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Using a simple analytical model we have calculated the energy levels and excitation energies of
electron bubbles in liquid helium at zero temperature and pressure. We have also calculated the
oscillator strengths, cross sections and lifetime for several states. When possible, we have compared
our results with experimental data and with the results obtained using more sophisticated models.

I. INTRODUCTION

Electrons can be introduced into liquid helium by field-
emission, photo-emission or by radioactive source. When
a swift electron enters liquid helium, it loses energy by ex-
citing elementary modes of the liquid, quantized vortices
and by ionizing helium atoms. When the electron has lost
enough kinetic energy the strong repulsion between the
helium atoms and the electron forces the electron to open

a small cavity. This fast process takes about 9 ps[1] and
produces a bubble of about 20 Å radius essentially void of
liquid, where the electron is trapped constituting the so-
called electron bubble (e-bubble). This occurs because the
e-bubble energy is lower than the energy of the electron
moving through uniform bulk liquid because of the Pauli-
principle repulsion between an electron and helium atoms
is strong, while the attractive polarization interactions is
weak. Electron bubbles have been studied theoretical and
experimentally for many years[2, 3].

Electron bubbles may move inside the liquid. If they
do so in superfluid 4He at velocities above the Landau
critical velocity, they can nucleate quantized vortices to
which might be eventually attached if the bubble velocity

is not very large[4]. At low velocities and low temperatures
(T ), e-bubbles are spherical. Otherwise, they may deform

by thermal fluctuations or by hydrodynamic effects[5].
In this work we study e-bubbles in liquid helium at

zero temperature and pressure. Helium remains liquid
at T = 0 because of the weak He-He interaction and be-
cause its small mass favors a large zero point motion, both
facts preventing the liquid from solidifying as all other
substances do.

The bosonic 4He undergoes a normal-superfluid transi-
tion at about T = 2.17 K. The fermionic 3He also becomes
superfluid below T ∼ 2.7 mK by pairing off pairs of atoms
to build a boson entity. Superfluid 3He is a very compli-
cate system that can be in different superfluid phases. The
experiments are usually carried out at temperatures ∼ 1
K; at these temperatures 3He is a normal fluid whereas
4He is superfluid. “Zero temperature” should be inter-
preted here as a temperature not much above several tens
mK at which thermal effects are negligible but enough to
have 3He in the normal phase and 4He in the superfluid
phase.
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Experimentally, the absorption spectrum of e-bubbles
in liquid 4He has been determined at T = 1.3 K from zero

up to the solidification pressure (∼ 25 atm)[6, 7]. It is
dominated by dipole transitions from the 1s ground state
to the first two p excited states that nearly exhaust the
Thomas-Reiche-Kuhn sum rule, with a very small contri-
bution form the 3 p excited state.

II. MODEL AND PHYSICAL CONDITIONS

1. The electron is confined in a spherical cavity of ra-
dius Re.

2. The confining potential is a spherical infinite poten-
tial well of radius Re. Experimentally, the electron
has to overcome a barrier of about 1.1 eV to pen-
etrate into the liquid. This energy is fairly higher
than the energy of the first energy levels of the e-
bubble we are interested in.

3. The temperature and pressure are both zero.

4. We shall use the dipole approximation because the
wavelength of the absorbed and emitted photons is
much much larger than the diameter of the bubble.

Hypotheses 2 and 4 will be validated by the calculations.

A. Electron energies and wave functions

Firstly, we have analytically solved the Schrödinger
equation for one electron in a spherical infinite potential
well of radius Re, determining the electron wave functions
and energies. The wave functions are expressed in terms
of the spherical Bessel functions jl(x) and the energies

depend on the n-th zero of jl(x), Zn,l
[8]. Indeed, writ-

ing the electron wave function as ψ(r) = R(r)Yl,m(Ω),
the Schrödinger equation for the radial part R(r) can be
written as

r2 d
2R
dr2

+ 2r
dR
dr

+ [α2r2 − l(l + 1)]R = 0 , (1)

where α2 ≡ 2mE/~2. Writing αr ≡ x, this equation
becomes
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x2 d
2R
dx2

+ 2x
dR
dx

+ [x2 − l(l + 1)]R = 0 , (2)

whose solution, regular at x = 0, is the spherical Bessel
function jl(x). Imposing R(Re) = 0, this implies that
jl(αRe) =0 and thus αRe is a zero of jl(x). Consequently,
we have

En,l =
~2Z2

n,l

2mR2
e

, (3)

where m is the electron mass. Defining k0 ≡ Z1,0/Re,
k1 ≡ Z1,1/Re, k2 ≡ Z2,1/Re and k3 ≡ Z3,1/Re, the
wave functions corresponding to the relevant levels for this
study are

ψ1,0,0(r) = A0 j0(k0r)Y0,0 (4)

ψ1,1,m(r) = A1 j1(k1r)Y1,m(Ω) (5)

ψ2,1,m(r) = A2 j2(k2r)Y2,m(Ω) (6)

ψ3,1,m(r) = A3 j3(k3r)Y3,m(Ω) (7)

where

A0 =

(
2π2

R3
e

)1/2

A1 ≡

(
4 · Z4

1,1

R3
e(2(−1 + (Z1,1)2 + cos(2Z1,1)) + Z1,1sin(Z1,1))

)1/2

A2 ≡

(
4Z4

2,1

R3
e(2(−1 + (Z2,1)2 + cos(2Z2,1) + Z2,1sin(Z2,1))

)1/2

A3 ≡

(
4Z4

3,1

R3
e((−1 + (Z3,1)2 + cos(2Z3,1)) + Z3,1sin(2Z3,1))

)1/2

In the above equations, Z1,0 = π, Z1,1 = 4.493, Z2,l =

7.725, and Z3,1 =10.904[8].

B. Energy and equilibrium radius of the e-bubble

The energy of the e-bubble contains electron, surface
and volume terms

E =
~2Z2

n,l

2mR2
+ 4πR2σ +

4

3
πR3P , (8)

where σ is the surface tension and P the applied pressure.
We have obtained the equilibrium radius of the bubble Re
by minimizing the total energy with respect to R when the
electron is in the 1s state. This yields

Re =

(
~2π2

8πmσ

)1/4

(9)

The energy spectrum of the electron confined in the bub-
ble is readily obtained from Eq. (3).

III. RESULTS

A. Absorption energies

Table I collects relevant characteristics of both helium
isotopes[9] and the equilibrium radius obtained from Eq.
(9). It can be observed that the surface tension is quite
different for both isotopes, affecting the equilibrium radius
and consequently the electron eigenenergies as shown in
Tables II and III.

Re (Å) σ(KÅ−2) ~2/2mHe (K Å2) ρ0(Å−3)
4He 18.87 0.274 6.0597 0.021836
3He 23.78 0.113 8.0418 0.016347

TABLE I: Characteristic properties of liquid helium and radius of
the equilibrium e-bubble.

The electron probability densities corresponding to the
ground state and first three p states of the 4He e-bubble
are shown in Fig. 1. As imposed by the boundary condi-
tions, they all are zero at the bubble surface.

FIG. 1: Electron probability densities for the 4He e-bubble.

The excitation (absorption) energies are obtained from
the difference between the energies of the excited and the
ground state:

∆En,l = En,l − E1,0 =
~2(Z2

n,l − π2)

2mR2
e

. (10)

The energies relevant for this study are given in Tables II
and III.
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n l En,l (eV) ∆En,l(eV)

1 0 0,106 -

1 1 0,216 0,110

2 1 0,639 0,533

3 1 1,272 1,167

TABLE II: Electron and absorption energies for the 4He e-bubble.

n l En,l (eV) ∆En,l (eV)

1 0 0,067 -

1 1 0,136 0,070

2 1 0,402 0,336

3 1 0,801 0,735

TABLE III: Electron and absorption energies for the 3He e-bubble.

There are experimental data for 4He but not for 3He

e-bubbles[6, 7]. Although they have been obtained at
T = 1.3 K, the surface tension is not much different from
that at zero temperature and can be compared with the re-
sults of our model. The experimental 1s→ 1p absorption
peak is at ∼ 0.103 eV (see Fig. 2). This value is very close
to ours (0.106 eV) and indicates that the infinite potential
well model works well. More fundamental approaches that
in particular incorporate the finite height of the confining
potential and that it goes smoothly instead of abruptly

to zero yield 0.104 eV [10, 11] The experimental 1s→ 2p
absorption peak is at ∼ 0.49 eV whereas we have obtained
0.53 eV. There is no experimental evidence for the tran-
sition to the 3p state likely because it carries very little
strength, see below. Our model yields an energy of 1.167
eV for the 1s → 3p transition to be compared with the

value of 0.936 eV obtained in the mentioned reference[10].

We conclude that the differences between our energies
and those obtained with more realistic methods and mod-
els, as well as with the experimental results, basically
arise from the infinite potential well we have used that
has allowed us to carry out the calculations analytically.
Notice that the energy of the 3p state is similar or even
larger than the experimental value of the confining poten-
tial well, so one should not expect that our model works
for this and higher energy states.

B. Oscillator strengths

The oscillator strength is a dimensionless quantity that
expresses the probability of absorption or emission of
electromagnetic radiation in transitions between energy
levels in the dipole approximation. It fulfills a model-
independent sum rule that may be used to determine how
many states are sensibly excited (or de-excited) from a
given state, in our case the ground state of the e-bubble.

The oscillator strength ff,i is defined as:[12, 13]

FIG. 2: Experimental absorption energies for the 1s→ 1p transition
(top) and 1s→ 2p (bottom) at T = 1.3 K as a function of

pressure for the 4He e-bubble[6, 7] (symbols). Also shown is
the result obtained from different calculations (lines).

ff,i ≡
2mωf,i

3~
|〈f |r|i〉|2 , (11)

where f and i represent the final and initial states, respec-
tively, ωf,i is the transition frequency (Ef −Ei)/~ and m
is the electron mass. The matrix element entering the def-
inition of the oscillatory strength embodies the selection
rules for an electric dipole transition, namely

∆l = ±1; ∆m = 0,±1; ∆ms = 0 .

It is for this reason that we have limited the calculation
of the excited states to np states.

The minimum wavelength of the absorbed photons
(maximum energy) corresponds to the transition 1s → 3p
for 4He (1.167 eV) and this wavelength is about 104Å.
In comparison with the bubble radius (∼ 20Å) the wave-
length is much higher. Hence, the electric dipole approx-
imation (II.4) is perfectly valid.

It can be shown that[12, 13]∑
f

ff,i = Ne = 1 .

This expression is the so-called Thomas-Reiche-Khun sum
rule. The results of the calculation are given inTable IV.

The sum of the first three oscillator strengths is 0.9969,
indicating that the corresponding absorption lines nearly
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Transition Oscillator strength σ0(eV cm2)

1s → 1p 0.9667 1.06 E-16

1s → 2p 0.0254 2.80 E-18

1s → 3p 0.0048 5.30 E-19

TABLE IV: Oscillator strengths and σ0 values for absorption
transitions in e-bubbles.

exhaust the spectrum. This is in agreement with ex-
periments, where only two absorption lines have been

detected[6, 7].
The results displayed in Table IV are independent of the

isotope. This remarkable result is exact for the infinite po-
tential well of our model, but is also very well fulfilled by

other more realistic approaches[11]. Notice that the ma-
trix element |〈f |r|i〉| is proportional to Re and the transi-
tion energies are proportional to 1/R2

e. Consequently, the
dependence on the radius of the e-bubble –different for
each isotope just because of their different surface tension–
cancels out. The same happens for σ0, whose definition is
given below.

C. Total absorption cross section

Within the dipole approximation, the total photo-
absorption cross section can be easily obtained. Consid-
ering that the electric field is polarized in the x direction,

it is given by[12]

σ = 4π2αωf,i|〈f |x|i〉|2δ(Ef−Ei−~w) ≡ σ0δ(~ωf,i−~w) ,
(12)

where α = e2/(~c) is the fine structure constant. Notice
that in the dipole approximation the absorption cross sec-
tion between two discrete levels is a delta function that
is smoothed out when one considers that the levels have
some width. The value of the σ0 coefficient is given in
Table IV.

As before, our σ0 values are similar to those obtained

in the more sophisticated calculations[10] for the first
two transitions. For the third transition we obtain 5.30
×10−19 eV cm2 to be compared with the value of 3.25
×10−19 eV cm2 obtained in that reference. The origin of
the difference is again the simple confining potential we
have employed here.

D. Spontaneous emission from an excited p state

To determine the absorption energies we have supposed
that the transition from the ground to the np excited state
is instantaneous, meaning that the bubble does not change
of size nor shape during the excitation, which is justified.
A different situation occurs in the de-excitation of the p
states (emission spectrum). Experimentally, the lifetime

of these states is in the ns timescale[14]. This is a long

period of time for liquid helium, that has enough time to
relax around the excited electron orbital before it decays
by spontaneous photon emission. This can be inforred as
follows. The surface modes of a spherical and incompress-

ible helium bubble are[15]:

~ωλ = ~

√
σ(λ− 1)(λ+ 1)(λ+ 2)

mHeρ0R3
e

, (13)

where ρ0 is the atomic density of the fluid. For the low-
est lying quadrupole (λ = 2) mode, the above equation
yields around 0.5 K for the 4He bubble and 0.3 K for 3He.
This implies a characteristic time scale (time period of the
quadrupole oscillation) of ∼ 90 ps for 4He and of ∼ 150
ps for 3He, much shorter than the lifetime of the excited
state.

The relaxation of the e-bubble around an excited state
is illustrated in Fig. 3 for the case of the 1p state[15].
Notice that a large part of the absorbed energy, about
2/3, is transferred to the liquid and only ∼ 1/3 of this
energy is taken away by the emitted photon.

FIG. 3: 4He e-bubble configurations around a 1p excited state at

T = 0 and zero pressure[15].

Clearly, these relaxation processes and photon emission
are beyond the scope of this work. Yet, it might be in-
terested to determine the spontaneous transition rate per
unit time of the 1p → 1s de-excitation to have a very
rough theoretical estimate of the lifetime of the 1p state,
having of course in mind the obvious limitations of keep-
ing spherical and unrelaxed the excited e-bubble during
the photon emission.

The transition rate per unit time for spontaneous tran-

sition from a state i to a state f is[13]:

W s
f,i =

2α (∆Ef,i)
2

mc2~
|ff,i| , (14)

where the ingredients entering this expression have been
previously obtained. The lifetime of the 1p state is

τ1p =
1

W s
1s,1p

(15)
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Using this equation we have obtained, for 4He, a lifetime
of ∼ 2 µs. For 3He the lifetime is ∼ 5 µs. More sophis-

ticated calculations give a lifetime of ∼ 44 µs[16]. This
simple, rough estimate, indicates that the lower energy
excited states of e-bubbles in liquid helium at low temper-
atures and pressures do relax before de-exciting by photon
emission. Experimentally this lifetime is estimated to be

∼ 50 ns[14]. The origin of this large discrepancy is still
unknown.

IV. SUMMARY AND CONCLUSIONS

• We have shown that the energies of the 1s → 1p
and 1s → 2p excitations of e-bubbles in liquid 4He
at zero temperature and pressure can be calculated
with a simple analytical model whose basic ingredi-
ent is a spherical infinite potential well whose radius
is determined by energy minimization. The calcu-
lated energies are in good agreement with the exper-
iments and with those obtained by other far more
sophisticated models.

• We have shown that the first three dipole excita-
tions nearly exhaust the Thomas-Reiche-Kuhn sum
rule, with a very small contribution of the → 3p
excitation that is not detected in the experiments.

• We have carried out similar calculations for 3He
e-bubbles for which there are no experimental re-
sults. The differences between the results obtained
for both isotopes are essentially due to the different
surface tension of the liquids. Remarkably, within

our model the oscillator strengths and total absorp-
tion cross sections are independent of the isotope.
We have check in the literature that this result sensi-
bly holds when the e-bubble is described using more
sophisticated methods.

• We have presented arguments indicating that the
radiative de-excitation of the e-bubble takes place
after it has relaxed around the excited electron. We
have carried out very approximate calculations of
the lifetime of the excited 1p state obtaining ap-
proximately the same order of magnitude for it than
detailed calculations that take into account the de-
formation of the relaxed e-bubble. The experiments
yield a much shorter lifetime for the 1p state. Yet,
this time turns out to be much larger than the typ-
ical relaxation time of liquid helium around the ex-
cited e-bubble.

Lastly, we would like to emphasize the simplicity of the
electron bubble as a textbook example of a system whose
quantum mechanical description, only comparable in its
simplicity to that of the hydrogen atom, allows one to
straightforwardly calculate some properties that can be
compared with the results of complex experiments in con-
densed matter and low temperature physics.
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