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Abstract 8 

We examine the scale invariants in the preparation of highly concentrated w/o 9 

emulsions at different scales and in varying conditions. The emulsions are characterized 10 

using rheological parameters, owing to their highly elastic behavior. We first construct 11 

and validate empirical models to describe the rheological properties. These models yield 12 

a reasonable prediction of experimental data. We then build an empirical scale-up 13 

model, to predict the preparation and composition conditions that have to be kept 14 

constant at each scale to prepare the same emulsion. For this purpose, three preparation 15 

scales with geometric similarity are used. The parameter N·D
α
, as a function of the 16 

stirring rate N, the scale (D, impeller diameter) and the exponent α (calculated 17 

empirically from the regression of all the experiments in the three scales), is defined as 18 

the scale invariant that needs to be optimized, once the dispersed phase of the emulsion, 19 

the surfactant concentration, and the dispersed phase addition time are set. As far as we 20 

know, no other study has obtained a scale invariant factor N·D
α
 for the preparation of 21 

highly concentrated emulsions prepared at three different scales, which covers all three 22 

scales, different addition times and surfactant concentrations. The power law exponent 23 
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obtained seems to indicate that the scale-up criterion for this system is the power input 24 

per unit volume (P/V).  25 

Keywords: Scale invariants; Scale-up model; Highly concentrated emulsions; Rheological 26 

parameters; Geometric similarity.  27 

1. Introduction 28 

Emulsions are prepared and used currently in many applications. They are used as templates for 29 

the synthesis of porous materials [1–6]. A specific, monodisperse and known pore size is 30 

usually desired. It is thus essential to monitor and predict the emulsion properties such as 31 

droplet size and size distribution, as they determine the pore or particle size and specific surface 32 

area of the product. Emulsion preparation is delicate, since a small variation in the procedure 33 

can change the final result. In this study, we work with highly concentrated water-in-oil (w/o) 34 

emulsions – used as a template for preparing hollow silica spheres – to determine how the 35 

process variables and, more importantly, the preparation scale, influence the final product. We 36 

performed a scale-up study using three scales with geometric similarity, and a scale ratio of 37 

1:2:4. The largest tank we used has a capacity of 6 L.  38 

Emulsions are characterized, once the dispersed phase is set, by their droplet size and droplet 39 

size distribution. In a previous study [7], we examined the influence of the process variables on 40 

these parameters. We concluded that they were mainly influenced by the stirring rate and the 41 

surfactant concentration. We also studied the scale-up effect, but using only two different scales 42 

(1:2). Droplet size was measured by optical microscopy.  43 

Another interesting feature of these emulsions is their rheological behavior. Many studies deal 44 

with the rheological properties of highly concentrated emulsions [8–14], also called gel-45 

emulsions [15–17], since they possess distinct flow behavior: they have a high yield stress 0, 46 

are highly elastic (G’ >> G’’) and they have high viscosity , which decreases with shear rate 47 

(shear-thinning). Regarding the large amplitude oscillatory shear (LAOS) behavior, these 48 
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emulsions behave as type III fluids, or weak strain overshoot, in which only G’’ shows strain 49 

overshoot [18,19], whereas G’ is constant in the linear viscoelastic region (LVR) and then 50 

decays. The critical stress (c) at which the loss modulus is maximum (G’’max) in the oscillatory 51 

shear test is assimilated to a yield stress by Jager-Lézer et al. [10], since it confirms the 52 

transition from the elastic to the viscous region.  53 

In [7], we obtained some empirical models that described the emulsion droplet size and 54 

polydispersity as a function of the process variables at two different scales. Here we derive 55 

empirical models and perform the scale-up study with the rheological parameters of the 56 

emulsions (viscosity, yield stress, viscoelastic parameters…), which are acquired using a 57 

rheometer. 58 

The experimental design pursues the scale-up criteria for systems of this kind, particularly the 59 

scale-up invariant related to the stirring rate and the preparation scale. 60 

2. Experimental section 61 

2.1 Materials 62 

Dodecane (99.5 %), which constitutes the emulsion continuous phase, and Span80®, which is 63 

the surfactant (HLB = 4.3), were both purchased from Sigma-Aldrich. Deionized Milli-Q water 64 

constitutes the dispersed phase, which is 90 % of the emulsion weight (88 % vol/vol). 65 

2.2 Preparation of highly concentrated emulsions 66 

Emulsions were prepared in three geometrically similar glass jacketed vessels (Fig. 1-a), 67 

agitated with a three-level P-4 pitched blade impeller (Fig. 1-b). The installation is the same as 68 

the one described in [7].  69 
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Fig. 1.  (a) Liquid height and vessel diameter of the three scales. (b) Impellers used at the three scales. 70 

The w/o emulsions were prepared following a two-step batch method: addition of dispersed 71 

phase and droplet breakup, followed by emulsion homogenization. The continuous phase is 72 

prepared beforehand by weighing, mixing and introducing into the vessel, which is already at 73 

the desired temperature, a certain amount of surfactant and oil. The impeller is placed slightly 74 

above the continuous phase in order to start the emulsification as soon as the dispersed phase is 75 

transferred to the vessel. While the dispersed phase is being added, the stirrer produces enough 76 

shear stress to break up the droplets and form the emulsion. Once all the dispersed phase has 77 

been added, the emulsion is stirred at the same rate for a further 5 minutes in order to 78 

homogenize the emulsion and ensure the incorporation of all the dispersed phase. The dispersed 79 

phase is added through a peristaltic pump (ISMATEC Reglo used in small scale and ISMATEC 80 

MCP used in both medium and large scales) to regulate the flow rate. A thermostatic bath 81 

(HAAKE F6-C35 used in both small and large scale; HUBER Ministat 230, in medium scale) 82 

regulates the temperature of the refrigeration fluid (mixture of Milli-Q water and ethylene 83 

glycol) at 25 ºC. The digital laboratory stirrer IKA Eurostar power control-visc sets the stirring 84 

rate. 85 

The characteristic dimensions of the three scales are shown in Table 1. The linear geometric 86 

relation between the three scales is 1:2:4 for both the vessel diameter (B) and height (H). 87 

However, for the impeller diameter (D), the impeller blades of the larger scale had to be 88 

shortened to prevent the friction of the metallic blades on the vessel glass walls, caused by the 89 

increased vibration of the system when working at high stirring rates. Although we do not 90 
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believe that this change significantly alters the results or conclusions, this change should be 91 

taken into consideration in the assessment of possible errors and deviations, since variations in 92 

the impeller design or diameter can cause significant differences in power consumption or flow 93 

patterns [20,21]. 94 

Table 1. Characteristic dimensions of the three preparation scales. 95 

Scale B (cm) H (cm) D (cm) D/B H/B B/Bsmall H/Hsmall D/Dsmall V (mL) 

Small 5 4 4.5 0.9 0.8 1 1 1 78 

Medium 10 8 9 0.9 0.8 2 2 2 628 

Large 20 16 16 0.8 0.8 4 4 3.6 5026 

Notation: B: vessel diameter, H: liquid height in the vessel, D: impeller diameter, V: volume of emulsion. 96 

The stirring rate N (rpm) and the addition flow rate Q (mL/min) are fixed according to the 97 

experimentation plan. The torque T supplied by the agitator was measured along all the process 98 

duration. The data were collected in LabWorldSoft (IKA) software. 99 

2.3 Characterization of the emulsions 100 

2.3.1 Rheological parameters 101 

The rheological tests were performed in a HAAKE Mars III Rheometer (Thermo Fisher 102 

Scientifics) and data were collected in HAAKE RheoWin Job Manager and were visualized and 103 

saved in HAAKE RheoWin Data Manager. A 35 mm serrated plate-plate geometry to avoid 104 

slippage of the emulsion and with a gap of 0.5 mm was used. All the tests were performed at 105 

25 ºC (regulated by HAAKE C25-F6 thermostatic bath). Modern rheometers can work in two 106 

test modes, controlled stress (CS), in which a controlled stress input  is provided and the 107 

resulting shear rate   is measured or, on the other hand, controlled shear rate (CR), where the 108 

rheometer provides a controlled shear rate input and the consequent shear stress is determined. 109 

The suitability of each mode depends on the test, as shown in Table 2, which shows the four 110 

tests, along with other parameters of the test, and the response variables used. The behavior 111 

under flow was analyzed with stress and shear rate steps and oscillatory experiments, to obtain 112 

the yield stress (0) (test #1), and the steady state viscosity () dependence on shear rate ( ) 113 
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(#2), the dependency of the viscoelastic parameters G’ and G’’ with frequency (0.01-100 Hz) in 114 

the linear viscoelastic region (LVR) (#3), and the LAOS behavior, determined by the 115 

dependency of G’ and G’’ with oscillatory stress (#4).  116 

Table 2. Rheological tests for the characterization of the emulsions. 117 

Test #  Type of test  Mode  
Measured  

variable  

Range of 

independent variable  

Fixed  

variable  

Steps/step 

duration  

Response 

variable  

1  Steady  Shear  CS    = 0.01 – 100 Pa  -  50/10 s  
0
  

2  Flow curve  CR    = 0.001 – 100 s
-1

  -  30/60 s    

3  Frequency Sweep  CS  G’, G”   = 100 – 0.01 Hz  = 1 Pa  30  G’  

4  Oscillatory Shear  CS  G’, G”   = 0.1 – 1000 Pa   = 1 Hz  200  G’’
max

, 
c
  

Notation: shear rate (  ), storage modulus (G’), loss modulus (G’’), viscosity (), shear stress (), oscillating frequency (), yield 118 

stress (0), critical stress (c).  119 

The choice of the response variables is based on the rheological behavior of these emulsions. 120 

They behave like non-Newtonian plastic fluids, so they undergo creep flow up to a certain value 121 

of stress, the yield stress 0, from which the emulsions flow. With the steady shear test this value 122 

is obtained from the shear rate versus shear stress log-log plot as the inflection point in which a 123 

large increase in shear rate is observed when varying the shear stress, as also described in other 124 

studies [10,22]. Specifically, the yield stress is taken from the intersection point of these two 125 

segments (Fig. 9). This steep change in the shear rate value represents the transition from the 126 

elastic linear regime to the viscous regime, but could also indicate fracturing of the emulsion 127 

structure. Regarding the viscosity, as the emulsions exhibit shear thinning, the viscosity at a 128 

shear rate of 1 s
-1

 is taken for comparison between samples and scales. In the LAOS test, G’’max 129 

and c are taken, since they also represent the transition from the elastic to the viscous domain. 130 

Finally, as these emulsions are highly elastic, the storage modulus (G’) does not vary 131 

significantly with frequency in the LVR, so an average value can be obtained, which is used to 132 

compare the solid-like behavior of the different emulsions prepared.  133 

 134 
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2.3.2 Droplet size and stability 135 

As in [7], droplet size and size distribution were determined by optical microscopy (Optika). 136 

Samples were prepared by placing a small drop of the emulsion on a glass slide. Droplets were 137 

counted on different micrographs (camera Moticam 2300) using Motic Images Plus 2.0 138 

software. The stability of the emulsions was determined by studying the variation of the 139 

backscattering (BS) light (173º) using a Turbiscan Classic MA 2000. Moreover, by analyzing 140 

the variation of the BS profiles over time, an idea of the destabilization mechanisms is provided. 141 

To normalize the BS values and compare them independently from their initial values, the 142 

relative BS after 30 minutes and 24 hours was calculated as: BSrel = BSt/BSt0.  143 

2.4 Design of experiments at low and medium scales 144 

In order to study the effect of the process variables on the emulsion rheological properties, the 145 

same experimental designs used in  [7] were studied. They consist of central composite designs 146 

(CCD) formed by factorial, center and star experiments (Fig. 2, blue points). These types of 147 

experimental designs are performed at the small and medium scale. The factors varied are the 148 

same as in [7]: the stirring rate (N) and the dispersed phase addition flow rate (Q), as preparation 149 

variables, and the surfactant-to-oil ratio (S/O), as composition variable. As the final volume of 150 

emulsion changes from one scale to another, instead of the addition flow rate (Q), the total 151 

addition time (t = V/Q) is taken as variable. The dispersed phase concentration is kept constant 152 

at 90 wt %. As there are three factors and two levels, there are in total 16 experiments per scale 153 

(2
3
 factorial experiments, 2 center points, 6 star points). At the medium scale, two replicates of 154 

the experiments were performed. The levels of the factors (low and high) were chosen to be the 155 

same in both scales (Table 3)  because, as observed in previous studies [7,23], it was believed 156 

that the scale invariants of these systems were the composition (the surfactant concentration 157 

expressed as S/O), the total addition time t (since it is related to concentration gradients in the 158 

system) and the stirring rate N. So we would directly know if these were, indeed, the scale 159 

invariants, since the same emulsion would be obtained at the different scales.  160 
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Table 3. Factors and levels for the Central Composite Design (CCD) at small and medium scales. 161 

Factors Low High Center 

S/O (wt/wt) 0.177 0.357 0.267 

N (rpm) 700 1400 1050 

t (min) 8.75 3.5 5 

Q (mL/min) (small) 8 20 14 

Q (mL/min) (medium) 64 160 112 

 162 

The procedure to obtain the empirical models is described in our previous study. Basically, a 163 

statistical analysis with Statgraphics Plus software is performed, in which the significance of the 164 

factors is given with a 95 % confidence interval. With the Pareto chart the significant factors are 165 

visualized, which are the ones that appear in the empirical models derived, from which the 166 

response surfaces are created. These surfaces are useful to see the variation of the studied 167 

parameters with the factors and detect the interactions between factors.  168 

Once the models are obtained, a validation process is carried out performing new experiments 169 

within the experimental range. Simple experimental designs (Fig. 2, green lines), in which only 170 

one factor is changed while the others remain constant, are developed so as to extend the 171 

number of experiments and to contrast the model predictions with the experimental results.  172 

 173 

Fig. 2. Graphical representation of the CCD (blue points) and validation experiments (green thick lines) at (a) small 174 

and (b) medium scales.  175 

These experiments are performed in three blocks:  176 

a b
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(1) Varying the stirring rate N from 350 to 1485 rpm, while keeping the 177 

S/O = 0.267 ± 0.020 and the addition time t at 5 min;  178 

(2) Varying the time t between 2.93 and 18.24 min, with N = 700 rpm and 179 

S/O = 0.267 ± 0.020; and  180 

(3) Varying the S/O from 0.121 to 0.440 at a fixed N of 700 rpm and time t of 5 min.  181 

The three simple designs can be observed as green lines in Fig. 2-a for small scale and Fig. 2-b 182 

for medium scale. Only in the conditions of block (1) were experiments from the CCD 183 

performed. In blocks (2) and (3) the validation experiments were compared directly with the 184 

model, since no CCD experiments were performed in those conditions, as observed in the 185 

corresponding plots.  186 

The empirical models obtained from the CCD experiments were used to obtain a first 187 

approximation of the scale invariants, which was then completed by adding the validation 188 

experiments. Next, some experiments at the large scale were carried out and were used, together 189 

with all the other experiments, to obtain a general power law exponent, as we will see in further 190 

sections. 191 

2.5 Experiments at large scale 192 

To obtain a reliable scale-up invariant, experiments at the large scale were also performed. If the 193 

scale-up model obtained with the small and medium scale is validated using the large scale 194 

vessel, it would mean that the model can be applied to many different scales, other than the ones 195 

used in this study to obtain the model. Due to the high amount of product needed for the large 196 

scale (even if it is 90 wt % water, nearly 500 mL of dodecane are needed for every experiment) 197 

the minimum number of experiments was done. The experiments performed at large scale are 198 

shown in Table 4. Basically, the stirring rate N was varied from 263 to 788 rpm at a fixed 199 

S/O = 0.267 and t = 5.6 min (exp 1-4), and then two more stirring rates at S/O = 0.42 and two 200 

different times t were tested. In the large scale installation, experiments at very high stirring 201 

rates could not be performed, because the stirrer could not rotate the impeller due to the high 202 
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amount of highly-viscous emulsion formed. The maximum torque provided for the stirrer was 203 

90 N·cm, so when the torque required to stir the emulsion was higher, the stirring rate was 204 

reduced automatically. In fact, in experiment #4, at 788 rpm, after 3.75 min, the torque reached 205 

its maximum value and immediately after, the N decreased sharply, while the torque remained at 206 

80 N·cm during the rest of the experiment. This experiment is not taken into account for the 207 

scale-up model but is useful to show here.  208 

Table 4. Experiments performed at large scale. 209 

Exp. # 
S/O 

(wt/wt) 

Q 

(mL/min) 

t 

(min) 

N 

(rpm) 
1 0.267 895 5.6 263 

2 0.267 895 5.6 394 

3 0.267 895 5.6 525 

4 0.267 895 5.6 788* 

5 0.42 895 5.6 200 

6 0.42 248 20.3 400 

*Only up to minute 3.75, then N decreased due to the lack of power input to keep the stirring for the large amount of 210 

solid-like emulsion formed. 211 

 212 

3. Results and discussion 213 

3.1 Empirical models obtained from the CCD: influence of the process 214 

variables on the rheological features of emulsions and model 215 

validation 216 

In [7], we obtained the empirical models at small and medium scale for the droplet size and 217 

polydispersity. Here, following the same procedure, we derive the empirical models for the 218 

rheological parameters (Table 5). The ones chosen are the yield stress 0, the storage modulus 219 

G’ (taken as an average value of the plateau value between 0.01 and 10 Hz in the oscillatory 220 

test), the viscosity  at 1 s
-1

, the critical stress c, and the value reached by the loss modulus at 221 

the critical stress point G’’max.  222 
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The empirical models include the significant factors that have an influence on each emulsion 223 

feature, which are the ones whose p-value is less than 0.05, indicating that they are significantly 224 

different from zero at the 95 % confidence level (Fig. 3-4 show an example for G’’max at both 225 

scales). From the models, the response surfaces are obtained (e.g. Figs. 5-8), and the effect of 226 

the factors on the rheological properties is clearly seen. Moreover, the values at small and 227 

medium scale can be compared. As the experiments were performed in the same range of N, 228 

S/O, and t, the values for small scale are usually lower than the values obtained at the same 229 

conditions at medium scale. For example, if we compare the response surfaces for the yield 230 

stress at both scales (Figs. 7 and 8), for a fixed S/O = 0.17, at 700 rpm, for the medium scale the 231 

yield stress is higher than 50 Pa, but a stirring rate higher than 1000 rpm at small scale is needed 232 

to obtain the same value. This indicates that these factors are not the proper scale invariants of 233 

the process, and that a scale invariant which leads to a higher stirring rate at the small scale is 234 

needed, in order to obtain the same final product in all the preparation scales. The rest of the 235 

Pareto charts and response surfaces can be found in the supplementary data (SD).  236 

Table 5. Empirical models for the rheological parameters at small and medium scale. Notation and units: 0 (Pa): 237 

yield stress, G’ (Pa): storage modulus, G’’max (Pa): maximum loss modulus, c (Pa): critical stress,  (1 s-1) (Pa·s): 238 

viscosity at a shear rate of 1 s-1, S/O (wt/wt): surfactant-to-oil ratio, Q (mL/min): dispersed phase addition flow rate, 239 

N (rpm): stirring rate. 240 

Empirical models at small scale  Empirical models at medium scale  


0
 (Pa) = -15.92 + 86.59·S/O – 0.75·Q + 0.042·N  

0
 (Pa) = -28.96 + 45.66·S/O – 0.118·N – 3.3·10

-5
·N

2 

G’ (Pa) = -293.28 + 1117.7·S/O + 0.357·N  
G’ (Pa) = -546.75 + 2327.03·S/O – 0.851·Q + 

1.208·N – 1.59·S/O·N – 9.53·10
-5

·N
2 

G’’
max

 (Pa)= -54.46 + 188.20·S/O – 0.901·Q + 

0.103·N  

G’’
max

 (Pa)= -82.36 + 137.98·S/O – 0.1143·Q + 

0.2953·N – 2.8·10
-5

·N
2
  


c
 (Pa) = -45.51 + 151.1·S/O + 0.063·N  

c
 (Pa) = -59.80 + 94.92·S/O + 0.194·N – 5.6·10

-5
·N

2
  

(1 s
-1

) (Pa·s) = 16.79 + 99.77·S/O – 2.45·Q + 

0.012·N + 0.0018·Q·N  

(1 s
-1

) (Pa·s) = -49.43 + 95.19·S/O + 0.143·N – 

4.74·10
-5

·N
2
  

 241 
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Fig. 3. Pareto chart for G’’max showing the significant effects 

for small scale. 

 

Fig. 4. Pareto chart for G’’max showing the significant effects 

for medium scale. 

 

Fig. 5. Response surface for G’’max at small scale as a function 

of S/O and N. 

 

Fig. 6. Response surface for G’’max at medium scale as a 

function of S/O and N. 

 242 

 

Fig. 7. Response surface for yield stress  at small scale as a 

function of S/O and N. 

 

Fig. 8. Response surface for yield stress  at medium scale as 

a function of S/O and N. 

3.1.1 Effect of stirring rate 243 

According to the statistical analysis, the factor with the greatest influence on the rheological 244 

parameters in the range studied is the stirring rate. In all the Pareto charts, this is the first factor 245 
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to appear. The influence of this factor appears to be lineal in the experiments at small scale, 246 

whereas it has a quadratic effect on the experiments at medium scale. Its effect is positive for all 247 

the rheological parameters: the higher the stirring rate, the higher the values of the parameters 248 

(e.g. Figs. 5-8). The effect of the stirring rate N on the emulsion rheological behavior is due to 249 

the increase of the energy input, which leads to an increased droplet breakup, which involves 250 

the formation of smaller emulsion drops. This stored energy is translated into a more elastic 251 

behavior of the emulsion. This is reflected on the increase of the yield stress τ0, as observed in 252 

Figs. 7 and 8 and also in Fig. 9, where the shear rate variation with shear stress is represented 253 

for samples at different N, showing the increase of the yield stress when N increases. The 254 

critical yield stress τc, the viscosity and the storage modulus also increase with N. For example, 255 

G’ rises considerably from 200 Pa to 1000 Pa when the stirring rate is increased from 350 rpm 256 

to 1600 rpm at the medium scale (at fixed S/O = 0.267 and t = 5 min (Fig. 12)).  257 

 258 

Fig. 9. Steady shear test at equal S/O = 0.267 and t = 5 min at small scale. The stirring rate N varies from 350 rpm to 259 

1400 rpm. 260 

3.1.2 Effect of surfactant-to-oil ratio 261 

The second factor that has an influence is the surfactant concentration, in terms of surfactant-to-262 

oil ratio S/O. This term appears in every empirical model and has a positive effect. An increase 263 

of the surfactant concentration S/O in the emulsion produces a stronger solid-like behavior. As 264 

explained in [7], the more surfactant, the more interfacial area can be stabilized and the longer 265 
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the time that the smaller droplets can remain stable without experiencing coalescence, which 266 

involves a more compact droplet network and increased elastic behavior. As observed in Figs. 7 267 

and 8, the yield stress 0 increases approximately 10 Pa when S/O is raised from 0.17 to 0.37, at 268 

both scales. 269 

3.1.3 Effect of addition time 270 

The dispersed phase addition flow rate Q, or addition time t, has less influence on the emulsion 271 

properties than the stirring rate N and the surfactant-to-oil ratio S/O. However, this factor has a 272 

slight influence on the rheological parameters, especially at short times. Although the difference 273 

in the rheological parameters at the lowest and highest level of the time range tested is small, 274 

focusing on the yield stress τ0  and on the critical yield stress τc, their values are lower at high 275 

addition flow rate Q (low addition time t) (e.g. Fig. 11). This is because a decrease in the 276 

addition time decreases the elastic behavior of the emulsion, since there is less time to break up 277 

the droplets and. Hence, they occupy larger domains and have less elastic energy stored. When 278 

the energy input (stirring rate N) is constant, if the addition flow rate is less (addition time t 279 

high), the ratio between energy used to disperse the water and the amount of water is higher, so 280 

the droplets of the dispersed phase are finer because more energy can be used to break up the 281 

large droplets added. Therefore, increasing the addition flow rate Q or reducing the addition 282 

time t implies a slightly decrease of the solid-like behavior of the emulsion. For example, at 283 

small scale, below Q = 10 mL/min, the properties of the emulsion do not differ significantly 284 

with the variation of the addition flow rate, but at higher Q, the properties slightly change, albeit 285 

less so than with the stirring rate or concentration of surfactant. 286 

3.1.4 Validation of the models 287 

The validation of the models and the verification of the parameters influence on the emulsion 288 

properties is carried out at both scales (small and medium) following simple designs, varying 289 

one variable and maintaining the other two constant (blocks 1, 2 and 3), and performing from 5 290 

to 7 experiments in each case. 291 
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The results are similar for both scales, and some examples (small scale: Figs. 10 and 11; 292 

medium scale: Figs. 12 and 13) are depicted for discussion. The rest of the figures are found in 293 

the SD. For 0 and c, the experimental values are somewhat lower than the model predictions, 294 

although they do follow the same pattern: increase with N and S/O and decrease with Q. They 295 

seem to fit the model at low-medium stirring rates, when varying this variable (Fig. 10). The 296 

storage (Fig. 12) and the loss modulus are the response variables that best fit the model 297 

predictions, for all the three variables studied. When varying N, S/O or Q, the experimental 298 

values are found randomly following the same behavior as the model in the range studied. The 299 

dispersion is higher for the G’’max values, but, in general, the values are of the same order. In 300 

general, the viscosity follows the same behavior as the model predictions, although the values 301 

are also lower than expected (Fig. 13).  302 

A possible explanation of the discrepancy between the model predicted values and the 303 

experimental data is the fact that the validation experiments were performed in some regions 304 

where no experimental points were done previously. CCD experiments were performed in the 305 

validation simple design only when the stirring rate is varied (Fig. 2). When varying the S/O and 306 

Q, although the values are in the range studied, there are no experiments in that region. This 307 

may explain why the validation of the model when varying the stirring rate is better than when 308 

varying the other two variables, since the empirical model was obtained, in this latter case, from 309 

experiments in other regions. Nevertheless, the behavior of the rheological parameters and the 310 

variation with the factors is the same, although the values are lower than the predictions.  311 
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Fig. 10. Variation of 0 with stirring rate at small scale. 

Experiments from CCD and validation. Line: model; 

dashed lines: confidence interval. 

 

Fig. 11. Variation of c with dispersed phase addition 

flow rate at small scale. Validation experiments only. 

Line: model; dashed lines: confidence interval. 

 312 

 

Fig. 12. Variation of G’ with stirring rate at medium 

scale. Experiments from CCD and validation. Line: 

model; dashed lines: confidence interval. 

 

Fig. 13. Variation of  (1s-1) with S/O at medium scale. 

Validation experiments only. Line: model; dashed lines: 

confidence interval. 

3.2 Scale invariants at three scales 313 

3.2.1 Lineal scale-up models from the empirical models at small and medium scale 314 

As discussed in [7], the scale-up invariants are the composition of the emulsion (the dispersed 315 

phase concentration and the S/O ratio), the addition time of dispersed phase (t) and, regarding 316 

the agitation rate and preparation scale, the parameter ND
α
, where N is the stirring rate and D 317 

the impeller diameter, so the power law exponent, , has to be derived from the data. The first 318 
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approximation to obtain this parameter is using the empirical models that describe the behavior 319 

of the emulsions as a function of the process variables, obtained from the experimental design 320 

with the CCD experiments at small and medium scale. Due to the apparent linearity of the 321 

results when plotting the models of the two scales together, the method used is based on 322 

applying a linear regression between the rheological parameters and ND
α
, where is optimized 323 

finding the highest correlation coefficient for all the points. The form of the regression is (1): 324 

Parameter = a + b · ND
α   

(1) 325 

Where ND
α
 is defined as ND


 (cm


/s) = ·N (min

-1
)/60·D


 (cm


), to be consistent with the units 326 

usually given to the tip speed (v = ND, in cm/s). Due to equipment limitation, the results at high 327 

ND

 (when N > 1050 rpm) are very disperse and do not fit conveniently with any linear 328 

regression, so these experiments are not included in the range in which the following scale-up 329 

model is applied. The power law exponent is determined in all the possible combinations of S/O 330 

and addition time t. However, for the sake of clarity, the conditions chosen to present in this 331 

study are the same conditions chosen for the validation experiments, so that a further 332 

comparison can be easier and clearer. As said previously, the model validation experiments 333 

were carried out fixing two different surfactant concentration S/O (S/O = 0.27 ± 0.02 and 334 

S/O = 0.43 ± 0.02) and two different addition times t (t = 5.08 min and t = 18.24 min) at each 335 

scale. The combinations of the levels of these two factors are shown in Table 6. We will refer to 336 

them as conditions #1 (S/O = 0.27 and t = 5.08 min), #2 (S/O = 0.43 and t = 5.08 min), and #3 337 

(S/O = 0.43 and t = 18.24 min) from now on. 338 

Table 6. Combination of levels and factors used to validate the models.  339 

Conditions # S/O (wt/wt) t (min) 

1 0.27 ± 0.02 5.08 

2 0.43 ± 0.02 5.08 

3 0.43 ± 0.02 18.24 

 340 
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The values from each model were obtained fixing a significant number of levels of N (included 341 

in the experimental range) and then  was optimized by maximizing the correlation coefficient 342 

of all them to the linear equation presented previously. The results are shown in Table 7 and the 343 

regression coefficients in the SD. Each rheological parameter has a different power law 344 

exponent α. However, as the behavior of the emulsions is defined by all the parameters, a 345 

general power law exponent α defined from the five rheological parameters is found by 346 

maximizing the sum of the correlation coefficients. In Table 7, first the exponent for each of the 347 

five rheological parameters chosen is shown, and in the last column, the exponent obtained from 348 

all the rheological parameters together. These values are in the range from 0.55 to 0.71, so they 349 

agree with [7], in which we obtained the scale invariant from the droplet size models, and found 350 

that it approached 0.5 for small stirring rates N. In that previous study, it was observed that  351 

approached zero when N was very high, but in this study we have focused on values below 352 

N = 1050 rpm, due to the experimental equipment limitation.  353 

Table 7. Power law exponent  from general models at small and medium scale. 354 

Conditions 
Storage 

modulus 

Loss 

modulus 

Critical 

yield stress 

Yield 

stress 

Viscosity 

at =1 s
-1

 

Rheological 

parameters 

1 0.81 0.90 1.06 0.73 -0.07 0.71 

2 1.05 0.72 0.60 0.52 0.04 0.55 

3 1.57 0.80 0.35 0.35 -0.01 0.57 

3.2.2 Lineal scale-up models at fixed conditions using the validation experimental 355 

values at small, medium and large scales 356 

The experiments performed for the model validation were also used to determine the power law 357 

exponent . This was done using the same method as in the previous part, where we obtained it 358 

from the empirical models derived from the CCD experiments. In this case, though, the 359 

regression was done with experiments on the three scales: small, medium and large. Table 8 360 

shows the power law exponents obtained and in the SD the model parameters and regression 361 

coefficients are found for every condition and parameter. The power law exponent is found 362 
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between 0.32 and 0.75 and when calculating it from all the variables together, the values are 363 

between 0.49 and 0.62, with an average value of 0.55 ± 0.07.  364 

Table 8. Power law exponent for each rheological parameter and for the combination of all them. 365 

Conditions 
Storage 

modulus 

Loss 

modulus 

Critical 

yield stress 

Yield 

stress 

Viscosity 

at =1 s
-1

 

Rheological 

parameters 

1 0.67 0.63 0.51 0.43 0.34 0.53 

2 0.62 0.59 0.44 0.51 0.32 0.49 

3 0.75 0.61 0.56 0.57 0.62 0.62 

 366 

Comparing the values obtained from the empirical models at each scale (Table 7) with those 367 

obtained from the validation experimental points (Table 8), only in a few occasions both are 368 

similar. Despite this fact, when the power law exponent  is calculated maximizing the sum of 369 

the five rheological parameters correlation coefficients, the values are really close: 0.61 ± 0.09 370 

and 0.55 ± 0.07. Moreover, both power law exponent  (from models and experiments) possess 371 

the same behavior when the conditions change. Remaining constant the addition time t 372 

(conditions #1 and #2), the exponent  decreases in most of the rheological values when S/O 373 

decreases – and also in the general exponent. On the other hand, at constant surfactant amount 374 

S/O (conditions #2 and #3), the power law exponent slightly increases its value when the 375 

addition time t is raised. 376 

In the CCD, the experiments are performed at different factor levels, so there are not many 377 

experiments at the same conditions of S/O and t: taking into account the experiments at small 378 

and medium scale, there are three experiments at conditions #1, only one experiment at 379 

conditions #2, and none at conditions #3. Hence, there are probably a low number of 380 

experiments at the same experimental conditions to obtain a reliable power law exponent as 381 

described here. Also, we must not forget that it is obtained from the empirical models. Hence, 382 

performing more experiments is necessary to ensure the validity of the scale-up invariants. This 383 

is why the validation experiments, as they are performed only varying one variable at a time, 384 
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can be used to obtain the power law exponents at some fixed conditions with probably more 385 

reliability than the power law exponents obtained from the empirical models of the CCD 386 

experiments.  387 

3.2.3 Specific and global models from all the validation experiments 388 

Once these models are obtained and the similarity among power law exponents  at different 389 

conditions is corroborated, it seems possible to obtain a scale-up model which includes all of the 390 

validation experiments and define the value of any rheological parameter as a function of the 391 

three scale invariants: surfactant concentration S/O, addition time t (min) and ND
α
 (as a factor 392 

which includes the stirring rate N, impeller diameter D –scale- and the power law exponent ). 393 

The exponent  will be optimized in order to obtain the maximum correlation coefficient (the 394 

procedure is the same as explained previously).  395 

Table 9 shows the specific  for each rheological parameter and a global  which is found from 396 

the maximization of the sum of correlation coefficients for each rheological parameter. A value 397 

of 0.63 is obtained in this case. In the SD, the coefficients for the model parameters and the 398 

regression coefficients of the models when applying the specific or the global power law 399 

exponent are shown.  400 

Table 9. The power law exponent α which defines the whole experimental system. 401 

Storage 

modulus 

Loss 

modulus 

Critical 

yield stress 

Yield 

stress 

Viscosity 

at =1 s
-1

 

Rheological 

parameters 

0.73 0.77 0.66 0.49 0.45 0.63 

 402 
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Fig. 14. Representation of the experimental points 

together with the scale-up model for G’. (S/O = 0.267, 

t = 5 min) 

 

Fig. 15. Representation of the experimental points 

together with the scale-up model for G’. (S/O = 0.267, 

t = 5 min) 

 403 

The experimental results are plotted with the scale-up models and, as expected, the model with 404 

the specific power law exponent for each variable fits more properly the experimental results, 405 

yet the difference with the global model is not that significant. This difference is more 406 

remarkable at conditions #1 (S/O = 0.267 ± 0.020 and t = 5.08 min) due to larger number of 407 

experiments available, than at the other two conditions, where both models (specific and 408 

general) include perfectly (in almost all the parameters) the experimental values. The global 409 

models, for example for G’ and c (Figs. 14 and 15) clearly fit with the experimental points of 410 

the three scales and are clearly inside the 95 % confidence interval. Moreover, the random 411 

distribution of the experimental results under and above the model prediction shows the 412 

significance of the regression, since no specific behaviors are followed by any scale.  413 
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Fig. 16. Scale-up general model (α = 0.63) and the validation experiments 

points at small, medium and large scale (t = 5.08 min) for G’.  

 

Fig. 17. Scale-up general model (α = 0.63) and the CCD experiments 

points at small and medium scale (t = 8.84 min) for G’. 

 414 

The next step is the confirmation that the scale-up model obtained from the validation 415 

experiments is valid and includes the values from which the models at each scale were 416 

calculated. In order to illustrate the possible differences, a response surface graph has been 417 

depicted, where the addition time has been fixed and the other two factors (ND
α
 and S/O) vary 418 

along the experimental range. ND
α 
includes the scale –as D, impeller diameter-, so it allows us 419 

to depict both scales (small and medium) at the same graph. Fig. 16 shows an example at 420 

t = 5.08 min for the storage modulus. The random distribution of points of different scales and 421 

the proximity of the points to the model confirms its validity. This behavior is followed by the 422 

storage modulus G’ and the loss modulus G’’max; for the rest of the rheological parameters, the 423 

experimental values remain mainly above the surface. The validity of the models at each scale 424 

(where G’ and G’’max fit the models properly) is intrinsically related with these results.  425 

Next we investigate if the model obtained from the validation experiments can explain the 426 

behavior of the CCD experiments. Fig. 17 shows the graphical representation of all the CCD 427 

experimental values (both scales) at t = 8.84 min with the global model obtained from the 428 

validation experiments ( = 0.63). The random distribution under and above the response 429 

surface indicates the validity of the global model.  430 
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3.2.4 General models from all the experiments performed in the system: CCD and 431 

validation experiments at three scales 432 

Confirmed the similarity between the CCD experiments and validation experiments, we then 433 

correlate all experiments at the three scales (CCD and validation) with a unique quadratic model 434 

for each rheological parameter, as a function of the three scale invariants: surfactant 435 

concentration S/O, addition time t and ND
α
 (stirring rate N and scale), following the same 436 

procedure as before –maximization of the sum of the correlation coefficients-, thus, broadening 437 

the application range of the model. The power law exponent found for this general model is 438 

α = 0.65, and is close to that obtained with only the validation experimental values (α = 0.63), 439 

which confirms the similarity of behavior between all the emulsions prepared. A random 440 

distribution of values of different scales along the experimental range is shown in G’ (Fig. 18) 441 

and G’’max models, while for the other parameters, due to the difference of the value -not of the 442 

behavior- in some fixed conditions, the experimental values of a scale remain only under or 443 

above the model prediction.  444 

Therefore, the validation experiments fit the global model derived from them, and the difference 445 

between them and the general model from all the experiments is not significant. The divergence 446 

observed in the small and medium scale validation is minimized and confirms, as discussed in 447 

the previous section, the validity of the models. The difference in the impeller diameter at large 448 

scale does not seem to bring unexpected results, in terms of the emulsion properties.  449 

Fig. 18 depicts the response surface obtained with the general model (α = 0.65) and all the 450 

experiments at t = 5.08 min, and Fig. 19, the general model (α = 0.65) at (a) t = 18.24 min and 451 

S/O = 0.43 ± 0.02 and (b) t = 5.08 min and S/O = 0.43 ± 0.02. The experimental values follow a 452 

random distribution around the model prediction. The model parameters, regression coefficients 453 

and figures for the five rheological parameters are found in the SD. 454 
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 455 

Fig. 18. Scale-up general model (α = 0.65) and all the experimental values (CCD and validation) (t = 5.08 min). 456 

  

Fig. 19. (a) Scale-up general model for τc (α = 0.65) and the validation experimental points 457 

(t = 18.24 min and S/O = 0.43 ± 0.02). (b) Scale-up general model for G’’max (α = 0.65) and the 458 

validation experimental points (t = 5.08 min and S/O = 0.43 ± 0.02). 459 

If we take the value of  = 0.65 and apply it to the emulsion change in BS after 30 min (Fig. 20-460 

a) and 24 hours (Fig. 20-b) of preparation, we can observe that, despite the dispersion in the 461 

values at 24 hours, there is not an appreciable difference between the stability comparing the 462 

three scales. The values agree with the model at ND
0.65

, so the emulsions formed are similar at 463 

all three scales and have the same stability. Also, the emulsions prepared at a higher stirring rate 464 

are more stable, as observed in [7].  465 
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Fig. 20. (a) Relative backscattering (BSrel) 30 min after the emulsion preparation at 466 

S/O = 0.43 and t = 18.24 min. (b) Relative backscattering (BSrel) 24 hours after the emulsion 467 

preparation at S/O = 0.267 and t = 5.08 min. 468 

3.3 Physical meaning of the power law exponent α 469 

The power law exponent for this system is  = 0.65, which can be approximated to  = 2/3. 470 

According to the table presented in [7], where the physical meaning of the power law exponents 471 

is described, that indicates the scale invariant of this process is the power per unit volume P/V: 472 

emulsions with equal P/V value should have the same properties. The expression for this 473 

parameter (2) is obtained from the definition of the power number (Np = P/(·N
3
·D

5
)), where  474 

is the fluid density, and the volume of the vessel (V = ·(B
2
/4)·H). 475 

P/V = Np··N
3
·D

5
/((/4)·B

2
·H)     (2) 476 

The value of the exponent α = 2/3 is not intuitive but is derived from the equation when 477 

considering geometric similarity between vessels and their shape (B1/B2 = H1/H2 = D1/D2). 478 

Using this relation, for a stirring rate at small scale equal to 1000 rpm, the stirring rate at 479 

medium scale would be 630 rpm and at large scale 397 rpm. At large scale, the blades of the 480 

impeller had to be shortened (D3 = 16 cm) from what they should measure for keeping 481 

geometric similarity (18 cm). This change could introduce some errors to the models and 482 

conclusions derived from them, especially when extrapolating these findings to other 483 

emulsification systems. Nevertheless, the model derived from this system and the scale-up 484 
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criterion encountered yield fair good predictions for the experimental data at the three different 485 

scales used in this work. 486 

This scale-up criterion is well-known and has been analyzed in previous studies. Okufi et al [24] 487 

studied P/V as a scale invariant at liquid – liquid dispersions, but they concluded that the equal 488 

tip speed was a better scale-up criterion. Bourne and Yu [25] assumed P/V as a scale invariant in 489 

their study of macromixing at stirred tanks and several authors (Wilkens et al. [26], Chen et al. 490 

[27]) recommend P/V to perform the scale-up of mixing processes. However, it is the first time, 491 

as far as we know, that it is deduced indirectly, without needing to measure neither the power 492 

nor the changing volume of the emulsion. 493 

 494 

Fig. 21. Evolution of P/V at S/O = 0.267, N = 700 rpm and t = 5.08 min at medium scale over time 495 

In this study emulsions are formed by continuously adding the dispersed phase to the 496 

continuous phase, so the emulsion volume V increases over time until all the dispersed phase is 497 

added. On the other hand, torque  profiles obtained during the process show that this value 498 

increases while the dispersed phase is being added, since the more fluid volume, and the more 499 

viscous it is, the more energy input the stirrer has to provide to maintain the fixed stirring rate. 500 

P/V is not constant over time, since the increase in volume is much more important than the 501 

increase in torque (Fig. 21). Hence, the interpretation of the power law exponent physical 502 

meaning is not obvious, since P/V cannot be calculated from the beginning neither it cannot be 503 

fixed as a scale invariant before experimentation. 504 
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4. Conclusions 505 

In the first part of this study, highly concentrated w/o emulsions were prepared following 506 

central composite designs at two different scales. We identified the factors that significantly 507 

affect the rheological parameters of the emulsions. We then constructed empirical models, from 508 

which we represented the response surfaces to visualize the variation of each rheological 509 

parameter with the process variables. In addition, we validated the models by performing 510 

additional experiments following simple designs. Although most of the rheological parameters 511 

followed the same behavior as the model predictions, since the models were obtained from a 512 

limited number of experiments, they showed limited ability in predicting output parameters, 513 

even within the range of factors studied.  514 

Our main goal was to identify  the process conditions that have to be kept constant at several 515 

scales to obtain highly concentrated emulsions with similar properties We conclude, first,  that a 516 

methodology of scaling up can be deduced, based on maximizing the regression coefficient of 517 

different experimental data sets to obtain the missing parameters.  518 

Secondly, in vessels of different size with geometric similarity, once the dispersed phase 519 

volume fraction, the surfactant concentration and the addition time of dispersed phase are fixed, 520 

the unknown variable is the stirring rate at each scale. The stirring rate has the greatest influence 521 

on the emulsion features, and it also depends on the production scale. For the preparation of 522 

highly concentrated w/o emulsions, the scale invariant related to the stirring rate and scale has 523 

the form ND

. An average value of close to 2/3 was found, when characterizing the emulsions 524 

by their rheological parameters. This result implies that the scale invariant for systems of this 525 

kind is equal to maintaining the power input per unit volume (P/V) constant, which is a common 526 

scale-up criterion in mixing processes.  527 

 528 

 529 
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