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Long-time self diffusion coefficient is calculated over a broad range of densities from computer
simulations of a two-dimensional system obeying Brownian dynamics and interacting through a
Yukawa pairwise potential. The behavior of the diffusion under changes of strength of the potential
and density of particles is discussed and compared with bibliographical results. Furthermore, the
effects of an external driving force and the presence of fixed particles are also considered. It is found
that the diffusion lowers with the density of particles, the strength of the potential and the presence
of fixed particles. On the contrary, an external force favors the diffusion. Despite the effect of the
external force, a jammed state can be reached if density and proportion of fixed particles are high
enough.

I. INTRODUCTION

The diffusion of a system through disordered media
is strongly affected by the presence of obstacles, as well
as by the density of the system or the presence of an
external force.

It is of special scientific interest the phenomena of clog-
ging, when the flow of discrete particles passing through
a bottle neck is interrupted. Recent investigations have
found that the probability distribution of time lapses fol-
low a power-law tail, although a systematic study of clog-
ging has not been carried out yet ([5]). This can be ob-
served in systems such as suspensions of colloidal parti-
cles, polymers or particles in a gel or a solution and it can
even be extended to macroscopic systems such as a crowd
going out during an emergency situation, assemblies of
grains or the traffic flow.

Particles passing through a bottleneck could be gener-
alized to the case of a diffusing system under an external
force where fixed obstacles are introduced. Making the
amount of obstacles large enough, each of the spaces left
between neighboring obstacles acts as a bottleneck.

Before getting to this point, the behavior of the diffu-
sion coefficient needs to be studied. The system is much
easily modeled by numerical simulations, given the diffi-
culty of considering all the interactions in analytical mod-
els. We present in this paper the results of simulation of
Brownian dynamics where the inter-particle interaction
has been modeled by a Yukawa potential.

In a first part, the evolution of the diffusion coefficient
with the density for different strengths of the interaction
potential is presented and the results are compared with
bibliographical data. In a second part, we give results for
the diffusion when an external force and fixed particles
are added.
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II. BROWNIAN DYNAMICS

Brownian dynamics is a model to describe the move-
ment of large particles surrounded by a large amount of
much smaller particles. The effect of the smaller parti-
cles upon the solution are described by a combination
of frictional terms and random terms by the Langevin
equations.

ṗ(t) = −ξp(t) + f(t) + R(t) (1)

ṙ(t) =
p(t)

m
(2)

where p denotes the momentum, ξ is the friction con-
stant, f(t) is a force derived from a potential, and R(t) is
a random force. Langevin equation assumes the range of
hydrodynamic interactions to be much smaller that the
range of the inter-particle interaction, so that the they
are neglected.

In Brownian dynamics, we are interested in long-time
dynamics, where we can drop the momentum derivatives
from Eq.(2).

ṙ(t) =
f(t)

mξ
+ η(t) =

D0

kBT
f(t) + η(t) (3)

The η is the random velocity derived from R(t) and it is
delta correlated

< ηiα(t)ηjβ(0) >= 2D0δ(t)δijδαβ (4)

where the subindexes i, j identify the particle and α, β
indicate the component. ξ is related with the short-time
diffusion coefficient, D0 by Einstein’s relation

D0 =
kBT

6πησ
=
kBT

mξ
(5)

,where η and ξ are the viscosity and friction coefficient
and σ is the radius of the particle.
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III. METHODOLOGY

A. Inter-particle interaction

The simulation is computed in a finite system of vari-
able size where periodic boundary conditions have been
applied and the interaction between particles is modeled
by a pairwise potential of the Yukawa’s form V (r) =
U0/re

−r/λ

where U0 is the strength of the potential, λ is its char-
acteristic length range of the potential, which defines the
size of the particles, and r is the distance between the
two considered particles. We can define the steepness of
the potential as k = 1/λ. Yukawa potential is a good
approximation as far as many body interactions do not
become relevant. The interaction force f(t) is given by
the gradient of the Yukawa’s potential. As it is a short
range interaction, we have just considered its effects when
r < rc, and made rc = 3σ, where σ is the particle diam-
eter. This discontinuity at r = rc could have caused
unexpected results, so a linear term was added to make
the force continuous. The resulting interacting potential
is

V (r) = U0

(
1

r
e−r/λ + br

)
(6)

with b =
1

rc
e−rc/λ(1/λ+1/rc). The potential is measured

in units of kBT , and the force of kBTσ
−1

B. Implementation

Numerical integration of (3) leads to the following algo-
rithm ([1]), which we have introduced in our simulation.

r(t+ ∆t) = r(t) +
D0

kBT
f(t)∆t+ ∆rG (7)

where each component of ∆rG = η∆t is a random num-
ber from a Gaussian distribution with zero mean and
variance

< (∆rGiα)2 >= 2D0∆t (8)

A characteristic time scale is provided by D0, given by
τB = σ2/D0, that together with a characteristic length
scale given by σ, the diameter of the particle, allows us
to work with non-dimensional magnitudes.

The initialization of the particles positions was done
at random in the considered two dimensional volume,
so the system needed a time to thermalize, which has
typically between 0.2τB and 2τB . We started computing
the average quantities after this equilibration period and
the run was of 6τB . The densities were defined as the
number of particles per volume unit n = N/(lxly), where
lx, ly are the lengths of the box and N the number of
particles in the simulation. n is given in units of σ−2.

The time step has been chosen small enough so that
the average square displacement per particle does not
diverge, but as large as possible to reduce the simulation
time. It depends on the strength of the potential chosen,
as well as the particles density. For weaker potentials
it was of 10−4τB , but densities higher that 0.6σ−2 for
U0 = 30 and all densities for U0 > 30kBT required to
reduce ∆t to 10−5τB .

The size of the system has been changed so that the
number of particles was of 1000 for all densities, so that
we have the same statistical error.

The collective motion of the system is described by
its long-time diffusion coefficient D. It is defined as the
half of the slope of the average squared displacement per
particle with time.

D = lim
t→∞

1

2dt

[
1

N
<

N∑
i=1

(ri(t) − ri(0))2 >

]
(9)

, where d is the spatial dimension, we use d = 2. When
there is no interaction between particles, D coincides
with the short-time diffusion coefficient D0. Thus, D
can be obtained from the slope of the linear regression,
mean squared displacement in front of the time, and the
statistical error is given by the coefficient of variation,
which is the ratio of the standard deviation of the mean
squared displacement respect to the fit to the mean. The
behavior of the diffusion coefficient is difficult to predict
by analytical methods, but it has been found that the in-
teraction between particles hinders the motion, so D/D0

becomes smaller when the strength of the interactions or
the density increase.

C. Fixed particles and external force

When a constant external force, fext, is introduced, the
isotropy of the system is broken, and there is an average
displacement in the x̂ direction. Thus, some considera-
tions need to be taken on account. For a single diffusing
particle, where there are no interactions, the equation of
motion (3) becomes

ṙ(t) =
fext(t)

mξ
+ η(t) (10)

, where η satisfies Eq.(4). When the equation of mo-
tion is integrated, we obtain, assuming fext in the x̂ di-
rection

∆x(t) = x(t) − x(0) =
fext
mξ

+

∫ t

0

∆rG(t′)dt′ (11)

and the same but without the fext term for y.
Using the fact that ∆rG is delta correlated (Eq.(8))

and that it has a zero mean, we expect to find a depen-
dence of the mean square displacement per particle as

Treball de Fi de Grau 2 Barcelona, June 2013



Long-time self-diffusion in disordered media Laia González

follows

< ∆x >2=

(
fext
mξ

)2

+∫ t

0

dt1

∫ t

0

dt2 < ∆rG(t1)∆rG(t2) > +

2fext
mξ

t

∫ t

0

< ∆rG(t′) >=

(
fext
mξ

t

)2

+ 2D0t

< ∆y >2= 2D0t

< ∆r >2=

(
fext
mξ

t

)2

+ 4D0t (12)

This is an exact result for a single particle, but if we
want to do the same for an interacting system, we find the
effects of the interactions difficult to calculate analiticaly.
However, the single particle model can be extended to
an interacting system as far as the mean square displace-
ment per particle in front of the time accepts a parabolic
fit, y = ax2 + b. Then, the quadratic term is related to
the external force and an effective mobility, 1/(mξ), while
the lineal term gives the effective diffusion coefficient

D = b/4 (13)

The statistical error is given by the coefficient of variation
of the fit.

Then, some fixed particle are introduced. Since there
is a neat movement in the x̂ direction due to the exter-
nal force, the fixed particles apply an opposite force, on
average, dispersing the particles in all directions. Hence,
the diffusion coefficient will be diminished.

We consider the fixed particles to interact with the rest
with the same potential (Eq.(6)). The proportion of fixed
particles is defined as the number of fixed particles over
the total number of particles in the box, Nfix/Ntot, and
the density is calculated in terms of the total amount of
particles, n = Ntot/(lxly).

The parameters of the simulation needed to be read-
justed. The time step used was ∆t = 10−4τB for all
proportions but for Nfix/Ntot = 0.9, when it had to
be reduced to 10−5τB . The number of moving parti-
cles was fixed to 1000, so the total number of parti-
cles was readjusted for each proportion. In the case of
Nfix/Ntot = 0.9, since the total amount of particles was
very large and the interaction between moving particles
not so frequent we reduced it to 500.

IV. RESULTS

A. Inter-particle interaction

Results for the diffusion coefficients for a system of in-
teracting particles with a Yukawa potential of different
characteristic intensity are summarized in Fig.(1). The
density is given in σ−2, the diffusion coefficient in units
of D0 and strength of the potential in U0/kBT , all of

them dimensionless. Diffusion coefficients have been ob-
tained according to Eq.(9), and coeficients of variation
for the regressions are between 2% and 7%, being higher
for strong potentials.
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FIG. 1: Self-diffusion coefficient in terms of its low-density
limit D/D0 as a function of the density nσ2 for a two-
dimensional suspension interacting with pairwise Yukawa po-
tential.

In the Fig.(1), we see that the diffusion coefficient de-
creases with the density of particles. It drops fast for
lower densities and then it becomes almost constant. For
stronger potentials, this shape is sharper and the diffu-
sion coefficient lower for all densities. When U0 is higher
than 30kBT , a jammed state is reached for high enough
densities, where the diffusion coefficient goes to zero.

In Fig.(2), the results of our own simulations and the
ones carried out by H. Löwen and G.Szamel ([3]) are put
together. Their definition of the Yukawa potential was
slightly different, so some relations between its parame-
ters needed to be applied.
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FIG. 2: The same as in Fig.(1) but now for one steeper po-
tential, U0/kBT = 686, k = 8σ−1 and one softer potential,
U0/kBT = 6, k = 3σ−1. Comparison between our own simu-
lation and H. Löwen and G.Szamel results.
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The obtained diffusion coefficients in our simulations
are very similar of theirs, with a maximum discrepancy
of 0.033 at nσ2 = 0.2 for U0/kBT = 0.2 and nσ2 =
0.041 for U0/kBT = 0.2, which correspond to relatives
discrepancies of 6% and 4% respectively.

B. Fixed particles and external force

All the simulation in this part are done with a Yukawa
pairwise interaction potential of parameters U0/kBT =
10, λ = 1.

The parabolas obtained when an external force of
0.1kBT is introduced is shown in Fig.(3).
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FIG. 3: Mean square displacement per particle, < ∆r2 >
/σ2 in function of time, t/τB , both of them dimensionless.
External force of 0.3kBTσ

−1 and parameters U0/kBT = 10,
λ = 1 for the Yukawa interacting potential. Different densities
nσ2 = 0, 0.1, 0.4, 0.7, 1 and 1.3 are represented in colors from
blue to red respectively. The dotted lines correspond to the
parabola fit.

When there is no interaction between particles, which
is when nσ2 = 0 in the legend of the plot, we expect
to adjust parabolas to the mean square displacement per
particle according to Eq.(12). In Table I we compare the
expected values with the obtained from the adjust for
different external forces.

fext/kBT expected obtained rel. disc. (%)

0.1 0.19 0.16 15

0.2 0.76 0.71 6

0.3 1.70 1.65 3

0.4 3.02 2.96 2

0.5 4.73 4.65 2

TABLE I: Expected coefficients a according to Eq.(12) and
the obtained from the adjust for different external forces in
the first tree rows and relative discrepancy between them in
the forth. The coefficients do not have units.

The obtained values are very close to the expected
ones, with relative discrepancies between 2% and 15%.
When there is interaction between particles, we do not
have a way to calculate the expected values for the co-
efficients of the fit. However, as we have seen in the
preceding part, the interaction hinders the diffusion, so
we expect this coefficients to be lower. This behavior is
shown in Fig.(3).

The effect on the diffusion of introducing constant ex-
ternal forces on our original system is shown in Fig.(4).
The diffusion coefficients were obtained from the parabo-
las fit according to Eq.(13) and they are plotted in func-
tion of the density for fext/kBT = 0.1, 0.2, 0., 0.4 and
0.5. The results obtained without the external force are
also included for comparison. Coefficients of variation
are between 0.7% and 2%, being higher for lower exter-
nal forces.
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FIG. 4: D/D0 plotted in front of nσ2 for different external
forces, of σfext/(kBT ) = 0, 0.1, 0.2, 0.3, 0.4 and 0.5. Interac-
tion potential of U0 = 10, λ = 1.

When there is no interaction, the external force intro-
duces a quadratic term to the mean square displacement
due to a directional motion while the diffusion, associ-
ated to isotropic motion, is just affected by the random
an frictional terms, so it is no modified. However, when
interactions are considered, the diffusion is also affected
by hits with the other particles. The external force breaks
the isotropy of the system affecting its morphology and
thus, the interactions with neighbor particles and, conse-
quently, the diffusion are affected by the external force.

It can be seen in Fig.(4) that the effect of the external
force is to increase its diffusion and that the decay of the
diffusion with the density is softer for higher forces.

We proceed now to fix the external force to 0.3kBTσ
−1

and introduce fixed particles, which interact through the
same interaction potential from Eq.(6). The diffusion
coefficient is plotted in front of density for different pro-
portions of fixed particles, Nfix/Ntot = 0, 0.5, 0.7, 0.9, in
Fig.(5). Coefficients of variation are between 1% and 8%,
being higher for higher proportion of fixed particles.
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FIG. 5: D/D0 plotted in front of nσ2 for σfext/kBT = 0.3
proportions of fixed particles Nfix/Ntot = 0, 0.5, 0.7, 0.9. In-
teraction potential of U0 = 10, λ = 1.

It is clear from Fig.(5) that the diffusion coefficient is
sensitive to the presence of fixed particles. For nσ2 =
0.1, the lowest density, the diffusion coefficient in higher
for higher Nfix/Ntot. However, for higher densities the
contrary is observed. Note that a jammed state is reached
for all Nfix/Ntot > 0.5, although for higher proportions
of fixed particles it happens at lower densities.

This can be understood in terms of two extremal cases.
For low densities, the fixed particles exert a force opposite
to the driving force, converting part of the drift motion to
diffusion, as every time that a moving particle hits a fixed
one, it is dispersed. The more obstacles there are, the
more frequently dispersed the particles are. Therefore,
diffusion increases with Nfix/Ntot.

On the other hand, for high densities, the space
between fixed particles becomes narrower for higher
Nfix/Ntot, hindering the motion until a jammed state
is reached. For middle densities, we find the transition
from one case to the other.

V. CONCLUSIONS

A study of the diffusion coefficient in a system of Brow-
nian dynamics has been carried out in this paper. It is

modeled by Brownian dynamics, in which the particle ac-
celeration is considered to be zero and the hydrodynamic
effects neglected. The interaction between particles was
modeled by a pairwise Yukawa potential.

The interaction between particles hinders the move-
ment, thus it results in a decay of the diffusion coeffi-
cient when the density of particles or the strength of the
Yukawa potential are increased. It has been seen that,
for stronger interactions, the drop of the diffusion with
density is faster and a jammed stated is reached for high
densities. In contrast, for weaker potentials the decay is
softer and the jammed state is not reached.

Furthermore, the results of two potentials of different
characteristic length, one steeper and one softer, are com-
pared with Löwen and Szamel’s simulation data, and the
diffusions obtained have been very similar, a fast drop
of the diffusion for the steeper and a soft decay for the
softer, indicating goodness of the results in our simula-
tion.

Additionally, the effect of an external force has been
studied, obtaining that it increases the diffusion. In this
case, the dependence of the average square displacement
per particle with time is not linear but parabolic. When
fixed particles are introduced, two opposite effects have
been observed. For low densities, an increase of the dif-
fusion due to the dispersion from the fixed particles dom-
inates. On the other hand a jammed state is reached at
lower densities when the proportion of fixed particles is
higher.

A remaining question is the transition from low den-
sities, where fixed particles favor the diffusion, to high
densities, where they block the motion. The jamming
process may be described by detailing the flow and spa-
tial correlation functions near the transition point. The
results obtained here on the diffusion coefficients could
be used as a start point for this future research.
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[4] H. Löwen and G.Szamel ,J. Phys.: Condens. Matter 5

(1993)

[5] I.Zuriguel, D. Parisi, R.C. Hidalgo, C. Lozano, A. Janda,
P. A. Gago, J.P. Peralta, L. M. Ferrer, L. A. Pug-
naloni, E. Clément, D. Maza, I. Pagonabarraga, A. Garci-
mart́ın, Clogging transition of many-particle systems flow-
ing through bottlenecks, under revision.

Treball de Fi de Grau 5 Barcelona, June 2013


