical functor H: T — Ab that sends products to products there is a natural
isomorphism H(—) = T (X, —) for some object X in T.

Observe that, by the Yoneda Lemma, we also have that any natural
transformation between homological functors from 7 that send products to
products is represented by a unique morphism in 7.

There is another result due to Neeman about the dual of Brown repre-
sentability which has very restrictive hypotheses.
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Theorem 2.4.4 (Neeman |[NeeOlbl Theorem 8.6.1]). Let T be an a-com-
pactly generated triangulated category for a regular cardinal c. Suppose that
the abelian category Mod,-T of contravariant functors from T* to Ab taking
coproducts of less than « objects to products has enough injectives. Then T
has products and satisfies the dual of Brown representability.

Observe that Theorem is a consequence of Theorem [2.4.2] It was
noticed in [Kra0O2, p. 859] that, if S is a perfect generating set for a trian-
gulated category 7, then S is a symmetric set of generators if and only if
Mod,-7* has an injective cogenerator. On the other hand, no example is
known that satisfies the hypotheses of Theorem but not the hypotheses
of Theorem [2.4.4]

We can also give another result about the dual of Brown representability
based on localization of compactly generated triangulated categories. It is
important to notice that the localization has to be taken on the right and not

on the left. This is a direct consequence of Theorem [2.2.1] Corollary
and Proposition [1.4.11]

Corollary 2.4.5. Let T be a compactly generated triangulated category.
Then T satisfies the dual of Brown representability. Assume further that
there is a localizing subcategory S C T generated by a set of objects such that
T — T/S is a right Bousfield localization. Then T /S is well generated and
satisfies the dual Brown representability.

Remark 2.4.6. The class of categories satisfying Brown representability is
strictly bigger than the class of well generated triangulated categories. For
instance, consider the opposite of a compactly generated category. It is not
well generated by Remark but it satisfies Brown representability by
Corollary However, not all triangulated categories satisfy Brown rep-
resentability or its dual. The only known example is due to Casacuberta and
Neeman [CN09]. Their example is based on a result of Freyd [Fre64, Ch. 6,
Exercice A] and is constructed as follows. Let A be the abelian category
of Z[I]-modules, where I is the class of all small ordinals. Casacuberta and
Neeman proved that the full triangulated subcategory of acyclic complexes in
the homotopy category K(A) does not satisfy Brown representability nor its
dual. As a consequence, it cannot be well generated and its opposite cannot
either.

As we already pointed out, Stovicek proved in [S‘EOOS] that there are tri-
angulated categories which are not well generated (nor their opposites), yet
that can satisfy some of the consequences of Brown representability, like the
theorem of existence of adjoints (Proposition . However, those cate-
gories are not known to satisfy Brown representability nor its dual. Sfovicek
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proved his results for the class of locally well generated triangulated cate-
gories, which includes the homotopy categories of skeletally small additive
categories.

2.5 An upper bound for the cardinality of the
category T

In this section we give upper bounds for the cardinality of the category of
a-compact objects of a triangulated category. For a < Ny, the cardinality
of the category of a-compact objects is related to a-Adams representability.
For o = N it was shown in [CKNOI] and for & = N; it will be shown in
Chapter [0 For the purposes of this thesis, we are mainly interested in the
results that imply that # 7™ < R, but we state our results for arbitrary
regular cardinals. In particular, we show that, for any a-compactly generated
triangulated category, there exists a cardinal 5 such that # 77 < j.

Remember that we are working under the ZFC axioms. The Generalized
Continuum Hypothesis (GCH) states that 2% = N, for every ordinal n
or, equivalently, that if X is a set and « is a cardinal such that #X < x <
#P(X) then either #X = k or #P(X) = k. The GCH is independent of
ZFC. For some results in this section, instead of assuming the GCH, we will
only assume that 2* = AT for every cardinal \ greater or equal to a fixed
cardinal. This is done because of the applications of Chapter [6]

We will also need basic results about cardinal exponentiation. We collect
them in the following theorem. Remember that the cofinality of an ordinal
a, denoted by cf «, is the least limit ordinal 8 such that there is an increasing
sequence of ordinals of length § with limit .. A cardinal « is regular if and
only if cfa = a.

Recall that a cardinal « is a strong limit cardinal cardinal if 2* < & for
every A < k. Every strong limit cardinal is a limit cardinal and, if we assume
the GCH, then every limit cardinal is a strong limit cardinal. A cardinal
Kk > Ny is called inaccessible if it is regular and strong limit.

Theorem 2.5.1 ([Jec03, Theorems 5.15 and Theorem 5.20]). Let A be an
infinite cardinal. Then for an infinite cardinal k, K is computed as follows.

1. If K <\, then & = 22,
2. If there exists some j < k such that p* > k, then kK = Kk*.
3. If K > X and p* < k for all i < K, then

3.1. if cfk > X then k* = k.
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3.2. if cfk < X then k* = k.
4. If k 1s inaccessible, then \* < K for all \, p < k.
If we assume the GCH, then k* is computed as follows.
1. If K <\, then k* = \*.
2. If cfr < X\ < K, then k) = kT,
3. If X\ < cf kK, then k* = k.

We will also need a variation on the cardinal exponentiation. Let k = # A
be a cardinal. If A < &, then x* is the cardinality of the set of all subsets of
A of cardinality A ([Jec03, Lemma 5.7]). If, instead of this, we consider the
cardinality of the set of all subsets of A of cardinality less than A, then we
obtain k<*. We use the following terminology for this notion.

Definition 2.5.2. Let k and )\ be two cardinals. We define

A

k<" = sup{s" | p is a cardinal and p < \}.

The following theorem gives a way to compute the exponentiation that
we just defined.

Theorem 2.5.3 ([Jec03, Ch. 5]). Let k be an infinite cardinal.

1. If k is reqular and a limit, then k<" = 2<%. If k is reqular and a strong
limit, then K<F = k.

2. If k is singular and not a strong limit, then k<" = 2<" > k.
3. If k is singular and a strong limit, then 2<% = k and k<" = k",

4. p<No = g,

Let X\ be an infinite cardinal. If we assume the GCH, then k< is computed
as follows.

1. If K <\, then k< = 252 = )\,
2. Ifcfk < p < Kk for some p < A, then k<* = K+,
3. If i < cfk for every pu < X, then k< = k.

Now we can begin with our first result in this subsection. The proof for
the case a = Ry is by Neeman and can be found in [MS06, Lemma 20.8.4],
but we check that it also works for higher cardinals.
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Proposition 2.5.4. Let T be a triangulated category and let « be a reqular
cardinal. If C C T is a full subcategory such that #C < «, then the smallest
thick subcategory D C T containing C has cardinality less than or equal to «.

Proof. Let X be an object in 7. We denote by Sx the full subcategory of T
whose objects are the objects Y such that # 7 (X,Y) < aand # T (Y, X) <
a. The category Sy is clearly thick. If X isin C, then C C Sx by assumption.
Since D is the smallest thick subcategory of T containing C, D C Sx. This
means that, for every object X in C, #T(X,Y) < aand #7T(Y,X) < «
for every object Y in D or, what is the same, that for every object Y in D,
C C Sy and then D C Sy. This proves that # D(X,Y) < « for every pair
of objects X and Y in D.

In order to finish the proof, we have to show that there is a set of isomor-
phism classes of objects in D of cardinality less than or equal to a. For this
purpose, we will use that D can be inductively constructed by completing
C with respect to direct summands and triangles; see [HPS97, Proposition
2.3.5] for details.

Let Dy = C and assume that we have constructed an ascending chain
of subcategories Dy C --- C D; such that #D; < « for every j < 7. We
define D, as the full subcategory of 7 whose objects are direct summands
of objects C'y that occur in triangles

f

X Y Cy ¥ X
where f is in D;. Since # D; < «, there is a set of less than or equal to «
objects of the form Cy with f in D;. Now observe that each object of the form
Cy is also in D, since D is the smallest thick subcategory of 7 containing
C = Dy. Then, by the previous part of the proof, # 7T (C,Cf) < a for
every object of the form C}. In particular, the set of idempotent morphisms
Cy — Cy and then the set of direct summands of objects of the form C} for
f in D; has cardinality less than or equal to a. This proves that the set of
isomorphism classes of objects in D;,; has cardinality less than or equal to
a. But now, since D;,, is a subcategory of D, by the previous part of the
proof, it has less than or equal to o morphisms between every pair of objects.
This proves that # D, 1 < a.
Finally, D = (J,.y D; has cardinality less than or equal to a. O]
If 7 a triangulated category and S is a generating set of compact objects,
then the smallest thick subcategory containing all the objects in S is the
category of compact objects of 7. Then we have the following direct corollary.
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Corollary 2.5.5. Let T be a triangulated category. If S is a generating set
of compact objects such that the full subcategory C C T with set of objects S
has cardinality less than or equal to «, then #T°¢ < a.

Corollary applies only to compactly generated triangulated cate-
gories. The next result applies to general a-compactly generated triangulated
categories, but we need to assume an extra hypothesis on the triangulated
category that might seem too strong. Nevertheless, it will be very useful in
the proof of Theorem [2.5.10

Proposition 2.5.6. Let T be an a-compactly generated triangulated category
for a regqular cardinal o and let S be a generating set of a-compact objects.
Let 8 > a be a reqular cardinal and assume either that 2* = A\t for every
cardinal X < [ or that B is inaccessible. Assume that #T (s,Y) < 8 for
every object s in T andY in TP. If # T < B for a regular cardinal B > o,
then #T° < 3.

Proof. Recall from Proposition that 77 is the smallest 3-localizing
subcategory containing S and, by Remark [2.1.17] we have an inclusion 7 C
TP. We will construct 77 as a B-localizing subcategory Ss C T such that
S C Sp and #S3 < [ following |[NeeOlb, Lemma 3.2.4 and Proposition
3.2.5]. The idea is to inductively complete S with respect to coproducts of
less than 3 objects and triangles. We will prove that this construction does
not increase cardinality. We first explain this construction for an arbitrary
set of objects in T.

Let R be a set of objects in 7. Following [NeeOlbl Lemma 3.2.4], the
smallest triangulated subcategory T'(R) C T containing R can be constructed
as T(R) = U >, Ti(R) where Ty(R) is the full subcategory of 7" with objects
S U{0} and T;41(R) is the smallest full subcategory of T containing T;(R)
and a class of representatives of objects C; such that there exists a triangle

xfy Cy Yx

with f in T;(R).

Following [Nee(O1bl Proposition 3.2.5], we will construct by transfinite
induction a category Sp = ;5 S; and we will see that TP = S5 We will
use this construction to show that # 77 = #S55 < 3.

Let S’ be the completion of S with respect to suspensions and notice
that #5 = max{#5,Ro}. Let Sy = T'(S’). Since Sy C T*, we obtain that
#So < # T < f and by hypothesis #7 (s,Y) < g for every object s in S
and Y in 77. Let i < 3 be an ordinal and assume that we have constructed
S; such that #5; < 5 and #7 (s,Y) < g for every object s in S; and Y in
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TP. If i + 1 is a successor ordinal, we define the category S/ ; as the full
subcategory of T with objects a set of representatives of coproducts of less
than § objects in .S;. Notice that S;,, C T5. Since we assume that #5; < 3,
then the set of objects in S ; has cardinality less than or equal to 3- B<B =p
by Theorem and the assumption that 2* = \* for every cardinal A < 3
or the inaccessibility. For every object Y in 7% and every object || jes Xjin
Siy with X; in S; and #J < 3, we have an isomorphism

T (H)@,Y) ~[[7x.Y).

jeJ jeJ

Then, by induction hypothesis, #7 ([ [;c, X;,Y) < #[[;c,; T(X;,Y) < B
But now 5%/ < 3 by Theorem since #.J < 8 and we are assuming
either that 2* = \* for every cardinal A < /3 or that /3 is inaccessible. Next we
define S;11 = T'(S, ). Since we have seen that #5;,, < /3, the set of objects
in S;y1 has cardinality less than or equal to 5. For the sets of morphisms,
since S is a set of generators of T, it is enough to prove that # T (s, Cy) < S

for every s € S and every Cy such that there exists a triangle

f

x Y »Cy ¢

>

with  and y in S, but this is true by hypothesis since C/ is an object in
T5. Thus, #S;41 < B.

If © < @ is a limit ordinal, we define S; = UJ.Q. S;. It is clear that if
#S; < p for all j < ¢, then #5; < B.

Finally, we define Sz = |, -3 Si- By construction, #Ss < B and it is
easy to see that Sp is triangulated and S-localizing; see [NeeO1hl, Proposition
3.2.5] for details. Since 77 is the smallest 3-localizing subcategory of T
containing S, T7# C Sz. On the other hand, since each S; is constructed by
taking coproducts of less than 3 objects and mapping cones and 77 is closed
under these constructions, 77 = Sz and then # 77 < #S55 < 3. ]

Our next goal is to prove that for every well generated triangulated cat-
egory T there exists a regular cardinal o such that # 7% < a. The first
motivation for this improvement was an attempt to answer Question [2.3.34]
The idea was to use the analogy with the case a = Ry following [CKNOI].
Remember that, if 7 is a compactly generated triangulated category and
# TR0 < R, then T satisfies Rg-Adams representability for objects and for
morphisms, by Theorem [2.3.3. However, the analog of the proof of Theorem
cannot be carried out for an arbitrary cardinal «, as we pointed out in
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Remark [2.3.5] Thus, even if we know that for every well generated triangu-
lated category T there is a regular cardinal o such that # 7% < «, this does
not imply that a-Adams representability holds for 7 as in the case a = N,.
A counterexample to this will be given in Example [5.2.8] Nevertheless, for
the applications to Nj-Adams representability we will use this result to give
an upper bound to # T,

The first step for the proof is the following improvement of a theorem by
Krause [Kra02, Theorem C].

Theorem 2.5.7. Let T be an a-compactly generated triangulated category.
Let B be a regular cardinal such that f > max{a<* #T*}. Assume ei-
ther that B is greater than or equal to an inaccessible cardinal greater than
max{a<® # T} or that 2> = \* for every cardinal X\ < 3 and B is not the
successor cardinal v of any cardinal vy with cofinality cf(y) < «. Let Sg
be the full subcategory of objects X in T such that # T (s,X) <  for all
s €T Then

1. Sg is triangulated.

2. An object X is in Sp if and only if X = Hocolim X,, where Xy =0 and
for every n there is a triangle

Hsi—>Xn—>Xn+1—>ZH3i

i€l i€ln
where s; is in T and #1,, < B.

3. The category Ss is [B-localizing, i.e. it is closed under coproducts of
fewer than B summands.

The theorem holds, in particular, for any f > max{a<®,# 7} that is
a double successor. This also includes the cardinals considered in [Kra02]
Theorem C].

Before we go into the proof of Theorem [2.5.7, we need a lemma.

Lemma 2.5.8. Assume the same hypotheses as in Theorem[2.5.7 Let s,s; €
T for alli € I and suppose that #1 < 3. Then #T (s, [1;c;5:) < B.

Proof. Since s is a-small, every map s — [],.;s; factors through a co-
product of less than o objects [[,.;si, for J C I such that #J < .
Since T¢ is closed under coproducts of less than « objects, we have that
#T (s, ey 5:) < # T By definition, #I < 3, and I has exactly #1<% sub-
sets of cardinality less than a. Hence, # T (s, [[,c; 5:) < #1°% - # T“. Since
B > max{a<* # T}, the proof will be finished if we show that #I<* < j.
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If we assume the hypothesis that f is greater than or equal to an inacces-
sible cardinal, then Theorem implies that #1<* < (. For the other
hypothesis on 3, we divide the proof into three different cases that cover all
the possibilities in the hypotheses.

Case #1 < o. We have #1<* < a~* < f3.

Case #I > a and [ is a limit cardinal. In this case we always have
#I < #IT < [. Since # I is regular and #IT > «, using that
22 = At for every cardinal A\ < 3 and Theorem , we have the
following inequalities: #I1<* < (H#11)<* = #I1T < .

Case #I > « and 8 = 4. In particular, we have #I < ~. Then
#1<* < 4<% and this cardinal is less than or equal to v < (3, by the
assumption that 2* = A* for every cardinal A < 3, Theorem and
our assumption that cf(y) > «. Hence, #1<* < f3. O

Now we proceed to prove the theorem.

Proof of Theorem[2.5.7. For part 1, we only have to see that Ss is closed
under the formation of triangles. Let X — Y — Z — ¥ X be a triangle in
7T such that X and Y belong to Sz and for all s € 7* we have an exact
sequence

T(s,X)—=T(s,Y)—=>T(s,Z) = T(s,2X)

where # T (s,X) < B, #7(s,Y) < p and #7T(s,2X) < B. Therefore,
#T (s, Z) < B, since  is a regular cardinal.

For the only if part of 2, fix an object X in Sz. We will construct the
objects X, of the statement recursively. In the case n = 0, we define Xy = 0.
Now suppose that for a fixed n > 0 we have constructed, for every k < n, a
morphism f;: X, — X and a triangle

hi

[icr, , 51— Xk X Ylier, ., si
where s; is in 7%, #1,_1 <  and such that the diagram

Xk

LK
hn
f;

Xy —2 5 X,

commutes. Let

U, = U{xET(s,Xn) | fnox =0}

ses
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where S is a set of representatives for the isomorphism classes of objects in
T* and define a map
H {x}

zeUy,

Complete g, into a triangle

ITs 2 X "—+an+1—>sz¢.

1€Unp 1€Un

Since T (—, X)) is a cohomological functor and f, o g, = 0, there exists a map
fror1: Xna1 — X such that the following diagram commutes:

Xy

f
hnit1 "

X, L X

Observe that #U, < f since X,, is in Sg and #S < . Following Definition
1.1.10, we construct the homotopy colimit

]_[ X, it ﬁ X, —s Hocolim X, —s % ﬁ X,
n=0 n=0

Let ¢: [0, X, — X be the morphism induced by the h,, for all n > 0. By
[TRO] and [TR3], there is a morphism of triangles

112, X, = 11 X, —— Hocolim X, ——— R [, X,

| b2 |

0 X idx X y 0.

We claim that 7(—, ¢)|7«: T(—,Hocolim X,,)|7e« — T(—, X)|r« is an iso-
morphism. Let K, = ker(7 (—, f,)|r=) for every n > 0. Since the composi-
tion K,, = T (—, X;,)|7e — T(—, Xnt1)|7e is zero by construction, there is a
commutative dlagram

00— Ky T(—, X)) | e — LT

L ]

0— Kn+1—>7<  Xog1)| 7

T(= X)lre — 0

[

T( fn+l)|T°‘ T(-,X)‘Ta N O
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with exact rows and such that 7 (—, h,)|re factorizes through 7 (—, X)|7=
for every n > 0. We denote by p,: T(—, X)|7e = T(—, Xpi1)|70 thls fac-
torization. This implies the following equahtles.

T(_v fn+1)|T°‘opnoT(_a fn)|T°‘ = T(_v fn+1)|T“oT(_7 hn)|T“ = T(_7 fn)|T°"

Since T (—, fu)|7e is an epimorphism, 7 (—, fu41)|7e © p = id and then the
short exact sequence

(_7fn+1)|7—0‘ 7—(

0— Kpiig—— T (—, Xos1)|7e — X)|7e — 0

splits for every n > 0. We display what we have obtained in the following
diagram.

T (—=,ho)| e T(=,h1)|7re
T (=, Xo)|7e 072 (X e LT X e ————

A X )

Ko® T (= X)|re 2% K1 @ T (=, X)|re 2% Ko @ T (—, X) |7 — ...

where all the vertical maps are isomorphisms. If we take the colimit we
obtain a short exact sequence

0— JT7(— X)lre =% T]7 (= Xa)lre — T(— X)l7e — 0.

In particular, we have seen that the morphism id—shift is a monomorphism.
On the other hand, we have the triangle

]_[ X, s ]O_O[ X,, — Hocolim X,, —s ¥ ]O_O[ X,

Since the restricted Yoneda functor .S, is homological and preserves countable
coproducts, we obtain a long exact sequence

i HT Xn)|ra ——— = Shlﬂ HT X,)|7e — T(—, Hocolim X,,)| 7«

_>HT X re R HT (X re —
n=0

But now we have seen that the two morphisms denoted by id—shift in the
long exact sequence are monomorphisms. Hence, 7 (—, Hocolim X,,)|7a =
T(—, X)|7a. Since T* generates T, we conclude that Hocolim X,, = X
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For the converse of part 2, assume that X = Hocolim X,, as above. We
want to see that # 7 (s,Hocolim X,,) < g for all s € T®. For every n we
have a triangle

Hsi—>Xn—>Xn+1 —)ZHSZ

i€l, i€l,
where s; € T* and #1I, <  and Xy = 0. Since # 7 (s, [[;c; s:) < B8 by
Lemma [2.5.8] one sees by induction that # 7T (s, X,,) < /3 for all n. But now,

since (3 is regular, # [[~, 7 (s,X,) < S and we have seen that there is a
long exact sequence

1d— shift
E—

cee— H T (s, Xn) H T (s, X,) — T (s,Hocolim X,,) — - - -

This implies that # 7T (s, Hocolim X,,) < 5.

To prove 3, we use the characterization from part 2, although it can be
proved directly from Lemma [2.5.8] Let K be a set such that #K < [ and
let X, € Sg for all k € K. For every k € K there is a triangle

[T, = TT(X0)n — Hocolim(Xy), — S (Xi)n
n=0 n=0 n=0

and for every n there is a triangle

H si = (Xp)n — (Xp)ny1 — B H Si
i€(I)n i€(I)n
where s; € T, #(Ix), <  and (Xy)o = 0.

Since coproducts of triangles are triangles, we can deduce that

H Hocolim(Xy),, = Hocolim H (Xk)n

keK keK

and that for every n there are triangles

I s— & — [[E —2 ] s

i€(Uger Te)n keK keK i€(Uger Tr)n

where s; € T, # | e U)o < -8 = B and [ [, (Xi)o = 0. N

Corollary 2.5.9. Assume the same hypotheses as in Theorem 2.5.7|. Then
the category Sg coincides with the category TP of B-compact objects.
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Proof. By part 2 of Theorem [2.5.7] any f-localizing subcategory of 7 con-
taining 7 contains Sg. Therefore Sg is the smallest S-localizing subcategory
of T containing S. O

Theorem 2.5.10. Let « be a reqular cardinal and let T be an a-compactly
generated triangulated category. Let B be a regular cardinal. Assume either
that 8 > max{a<®, # T} is inaccessible or that 2* = A\t for every cardinal
A< B and B> max{a,# T*}. Then # TP < .

Proof. If 3 > max{a,# 7%} and 2* = \* for every cardinal A < 3, by
Theorem and Corollary #T(s,Y) < B for every object s in T°
and Y in 77", Hence, # T (s,Y) < f3 for every object s in 7% and Y in T7.
If 8 > max{a<* # 7T} is inaccessible, by Theorem and Corollary
#T(s,Y) < f8 for every object s in 7% and Y in T7.
In any case, we are under the hypothesis of Proposition [2.5.6| and this
implies that # 77 < . O

Theorem will be a key result in Section [6.2] where we will have to
prove that # 72 < W, for 7T the stable motivic homotopy theory, in which
we do not have a good description of X;-compact objects.

Finally, we notice that, in general, the bound in Theorem [2.5.10| is best
possible, since the category of S-compact objects has to be closed under
coproducts of less than 3 objects.



Chapter 3

Adams representability and
purity for higher cardinals

In this chapter we define the a-pure global dimension of a triangulated cat-
egory for a regular cardinal . We will prove that it is closely related to
a-Adams representability and to the existence of Rosicky functors.

Many results in this chapter are known in the case & = Ny and can be
found in [Bel0Ob], [CKNOI] and [NeeO1b].

3.1 Purity for higher cardinals in
triangulated categories

The notion of a-pure global dimension of a triangulated category was intro-
duced by Neeman in [Nee97] for « = Ry and widely studied by Beligiannis in
[Bel0Ob]. The following definition is the analog for higher cardinals.

Definition 3.1.1. Let 7 be an a-compactly generated triangulated category.
The a-pure global dimension of T is defined as

Pgldim, (7)) = sup{pd(H) | H cohomological in Mod,-7*},

where pd denotes the projective dimension of an object in the abelian cate-
gory Mod,-T*.

Remark 3.1.2. Recall from Section [2.3that the category Mod,-T® of additive
contravariant functors from 7 to Ab that send coproducts of less than
a objects in T% to products is an abelian category satisfying [AB4] and
[AB4*]. We have also shown that each set of functors {7%(—, X)} indexed
by a set of representatives of isomorphism classes of objects X in 7¢ is a
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set of a-presentable projective generators of Mod,-7“. It then follows that,
the abelian category Mod,-7® has enough projectives and every projective
object is a direct summand of a coproduct of objects from this generating
set. Thus, the a-pure global dimension of T is well defined.

Definition 3.1.3. An object F' in Mod,-7T® is said to be free if it is a
coproduct of representables in 7°, i.e. F' = [[,c, T%(—,t5) where t, is in
T« for all A € A.

We fix some notation. We denote by Proj(Mod,-7®) the full subcategory
of projective objects of Mod,-T“. For a full subcategory & C T, we denote
by Add(S) the completion of S by coproducts and direct summands in 7.

Proposition below is essentially contained in [BelOOb, Proposition
8.4], although in a slightly different context. We give a proof for complete-
ness. Before stating this proposition, we need the following lemma.

Lemma 3.1.4. Let T be an a-compactly generated triangulated category and
let X, Y be a pair of objects in T. If X is an object in Add(T*®), then the
restricted Yoneda functor

Sy: T —— Mod,-T*.
X e T(= X) o

induces a bijective correspondence between morphisms X — Y in T and
morphisms T (—, X)|7e = T(—,Y)|7« in Mod,-T*.

Proof. Assume first that X = [[,.; R;, where R; is an object in 7 for every
1 € I. Since S, commutes with coproducts by Proposition|2.3.19] it is enough
to see that a morphism 7(—, R;) — T (—,Y )|« is representable by a unique
morphism R; — Y for every ¢ € I and this is the Yoneda Lemma.

For the general case, let F': T(—, X)|re — T(—,Y)|7« be a morphism
with X € Add(7*?), i.e. there is an object X’ in T such that X & X' is a
coproduct of objects in 7%. Let mx: X & X’ — X be the retraction into X
and tx: X = X @ X’ the inclusion. They satisfy the equality my otx = idx.
Then, by the previous case, the composition

T(= X & X)|e 2P (X e — s T(—, V) e
K_/

T(—x)|re

is representable by a morphism ¢g: X & X’ — Y. Hence, T(—, g0 tx)|re =
T(_vg)|7a o T<_7 LX)|7"" =Fo T(_aﬂ-X)ITO‘ o T(_7 LX)|TO‘ =F.

In order to finish the proof, assume that there are two morphisms f,
f'+ X — Y such that T(—, f)|7« = T(—, f')|7=. By the first part of the
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proof, there is a bijective correspondence between the set of morphisms
{T(—, X @ X)|re = T(—,Y)|7e} and {X ® X’ — Y}. Since T(—, f o
7x)|re = T (=, f o 7x)|7a, then fomx = f'omx. Hence, f = f’ because
Tx is an epimorphism. O

Proposition 3.1.5. Let « be a reqular cardinal. Let T be an a-compactly
generated triangulated category. Then the restricted Yoneda functor

Sa|Add(Ta) : Add(Ta> S MOda—Ta
X s T (=, Xl

is fully faithful and induces an equivalence of categories between Add(T®)
and Proj(Mod,-T*).

Proof. By Lemma [3.1.4] it is enough to prove that the essential image of
Saladd(re) is equal to Proj(Mod,-7%).

Fix an object Z in Add(T®), i.e. [[,c; Xi = Z ® Y where every X is an
object in T for every i € I. Then, by Proposition [2.3.20

HTQ(_7XZ') - Ta(_a HXi)|T°‘ = Scx(Z D Y) = Sa(Z) D Sa(Y)

i€l el

and, by Proposition [2.3.19] every S, (X;) = T*(—, X;) is projective and hence
sois [[,c; T%(—, X;). Thus S,(Z) is projective.

Now fix a projective object P in Mod,-7“. In order to finish the proof,
we have to see that it is the image of an object in Add(7®). By Proposition
2.3.19, P is a direct summand of [[,., 7%(—, X;) = T(—,[1;c; Xi)|7e =
Sa([l;e; Xi). Then there is an idempotent morphism

T(_7 H Xz) — T(_7 H Xz)

el el

whose image is P and, by Lemma [3.1.4] it is the image of a morphism
e, X ELEN [l;c; Xi such that e is idempotent in 7. Then, by Propo-
sition [L.1.11} it splits and gives a decomposition [[,., X; = F @© G, with
So(F) =P. [

Since objects of the form 7 (—, X)|r« are cohomological in Mod,-7T* by
Proposition [1.1.19, we have the following corollary.

Corollary 3.1.6. Assume the same hypotheses as in Proposition|3.1.5]. Then
projective objects in Mod,-T® are cohomological.



74 Adams representability and purity for higher cardinals

The next results are generalizations of results by Neeman [Nee97] and
Beligiannis [BelO0b] for the case o = Rg. We start with the following lemma,
which is a direct consequence of the Nine Lemma [Fre64] p. 58] for abelian
categories using the fact that exact sequences in Mod,-7% are objectwise
exact, as we have seen in Proposition [2.3.19]

Lemma 3.1.7 ([NeeO1b, Lemma 7.2.5]). Let T be an a-compactly generated
triangulated category. Let

0 A B C 0

be a short exact sequence in Mod,-T*. If two elements in {A, B,C} are
cohomological, then so is the third.

The following proposition generalizes a part of [Bel0Ob, Theorem 11.8 and
Remark 11.12].

Proposition 3.1.8. Let a be a reqular cardinal and let T be an a-compactly
generated triangulated category. If H is a functor in Mod,-T® such that
pd(H) < 2, then there exists an object X in T and a natural isomorphism
between H and T (—, X)|re.

Proof. By Proposition m if pd(H) < 2, then there is a projective resolu-
tion
0—— T (—, Ra)|7e —= T (=, Ry) e —= T(~, Ro)|e — H ——0

where Ry, R; and R, are direct summands of coproducts of a-compact ob-
jects. Even more, since Su|adq(re) is fully faithful, the morphisms ¢ and
¢ are of the form ¢ = T(—,g)|7« and ¢ = T(—, f)|7=, where fog = 0.
Complete g to a triangle

R2 < Rl 0 > Cg 2R2

Since f o g = 0, there exists an h: Cy — Ry such that ho 8 = f. On the
other hand, since 7(—,¢g)|re is a monomorphism, we obtain a short exact
sequence

0——=T(=, Re)|re — T (=, R1)|re — T (=, Cy) |7« —0.
Moreover, we have a short exact sequence

T(=h)|7a
(=n)lT

0——T(—,Cy)|re T(—, Ro)|re > H > 0.
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Complete h to a triangle

C, L~ Ry Ch 2C,.
Since T (—, h)|7= is a monomorphism, we obtain two short exact sequences

0—>T<_,Og)|7'a L>7—<_,.Fi())|7’oz —>T(_, Oh>|7'a —>O

0—— T (= Cy)lre —=T(=, Ro)lre H 0,

from which it follows that H = T (—, C,)|re. O

The following result is a generalization of [Nee97, Proposition 4.11].

Proposition 3.1.9. Let a be a reqular cardinal. Let T be an a-compactly
generated triangulated category and let ¢: T(—, X)|7« = T(—=,Y)|7a be a
morphism in Mod,-T*. Assume that pd(T(—, X)) <1 and pd(T(—,Y)) <
1. Then there exists a morphism f in T such that ¢ =T (—, f)|7a.

Proof. By Proposition [3.1.5 we can choose projective resolutions as follows:

T(—, o
0——— T (= R 20 () Ry) e —2 s T (=, X) e ——— 0
T(—»f1)|Tal T(—.fo)|7ra l{b
0——— T (= T)lre 25T (T e — 2 T(—, ¥ ) o ——— 0,

where Ry, Ty, Ry and 77 are direct summands of coproducts of objects in
T*. By Lemma [3.1.4] we can assume that ©)x = T(—,ix)|7« and ¥y =
T(—,iy)|re. If we denote by Cj, and Cj, the mapping cones of hy and hy
respectively, then we can construct the following morphism of triangles in 7

hx

R Ry X4 O — SR

NN

T T, 0, —— 3T

and there are factorizations iy = jyxoi'y and iy = jy oiy. Since T (—, hx)|7«
and T (—, hy)|7« are monomorphisms, if we apply S, to this morphism of
triangles, we infer, by the long exact sequence associated to the triangles that
T(—,7x)|7re and T(—, jy)|7re are isomorphisms and we have a commutative
diagram

T(—Jx «
T (=, Ch)lye =207 (X)) e

T(_’Q)Tal lﬁﬁ

T(—.jy «
T (=, Coy e =207 T )|
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Finally, since S, reflects isomorphisms, ¢ = S, (jy 0 g o jx'). O

The following result is a crucial generalization of results by Neeman
[Nee97, Propositions 4.10 and 4.11] and Beligiannis [Bel0Ob, Theorem 11.8].

Theorem 3.1.10. Let « be a reqular cardinal and let T be an a-compactly
generated triangulated category.

1. If Pgldim (7)) < 2, then T satisfies a-Adams representability for ob-
jects.

2. Pgldim, (7)) < 1 if and only if T satisfies a-Adams representability for
objects and for morphisms.

Proof. The first part corresponds to Proposition [3.1.8] The only if of the
second part follows from Proposition We next prove the converse.

Assume that 7T satisfies a-Adams representability for objects and for
morphisms, and fix a cohomological functor H in Mod,-7“. By a-Adams
representability for objects, H = T (—, X)|7«. By Proposition [3.1.5] there is
an exact sequence

T(= 8o "= T (=) R) e — 2 T (=, X) e ——— 0

in Mod,-7* where S and R are summands of coproducts of a-compact ob-
jects. By Lemma[3.1.4] ¢ = T(—, g)|7= for some g: R — X. From this exact
sequence we will construct a projective resolution of H = T (—, X)|re.

First complete f: S — R to a triangle S — R — Cy — XS. Since S
is in Add(7*) and T(—, g)|7« © T(—, f)|7= vanishes, g o f also vanishes by
Lemma and we obtain the following factorization:

' R g X.

g\) P

/ Cf h

On the other hand, by exactness, we have the following factorization of

(= g)lre:

T(fvg/)

(= 8)lr= =B T(—, )l T(= Cp)lre
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and, by a-Adams representability for morphisms, 5 = T(—,h')|r« for a
morphism h’': X — C}. These two factorizations imply that

T(—h)|raoBoT (=, 9)lre =T (= h)lra o T(—,9)|7a =T (=, 9)|7

and, since T (—, g)|7« is an epimorphism, we obtain that 7 (—,h)|7« 0o § =
T(—,hoh')|re = T(—,idx)|7a. Then h ok’ is an isomorphism in 7 by
Proposition [2.3.20. Now complete h’ to a triangle

XK’L Cp—1s Oy — BX.
(hoh!)~Loh

Since idempotents split in 7 by Proposition [I.1.11], we have an isomorphism
Cy = Cy & X. Since j o b’ vanishes, the composition jo g = jo (h'og) also
vanishes. Let i: C) — Cf be a section of j. There is a factorization of j
through [:

S C; L ¥,

fR g
DN
X

Notice that id¢,, = joi = (kol)oi: Cy — Cjy. In particular, [oi is a section
of k. Hence, ¥5 = C}y @ ¥71C), where C}, is the cone of k: £S5 — C),.

Summarizing, we have proved that the triangle S — R — Cy — XS is
isomorphic to

Efl(Ch/ ) Z’le) — R—CpdX — Cp E’le

and this triangle splits into two exact triangles X7 1Cyy — 0 — Cp — Ch
and ¥72Cy, — R — X — %71}, and the last one gives the following exact
sequence:

7—77
(—9)

0 — T(= X7%Ck)lre —— T (=, R)|7= T(= X)lr« —0.

Finally, since 7(—,X7'Y)|7« and T (—, R)|7= are projectives, this sequence
is a projective resolution of H = T (—, X)|7a. O

In the case a = Ny, Neeman used this characterization in his proof of
the fact that every compactly generated triangulated category 7 such that
# T° < N, satisfies Adams representability (Theorem . He proved that
if #7°¢ <Ny, then Pgldim(7) <1 |[Nee97, Theorem 5.1].
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3.2 Rosicky functors and purity

Remember from Section that a Rosicky functor is an abstraction of
the restricted Yoneda functor, which was introduced by Neeman in [NeeO1b].
Neeman stated Conjecture [2.3.35] claiming that every well generated trian-
gulated category has a Rosicky functor. We have already pointed out that
there are Rosicky functors that fail to be restricted Yoneda functors.

In this section we give a necessary and sufficient condition for the exis-
tence of a Rosicky functor, not necessarily being a restricted Yoneda functor,
and its relation with a-Adams representability. Most of the results con-
tained in this section have analogs in the previous section, where we worked
with the restricted Yoneda functor instead of an abstract Rosicky functor.
In that case, it is straightforward from the definition that if the restricted
Yoneda functor is a Rosicky functor, then the triangulated category satis-
fies a-Adams representability for morphisms. This is not always true for an
abstract Rosicky functor.

Our main interest in this thesis is a-Adams representability, and we have
already observed in Section that this is related to condition [R1], i.e.
fullness of Rosicky functors associated to a triangulated category. This mo-
tivates the following definition.

Definition 3.2.1. Let 7 be a triangulated category satisfying [TR5] and
[TR5*], and let A be an abelian category satisfying [AB3] and [AB3*]. Let
H: T — A be ahomological functor satisfying all the conditions of a Rosicky
functor except for possibly [R1]. The pure global dimension associated to H
is

Pgldim (7)) = sup{pd(H (X)) in A | X is an object in T}.

Notice that, when H is the restricted Yoneda functor S,, the inequality
Pgldimg (—) < Pgldim,(—)holds.

Recall from Definition that a Rosicky functor is given by a functor
H:T — A and a fixed set of objects, closed under suspension, that we
denote by P.

Proposition 3.2.2. Let T be a triangulated category satisfying [TR5] and
[TR5*|, and let A be an abelian category satisfying [AB3] and [AB3*]. Let
H: T — A be a homological functor and P C T a set of objects satisfying all
the conditions of a Rosicky functor except for possibly [R1], and let Add(P)
be the completion of P under coproducts and direct summands in T. Then
H induces a bijection

Tp,Y)—A(H(p), H(Y)).
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Proof. Let [[,c;pi be a coproduct of objects in P. By [R5], H induces a
bijection

T(pi,Y) —— A(H(pi), H(Y))

for all 4 € I and then it also induces a bijection
Hie] T(?i» Y) — Hie[ .A(H(pi), H(Y)) .

But now, [R3] implies that H([[,c;pi) = [l,c; H(pi) and then there is a
bijection
T{Mierpi,Y) —— A(H (I e pi), HY)) -

Let p be an object in Add(P) such that p @ ¢ is a coproduct of objects in
P for some object g in 7. Let j: p — p@® ¢ be the inclusion and r: pH g — p
the retraction, so that r o j = id,. We will prove that, for every object Y in
T, H induces a bijection

T(p,Y)—— A(H(p), H(Y)).

We will first prove that it is surjective. Fix a morphism ¢: H(p) — H(Y)
in A. By the first part of the proof, there exists a morphism ¢: p® g — Y
such that H(¢)) = ¢ o H(r). Then H(1)) o H(j) = ¢ o H(r) o H(j) and this
implies that H(¢ o j) = ¢.

In order to finish the prove, we have to show that

T(p,Y)—— A(H(p), H(Y))

is injective. Let f, g: p — Y be a pair of morphisms in 7 such that H(f) =
H(g). Then H(for) = H(gor): Hp®q) — H(Y). Since p@® q is a
coproduct of objects in P, by the first part of the proof, f or = g or and,
since r is an epimorphism, f = g. O]

Corollary 3.2.3. Under the same hypotheses as in Proposition H
induces an equivalence of categories from Add(P) to Proj(A).

Proof. Full faithfulness follows from Proposition [3.2.2] Since H is homolog-
ical and respects coproducts by [R3], objects in the image of H|aqq(p) are
summands of coproducts of objects in the image of H|p that are projec-
tive by [R4]. Hence, objects in Add(P) map into projective objects. On
the other hand, since objects of the form H(p) generate A by [R4], for ev-
ery projective object P in A there is an epimorphism 7: [[.., H(p;) — P
with p; € P for all i € I together with a section s: P — [[,.; H(p;) such
that mo s = idp. Hence, P is a direct summand of [],., H(p;). By [R3],
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[Lic; H(pi) = H([1I;c;p:) and, by Proposition there is morphism a
[+ Iicrpi = Ierpi such that H(f) = som. Since H(f) o H(f) = H(f),
H|paaepy is faithful and idempotents split in 7 by Proposition , there
is a decomposition [[,.; pi = ¢ @ ¢ where ¢ = im(f). Finally, since H is
additive, we see that H(q) = P. O

The following result is the analog of Proposition |3.1.8| in the context of
Rosicky functors. In fact, the proof is the same with a distinct notation. We
include it for the sake of completeness.

Proposition 3.2.4. Let T be a triangulated category satisfying [TR5] and
[TR5*|, and let A be an abelian category satisfying [AB3] and [AB3*]. Let
H: T — A be a homological functor satisfying all the conditions of a Rosicky
functor except for possibly [R1]. Let X be an object in A such that pd(X) < 2.
Then X is in the essential image of H.

Proof. Since pd(X) < 2 and using Corollary [3.2.3], we have a projective
resolution of X in A of the form

H(f2 H(f1
0—— H(ps) 2 b (py) T H(py) 2 X —0

with p3, po and p; in Add(P). Since 0 = H(f1) o H(f2) = H(f1 0 fo), it
follows from Proposition that f; o fo = 0. Then, if we complete f5 to a
triangle

f
b3 : D2 2 Cf2 2pa,

there exists a morphism h: Cy, — p; such that hog = f;. Since H is
homological and H(f5) is a monomorphism, we obtain a pair of short exact
sequences

0— H(ps) 2 H(py) 9% 1 (Cy,) —— 0,

H(h) ¢

0—— H(Cy,) —= H(p1) X > 0.

Complete h to a triangle

Cf2 h 7 P1 Ch 20f2‘

Since H is homological and H(h) is a monomorphism, we obtain a short
exact sequence

0—— H(Cp) 2™, H(p)) — H(Cy) —— 0.

Comparing short exact sequences we obtain that H(C),) = X. O
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The following result is the analog of part 2 of Theorem [3.1.10|for a generic
Rosicky functor.

Theorem 3.2.5. Assume the same hypotheses as in Proposition[3.2.4. Then
H satisfies [R1] if and only if Pgldimy (T) < 1.

Proof. Assume that Pgldim (7) < 1 and fix a morphism f: H(X) — H(Y).
Then, by [R2], [R4] and Corollary [3.2.3], there is a diagram

0—— H(r) "% girg) X9 gy ——0

lH(ﬁ) lH(fo) lf

0—— H(t) 5 Hlto) 5 HY) 0

iy)
with exact rows and 7, ro, t; and to objects in Add(P). Then we have a
diagram in 7 that we can complete to the following morphism of triangles

s/

hx 'p
1 > T0 X' 27”1

N

t1 > o — Y’ > Ytq.
Y iq

h

Hence, there are factorizations jx o i’y = ix and jy o}, = iy. But now,
since H(hx) and H (hy) are monomorphisms, H (jx) and H(jy) are isomor-
phisms by the long exact sequences associated to the triangles and we have
a commutative diagram

H(x) 29X x)

H (g)l lf

HY") 2 gy,
Hence, by condition [R2|, jx and jy are also isomorphisms and then f =
H(jy o gojx'). This finishes the if part.
Now assume that H is a Rosicky functor. Fix an object H(x) in A. We

will construct a projective resolution of H(x) of length 1. By [R4], objects of
the form H (p) with p € P generate A. Hence there is a short exact sequence

[icr Hpi) — HjeJ H(g;) H(z) 0.

By [R3], H commutes with coproducts, and then, by Proposition [3.2.2] this
sequence is the image under H of a sequence

P ¢
[Lic;pi— jesa—x
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and the composition vanishes by [R2]. Now complete v to a triangle

Hie[ Di L) Hjej qj L) o — E(Hig pi)-
The morphism ¢ factors through ¢’ by a morphism h: 2 — . On the other
hand, since H is homological, H(¢') factors through H(¢) by a morphism
H(z) — H(2") which is of the form H (') by [R1]. As a consequence, H (hoh')
is an isomorphism and, by [R2], h o i’ is an isomorphism. Now complete A’
to a triangle

' J
T T z Y.
(hoh!)~toh

Since idempotents split in a triangulated category by Proposition [I.1.11] we
infer that 2’ = = & z.

Now observe that j o ¢’ vanishes. Using the same idea as before, we see
that j factors through x by a morphism k: X([[,.; pi) — # that has a section.
In particular, X(][,.; pi) & 2@ X'y, where y is the cone of k. Summarizing,
we have proved that the triangle

P @ X
Hielpi >HjeJ qj—>xl_>Z(Hie[pi)

is isomorphic to

2_1(2®E_1y)—>]_[j61 q; z2®x 2@ Xy

This triangle splits into a coproduct of the triangles ¥~z — 0 — z — z and
Y2y — ]_[jej qj — x — X'y, and the last one yields an exact sequence

O—>H(E’2y)—>H(Hjequ)—>H(:17)—>O.

Finally, we claim that this is a projective resolution of H(z). The object
H(]1,c;py) is projective by Proposition and H(X™%y) is projective be-
cause Y2y is a direct summand of [Lics pi- O

Remark 3.2.6. We want to notice that the set P of generating a-small ob-
jects in the definition of a Rosicky functor can fail to contain representatives
of isomorphism classes of objects in 7%, as in Example This fact
makes the study of Rosicky functors and, consequently, the study of Con-
jecture more complicated. Specifically, Theorem does not imply
a-Adams representability in general, and the best that we can prove in this

direction is Proposition [2.3.37]



Chapter 4

Homological algebra in
a-Grothendieck categories

We have seen the relation between a-Adams representability for triangulated
categories and the category Mod,-T* of additive contravariant functors from
T“ to abelian groups that send coproducts of less than « objects to prod-
ucts. We have observed that filtered colimits need not be exact in Mod,-7T,
although o-filtered colimits are exact. We have called the categories with
this and some other standard properties a-Grothendieck. In this chapter,
we study a-Grothendieck categories. Specifically, we study the analog of
the Auslander Lemma, as well as analogs of flat objects and a-pure exact
sequences, and we use them to find upper bounds for the a-pure projective
dimension of a triangulated category. The most important consequence of
the results in this chapter is that N;-Adams representability for objects holds
in many categories. This consequence will be explained in Chapter [6]

4.1 Auslander Lemma for a-Grothendieck
categories

We will need an analog of the Auslander Lemma [Aush5| in the context of
a-Grothendieck categories. Recall that the classical Auslander Lemma states
that if an R-module M is a union of a well-ordered continuous ascending chain
of submodules, M = J,_. M;, and pd(M;,1/M;) < n for every i < -, then
pd(M) <n.

The proof of the Auslander Lemma for abelian categories [Ausb5], [FS01,
Ch. IV, Lemma 2.6], [Oso73, Theorem 2.18] and [Sim77, Proposition 2.6]
uses the axiom [AB5], but in our case we only have [AB5,]. We will give
three different statements, the last one being the most similar to the classical

1<y
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Auslander Lemma.

Theorem 4.1.1. Let A be an a-Grothendieck category for a regular card-
inal o. Let M = colim;, M; with My = 0, M; C M; if i < j and v > «.
Assume that colim;.gM; = Mg for every limit ordinal 5 such that o < 3 < .
If pd(M;/M;) < n for every i < j <i+ a, then pd(M) < n.

Proof. We will proceed by induction on n. Recall that we identify o with the
least ordinal of cardinality «. Suppose first that n = 0. For every a < i < 7,
we have an exact sequence

O—)Mlﬂ>M1+1ﬂ>Ml+1/Ml—>0

where M, /M, is projective since pd(M,1/M;) = 0. Hence, there exists a
retraction r;yq: M1 /M; — M;,q such that the morphism

Lig1,Ti41)
M; & (M1 /M;) (+—+> M4

is an isomorphism. We will prove by transfinite induction on the ordinals
a <1 <~y that the morphism

M, & (Ha§j<i MjH/Mj) — M;

given by the inclusion of the first factor and composition of sections and in-
clusions in the other factors is an isomorphism. Notice that the coproduct
[1M;:1/M; can be written as [ M;/(colimy;;M;) where M;/(colim,;M;) =
0 if 7 is a limit ordinal. We claim that this implies that M = colim,, M, is
projective. By assumption, M} = M} /M is projective for every 0 < k < a.
In particular, M, is projective and, for every a < j <y, M;41/M; is projec-
tive. Since every coproduct of projectives is projective, this implies that

M = COlimi<7Mi = Ma D ( H Mj+1/Mj)

a<j<y

is projective.

Now we proceed with transfinite induction. If ¢ = « then there is nothing
to prove. Fix an ordinal @ < i < v and assume that the result is true for
every a < j < 1. If 7 is a successor ordinal, we have the following composition:

(Ma ¥ ( H Mj-i—l/Mj)) S (Mi/Mz‘—l) - M, ® (Mi/Mz‘—l) MMZ

a<j<i—1
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where the first morphism is an isomorphism by the induction hypothesis, the
second morphism is an isomorphism by the assumptions, and the composi-
tion is as indicated. If @ < i < 7 is a limit ordinal, colim;;M; = M; by
assumption and then the colimit indexed by o < j < ¢ of the isomorphisms

M, @ (]_[a s My /Mj,) — M
is the isomorphism indicated
Ma D (Ha§j<i Mj+1/Mj> — Mz

as we wanted to prove. This finishes the case n = 0.
Assume that the result is true for n — 1. For every i < v, let P, — M; be
an epimorphism with P; projective and let

0—Q—][...B—M—0

1<y
be the short exact sequence induced by the morphisms P; — M; < M. Since
]_L.<7 P; is projective, pd(M) = pd(Q) + 1. Hence, the proof will be finished
if we prove that pd(Q) <n —1. We define Q; = @ N ([[,<; ;). Recall form
Definition that the intersection is defined to be the pullback of the
inclusions @ < [[,_, Fi and [[;; P; = ][, Pi- This gives an ascending
chain of subobjects of () such that colim;.,Q; = . We will check that @
satisfies the hypotheses of the theorem for n — 1. Notice that, by [Pop73,
Ch. 2, Proposition 6.4], we have a commutative diagram

0 > Qi e by —— (Ui )/ Qi ——0

[ ] -

O—>Q—>Q+ngi‘Pj_>(Q+Hj§i‘Pj>/Q—>O

|

0——Q IL.. P M 0

with exact rows and where Q+] [, P; is the image of Q& [, P; in [ [, P
As a consequence, (][ i<i P;)/Q; 1s isomorphic to the image of the morphism
I i<i Pj = M, which is equal to M; by definition. Hence, we have a short
exact sequence

0—Qi— [, B — M;—0
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for every i < 7.

For every limit ordinal a@ < 8 < 7, colim;<gM; = Mpz. Since 8 > «, the
colimit is a-filtered, hence exact because A is a-Grothendieck. This implies
that colim,;Q); = (g for every limit ordinal oo < 8 < 7.

For every ¢ < j < i+ «, we have a commutative diagram with exact rows
and columns

0 0 0
0 Q; Hkgj Py M; 0

0—Q;/Qi— cpe; P — M;/M; ——0

0 0 0

where pd(M,;/M;) < n. Then pd(Q;/Q;) < n — 1. Finally, we can apply
the induction hypothesis on @ to obtain that pd(Q) < n — 1 and hence
pd(M) =pd(Q) + 1 < n. O

For the proof of the second analog of the Auslander Lemma we will need
some technical lemmas. The first one is very useful for transfinite induction
arguments with respect to a filtered category.

Lemma 4.1.2 ([Jen72, Lemma 1.4] or [AR94, Lemma p. 15]). Let I be a
directed poset such that #1 = «. Then I is a well ordered union of filtered

categories of cardinality less than o. More precisely, the following conditions
hold:

1. I = Uu<a I1,.

2. #1, <« for every p < a.

3.1, Clyifp<y.

4. 1, = U)\<u I for every limit ordinal \ < a.

We will also need a result about the vanishing of derived functors of limits
in the category of abelian groups. This result is very close to [Jen72, Theorem
3.1], but our hypotheses are weaker. Nevertheless, the proof in [Jen72] can
be adapted to our case, as follows.
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Lemma 4.1.3. Let F': I°° — Ab be an inverse sequence in the category Ab
of abelian groups. Let A; = F(i). Assume that #1 < W, and that every

morphism A, 1 — A; is surjective. Then limgn) A; =0 foralln > k+1.

Proof. We will prove this result by induction on k. We denote by {A;};
the diagram in Ab’". We can assume that I is a directed poset such that
#I <N by [AR94, Theorem 1.5].

Let £ = 0. In this case, I is a directed poset of countable cardinality and
the condition that A;;; — A; is surjective for every i is equivalent to the fact
that {A,}; is flasque ([Jen72, Proposition 2.1]), i.e. A; — A; is surjective for
all j < i. Hence, we infer that limgn) A; =0 for all n > 1.

Now assume that the result is true for 0 < h < k. We will see that it is
also true for k.

In order to compute lim; ™M A; for n > 0, we fix an injective resolution of

(A} in AD™:
0—>{AZ}[—>{EO}I—>{E1}I—> ..

where {F""}; are injectives in Ab’" for all n > 0 and we have short exact
sequences

0—— {4} ——{F’} ——{X}}——0

0——{XP Y —— {F/} —— {XH —— 0.

In this situation, lim; ™ A; = lim; (1)Xf_1.

Since #1 < N,, we can write [ = Uu<7]m #1, < R;_1, as in Lemma
4.1.2, Observe that, for every p < -, we can restrict the resolution of {4;},
into 1, and {A;};, satisfies the hypotheses of the lemma with #1, < N;_; for

every i < 7. Then the induction hypothesis implies that limi) X' =0 for

every p < v and n > k, and we want to prove that limgl) X1 = 0. This can
be restated as follows: We know that limy, Fj* — lim;, X is surjective for
every 1 < v and n > k, and we want to prove that lim; F;"** — lim; X" is
surjective. Let s be a global section of lim; X**!. For every ordinal v < v,
the restriction s, of s into lim;, X has a preimage ¢, in lim;, F/""'. We
will prove by transfinite induction on v < v that we can choose ¢, for all
v < 7y such that if ;1 < v the restriction of ¢, into I, coincides with ¢,. This
will provide a preimage ¢ of s into lim; FZ”’1 and will finish the proof.

If v is a limit cardinal, the section s, is determined by the preimages of
all 5, for u < v given by the induction hypothesis.

If v = p+ 1, the result follows by diagram chase on the following.
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: n+1
lim; X;

1

limy F7L 0

ro

lim[#_‘_l X?H_l

4

lim;,, F" limg,, F/'F! bt 0
fn limlu_'»l Xl'fl gn+1 llmll,t XZ’L-i-l
0 ~ N /
1iIIl[H Fln h limjﬂ P;n+1
\L %
0 lim;, X7 0

0/ \O.

We check how this is done. Let s be a global section in lim; X" and let
Su+1 and s, be its restrictions to limy, Xf“ and limy, XZ-"Jrl respectively.
The inductive hypothesis says that there exists a preimage of s, in limy, R
that we denote by t,, such that its restriction into limy, F"! is a preimage
of s, for every v < p. Now let £,,1 be a preimage of s,,1. Its restriction
t,, into limy, F'"t! can be different from t,, but y,(t,) = s, = Xu(t,). By
exactness, there is an element v, in limy, Xj* such that ¢, (v,) = t, —t,.
Also by exactness, there is an element u, in lim, F* such that x/,(u,) = v,.
But now {F;}; is flasque; hence, u, is the restriction of an element u,; in

limy, , F*. Let ¢, = ¥u1 0 X),41(uur1). By construction, ¢/, restricts
into t, —t, in limy, F"! and, by exactness, Xut1(the1) = 0. Then the

element ?,,,1 + tZ 1 is a preimage of s, and its restriction into limy, FZ‘H
is t; + (t, — t;t) =1, O

Before we state the next result, we want to notice that some well know
results about the vanishing of limits in Grothendieck categories can be false
in our more general context. For instance, Neeman proved in [Nee02] and
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[NeeO1Dh, Section A.5] that an inverse sequence of epimorphisms indexed by
N can have non-vanishing derived limits if the category does not have enough
injectives. In the presence of enough injectives, the result is well known; see
[Jen72], Proposition 2.1] or [Wei94, Lemma 3.5.3].

Recall that w,, denotes the least ordinal with cardinality N,. Notice that
it is a limit ordinal.

Theorem 4.1.4. Let A be an N, -Grothendieck category and let M =
colim; ,, M; where My = 0 and M; C M; if i < j. If pd(M;/M;) < d for
every pair j < i < wy, then pd(M) < n+d.

Proof. We will proceed by induction on d. If d = 0, we have to prove that
Ext™(colim;,, M;,—) = 0 for all m > n. By assumption, M; = M,/M,
is projective for every ¢ < w,. Hence, A(M;,—) is exact. On the other
hand, the colimit colim;.,, M; is N,-filtered. Since A is N,-Grothendieck,
this colimit is exact and, by the Grothendieck spectral sequence [Wei94,
Corollary 5.8.4], Ext™(colim;,, M;, —) = limign A(M;, —). We claim that
the morphism A(M;. 1, —) — A(M;, —) induced by the inclusion M; < M;,4
is an epimorphism. Since M;,;/M; is projective, Ext'(M; ,/M;,—) = 0.
Hence, the long exact sequence associated to the functors Ext™ induced by
the short exact sequence

0'———%'A42———%>A4;+1————)A4j+1/ﬂ4§————%0
gives a short exact sequence

0 ¢———A(M;, =) ¢— A(Mis1, =) ¢— A(Miya /M;, =) <—0.

Ext'(M;y1/M;, —)

This proves that the sequence defined by A(M;q,—) — A(M;, —) satisfies
the hypotheses of Lemma (4.1.3l Hence, 1im§2{n A(M;,—) = 0 for every
m > n.

Assume that the result is true for d — 1. For every i < w,, let P, — M,
be an epimorphism with P; projective and let

0—Q——][,., P— M —0

1<wn
be the short exact sequence induced by the morphisms P, — M; — M.
Since [[,_,, P is projective, pd(M) = pd(Q) + 1. Hence, the proof will be
finished if we prove that pd(Q) < n + d — 1. We proceed as in the proof of
Theorem and define @; = Q@ N ([];; P;)- Thus, we have an ascending
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chain of subobjects of @ such that colim;.,, Q; = @ together with short
exact sequences

0— Qi — [, 7 — M; —0.

We will check that @) satisfies the hypotheses of the theorem for n — 1. For
every j < 1 < w,, we have a commutative diagram with exact rows and
columns

0 0 0
0 Q; i, P M, 0
0 > Q; IT<i P M, 0

0——Qi/Qj —— 11, pci P — M;/M; ——0

0 0 0

where pd(M;/M;) < d. Then pd(Q;/Q;) < d — 1. Finally, we can apply the
induction hypothesis on @) to obtain that pd(Q) < n +d — 1. As we have
already observed, this implies that pd(M) < n + d. n

Corollary 4.1.5. Let A be an W,-Grothendieck category and let M =
colim;, M; where My = 0, M; C M; ifi < j and v > w,. Assume that
colim;.gM; = Mp for every limit ordinal $ such that w, < B < ~. If
pd(M;/M;) < d for every i < j <i+ w,, then pd(M) <n+d.

We notice that, if n = 0, then the hypotheses in Corollary can
be reduced to “M = colim;..M; is a continuous ascending chain such that

pd(M;41/M;) < d for every i < ~” as in the classical Auslander Lemma
[Ausb5).

Proof. We will first prove that, if i + w, < v, then pd(M; v, /M;) < n+d.
Notice that M;.,, /M; = colim;<j<;y,, (M;/M;) by assumption and this is
an N,-filtered colimit of inclusions where pd(M;/M;) < d for every i < j <
1 4+ w,. Now we are under the hypotheses of Theorem 4.1.4] and it follows
that pd(M; 4, /M;) < n+d.

We have proved, in particular, that pd(M;/M;) < n+d for every i < j <
i + wy. By Theorem [1.1.1], pd(M) < n +d.

U
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4.2 Flat objects in a-Grothendieck categories

We have seen that a-Adams representability is closely related to the projec-
tive dimension of cohomological functors in categories of the form Mod,-7*.
For the case a = Ny, Mod,-T* is a Grothendieck category and cohomological
functors correspond to flat objects in Mod,-7* by [Bel0Oa, Remark 8.12] or
[Kra00, Lemma 2.7]. For the general case, we have seen in Proposition
that a functor in Mod,-7T® is cohomological if and only if it is an a-filtered
colimit of representables. This motivates the following definition.

Definition 4.2.1. Let A be a locally a-presentable a-Grothendieck category
with a generating set of a-presentable projectives. An object in A is said to
be a-flat if it is an a-filtered colimit of a-presentable projectives.

Lemma 4.2.2. Let « be a regular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives.
Let F' be an object in A. Then the following are equivalent.

1. F' is a-flat, i.e. it is an a-filtered colimit of a-presentable projective
objects.

2. Let P C A be the full subcategory of a-presentable projective objects of
A. The canonical diagram (P | F') — A is a-filtered.

3. Every morphism N — F where N is a-presentable factorizes through
an a-presentable projective object.

Proof.

2 = 1. By assumption, the canonical diagram D: (P | F') — A is an a-filtered
colimit of a-presentable projective objects. Hence, we only have to
prove that the colimit of the canonical diagram of F' in P is F' and
this is not difficult to proved using standard arguments; see [AR94]
Proposition 1.22] for details.

1=3. Let f: N — F be a morphism where N is a-presentable. By hy-
pothesis, F' = colim;(Q); where J is a-filtered and @); is a-presentable
projective for every 7 € J. Since N is a-presentable and J is a-filtered,
the canonical morphism

colimyA(N,Q;) — A(N, F)

is an isomorphism. In particular, f: N — F factorizes through some
(), which is a-presentable projective.
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3=2. Let D: (P | F) — A be the canonical diagram of F' indexed by the
comma-category of a-presentable projectives mapping into F'. We have
to prove that (P | F) is a-filtered. Fix a subcategory R of (P | F)) of
cardinality less than a. Since F'is a cocone of D|g in A, there is a map
¢: colimD|r — F. By Proposition since R has cardinality less
than «, colimD|r is a-presentable. By hypothesis, ¢: colimD|r — F
factorizes through an a-presentable projective object (). In particular,
there is a morphism in (P | F)

colimD|gp ——— Q@
\ )

given by the factorization. Notice that ) — F'is an object in (P | F').
This proves that (P | F') is a-filtered. O

Recall from Section that, if C is an essentially small additive cat-
egory with coproducts of less than a objects, then the category Mod,-C
of contravariant additive functors from C into Ab that take coproducts of
less than « objects to products is a locally a-presentable a-Grothendieck
category with a set of a-presentable projective generators given by a set of
functors {C(—, X)} indexed by a set of representatives of isomorphism classes
of objects in C.

The following result is a direct consequence of Lemma [4.2.2

Lemma 4.2.3. Let a be an infinite cardinal and C an essentially small ad-
ditive category with coproducts of less than o objects. Then an a-presentable
object in Mod,-C is a-flat if and only if it is projective.

Proof. By definition, every a-presentable projective object is a-flat. To see
the converse, let F' be an a-presentable a-flat object in Mod,-C. By Lemma
there is a factorization of the identity map

F dr F
\ /
C(—, P).

In particular, F' is a retract of C(—, P) and hence projective. ]

In the previous chapters, we have applied these results to categories of the
form Mod,-7® for 7 an a-compactly generated triangulated category. Notice
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that if A is an abelian category satisfying [AB3], then the subcategory of
a-presentable objects A* C A has coproducts of less than a objects. Hence,
Mod,-A“ is a locally a-presentable a-Grothendieck and we can define the
restricted Yoneda functor

Sy: A— Mod,-A”
X'—>A(_’X)|AO"

Since the short exact sequences in Mod,-A® are the objectwise short exact
sequences, we infer that S, is a left exact functor.

The following lemma is a very useful characterization of a-flat objects in
Mod,-A“. For locally finitely presentable abelian categories, the result may
be found in [Bru83|, [JL89, Theorem B.10] or [Sim77, Therorem 2.1].

Lemma 4.2.4. Let A be an abelian category satisfying [AB3]. An object in
Mod,-A“ is a-flat if and only if it is left exact as a functor.

Proof. Let F' = colim;A*(—, P;) be an a-flat object in Mod,-A%* with P;
a-presentable for every i« € I and I a-filtered, and let A - B — C — 0 be
an exact sequence in A®. For every ¢ € I we have a short exact sequence

A¥(A, P)) +— A%(B, P)) +— A*(C, P,) +—0.

Recall that the category of abelian groups satisfies [AB5]. Thus, by taking
the colimit of the above exact sequences over I we obtain an exact sequence

colimyA%(A, P;) ¢— colim;A%(B, P;) «— colim; A*(C, P;) +—20

and, since [ is a-filtered, this exact sequence coincides with the image of
A — B — C — 0 through colim;A%(—, P;) by Lemma [2.3.18 This proves
that the functor F' = colim;A%(—, P;) is left exact.

To see the converse, suppose that F' is a left exact functor in Mod,-.A®.
We will prove that F'is a-flat using the characterization 3 of Lemma 4.2.2]
Let h: N — F be a morphism where N is a-presentable. There is an exact
sequence

Ao(=, Q) 2 po— Py L N 0

in Mod,-A“. If we denote by C the cokernel of f in A%, we have an exact
sequence

o1.ptic—0
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This induces a complex

Since ¢ is an epimorphism, there exists a morphism ¢: N — A%*(—, C') such
that ¢ o g = A%(—,p). Since F is a left exact functor the following sequence

) F(f) ) F(p)

F(Q F(P F(C)+«—0
is exact and, using the Yoneda Lemma, we see that there is a morphism

: A%(—,C) — F such that the following diagram

Ax(—, Q) XD, o= py AT, po( )

A, o
i
N
|
F

commutes. This implies that ho g = ¢ o A*(—,p) = ¥ o ¢p o g. Finally, since
g is an epimorphism we obtain the desired factorization h = ¢ o 1. O]

The analog of Lemma for triangulated categories also holds by a
result of Neeman [NeeOlb, Lemma 7.2.4] (which we stated as Proposition
. This result says that, if 7 is an a-compactly generated triangulated
category, then an object in Mod,-T* is a-flat if and only if it is cohomological
as a functor from 7% to Ab.

Proposition 4.2.5. Let A be an abelian category satisfying [AB3]. Then the
restricted Yoneda functor S,: A — Mod,-A® induces an equivalence between
A and the category of a-flat objects in Mod,-A®.

Proof. Notice that every functor of the form S,(A) = A(—, A)|4a is left
exact. Then it is a-flat, by Lemma [£.2.4, Now we will prove the converse,
i.e. that every a-flat object is in the image of S,. Let F' = colim;A%(—,Y;)
where Y is a-presentable for every ¢ € I and [ is a-filtered. By the universal
property of the colimit, there is a canonical map

colim;A%(—,Y;) — A%(—, colim;Y;)| 0.
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Since Mod,-A“ is locally a-presentable, it will be enough to see that for
every object A in A® the following morphism is an isomorphism:

Hom(A%(—, A), colim; A%(—,Y;)) — Hom(A%(—, A), A%(—, colim;Y})]| 4« ).
We first use that A%*(—, A) is a-presentable to see that
Hom(A%(—, A), colim; A%(—,Y;)) = colim;Hom(A%(—, A), A%(—,Y;)).

By the Yoneda Lemma, the last term is isomorphic to colim; A*(A,Y;), which
is isomorphic to A(A, colim;Y;)| 4« since A is a-presentable. Finally, by the
Yoneda Lemma, it is isomorphic to Hom(A%(—, A), A%(—, colim;Y;)| 4« ) and
the previous morphism is the composition of these isomorphisms. O

We notice that, by Definition and Proposition [2.3.27] this result is
true for a triangulated category 7 instead of an abelian category A if and
only if a-Adams representability holds for 7.

We will need more properties of the category of a-flat objects. If T is
an a-compactly generated triangulated category, Lemma |3.1.7| says that the
category of cohomological functors in Mod,-7 is an exact category. The
following lemma is its analog for abelian categories.

Lemma 4.2.6. Let A be an abelian category satisfying [AB3]. Let

0 A B > C >0

be a short exact sequence in Mod,-A®. If two of A, B or C are left exact,
then so is the third.

Proof. The proof follows by diagram chase after we notice that a short exact
sequence of functors is objectwise exact. ]

4.3 a-purity in a-Grothendieck categories

We next introduce the notion of purity in a general locally a-presentable
a-Grothendieck category. Most of the results that we present in this section
are well known when o = N, but for higher cardinals the proofs are more
delicate.

Definition 4.3.1. Let a be a regular cardinal and let A be a locally a-presen-
table a-Grothendieck category.
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1. A short exact sequence 0 - A — B — C' — 0 is called a-pure exact
if for every a-presentable object P the induced sequence of abelian
groups

0 — Hom(P, A) — Hom(P, B) — Hom(P,C) — 0
is exact.

2. An object P in A is called a-pure projective if for every a-pure exact

sequence
0->A—-B—-0C-—=0

the induced sequence
0— A(P,A) — A(P,B) — A(P,C') — 0

is exact. Equivalently, P is a-pure projective if every a-pure exact
sequence 0 - Y — X — P — 0 splits.

As in the case of modules, pure exactness coincides with Rg-pure exact-
ness.

Lemma 4.3.2. Let « be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives.

Let

!

0 N M—% M/N —0

be an a-pure exact sequence. If M is a-flat, then so are N and M/N.

Proof. We will first prove that N is a-flat using the characterizations of
a-flatness given in Lemmal[4.2.2] Specifically, we will prove that if ¢: Q@ — N
is a morphism from an a-presentable object (), then it factorizes through an
a-presentable projective object. Since M is a-flat, f o ¢: ) — M factorizes
through an a-presentable projective object P, by Lemma [£.2.2] Hence there
is a commutative diagram

0—— N5 M2 M/N——0
|
o-LpP-2pig——o

Since the upper exact sequence is a-pure exact and P/Q) is a-presentable,
there exists a morphism b: P/() — M such that g o b = x. Hence,

go(p—bog)=xo0g —xog =0.
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By exactness, there is a morphism d: P — N such that ¢ —bo g = fod.
Then fop =vof = (fod+bog)of = fodof 4+ 0. Since f is a
monomorphism, we obtain ¢ = d o f’, which is a factorization of ¢ by the
a-presentable projective object P.

Next we will prove that M /N is a-flat. Let ¢: Q@ — M /N be a morphism
with @) a-presentable. By a-purity, there exists a morphism ¢': @ — M such
that g o ¢’ = ¢. Since M is a-flat by hypothesis, there exists a factorization
of ¢’ through an a-presentable projective object P by Lemma[£.2.2, We have
the following commutative diagram:

/ 9y M/N —0

1N

[

0 > N

Then g = gopoc factorizes through the a-presentable projective P. Finally,
Lemma implies that M/N is a-flat. O

The next two lemmas give characterizations of a-pure exact sequences.
The first lemma is more general than the version stated here, and a proof
can be found in [AR94, Proposition 2.30]. We give an argument adapted to
our terminology.

Lemma 4.3.3. Let a be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives. A
short exact sequence is a-pure if and only if it is an a-filtered colimit of short
split exact sequences.

Proof. Let 0— A% B-%C —0 be an a-pure exact sequence. Since A is
locally a-presentable, C' = colim;C; where the colimit is a-filtered and Cj is
a-presentable for all © € I. We denote by f;: C; — colim;C; the canonical
morphism and by B; the pullback of the morphisms f; and v for all ¢ € I.
Then we have the following commutative diagram:

b

0 A——B——=C 0.

By the universal property of the pullback, there is a morphism u;: A — B;
such that v; ou; = 0 and ¢; o u; = u. Hence, we obtain a morphism of short
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exact sequences
0 A—"% B — 0

T

0— A—>B——C——0.

If we take the colimit of the upper short exact sequence, since C' = colim;C;
and A = colim;A, we obtain that colim;B; = B. Finally, we have to

prove that 0— A5 B 50, —0 splits for all i« € I. Since each Cj is
a-presentable, every f;: C; — C factorizes through B. But now the univer-
sal property of the pullback implies that there exists a morphism p;: C; — B;
such that v; o p; = idc.

In order to see the converse, assume that 0— A B-"->C—0 is

an a-filtered colimit of split short exact sequences 0 — A; — B; = C; — 0.
We denote by g¢;: B; — B and f;: C; — C the canonical morphisms and
pi: C; — B; a morphism such that v; o p; = ido for all ¢ € I. Fix an
a-presentable object F' and a morphism ¢: FF — C. We have to prove
that ¢ can be factorized through v. Since C' = colim;C; and the colimit is
a-filtered, the universal morphism

COlimi.E[.A(F, Cz) — A(F, COlimZ‘GIOi)

is an isomorphism. Hence, there is a factorization of ¢ through a morphism
¢ F'— C; for some ¢ € I. If we define 1) = g; o p; 0 ¢;, we have the following
commutative diagram:

F

|

gi f zl

B—5C.

Hence, uo¢ =wuogiop;op; = fiou;op;o¢; = fiop; = ¢. u

Before stating the following lemma, recall that an object X in a locally
a-presentable a-Grothendieck category with a generating set of a-presentable
projectives is a-generated if there exists an epimorphism

Hiel Pi— X

where P; is a-presentable projective for all i € I and #1 < a.
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Lemma 4.3.4. Let a be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives. A
short exact sequence 0 — A— B — C — 0 is a-pure if and only if for every
commutative diagram

0—H-L5F
[, L
0 > A »B—=C >0
with exact rows, where F' 1s a-presentable projective and H is a-generated,
there exists a map o: F'— A such that o o f' = ¢.

f

Proof. We will first prove the only if part. Assume that we are given a
diagram as in the statement. It can be completed to

0—H-L LM ——0
o, bk
0 AL sp-2.C >0

with exact rows. In particular, M is also a-presentable. By a-purity, there
exists a morphism p: M — B such that gop = x. Then go (¢ —pog') =
xog —xog = 0. By exactness, there exists a morphism o: F' — A such
that foo =1 —pog'. Hence, fooo f'=(—pog)of' = fop—0. Since
f is a monomorphism, o o ' = ¢.

We will prove the if part. Let y: M — C' be a morphism with M
a-presentable.  We have to prove that there is a morphism p: M — B
such that g o p = x. By assumption, there is an epimorphism ¢': F — M
with F' a-presentable projective. Since F' is projective, there is a morphism
Y: F'— B such that y o ¢ = go 1. Since M is a-presentable, the kernel
of ¢’, that we will denote by f': H — F, is a-generated and, by exactness,
there is a morphism ¢: H — A such that fo¢ = o f’. By hypothesis, there
exists a morphism o: F' — A such that oo f' = ¢. Then (¢ — foo)o f' =
fodp— fop =0. By exactness, there exists a morphism p: M — B such
that pog’ =1 — foo. Hence, gopog =go () — foo)=xog —0. Since
¢’ is an epimorphism, we conclude that go p = y. [

The following lemma summarizes some of the elementary properties of
a-pure monomorphisms.

Lemma 4.3.5. Let a be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives.
Let

At gt o
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be a pair of monomorphisms. Then the following holds.
1. If f and g are a-pure monomorphisms, then so is go f.
2. If go f is an a-pure monomorphism, then so is f.
3. If g is an a-pure monomorphism, then so is ¢': B/A — C/A.
4. If go f and ¢': BJ/A — C/A are a-pure monomorphisms, then so is g.

Proof. We start by proving item 1. By Lemma it is enough to show
that for every commutative diagram

0—sH—L S F
Lﬁ P
Al pets o

with f’ a monomorphism, F' an a-presentable projective object and H an
a-generated object, there exists a map o: F' — A such that oo f’ = ¢. Since
g is an a-pure monomorphism, there is a morphism p: ' — B such that
po f' = fo¢. But now, since f is an a-pure monomorphism, there is a
morphism o such that oo f' = ¢.

Next we prove item 2. By Lemma [£.3.4] it is enough to show that for
every commutative diagram

00— H-1F
[ s
ACLB%C

with f/ a monomorphism, F' an a-presentable projective object and H an
a-generated object, there exists a map o: F' — A such that oo f' = ¢. Since
we have a commutative diagram

0 H F
Lzﬁ lgow
At s Bt o

and g o f is an a-pure monomorphism, there exists a morphism o: F — A
such that oo f' = ¢.
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For the proof of items 3 and 4, we will use the following commutative
diagram:

0 0 0

0——BJ/A-2L 5 C/A—E 5 (C/A)/(B/A) — 0
h ) 1=

0 yB—2L—C ! +C/B———0
f gof

0— A A 50
0 0

where the rows and columns are exact.
For item 3, it is enough to prove that the short exact sequence

0—— B/A-L50/A—E (C/A)/(BJA) —0

is a-pure. We fix an a-presentable object @ and ¢: Q@ — (C/A)/(B/A). In
order to finish the proof, it is enough to factorize ¢ through k. Since g is an
a-pure monomorphism by hypothesis, there is a morphism : ) — C' such
that 7' o ¢ =jo. Then ko (ioy) =lojorp =loltogp=¢.

For item 4, it is enough to prove that the short exact sequence

0—sB—2+C—1C/B——0

is a-pure. We fix an a-presentable object () and ¢: @ — C/B. In order to
finish the proof, it is enough to factorize ¢ through j. Since ¢’ is an a-pure
monomorphism by hypothesis, there is a morphism v¢: @ — C'/A such that
ko =1lo¢. But now, since go f is also an a-pure monomorphism there
exists a morphism y: ) — C such that iox =1. Then lojoyxy =koioyx =
ko1 =1lo¢. Since [ is an isomorphism, j o x = ¢. O]

We want to prove that, in a locally a-presentable a-Grothendieck cate-
gory, every object is the colimit of an ascending chain of a-pure subobjects.
We will prove this statement after giving two preparatory lemmas.

Lemma 4.3.6. Let « be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives.
The colimit of an ascending chain of a-pure subobjects indexed by an ordinal
of cardinality greater than or equal to o is an a-pure subobject.
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Proof. Let f;: A; — M be an ascending chain of a-pure monomorphisms
indexed by an ordinal v of cardinality greater than or equal to a. Hence,
colim,;,A; is an a-filtered colimit. Since A is an a-Grothendieck category,
this colimit is exact, f = colim;< f;: colim;,A; — M is a monomorphism
and colim;,M/A; = M/(colim;.,A;). Hence, we have to prove that the
exact sequence

0 —— colimy, A; —— M —— colim;, M/A; —— 0

is a-pure exact. Fix a morphism ¢g: B — colim;.,M/A; with B a-presen-
table. Since the colimit is a-filtered, the canonical morphism

colim; A(B, M/A;) — A(B, colim;, M /A;)
is an isomorphism. By its surjectivity, there is a factorization of f as
B—— M/AZ ;> ColivaM/Ai,

where ¢ is the canonical map, for some i < . Hence, we have the following
commutative diagram:

0 A;

fiMPi
l f]\H4 p\l

0 —— colim;~A4; colim; ., M/A; —— 0

where the upper exact sequence is a-pure by assumption. Hence, there exists
a morphism h: B — M such that p;oh = g;. Then poh =10 g; = g. This
proves that f is an a-pure monomorphism. O

The following lemma is a slightly more detailed variant of [AR94 Theo-
rem 2.33]. A self-contained proof is included for completeness.

Lemma 4.3.7. Let a be a reqular cardinal and let A be a locally a-presentable
a-Grothendieck category with a generating set of a-presentable projectives.
Every monomorphism ¢: N — M, where N is A" -generated, factorizes as

N% M

v

where N < N' is a monomorphism and N' — M is an a-pure monomor-
phism and N' has less than or equal to max{a, #.A% A} generators.
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Proof. The object N' will be constructed recursively using the characteriza-
tion of a-pure monomorphism given in Lemma [4.3.4]

For every morphism g: A — N with A a-generated and every morphism
f: A — B with B a-presentable projective, we choose, in case it exists, one
and only one map B — M inducing a commutative diagram

A%B

|,

Ny T

Denote by Uy = {h: B — M} the set of all these morphisms. We claim that
U, has cardinality less than or equal to max{#.A4% \}.

Since A is generated by a set of a-presentable projectives, a pair of mor-
phisms 60, 65: A — B are different if and only if there exists an a-presentable
projective object P together with a morphism n: P — A such that 6, on and
0y o n are different. Hence, the cardinality of the set of morphisms A — B
with B a-presentable projective and A a-generated is less than or equal to
the cardinality of the set of morphisms P — A — B with P a-presentable
projective, and this cardinality is bounded by #.4¢.

In order to finish the proof of our claim, we have to show that the car-
dinality of the set of morphisms A — N with A a-generated is bounded by
max{#.A4% \}. By the same reason as before, it is enough to prove it for the
set of morphisms P —+ A — N with P a-presentable projective. Since N is
generated by less than or equal to A generators, there is an epimorphism

{0k Hi<)\Qi_»N

with @); a-presentable for every ¢ < A. Every morphism P — N with P
a-presentable projective factors through . For this reason, our claim will
be proved if we show that #A(P,[[,., @) < max{#.A4% A} where P and
Q; are a-presentable objects. We will prove this by transfinite induction on
A If A < a, then ], , Q; is a-presentable and #A(P, [[,., Q:) < #A*. If
A > a, then [],_, Qi = colim;. ]_[j<i (), is an a-filtered colimit. Since P is
a-presentable, the canonical morphism

colim; -\ A(P, H Qi) — A(P, H Qi)
j<i i<

is an isomorphism. The induction hypothesis says that #.A(P, Hj<2~ Qi) <
max{#.A4% A}. Since the canonical map given by the coproduct

H 'A(Pa H Ql) — COhmi<>\A(Pv H Qz)

<A j<i j<i
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is always an epimorphism,

#colim; -, A(P, H Q) < # H A(P, H Q;) < max{#A“ A\}.

j<i i< j<i

This finishes the proof of our claim.

Define N; as the image of the morphism [[,, B — M. Notice that it
contains N. This is because A is locally a-presentable and then there is
an epimorphism g: ], .x Qr — N with @ a-presentable for every k € K.
Since the morphisms ¢ o gy: Qr — N — M are in U;, we have that N C Nj.
This gives a commutative diagram

HulB—>M

| ™\

N——— N;.

Fix an ordinal v < a and assume that we have constructed an object N;
for every i < 7 which is generated by less than or equal to max{«a, #.A4% A}
generators, i.e. there is an epimorphism [ | e, Q; — N, where ()} is a-presen-
table for every j € J;, #J; < max{a,#A* A}, and N C Ny C ---N; C
-+ C M. If v is a limit ordinal, we define N, = colim;.,/N;. Then there is
an epimorphism Hjer Q); = N, where J, = |—|i<7 J; and so IV, is generated
by less than or equal to max{a, #.A% A} generators. If v = k* then we
proceed exactly as in the case of N; and construct N, C N, C M where N,
is generated by less than or equal to max{«a, #.A4%, A} generators. With this
procedure we construct a chain of inclusions

NCcNcC---CN,C---CM

for every ordinal v < a. We define N’ = colim,.,/N, C M. Since this is
a colimit of inclusions indexed by a set of cardinality «, it is a-filtered and
there is an epimorphism

HQj — N’

jeJ

where J = || _,J, and there are epimorphisms [, 5, @i — N, with
(); a-presentable objects and #.J, < max{a,#.A% A}. This implies that
#J < max{a,#A* A} and so N’ is generated by less than or equal to
max{a, #A% A} generators.

In order to finish the proof, we have to check that the map ¢: N’ — M
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is an a-pure monomorphism. Let

AC%B

I

N2\

be a commutative diagram where f is a monomorphism, A is a-generated
and B is a-presentable projective. By Lemmal[4.3.4] the proof will be finished
if there exists a map p: B — N’ such that po f = g. Since A is a-generated,
there exists an epimorphism x: P — A where P is a-presentable and, since
N’ = colim, ., N, is a-filtered, the universal morphism

colim, ., A(P, N,) — A(P,N')

is an isomorphism. Then the map g o x: P — N’ factorizes through some
N,. But now, by definition, there exists a morphism h': B — M in U, giving
a commutative diagram

P fox B
A g
o iy -
Ny s N2y M

with ¢ the canonical map to the colimit. By construction, there is a map
o: B — N,i; such that oo (f ox) = py, 09,0 x. Define p = 100. Then
pofox=tocofox=topu,0g,0x=gox. Since x is an epimorphism,
we obtain po f = g. [

Corollary 4.3.8. Let a be a reqular cardinal and let A be a locally a-presen-
table a-Grothendieck category with a generating set of a-presentable projec-
tives. Fvery object M in A is the colimit of an a-filtered ascending chain of
a-pure subobjects M = colim; . N; such that colim;.sN; = Ng for every limit
ordinal > « and, if i < j < i+ a, then N;/N; has less than or equal to
max{a, #A*} generators.

Proof. Since A is locally a-presentable every object can be written as M =
colim;e; M; where the colimit is a-filtered, M; is a-presentable for every i € I,
and My = 0. Choose a well ordering in I and let v be the smallest ordinal



106 Homological algebra in a-Grothendieck categories

with cardinality #I. We identify the objects ¢ € I with the set of ordinals
1 < v We denote by ¢;: M; — M the canonical morphisms of the colimit.
We will define an ascending chain of a-pure monomorphisms N; — M by
transfinite induction on i < . Let Ny = 0 and let N/, = >_,_ ti(M;) (see
Definition [2.3.23). Notice that N/, has less than or equal to o generators and,
since A is an a-Grothendieck category, it is a subobject of M. By Lemma

there is a factorization
|/ S

oA

Na

where 1 is an a-pure monomorphism and N, has less than or equal to
max{a, # A%} generators. Let N; = N, for every 0 < i < a.

Fix an ordinal a < ¢ < 7 and assume that we have constructed an
ascending chain of a-pure subobjects N; < M as in the statement for every
j <'i. Then there is an inclusion N; + ¢;(M;) — M. By Lemma , there

is a factorization

~ A

where ¢’ is an a-pure monomorphism and N, , has less than or equal to
max{a, #A%} generators. We define N;;; as the following pullback

Nz’+1CL> M

|,k

N2 MYN;,

Notice that, by standard arguments in abelian categories, N; C N;;; and
N/, = Ni1/N; and hence N;i; has less than or equal to max{c, #.A%}

(2
generators. We have to prove that ¢ is an a-pure monomorphism. But

this follows from item 4 of Lemma [4.3.5 since ¢': N;y1/N; — M/N; and
N; < N;11 — M are a-pure monomorphisms.

Now let o < 7 < 7y be a limit ordinal and assume that we have constructed
an ascending chain of a-pure subobjects N; < M as in the statement for
every j < i. We define INV; = colim;;N;. It is an a-pure subobject of M by
Lemma[4.3.6land the fact that it is an a-filtered colimit in an a-Grothendieck
category.
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By construction, ¢;(M;) C Ngyy C M for every i < . Then M =
colim;er M; = colim; ., V;.

Finally, we have to prove that, if i < j < i+ «a, then N;/N; has less than
or equal to max{a, #.A4%} generators. For i = 0 this is clear by definition.
Now we fix 0 < 7 < 7. We will proceed by transfinite induction on j. In the
case that j is an ordinal such that + < j 4+ 1 < 7 + «, assume that we have
proved that N;/N; has less than or equal to max{«, #.A%} generators. Then
there is an epimorphism f;: P; - N;/N; from a projective object P; with
less than or equal to max{«,#.A%} generators. By construction, N;;i/N;
has less than or equal to max{a, #.A%} generators and hence there exists an
epimorphism f;1: Pj11 — N;+1/N; from a projective object with less than
or equal to max{a, #.A%} generators. Since we have a short exact sequence

O—>Nj/Ni—>Nj+1/Ni—>Nj+1/Nj—>0,

there is an epimorphism P; [ [ Pj+1 — N;11/N; and this proves that N, /N;
has less than or equal to max{a, #.A%} generators. Finally, in the case that
J is a limit ordinal such that i < j < 7 + «, assume that we have proved
that Ni/N; has less than or equal to max{«,#.A%} generators for every
i <k <yj. Ifj<a,then N;/N; = 0. If @ < j, then there exists an
epimorphism fi: P, — N /N; from a projective object Pj, with less than or
equal to max{«, #.A*} generators for every i < k < j. Then there exists
an epimorphism [[,_, _; P — colimy<;(Ny/N;) = N;/N; since the colimit is
a-filtered and A is an a-Grothendieck category. This proves that N;/N; has
less than or equal to max{«, #.A“} generators. O

The next lemma shows the relation between a-purity and a-flatness. In
the case of Grothendieck categories and o = Ny, a proof of this fact can be
found in [Pop73| Ch. 3.8, Exercise 9].

Lemma 4.3.9. Let A be a locally a-presentable a-Grothendieck category with
a generating set of a-presentable projectives.

1. An object F in A is a-flat if and only if every short exact sequence
0-A—-B—=F—=0
1S Qi-pure.
2. Fvery projective object is a-flat.

3. A retract of an a-flat object is a-flat.

Proof.
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1. Assume that I is a-flat. Let 0 = A — B — F — 0 be a short exact

sequence and let F' = colim; P;, where P; is an a-presentable projective
for every ¢ € I and I is a-filtered. Let B; be the pullback of B along
P, — F for every i € I. There is a commutative diagram

| |

0 A——B F——0,

where the two rows are exact. Since P; is projective, the upper exact
sequence in the diagram splits for every ¢« € I. This implies that the
short exact sequence 0 - A — B — F — 0 is an a-filtered colimit of
split exact sequences, hence a-pure exact by Lemma [4.3.3

Conversely, suppose that F' is such that every short exact sequence of
the form 0 - A — B — F — 0 is a-pure exact. We will see that F' is
a-flat via the characterization 3 of Lemma [£.2.2] Let f: M — F be a
morphism where M is a-presentable and let

P, P50

0— K — 1,/

be a short a-pure exact sequence with P; a-presentable projective for
all i € I. By a-pure exactness, there is a morphism f': M — [],., P
such that ¢ o f' = f. But, since M is a-presentable, f’ factorizes
through a coproduct of less than « objects and we obtain the following
commutative diagram

HieJPi<—M

L

0—K——]]., P—2sF——0

iel
where J C [ and #J < «. This gives a factorization of f through
[1;c, Pi that is a-presentable projective and this proves that I is a-flat.

It is a direct consequence of the part 1 and Lemma [4.3.3]

Let F be an a-flat object and let r: ' — X be a retraction. There
is a morphism ¢: X — F such that ro¢ = idx. Let f: M — X
be a morphism with M a-presentable. By Lemma there is a
commutative diagram

f

M-—X
f Ia

P—

<
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with P a-presentable projective. Then rojo f' =roio f = f and this
proves that X is a-flat using the characterization of Lemma [4.2.2 [

4.4 Homological dimensions in
a-Grothendieck categories

In this section we prove some relations between the weak global dimension
and the projective global dimension of locally a-presentable a-Grothendieck
categories. We also give conditions for the existence of an upper bound for
the projective global dimension. For the case a = Ny, some of the results
that we present in this section are classical and have been studied in [Bru83].

We begin with a definition that generalizes the concept of noetherianity
in abelian categories [Pop73, Section 5.7].

Definition 4.4.1. Let A be an abelian category and let X be an object in
A. We say that X is a-noetherian if for every set {A;}<, of subobjects of
X well ordered by inclusion, where @ < «, there exists an ordinal 5 with
#B < o such that A; = A; for every 8 < 4,5 < 7. An abelian category
is said to be locally a-noetherian if it has a generating set of a-presentable
projective a-noetherian objects.

The next proposition will be very useful when working with a-noetherian
objects.

Proposition 4.4.2. Let A be a locally a-presentable category. The following
are equivalent.

1. Every a-presentable projective object in A is a-noetherian.

2. Every subobject of an a-presentable projective object is c-generated.

3. FEvery subobject of an a-generated object is a-generated.

4. An object is a-generated if and only if it is a-presentable.

5. Fwvery subobject of an a-presentable projective object is a-presentable.
Proof. We will prove the implications 1 < 2 < 3 < 4 and 2 & 5.

1= 2. Let f: X — P be a subobject of an a-presentable projective object.
Since A is generated by a set of a-presentable projectives, there is an
epimorphism
Hi<7 Qz X — 0
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2=1

2= 3.

3= 2.

3 = 4.
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Then {f or(J[;.c Qi) }e<y is a set of subobjects of P well ordered by
inclusion. By hypothesis, there is an ordinal § with #5 < « such that
for(I;ce Qi) = for(Ilice Qi) for every B < &, & <. But now, since

f is a monomorphism
Hi<ﬁ Qi — X

is an epimorphism and X is a-generated.

Let {Q;}i< be a set of subobjects of an a-presentable projective object
P well ordered by inclusion with v > «. In particular, colim,;,Q); is
also a subobject of P. Hence, it is a-presentable by hypothesis. Let

T — colim;,Q);

be an epimorphism from an a-presentable projective object T'. Then,
by definition of being a-presentable, this morphism factorizes through
T — colim;.gQ; with B an ordinal such that #3 < «. This implies
that Q; = Q; for every 8 <1i,j <, and so P is a-noetherian.

Let M be an a-generated object and N a subobject of M. We consider
the pullback diagram

g

X """" o P
f

g

where P is a-presentable projective, g is an epimorphism and f is a
monomorphism. Observe that the diagram is also a pushout diagram
and then ¢’ is an epimorphism and f’ is a monomorphism [Pop73, Ch. 2,
Corollary 4.3]. In particular, X is a subobject of an a-presentable
projective object. By hypothesis it is a-generated and then so is N.

Observe that 2 is a particular case of 3.

First notice that every a-presentable object is a-generated. Now as-
sume that X is a-generated. Then there exists a short exact sequence

0—ker(r)——][;., Qi — X —0

with @); a-presentable projective. Then ker(r) is a-generated by 2 and
this implies that X is a-presentable.
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4 = 3. Let M be an a-generated object and N a subobject of M. Then there
is a short exact sequence

0 s NC—— M — coker (i) — 0

and coker(i) is a-generated. By 4, coker(i) is a-presentable and then
N is a-generated.

2 = 5. We have proved that 2 = 4. Then 2 and 4 imply that every submodule
of an a-presentable projective object is a-presentable.

5 = 2. This follows from the fact that every a-presentable object is a-generated.
O

The following lemma says the category Mod,-C is locally a™-noetherian

if #C < a.

Lemma 4.4.3. Let o be a reqular cardinal and let C be an additive category
with coproducts of less than o objects. If #C < «, then every o -generated
object in Mod,-C is a™-presentable.

Since Mod,-C is also locally a-presentable, Lemma together with
Proposition implies that Mod,-C is locally a™-noetherian.

Proof. If M is an a"-generated object in Mod,-C, then there is a short exact
sequence

0—— K —— ][, C(— X)) —— M ——0
where #1 < a. Recall that the kernel in Mod,-C is defined objectwise, i.e. for
every Y in C we have K(Y') = ker(p(Y)). Hence, by the Yoneda Lemma, an

element in K (Y) corresponds to y € Mod-C(C(—,Y), [[,c;C(—, X;)) such
that p(y) = 0. If #1 < «, then, for every object Y in C,

Mod, c( v). [Je- >=C(Y,]_[Xi>

el i€l

which has cardinality less than or equal to a because #C < a. If #I = «,
we can identify I with the set of ordinals of cardinality less than a. Then
[1,2o C(—, Xi) = colim, <, (]_LSWC(—,XZ-)) where the colimit is a-filtered,
being a chain of inclusions of cardinality a. On the other hand, every object
1L - C (—, X;) is a coproduct of cardinality less than a. As a consequence,

Mod,-C ( Y), [Te(-, ) = colim, ., (c (Y, HX)) .
i€l i<y
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By hypothesis, for every object Y in C, [],, C(Y, X;) has cardinality less
than or equal to a and the colimit is indexed by a poset of cardinality «,
then # colim, <o (C(Y, ][, X)) < . In conclusion, we have proved that

#Mod,, c( v),[]c- )

el

for every Y in C. Since K(Y') C Mod,-C(C(—,Y), HleIC( X;)) and there
are, essentially, less than or equal to « obJects Y in C, K is at-generated
and then M is a™-presentable. O

The next result is a generalization of [Bru83, Lemma 2.2].

Lemma 4.4.4. Let A be a locally a-noetherian abelian category with a gen-
erating set of a-presentable projectives. Suppose that U = ]_L.<7 U; is a sub-
object of M in A and M /U 1is a-generated. Then M = F & S where F is
a-presentable and S = Hﬁgiq U; for an ordinal 5 such that #5 < «.

Proof. We have the following short exact sequence:

0 UL

M —2 M/U —0.

Since M /U is a-generated, there exists an epimorphism h: P — M /U
where P is an a-generated projective object. Since P is projective, there
exists a morphism ¢: P — M such that go¢ = h. If V = ¢(P), then
M=U+V=U@a&V)/(UNV). For every cardinal £ < 7, we can consider
the following subobject of V:

Xe = (L U) NV v
This gives a well ordered set of subobjects of V' indexed by 7. Since V is
a-generated, by noetherianity there exists a cardinal § < « such that X; =
Xj for every 8 <4, j <. This implies that ([[,_, U:)NV = ([I,., Ui)NV =

unv.
Finally, since M = (U@ V)/(UNV) and

UoV=(1L,U)eV)e (e, Ui,

we conclude that M = ((I1,.5 Ui) + V) @ (I 5<;, Ui)- O



4.4 Homological dimensions in a-Grothendieck categories 113

Definition 4.4.5. Let A be a locally a-presentable a-Grothendieck category
with a generating set of a-presentable projectives. An a-flat resolution of an
object A in A is an exact sequence

o= > F,— - = Fy > A—0,

where every Fj is a-flat for every & > 0. The a-flat dimension of an object
A in A is the minimal length of an a-flat resolution of A.

The weak global dimension of A, denoted by weakgldim(.4), is the supre-
mum of the a-flat dimensions of all the objects in A.

As a direct consequence of Lemma [4.3.9] every projective resolution is an
a-flat resolution, and hence we have the following corollary.

Corollary 4.4.6. The weak global dimension is less than or equal to the
projective global dimension.

Lemma 4.4.7. Let A be a locally a-presentable a-Grothendieck category
with a generating set of a-presentable projectives. Assume that A is locally
a-noetherian. Then

weakgldim(A) = sup{pd(B) | B a-presentable}.

Proof. Let m = sup{pd(B) | B a-presentable} and fix an object X in 4. We
will prove that the a-flat dimension of X is less than or equal to m. Since
A is locally a-presentable, X = colim;X; where X; is a-presentable for all
i € I and I is a-filtered. We can consider ([Jen72]) a projective resolution of

{X;}r in A!
0= A{P = {P Y= = {P}r = {Xi}1 =0
such that, for every ¢ € I,
0P =P 1'—...oP = X,—-0

is a projective resolution of X; with Pij a-presentable for every 0 < j < r. By
assumption, pd(X;) < m for every i € I, hence we have projective resolutions

0—=Y,—=P" ' —... 5P = X; =0

and Y; is a-presentable since every Pij is a-presentable for every 0 < j < r.
Since A satisfies [AB5,], by taking the colimit over I we obtain an exact

sequence

0 — colim;Y; — colim; P"™ ! — .- — colim; P} — colim; X; & X — 0.
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This gives an a-flat resolution of X of length less than or equal to m.

To see the other inequality, impose that weakgldim(.A4) = n. Fix an
a-presentable object A in A. Since A is a locally a-presentable abelian
category, A has a resolution by a-presentable projective objects

o> P =P —>A—0.

Since projective objects are a-flat by Lemma [£.3.9] it is also an a-flat res-
olution. Since A has weak dimension less than or equal than n, there is an
a-flat resolution

0—=-Y—->P 41— —>F—>A—=0.

Now, Y is a subobject of an a-presentable projective object, and hence,
by noetherianity, it is also a-presentable. Finally, by Lemma [£.2.3] Y is also
projective and the above sequence gives a projective resolution of A of length
E+1<n. m

In the case o = Ny, A is a Grothendieck category and we obtain that
weakgldim(A) = projgldim(.A); see [Bru83| for details. In our general con-
text, since every projective object is a-flat, we only have that the projec-
tive global dimension is a lower bound for the a-flat one: weakgldim(A) <
projgldim(.A). Our next goal is to give an upper bound. With this aim, we
will use our generalization of the Auslander Lemma (Corollary [4.1.5)).

Corollary 4.4.8. Let A be a locally R, -presentable X,,-Grothendieck category
with a generating set of N,,-presentable projectives. Assume that A is locally
N, -noetherian. Then

weakgldim(A) < projgldim(A) < weakgldim(.A) + n.

Proof. The first inequality follows from the fact that every projective object
is W,-flat. For the second one, let m = sup{pd(B) | B XN,-presentable}.
By Lemma [4.4.7, weakgldim(A) = m. Fix an object A in A. Since A
has a generating set of N,-presentable projectives, there is an epimorphism
¢: [lie; B — A with P, R,-presentable projective for all i € I. If A is
N, -presentable, then pd(A) < m. If A is not N,-presentable, then #I >
N,,. Choose a well ordering in / and let v be the smallest ordinal with
cardinality #I. We define ); = ¢(Hj<ipj) for every i@ < . Then A is
an N, -filtered colimit of a continuous ascending chain of subobjects A =
colim; ,@Q;. If i < j < i+ wy,, then Q);/Q; is R,-generated, since there is an
epimorphism ([ [, _; Px)/(I1c; Pr) = [Liche; Pr = Q;/Qi- By noetherianity
Q;/Q; is N,-presentable and then pd(Q;/Q;) < m for ever j such that ¢ <
j < i+ w,. Now Corollary implies that pd(A) < n + m. Hence,
projgldim(A) < m + n. O



4.4 Homological dimensions in a-Grothendieck categories 115

Since the weak global dimension of an abelian category is defined by a-flat
resolutions, and a-flat objects in Mod,-A® are exactly the left exact functors
by Lemma [£.2.4] we have the following direct consequence of Lemma [4.2.6

Corollary 4.4.9. Let A be an abelian category satisfying [AB3]. Then the
weak global dimension of Mod,-A“ is less than or equal to 2.

Proof. Let X be an object in Mod,-A%. We construct an a-flat resolution

of X
f

F Ey X 0.

By Lemma [4.2.6] the kernel of f is also an a-flat object. Then the a-flat
dimension of X is less than or equal to 2. O

The next result is a generalization of a result by Brune [Bru83, Theorem
2.1] for arbitrary cardinals.

Theorem 4.4.10. Let A be a locally X,,-presentable N,,-Grothendieck cate-
gory with a generating set of W, -presentable projectives. Assume that A is
locally W, -noetherian. Let A®* be the full subcategory of N, -presentable ob-
jects in A. If Mody, -A™ is locally N, -noetherian, then every subobject of an
N, -flat object in Mody, -A®" has projective dimension less than or equal to
n+ 1.

Proof. We begin by proving the following particular case: Every subobject
U of an N,-presentable projective object P in Mody, - A" has projective
dimension less than or equal to 1. By Lemma , weakgldim(Mody, -A™")
is equal to sup{pd(B) | B R,-presentable in Mody,-A"}, and, by Corollary
m, 2 > weakgldim(Mody,-A"). Then there is a projective resolution of
P/U of length 2

0—sP— P ——P——P/U—0.

In particular, we obtain a projective resolution of U of length 1.

Now we will prove the general case. Let U be a subobject of an N,,-flat ob-
ject F'in Mody, -A™. We have seen in Proposition that N,-flat objects
are of the form F = A(—, M)|4x. for M an object in A. Remember that,
since A is locally N,,-noetherian, an object is N,,-generated if and only if it is
N,,-presentable. If M is N,,-presentable, we are in the situation of the previous
case since A(—, M)| 4. = A% (—, M) would be N,,-presentable projective. If
M is not XN,-presentable, then there is an epimorphism h: [], Qi = M
where v > N, and @); is N,,-presentable projective for every i < 7. We define
M; =T1;.; h(Q;) for every i <. This defines a continuous ascending chain
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{M;}i of subobjects of M such that colim;.,M; = M is an R,-filtered col-
imit and M, /M, is N,-presentable for every i < j < i + w, and M, = 0.
Since the colimit is W,-filtered, A(—, M)|4x. = colim; A(—, M;)| g2 in
MOdNn-AN”.

Let U; = U N A(—, M;)|gxn. Since we are assuming that A satisfies
[ABby,] and {U;}<, define a continuous well ordered chain of subobjects of
U that is N, -filtered, Lemma [2.3.24] implies that

COhmi<-\/Ui = COhmi<-y(U N .A(_, Mz)|ANn)
=UnN (COlimi<7./4(—, Mz)|ANn)
— UﬂA<—,M)|ARn — U

Next we show that {U; }< satisfies the hypotheses of the generalization of
the Auslander Lemma (Corollary [4.1.5)). First observe that Uy = 0 and that,
for every i < v, U; C A(—, M;)| gx.. Fix a pair of ordinals i < j < i + wy,.
We can rewrite U;/U; as

(U NVA(=, Mj)|axn) / (U OV A(=, Mj)Laza) VA(=, M;)Lasn )
and this is equal to
(U NA(=, Mj)| axn) + A=, M;) L) [A(=, M;) |-

Hence, U;/U; C A(—, M;)| axn JA(—, M;)| axn. But, since Sy, is left ex-
act, we obtain that U;/U; C A(—, M;/M;)| s and now, since M;/M,; is
N,-presentable, A(—, M;/M;)| 4z is R,-presentable projective in Mody, - A™"
and, by the first part of the proof, U;/U; has projective dimension less than
or equal to 1 for every i < j < i+ w,. Finally, by Corollary [£.1.5, U has
projective dimension less than or equal to n + 1. O

The conclusion of Theorem can be reformulated in different ways,
as shown in the following proposition.

Proposition 4.4.11. Let A be a locally R, -presentable W, -Grothendieck cat-
egory with a generating set of W, -presentable projectives. Assume that A is
locally N,,-noetherian. Then the following are equivalent:

1. Every subobject of an N,-flat object in Mody,-A™" has projective di-
mension less than or equal to n + 1.

2. In A every subobject of an N, -pure projective object has W, -pure pro-
jective dimension less than or equal to n.
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3.

projgldim(Mody,, -A™) < n + 2.

In the case n = 0 this result is also part of Brune’s [Bru83, Theorem 2.1]
and item 2 is known as the Kulikov property.

Proof.

1= 2.

2= 3.

3= 1.

Let 0—@Q Jy P X 50 be a short exact sequence in A such that
P is N,-pure projective. We will prove that () has N,-pure projective
dimension less than or equal to n. If we apply Sy, to the sequence,
we obtain an exact sequence 0— Sy, (Q)— Sy, (P) — Sy, (X), where
every object is N,-flat and Sy, (P) is projective in Mody, -A™". But now
coker(Sy, (f)) C Sy, (X). Then, by hypothesis, pd(coker(Sy,(f)) <
n 4+ 1. Hence, pd(Sy,(Q)) < n and so @ has W,-pure projective
dimension less than or equal to n.

Let X be an object in Mody, - A% and let

P X 0

be a projective resolution of X in Mody, -AY. By Corollary |4.4.9|
the N,-flat dimension of X is less than or equal to 2. In particular,
F = ker(f;) is N,-flat and

f2

0 F Pl p X 0

is an N,,-flat resolution of X. But now, by assumption, F' has projective
dimension less than or equal to n in Mody, -AY". Therefore X has
projective dimension less than or equal to n + 2.

If U is a subobject of a projective object P in Mody, - A, then, by
assumption, there is a projective resolution of P/U of length n + 2

0 Pn+2 > \Pl P \P/U—>0

In particular, we obtain a projective resolution of U of length n + 1.
Now we can proceed exactly as in the proof of Theorem to see
that the same conclusion is true if U is a subobject of an N,,-flat object
F in Mody,-A®. We sketch how this is done. First we write F' =
A(—, M)| 4xn where M = colim;,M; = M is an R,-filtered colimit of
a continuous ascending chain of subobjects of M such that M;/M,; is
N,,-presentable for every i < j < i4+w, and My = 0. Since the colimit is
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N, -filtered, F' = A(—, M)| g2 = colim; A(—, M;)| 4. in Mody,,-A"".
By [AB5y, | we can write U = colim; ., U; where U; = UNA(—, M;)| g%
Finally, it is easy to show that {U,}.c; satisfies the hypothesis of the
Auslander Lemma (Corollary and it implies that U has projective
dimension less than or equal to n + 1. O

Finally, we want to notice that, in the case n = 0, the converse of Theorem
also holds as a consequence of Lemma [£.4.4 In our general context,
however, we can only prove the following result.

Proposition 4.4.12. Let A be a locally R, -presentable W, -Grothendieck cat-
egory with a generating set of W, -presentable projectives. Assume that A is
locally W, -noetherian. If we assume that projgldim(Mody, -A") < 2, then
Mody,, -A™ is locally W, -noetherian.

Proof. By Proposition , in order to see that Mody, - A" is locally X,,-no-
etherian it is enough to prove the following: If U is a subobject of A% (—, X)
in the category Mody, - A", then U is R,-generated.

By assumption, pd(A®*(—, X)/U) < 2. Then there is a projective reso-
lution of A®»(—, X)/U of the form

0— A(—, Q)| urn = A(=, P)| v —— A (=, X) — A (=, X) /U =0
\U/
0/ \0

where @ = [[,c; Qi and P = [[;; P; with Q; and P; R,-presentable for all
i € I'and j € I. By the Yoneda Lemma, we can assume that ¢ = A(—, f)| 4xn
for f: Q — P and ¢ = A(—,g)|qn for g: P — X. Then we have the

following sequence:

0 o—r.p X
™ A
P/Q
0/ Sy

and P/Q is a subobject of X which is N,-presentable. Since A is locally
N,-noetherian, P/Q is also X,-presentable and we are under the hypotheses
of Lemma[f.4.4] Hence, there exists a subset I’ C I such that #(/\I') <R,
and S = [[,., Qi is a direct subobject of P = S @ F' with F' N,-presentable.
Since 7(S) = 0, im(AM (-, g|r)) = im(A(—, g)|an) = im(x)) = U. Then
there is an epimorphism

A (= F) — U.
and U is N,,-generated. O



Chapter 5

Adams representability for
derived categories of rings

In this chapter we study derived categories of rings in the spirit of [CKNO1],
although our treatment is valid for uncountable cardinals. We will finish the
chapter showing how a recent result by Braun and Gé&bel implies that D(Z)
does not satisfy a-Adams representability for morphisms for any uncountable
regular cardinal . This example gives a negative answer to Question [2.3.34

In the first section we recall the notion of a-purity for rings following
[JL8I]. In contrast to classical purity, that we will review in Appendix ,
the notion of a-purity has not received much attention, and few results are
known about it.

In the second section we study the relation between the a-pure global
dimension of a ring and the a-pure global dimension of its derived category.
Many results in this section are generalizations of results in [CKNOT].

5.1 Higher purity for rings

In this section we define a-purity for a ring. The case a = N is classical and
we review it in Appendix [Al In the case oo > Ry, the definition can be found
in Fuchs’ book [Fuc70, Section 31]. However, it has not been studied as much
as the case a = Ny. The first results that we present in this section are taken
from [JL89, p. 137-138] and are formal consequences of the definitions.

Throughout the chapter, all the rings R will be associative with identity
and R-Mod will denote the category of left R-modules.

Definition 5.1.1. Let R be a ring. An R-module M is called a-generated
if it can be generated as an R-module by a subset of cardinality less than «
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or, equivalently, if there is an epimorphism

HR—>M—>O

el

where #I < a. An R-module M is called a-presented if there exists a short
exact sequence

0—G—][,.,;,R— M —0

i€l
where #1 < a and G is a-generated.

Definition 5.1.2. Let R be a ring and a be a regular cardinal. A short
exact sequence of R-modules 0 — A— B— C —0 is called a-pure ezact
if for every a-presented R-module P the induced sequence of abelian groups

0 — Hom(P, A) — Hom(P, B) — Hom(P,C) — 0
is exact.

In the case a = N there are many equivalent definitions of a-pure exact
sequences, as we will explain in Appendix [A] For higher cardinals, not so
many equivalent definitions are available.

Lemma 5.1.3 ([GUTIL]). Let R be a ring and « be a regular cardinal. Then
every R-module is an a-filtered colimit of a-presented R-modules.

Proposition 5.1.4 (JAR94, Proposition 2.30], [JL89, Proposition 7.16]). Let
R be a ring and o be a reqular cardinal. A short exact sequence of R-modules
1s a-pure exact if and only if it is an «a-filtered colimit of split short exact
sequences. In particular, a-pure exact sequences are closed under a-filtered
colimats.

Now we can define what is a projective object relative to a-pure exact
sequences.

Definition 5.1.5. Let R be a ring and let o be a regular cardinal. An
R-module P is called a-pure projective if for every a-pure exact sequence

0—-A—-B—-C—=0
the induced sequence
0 — Hom(P, A) — Hom(P, B) — Hom(P,C') — 0

1s exact.
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Lemma 5.1.6 ([JL89, Proposition 7.16]). Let R be a ring and o be a reqular
cardinal. An R-module P is a-pure projective if and only if every a-pure
exact sequence 0 — Y — X — P — 0 splits.

Remark 5.1.7. One can think of a-purity as a theory of homological algebra
where one forces a-presented modules to be projective. Since every R-module
M admits an a-pure exact sequence

0 K F M >0

where F' is a coproduct of a-presented modules, the category of R-modules
has enough a-pure projectives and it follows that a-pure projectives are
precisely summands of coproducts of a-presented modules.

Definition 5.1.8. Let R be a ring and « be a regular cardinal. An a-pure
projective resolution of an R-module M is a long exact sequence

p,—Ip p-Lp s p 0

where P, is a-pure projective and 0— ker(f,,) — B, — ker(f,—1) —0 is
a-pure exact for all n > 0. The a-pure projective dimension of an R-module
M is less than or equal to n, denoted by Ppd, (M) < n, if there exists an
a-pure projective resolution of length n of M. The a-pure global dimension
of R is defined as

Pgldim, (R) = sup{Ppd, (M) | M an R-module}.

If we take a = Ny then we obtain the classical notions of purity that can
be found in Appendix [A] and that will be denoted by Pgldim.

5.2 Higher purity for the derived category of
a ring

In this section we prove a relation between the a-pure global dimension of
a ring and the a-pure global dimension of its derived category. Our results
in this section are strongly influenced by results of Christensen, Keller and
Neeman [CKNOI] for the case a = Ry.

Remember that we have already given a characterization of a-compact
objects in the derived category of a ring. For a = ¥y we have done it in

Example and Proposition [2.1.13] and for o > Ny in Example [2.1.10|and
Proposition [2.1.14]
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In Proposition [2.1.14] we have considered the R-modules as complexes in
D(R) concentrated in degree 0. This can be used to define a functor

Mod-R Mod,-T*

— D(R) =T ~Sa

T

where S, is the restricted Yoneda functor. More surprising is the fact that
there are functors in the other direction: The cohomology functors of chain
complexes H": D(R) — Mod-R can be extended to functors

Mod,-T* L Mod-R
S\ H"
* T =D(R)

by defining H"(F') = F(X"R) for every F' € Mod,-T*“. These two functors
between Mod-R and Mod,-7“ will be used in the following lemma to compare
a-purity for rings and a-purity for their derived categories. For the case
a = N, this result has been proved in [CKNOI, Lemma 1.3]. We will use

a-pure exact sequences in the category Mod,-7 . Recall that they have been
defined in Definition 4.3.11

Lemma 5.2.1. Let R be a ring. Assume that R is a-coherent for a > Ny.
Then:

1. The functor

Mod-R  Mod, T
TSR =T

commutes with a-filtered colimits; it takes a-pure projective R-modules
to projective objects in Mod,-T® and it takes a-pure exact sequences of
R-modules to a-pure exact sequences in Mod,-T* (hence it is exact).

2. For every n € 7, the functor

Mod,-7° Z Mod-R
o 5
* T =D(R)
defined by H"(F) = F(X™"R) commutes with a-filtered colimits; it
takes projective objects in Mod,-T® to a-pure projective R-modules and

takes a-pure exact sequences in Mod,-T* to a-pure exact sequences of
R-modules.
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Proof. The first part follows from results in [Ros05]; see Remark [2.3.33] We
next give an alternative argument, which is useful towards the second part.
Let M = colim;M; be an a-filtered colimit in Mod-R. By the universal
property of the colimit, we have a morphism

¢: colim; T (—, o(M;)) |7« — T (—, t(colim; M;))

in Mod,-7*. We will prove that ¢(P) is an isomorphism for every object
P in T Recall that {¥"(R) | n € Z} is a generating set of compact ob-
jects in D(R) and that every object in T® can be constructed recursively
from the set {¥"(R) | n € Z} by coproducts of less than «a objects and
triangles; see [NeeO1bl Propostion 3.2.5] for details. Let P = ¥"(R). Since
a-filtered colimits are exact in R-Mod, we have the following sequence of iso-
morphisms: colim; 7T (X"t (R), t(M;)) = colim;H"(M;) = H " (colim;M;) =
T (R, t(colim;M;)) and so ¢(P) is an isomorphism. Now let P =[], ; P; be
a coproduct in 7 and assume that ¢(P) is an isomorphism for every j € J.
Then we have the following sequence of isomorphisms:

colimT ([ [;c; Py, e(M;)) = ;e colimT (P, o(M;))
= [Lies T(Py, (colimy M;))
= T (s Py, t(colimyM;)).
Finally, let P be an object in 7 such that there exists a triangle

P Py P 2P

where ¢(P;) and ¢(P,) are isomorphisms. Since representable functors are co-
homological and a-filtered colimits are exact in Ab, we obtain that both func-
tors colim; T (—, t(M;))|re and T (—,t(colim;M;)) are cohomological. Then,
if we apply ¢ to the previous triangle, we obtain a morphism between long ex-
act sequences where ¢(X"P;) and ¢(X"P,) are isomorphisms for every n € Z.
Hence, ¢(P) is also an isomorphism by the Five Lemma.

Let M be an a-pure projective R-module. Then, as we observed in Re-
mark [5.1.7, M is a direct summand of a coproduct of a-presented modules:
[lic; i = M © Q where P; is a-presented for every i € I. Since S, com-
mutes with coproducts, [[,.; S.(¢(F;)) = S.(¢(M)) @ Sa(e(Q)). Since R
is a-coherent, Proposition implies that «(P;) is a-compact for every
i € I. Hence, S,(P;) = T*(—, P;) is projective by Proposition [2.3.19 Since
Sa(t(M)) is a summand of a coproduct of projectives, it is itself projective.

By Proposition every a-pure exact sequence of R-modules is an
a-filtered colimit of split exact sequences. Since S, preserves a-filtered col-
imits and is homological by Proposition [2.3.20] it sends every a-pure exact
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sequence to an a-filtered colimit of split exact sequences, and a-filtered col-
imits of split exact sequences are a-pure exact in Mod,-7* by Lemma [4.3.3]

Next we prove the second part. Since H" is defined as evaluation on
YR, it preserves a-filtered colimits by Lemma [2.3.18]

Let X be a projective object in Mod,-7“. By Proposition [2.3.19] there
exists an object Y in Mod,-7® such that X @Y = [[,., T*(—, ). Again by
Proposition 2.3.19] we know that H™: Mod,-7% — Mod-R preserves finite
coproducts, and by Proposition [2.3.20| we know that S, respects all coprod-
ucts. Hence we have the following sequence of isomorphisms: H"(X) &
H'Y) = H'(X8Y) = Hn(HieI 7= P)) = HH(T(_vuiel P)lre) =
H"(I1;c; Pi) = 1, H"(F;). So it is enough to prove that H"(F;) is a-pure
projective for every ¢ € I. By Example [2.1.10 P; is quasi-isomorphic to a
complex of free R-modules with less than « generators and therefore, since
R is a-coherent, H"(P;) is a-presentable for every n € Z. Hence, H"(X) is
a-pure projective.

Finally, by Lemma {4.3.3, every a-pure exact sequence in Mod,-7“ is an
a-filtered colimit of split exact sequences. But we have already proved that
H": Mod,-T® — Mod-R commutes with a-filtered colimits and it is exact
because it is defined as evaluation on X" R. Hence, H" sends every a-pure
exact sequence to an a-filtered colimit of split exact sequence in Mod-R,
which is a-pure exact by Lemma [5.1.4] O

Theorem 5.2.2. Let R be a ring. Assume that R is a-coherent for a > Ny.
Then, for any R-module M,

Ppd, (M) = pd(Sa(M))

where the left-hand side is the a-pure projective dimension of the module M
and the right-hand side is its projective dimension as an object of Mod,-
D(R)* by considering M as a chain complex concentrated in degree 0.

Proof. By Lemma the restricted Yoneda functor Mod,-D(R)®, where
the R-modules are considered as objects in D(R) concentrated in degree 0,
takes a-pure projective resolutions to projective resolutions. This implies the
inequality Ppd, (M) > pd(S.(M)).

To prove the converse, fix a projective resolution of D(R)(—, M)|p(r)e
in the category Mod,-D(R)*. If M is a-presented, since we are assuming
that R is a-coherent, Proposition [2.1.14] implies that M is a-compact as a
complex concentrated in degree 0 in D(R), hence D(R)*(—, M) is projective
by Proposition [2.3.19] and the projective resolution is null-homotopic. Now
let M be an arbitrary R-module. Lemma|[5.1.3|implies that it is an a-filtered
colimit of a-presented R-modules. Then our fixed projective resolution of
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D(R)(—, M)|pr)= is an a-filtered colimit of null-homotopic complexes in
Mod,-D(R)* and then it is an a-pure exact resolution. By the second part
of Lemma its image under H is an a-pure projective resolution of
H°(S,(M)) = M. This implies the inequality Ppd, (M) < pd(S,(M)). O

Recall that a ring is hereditary if it has projective global dimension less
than or equal to 1 or, equivalently, if every submodule of a projective R-
module is projective. For the basic properties of hereditary rings we refer to
[Rot09) Ch. 4]. The ring of non-commutative polynomials over a field and all
commutative principal ideal domains are examples of hereditary rings. We
have seen in Remark that hereditary rings are a-coherent for every a.

Corollary 5.2.3. Let R be a ring and o > Ny be a reqular cardinal.
1. If R is a-coherent, then Pgldim,(R) < Pgldim,(D(R)).
2. If R is hereditary, then Pgldim,(R) = Pgldim, (D(R)).

Proof. For the first part, observe that we are under the conditions of Propo-
sition and Theorem [5.2.2] This implies that, for every R-module M,
Ppd,, (M) = pd(S.(M)). Hence, Pgldim,(R) < Pgldim, (D(R)).

For the second part, remember from Example that every object
in D(R) is of the form X =[] _, ¥"H™(X). Then the projective dimen-
sion of S, (X) in Mod,-D(R)® is not greater than the supremum of the pro-
jective dimensions of S,(H"(X)) and Ppd,(H"(X)) = pd(S.(H"(X))) by
Theorem [5.2.2 But, by definition, Ppd,(H"(X)) < Pgldim,(R). Hence,
Pgldim,(R) > Pgldim,(D(R)). O

The analog of this result in the case @ = Ny was proved by Christensen,
Keller and Neeman in [CKNO1l, Proposition 1.4]. However, for a = ¥,, we
have to add the hypothesis that “every finitely presented R-module is of finite
projective dimension” in the statement of item 1. This difference follows from
the characterizations of a-compact objects that we explained in Proposition
2.1.13| and Proposition [2.1.14]

In Example [5.2.8 we will use Corollary together with an example of
Braun and Gobel showing that Pgldim, (Z) > 1 to prove that D(Z) does not
satisfy a-Adams representability for morphisms for any o > RN,.

We begin by recalling the examples provided in [CKNOI] for the case

a = Ny, which use the classical results of purity for rings that we explain in
Appendix [A]
Ezxample 5.2.4 (JCKNOI]). Let k be a field such that #k = N, where t > 0,
and let R = k[X,Y]. It is coherent and Pgldimy (R) = ¢ + 1 [BL82]; see
Appendix [A| for details. Then Adams representability holds for D(R) if and
only if #k < N,.
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This result can be extended in the following way.

Ezample 5.2.5 ([CKNO1]). Let R be a finite dimensional hereditary algebra
over an algebraically closed field of uncountable cardinality W;, t > 0. Then,
by Theorem [A.0.22} Pgldimy, (R) < 1if and only if R has finite representation
type. Hence R satisfies Adams representability for morphisms if and only if
R has finite representation type.

Giving a counterexample to Adams representability for objects is more
involved, because we cannot use Theorem [3.1.10| as in the case of Adams
representability for morphisms. We will use the following result.

Theorem 5.2.6 ([CKNO1], Theorem 2.13]). Let R be a hereditary ring. Then:

1. Adams representability for morphisms holds in D(R) if and only if
Pgldimy (R) < 1.

2. Adams representability for objects holds in D(R) if and only if
Pgldimy (R) < 2.

All the implications follow from Theorem [3.1.10] except for the only if
part of 2.

Observe that, in order to use Theorem [5.2.6, we need a hereditary ring.
Hence, we cannot use k[X, Y] as before. For this reason, we will use the ring
of non-commutative polynomials over a field k(X Y'), which is hereditary and
has the same pure global dimension as k[X,Y]; see Appendix [A| for details.

Ezample 5.2.7 (JCKNO1]). Let k be a field such that #k = N, and let R =
k(X,Y). Then R is hereditary and Pgldimy (k(X,Y)) = ¢+ 1. By Theorem
5.2.6] D(R) satisfies Adams representability for objects if and only if #k <
N;. In particular, if #k = Ny, then D(R) satisfies Adams representability for
objects but not for morphisms.

Let &k = C. Curiously enough, the pure global dimension of k(X,Y’)
depends on the set-theoretical axioms that we are considering. Notice that
the equality # C = N, is undecidable with ZFC for ¢ > 0. Then, by Theorem
Adams representability for objects in D(C(X,Y’)) is undecidable using
ZFC. This argument follows from the original work of Osofsky on homological
dimension of modules [Oso73].

The next example, due to Braun and Goébel, together with the results
in this chapter and the previous chapter, will provide a negative answer to

Question [2.3.34]

Ezample 5.2.8 (Braun and Gobel [BG10]). For every regular cardinal a > Ry,
there exists a cotorsion abelian group A such that Ppd,(A4) > 1.
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Consider the category D(Z). It is compactly generated, as every derived
category of a ring. On the one hand, since Z is hereditary, every complex
X in D(Z) is isomorphic to [, ., X"H"(X), as we have seen in Example
On the other hand, by condition 3 of Proposition [2.1.13] a complex
is compact in D(Z) if and only if H"(X) is finitely presented for all n € Z
and H™(X) = 0 for all but finitely many n € Z. Hence, since #Z = ¥,, we
have #(D(Z)") < R,. By Neeman’s Theorem [2.3.3] D(Z) satisfies Xo-Adams
representability for objects and for morphisms and, consequently, D(Z) and
D(Z)°P satisfy Brown representability.

Since Z is hereditary and noetherian, Pgldim, (Z) = Pgldim,(D(Z)) by
Corollary 5.2.3, But we know by Example that Pgldim,(Z) > 1 for
every a > Ng. Then, as a direct consequence of Theorem [3.1.10, we obtain
the following result.

Proposition 5.2.9. The triangulated category D(Z) does mnot satisfy
a-Adams representability for morphisms if a > V.

This gives a negative answer to Question [2.3.34, However, this result
does not refute Neeman’s Conjecture because Pgldimy (Z) = 1 and
hence D(Z) satisfies Np-Adams representability both for morphisms and for
objects and Sy, is a Rosicky functor. Furthermore, there is at least another
essentially different Rosicky functor, as we have explained in Example [2.3.30]

In [BGI0], Braun and Gébel stated another natural question related to
Rosicky’s question: “Does there exist a ring R such that Pgldim,(R) > 1 for
every regular cardinal a?”. Recently, Bazzoni and Stovicek [BS10] proved
that the following examples provide a positive answer to this question.

Ezamples 5.2.10 (Bazzoni and Sfovicek [BS10]). Let & be an uncountable
field. Then Pgldim,(R) > 1 for every « if R is one of the following rings:

1. k[Xy,...,X,] for n > 2.

2. <§ Z) where V' is a k-vector space with dimy (V') > 2.

Notice that these rings are a-coherent for every regular cardinal a.. Then,
as a direct consequence of Theorem [3.1.10] and Corollary [5.2.3], we have the
following result.

Proposition 5.2.11. Let R be one of the rings of Examples|5.2.10L Then
the triangulated category D(R) does not satisfy a-Adams representability for
morphisms for any reqular cardinal o.






Chapter 6

N{-Adams representability for
objects

In this final chapter we use some of our previous results to prove that
N;-Adams representability for objects holds for certain kinds of triangulated
categories. As far as we know, the results in this section are the first genuine
positive results about a-Adams representability for a > RN,.

6.1 N;-Adams representability

In this section, we prove N;-Adams representability for objects for ¥;-com-
pactly generated triangulated categories 7 such that #7™ < XN;. The main
ingredient is the following general result.

Theorem 6.1.1. Let C be a category with coproducts of less than N,, objects.
If #C <N, then every N,,-flat object in Mody, -C has projective dimension
less than or equal to n + 1.

Proof. By Proposition 2.3.19] Mody, -C is locally X,,-presentable and ®,,-Gro-
thendieck. Since #C < RN,,, we infer from Lemma that Mody, -C is
locally N, -noetherian.

Let H be an N,,-flat object in Mody,-C. By Corollary [4.3.8| we can write
H as an ascending chain of subobjects, say H = colim,.,H; with Hy = 0 and
H;/H; ¥, i-generated if i < j <i+4w, <+, and such that colim;,.sH; = Hp
for every limit ordinal f > w, and H; — H is an N,-pure monomorphism
for every ¢ < 7.

Notice that, since H; — H is an R,,-pure monomorphism, so is H; — H;

for every i < j, by Lemma [4.3.5l Then, by Lemma [4.3.2) H;/H, is also
N, -flat.
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Since Mody,-C is locally R, i-noetherian, H;/H; is X, ;-presentable for
every i < j. Then, whenever : < j <1+ w,, we have

H;/H; = colimy,, C(—, Xj).

This colimit is exact, since Mody,-C is N,-Grothendieck and the indexing
poset has cardinality X,,. On the other hand, C(—, X},) is projective for every
k < w,. By the Grothendieck Spectral Sequence [Wei94, Corollary 5.8.4],

Ext™(H;/H;, —) = lim {7, Mody,-C(C(—, Xy), —)

k<w

and the last term is zero if m > n+1 by [Jen72, Theorem 3.1]. In particular,
we have proved that pd(H;/H;) < n+ 1 assuming ¢ < j < i + w,. Hence,
we have checked that H satisfies all the hypotheses of Theorem and
therefore pd(H) < n + 1. O

We infer the following direct consequence.

Corollary 6.1.2. Let T be an X, -compactly generated triangulated category.
If #T% <N, then Pgldimy (T) <n+1.

Proof. Recall that
Pgldimy (7)) = sup{pd(H) | H cohomological in Mody,-7""}.

By Proposition [2.3.27, every cohomological functor in Mody, -7 is N,,-flat.
Hence, Theorem [6.1.1] implies that Pgldimy (7) < n + 1. O

Corollary 6.1.3. Let T be an Xy-compactly generated triangulated category.
If # T <Ny, then T satisfies N;-Adams representability for objects.

Proof. By Corollary Pgldimy (7)) < 2 and, by Theorem (3.1.10, this
implies N;-Adams representability for objects. m

Corollary seems to be the first known situation where a-Adams
representability for objects holds for @ > Ny. However, our results provide
no information about N;-Adams representability for morphisms.

We next give examples where Corollary applies. The abbreviation
CH means Continuum Hypothesis, stating that 2% = ;.

Proposition 6.1.4. Assume the CH. The stable homotopy category Ho(Sp)
is such that #Ho(Sp)™ < Ny and satisfies Ni-Adams representability for
objects.
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Proof. Since Ho(Sp) is compactly generated and we know that #Ho(Sp)* <

No, Theorem [2.5.10[implies that #Ho(Sp)®* < N;. Hence, by Corollary|6.1.3}
Ho(Sp) satisfies X;-Adams representability for objects. O

In the case of derived categories of rings, we can use Neeman’s character-
ization of N;-compact objects that we described in Example [2.1.10| to prove
the following result.

Proposition 6.1.5. Assume the CH. Let R be a ring such that #R < ¥
and let D(R) denote its derived category. Then #D(R)™ < Ny and D(R)
satisfies Ny-Adams representability for objects.

Proof. We have explained in Example that a complex in D(R) is
Ni-compact if and only if it is quasi-isomorphic to a K-projective com-
plex of free R-modules with less than N; generators. First notice that
there are less than or equal to N; free R-modules with less than N; gen-
erators. Then the category D(R)® has less than or equal to N; objects.
In order to check the condition for morphisms, it is enough to prove that
#Hom(D,c; R. D,c; ) < Ny for every I and J such that #1I, #J < Ry.

But now
Hom (@ R, @R) = ] [ Hom (R, &y R)
el jeJ iel jeJ
and, since #R < N;, #Hom(R, ®j€J R) < Ny - #J = Yy. Then, since
#1 < X, and we are assuming the CH, #Hom(,., R.P ., R) < N = N,
This proves that #D(R)® < N;. Finally, by Corollary [6.1.3) D(R) satisfies
N;-Adams representability for objects. [

If we assume the CH, Proposition [6.1.5] applies to rings of polynomi-
als over the complex numbers C[X1,...,X,] and also to rings of the form
C[Xy, ..., X,]/I where [ is an ideal of C[X1,..., X,].

Using the results in this section together with the results of Braun and

Gobel (Example [5.2.8) and Bazzoni and Stovicek (Example [5.2.10)), we give

examples of rings with N;-pure global dimension exactly equal to 2.
Proposition 6.1.6. Assume the CH. Let R be one of the following rings:
1. The ring of integers.

2. k[Xy,...,X,] forn > 2 where k is a field and #k = N;.

3. (g Z) where V' is a k-vector space with dimg (V') > 2 and #k = V.
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Then Pgldimy, (R) = Pgldimy, (D(R)) = 2.

Proof. Since R is a-coherent in each case, Pgldimy (R) < Pgldimy, (D(R)) by
Corollary 5.2.3, and Pgldimy, (R) > 1 by Example or Example 5.2.10}
On the other hand, since we are assuming the CH, we have #D(R)™ < N,

by Proposition and then Pgldimy (D(R)) < 2 by Corollary O

All the applications that we have considered so far involve compactly
generated triangulated categories. The next result is about triangulated cat-
egories of the form K(R-Proj). Such categories have been widely studied
by Neeman in [Nee0S] as we have pointed out in Example 2.1.21] Among
other things, he proved that K(R-Proj) is always Nj-compactly generated,
although it need not be compactly generated.

Proposition 6.1.7. Assume the CH. Let R be a ring such that #R < N;.
The homotopy category of chain complexes of projective R-modules K(R-Proj)
satisfies Ni-Adams representability for objects.

Proof. By [Nee08, Theorem 5.9], K(R-Proj) is X;-compactly generated and a
complex of projective R-modules is Ni-compact if and only if it is isomorphic
in K(R-Proj) to a complex of free R-modules with less than X; generators.
Since we are assuming the CH and #R < Ny, we can proceed exactly as in
the proof of Proposition to conclude that #K(R-Proj)™ < ;. Hence,
by Corollary [6.1.3] K(R-Proj) satisfies X;-Adams representability for objects.

O

The same result holds for the category K(R-Inj), as follows.

Proposition 6.1.8. Assume the CH. Let R be a noetherian ring such that
#R < Ny. The homotopy category of chain complexes of injective R-modules
K(R-Inj) satisfies Xy-Adams representability for objects.

Proof. By [Kra05], we know that K(R-Inj) is compactly generated and there
is a natural equivalence between the category of compact objects K(R-Inj)*
and the derived category of bounded complexes of finitely presented R-mod-
ules D’(R-mod). We want to prove that #D”(R-mod) < X;. Since #R < Ry,
there are less than or equal to Ny finitely presented R-modules and, using the
CH, there are less than or equal to 8; morphisms between them. Then the
category D’(R-mod) has less than or equal to R; objects. In order to check
the condition for morphisms, we have to prove that #D’(R-mod)(X,Y) < &,
for every pair of bounded chain complexes of finitely presented R-modules
X and Y. Since R is noetherian, there is a projective resolution X of X by
finitely presented free R-modules. Then D’(R-mod)(X,Y) = K(R)(X,Y).
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Since #R < N;, we can proceed as in Proposition to show that
#K(R)(X,Y) < X,. Finally, since we are assuming the CH, Theorem
implies that #K(R-Inj)** < N;. Hence, by Corollary , K(R-Inj) satisfies
N;-Adams representability for objects. O]

We next describe applications to derived categories of Grothendieck cat-
egories. As we have seen in Example 2.2.7, such categories are always well
generated, but for the applications in this section we have to be more precise
about how this is proved. The key step in the proof is the following result.

Theorem 6.1.9 (Alonso, Jeremias and Souto [AJS00, Corollary 5.2]). Let A
be a Grothendieck category and let U be a generator of A. Let R = End 4(U).
Then there exists an exact functor a: D(R) — D(A) with a right adjoint.
Furthermore, let f = max{#R,No} and L be the set of complezesY in D(R)
that satisfy the following properties:

1. Yi=0ifj>0.

2. YO=R.

3. Y = [1;, R, where #1; < 8 if j < 0.
4. a(HY(Y)) =0 for every j € Z.

If we define L to be the smallest localizing subcategory of D(R) containing L,
then there is an equivalence of categories between D(A) and D(R)/L.

Corollary 6.1.10 (Neeman [NeeOlal, Proposition 2.1]). Let A be a Grothen-
dieck category and let U be a generator of A. Let R = End4(U) and let
f = max{#R,No}. Then D(A) is f1-compactly generated.

Since in the original statement by Neeman the cardinal 3 is not made
explicit, we supply a proof.

Proof. By Theorem[6.1.9] there is an equivalence between D(.A) and D(R)/L,
where L is generated by a set of objects L. Since #R < [, it follows
from Remark that R is S*"-coherent and then all the objects in L
are S*-compact by Proposition . Let £°" be the smallest A7 -localizing
category containing L. Since D(R) is compactly generated (by R), D(R)?"
is the smallest [*-localizing subcategory containing R. But now we are
under the hypotheses of Theorem which implies that D(R)/L is a
BT-compactly generated triangulated category. O
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In the same article where Corollary was proved, Neeman proved
that if M is a non-compact, connected manifold of dimension greater than or
equal to 1, then the derived category D(Sh/M) of sheaves of abelian groups
over M has no non-zero compact object. Hence, D(Sh/M) cannot be com-
pactly generated and, in particular, it does not satisfy classical Adams rep-
resentability. We will show in the next result that D(Sh/M) is R;-compactly
generated under suitable assumptions on M and hence satisfies N;-Adams
representability for objects.

Corollary 6.1.11. Assume the CH. Let M be a connected paracompact man-
ifold. Then D(Sh/M) is an Wy-compactly generated triangulated category and
satisfies Ni-Adams representability for objects.

Proof. Let {U;}icr be a countable base of of open sets of M (that exists
because M is paracompact). By [Gro57, Section 1.9], a countable set of gen-
erators of Sh/M is given by {Fy;, }ier, where Fy, denotes the sheaf that sends
every open set V' to the abelian group of continuous functions {U; NV — Z}
where Z is endowed with the discrete topology. Let R be the full subcategory
of Sh/M that has as set of objects {Fy;, }ie;. This is a ring with several ob-
jects, i.e. a small category enriched over Ab. This ring with several objects
is countable and hence the many-object version of Corollary implies
that D(Sh/M) is an N;-compactly generated triangulated category.

Since #R < Ny and we are assuming the CH, the many-object version
of Proposition implies that #D(R)¥ < X;. On the other hand, by
Theorem and Theorem [6.1.9] D(Sh/M)™ = D(R)* /L™ for a local-
izing subcategory L. Now recall from Theorem that the objects in
D(R)™ /LY coincide with the objects in D(R)™ and the morphisms are
equivalence classes of diagrams in D(R)™ of the form

X X —Y

where s is such that its mapping cone Cj is in LY. Hence, D(Sh/M)® <N,
and then Corollary implies that D(Sh/M) satisfies R;-Adams repre-
sentability for objects. O

6.2 N;-Adams representability in
Al-homotopy theory

The stable motivic homotopy category or stable Al-homotopy category was
introduced by Voevodsky and his collaborators as a category whose objects
represent cohomology theories for schemes, in analogy with the category of
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spectra, whose objects represent generalized cohomology theories for spaces.
Motivic homotopy theory was the main tool for the proof of the Milnor
Conjecture and later the Bloch-Kato Conjecture. This is because the stable
motivic homotopy category provides a way to compare different cohomology
theories for schemes, namely, in the case of the Milnor Conjecture, étale
cohomology and Milnor K-theory.

We will recall how to construct the stable motivic homotopy category
following [Voe98] and [Isa05]. Through this section S will denote a noethe-
rian scheme of finite Krull dimension and Sm/S will denote the category of
smooth schemes of finite type over S. We will always assume that the objects
in Sm/S are bounded above by a fixed inaccessible cardinal, and therefore
that the category Sm/S is essentially small.

The motivation for constructing the (unstable) motivic homotopy cat-
egory is to provide a setting for doing abstract homotopy theory in the
category Sm/S. The first problem for doing so is that Sm/S does not
have all colimits. The standard way of formally adding all colimits is to
consider the category PSh(Sm/S) of presheaves on Sm/S. In order to de-
scribe weak equivalences between schemes, we embed PSh(Sm/S) into the
category sPSh(Sm/S). of its pointed simplicial objects, i.e. the category of
contravariant functors from Sm/S into sSet,. Notice that the category sSet.
also embeds into sPSh(Sm/S), by sending every simplicial set to its con-
stant simplicial presheaf and that sPSh(Sm/S). is enriched over simplicial
sets. Its simplicial mapping space is defined as

Map, (X, V), = sPSh(Sm/S).(X x A™,Y).

The reason for considering pointed spaces is because it is necessary for
the definition of motivic spectra. If U is an object in Sm/S, we denote by
U, the object U] S in sPSh(Sm/S). with base point S.

The pointed motivic homotopy category H(S), is the homotopy category
of a suitable model category structure on sPSh(Sm/S).. There are different
model category structures giving the same homotopy category. We will use
the one described by Isaksen in [[sa05] since it has the best properties for
our purposes. This model category is described using two left Bousfield
localizations on the objectwise flasque model structure on sPSh(Sm/S)..

Recall that we gave the definition of a cofibrantly generated model cat-
egory in Definition 2.1.31] We will also need the following notion. Let
f: X — Y be a morphism in sPSh(Sm/S) and let g: K — L be a mor-
phism in sSet. Then the pushout product of f and g in sPSh(Sm/S), is the
morphism

GiNEy ] FenLly — GoALy.

F+/\K+
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Let S be a noetherian scheme with finite Krull dimension. For every
object X in Sm/S and every finite collection of monomorphisms {U; — X };e1

in Sm/S, let J,.; U; be the coequalizer of

@
H(i,j)e]x[ Ui x Uj; — [ier Ui
where ¢ is the projection onto the first factor and 1 is the projection onto

the second factor.

1. Let I be the set of morphisms in sPSh(Sm/S). obtained by the pushout
product of morphisms of the form f: |J,.; U; — X and morphisms of
the form 0A™ — A™.

el

2. Let J be the set of morphisms in sPSh(Sm/S). obtained by the pushout
product of morphisms of the form f: |J,_; U; — X and morphisms of
the form A} — A™.

1€l

Theorem 6.2.1 (Isaksen [[sa05]). Let S be a noetherian scheme with finite
Krull dimension. There is a cofibrantly generated simplicial model category
structure on sPSh(Sm/S), with generating cofibrations and generating trivial
cofibrations given by I and J as defined above and the following three classes
of maps:

1. A map f in sPSh(Sm/S). is called an objectwise weak equivalence if

Map, (X, f) is a weak equivalence of simplicial sets for every object X
in Sm/S.

2. A map in sPSh(Sm/S), is called a flasque fibration if it has the RLP
with respect to the morphisms in J.

3. A map in sPSh(Sm/S). is called a flasque cofibration if it has the LLP
with respect to maps that are objectwise weak equivalences and flasque
fibrations.

This model structure is called the objectwise flasque model structure.

Until now we did not need a Grothendieck topology on the category
Sm/S. From now on we will use the Nisnevich topology, which is the one
that suits best for motivic homotopy theory. Recall that an elementary
distinguished Nisnevich square in Sm/S is a pushout square

UxxV—7V

"

—_—
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such that p is an étale morphism, 7 is an open embedding and the morphism
p (X —U) = X — U is an isomorphism.

Definition 6.2.2 ([Isa05]). Let S be a noetherian scheme with finite Krull
dimension. The local flasque model structure on sPSh(Sm/S), is the left
Bousfield localization of the objectwise flasque model structure with respect
to the set of maps of the form

(U 1T v>+—>x+

UXXV
indexed by all elementary Nisnevich squares.

We still have to make the essential step to obtain the motivic homotopy
category. This is based on the idea that it is possible to do homotopy theory
of schemes in such a way that the affine line A! plays the role of an interval.

Theorem 6.2.3 ([Isa05]). Let S be a noetherian scheme with finite Krull
dimension. The motivic flasque model structure is the left Bousfield local-
ization of the local flasque model structure with respect to the set of maps
X, — (X x5 AY) | induced by the inclusion of the origin into the affine line
0 — Al for X in Sm/S.

The homotopy category of this model category is the pointed motivic
homotopy theory of smooth schemes over S as defined by Voevodsky [Voe9§]
and will be denoted by H(S)..

Theorem 6.2.4 ([[sa05] [NS09]). The motivic flasque model structure on
sPSh(Sm/S), is proper, simplicial, monoidal and almost finitely generated.

The term almost finitely generated is defined in Definition [Hov01l Defi-
nition 4.1].

We denote by S! the pointed simplicial circle A'/OA! with base point
the class of A, and by G} the Tate circle A — 0 pointed at 1. We will
use the notation S” = (S')" and G”, = (G,,)"". The existence of these two
kinds of spheres is one of the features of motivic homotopy theory. There is
a canonical isomorphism S!' A G!, = P! in H(S)., where P! has oo as base
point.

In order to construct the stable motivic homotopy theory, Voevodsky
[Voe98] followed the same construction that we explained in Section [1.2] but
for sPSh(Sm/S). and the equivalence — A P! instead of sSet, and — A S'.
This construction was later formalized by Hovey [Hov01] in a more abstract
setting. With Hovey’s procedure we can construct the category of motivic
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spectra Sp(sPSh(Sm/S)., — A P!) together with a model structure called
the stable motivic model structure. The homotopy category of this model
category is the stable motivic homotopy category, that we will denote by
SH(S). As in the case of classical spectra, there is a functor

2 H(S), — SH(S).

Since SH(S) is the homotopy category of a stable model category (Ex-
ample , it has a triangulated category structure defined analogously as
in the case of Ho(Sp). Voevodsky proved that SH(S) has a compactly gen-
erated triangulated structure [Voe98, Section 5]. In order to give a concrete
set of compact generators, we need some more terminology.

Definition 6.2.5. Let S be a noetherian scheme with finite Krull dimen-

sion. The category of pointed motivic spaces of finite type is the smallest full
subcategory sPSh(Sm/S)! C sPSh(Sm/S), such that

1. Sm/S C sPSh(Sm/S)!.

2. For every pushout square

At B

||

C——D

where i is a monomorphism and A, B and C are in sPSh(Sm/S)!, D
is in sPSh(Sm/S)!.

Theorem 6.2.6 (Voevodsky [Voe98, Proposition 5.2], Naumann and Spitz-
weck [NS09, Theorem 10]). Let S be a noetherian scheme of finite Krull
dimension. The image of a pointed motivic space of finite type under X33 is
compact in SH(S). Furthermore, a set of compact generators of SH(S) is
given by

G ={3P5%U, | U in Sm/S and p, q € Z}

where 371 = SPIANGI A (—).
Theorem 6.2.7 (Voevodsky [Voe98, Proposition 5.5|, Naumann and Spitz-

weck [NS09, Theorem 13]). Let S be a noetherian scheme of finite Krull
dimension. If the category Sm/S is countable, then so is SH(S)C.

Thanks to this result, we may infer that Adams representability holds in
SH(S) by Neeman’s Theorem [2.3.3] This result is used in [NSG09] in order
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to represent cohomology theories that are only defined on the subcategory of
compact objects by a motivic spectrum.

In this section, we extend Voevodsky’s result (Theorem following
the argument given by Naumann and Spitzweck [NS09]. We prove that, under
the assumption that 2* = A\* for every cardinal A < a, if #Sm/S < a, then
#SH(S)* < a for every regular cardinal a. Hence, by Corollary [6.1.3] we
will be able to infer that if Sm/S has cardinality less than or equal to Wy,
then SH(S) satisfies N;-Adams representability for objects. In particular,
we will be able to extend the representability result to the case where S has
an affine open cover S = J; Spec(R;) with R; rings of cardinality less than
or equal to Ny for all 7 € I. If we assume the Continuum Hypothesis, the
result will be true for rings of polynomials over C.

For the countable case, the proof in [NS09] is based on a series of propo-
sitions. The proof of these can be extended to arbitrary regular cardinals
a. Some of the arguments are straightforward generalizations of results in
[NS0O9]. For the rest we give details in this section.

Our main theorem is the following.

Theorem 6.2.8. Assume that 2* = \T for every cardinal X\ < a. Let S be
a noetherian scheme of finite Krull dimension. Let o be a reqular cardinal.
If the category Sm/S of smooth S-schemes of finite type has cardinality less
than or equal to o, then so does SH(S)®.

We will give a proof of Theorem after stating a series of preparatory
results. Before doing this, we state a direct consequence that follows using

Corollary 6.1.3|

Corollary 6.2.9. Assume that 2% = Xy and 2% = RX,. Let S be a noetherian
scheme of finite Krull dimension. If the category Sm/S of smooth S-schemes
of finite type has cardinality less than or equal to Ry, then so does SH(S)™,
and SH(S) satisfies X1-Adams representability for objects.

We begin the preparatory results with the technical proposition stated
below, that is a generalization of [NS09, Proposition 5] and provides a con-
venient way to construct cofibrant replacements. We will need some results
about localizations of cofibrantly generated model categories, for which we
refer to [Hir03]. We say that a pointed simplicial presheaf X in sPSh(C).
is sectionwise of cardinality less than or equal to « if, for every object U in
C, the set of non-degenerate simplices of X (U) has cardinality less than or
equal to a.

Proposition 6.2.10. Let C be a small category and sPSh(C). be the category
of pointed simplicial presheaves on C. Let « be a reqular cardinal and let J'
be a set of morphisms in sPSh(C), such that
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i #J <a.
ii. For every f € J', the domain dom(f) is a-presentable, i.e. the functor
sPSh(C).(dom(f), —)
commutes with a-filtered colimits.

iii. For every f € J' and every object G in sPSh(C), sectionwise of cardi-
nality less than or equal to o, #sPSh(C).(dom(f),G) < a.

iv. For every f € J' and every object U in C,
#sPSh(C). (U, codom(f))< a,
where codom(f) is the codomain of f.
Then every map f: F — G in sPSh(C), can be functorially factorized as
F——F-—"5G,
where

1. ¢ is a relative J'-cell complex.
2. m has the right lifting property with respect to J'.

3. If G = % is the terminal object of sPSh(C), and F is sectionwise of
cardinality less than or equal to «, then so is F'.

Proof. The proof is based on the small object argument [Hir03, Proposition
10.5.16]. Recall ([Hir03, Definition 10.5.8]) that a map is a relative J'-cell
complez if it is a transfinite composition of pushouts of morphisms in J'. We
construct the factorization of a map f: FF — G as a colimit defined by a
sequence

F=F—"5F 25" .. Fy
B

indexed by all ordinals 8 < «, where the objects Fj are defined in the
following way, starting from Fy = F'. Let § be an ordinal and assume that
Fg has already been defined. Let Dg be the set of all commutative squares

X—>Fg

1

Y—G
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with f € J'. We define Fj,; as the pushout

[lp, X —— Fp

L b

H'DB Y—>FB+1

By the universal property of the pushout, there is a map 7g41: Fy1 — G
such that mg = 741 0 1g. If B is a limit ordinal, we define I3 = colim;gF;.
The desired factorization is given by

F——F' = colimg o Fs —— G

where ¢ = 1goty0- -+ and 7 is the morphism defined by the universal property
of the pushout. By construction, ¢ is a relative J'-cell complex.
We will now prove item 2. Let f: X — Y be a morphism in J’ and let

Xy

1

y "y a

be a commutative diagram. Since F' = colimg.,Fj is an a-filtered colimit
and X is a-presentable, by condition ii, the canonical morphism

colimg,, sSPSh(C). (X, F3) — sPSh(C).(X, F")

is an isomorphism. Thus, the map g factors through a map Fz — F” for some
f < « and, by construction, we have a lifting as in the following diagram:

g

X —Fg—Fgn— F
e

h el

>~<k"

This proves item 2.

Finally, if F' is sectionwise of cardinality less than or equal to a and
G = *, conditions i and iii guarantee that #Dz < « for every f < o and
condition iv implies that F is sectionwise of cardinality less than or equal to
a for every 8 < a. By condition ii, F” is an a-filtered colimit of objects that
are sectionwise of cardinality less than or equal to a. Hence F’ is sectionwise
of cardinality less than or equal to «. O



142 N;-Adams representability for objects

The following result is a generalization of [NS09, Proposition 6.

Proposition 6.2.11. Let S be a noetherian scheme of finite Krull dimen-
sion such that #Sm/S < « for a regular cardinal . Let F be an object
in sPSh(Sm/S). which is sectionwise of cardinality less than or equal to «.
Then there is a trivial cofibration F — F' such that F' is fibrant and sec-
tionwise of cardinality less than or equal to o in the motivic flasque model
structure on sPSh(Sm/S)..

Proof. Recall from Theorem that J is a generating set of trivial cofi-
brations for the objectwise flasque model structure on sPSh(Sm/S).. The
motivic flasque model structure on sPSh(Sm/S), was described in Definition
and Theorem by two consecutive left Bousfield localizations on the
objectwise flasque model structure. We define A/ to be the union of the set of
morphisms with respect to which we localize in Definition [6.2.2| and Theorem
6.2.3] By [Hir03, Proposition 3.3.16 and Proposition 4.2.4], a morphism in
sPSh(Sm/S), is fibrant in the motivic flasque model structure if and only if
it has the RLP with respect to the set of morphisms J' = J|JA(N), where

AN)={XAAT J] YAOAT Y AAL[X Y €N,n >0}

XNOATY
Next we check conditions i to iv of Proposition [6.2.10| with C = Sm/S:
i. #J < asince #Sm/S < a.

ii. The domains in J are Ny-presentable by [[sa05, Lemma 3.1]. The do-
mains in A are Rg-presentable because they are in Sm/S; see [AGVT2,
I, Remarque 9.11.3] for details. Since finite simplicial sets are also
Ng-presentable by [Hov01, Lemma 3.1.2], we deduce that the objects in
J' = J|JAWN) are Rg-presentable. Then the domains of morphisms in
J are a-presentable for every regular cardinal o > V.

iii. Let f € J' and G be an object in sPSh(Sm/S),. sectionwise of cardi-
nality less than or equal to a.. If f € J, then dom(f) is of the form

(UiEI U’L>+ A A’r}r H(Uie[ U«L‘)+/\/\;€LJr (X+ A AZ—&-)

for some finite collection of monomorphisms {U; — X}y in Sm/S.
Since J;c; U; is constructed as a coequalizer of finite coproducts of
objects in Sm/S, it is enough to prove that #sPSh(Sm/S).(U;,G) =
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#G(U;) < a and this is true because G is sectionwise of cardinality less
than or equal to a. If f € A(N), then dom(f) is of the form

xnaay JT yaoan
XNOAT

where X and Y are constructed with a finite number of pushouts with
respect to objects in Sm/S. Since G is sectionwise of cardinality less
than or equal to a, #sPSh(Sm/S).(X,G) < a and this implies that
#sPSh(Sm/S).(dom(f),G) < a.

iv. Fix an object U in Sm/S and f € J'. Notice that, for every object Y
in sPSh(Sm/S)., sPSh(Sm/S).(U,Y) =Y (U)o is a simplicial set with
all non-degenerate simplices in degree 0.

If f € J, then codom(f) = X; A A" for some X in Sm/S, hence
#sPSh(Sm/S).(Us, codom(f)) = #( X4 (Uy) NAL) o < #Sm/S(U, X)
and this is less than or equal to a since #Sm/S < . If f € A(N), then
codom(f) = X A A" where X = codom(g) with g € N'. By definition,
X is constructed as a finite number of pushouts with respect to objects
in Sm/S, since #S5m/S < a, this implies that

#sPSh(Sm/S).(Uy, codom(f)) < a.

Now we can apply Proposition [6.2.10] to obtain a factorization
F—F T %

in sPSh(Sm/S). such that ¢ is a relative J'-cell complex and 7 has the RLP
with respect to J’. In order to finish the proof, we have to check that ¢ is a
trivial cofibration and 7 is a fibration in the motivic flasque model structure
of Theorem [6.2.3]

The morphisms in J are trivial cofibrations in the objectwise flasque
model structure. Hence, they are also trivial cofibrations in the motivic
flasque model structure, since left Bousfield localizations preserve cofibra-
tions and weak equivalences. The morphisms in A/ and the morphisms of
the form 0A™ — A" are cofibrations between cofibrant objects in the object-
wise flasque model structure. Then the morphisms

X AAT T YenoAT — Yo AAT

X+/\8Aﬁ_

in A(N) are cofibrations, since sPSh(Sm/S), is a simplicial model categorys;
see [Hir03l, Propostion 9.3.7] for details. Now they become trivial cofibrations
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in the motivic flasque model structure, by [Hir03, Proposition 4.2.4]. We
have seen that the morphisms in J’ are all trivial cofibrations in the motivic
flasque model structure. Since ¢ is a relative J'-cell complex, it is a trivial
cofibration.

Since 7 has the RLP with respect to J' = J|JA(N), as we pointed out
at the beginning of the proof, it is a fibration and hence F” is fibrant. m

Recall that there are mapping spaces Map, (—, —) given by the simplicial
enrichment in sPSh(Sm/S).. We will denote by RMap,(—, —) their derived
analogs inducing a simplicial enrichment in the homotopy category H(S)..

The following result is a generalization of the case a = ¥y in [NS09,
Theorem 9.

Theorem 6.2.12. Let S be a noetherian scheme of finite Krull dimension
such that #Sm/S < «a for a regular cardinal o. Let F be an object in
sPSh(Sm/S). sectionwise of cardinality less than or equal to o and X an
object in sPSh(Sm/S)!{. Then # m,RMap, (X, F) < « for all n > 0.

Proof. 1t X isin Sm/S and F' — F’ is the fibrant replacement of Proposition

6.2.11, then
RMap, (X, F) = Map, (X, F') = F'(X),

which has cardinality less than or equal to «, since F' is sectionwise of cardi-
nality less than or equal to a.

The objects in sPSh(Sm/S)/ are constructed from objects in Sm/S
by finitely many pushouts in sPSh(Sm/S).. Since the identity functor in
sPSh(Sm/S), defines a simplicial (left) Quillen equivalence from the mo-
tivic flasque model structre to the motivic local injective model structure
(where cofibrations are defined levelwise [Isa05, Theorem 4.2]), we can as-
sume that the objects in sSPSh(Sm/S)! are constructed from objects in Sm/S
by finitely many homotopy pushouts in the motivic flasque model structure
on sPSh(Sm/S).. Hence the proof will be finished if we prove that the class

{X €sPSh(Sm/S). | #mn(X,F) < a,n > 0}

is closed under homotopy pushouts taken with respect to the motivic flasque
model structure. We will prove something stronger: If

A——B

[, b

C—2sD

is a homotopy pullback of simplicial sets where 7, (B), 7,(C) and 7, (D) have
cardinality less than or equal to a for n > 0, we claim that #m,(A) < « for
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n > 0. We can assume that B, C' and D are Kan complexes and that f
and ¢ are fibrations. By [May67, Section 9], there are strong deformation
retracts B’ ¢ B, ¢ ¢ C' and D’ C D such that B, C’ and D’ are minimal
Kan complexes and # B, #C and #D < a. Hence A is weakly equivalent to
the Kan complex B’ xp, C" and #B’ xp C' < «. ]

The following result is the analog of [NS09, Theorem 12].

Theorem 6.2.13. Assume that 2> = \* for every cardinal A < .. Let S be
a noetherian scheme of finite Krull dimension such that #Sm/S < « for a
reqular cardinal . Let F' be an object in SH(S)* and E a motivic spectrum

such that F, is sectionwise of cardinality less than of equal to o for all n > 0.
Then #SH(S)(F,XP1E) < a.

Proof. We claim that the full subcategory R C SH(S) of objects X such
that #SH(S)(X,¥XP1E) < « for all p, ¢ € Z is an a-localizing subcategory.
We will first prove that it is a triangulated subcategory. It is clearly closed
under suspension and given a morphism f: X — Y with X and Y in R we
have a long exact sequence

= SH(S) (X, SPUE) +— SH(S)(Cy, SPUE) +— SH(S)(Y, SPIE) — - - -

for all p, ¢ € Z. Since #SH(S)(Y,XP1E) < o and #SH(S) (XX, XPE) < «
we deduce that #SH(S)(Cy, EP9E) < « and then C; is in R. We next
show that it is closed by coproducts of less than « objects. Let {X;};c; be
a set of objects in R such that #I < a. Then #SH(S)([],c; Xi, XPIE) =
#1e; SH(S)(X;, XPE) < of, where k < a. Since we are assuming that
2) = \* for every cardinal A < «, Theorem implies that

#SH(S)(J[ Xi. =7E) < .

el

By Proposition 2.1.16, SH(S)* is the smallest a-localizing subcategory
generated by G. Hence, we can assume that F' = X37U, for some object U
in Sm/S.

Fix p, ¢ € Z and choose an integer £ > 0 such that ¢ = ¢+ k > 0 and
p =p—q+k. Then

SH(S)(F,E " 1E) = SH(S)(S (Us AS” AGE,), (P H(E))

where P! AF — is the left derived functor of P* A —. Since U, A SP' A GY, is
isomorphic in H,(S) to an object in sPSh(Sm/S)!, [NS09, Theorem 10 and
Lemma 11] imply that

SH(S)(F, X P79E) = colim,H.(S) (X% (U, ASP AGY), Sk E).
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Finally, by Theorem [6.2.12]
#H,(S)(ZE (U, ASP AGL), 28 F) < .
Hence, #SH(S)(F, X7 1E) < a. O
Finally we can give our proof of Theorem [6.2.8|

Proof of Theorem[6.2.8. We will prove that the full subcategory Ty C 7 with
objects G has cardinality less than or equal to a. By Corollary this im-
plies that #SH(S)¢ < a. Now, Theorem implies that #SH(5)* < a.

Since #G < #Sm/S < «, the cardinality of a set of isomorphism classes
of objects in 7y is less than or equal to «. Hence, it is enough to prove that

#SH(S) (EpiUs, ZHIEEVL) < a

for all p, g € Z and U, V € Sm/S. Fix an object V in Sm/S and denote by
E the motivic spectrum defined by E, = (35V),, = (P')"" A V. For every
object W in Sm/S, the simplicial set £, (W) is a quotient of the simplicial
set

(Sm/S)W.B)" x (Sm/S)(W, V) = PLW)" x V(W),

which has cardinality less than or equal to #Sm/S < a. This proves that
E' is sectionwise of cardinality less than or equal to a. By Theorem [6.2.13]
#SH(S)(E3UL, EPIE) = #SH(S) (33U, X158V, ) < a. m

To conclude, we want to stress the importance of Theorem [2.5.10] in the
proof of Theorem [6.2.8] in comparison with the proof in the case a = Rj in
[INS09, Theorem 13]. Theorem is used in order to control the cardinal-
ity of sets of the form SH(S)*(X, [[,c; Yi) with #I < a. In the case o = Ry,
there is no need of this, since SH(S)*(X, [[,c; Yi) = [1;e; SH(S)(X, V).



Appendix A

Purity for rings

Purity is intimately related to Adams representability, as exhibited by Chris-
tensen, Keller and Neeman |[CKNOI]. In this chapter we review the basic
aspects of purity for rings, as explained in [FS01, Ch. I, Sec. 8] and [JL89,
Appendix A].

Throughout this chapter, R will be an associative ring with identity and
R-Mod will denote the category of left R-modules. A submodule A of an
R-module B is pure if every finite system of equations over A,

Ti®1 A+ T Ty = a; € A for 1 <i <mn,

with coefficients r;; € R and unknowns 1, ..., 2,,, has a solution in A when-
ever it is solvable in B.

Definition A.0.14. Let R be a ring. A short exact sequence of R-modules
0—A— B— C — 0is called pure exact if one of the following equivalent
conditions holds.

1. A is a pure subobject of B.

2. For every finitely presentable R-module P, the induced sequence of
abelian groups

0 — Hompg(P, A) — Hompg(P, B) — Homg(P,C) — 0
is exact.
3. For every right R-module P, the induced sequence
0 —PRrA—PRrB—PRrC—0

18 exact.
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4. For every finitely presentable R-module P, the induced sequence
0—PR_A—PRpB—>PRrC —0
is exact.
5. The dual sequence
0 «— Homyz(A,Q/Z) <+— Homy(B,Q/Z) «— Homgz(C,Q/Z) +— 0
is a splitting short exact sequence of R-modules.
6. The dual sequence
0 «— Homgz(A,Q/Z) <+— Homgz(B,Q/Z) +— Homy(C,Q/Z) +— 0
is a pure exact sequence of R-modules.

7. The sequence 0 - A — B — C' — 0 is a filtered colimit of split exact
sequences.

An R-module P is called pure projective if for every short pure exact
sequence 0 -+ A — B — C' — 0 the induced sequence of abelian groups

0 — Hom(P, A) — Hom(P, B) — Hom(P,C) — 0

is exact. A pure projective resolution of an R-module M is a long exact
sequence

fi fo

—sp Iup P, Py M 0

where P, is pure projective and 0— ker(f,) — P, — coker(f,+1) —0 is
pure exact for all n > 0. Now we can define the pure projective dimension
of an R-module M, denoted by Ppd(M), as the least length of the pure pro-
jective resolutions of M; see [JL89, Appendix A], [FSO1, Ch. VI, Sec. 12] or
[Pre09, Sec. 2.2] for details. The pure global dimension of a ring, denoted by
Pgldim(—), is the supremum of the pure projective dimension of its modules.

Dually, we can define pure injective modules. They are also known as
algebraically compact modules and have been widely studied; see [Fuc70,
Chapter VII], [JL89, Chapter 7] or [ES01, Chapter XIII, Sec. 3] for details.

Observe that if 0 - A — B — C' — 0 is a short exact sequence, then C
is flat if and only if the sequence is pure exact [FSOI, Lemma 9.1]. On the
other hand, if C' and B are flat modules then so is A. Because of these facts,
projective resolutions of flat modules are also pure projective resolutions. For
this reason, the following proposition is useful in order to give lower bounds
for the pure projective global dimension of a ring.
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Proposition A.0.15. Let R be a ring with identity.
1. A finitely presentable flat R-module X is projective, i.e. pd(X) = 0.
2. A countably presentable flat R-module X has pd(X) <1 [Jen72].
3. An X, -presentable flat R-module X has pd(X) < n+ 1 [Oso73]|.
We state some known results about pure global dimensions of rings.

Theorem A.0.16 ([KS75, Theorem 2.1]). Let R be a ring with identity.
Then Pgldim(R) = 0 if and only if R is a pure quasi-Frobenius ring. This is
equivalent to claiming that R is an Artinian principal ideal domain. These
are algebras of finite representation type, which include the finite dimensional
ones.

Ezample A.0.17. By a result of Kulikov (|[Fuc?0, Theorem 18.1]), Z and k[X]
for any field k& have pure global dimension 1.

The following theorem says that the pure global dimension of a ring is
somehow bounded above by its cardinality.

Theorem A.0.18 ([GJ73], [KS75, Theorem 2.2]). Let R be a ring with iden-
tity and assume that max{Ry, #R} = W;. Then Pgldim(R) <t + 1.

Now we will exhibit some examples for which the upper bound that we
just found is reached. Remember that k(Xi,...,X,) is the ring of non-
commutative polynomials over the field k. This example will be of interest
in the thesis because it is a hereditary ring, whereas k[X7, ..., X,] is not.

Theorem A.0.19 ([BL82, Theorem 3.2]). Assume that k is a field such
that #k = N,. Let R = k[Xy,...,X,] and S = k(Xy,...,X,). Then
Pgldim(R) = Pgldim(S) >t + 1.

We sketch the proof of this theorem, because it contains several important
ideas: Let @) be the quotient field of R. Since @ is flat, Ppd(Q) = pd(Q)
and hence it will be enough to see that pd(Q) <t + 1.

The first step in the proof is the following result [Oso73, Theorem 2.59]:
pd(Q) = min{n,t + 1}. The fact that pd(Q) < n is part of Hilbert’s Syzygy
Theorem. The fact that pd(Q)) < t + 1 is seen by induction, applying the
Auslander Lemma and a well known lemma by Kaplanski ([Oso73, Lemma
2.25]). The details of this step of the proof can be found in the original
references [Oso73, 2.43] and [Jen72], but it also appears in [KS75 Proposition
1.3] and [FS01, Theorem 2.8].
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The next important observation is [BL82, Lemma 3.1]: If n > 2 then
Pgldim(k[ X7, ..., X,]) = Pgldim(k(Xy,...,X,)) does not depend on n and
then Pgldim(R) = Pgldim(S) >t + 1 for all n > 2.

Theorem is also true for polynomial rings with an infinite set of
variables. In fact, this was proved before. In the statement we will use the
notation N_; to denote any finite cardinal.

Theorem A.0.20 ([KS75, Theorem 2.3]). Let R[Y] be a polynomial ring
such that R is a commutative integral domain with #R = N, and #Y =N,
fort > —1 and m > 0. Then Pgldim(R[Y]) = max(t,m) + 1. If #k or #Y
are greater than or equal to N, then Pgldim(R[Y]) = co.

In view of the applications to Adams representability, we will be inter-
ested in hereditary rings, i.e. rings of global dimension less than or equal to
1. As we already said, rings of non-commutative polynomials over a field
are hereditary. The following theorem by Baer, Brune and Lenzing collects
various results about the pure global dimension of finite-dimension heredi-
tary algebras. Before we state the result, we recall some basic definitions;
see [Pre09] for details.

Definition A.0.21. Let R be a finite dimensional associative algebra over
an algebraically closed field k. Then the following holds.

1. R is of finite representation type if has only a finite number of isomor-
phism classes of indecomposable modules of finite length.

2. R is of wild representation type if there is a representation embedding
of k(X,Y)-Mod into R-Mod.

3. R is of tame representation type if it is not of wild representation type.

Theorem A.0.22 (Brune, Baer and Lenzing [BBL82, Theorem 3.4]). Let R
be a finite dimensional algebra over an algebraically closed field of uncountable
cardinality N, with t > 0. Suppose that R is hereditary. Then:

1. Pgldim(R) = 0 if R is of finite representation type.
2. Pgldim(R) = 2 if R is of tame representation type.

3. Pgldim(R) =t + 1 if R is of wild representation type.
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