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Chapter 1

Introduction

1.1 Abstract

The goal of this thesis is to determine whether a given deterministic dynam-
ical system can display chaotic behaviour, and if so, under which conditions.
However, the complexity of the question forces us to reduce the problem to
the study of two-dimensional C" diffeomorphisms. This work is structured
in the following way; first, a preliminary chapter with the intention to fa-
miliarize the reader with the background needed. Then, two main blocks,
which correspond to the third and forth chapters, where the answer to the
question is provided in the first one, and whether these conditions can occur
for Poincaré maps associated with periodically perturbed systems is treated
in the second one. Last, there is an Appendix about the computation of
improper integrals which typically occur in Melnikov’s theory by the residue
theorem.

In the first block, the Smale-Moser Theorem is the key point for seeing that a
two-dimensional map, which possesses a homoclinic point at which the stable
and unstable manifold of the hyperbolic fixed point intersect transversally,
has chaotic behaviour. In the text, this result is clearly achieved in two parts.
The first one, which corresponds to sections 3.1, 3.2 and 3.3 is the study of
sufficient conditions for the existence of an invariant Cantor set topologically
conjugate to a shift on N symbols. Here, Symbolic Dynamics, which is the
method for characterizing the orbit structure through infinite sequences of
symbols, takes an important role because it enables us to associate a point
in a subset of the unit square with a bi-infinite sequence.

The second one, which covers sections 3.4 and 3.5, is about re-writing the
conditions needed, which are purely geometrical, to something more analyt-
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ically approachable with the purpose of making them easier to be verified
under the hypotheses of the Smale-Moser Theorem.

In the second block, we study Hamiltonian systems that suffer periodic non-
autonomous perturbations. The aim of this chapter is to provide criteria,
which will let us conclude when the associated Poincaré map has a transver-
sal homoclinic point. Therefore, on account of the results from the third
chapter we are able to state, under suitable conditions, that there is a chaotic
invariant set. Moreover, the research is generalized to Hamiltonian systems
that present either a homoclinic orbit or a heteroclinic one, although no sim-
ilar conclusions regarding its dynamics will be deduced for the latest. Fur-
thermore, this criteria depends on whether the perturbed invariant manifold
coincide, split completely or cross. Thus, the track of the distance between
the manifolds is important. As a result, the Melnikov function is introduced
with the intention to tell us when the distance between the two manifolds
becomes nul.

Seeing that, in sections 4.1, 4.2 and 4.3 we have the description of the phase
space geometry for the unperturbed system, and its changes after the peri-
odic perturbation. Later, in sections 4.4, 4.5 and 4.6 the Melnikov function
is derived and its properties are discussed. Finally, section 4.7 enables the
reader to see the applicability of the theory developed during the thesis with
one heteroclinic case and one homoclinic case.

1.2 Motivation

The term “chaos” has always fascinated me. The beauty of the idea that two
close points in a phase space can diverge completely with the evolution of
the system, even though the system is deterministic, made me wonder how
this subject is approached mathematically. Honestly, I must admit that after
completing this thesis I have a bittersweet feeling. On one side, I wish I could
have been able to get more juice from the theory developed with broader and
more exotic types of applications. On the other side, I might see this thesis as
an inflection point in my studies due to the fact that I may consider keeping
my academic carreer related with this field.

Last but not least, through the development of this thesis I realized about
the importance of having a general baggage in mathematics due to situations
I encountered where issues from other branches such us Topology arose.

Barcelona, January 30, 2015 4 Bachellor Thesis



Chapter 2

Preliminary Results

The aim of this chapter is to let the reader familiarize with the necessary
background for the development of this thesis. Since we are concerned that
an exhaustive review of the most relevant results in differential equations
would be tedious and unpractical, some concepts like the definition of a dy-
namical system associated with a differential equation and its results about
existence, uniqueness and regularity are assumed to be known by the reader.
Nevertheless, we also take for granted concepts from Mathematical Analysis
and Topology such us differentiability, homeomorphical spaces and compact-
ness. What we do provide is definitions and results related to the dynamics
of systems, from the definition of the flow of a vector field up to the Stable
Manifold Theorem, which will be essential for the study of Melnikov’s The-
ory.

Definition 2.1. Let f: Q C R x R” — R" be a C"-map, r > 1.
The evolutionary solution associated with the differential equation & = f(¢, z)
with initial conditions z(ty) = xo is described by

d: DCRXOQCRXxRxR*" — R”
(t;to,Io) — @(t;tg,ﬂio),

where D and €2 open sets such that
« ®is of class C".

e Y(to,z0) € Q, I(ty,x0) = {t € R| (t;t0,29) € D} open set and the
map ®(-,tg, z0) : I(to,x0) — R™ is C""! with respect to t.

. V(to,x(]) cQ
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1. @(toﬂfo,l’g) =X -

2. If tl S I(tg, .Io) then vtg c I(tl, (I)(tl, to, xo)) we have tz c I(to, Io)
and q)(tg, tl, (I)(tl, to, ZL’())) = q)(tg, to, I()) .

Definition 2.2. Let X : U — R" be a C"-vector field, r > 1. Let & = X (x)
be the autonomus ordinary differential equation induced by X. Then the flow
¢ associated with X corresponds to the evolutionary solution associated with
& = X(x). Thus, the flow ¢ is given by

p: DyCRxUCRXxR" — UCR"
(t,m0) = @(t,20) = P(t;70),

with Dy = {(t,z0) € R x U| t € I(0,z9) = I(zo)} satisfying that ¢ is a
C"-map and

. 9(0,2) =1,

« 9(s,0(t,x)) = o(t +5,7) .

Observation. The flow associated with X satisfies the requirements for being
a dynamical system. The solution for the general Cauchy problem x(tg) = ¢
is x(t) = ®(t — to; o).

In addition, it is seen that for a constant linear vector field X, its flow is
ot ) =X

Definition 2.3. Let ¢ : I C R — U C R” be the solution of a Cauchy
problem.

The orbit associated with ¢ is v = ¢(I) = Im(y). For a certain point, the
orbit of x5 € U C R"™ is the orbit associated with the solution

¢xo: f(xo) — UCR"
t — O (t) = 0(t, x0) .

Definition 2.4. A linear vector field X € Z(R") is hyperbolic if the spec-
trum of X is disjoint from the imaginary axis. The number of eigenvalues of
X with negative real part is called index of stability of X.

Barcelona, January 30, 2015 6 Bachellor Thesis
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Proposition 2.5. If X € Z(R™) is a hyperbolic vector field then there exists
a unique splitting of R™ as a direct sum R" = E*@® E*, where E* and E* are
the stable and the unstable invariant subspaces for X respectively. Moreover

if X € eigenvalues of X* = X|gs then Re[A] <0,
if X € eigenvalues of X" = X|gu then Re[A\] > 0.

Definition 2.6. Let X: UCR"®* — R" be a (O"-vector field with
r > 1. For x € U the omega and alpha sets are defined as follows

w(z)={y e U| F(tp)n — +oo with lim p(t,,z) =y},
n—oo

alx) ={y e U] F(tn)n — —oco with lim ¢(t,,z) =y}.
n—oo

Definition 2.7. Let x = & be a fixed point of & = X(z), x € R". Then z
is called hyperbolic fixed point if DX (Z) is a hyperbolic linear vector field.
Moreover, if Z is already a hyperbolic fixed point of the vector field X (x)
and A1, g, ..., A, are the n eigenvalues (maybe some of them coincide) for
the linearization DX (), then Z is called

. saddle if some, but not all, the eigenvalues have positive real parts,
. stable node or sink if all the eigenvalues have negative real parts,
. unstable node or source if all the eigenvalues have positive real parts.

Finally, for two-dimensional vector fields, if z is a fixed point of X (z) such
that all the eigenvalues of DX (Z) are purely imaginary then Z is a center.

Definition 2.8. Let ¢ be the flow associated with the vector field X and
Z € R™ be a hyperbolic fixed point of X. The set of points in R™ that have
T as w-limit is called the stable set of  and it is denoted by W#(z), and the
set of points in R™ that have T as a-limit is called the unstable set of Z and
it is denoted by W*(z). Moreover, the sets

W3 (z) ={x e W*(z)| o¢(t,x) € Bs(z), Vt>0},

Wi (z) ={z € W*(z)| ¢(x,t) € Bs(z), Vt<O0},

are called the local stable and local unstable manifolds of size d, of the point Z.

Barcelona, January 30, 2015 7 Bachellor Thesis
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At this point, we should comment that many definitions and results for
C"-vector fields we have stated above have analogous counterparts for C"-
diffeomorphisms. For instance, the equivalent definition for a hyperbolic fixed
points for C"-diffeomorphisms is the following.

Definition 2.9. Let f : R"™ — R” be a C"-diffeomorphism, » > 1 and
x =1 € R" be a fixed point of f.
Let y — Df(z)y with y € R™ be the associated linear map of f.
Then, = is a hyperbolic fixed point if the eigenvalues of Df(Z), A1,..., Ay,
satisfy

N #£1, i=1,....n.

Moreover, the linear map y — D f(Z)y has the invariant manifolds given by

E*® =span{ey,...,es},
E* :Span{€s+1> sy es-i—u} ’

C
E :Span{€s+u+17 oo 7€s+u+0} )
where s + c+u =n and

. €1,...,6s are the eigenvectors of D f(Z) corresponding to the eigenval-
ues of D f(Z) having modulus less than one ,

e €511, .65y are the eigenvectors of D f(z) corresponding to the eigen-
values of D f(Z) having modulus greater than one ,

e €stuil,---,6n are the eigenvectors of D f(z) corresponding to the eigen-
values of D f(Z) having modulus equal to one .

Now, we present the Stable Manifold Theorem and the rest of the results
for diffeomorphisms as it is how it will appear in the thesis.

Theorem 2.10 (The Stable Manifold Theorem for maps).
Let f € Diff"(R™) and p € R™ be a hyperbolic fixed point of f.
Let E? be the stable subspace of Df,. Then

1) W#(p) is a C” injectively immersed manifold in R™ and the tangent
space to W*(p) at the point p is E*.

2) Let D C W*(p) be an embedded disc containing the point p. Now, con-
sider a neighbourhood A" C Diff"(R™) such that each g € N has a
unique hyperbolic fized point py contained in a certain neighbourhood
U of p. Then, given € > 0 there exists a neighbourhood N C N of

Barcelona, January 30, 2015 8 Bachellor Thesis
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f such that, for each g € N, there exists a disc D, c W*(p,) that is
e C"-close to D.

Remark. Exactly the same results are found for the unstable set of p, W*(p),
and the unstable subspace of Df,, E*. Regarding the first statement of this
theorem, from now on, we call the stable and unstable sets of p by the stable
and unstable manifolds of p, respectively.

Definition 2.11. Let L; and Ly be two submanifolds of a given manifold
M. Then L, intersects Lo transversally at p if p € L1 N Ly and the sum of
the tangent spaces of L and Lo is the tangent space of M,

T,Ly + T,Ly = T,M .

Definition 2.12. Let f € Diff"(R") and p € R" be a hyperbolic fixed point
of f. Then, r is a homoclinic point if » € W*(p) N W*(p) \ {p}. Moreover, if
W#(p) intersects W"(p) transversally at r, r is called transverse homoclinic
point.

Definition 2.13. Let f € Diff"(R™) and [,m € R" be two different hy-
perbolic fixed points of f. Then, r # [,m is a heteroclinic point if r €
We(l) N W*(m).

Moreover, we state a lemma concerning the iteration of a curve which in-
tersect transversally a stable invariant manifold. For convienience, we state
a simplified version of the lemma where the stable and unstable manifolds
coincide with the coordinates axes.

Lemma 2.14 (Lambda lemma).

Let h € Diff"(R?) and p be a hyperbolic periodic point of h such that p is
centered at the origin and its stable and unstable manifolds correspond to the
coordinates axis in a neightbourhood of the origin.

Let g € W#(0) — {0}.

Let C be a curve intersecting W*(0) transversally at q.

Let CN be the connected component of h™¥N(C) N U to which h™¥(q) belongs.
Then given € > 0 and U sufficiently small,

ANy € Z* such that for N > Ny, OV is C! e-close to W*(0) N U i.e. the
tangent vectors on O are e-close to the tangent vectors on W*(0)NU .

Barcelona, January 30, 2015 9 Bachellor Thesis
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Figure 2.1

Proof. See |Palis and de Melo, 1982} pp. 80-85] . ]

Remark. The Lambda Lemma provides information about the stretching of
the tangent vectors. Let zo € h™N(CV) and (£,,,(.,) be a vector tangent to
h™N(C™N) at zp. Then [&,~ (.| can be arbitrarily small and |~ (.| can be
arbitrarily big by taking N large. See Figure

Last, we want to recall a lemma which allows us to bound a function
under certain conditions.

Lemma 2.15. Gronwall’s Inequality
Let o, ¢, W be continuous functions in the interval |a,b] with a < b.
Suppose that ¥ in non-negative and « is non-decreasing.

Then, if .
o(t) < alt) —I—/ U(s)p(s)ds, Vte [a,b],

we have )
o(t) < a(t)ela Y& i e [a,b].

Barcelona, January 30, 2015 10 Bachellor Thesis



Chapter 3

Symbolic Dynamics

3.1 Introduction

The idea to characterise the orbit structure of a dynamical system is not
new. It already appears in different context like the study on geodesics on
some surfaces on negative curvature, or the work on periodically excited Van
der Pol equations. In this chapter we aim to see that C"-diffeomorphisms
with a homoclinic point, at which the stable and unstable manifold intersect
transversally, have chaotic dynamics. The result is seen by Theorem [3.13]
but part of the work is done by Theorem where we see which conditions
have to be satisfied by a map of the unit square into itself to be topologically
conjugated to a shift on N symbols.

3.2 Space of Symbol Sequences

To begin with, we should define properly what is exactly the space of Symbol
Sequences. Let’s take

A': finite or denumerable set of symbols, called alphabet. Let A = {1,2,..., N}
with N > 2 be our alphabet for simplicity.

> : set of bi-infinite sequences with elements from A. Formally, ¥ can
be built as a bi-infinite Cartesian product of A.

S=... xAxAxA. . .= ][] A A=A

1=—00

11
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If s € ¥ wewrite s = {...,8 pn,.--,51,80,81,-+,8n,...} with s, €

A, Vn € Z.

Remark. For convenience we will take s = {...s_,...5.180.81...8, ...} .
The dot ' is separating the bi-infinite sequence into two parts.

Now, we introduce a distance in A:
d(a,b) =la—10b|, Va,be A.

Observation. The set A equipped with the distance d(a,b) = |a—b|, Va,b €
A, is a compact, totally disconnected metric space.

Similarly, let’s introduce a distance in 3 with the aim of obtaining some
properties for X.

Definition 3.1. For s, s* € ¥ with

s={...5,...8.150.81---Sp...} and
st={ .8, st yshst s ) we define
1 s — st
d(s,s") = _—
)= 2 ke
Observation.
The map d: YxX — R is a distance.

(s,s") > d(s,s")

Indeed, for any s, s*,§ € ¥ we have
1) d(s,s*) >0 asitis a sum of positive terms.

2) d(s,s*) =0 <= s=s"
The implication <« follows by definition.
The implication =- follows because if a sum of positive terms is zero,
every term has to be zero.

3) d(s,s*) =d(s*,s) since |s; —si| =|sf —s;| .

Barcelona, January 30, 2015 12 Bachellor Thesis
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4) d(s,s) < d(s,s*) +d(s*,3).

lsi=sil o _Isi=sil s} —5il
For every term we have g = ToemstIH1 + B Indeed
e & — _si=8il o _lsizs]] ls;y=$il o |s;—si
cifsi=s = 0= Bimsitl S Toimst 4l T it — 2\3;_§i\+1
. if 5, = s* = lsi—si| _ Isi—s]| sy —Si] s} —Sil

1 R 2
|Si—§i|+1 ‘81—8:‘-{-1 + ‘S:—SAiH-l O + ‘SZ‘—S}H—l

>

lsi—sil  __ _lsi—sjl

K —_— T
[si—si|+1 — [si—si[+1 + |s7—8i|+1 — |ss—si[+1 +0

oifSik: i =

)

if s, # §; * , |si—$i 1.1 |si—s7| |57 =il
s s As s = [ss—8i|+1 <l= 2 t2 = |S¢*Sf|+1+|8f*§i|+l7

: * ~ . . |si—s7| |s¥—$;] 1

since |s; — s7], |s; — $;| > 1 implies that s a2 2

Thus (X, d) form a Metric Space.

Observation. The Metric (X,d) induces the product topology on . This
means that the topology induced by (3,d) is the coarsest topology which
makes all projections

— R continuous in .
S — S

Remark. With this metric, two bi-infinite sequences are close if they have the
same terms in a big central part of the sequence. To state this idea explicitly
we have the following lemma which provides useful tools for the proof of the
next proposition.

Lemma 3.2. For s, s € X

i) if d(s,8) < hm = Vilil <M si—s,

i) if Vi|i| <M s;=8 =d(s,8) < g

Proof. See [Wiggins, 1990, pp. 440-441|. ]

Barcelona, January 30, 2015 13 Bachellor Thesis



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

Proposition 3.3. The space ¥ with the distance introduced by Definition
s a metric space such that X is

i) compact.
ii) totally disconnected.

iii) perfect.

Proof.

i) If A is compact, ¥ = ... x A X A X A x ... is compact according to
Tychonoff’s theorem which states that the product of any collections
of compact topological spaces is compact with respect to the product
topology.

ii) If A is totally disconnected, X is totally disconnected due to the fact
that the product of totally disconnected spaces is totally disconnected.

iii) To prove that 3 is perfect we have to see that given an arbitrary s € ¥
and N,(s) neighbourhood of s, 35 € N.(s), s € ¥ such that § # s.

Let s* € ¥ and N(s*) be a neighbourhood of s*

N.(s)={se€X| d(sis})<e}
={seX s=s, V|i|<M,s,seA}

with € < 2T1+1 for some M.
Then the sequence § defined as

for i=M+1 s;=s+1 if sT<N

SAZ:SZ<—1 lf S::N
belongs to Ne(s*), but § # s*.
[l

After defining a topological structure in X, let’s define the following map,
called the shift map:

o X — X
s — o(s)

Barcelona, January 30, 2015 14 Bachellor Thesis
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such that
VkEZ, (o(s)k= sk

In other terms,
if s={ ..s,...518.51..-Sp...}

then o(s)={ ..5,...5.1.581.--Sp---}.

Proposition 3.4. The shift map o is continuous.

Proof. We should see that, given € > 0, 3d(¢) such that,
d(s,s") <d(e) = d(o(s),o(s")) <e for s,s"€X.

For any arbitrary e > 0 let’s take 6 = W% with M such that W%Q < €. Then,
if d(s,s*) < 6 = gzr we have that for |k| < M, s, = s; by the first part
of Lemma (3.2). Thus, for [k| < M —1, o(s)y = o(s*) . Finally, applying
the second part of Lemma we get that d(o(s), 0(s*)) < sx7= < € by the
choice of M. O

Proposition 3.5. The shift map has
i) a countable infinity of periodic orbits and orbits of all periods,
ii) an uncountable infinity of non-periodic orbits,

ii1) dense orbits.

Proof.

i) Orbits of sequences that periodically repeat are periodic under iteration
by o. Precisely, the orbits of o having period k correspond to the orbits
of sequences made up of periodically repeating blocks of elements from
the alphabet A of length k.

s ={8183. .- Sp-5152 .- -8} with s, € A, i=1,... k.
The sequence s after k iterations of o will be itself again
ok (s) =s.

It is important to point out that for a certain £, the number of sequences
having a periodically repeating block of length %k is N*. Hence, for
each k we have a finite number, smaller than N*, of orbits of ¢ having
period 0. Consequently, there is a countable infinity of periodic orbits
and orbits of every period.

Barcelona, January 30, 2015 15 Bachellor Thesis
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i)

iii)

To see that ¥ has an uncountable infinity of non-periodic orbits, we
will build a correspondence between X and the closed unit interval
[0, 1] with the aim of showing that ¥ is uncountable .

A bi-infinite sequence corresponds to an infinite one by the relation

{8 .. 518081 -Sn.--} —> {S0815_1.--SnS_pn...}.

Furthermore, every number from the interval [0, 1] can be expressed in
base N as an infinite sequence. Thus, since [0, 1] is uncountable, ¥ is
uncountable.

Last, subtracting the subset of periodic orbits, which is countable, to
an uncountable set like 3 we still have an uncountable subset, which is
the one of the non-periodic orbits.

Finally, ¢ has a dense orbit if s € ¥ such that for any s’ € ¥ and
e >0, dn € Z such that d(o™(s),s') <e.

First, we realize that we can order all the finite sequences with ele-
ments from the alphabet A. For s = {sy...s;}, s ={s1...5p}

s<s5 if k<k
s<s§ if k=K and s;,<35

with ¢ first integer such that s; # §; .

Now let’s consider our candidate to be a bi-infinite sequence s which
contains all possible finite sequences stated above.

Then, for s € ¥ and € > 0 arbitrary, every s” € N(s') neighbour-
hood of ¢, satisfies that IN € Z, s/ = s, V|i|] < N. Since the

sequence {s' y...s";.s(...8\} is contained in s by definition, it will
exists N € Z such that V|i| < N, oN(s); = s

Thus d(c™(s),s') <€ .

3.3 The Conley-Moser Conditions

The goal of this section is to provide sufficient conditions for a two-dimensional
invertible map to have an invariant Cantor set, whose dynamics is topologi-
cally conjugate to the shift on N symbols. Although none of the lemmas that

Barcelona, January 30, 2015 16 Bachellor Thesis
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follow is explicitly proven in this thesis, they are needed for the demonstra-
tion of the first Theorem of this chapter.

Definition 3.6. A y,-vertical curve is the graph of a function

(2 [07 1] — [0’ 1] such that
xr = Y=

v(x)

AN

° fOI'yG [071]7 OSU(?/) 17

e for 0 <y, <1, |o(yr) —v(ye)| < volyr — 12l -

Definition 3.7. A v,-horizontal curve is the graph of a function

w: [0,1] — [0,1]
y — x=uly)

such that
. forx €[0,1], 0<u(x) <1,
o for 0 <y 20 <1, Ju(zy) —u(x)| < wvpleg — 2o .

Definition 3.8. Being v1(y) < v2(y) two v,-vertical curves, we define a
v,-vertical strip by

V={(z,9) eR’| z€[uy),nly)], vye©1)}

and we call width of V to

d(V) = max |va(y) — v1(y)| .

y€[0,1]

Definition 3.9. Being u(x) < us(z) two vp-horizontal curves, we define a
vp-horizontal strip by

U={(z,y) € R’y € [ur(z),us(x)], =€ (0,1)}
and we call width of U to

d(U) = max |ug(x) —uy(x)] .

z€[0,1]

Barcelona, January 30, 2015 17 Bachellor Thesis
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Lemma 3.10.

1) IfVEDO V2> ... D> VF D ... nested sequence of v,-vertical strips with
width d(V*) such that klim d(V*) =0 then
—00

o0
ﬂ VFE=V> s a v,-vertical curve.
k=1

2) If U' D U? > --- D U* D ... nested sequence of vy,-horizontal strips
with width d(U*) such that klim d(U*) =0 then
—00

(o]
ﬂ Uk =U> is a vy,-horizontal curve.
k=1

Proof. See [Wiggins, 1990, pp. 445-446] . O

Lemma 3.11. Suppose 0 < v,v, < 1, then a v,-vertical curve and a vy,-
horizontal curve intersect in a unique point.

Proof. See [Wiggins, 1990, pp. 446-447] .
0

Now, we are capable of stating the sufficient conditions mentioned above.
To do so, we use some of the formalism introduced in the previous section.
Being

« A={1,2,...,N}, N <2 the alphabet,
. V,, for a € A set of disjoint v,-vertical strips,
. U,, for a € A set of disjoint v,-horizontal strips,

« Q={(z,y) eR*0 <2 <1, 0<y <1} the unit square,

let’s consider the map
¢: QCR? — R?

under the following assumptions.
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Assumption 1.

e 0 <rvyvp <1 and ¢ maps V, homeomorphically to U, for a € A, i.e

o(V))=U,, a€A

« ¢ maps the vertical boundaries of V, to the vertical boudaries of U,,
i.e being OV, 1, OV, o the two vertical boundaries of each V, and 0U,,
OU, 2 the two vertical boundaries of each U, then

¢(0V,,;) =0U,;, 1,5 €{1,2}.

\

M W,}(.,,)
Ua v 8(Vy
o -o—v-*—o\J }V)

-]

© 4 ° \

Figure 3.1

Assumption 2.

« if V is a vertical strip in \J V, then, for every a € A
acA

V,=0¢ " (V)NV, s a vertical strip

~

with width  d(V,) <wvd(V,) for some fized v € (0,1).

« if U is a horizontal strip in |J U, then, for an arbitrary a € A
acA

~

U,=¢(U)NU, 1is a horizontal strip

with width d(U,) < vd(U,)  for some fized v € (0,1).
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o V 2 v V
HV&Vﬁ-T,.o\ .T,_a

o | 0 et 0"

° U= V) S F NV’
Figure 3.2
g;' V,\=97'(Uo.) !? ’I(u)/\““
A .
“«D N W=
= u{:H:, 1 E—
°d > °[ 1 s *
Figure 3.3

Remark. In Figure [3.1] we are able to see how Assumption 1 works for two
vertical strips V; and V,. Moreover, Figures[3.2] and [3.3]let us see how a verti-
cal strip and a horizontal strip behave under the maps ¢—! and ¢, respectively.

At this point, we just need to introduce the another concept needed for
the next theorem. Although a Cantor set has multiple definitions and difer-
ent constructions, we first introduce the formal definition for the ternary set
construction and after its generalization.

Definition 3.12. The Ternari Cantor set C is defined as

n=1

where Ij is the closed real interval [0, 1] and I,,1; is constructed by trisecting
I, and removing the middle third. What is more, the generalization of a
Cantor set has the same properties than the Ternari Cantor set, namely, it is
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non-empty, uncountable, compact, perfect and a totally disconnected metric
space.

Last but not least, for higher dimensional generalizations it is good to
notice that the one-dimensional case can be extended to the two-dimensional
case by substituting the unit interval [0, 1] for [0, 1] x [0, 1] and similarly for
higher dimensions.

Theorem 3.13. The map ¢ under Assumptions 1 and 2 has an invariant
Cantor set A, on which it is topologically conjugate to a shift on N symbols,
i.e, the following diagram commutes.

A —25 A

Y —= %
where T 18 a homeomorphism mapping A onto X .

Proof.

1) Construction of the invariant set

First, we construct a set of points, A, that remains in (J V, un-
acA
der all forward iterates. It eventually lead to an uncountable infinity

of v,-vertical curves. Next we construct a set of points, A_,,, that

remains in |J U, under all backward iterates. Similarly, it turns out
acA
to be an uncountable infinity of vj,-horizontal curves. Thus the inter-

sections of this two sets is clearly an invariant set, i.e, a set of points
which remains in @ after all iterations by ¢,

A=A NA .
To do so, we define inductively for n > 1
%0371...s,n - V:eo N Qb_l(v;,l‘..s,n) for S_ € A.

Observation. Using Assumption 2, let’s notice we have inductively de-
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fined a sequence of vertical strips

Vo=V
Vionirsen = Va7 (Vi)

stlms—n = ‘/;1 N ¢71(‘/372~--3—n>
%05_1...5_n = ‘/50 N ¢_1(‘/s_1...s_n)

with width

Ad(Vigs 15 ) <vd(Vi s ) <v"d(V.

As formally the sets are
Vigs_rsn =D € Q¢ (p) € Vi, k=0,1,...,n}
we have that
Viostoson C Vigs_1s_nas for n>0.

Then the intersection
V(S) = m ‘/;08—1---an = {p € Q| gb_k(p) € V;lcv k= 07 _1> .. }
n=0

defines a vertical curve owing to Lemma (3.10)).

Analogously, a nested sequence of horizontal strips can also be defined
Usysg.s, = Usy NP(Us,..s,) for s, €A
with width

d(Us,.s,) <vd(Us,. ) <v'dU,,) <v".

What is more, using the same reasoning we also see that

U8182...Sn = {p € Q| (b*kﬂ(p) c Usk, k= O, 1, - ,Tl}
we have that

U5152...Sn C ‘/5152...571_17 fOl” n 2 1.
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Then the intersection
U(s) = [ Vnsnsn =P €Ql ¢ (p) €U, k=12..}
n=1

defines a horizontal curve.

Observation. Recalling Assumption 1, ¢ maps the vertical strips to the
horizontal ones, i.e ¢(V;, ) = Us,, we have

U(s) = [\ Usssosn ={P€Q| ¢7*(p) Vi, k=12.}.
n=1

Finally, on account of Lemma (3.11]), the intersection

V(s)NU(s) ={peQ ¢ ") eV, keZ}

is exactly one point p.

Since s € A, k € Z, for every s, € A we will have a different sequence
of nested vertical and horizontal sequences of strips. Considering all of
them we can build the invariant set A.

Aoo = U ‘/sos_l...s_n...

spEA, keN
Afoo = U Uslsg...sn...
sp€A, keN
A=AeNA o c{(JVan(JU)cQ.
a€A acA

2) Definition of the map 7: A — X

By construction of the invariant set, for any point p € A there ex-
ist two and only two infinite sequences

S0S_1...8_p... associated with the v,-vertical curve where p belongs

$189...8, ... associated with the v,-horizontal curve where p belongs

for s, € A, n € Z, such that

P = Vsos_l...s_n... N Us132..,sn..,

Barcelona, January 30, 2015 23 Bachellor Thesis



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

Then we define

T: A — X
p — 7)) =(..5pn...5-150.5152-.-Sp...)

where 7(p) is the bi-infinite sequence concatenating both infinite se-
quences. It’s clear that 7 is well defined by Lemma (3.11)).

3) 7 is a homeomorphism

Since A is a compact set and ¥ is Haussdorf, 7 just needs to be bi-
jective and continuous for being a homeomorphism.

i) 7 bijective

. T is one-to-one
For any p, p’ € A, we want to see that

it 7(p)=70) = p=p.

By contradiction, let’s assume that 7(p) = 7(p’) but p # p'.
Being

T(p) :T(p') = {...s_n...$_1$0-81---Sn---}v

by construction of the invariant set both p and p’ lie in a v,-
vertical cure Vi s_, ... andin a v,-horizontal curve Uy, s, ...
Regarding Lemma the intersection of these two curves
is just one unique point. Thus p = p’ !!!

. T 1s onto
For any s € X, dp € A such that 7(p) = s.

Given

=1 ..5,...5.18.51...50...}
3 the v,-vertical curve Vs ,. s ... € A , and
3 the vp-horizontal curve Uy, 5. € A .

Then, by Lemma (3.11) Vs , ... and U, .. intersect
in a unique point p whose associated sequence is 7(p) = s .
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ii) 7 continuous
We would like to see whether for an arbitrary p € A and € > 0
30 > 0 such that

p—p<d = dr(p), 7)) <e.

Let’s recall that A C Q C R? has the Euclidean distance, but 2
has the distance introduced in Definition ((3.1]).

For € > 0 given, the condition d(7(p),7(p")) < € holds as long
as 3 N = N(e), actually N satisfying € < 55+ such that, being

T(p)={ . .5 n...5150.S1.--Sp ...}

T(p)={ .., ... 1558 ...8, ...}

then s, =, Vi <N .

By construction of A, p and p’ belong to the vertical strip Vi s_1..s_,
and the horizontal strip Uy, s,. Now the goal is to find a ¢ such
that

p—pl<0.
First, let’s denote

« x =wv1(y), = va(y) vertical boundaries for the Vi s_, s

« ¥y =uy(z), y = us(x) horizontal boundaries for Uy, s,

with intersection points

p11 = ui(x) Ny (y) P12 = Uy
Pz = uz(x) Nva(y) P21 = Uo

Then, we know for sure that

lp— 7| <l — 22| + ly1 — yol -

Lemma 3.14. The following relations hold true:

|71 — 29| < [[[vr = val| + vy |lur — usll]

1—v,1

Y1 — Yo [[Jur — ua|| + v lvr — valf] -

| <
1—v,v

Barcelona, January 30, 2015 25 Bachellor Thesis



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

Proof. See [Wiggins, 1990, pp. 456-457] . ]

Finally, using

[or = val| = max Jv1(y) = va(y)] = d(Vigs 1.s_n) <V
y€[0,1]

s = sl = s o (@) = ()| = (Vi) < 0
we have

1
p—p| < 1_—1/%[(1 +on)vy + (L) ]

Hence, continuity is checked taking

1
5 = 1_—M[(1 —|— Vh)l/,iv —|_ (1 + VU)I/}JLV] .
4) The diagram commutes T¢ = oT

Last but not least, we see that for any p € A

if 7(p)={...5-k...5-150.51...5k}

then oco7(p)={...5_k...5_1.5051...5k} .

Moreover, since
b= ‘/sos,l...s,k... N Uslsz...sk... = {p S Q| (ﬁik(p) € ‘/sk ke Z}

then Qb(p) - ‘/871...s,k...ﬂUsosl...sk... - {Qb(p) € Q‘ ¢_k+1(p) € ‘/Sk k - Z}

Thus
TO¢(?):{---ka...s,l.sosl...sk}.

Remark. The fact that A and X are homeomorphic allows the map ¢ in A to
acquire the properties of the shift o in ¥ obtained in the previous chapter.
Consequently, we state that ¢ has

. a countable infinity of periodic orbits of all periods,

. an uncuntable infinity of non-periodic orbits,

Barcelona, January 30, 2015 26 Bachellor Thesis



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

. a dense orbit.
due to Proposition . Besides, according to Proposition A s
. compact,
. totally disconnected,
. perfect.

Moreover, in the development of all these properties we have seen that ¥ is
uncountable. Thus, A is uncountable too.

Therefore, since A is uncountable, compact, perfect and totally disconnected,
A is a Cantor set.

]

3.4 Alternate conditions

The fact that the Conley-Moser conditions are hard to verify forces us to
strengthen our requirements on ¢ by assuming that ¢ is a diffeomorphism.
The idea is to assume certain conditions about differentiability of ¢ which
are easier to verify provided that they imply the original assumptions.

We represent ¢ in coordinates by

{ 1 = hi(zo, o)
9 = h2(l’073/0) )

where (z1,y;) is the image point of (xg, 3o)-
The mapping d¢ is
b= g+ %—]ZCO

oh ok
G = Fbo+ G260

where (&, (o) is the tangent vector at (xg,vo), ({1,¢1) the tangent vector at
(x1,41), and the partial derivatives are evaluated at (zo, yo).
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Definition 3.15. For any point zp = (¢, y0) € @ we denote a vector ema-
nating from this point by (&,,,¢.,) € R?.
Moreover, the stable sector at zy is defined by

Sz = 160, Go) € RIGs, | < valo [}
and, the unstable sector at zy is defined by

Sty = {60, Cao) € RZ[I&:| < 1l Gao} -

Now we already have the sufficient tools for stating the alternative as-

sumption.

Assumption 3.

« The stable sector for zy € |J V, is mapped into itself by d¢, i.e.
acA
being S° = U S:, it holds that d¢(S®) C S*.

20€ U Va
acA

Moreover, there exists pu € (0,1) such that if (&,¢o) € S* and (&1,(1) €
S*® its image point, then

&1 > p &l -
. Similarly, the unstable sector is mapped into itself by dp=1, i.e.

being S*= | J S4 it holds that d¢~'(S")C S".

z0€ U Ua
acA

In addition, if (§&1,(1) € S™ and (&, (o) € S“ its pre-image, then
[Gol > 1G]

Observation. The conditions in Assumption 3 somehow show the instability
of the mapping under iteration. As we can see, the horizontal components
of a tangent vector increases at least by a factor of 4= under d¢™ for n > 1,
and also the vertical component by a factor of =" under d¢~™". See Figure

3.4.
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)
‘ 0P S

Figure 3.4

Theorem 3.16. If ¢ is a continuously differentiable mapping satisfying As-
sumption 1, from the previous section, and Assumption 3, just stated above

with 0 < p < %, then the conditions from Assumption 2 holds with v = T—Lu

Proof. Let ~ be a vertical curve in an arbitrary vertical strip V,. Let U,
be the horizontal strip, corresponding to the image of V,, by ¢, U, = ¢(V,).
Notice that v will intersect its boundaries. Let 4 = v N U, be the segment
of the curve v which connects the horizontal boundaries of U,. See Figure[3.5

By Assumption 1, ¢~!(%) connects the horizontal boundaries of ¢~ *(U,) =
V., but we don’t know whether ¢—1(4) = ¢~1(7) NV, is a vertical curve yet.
As d¢~! maps S* into S* it follows by the application of the mean value the-
orem that for any pair of points (z1,41), (z2,y2) € ¢~ (%) it holds |z —x5] <

plyr = vl
Thus, ¢~ 1(4) is the graph of a vertical curve x = v(y).
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'-

Figure 3.5

Now, what we do first is to apply this result to the boundaries of a vertical
strip V' C V, and deduce that ¢~ (V) = ¢~1(V) N U, is a vertical strip.

Second, we have to verify that

. ~ 1
(¢ (V)) <wvd(V) for 0<pu< 5 and v=-"1"<1.

I—p

Let p1,p2 be points on the vertical boundaries of qzﬁ_l(V) with the same y-
coordinates such that

(¢~ (V) = |p1 = pal -

Being p(t) = (1 — t)p; + tps the parameterisation of the segment connecting
the two points and z(t) = ¢(p(t)) its image curve. Since p(t) is parallel to
the x-axis, p € S°. Thus, Z = d¢(p) € S* by Assumption 3.

Therefore, z(0), z(1) lie on a horizontal curve and on two vertical lines at a
distance d(V). By Lemma

12(0) — 2(1)] < ——d(V).
Finally, using the second condition in Assumption 3 we have that for z(t) =

(z(t),y(1))

& > ptp| > 0.
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Hence, it holds that

A6 (V) = |1 — pal = / pldt < p / (i) dt = pl(1) — 2(0)

< plz(1) = 2(0)| < ﬁdm .

3.5 Dynamics Near Saddle Points of two-dimensional
Maps

What we want to show in this section is the fact that the existence of cer-
tain orbits of a two-dimensional map implies that in a neighbourhood small
enough the conditions given in the previous section hold. Hence, we will
have sufficient conditions for a two-dimensional map to posses an invariant
Cantor set on which is topologically conjugate to a full shift of N symbols.
The study deeply cover the case where the two-dimensional map has just one
hyperbolic periodic point. Nevertheless, a qualitative discussion will be done
for other scenarios with more than one hyperbolic periodic point.

Let h: R? — R? be a C"-diffeomorphism and p a hyperbolic peri-
odic point of h. Without loss of generality we can suppose that the periodic
point p is a fixed point. Due to the periodicity of p there is n € Z such
that h"(p) = p, so the further development could be applied to h". Now,
we assume that p is a saddle, so the eigenvalues A\; and \; of dh at p hold
0 < A <1 < Ay. Moreover, let’s denote by (zy, yx) the image point of (o, yo)
under A* and (&, () the image point of (&, (o) under dh*. For k = 1 we have

{ Ty = f(x()ay())

Y1 = g('ranO)

{ & = 280+ fyCo
G = 9250 + 94C0

The Smale-Moser Theorem will show sufficient conditions for h to possess an
invariant Cantor set in this particular case.
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Theorem 3.17 (Smale-Moser).

If a C-diffeomorphism h possesses a homoclinic point r, at which the curves
W#(p) and W*"(p) of a hyperbolic fized point p intersect transversally, then
in any neighbourhood of r there exists a transversal map h (related to h and
defined in the proof) of a quadrilateral R which possesses an invariant subset
I homeomorphic to %, the space of sequences of N symbols and the dynamics
of h in I is topologically conjugated to the shift of Bernouilli in X.

Proof. To prove this theorem will try to construct a set of vertical strips
and a set of horizontal strips in a certain region of the plane such that the
alternate conditions from the previous section hold. Then the statement of
the theorem will be already reduced to Theorem (3.13) which will lead us
to the existence of a Cantor set on which & is homeomorphically conjugated
with a shift of N symbols.

1) Local study of the diffeomorphism h near p

To begin with, we want to work with h using the most convenient
coordinates near p. To do so, as p is a saddle there will be the two
invariant curves W*(p) and W#(p). The idea is to introduce a certain
local coordinates that let us put p in the origin and the invariant curves
to the coordinate axis.

Let U be a neighbourhood of (0,0), where f and g are continuously
differentiable in U and

f(0,40) = g(20,0) =0,

f2(0,0) = Xy,
gy(O, 0) = /\1 .

Hence, the stable invariant curve W*(0) lays on x = 0 and the unstable
invariant curve W*(0) lays on y = 0, in the neighbourhood U.

2) Global consequences of a homoclinic orbit
Next, we construct the quadrilateral R at the homoclinic point r such
that two of whose sides lay on W#(p) and W*"(p). This is possible due
to the transversality of the intersection of the invariant curves.
Since r is a homoclinic point of h, 3 ng,ny € Z such that A" (r) € U
and h~™(r) € U.
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What is more, we make R small enough for h"(R) € U and h™"'(R) €
U as long as h"™(R) N h ™ (R) = (. Then the following domains can
be defined

Ay =h"™(R),

Al == hinl (R) .

It’s interesting to realise that one of the sides of Ay lays on z = 0
and one of the sides of A; lays on y = 0. See Figure [3.6, Moreover,
let’s consider the adjacent sides of Ay by the curves C' and C’, and
two points on these curves zp € C and z| € C’, respectively. The
Lambda Lemma states that 3Ny € Z* such that for N > Ny, |Gn (.|
can be arbitrarly small, where (£, (un(z)) 15 the vector tangent
to hN(C) N U at h™(z). The same reasoning is used for the other
adjacent side C’. Thus, we have seen that C' and C” are vj,-horizontal
curves. Furthermore, if we applied the Lambda Lemma to the inverse
map h~! we would also see that the two adjacent sides of A; to y =0
are v,-vertical curves.

W23(e )
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3)

1)

Construction of the transversal map
After the choice of R, Ag and A; the transversal map v from Aq into
Aj is a map
@DZ D(?/))CAO — A
g — ()

such that a point ¢ belongs to the domain D(v)) if

. q E AO 9
° h(Q)ahQ(Q)a ce 7hk_1<Q) € U )

Then, the transversal map is defined by v(q) = h*(q) with possitive
integer such that ¢ € D(¢)).

Finally, the transversal map & from R into R comes naturally with
the following diagram

R -5 R

o l lhnl

AoLAl

satisfying that h(q) = h*(q) for ¢ € D(h), with k = ng + k + n.

Construction of horizontal and vertical strips

Now if we are able to build a set of vertical strips in Ay and a set of
horizontal strips in A; such that the transversal map connects them
homeomorphically, we will be able to do the same construction in R
with its corresponding transversal map.

First, we start by choosing a set of v,-vertical strips in Ay. Then,
once we apply the Lambda Lemma to the horizontal boundaries
of Ay we see that ANy € Z* such that for N > NN, both horizontal
boundaries of the component h¥(A4y) N U intersect with the two verti-
cal boundaries of A; due to the stretching of the tangent vectors.

Next, if we apply the lambda lemma to Uy = h™V(Ag) N U for h=* we
get that for Ny sufficiently large Vy = A=V ((7;) is a v,-vertical strip
with their horizontal boundaries contained in the horizontal boundaries
of Ag. Hence, each v,-vertical strip in Ay is map homeomorphically to
a vp-horizontal strip in A;. Now we need to proof that the Assumption
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1 and Assumption 3 from section (2.2) hold. See Figure [3.7]

o

% /

{ M

—

Figure 3.7

5) Alternate conditions
For convenience let’s take

Q={(z,y) €R? 0<z<a 0<y<a}

Qo={(z,y) eR?| 0<z<d, b<y<a}
Qi ={(z,y) eR?} c<z<a 0<y<6}

where () is the neighbourhood of p, and @)y, @1 two regions in () such
that Ay C Qo and A; C Q.

Considering the adjacent sides of Ay by y = u(z) and the adjacent
sides of A; by x = v(y), the lambda lemma implies that the images
under h* of the two curves y = u(z) bounding Ay, intersect the domain
(21 in a curve connecting x = 0 and x = a, for large k. However, what
we need is additional information about the derivatives of the bound-
ary curve y = u(x). The following lemma, which comes from applying
the Lambda Lemma for our case of study, is a useful tool for acquiring
it.
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Lemma 3.18. For sufficiently small a > 0 and any sequence of iterates
(g, yx), K =0,1,...,n, in the interior of Q), the inequality

Yo
1Col < 4/ =1&
Zo

1G] < ,/z—i|§k| for k=1,2,....n.

Moreover, under these assumptions one has

implies

Tk
1&e| > «/ —1C0] -
Ty

Proof. See [Moser, 2001, pp. 182-183] . ]

Since for (xg,y0) € A9 C Qo we have that 0 < zp <4, b<y <a, the
condition for the tangent vectors satisfies

b
Gl <4/ ol < \fgw

mainly because ¢ can be as small as needed. Again, as (zy,yx) € A1 C
Q1 we have c <z <a, 0<y, <9J. Thus, the lemma implies that

1)
|G| < z—k\fﬂ < \/j‘§k| :
k C

As a result, the strips connect the opposite sides of A; due to the
arbitrarily smallness of 4. What is more, if y = h(z) the images of the
boundary curves y = u(z) we have seen that
dh o
- S —
dx c
which basically means that the strip formed by the two curves is a
horizontal strip. Now by the same reasoning the pre-image of this
horizontal strip is a vertical strip, so the first assumption holds.

Then, we have to see that Assumption 3 from the previous section
holds. Directly from the lemma we get that for () sufficiently small the
stable sector bundle
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ol < \/%a

is mapped into itself under dh and the unstable sector bundle

€l < \/§|<|
Yy

is mapped into itself under dh ™.

Last but not least, setting
Vi =hT"(Vi), U,=h"(Uy)

we get the same construction of vertical and horizontal strips in R such
that . . . )
h(Vi) =hoh™™ (Vi) = h™ o p(Vi) = Uy .

]

To conclude this chapter we ask ourselves how the dynamics near the

saddle hyperbolic point would be without the hypothesis of the existence of
a homoclinic point. Let h € Diff"(R?) having two hyperbolic fixed points [,
and my. Suppose ¢ € W?*(py) N W*(myg) transverse heteroclinic point.
Here, the existence of a transverse heteroclinic point does not imply the ex-
istence of a Cantor set on which some iterate of h is topologically conjugate
to a shift on IV symbols. Although the Lambda Lemma can still be applied
to curves intersecting W#(ly), it is pointless because we have no information
about how W*(ly) behaves globally with just these hypotheses. As we see in
Figure , the Lambda Lemma just give us information in a neighbour-
hood of W*(ly).

-
—

Figure 3.8
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Chapter 4

Melnikov Method for Heteroclinic
Orbits

4.1 Introduction

Let’s consider two-dimensional systems that are periodic in t and their un-
perturbed vector field is Hamiltonian and autonomous.

T = f1(x,y) + €g1(x,y,t, e)
{ v = folz,y) + €ga(z, y,t, €) (4.1)

where f and g are C" functions, r > 2.

f:UCR* —R?
g:UxRx[0,¢6) — R?

with fi(z,y) = %H(m,y) , faz,y) = —(%H(:E,y) for a C™*! scalar valued

2m
w !

function H(z,y) and g periodic in t with period 7" =

9(z,y,t,€) = g(z,y,t +T,e) .

In vector form we have

G:=h(q,t,e) = JDH(q) + €g(q,t,€), (4.2)

oH 0 1
where ¢ = (z,y), DH = (5_%1), 9="(91,92), J = (_1 0) :
0y

38



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

Let us denote the solution of the perturbed system (4.1)) by V (¢, x, y, €) where
V(0,z,y,€) = (x,y) and the flow of the unperturbed Hamiltonian system by

th(l',y) = V(t7$ay70)

Before we go further, let’s introduce a couple of assumptions to restrict our
study for heteroclinic orbits.

Assumption 1. Jlymgy € U, two hyperbolic saddle points in the unperturbed
system, connected by an heteroclinic orbit, qo(t) = (xo(t), yo(t)).

Assumption 2. Let Ty, = {q € R?|q = qo(t),t € R} = W*(lo) NW*¥(mg)U
{lo} U{mo} be the set of points that belong to the heteroclinic orbit. Being
We(ly) and W*(my) the stable manifold of ly and the unstable manifold of

mg, respectively.

4.2 Phase Space Geometry for the Unperturbed
Vector Field

Now let’s describe the two-dimensional non-autonomous system (4.1)) as an
autonomous three-dimensional system

T = %H(x,y) + egl(xay7¢7 6)
g = —%H(l‘, y) + 692(%% ¢7 6) (43)
¢=w

where ¢ = wt + ¢y.

" n

¥ \‘M.("')

W

e

Figure 4.1
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Analysing the phase space for the unperturbed system, Figure (4.1)), we
realize that

« The hyperbolic fixed points [y, mg become the periodic orbits 7, (t) =
(lo, p(t) = wt + ¢o) and Yy, (1) = (Mg, d(t) = wt + ¢g) respectively.

« According to Assumption 1 above, W?*(~,(¢)) and W" (v, (t)), which
are the stable and unstable manifolds of the periodic orbits 7;,(¢) and
Ymo (t) Tespectively, coincide along a two-dimensional heteroclinic man-

ifold T,

The parameterisation of I', in the heteroclinic coordinates is

FVZ{(Q,¢)€R2XSI| q:qO(—to),toeR, ¢E(0,27T]},

where ? is the time of flight from go(—t) till q(0) along the heterocinic orbit
qo(t). Moreover, we also define the normal vector to I'y at each point p € T',

I1, = (%—Z(xo(—to)ayo(—to)),+%—j(xo(—t0>ayo(_tO))70) :

Let’s notice that varying ¢y, and ¢y let us move II, to all the points in T',,.

4.3 Phase Space Geometry for the Perturbed
Vector Field

Now we will focus on the study of how I', is affected by a perturbation.
To begin with, let’s see how 7, (t) and v, (t) behave along with W# (v, (%))
and W*(yy,, (t)) respectively.

Proposition 4.1. For ¢ small enough, the periodic orbit of the unperturbed
vector field v, (t) remain a periodic orbit of the perturbed vector field, ~j (t) =
Y, (t) + O(e€), depending on € in a C" way. In addition, the stability type is
preserved and Wg(y,(t)) is C™ close to Wi (v (1))

Proof. To prove this Theorem we need to apply the Stable Manifold Theorem
to the Poincaré map of a cross-section Y4, of the phase space R?* x S'.
See [Wiggins, 1990| p. 488| . ]
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Remark. With the aim of clarifying the meaning for the localy stable mani-
fold, let’s recall its definition.

W5 (v, (1) = {(a,0) € W3 (%, ()| o(t,q,9) € B(0,5), Vt>0 }
where ¢ is the flow of the perturbed system. Since the nature of py is hy-
perbolic the fact that ¢(t,q,¢) € B(0,0) Vt > 0 for an arbitrary § implies

i o(t,q,0) € 7, -
Thus, for €y small, IN (¢y) neighbourhood in R? x S! containing 7, such that

W5 (v, (t)) = W*(y,(t)) N N(eo) and
W(SS(%GO (t) = WS(’)’fO (t)) " N(eg) WVt > tg for ty big enough.

Finally, let’s point out that this proposition could also suit the other hy-
perbolic point in our study, mg, and its unstable manifold W*"(mg). The
same reasoning is used although ¢ — —oo in this case.

After that, let’s consider the following cross-section of the phase space.

5% = {(q,¢) € R* x S'[¢ = ¢} .
Notice that
e Mty NP =1,
« Ymp(H) N TP =my |
- T,)NE% = {(q,0) e R”®*x S| q=qolto),to €ER ¢ = ¢ € (0,2n]},

Let (q(t), ¢(t)) and (¢°(t), ¢(t)) be trajectories of the unperturbed and per-
turbed vector fields respectively. Their projections onto ¥ are given by

(q0(t), ¢o) and (g*(t), ¢o).

Observation. It is good to notice that ¢.(¢) does depend on ¢ but does
not ¢(t). Consequently, (g.(t), o) can be a very complicated curve in 30
intersecting itself multiple times.

Next, we will define the splitting of W?*(~; (t)) and W*(~y,, (1)), see Fig-
ures and [£.3] To do so, let’s recall that for p € T, W*(v,(t)) and
W™ (Y (t)) intersect 11, transversally at p. Thus, using

. persistence of transversal intersections ,

« WE(i (1), W75, (1)) are C" in e,
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WO‘(K:M( f') \ X{N OG)

b~ -
% )

Figure 4.2

we have that for e sufficiently small, W*(v; (t)) and W*" (v, (t)) also intersect
I1,, transversally at points p{ and p¥, respectively.
Hence, the distance between W*(vj (t)) and W*(v;, (t)) at the point p is

— . u s __ (pg _p§>(DH(QO(_tO))7O)
. €) = Pe =20 = D o (—t0)), 0)]

(4.4)

where [[(DH(ao(—10)). 0) = /(2 Hlao(—10)> + (5 Hlao(—10))? . Here
we have used that p* — p? is parallel to DH (qo(—to)).

Remark. The distance introduced above is a distance with sign.

Since py and p? lie on II,, both pY, p{ have the same value for ¢.
Pt = (¢, ¢o) and pf = (¢7, ¢9). What is more, the fact that every p € I'; can
be uniquely represented by (tg, ¢o), p = (qo(—t0), Po), with to € R, ¢y €
(0,27] allow us to redefine the distance depending just on ¢y, ¢ and € .

(¢ — ¢2)(DH(qo(—t0)),0)
| DH (qo(—t0)),0)]| '

However, there are no restrictions about how many times these manifolds
could intersect II,,.

d(p> E) = d(t()? ¢07 6) =

(4.5)
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Figure 4.3

Definition 4.2. Let p; € W?(y; (t)) N1, for i € I where I some in-
dex set, be a point of intersection between the stable manifold and II,.

Let (q2;(t),#(t)) € W?(v;,(t)) be the orbit of the perturbed vector field
with (¢%,(0),$(0)) = pg; . Then for some i = i € I, p*; is the point in
W2 (v, (t)) € I1, closest to 7 () if

(¢:(t),00) NI, =0,  Vi>0.

Analogously, the point in W*(v5, (t)) € II, closest to 7y, () can also be
defined.

Observation. Somehow we can forget about the other non-closest points be-
cause when we restrict our study in a sufficiently small compact domain for
¢o and to, there are just the pi and p¢ closest to v and 75, respectively.

4.4 Derivation of the Melnikov Function

Since we are studying the behaviour of the system (4.3) for € small, a Taylor
expansion around € = 0 for the distance is permitted.

d(to, gbg, E) = d(to, ¢0, 0) + E%d(to, qbo, 0) + 0(62)
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where
. d(to, ¢0, O) — O

d _ DH(QO(*to))(%\e:ofa%gle:o)
+ gedto, ¢0,0) = 1D H (g0 (—t0))]]

The Melnikov function is defined as the lowest order non-zero term in the
Taylor expansion, up to a normalization factor, for the distance between
We(~5 (1)) and W*(vy,,(t)) at the point p.

Mo, 60) = DH(o(~10)) (O lo — PE1s) . (409

Since DH (qo(—tp)) is not zero for t, finite we have that

M(to, o) = 0 = 2d(to, $o) = 0.

Oe
In addition, a time dependent Melnikov function is also introduced
Oq™(t 0q:(t
M((t;to, o) = DH(qo(t — tO))( an( >’e=0 - q&( )’620) . (4.7)

Notice that for t =0, M(0;to, o) = M (to, ¢o) -

What is next, we will work with this time-dependent Melnikov function with
the aim of obtaining a variational equation for e. Its solution with the con-
strain of the time-dependent Melnikov’s function for ¢ — +oo will give us
another way for understanding the original Melnikov function.

In a more compact notation, M (t;tg, o) = A¥(t) — A%(t), with

A*4(1) = DH(an(t  10)) (e ()]0 - (48)

On one hand, the term ¢*(t) solves

(1) = TDH((0) + ealg?* (1), 6(0), ¢

Regarding the fact that, in a vector field & = f(x, ¢, v) with solution x(t; to, g, v),

if f(x,t,v)is C"in U C R™ x R! x RP with r > 1, then x(t; t, zo,v) is a CT
function with respect to t, ty, zop and v. We see that, the solution ¢*(t) is
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C" with respect to t, €.
Consequently, after differentiating with respect to € and evaluating for e = 0

%(%qg’s(t”eo) = JD*H (q(t — to)) (éqﬁ’s(t)ko) + 9(qo(t — t0), 9(t),0)

Oe
(4.9)

which is the first variational equation.

Remark. 2q"(t) is solution of (4.8) for t € (—00,0] and 2Zg¢:(t) for t €
[0, 4-00).

On the other hand, differentiating (4.8) with respect to t

d u,s _ d 9 u,S _ i 2 Uu,s
Can (1) = DR (ao(t—10))] (-2 ()] emo) +DH (ao(t—10) (5 Oleo)
and substituting into gives
d u,s _d 8 u,s
©an (1) =S IDH (ol — 1)) (1) o)
0
+ DHaolt — 1) ID*Haolt — 1) 54 D)y M1V

Oe
+ DH(qo(t —t0))g(qo(t — o), ¢(t),0) .

Lemma 4.3. We have

S DH(an(t10)) (-4 (9o +DH ao(t0) T D H(ao(t10) 501 ()] o = 0.

Proof. First, let’s notice that

L (DH(qo(t — t0))) = D*H(ao(t — t0))do(t — to)

dt )
= D2H(qo(t — to))J DH (qo(t — to)) (4.12)
= (D*H)(JDH)(qo(t — to)) -

Second, we have
T om om0 1\ (%E
DH'JDH = (%, %) (_1 0) (%) =0.
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Third, differentiating the above expression with respect to ¢ = (x,y)
D*HJDH + (DH)(JD*H) =0.
Finally, we have that

S DH (ao(t — 1)) (5" ()l + DH aolt — t0))ID? Haot — 1)) (1) =

= ((D*H)(JDH) + (DH)(JD*H))an(t ) (a2 (9)=0) = 0.

Therefore,

@ Av(t) = DHwo(t ~ 10)g(an(t — 1), 6(1).0) (4.13)

where we consider A¥(t) for t € (—oo,0] and A®(t) for ¢ € [0, +00).

Given 7 > 0, we integrate (4.13]) from —7 to 0 for the unstable part and 0 to
+7 obtaining

A*(0) — A"(— / DH (qo(t —t0))g(qo(t — to), wt + ¢o,0) dt

A¥(1) — A%(0) = /0 DH(qo(t —t0))9(qo(t — to), wt + ¢, 0) dt

Then the Melnikov function can be represented by
M((to, ¢o) = M(0;to, o) = A"(0) — A%(0)
= DH (qo(t —t0))g(qo(t — to), wt + ¢o,0) dt + A*(1) — A¥(—7) .

-7

Lemma 4.4. Let (¢X(t), ¢(t)) € W*(v;,) be the orbit of the perturbed vector

field such that (¢2(0), (0)) = pi . Let (q!(t), d(t)) € W*(vf,) be the orbit of
the perturbed vector field such that (¢*(0 ) »(0)) = p*.
If € is sufficiently small, then

0
6:(8) = qo(t — to) + 502 (t)|emo + O(?), t>0
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0
gl (t) = qolt — to) + ang(t)kzo +0(e%), t<0

where the functions 2q(t)|e=o: (0,00) — R? and 2q"(t)|e—o: (—00,0) — R?
are bounded.

Proof. We will prove the Lemma for orbits on the stable manifold. First,
with #y and ¢ fixed, let’s recall that ¢’ is solution of the differential equation

q=h(q,t,e) = f(q) +eg(qt e

and qo(t — o) is solution of the differential equation
¢ = h(q,t,0) = f(q) .
Integrating we have
t
(.0~ 0 = [ W@t 0
0
t
qo(t —to) — qo(—to) = / h(qo(t' —to),t',0) dt" .
0
By the smoothness of the function h, 3C; > 0 such that for arbitrary ¢, ¢

ceU
|h(q1,t,€) — h(ga, t,€)] < Ci(lgr — q2| + e]) -

Again, by smoothness of the stable manifold with respect to ¢, 3Cy > 0 such
that for e small enough

1¢2(0) — qo(—to)| < €Cs .

Thus

g2 (¢, €) — qo(t — to)| = 1g2(0) — qo(—to) + /Ot(h(qi(t', €),t',€) = hiqo(t' —to), ¥, €)) dt'|
<1¢:(0) — qo(—to)| + /Ot (G (€)' €) — h(qo(t' — to),t', )| dt!
< Coet O [ a0~ aolt = o) + 1)

t
< CQE + Cl€t + Cl / ’qs<tl, 6) - qO(tl — to)’ dt’ .
0
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Then, applying Gronwall’s inequality

g5 (t,€) — qo(t —to)| < e(Cy + C1t)e“™t for 0<t<T.
We also need a bound for ¢ > 7. On account of Proposition (4.1)) we get
I§ = lo+O(€). Then, since the solutions in the inequality belong to the stable

manifold of [§ and the stable manifold of [y, respectively, 3Cs > 0, T" > 0
such that if ¢t > T

g (t,€) — qo(t — to)| < €Cs.
All in all, for e sufficiently small

s e(Co+ Cit) for 0<t<T
200 — e - )] < { (AT or 05

Thus, 9C' > 0 such that
15t €) — qo(t —to)| < eC Wt >0

and 5
qg:(t,€) = qo(t —to) + EEQS(@ 0) +€2O(e) .
Consequently
19 42(1,0) + €00)] < O
and hence

0
) < i
Iaeqe(tﬂ)l <C

Lemma 4.5. Under the previous conditions we have

L, A% = o A% =0.
Proof. On one side, DH(qo(t — ty)) goes to zero exponentially fast when
qo(t — to) tends to the hyperbolic fiexed points [y for t — +o00 and myq for
t — —00
The idea behind this is based on a Taylor expansion around [y or mg. Let’s
show it for [,.

DH(qo(t — to)) = DH(lo) + D*H(lo)(q(t — to) — lo) + O((a(t — to) — lo)*)
Since DH (ly) = 0 the dominating term (q(t — to) — lo) is the one responsible

for the exponential convergence.

On the other side, by Lemma (4.4), 2¢(t)|c—o and 2q"(t)|.—o are bounded.
[
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Finally, for 7 — oo, the Melnikov function is

M(to, o) = - DH (go(t — t0))9(q0(t — to), wt + ¢, 0) dt . (4.14)

—00

M (to, ¢o) converges absolutely due to the fact that g(qo(t — o), wt + ¢o,0)
is bounded V¢ and DH (qo(t — to) converges exponentially to zero as we have
seen in the proof of the previous Lemma.

4.5 Properties of the Melnikov function

Lemma 4.6. We have

0 1 0
8750M(t0’ $o) = Ea—%M(foﬁ —0).

Proof. Let’s observe that the Melnikov function after the transformation ¢ —
t + to remains

+o0
M((to, o) = DH(q0(t))9(qo(t), wt + wto + ¢, 0) di .

—0o0

On account of the structure of g(g, -,0) we have that

0 1 0
aTjoM(to,%) = Ea_toM(tO’%) :
O
Therefore,
iM(t ¢p) =0 — iM(zf ¢o) =0
ato 0,%0) — 8@50 0,%0) —
O Mty o) £0 = ——M(to, éu) £0
ot 0, Po Do 0, Po .
Theorem 4.7.

(1) Suppose we have a point (Lo, ¢o) = (to, Po) such that
. M(t707 50) =0
. %M(to, ¢0)|(t*07¢'0) 7£ 0 .
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Then, for € small enough W*(vj)) and W"(~y,,) intersect transversally
at (qo(—to) + O(€), do) -

(2) IfV(to, ¢o) € RXS M(to, ¢o) # 0 then, for e small enough — W?*(v; (t))N
W (1, (1) = 0.

Proof.

1) From the Taylor expansion of the distance between W?*(v; (t)) and
W(v5,,(t)) around € = 0, we have

M (to, o)
| DH (qo(—t0))]|
— M (to, ¢o)
| DH (qo(—t0))]|
= ed(to,gzﬁo,e) )

First, the new distance introduced above

M (to, ¢o)
| DH (q0(—t0))|

satisfies that cZ(tO, ¢o,€) = 0 = d(tg, o, €) = 0. Consequently, we are
able to work with the former for our purposes.

d(t07¢07€> =¢ _'_0(62)

+0(e))

d(th Po, €) =

+ O(e)

Since , there is d: Ax B — R with A C R, B € (0,27] xR
with © = to, y = (¢, €) satisfying that

« 3(a,b) = (fy, do,0) € A x B such that d(fy, ¢o,0) = 0

d(to, ¢o,0) = # = 0 since M (to, ¢o) =

. deC(AxB)forr>0.
. det(Dy,d(ty, o, 0)) # 0, because

det(Dtoci(tB,(ﬁo,O)) - t07¢07 )‘

M (o, ¢o, 0) || DH (q0(—t0)) || + M (fo, do, 0) 5 | DH (q0(—1o)) |

0
30(

IDH (g0(~10))|”
8t0 (t07¢0> ‘
IDH (go(—t0))]|
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since  29-M (to, do) # 0 and M (fo, ¢o,0) = 0 .

Using the Implicit function theorem we have that

« 3 neighbourhoods U C A and V C B containing a and b respec-
tively.
Jty*: V. — U such that Vtg € U , (¢g,€) € V

tO* = t0(¢0a 6) — Cz(t07 ¢U7E) =0
. ot e C"(U)
. Vtg 6 U

D(¢07€)t0*(¢07 6) = _((Dtod(tU*(gbm €>a ¢07 6))_1D(¢0,6)d(t0*(¢07 6): ¢07 6))

Focusing on the first statement, in other words, it says that
for |¢ — ¢o|, € small enough, Jtg = to* (P, €) such that

dA(tO*(¢0>€)a¢0>€) =0 — d(to*(¢0,€),¢0,€) =0.

Which ensures that W*(vj (t)) and W*(v;, (t)) intersect O(e) close to
qo(—to, Po) -

Second, we want to see that the manifolds intersect transversally. Thus
we need that

T, W (v (1) + T, (17, (1)) = RY.

For € small enough, the points in W*(vj (t)) and W* (95, (t)) that are
closest to 7, (t) and ~;,, (t) respectively, can be parametrisized by to and
¢ due to the fact that the stable and the unstable manifolds intersect

at II,. Thus
(g;lz : gZ;O) is a basis for  T,W*"(vy, (1))
dq¢¢ Og*
(83:), aq;;) is a basis for T,W*(v; (t)) -

Then we can figure out that T,W*(~j (t)) and T,W" (s, (t)) won’t be
tangent at p if
9q¢  9q;  Og
8t0 ’ 6’150 ’ (99250

are linearly independent.
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Lastly, since

o - - O ~ _ _
—d(t =e—d(t
ato ( 07¢070) 68250 ( 07¢0a0) 7£ 0
the condition 90t B
a  Oq
(ato 81&0) 70
holds because
—\\(0q¢ g
2. i) = 2B G )
aty Y 1D H (qo(—to)|l '

(2) Last but not least, we want to see whether W*(~; (£)) N"W*(v;,,(t)) = 0
holds, provided that V(t, ¢g) € R x St M (tg, ¢g) # 0

As the distance is

fto, 60, €) = dlto, 60,0) + e d(tn, 60,0) + O
M((to, ¢o)

=€ + O(é?
D) T
=€ + O(e)) ,
(”DH” (€))
by the triangle inequality we have
M M

4.6 Melnikov Method for an Autonomous Per-
turbation

Now we consider the system of equations (4.1)), with g(g¢, €) independent of
time.

{ "/E 8% ($7 y) + 691(x7y7 6) (415)
Yy = —%H(l’7y) + EQQ(xvyv 6)

Suppose the unperturbed system, € = 0, satisfies Assumption 1 and As-
sumption 2 from the previous sections. All in all, the unperturbed system
will have
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« lo, mg hyperbolic saddle points with a heteroclinic orbit go(t) = (2o (t), yo(t))-
« The stable and unstable manifolds, W#(ly) and W*(m), are trajecto-
ries and coincide with go(t).

0H é?_H)

» The normal vector to go(t) is II, = (37, 5,

Then, using Proposition (4.1) we have similar results for the perturbed au-
tonomous case.

« The fixed points [y, m remain equilibrium points slightly perturbed:
5 =lo + O(e), m§ = mp + O(e) and the hyperbolicity is preserved.

. The perturbed trajectories satisfy that W _(I§) and W} .(pf) are C” -
close to W} .(Ip) and W} (my).

As before, the distance between the stable and the unstable trajectories will
be
DH (qo(—t v—q
d(to, E) _ (qo< 0))(q6 QG>
1D H (go(—t0))]|

for any p € qo(t), being ¢?, ¢* points of intersection between II,, with W?(ly)
and W (my) respectively.

Finally the Melnikov function will be
+oo
M(to) = DH (qo(t — t0))g(qo(t — t0),0) dt

and making the change t — t + ¢ty we obtain

“+oo

M(to) = DH(go(t))9(o(),0) dt .

—00

Barcelona, January 30, 2015 53 Bachellor Thesis



Perturbed Invariant Manifolds and Chaos Enric Ribera Borrell

4.7 Poincaré Maps of a Cross-section to the
Phase Space

Before the last chapter about the applications of the Melnikov theory, there
remains a topic we would like to discuss. At this section, we suppose the
fixed points [y and mg are the same point and we denote it by pg. Thus,
the periodic orbits v, (t) and 7,,,(¢) coincide in one periodic orbit denoted
by 7y (t) and, analogously, the perturbed periodic orbits ~j () and 5, (t)
also coincide in one periodic orbit denoted by 77 (t). Moreover, the two-
dimensional heteroclinic manifold I',, becomes a two-dimensional homoclinic
manifold.

Let ¥4, be the cross-section of the phase space R? x S!

Yoo ={(q,0) eR* x S| ¢ =¢o},

Let pg’% be the intersection point between the periodic orbit 5 (¢) and the
cross-section Y4,

p8¢0 = '7;0 (t) N Zd)o .
Then the Poincaré map of 4, into itself is defined by

P€I Z¢O — Z¢O

(0) — q(T) (4.16)

where ¢.(t) is the first component of the flow generated by the perturbed
vector field (gc(t), o(t) = wt + ¢p). In addition, p5® is a hyperbolic fixed
point for the Poincaré map such that

We(p5™) = WH(~5, () N S,
and
W™ (pg™) = W (75, () N Sg,

are, respectively, its stable manifold and its unstable manifold.

Given a fixed ¢y, if Ftg € R such that M (g, ¢p) = 0 and %M(tg, ®0)|(@0,60) 7

0, then for e small enough W*(p5™) and W*(p5™) intersect transversally at
a certain point p by Theorem [4.7] Thus, the point p correspond to a homo-
clinic point for the Poincaré map P..

Finally, the Smale-Moser Theorem can be applied to deduce that the Poincaré
map P, displays chaotic dynamics.
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4.8 Application of the Melnikov theory

In this final section we provide a couple of well known cases with the aim
to illustrate the utility of the Melnikov function. We compare the period-
ically forced pendulum with the dumped, forced duffing oscillator because
their corresponding Melnikov function have resemblance, even though they
are quite different.

First, let us consider the periodically forced pendulum

¥ = —sinx + easin (U + ¢y) .

On the phase cylinder, this is equivalent to the system

T =y
= —sinx + easin ¢ (4.17)
¢ =0

To begin with, we study the unperturbed system which is Hamiltonian

il OH _y
= 5=
%H (4.18)
y = —% = —Sinl'

with Hamiltonian H = % —cosx . Next, we shall find out its fixed points and
their nature. To do so, we linearize the system and look for the eigenvalues
of the matrix associated with the linearized vector field at the fixed points.

0= i —
Imposing { 0= = y—sina: the fixed points are pr = (1k,0), keZ

Computing the energy for each fixed point we get that there are two different
eneregies associated with the fixed points.

Hipy) = —1 keven
PN 41 kodd

In addition, the linearized vector field is given by

0 1
Dh = <—cosx O) ’
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Consequently, the eigenvalues associated with the fixed points with even k
are \{ = &1, and the eigenvalues associated with the fixed points with odd k
are \{, = +1, so they are centers and hyperbolic saddle points respectively.
Since the perturbed system is 2m-periodic respect to x we just work
with the domain constrained to z € [—m,7|. As a result, we just consider
the fixed points (—m,0), (0,0) and (m,0).

What is more, we should check whether the two saddles with the same energy
are connected by a heteroclinic orbit.

Imposing H(—7m,0)=H(mr,0)=1= H(x,y) we get y = 2 cos g

However, we would like to have x and y parameterized by t. As & = y we
have a differential equation for x which can be integrated

1
/ —dr = ﬂ:/ dt . (4.19)
2cos§

The left side of the equation (4.19)) is a trigonometric integral which can be
computed

1 1. 14sin2
/ —dr = ~In ———2 + C = arctanh(sin z) +C
2cos 3 2 —sin 3 2

where C'is a constant. Thus, we have the following equation
z(t) = 2arcsin (tanh (£t + C)) .

For convenience, since C'is an arbitrary constant, we take C' = 0. In addition,
due to the fact that the function arcsin(tanhz) is odd, let us write

x(t) = £2arcsin (tanht) .

2 in (tanht
y(t) = £2cos ( arcsmz( an )) = +2v/1 — tanh® t = £2 secht .

Hence, we obtain two heteroclinic orbits which are denoted by

(4.20)

xE(t) = +2arcsin (tanht)
Y (t) = £2 secht
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Observation. Since

. + _ . + _
im0 =m0 = -
. 0 — T (4
tl}frnoo Yo (1) = tl}f_noo Yo (t) =
and
Aot =m Jn sel) =
tlg-noo Yo (t) = tl}I_noo Yo (t) =

the heteroclinic orbit denoted by (x{ (t),y, (t)) corresponds to W#((m,0))
which coincides with W*((—m,0)) and the heteroclinic orbit denoted by
(xq (t),yg (t)) corresponds to W*((—m,0)) or W*((m,0)) which coincide.

Next, the Melnikov function is

M*(to, ¢o) = / Z (Sin ;ii@) . (a sin (Ot f Oty + ¢0)) o

= :i:2a/ secht sin (Qt + Qtg + Qo) dt (4.21)

o0

= +2asin (o + ¢o) / secht cos (€2t)

— 00

where we have used that sin (Qt + Qto + ¢o) = sin (Qt) cos (Qt + o)+cos (2¢) sin (Qty + Qo)
and since sechtsin (Qt) is odd its integral vanishes. After the evaluation of

the integral I; = [ secht cos (Qt) (see Appendix A) the Melnikov function

and its partial derivative with respect to ty easily follows.

M= (to, ¢o) = —2am sech(?) sin (Qo + ¢o) , (4.22)

%Mﬂt(to, ¢o) = —2am§) sech(?) cos (Qto + ¢o) - (4.23)
0

Let’s observe that for (fg, ¢o) € {(to, 0)| Qto + o = 7wk, k € Z} it holds
that

« M*(o, ¢o) =0

. B%Mi(toaﬁboﬂ(tb,q%) 70
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As aresult, by Theorem 4.7, W*(v(, )) and W*(v{_, ))) intersect transver-

sally at © = (zf(—to) + O(e),yi (—to) + O(¢), ). Thus, W (v(r0))) and
W“(V(G_mo))) intersect transverselly infinitely many times. However, since
the transversal intersection points in W*(v(, ) N W*"(7(_,))) correspond
to heteroclinic points for the Poincaré map of ¥,,, the Smale-Moser Theorem
can not be applied.

Observation. The Melnikov function M™ (o, z¢) is related to the separation
of the invariant manifolds W*(v(, ())) and W*(7{_,))) and the Melnikov
function M~ (tg, zo) is related to the separation of the invariant manifolds
W2 ((_r0))) and W*(7(, ))). Hence, the same reasoning can be applied to
the former ones.

Now, let’s take into account the dumped, forced duffing oscillator
i =x— 2+ €(ycos (wt + ¢g) — 0%)

on the phase cylinder, which is equivalent to the system

T =y
§=x—a°+e(ycos(¢) — y) (4.24)
b= w

Here, the Hamiltonian associated with the unperturbed system is

2
Y Ly 14
H=>=——- -
7 ~ 3% + 17
and its equations of motion are
OH
rT = — = y
dy
4.25
0OH o (4.25)
y = —— = —
Ox
. b1 = <_17 O)
) O=z=y . .
Imposing { 0= 3 we obtain the fixed points p2 = (0,0)
= y = Tr— X
b3 = (+17 O)
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Moreover, the linearized vector field is given by

0 1
Dh = (1—31:2 0) ’

Seeing that, if We evaluate Dh at the fixed points we get that p; and p3 have
eigenvalues \;’ = = ++/2i and p, have eigenvalues \? 12 = *£1, that is, p; and
p3 are centers and p2 is a hyperbolic saddle point.

/ 1
Imposing H(py) =1= H(z,y) we get y=day/1— 5:52 _

Since we need to have x and y parameterized by ¢ we solve the differential

equation given by z =y = +x,/1 — %xQ, integrating in both sides

/x\/@dw‘ f

The left side of the equation (4.26) is an irrational integral which can be
computed

(4.26)

(1+/T= (%>

+D = arcsech( + i)—i—D'

dr = 1n \/_—i—ln
V2

T

NG

/ x4 /1 — 122
where D and D’ are constants. Thus, we have the following equation
z(t) = £v/2 sech(£t + D') .

For convenience, since D’ is also an arbitrary constant, we take D’ = 0.
Moreover, since the function secht is even we write

z(t) = +V/2 secht

1
y(t) = £V2 secht\/l — 5(\/5 secht)? = +v/2 secht tanh ¢

Hence, we obtain two homoclinic orbits denoted by

{ zE(t) = +V/2 secht

4.27
yo (t) = +/2 secht tanh ¢ (4.27)
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Observation. Again, since

: (1) — T () —
tl}-‘,-moo o (t) - tgr—noo o <t> =0
: +01) — 1 )
tl}+moo Yo (t) = tkr_noo Yo (1) =0
i (0 = lim (1) =0
tilinoo Yo () = tLULnoo Yo (1) =0

and the function secht is defined positive V¢ € R, the homoclinic orbit de-
noted by (g (¢),yg (t)) corresponds to W (p2) which coincides with W (p)
and the homoclinic orbit denoted by (z (t), y, (t)) corresponds to W#(ps) or
W*(py) which coincide. Here, the subindices + and — denote which of the
two homoclinic orbits we refer. All in all, 4 refers to the homoclnic loop for
x > 0 and — refers to the homoclinic loop for y < 0.

Therefore, the Melnikov function is

M, 60) — /: <—xo(ty)0?;)x03(t)) , (7 . (wHu?tﬁ i) 5y) dt

o0

= i’y\/i/ secht tanh t cos (wt + wty + ¢y) dt — (5/ Yo (t) dt

—00
[e.9]

4
secht tanh ¢ sin (wt) dt — (5§

= TvV/2sin (wty + ¢o) /
where we have used that cos (wt 4+ wty + ¢g) = cos (wt) cos (wty + ¢g) —
sin (wt) sin (wty + ¢p). Since the term secht tanh ¢ cos (wt) is odd its integral
vanishes. Once we compute the integral I, = [°°_ secht tanh ¢ sin (wt) dt (see
Appendix A) the Melnikov function and its partial derivative with ¢y easily
follows.

M*(ty, do) = TV 2mw sech(%) sin (wtg + ¢p) — 5% , (4.28)
o . 4 9 W
%M (to, do) = TV 2w sech(T) cos (wtg + ¢y) - (4.29)
0

Considering the extra factor depending on ¢ in equation (4.28)), we get the
following constrain of the parameters (v, w,d) for the stable and unstable
manifolds W7 (v, (t)), Wi(v;,(t)) to intersect

3mw sech(%F)

o )y - (4.30)
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Thus, if the inequality (4.30) is satisfied, for (fo, ¢o) € {(to, d0)| wto +
¢y = 7k, Kk € Z} it holds that

° M(t_()7¢_0) =0
. %M(t(h(bo)‘(tb,d)—o) #0.

As a result, by Theorem , Wi(v;,)) and Wi(y;,)) intersect transversally
at (x (—f) + O(€), (7o) + O(6),0). Thus, W3 (5,)) and W(35,)) in-
tersect transverselly infinitely many times.

Contrary to what has happaned for the pendulum case, here the transversal
intersection points in W3 (vs,)) N Wi (v;,)) correspond to homoclinic points
for the Poincaré map of X,,. Hence, the Smale-Moser Theorem can be used
and we can see that the Poincaré map P, has chaotic dynamics.

Last but not least, it is worth to point out that if we identify the plane
x = m with the plane z = —7 in the phase space R? x S! of the pendulum
case, the forced pendulum is equivelent to the undumped forced duffing os-
cillator (6 = 0).
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Contour Integration

Due to the Euler identity we have the following relation for a certain type of
improper integrals

/_Zf(x)emfdx = /_Zf(m) cosaxdx—l—i/_if(x) sin o dx

Thus,

+o0 +o0 iQt
11—/ Mdt—Re[/ S

o cosht cosht

I, — /°° sinh ¢ sin (wt) gt — Re[/oo sinh ¢ e™? ]

oo cosh?t « cosh?t

—00

We proceed to integrate I; and I, using contour integration. To start with,
we define the close curve C' in the complex plane, as it is shown in Figure
by a rectangle with vertices (R,0), (R,ir), (—R,im) and (—R,0).

¢ +IM(1)

w

+%o
WV ’i A

Re(3)

-R N
Figure A.1

n
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Computation of [

Let

f(z) = coshz

It is analitic on and inside C' except at zg = @

s

. By the residue theorem,

[\

]{ f(2)dz = 2miRes,, f(2) .
c

Since Res,, f(2) = —ie 2 we get

7{ f(2)dz = 2me % .
c

Next, we split the integral along C' in four different integrals, where z = x+iy

R et T eiQ(R—H‘y)
dz = d ————id
]{Cf(z) © /R cosh I+/O cosh (R+iy)l Y

—-R Qe+ 0 piQ(—R+iy)
s e [ idy
r  cosh (x + i) « cosh (=R + iy)

In the first place, we see that I? and I} tend to 0 for R — oo . Let’s show it
for I?.

Q(Rtiy) T (e — 1) pooo
d dy = — 0
|/ cosh (R + iy) o (B i) W= /0 smhR Y T Qsinh R
owing to
) —sinh R

ZQR —Qu W(54+QR) ,—Qu| — ,—Qy
| =le e =W,

| > |6(R+iy)‘7|€—(R+iy)| _ (eR'fe_R

« |cosh(R+iy)| > 5

. |Z'eiQ(R+iy)| _ |6

In the second place, we realize that I; and I3 are the same integral up to a

factor owing to cosh (z + 7i) = — cosh z.

Finally, if we let R — o0

oo Lidx 1 —m) .
7{ f(z)dz = / erte™) dx = 2me™ 2
C —0o0

coshz
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and
o pille 2mre % Qn Qn
Il = Re|:/oo cosh = dl’:| = Re [m] =T SeCh(T) =T sech(T)
Computation of I,
Let A
(2) sinh z e"*
z)= ————
g cosh?z

It is also analitic on and inside C' except at zy = 7 where we have a second
order pole. As a consequence

Resig(2) = lim - ((z — 2)%9(2)

= 1 (2(z — 20)g(2) + (2 — 20)*-0(2))

Y —wXE —
=2we Y2 —we Y2 =we Y2,

(ME]

where the limits have been calculated using Hopital’s rule. Therefore,

]{ g(2)dz = 2miwe "2
c

Again, we split the integral along C in the same way we have proceeded
above.

R ‘ T N i ;
h iwx h iw(R+1y)
é o(2) dz / sinhze™ / sinh (R +iy) e idy
c ~R 0

cosh’zx coshQ(R +iy)
N /R sinh (z —z i) e%”“” i /0 sinh (_R2+ iy) eiltf(*RJriy) i dy
R cosh?(z + i) - cosh”(—R + iy)
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With a similar reasoning as before, we deduce that 12, I 2370 and I,

I3 are the same integral up to a factor. For R — oo

> ¢inh W 1 —TTw ”
f g(2)dz = / sinh e (1 + e7™) dxr = 2miwe™ 2
C

oo cosh®z
and
I — Im[/oo sinhxsir; (wt) dw} _ Im[2m' wewg} _ o we o sech(%)
oo cosh®z (14 e™) (14 e-™v) 2
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