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1. Introduction

The recent economic growth experience of US and some other developed countries is
charcterized by two di¤erent set of facts, which were illustrated by Kuznets (1957)
and Kaldor (1961), respectively. The Kuznets facts are de�ned by the change in the
sectoral shares of labor, which is a pattern observed in most economies. Figure 1 shows
evidence of this long run trend in the US and it shows that during the period 1869 to
2005 labor moved from agriculture to manufactures and services. The Kaldor facts are
observed in some developed economies during the last decades and are de�ned by the
balanced growth of the aggregate variables. This balanced growth is identi�ed by an
almost constant interest rate and an almost constant value of the ratio of capital to
GDP. Figure 2 shows that the time path of the ratio of capital to GDP in the US does
not exhibit clear trends in the last decades. Therefore, during the last decades, some
developed economies exhibit both balanced growth of aggregate variables and structural
change. Recently, there is a growing interest in analyzing whether multisector growth
models can simultaneously explain the Kaldor and Kuznets (K-K, henceforth) facts. In
this paper, we contribute to this analysis.

[Insert Figures 1 and 2]

Most multisector-growth models cannot explain K-K facts when structural change
is driven only by the accumulation of production factors. In these models, the
equilibrium exhibits structural change and unbalanced growth during the transition,
whereas it exhibits a constant sectoral composition and balanced growth in the long run.
Therefore, these models cannot explain equilibrium dynamics along which aggregate
variables exhibit an almost balanced growth path, while there is structural change.
Recently, the growth literature has introduced additional factors driving structural
change in order to explain both sets of facts. This literature has distinguished between
models where structural change is driven by supply factors and models where it is driven
by demand factors. On the one hand, supply factors are changes in relative prices that
through a substitution e¤ect cause structural change. These factors have been studied
by Ngai and Pissariadies (2007), Acemoglu and Guerrieri (2008), Melck (2002), among
many others. On the other hand, demand factors are related to income e¤ects due to
non-homothetic preferences that cause structural change in a growing economy. These
factors have been studied by Kongsamunt et al. (2001) (KRX, henceforth), Foellmi
and Zweimüller (2008), among others.1 Buera and Kaboski (2009), and Boppart (2011)
combine both supply and demand factors to explain structural change.2

KRX introduce sector speci�c minimum consumption requirements in a multisector
growth model. This model can explain the K-K facts when the intertemporal
decision on consumption expenditures is driven by homothetic preferences, whereas
the intratemporal decision on the allocation of expenditures among the di¤erent
consumption goods is driven by non-homothetic preferences. The homotheticity of

1Echevarria (1997), Laitner (2000) and Caselli and Coleman (2001) are important papers analyzing
structural change driven by non-homothetic preferences in a growing economy. However, the purpose
of these papers is to explain the Kuznets facts and they do not discuss the Kaldor facts.

2Dennis and Iscan (2008) and Herrendorf et al. (2013) compare the performance of demand and
supply factors to explain sectoral change.
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preferences governing the intertermporal decision implies that aggregate variables
converge to a BGP and the non-homotheticity of preferences governing the
intratemporal decision causes structural change in a growing economy. As shown by
KRX, these two conditions can be simultaneously satis�ed when the aggregate value
at market prices of the sector speci�c minimum consumption requirements is zero.
Obviously, this is a knife-edge condition that requires strong assumptions on both
preference parameters and technology. We contribute to this literature by showing
that it is a su¢ cient not necessary condition, which implies that the results obtained
by KRX are robust as they hold even if the knife-edge condition is not assumed. We then
conclude that the introduction of sector speci�c minimum consumption requirements
in multisector growth models provides a plausible explanation of the K-K facts.

We study a multisector growth model where structural change is driven by
preferences that are non-homothetic due to the introduction of sector speci�c minimum
consumption requirements. We show that, given initial conditions on capital intensity,
there is a continuum of equilibrium paths indexed by the initial intensity of the
minimum consumption requirements. This intensity is measured by the ratio between
the aggregate value of the sector speci�c minimum consumption requirements and GDP.
Obviously, in a growing economy, this intensity decreases and converges to zero. As a
consequence, in the long run, preferences are homothetic and the economy converges
asymptotically to the same BGP regardless of the initial intensity.

KRX, by assuming that the aggregate value of the minimum consumption
requirements is zero, select one particular equilibrium path. This equilibrium is
obtained when the initial intensity of the minimum consumption requirements is
equal to zero. Along this equilibrium, convergence in the aggregate variables is
faster than convergence in the sectoral composition. This implies that eventually
aggregate variables exhibit a balanced growth path, while there is structural change.
Note that this equilibrium explains the K-K facts. By using a continuity argument,
we conjecture that these facts can also be explained by other equilibrium paths
that are close enough to this equilibrium. These other equilibrium paths can be
selected by assuming su¢ ciently small initial intensities of the minimum consumption
requirements. Therefore, we conjecture that the necessary condition to explain the K-
K facts is to assume a su¢ ciently small initial intensity of the minimum consumption
requirements. We prove this conjecture numerically. We simulate the transitional
dynamics of economies that are di¤erentiated only by the initial intensity of the
minimum consumption requirement and we use two di¤erent criteria to show that there
is a continuum of equilibrium paths satisfying the K-K facts. First, we show that if the
aggregate value of the minimum consumption requirement is initially less than 25% of
GDP, then the speed of convergence of variables characterizing the aggregate economy
(interest rate, capital to GDP ratio) will be larger than the speed of convergence
of those variables characterizing the sectoral composition (labor shares). This result
implies that in these economies with a su¢ ciently small initial intensity of the minimum
consumption requirements aggregate variables eventually exhibit balanced growth,
while there is structural change. The second criteria is based on the value of the average
annual growth rate of the variables in the last 65 years of the numerical simulations. We
show than in economies with an initial value of the minimum consumption requirement
smaller than 25% of the GDP, the annual growth rate of aggregate variables during this
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period is almost null, whereas the growth rate of the labor shares is clearly di¤erent
from zero. Note that both criteria are consistent and suggest that those economies
with a su¢ ciently small initial intensity of the minimum consumption requirements
satisfy the K-K facts. In contrast, when the initially intensity is large, the growth of
the aggregate variables is unbalanced during a large period of time and these equilibria
may not satisfy the K-K facts.

We also study the performance of the numerical simulations in explaining structural
change in the US during the period 1869-2005. We show that the equilibrium that
provides the best �t is obtained when we assume that the initial intensity of the
minimum consumption requirements is large. This result is an obvious consequence
of the fact that in the model structural change is explained only by demand factors
and, thus, in order to explain the patterns of structural change we need to assume that
the US economy was su¤ering from a strong intensity of the minimum consumption
requirements in the nineteen century. We also show that the initial intensity that
provides the best �t decreases if we increase the initial year of the period that we want
to explain. Interestingly, this empirical �nding is consistent with the de�nition of the
intensity of the minimum consumption requirement that implies a reduction in the
intensity as the economy develops.

In a last numerical exercise, we show that the convergence of the GDP growth rate
crucially depends on the initial intensity of the minimum consumption requirements.
When this intensity is su¢ ciently small, the growth rate decreases as capital
accumulates, as in the neoclassical growth model. In contrast, when the initial intensity
is large, the time path of the growth rate is hump-shaped. Interestingly, this pattern
of convergence has been observed in some fast growing economies that where initially
poor (South Korea, Taiwan, Japan).3

This paper then outlines the relevance of the initial intensity of the minimum
consumption requirements in explaining the observed transitional dynamics. This
variable is inversely related to the level of development. In initially rich economies,
the intensity is low and hence these economies exhibit the K-K facts and neoclassical
convergence of the growth rate. In contrast, in initially poor economies, the intensity
of the minimum consumption requirements is large and growth is unbalanced during a
longer period of time, implying that these economies may not exhibit the K-K facts.
Moreover, the growth rate exhibits a hump-shaped transition in these economies.

The paper is organized as follows. Section 2 presents the model and Section 3
characterizes the equilibrium. Section 4 numerically simulates the equilibrium dynamics
to investigate when the economy simltaneously satis�es the K-K facts. Section 5
analyses the performance of the numerical simulations. Section 6 concludes the paper.
The proof of stability is in Appendix A.

3Easterly (1991), Christiano (1989) and, more recently, Steger (2001), Papageorgiou and Perez-
Sebastian (2005) and Jeong and Yong Kim (2006) show that some fast growing economies exhibit a
hump-shaped transition of the GDP growth rate.
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2. The Model

2.1. Firms

We consider an economy composed of m productive sectors. We interpret the sector
m as the one producing manufactures that can be devoted to either consumption or
investment, whereas all the other sectors produce a pure consumption good. We assume
that each sector i produces by using the following Cobb-Douglas technology:4

Yi = (siK)
� (AiuiL)

1�� = AiuiL (zi)
� ; (2.1)

where si is the share of total capital, K; employed in sector i; ui is the share of total
labor, L; in sector i; Ai measures the e¢ ciency units of labor in sector i; � is the
capital output elasticity; and zi = siK=AiuiL measures capital intensity in sector i.
We assume that Ai grows at the exogenous growth rate ; which is identical across
sectors. This assumption implies that technological progress is unbiased and that the
long run growth rate of GDP is equal to .

Finally, we assume perfect competition and perfect factor mobility across sectors,
implying that each production factor is paid according to its marginal productivity and
that wages, w; and the interest rate, r; are equal across sectors. This last assumption
implies that

w = Aipi (1� �) (zi)� ; (2.2)

and
r = pi� (zi)

��1 � �; (2.3)

where � 2 [0; 1] is the depreciation rate of capital and pi is the relative price of the
good produced in sector i in units of the good produced in sector m. Thus, the good
produced in sector m is the numeraire and hence pm = 1:

From using (2.2) and (2.3), we obtain that

zi =

�
Am
Ai

�
zm; (2.4)

and

pi =

�
Am
Ai

�1��
: (2.5)

Note that prices are constant as technological change is unbiased and capital output
elasticity is the same across the di¤erent sectors. As a consequence, structural change
is driven only by demand factors.5

2.2. Consumers

Let us consider an economy populated by an unique in�nitely lived representative
consumer. This consumer obtains income from capital and labor. This income is

4For the sake of simplicity, time subindexes are not introduced.
5Alonso-Carrera, Caballé and Raurich (2011) study the transitional dynamics e¤ects of changes in

prices.
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devoted to either consumption or investment. Therefore, the budget constraint is

rK + wL =
mX
i=1

pici + _K + �K; (2.6)

where ci is the amount consumed of good i. As follows from the budget constraint, the
relative price of the investment good is one. This is a consequence of assuming that
this good is produced in sector m and, as mentioned, the output of this sector is the
numeraire. The representative consumer�s utility function is

U =

Z 1

0

"Qm
i=1 (ci � eci)�i(1��)

1� �

#
e��tdt; (2.7)

where eci is a preference parameter that can be interpreted as the minimum consumption
requirement of good i; � > 0 is the subjective discount rate; � > 0 is the inverse of the
intertemporal elasticity of substitution when eci = 0 for all i; and �i 2 (0; 1) provides
the weights of the di¤erent consumption goods in the utility function. We assume thatPm
i=1 �i = 1: Note that this utility function is non-homothetic when eci 6= 0 for some i:
The representative consumer maximizes the utility function (2.7) subject to the

budget constraint (2.6). By standard procedure, we �nd the �rst order conditions and
rearrange them to summarize the necessary conditions for optimality in the following
two conditions:

Ui = piUm; (2.8)

and
_Um
Um

= �� r: (2.9)

Using (2.7) and (2.8) we obtain

pi (ci � eci) = � �i
�m

�
(cm � ecm) : (2.10)

Equation (2.10) characterizes the intratemporal decision on the allocation of
consumption expenditures among the di¤erent consumption goods. Let E =

Pm
i=1 pici

be the value of consumption expenditures and let eE =Pm
i=1 pieci be the aggregate value

of the minimum consumption requirements. From using the de�nitions of E and eE;
equation (2.10) can be rewritten to obtain

cm � ecm = �m �E � eE� :
Using this equation and (2.10), we obtain the expenditure shares in every sector

pici
E

= �i

 
E � eE
E

!
+
pieci
E
: (2.11)

Log-di¤erentiating equation (2.10) with respect to time and taking into account
that prices are constant, we obtain

_ci
ci � eci = _cm

cm � ecm : (2.12)
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We use (2.9) to obtain

�� r =
Pm
i=1 Umi _ci
Um

: (2.13)

We use (2.7) and (2.12) to rewrite (2.13) as the following Euler equation:

_E

E
= 
(r � �) ; (2.14)

where 
 =
�
E � eE� /�E is the intertemporal elasticity of substitution (IES,

henceforth).
One can directly follow from (2.11) that income e¤ects drive structural change

in expenditure shares when eci 6= 0 for some i. In addition, as follows from (2.14),
balanced growth of aggregate variables requires a constant intertemporal elasticity
of substitution. This elasticity is constant when eE=E = 0; which is satis�ed
asymptotically in a growing economy as E diverges to in�nite. Obviously, in �nite
time this condition can only be satis�ed if eE = 0: Following these arguments, KRX
show that if eE = 0 and eci 6= 0 for some i then the equilibrium simulatenously exhibits
balanced growth of aggregate variables and structural change and, therefore, the model
can explain the K-K facts. However, this condition is a strong knife-edge condition as
it requires both a strict relationship between preference and technological parameters
and constant relative prices. In contrast, we follow Acemoglu and Guerrierie (2008)
and argue that K-K facts are satis�ed when aggregate variables exhibit an almost
balanced growth path, while there is substantial structural change. An almost BGP is
an equilibrium path along which the change in aggregate variables is almost null. We
follow this approach and we show that eE = 0 is a su¢ cient but not necessary condition
to explain the K-K facts.

3. The equilibrium

In order to characterize the equilibrium, we de�ne the following transformed variables:
z = K=AmL; e = E=Q and ee = eE=Q: Note that the stock of aggregate capital per
e¢ ciency units of labor, z; is a measure of capital intensity and ee measures the intensity
of the minimum consumption requirements. Note also that ee is inversely related to the
level of income.

3.1. Market clearing

We proceed to obtain the market clearing conditions. Since sector m produces a
commodity that can be used either as a consumption good or as an investment good,
the market clearing condition for this sector is given by

Ym = cm + _K + �K:

By the contrary, since the other sectors only produce consumption goods, the market
clearing condition in these sectors is ci = Yi; for all i 6= m; which can be rewritten as

ui =
ci

AiL (zi)
� : (3.1)
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Market clearing in the labor market implies that

mX
i=1

ui = 1; (3.2)

and in the capital market implies that
Pm
i=1 si = 1:

Using the de�nitions of z and zi; we obtain that

zi =
siAmz

uiAi
: (3.3)

From the last equation and (2.4), we obtain that zmui = zsi: From using this equation
and the equilibrium conditions in the labor and capital markets, it follows that zm = z
and zi = Amz=Ai: This last equation and (3.3) imply that si = ui:

Finally, from the budget constraint we obtain that

Q = E + _K + �K; (3.4)

where Q =
Pm
i=1 piYi measures GDP. Using (2.1) and (2.5), GDP can be rewritten as

Q = AmLz
�: (3.5)

3.2. Static equilibrium: sectoral composition

We proceed to obtain the labor shares as functions of the transformed variables: e; ee
and z: To this end, we �rst use (2.4), (2.5), (2.11), (3.1) and (3.5) to obtain the labor
share in the consumption sectors

ui = �i (e� ee) + pievi; for all i 6= m; (3.6)

where evi = eci/Q = eciee/ eE: From using the equilibrium condition in the labor market,
um = 1�

Pm�1
i=1 ui; we obtain the labor share in the manufacturing sector

um = 1� (e� ee) (1� �m)� ee+ evm: (3.7)

3.3. Dynamic equilibrium: aggregate variables

We use the de�nition of e; (3.4) and (3.5) to obtain

_K

K
= (1� e) z��1 � �:

We log-di¤erentiate the de�nition of z and we use the previous equation to obtain the
following di¤erential equation governing the time path of z :

_z

z
� � (e; z) = (1� e) z��1 � � � : (3.8)

Next, the di¤erential equation governing the time path of ee is obtained from log-
di¤erentiating the de�nition of this variable and it is

�eeee = � � �� (e; z) : (3.9)
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Finally, we log-di¤erentiate the de�nition of the transformed variable e, and then we
use (2.14) and the �rst order conditions from the �rms�problem to obtain the following
di¤erential equation governing the time path of e :

_e

e
=

�
�z��1 � � � �

�

��
e� ee
e

�
�  � �� (e; z) : (3.10)

Given initial conditions on both z and ee, the dynamic equilibrium is a path of
fe; z; eeg1t=0 that solves the system of di¤erential equations (3.8), (3.9) and (3.10) and
satis�es the transversality condition lim

t!1
e��tUmK = 0:

The equilibrium is de�ned using one control variable, e; and two state variables,

z and ee. Note that ee0 = eE.Am;0Lz�0 and thus the initial values z0 and ee0 can be
chosen independently because of the initial value of Am. Obviously, given the initial
value of z0; the initial intensity of the minimum consumption requirements decreases
as Am;0 increases. Observe that the knife-edge condition introduced by KRX is eE = 0
and, thus, it implies ee = 0: Therefore, by assuming this knife-edge condition from the
beginning, they reduce the dimensionality of the equilibrium.

Proposition 3.1. There is an unique steady state and the value of the variables isee� = 0;
z� =

�
� + � + �

�

� 1
��1

;

and

e� = 1� � (� + )

� + � + �
:

Proposition 3.2. The unique steady state is saddle path stable.

Given that there are two state variables, saddle path stability implies that the
dynamic equilibrium is a two-dimensional stable manifold. Therefore, given initial
conditions on both state variables, there is an unique equilibrium path converging
towards the steady state. However, given initial conditions on relative capital intensity,
z0; there is a continuum of equilibrium paths indexed by the initial value of the
intensity of the minimum consumption requirements, ee0: Taking this into account, we
can reinterpret the knife-edge condition in KRX. This condition implies that ee0 = 0:
Therefore, this knife-edge condition is equivalent to select a particular equilibrium
path of the two dimensional manifold. We know that the transitional dynamics
of this equilibrium path eventually satis�es the K-K facts, implying that variables
characterizing the aggregate economy converge faster than variables characterizing the
sectoral composition. By a continuity argument, we conjecture that other equilibrium
paths close enough will exhibit similar transitional dynamics and, therefore, they will
also satisfy these two sets of facts. These equilibrium paths can be selected by assuming
that the initial intensity of the minimum consumption requirements is su¢ ciently small,
but di¤erent from zero. Note that this conjecture implies that the dynamic equilibrium
exhibits K-K facts even though the knife-edge condition is not assumed. In the following
section, we numerically prove this conjecture and, moreover, we also show that there
are no qualitative di¤erences between the equilibrium path when ee0 = 0 and whenee0 6= 0:
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4. Kuznets and Kaldor facts

We assume that there are three sectors: manufactures, agriculture and services. In
order to calibrate the parameters, we use the independence of the time path of aggregate
variables from the values of �i and eci:We therefore set the value of the rest of parameters
to match targets for the aggregate variables. We assume that � = 0:35; which implies
that the aggregate labor income share equals 65%. The long run growth rate of GDP
is  = 2%: We set � = 5:6% to obtain a ratio of investment to capital equal 7:6%
in the long run. We set � = 2 implying a long run IES equal to 0:5 and � = 0:014
implying a long run interest rate equal to 5:4%. We normalize the level of GDP by
assuming that Am;0 = 1 and L = 1: We assume that z0 = 0:75z�; whereas we consider
the following values of ee0 : f�0:5;�0:25; 0; 0:25; 0:5; 0:75; 0:9g.6 Note that we simulate
seven economies that are di¤erentiated only by the initial intensity of the minimum
consumption requirement. Note also that the initial condition on the capital intensity
implies that these economies must accumulate capital along the transition in order to
converge. Using these parameters, we simulate the equilibrium and we obtain the time
path of the aggregate variables. Finally, these time paths are used to estimate f�ig2i=1
and fecig2i=1 by ordinary least squares to �t the sectoral labor shares to actual US data
between the years 1869 and 2005. More precisely, we use (2.5), (3.5) and (3.6) to rewrite
the labor shares in the consumption sectors as

ui = �i (e� ee) + �Am
Ai

�1��� eci
AmLz�

�
; for all i 6= m:

Without loss of generality, we assume that Ai0 = 1 for i = 1; 2 and the labor share can
be rewritten as7

ui = �i (e� ee) + ecie�tz��:
Table 1 shows the estimates of f�ig2i=1 and fecig2i=1 obtained in the seven economies.
Using these estimates, the value of �m is obtained from �m = 1� �1� �2 and the value
of ecm is obtained from ecm = ee0z�0 � ec1 � ec2:

[Insert Table 1]

Table 1 provides the estimated values of the parameters �i and eci: The estimated
weights �i of the consumption goods in the utility function are quite similar to those
obtained by Herrendorf et al. (2013). More precisely, we obtain a very close value
for the weigth �2 of services, whereas we obtain a slightly larger (smaller) value for
the weight �1 (�m) of agriculture (manufactures). Table 1 also shows that in order
to explain the patterns of structural change in employment in the US the minimum
consumption requirements must satisfy the following ranking: ec1 > ecm > ec2: In the
simulated example, this ranking implies that the income elasticity of the demand
of service goods is larger than one, whereas the income elasticity of the demand of

6The conclusions obtained in the numerical analysis also hold if we had assumed that z0 = 0:5z� or
z0 = 0:25z

�: Note also that if we had assumed that z0 = z� then aggregate variables would not exhibit
transitional dynamics when ee0 = 0, whereas they would exhibit transitional dynamics when ee0 6= 0:

7 If we had assumed that Ai0 6= 1 for i = 1; 2 then the labor shares would have been ui =
�i (e� ee) + �ie�tz��; where �i = A��1i0 eci: Thus, in this case, we would estimate �i instead of eci:
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agriculture goods is smaller than one. These elasticities explain the increase in the
share of labor devoted to services and the reduction in the share of labor devoted to
agriculture that we observe in the data. The table also shows that estimated values of
the minimum consumption requirements deviates from the values that the literature
suggested (see, e.g., Konsamunt et al., 2001; or Herrendorf et al., 2013). Firstly, we
observe that the patterns of sectoral change in the US are in some cases compatible
with positive values of ec2: In particular, while we obtain a negative value of ec2 for
su¢ ciently small values of ee0; the estimated value of ec2 is positive when ee0 is positive
and large. As was explained by KRX, a negative value of ec2 can be interpreted as home
production of services. Secondly, the estimated value of ecm can be either positive or
negative but it is always di¤erent from zero, which is in stark contrast with what was
typically assumed by the related literature. Therefore, observe that all of the estimated
minimum consumption requirements are strictly positive for a su¢ ciently large value
of ee0:

Figures 3, 4 and 5 illustrate the numerical simulations of the seven economies
that are di¤erentiated only by the initial intensity of the minimum consumption
requirements. Figure 3 shows the time path of four aggregate variables: the ratio
of capital to e¢ ciency units of labor, the ratio of capital to GDP, the interest rate and
the ratio of consumption expenditures to GDP. The equilibrium obtained by assumingee0 = 0 is the equilibrium obtained when we assume the knife-edge condition eE = 0
imposed by KRX. As follows from Figure 3, the transitional dynamics of this economy
are qualitatively similar to those of economies obtained when the knife-edge condition
is not assumed (ee0 6= 0). In particular, the di¤erent economies converge to the same
long run equilibrium. This is a consequence of the fact that in a growing economy
the intensity of the minimum consumption converges to zero, regardless of the initial
condition, as shown in Figure 4. This implies that preferences are homothetic in the
long run, which explains that these di¤erent economies converge to the same long run
equilibrium, but obviously they do at di¤erent rates of convergence. Therefore, the
relevant di¤erences among these economies occur during the transition.

[Insert Figures 3 and 4]

Panel 4 in Figure 3 shows that economies with an initially large intensity of the
consumption requirement devote a large fraction of GDP to consumption expenditures.
As a consequence, investment in these economies is small in the initial periods, implying
that both capital per unit of e¢ ciency labor and the ratio of capital to GDP initially
decrease (see Panels 1 and 2 in Figure 1). Obviously, in a growing economy that
accumulates capital, this smaller capital accumulation causes a reduction in the speed
of convergence of aggregate variables, implying that convergence occurs later.8 This
suggests that these economies with a large initial intensity of the minimum consumption
requirement may not explain the K-K facts, as these facts require that variables
characterizing the aggregate economy should converge before than those other variables
characterizing the sectoral composition. Based on this argument, Tables 2 and 3 provide
two di¤erent criteria in order to disentangle between simulated economies that satisfy
the K-K facts and those other economies that may not satisfy these facts.

8Christiano (1989) introduces this argument to explain that minimum consumption requirements
reduce the speed of convergence in a one-sector neoclassical growth model.
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[Insert Table 2]

Table 2 uses as a criteria the comparison between the half life of aggregate variables
(interest rate, ratio of capital to GDP and ratio of capital to e¢ ciency units of labor)
and the half life of those other variables characterizing the sectoral composition (labor
shares). Half life is the number of years a variable takes to �ll half of the initial
distance to the steady state. Therefore, half life is a measure of the non-asymtotic
speed of convergence. Obviously, K-K facts are satis�ed when half life is much smaller
for aggregate variables than for those variables characterizing the sectoral composition.
As follows from this table, when the initial intensity of the minimum consumption
requirements is zero, half life is smaller for aggregate variables than for the labor shares.
This implies that in this economy, obtained by assuming the knife-edge condition eE = 0,
aggregate variables will exhibit an almost BGP, while there is structural change and,
thus, this economy satis�es the K-K facts. Table 2 also shows that the half life of
aggregate variables increases as the initial intensity of the minimum consumption
requirements increases. However, for those economies with ee0 � 0:25 half life of
aggregate variables is still smaller than half life of the labor shares, which implies that
equilibria in these cases also satisfy the two sets of aforementioned facts. In contrast,
for the economies with ee0 � 0:5 half life is larger for aggregate variables, which implies
that equilibria in these cases do not explain the two sets of facts. Note that the results
in this table provide numerical support to our conjecture that the equilibria obtained
by assuming an initial value of the intensity of the minimum consumption requirement
below a threshold eventually exhibit the K-K facts. We then conclude that these facts
can be explained in a model of structural change driven by demand factors, even though
the knife-edge condition eE = 0 in KRX is not introduced.

[Insert Table 3]

Following Acemoglu and Guerrierie (2008), in Table 3 we use the average annual
growth rate in the last 65 years as a second criteria to test whether or not the simulated
economies satisfy the K-K facts. The table compares the growth rates of aggregate
variables with the growth rates of the labor shares. Satisfying the K-K facts requires the
growth of aggregate variables to be almost null, whereas the growth of those variables
characterizing sectoral composition should be clearly di¤erent from zero. As follows
from the table, the growth rates of the labor shares are clearly di¤erent from zero
in all the simulated economies. Obviously, this implies that in all these economies
there is structural change during the last 65 years. In contrast, the growth rates
of aggregate variables are almost null when ee0 � 0:25; whereas they are larger than
0.1% when ee0 � 0:5: These �ndings imply that K-K facts are explained when we
assume a su¢ ciently small initial intensity of the minimum consumption. Note that
this conclusion is consistent with the �ndings obtained in Table 2. We can then safely
conclude that the necessary condition to explain the K-K facts is a su¢ ciently small
initial intensity of the minimum consumption requirements.

As follows from Table 1, when ee0 is su¢ ciently small so that the economy exhibits K-
K facts, the estimated minimum consumption requirements are positive in agriculture
and negative in the service sector. Note that these values of the minimum consumption
requirements are consistent with the ones assumed by KRX.
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5. Performance of the numerical simulations

In this section we analyze the goodness of our model in replicating the patterns of
stuctural change observed in US, and how this performance depends on the intensity
of the minimum consumption requirements. To this end, we �rst compare in Figure
5 the labor shares in the three sectors with actual US data. As follows from this
comparison, the numerical simulations provide a very good �t when explaining the
labor shares in agriculture and services.9 Moreover, there are interesting di¤erences
in the performance of the di¤erent simulated economies. Table 4 shows the root men-
squared error and coe¢ cient of determination of the di¤erent simulated economies
for the three labor shares. The best �t is obtained when the initial intensity of the
minimum consumption requirements is extremely large (a value ee0 = 0:9 to explain the
labor share in agriculture and a value ee0 = 0:95 to explain the labor shares in the other
two sectors). This result is obtained because we assume that structural change is driven
only by demand factors. This �nding then implies that in order to explain the process
of structural change in the US in the last 140 years it is necessary to assume that in
the mid of the nineteen century the US su¤ered from a large intensity of the minimum
consumption requirements. Note that the values of the initial intensity that provide the
best �t imply that the economy does not explain the K-K facts. We interpret this as
evidence that other factors also drive structural change. However, we outline that if we
limit the initial intensity to values that make the numerical simulations to exhibit the
K-K facts, the performance of the numerical simulation is still very good: the coe¢ cient
of determination in the agriculture sector is 0.95 and of the service sector is 0.82.

[Insert Figure 5 and Table 4]

Table 5 shows the value of the initial intensity of the minimum consumption
requirement that provides the best �t to explain the labor shares when the period
is reduced. We have studied the periods: 1885-2005, 1903-2005, 1927-2005 and 1950-
2005. Note that the periods are reduced by increasing the initial year. The table shows
that the initial intensity of the minimum consumption requirements that provides the
best �t decreases as the initial year is increased. For instance, the values of ee0 that
provide the best �t in services are 0:95; 0:9; 0:75; 0:7; and 0:4 when the initial years
are, respectively, 1869, 1185, 1903, 1927, and 1950. It is important to outline that
this empirical �nding is consistent with the de�nition of the intensity of the minimum
consumption requirement. According to this de�nition, in a growing economy the
intensity of the minimum consumption requirements decreases, implying a reduction in
the initial intensity as the initial period increases.

[Insert Figure 6 and Table 5]

9The coe¢ cient of determination of the manufacturing sector is small. This is a consequence of both
the small variability of the actual labor share in this sector and also of the calibration procedure that
estimates the parameters to match only the structural change in the agriculture and service sectors.
Given the labor market clearing condition (3.2), the simulated variation in the labor share of the
manufacturing sector is also driven by the variation in the labor share of the other two sectors that
was not explained by our estimations and simulations.
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Figure 6 shows the time path of the growth rate of the GDP. Economies with an
initially small intensity of the minimum consumption requirement exhibit the standard
neoclassical convergence, explained by the diminishing returns to capital. In contrast,
the time path of the growth rate of those economies with an initially positive and large
intensity of the minimum consumption requirement exhibit a hump-shaped pattern. In
these economies, the large initial intensity of the minimum consumption requirement
prevents capital accumulation, which explains the initially low growth rates. As capital
becomes scarce, the interest rate rises which explains the increasing path of the growth
rate and of capital accumulation. Once capital becomes abundant, the diminishing
returns to capital cause the reduction in the growth rates until convergence. This
growth pattern is consistent with the observed growth patterns in some emerging
economies (Japan, South Korea and Taiwan). In fact, this hump-shaped pattern
has already been explained in the framework of a one sector growth model with non-
homothetic preferences by Steger (2000). Therefore, the contribution of our paper to
this literature studying the growth patterns is to show that the equilibrium dynamics of
a multisector growth model with non-homothetic preferences are consistent with both
the growth patterns and the observed process of structural change.10

6. Concluding remarks

We have analyzed the equilibrium dynamics of a multi-sector growth model, where
the introduction of minimum consumption requirements makes preferences be non-
homothetic. The equilibrium is characterized by a two dimensional manifold, so
that there is a continuum of equilibrium paths indexed by the initial intensity of the
minimum consumption requirements. The knife-edge condition in KRX is equivalent to
select a particular equilibrium path within this continuum. We show numerically that
this equilibrium path satis�es the K-K facts and we also show that other equilibrium
paths selected by assuming su¢ ciently low values of the initial intensity of the minimum
consumption requirements also satisfy these two sets of facts. We then conclude that
the aforementioned knife-edge condition is not a necessary condition to explain K-K
facts.

The knife-edge condition considered by KRX implies that relative price should
be constant. This is a strong assumption that is not supported by the data and,
moreover, it excludes relative price e¤ects driving structural change. Buera and Kaboski
(2009), Herrendorf et al. (2013), and Boppart (2011) provide evidence showing that
both relative price e¤ects and income e¤ects drive structural change. Therefore, the
introduction of the knife-edge condition in models with non-homothetic preferences
limits the interest of these models in explaining structural change, as it does not allow
introducing supply factors. By proving that the knife-edge condition is not necessary,
we show that relative price e¤ects can be easily incorporated in a model with Stone-
Geary preferences. Thus, the analysis in this paper can be extended to introduce
biased technological change or di¤erences in the capital intensities across sectors. Both

10Note that our analysis in Figure 6 cannot be used for deriving conclusions regarding the cross-
country comparisons of the patterns of economic growth as we have assumed in all the simulated
economies the same initial condition for the stock of capital in e¢ cient units of labor.
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mechanisms generate dynamics in prices that can complement the income e¤ects in
generating structural change.

The initial intensity of the minimum consumption requirements is inversely related
with the level of economic development. We show that it plays a crucial role driving
the transitional dynamics. Initially rich economies bene�t from an initially low
intensity of the minimum consumption requirements and, as a consequence, aggregate
variables exhibit balanced growth, whereas there is structural change. These economies
replicate the K-K facts during a long period and the growth rate decreases with capital
accumulation, as in the neoclassical one-sector growth model. In contrast, initially
poor economies su¤er from an initially large intensity of the minimum consumption
requirements and, thus, the growth of the aggregate variables is unbalanced during
a long period of time. In these economies, K-K facts are either satis�ed during a
small number of years or they may never be satis�ed. Moreover, the convergence of
aggregate variables is di¤erent from the convergence obtained in the neoclassical one
sector growth model. In particular, the time path of the growth rate exhibits a hump-
shaped transition.

15



References

[1] Acemoglu, D. , Guerrieri, V. (2008). Capital deepening and non-balanced economic
growth. Journal of Political Economy, 116(3), 467-498.

[2] Alonso-Carrera, J., Caballé, J. and Raurich, X. (2011). Sectoral Composition and
Macroeconomic Dynamics. Barcelona GSE Working Paper Series, 545.

[3] Boppart, T. (2011). Structural change and the Kaldor facts in a growth model with
relative price e¤ects and non-Gorman preferences. Working Papers 002, University
of Zurich.

[4] Buera, F. and Kaboski, J. (2009). Can traditional theories of structural change �t
the data? Journal of the European Economic Association, 7, 469-477.

[5] Caselli, F. and Coleman, J.W II. (2001).The U.S. structural transformation and
regional convergence: A reinterpretation. Journal of Political Economy, 109, 584�
616.

[6] Christiano, L (1989). Understanding Japan�s Saving Rate: The Reconstruction
Hypothesis. Federal Reserve Bank of Minneapolis Quarterly Review 13, 2.

[7] Dennis, B. and Iscan, T. (2009). Engel versus Baumol: accounting for sectoral
change using two centuries of US data. Explorations in Economic History, 46,
186-202.

[8] Easterly, W (1991). Economic Stagnation, Fixed Factors, and Policy Thresholds,
World Bank working paper, 795.

[9] Echevarría, C. (1997). Changes in sectoral composition associated with economic
growth. International Economic Review, 38, 431-452.

[10] Foellmi, R. and Zweimüller, J. (2008). Structural change, Engel�s consumption
cycles and Kaldor�s facts of economic growth. Journal of Monetary Economics,
55(7):1317-1328.

[11] Herrendorf, B., Rogerson, R. and Valentinyi, Á. (2013). Two Perspectives on
Preferences and Structural Transformation, American Ecomic Review, 103, 2752-
2789.

[12] Jeong, H. and Kim, Y. (2006). S-shaped Transition and Catapult E¤ects,
unpublished manuscript.

[13] Kaldor, N. (1961). Capital accumulation and economic growth, in F.A. Lutz and
D.C. Hague (eds.), The theory of capital. New York:St. Martin�s Press, 177-222.

[14] Kongsamunt, P., Rebelo, S., Xie, D. (2001). Beyond balanced growth. Review of
Economic Studies, 68, 869-882.

[15] Kuznets, S. (1957). Quantitative aspects of the economic growth of nations: II.
Economic Development and Cultural Change, Supplemanet to Vol. 5, 3-111.

16



[16] Laitner, J. (2000). Structural change and economic growth. Review of Economic
Studies, 67, 545-561.

[17] Melck, J. (2002). Structural Change and Generalized Balanced Growth. Journal
of Economics, 77, 241-266.

[18] Ngai, R., Pissariadies, C. (2007). Structural change in a multisector model of
growth. American Economic Review, 97, 429-443.

[19] Papageorgiou, C. and Perez-Sebastian, F. (2006). Dynamics in a non-scale R&D
growth model with human capital: Explaining the Japanese and South Korean
development experiences, Journal of Economic Dynamics and Control, 30, 901�
930.

[20] Steger, T. (2000). Economic growth with subsistence consumption. Journal of
Development Economics, 62, 343�361.

[21] Steger, T.M. (2001). Stylized facts of economic growth in developing countries,
Discussion Paper 08/2001.

17



A. Appendix

Proof of Proposition 3.3
From equation (3.8), we obtain @ _z

@ee = z�ee = 0; @ _z@e = z�e = �z� < 0 and11
@ _z

@z
= z�z = (�� 1) (� + m) < 0:

From equation (3.10), we obtain @ _e
@ee = �; @ _e@e = �e��e = e�z��1 > 0; and

@ _e

@z
= e

�
� (�� 1) z��2

�
� ��z

�
:

From equation (3.9), we obtain @
�ee
@z = 0;

@
�ee
@e = 0; and

@
�ee
@ee = � < 0: The Jacobian matrix

is

J =

0B@
@ _z
@z � �

@ _z
@e 0

@ _e
@z

@ _e
@e � �

@ _e
@ee

0 0 @
�ee
@ee � �

1CA ;
and the characteristic polynomial is

P (J) =

0@@ �ee
@ee � �

1A��@ _e
@e
� �
��

@ _z

@z
� �
�
� @ _z
@e

@ _e

@z

�
:

The roots are �1 = @
�ee
@ee = � < 0; and the solutions of
�2 � �

�
@ _z

@z
+
@ _e

@e

�
+
@ _z

@z

@ _e

@e
� @ _z
@e

@ _e

@z
= 0;

where

@ _z

@z

@ _e

@e
� @ _z
@e

@ _e

@z
= �e��ez�z � z�ee

�
� (�� 1) z��2

�
� ��z

�
=
e� (�� 1) z(��1)2

�
< 0:

This term being negative implies that �2 > 0 and �3 < 0:

11We use the following notation for partial derivatives �ee = @�
@ee ; �e = @�

@e
and �z = @�

@z
:
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B. Tables and Figures

Table 1. Parameters estimated by OLSee0 �0:5 �0:25 0 0:25 0:5 0:75 0:9

�1 0:073 0:069 0:065 0:065 0:052 0:042 0:031

�2 0:844 0:854 0:865 0:878 0:895 0:919 0:944

�m 0:088 0:075 0:069 0:061 0:051 0:037 0:024ec1 0:838 0:860 0:877 0:887 0:887 0:866 0:823ec2 �1:502 �1:195 �0:886 �0:574 �0:258 0:064 0:273ecm �0:178 �0:086 �0:087 0:108 0:214 0:333 0:420

Table 2. Half lifeee0 r K
Q z u1 u2 um

�0:5 3 4 4 29 24 3
�0:25 4 5 5 29 26 5
0 8 9 9 31 29 10
0:15 15 17 19 31 31 22
0:25 26 31 31 34 34 41
0:5 61 69 69 34 37 69
0:75 88 88 88 41 45 88
0:9 102 102 102 45 50 88

Table 3. Average annual growth rate in the last 65 yearsee0 r K
Q z u1 u2 um

0 0:0012% 0:0006% 0:0009% 1:0105% 0:1880% 0:0040%
0:15 0:0387% 0:0192% 0:0296% 1:0398% 0:1905% 0:0140%
0:25 0:0605% 0:0305% 0:0505% 1:0605% 0:1964% 0:0229%
0:5 0:1476% 0:0754% 0:1160% 1:1205% 0:2050% 0:0490%
0:75 0:2605% 0:1305% 0:2105% 1:2400% 0:2200% 0:0920%
0:9 0:3761% 0:2020% 0:3109% 1:3874% 0:2350% 0:1406%
0:95 0:4834% 0:2640% 0:4071% 1:5078% 0:2466% 0:1858%

19



Table 4. Performance of the simulations

Agriculture Services Manufacturesee0 RMSE R2 RMSE R2 RMSE R2

�0:5 0:0483 0:92 0:0994 0:75 0:0608 �0:22
�0:25 0:465 0:93 0:0953 0:77 0:0588 �0:14
0 0:0441 0:94 0:0905 0:79 0:0565 �0:06
0:25 0:0406 0:95 0:0846 0:82 0:0538 0:04

0:5 0:0353 0:96 0:0771 0:85 0:0505 0:16

0:75 0:0260 0:98 0:0659 0:89 0:0457 0:31

9 0:0193 0:99 0:0539 0:93 0:0413 0:44

0:95 0:0296 0:97 0:0450 0:95 0:0396 0:48

Note: The root mean-squared error (RMSE) and the coe¢ cient of determination (R2)
are obtained from regressing the HP-�ltered trend of actual labor shares on the simulated
labor shares for each value of ee0:

Table 5. Performance of the simulations

1885-2005ee0 R2u1 R2u2 R2um
0:75 0:98 0:91 0:25

0:9 0:93 0:95 0:27

0:95 0:91 0:94 0:49

1903-2005ee0 R2u1 R2u2 R2um
0:4 0:98 0:92 0:45

0:75 0:96 0:96 0:58

0:95 0:9 0:95 0:64

1927-2005ee0 R2u1 R2u2 R2um
0:3 0:97 0:95 0:55

0:7 0:93 0:98 0:7

0:9 0:85 0:97 0:79

1950-2005ee0 R2u1 R2u2 R2um
�0:8 0:97 0:90 0:74

0:4 0:91 0:98 0:94

0:7 0:83 0:96 0:96
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Figure 1. Labor shares in the US. Source: Historical statistics of the U.S.

21



1920 1930 1940 1950 1960 1970 1980 1990 2000 2010
2

2.5

3

3.5

4

4.5

5
 CAPITAL TO GDP

Figure 2. Ratio of capital to GDP in the US. Source: U.S. Bureau of
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Figure 3. Time path of aggregate variables.
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Figure 5. Time path of the labor shares.
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