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Abstract: In this degree thesis we study the properties of a Bose-Einstein condensate confined in
both isotropic and anisotropic traps using a mean-field description in terms of the Gross-Pitaevskii
equation and modified Gross-Pitaevskii equation. We also study the many particle limit and compare
it with the Thomas-Fermi limits. Finally we study the aspect ratio of the system and see how it
changes for the noninteracting limit and the strong repulsive limit.

I. INTRODUCTION

If we confine N bosons in a trap with an external poten-
tial at low temperatures (ideally T = 0K) they condense
in the same single particle state. This allows us to de-
scribe the system with a single wave function. This is
called a Bose-Einstein condensate [1].

In the limit of a very diluted gas i.e. the average dis-
tance among particles is much larger than the range of
interaction, the system is dominated by two-body inter-
actions, well described in terms of the s-wave scattering
length. Under these conditions an accurate description of
the condensate wave function is provided by the mean-
field description [2].

In this work we will solve the Gross-Pitaevskii (GP)
and modified Gross-Pitaevskii (MGP) equation of a di-
luted gas of 87Rb approximated as a hard sphere gas in
an isotropic and in an anisotropic trap [3,4]. To study it
we will use the local-density approximation (LDA) based
on an energy functional derived by the low-density expan-
sion of the energy in an uniform hard-sphere gas. We will
study how energy, chemical potential and mean square
radius change as we vary the number of particles and
the anisotropy of the trap. Particulary, we will focus
on the differences between GP and MGP. We will also
study the aspect ratio of the system in a deformed trap
to compare with the analytic solution of the noninteract-
ing anisotropic harmonic oscillator and the models that
describe the system in a strongly repulsive case.

II. THEORETICAL BACKGROUND

A. Gross-Pitaevskii equation

Let us consider N bosons in a trap of the form Vtrap =
m
2 (ω2

⊥(x2 + y2) + ω2
zz

2), where ω⊥ and ωz are the two
angular frequencies, in equilibrium ideally at temperature
T = 0K.

Let us now consider an expansion parameter x = na3

that leads us to the following low-density expansion for
the energy density

E

V
= 2πn2a~2

m

[
1 + 128

15

(
na3

π

) 1
2

+ O(na3)
]
, (1)

where n is the density and a the s-wave scattering length.
The energy functional for the GP equation in the LDA
framework is obtained by keeping only the first term in
the expansion (1)

EGP [ψ(r)] =
∫
dr
[
~2

2m |∇ψ(r)|2 + Vtrap(r)|ψ(r)|2

+2π~2a

m
|ψ(r)|4

]
. (2)

Performing a functional variation in |ψ(r)| we obtain the
GP equation

[
−~2∇2

2m + Vtrap(r) + 4π~2a

m
|ψ(r)|2

]
ψ(r) = µψ(r), (3)

where µ is the chemical potential and ψ(r) is the wave
function normalized to the number of atoms N

∫
dr|ψ(r)|2 = N. (4)

To obtain the MGP equation we need to consider the
next term of the expansion (1). Doing the previous pro-
cess with the second term we obtain the MGP energy
functional

EMGP [ψ(r)] =
∫
dr
[
~2

2m |∇ψ(r)|2 + Vtrap(r)|ψ(r)|2

+2π~2a

m
|ψ(r)|4

(
1 + 32a 3

2

3π 1
2
|ψ(r)|

)]
(5)

and the corresponding MGP equation

[
− ~2∇2

2m + Vtrap(r) + 4π~2a

m
|ψ(r)|2
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N E µ Eh.o. E1 Ekin < r2 >

1 1.500 1.500 0.750 0.000 0.750 1.500
10 1.899 2.213 1.028 0.313 0.557 2.057
102 3.494 4.635 2.032 1.141 0.320 4.065
103 8.051 11.144 4.797 3.086 0.168 9.594
104 19.842 27.712 11.894 7.869 0.084 23.782

2× 104 27.482 38.531 16.467 10.934 0.068 33.008

TABLE I: Energy, chemical potential, different contributions to the energy and mean square radius per particle of N 87Rb
atoms with scattering length ā = 0.15155 obtained with GP. All quantities are in h.o. units.

(
1 + 32a 3

2

3π 1
2
|ψ(r)|

)]
ψ(r) = µψ(r), (6)

From now on, to simplifly the notation we are going
to use harmonic oscillator (h.o.) units for energy and
length, defined as r = ah.o.r̄, ā = a/ah.o. and ψ(r) =√
N/a3

h.o.ψ1(r̄), where ah.o. =
√
~/mω and ψ1(r̄) is nor-

malized to unity.

B. Noninteracting model

In the noninteracting case the system is described by
the wave function

ψ1(r̄) = λ
1
4π−

3
4 exp[−1

2(x̄2 + ȳ2 + λz̄2)]. (7)

Where λ = ωz/ω⊥ is the asymmetry parameter. The
chemical potential coincides with the energy per parti-
cle, which is (1+λ/2). The wave function has different
transverse and vertical widths. In particular we have
〈x̄2〉 = 1/2 and 〈z̄2〉 = 1/(2λ). We define the aspect
ratio as

√
〈x̄2〉/〈z̄2〉 =

√
λ, (8)

which characterizes the anisotropy of the distribution.

C. Thomas-Fermi limit

A particulary useful and simple limit of the GP equa-
tion is obtained when we neglect the kinetic energy in
front of the potential and interaction energies. This is
the Thomas-Fermi (TF) limit. Applying this limit to the
GP equation we obtain

[
1
2(x̄2 + ȳ2 + λ2z̄2) + 4πāN |ψ1(r̄)|2

]
ψ1(r̄) = µψ1(r̄). (9)

Equation that can be solved for ψ1(r̄) giving a density of
ρ(r̄) = |ψ1(r̄)|2

Nρ(r̄) = 1
4πā

[
µ− 1

2(x̄2 + ȳ2 + λ2z̄2)
]
. (10)

From (9) we can conclude that the maximum radii of the
system are Rmaxz

=
√

2µ/λ and Rmaxx−y
=
√

2µ for the
z axis and the x − y axis respectively. The chemical po-
tential in this limit normalizing the density to 1 is

µ = 1
2(15āNλ) 2

5 , (11)

and the aspect ratio is

√
〈x̄2〉/〈z̄2〉 = λ. (12)

In the isotropic GP case (λ = 1) the energy and mean
square radius of the system can be expressed in terms of
the chemical potential as E = 5

7µ and 〈r2〉 = 6
7µ.

For the MGP equation the corresponding TF limit
gives

[
1
2(x̄2 + ȳ2 + λ2z̄2) + 4πāN |ψ1(r̄)|2+

5π 1
2 ā

5
2N

3
2

128
15 |ψ1(r̄)|3

]
ψ1(r̄) = µψ1(r̄). (13)

In this case ψ1(r̄) cannot be analytically obtained. The
TF limit is determined numerically.

D. Virial theorem

A virial theorem exists both for GP and MGP results
which provides a particulary simple relation between the
average kinetic, potential and interaction energies per
particle

2Ekin − 2Eh.o. + 3E1 + 9
2E2 = 0, (14)

where Ekin is the average kinetic energy, Eh.o. the average
harmonic oscillator energy, E1 the average interaction en-
ergy due to the first term of the expansion (1) and E2 the
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N E µ Eh.o. E1 Ekin < r2 > E2

1 1.500 1.500 0.750 0.000 0.750 1.500 0.000
10 1.955 2.319 1.082 0.287 0.534 2.163 0.046
102 3.825 5.175 2.321 0.924 0.295 4.642 0.281
103 9.359 13.201 5.901 2.254 0.151 11.801 1.052
104 24.601 35.091 15.821 5.129 0.075 31.633 3.576

2× 104 33.095 47.312 21.382 6.527 0.036 42.637 5.126

TABLE II: Energy, chemical potential, different contributions to the energy and mean square radius per particle of N 87Rb
atoms with scattering length ā = 0.15155 obtained with MGP. All quantities are in h.o. units.

average interaction energy due to the second one. The
definitions of E1 and E2 are

E1 = 2πā
∫
dr|ψ1(r̄)|4, (15)

E2 = 2πā128
15

(
ā3

π

) 1
2
∫
dr|ψ1(r̄)|5. (16)

E. Numerical method

A numerical method to find the lowest energy state of a
given hamiltonian Ĥ is the imaginary time step method,
described for instance in Ref [5]. Let us consider the
basis of non-degenerate eigenfunctions of Ĥ that fulfill
Ĥ|ϕn〉 = En|ϕn〉, with En the energy of the state |ϕn〉.
We define the ground state energy E0 as the lowest value
of En.

We can also define a starting trial function |φ〉 such
that

|φ〉 =
∑
n

cn|ϕn〉. (17)

The time-evolution of this state is governed by the Hamil-
tonian Ĥ through the unitary evolution operator U(t) =
e−iĤt/~

|φ(t)〉 = e−iĤt/~|φ(0)〉 =
∑
n

e−iEnt/~cn|ϕn〉. (18)

The imaginary time step method consists in considering
an imaginary time t such that τ = it is real. However, this
transformation gives a non-unitary operator U(t), thus
the norm will not be preserved. In the limit τ →∞ only
the E0 contribution survives in the evolution of |φ〉 thus

lim
τ→∞

|φ〉 ∝ c0|ϕ0〉. (19)

To solve the loss of norm in the numerical iteration the
algorithm has to be implemented using small time steps
δτ and renormalizing after each step. At first order

|φ(τ + ∆τ)〉 '
(

1− Ĥδτ

~

)
|φ(τ)〉 (20)

When this process is repeated a large enough number of
times |φn〉 converges to the ground state |ϕ0〉, provided
c0 6= 0. An important point to take into account is the
value of δτ . It has to be small enough to guarantee the
convergence of the algorithm, but large enough to make
it efficient.

III. ISOTROPIC CASE

A. Gross-Pitaevskii results

In this section we concentrate on the isotropic case and
compare the GP and the MGP results. We have per-
formed calculations with N particles ranging from 1 to
2×104 with ā = 0.15155 in h.o. units using the GP equa-
tion. The energies, chemical potential and mean square
radius per particle are reported in Table I. For one particle
we obtain the harmonic oscillator, where kinetic energy
and harmonic oscillator potential are equal and the in-
teraction energy is zero. For 2× 104 particles the kinetic
energy decreases and the interaction potential becomes a
significant part of the energy.

In Fig. 1 we have plotted the different energies of the
system and the mean square radius per particle rescaled
to the chemical potential. There we see that as N in-
creases the scaled energy and mean square radius tend to
the analytic limits 5/7 and 6/7 respectively. For 2× 104

particles we find relative differences between our results
and the TF limit of 0.15% for energy and 0.05% for mean
square radius.

B. Modified Gross-Pitaevskii results

To study the modified isotropic case we have repeated
the previous process using the MGP equation perform-
ing calculations for the same number of particles. The
energies, chemical potential and mean square radius per
particle are reported in Table II. Now, there is another
energy, called E2 due to the second term of (1).

In the large N limit the MGP results approach, as ex-
pected, to the corresponding TF limit. The numerical

Treball de Fi de Grau 3 Barcelona, June 2015



Bose-Einstein condensates in deformed traps Miguel Lebón Dias

GP−1 GP−2 MGP−2
N µ

√
〈x̄2〉

√
〈z̄2〉 µ

√
〈x̄2〉

√
〈z̄2〉 µ

√
〈x̄2〉

√
〈z̄2〉

1 2.414 0.707 0.420 2.414 0.707 0.420 2.414 0.707 0.420
102 2.864 0.827 0.436 7.175 1.370 0.566 8.147 1.493 0.599

2×102 3.196 0.874 0.446 9.207 1.571 0.620 10.671 1.731 0.668
5×102 3.922 0.976 0.470 12.989 1.888 0.714 15.465 2.112 0.785

103 4.760 1.088 0.495 16.967 2.172 0.803 20.626 2.456 0.897
2×103 5.927 1.231 0.530 22.246 2.498 0.910 27.627 2.857 1.031
5×103 8.146 1.469 0.592 31.937 3.004 1.080 40.847 3.491 1.248

104 10.511 1.687 0.654 42.051 3.454 1.234 55.055 4.065 1.447
1.5×104 12.248 1.830 0.697 49.412 3.747 1.335 65.616 4.444 1.579
2×104 13.671 1.939 0.730 55.411 3.970 1.413 74.343 4.735 1.681

TABLE III: Chemical potentials and aspect ratios scaled to the number of particles in a deformed trap for GP and MGP in
h.o. units. The index 1 corresponds to particles with a scattering length ā1 = 0.00433 and the 2 to particles with a scattering
length ā2 = 0.15155.
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FIG. 1: Energies and mean square radius per particle scaled to
the chemical potential for different number of particles using
GP equation with ā = 0.15155 in an isotropic trap compared
with the TF limit.

TF limit is 0.6988 for energy and 0.9038 for mean square
radius, finding relative differences between this limit and
the scaled results for 2× 104 particles of 0.1% and 0.29%
respectively.

Finally, we compare the densities of the systems ob-
tained with GP and MGP and their TF limits in Fig 2.
In the TF limit, the system will have a maximum radius
of RGP

max−TF = 8.7 for GP and RMGP
max−TF = 9.7 for MGP.

An important difference between the GP and MGP re-
sults and their corresponding TF limits is found in the
density tails at the edge of the cloud. In the TF limit
the density has a sharp edge, while in the GP and MGP
the density decreases smoothly on the edge. Despite that
the system in the TF limit should have (at least in the
GP case) a snappish end we see a small meniscus. This
is because these limits are calculated numerically and is
difficult to reach the exact parabolic function.
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FIG. 2: Density tails of a 2 × 104 particle system using GP,
MGP and its TF limits at the border of the system with a
scattering length of 0.15155 in an isotropic trap in h.o. units.
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FIG. 3: Density level curves of 5000 87Rb particles with scat-
tering length 0.15155 obtained with MGP in a trap with de-
formation λ =

√
8. All quantities are in h.o. units.
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FIG. 4: Comparison of the aspect ratio as a function of the
number of particles for different scattering lengths ā1 and ā2.
The solid and dotted dashed horizontal lines correspond to the
noninteracting and TF limit respectively.

IV. ANISOTROPIC CASE

In this section we consider an anisotropic cylindrical
trap with an asymmetry parameter λ =

√
8. We have

performed calculations from 1 particle to 2×104 particles
and for two different scattering lengths, ā1 = 0.00433
and ā2 = 0.15155 using GP. We have also done the same
study with MGP but only for the ā2 case, due to the fact
that for a small scattering length like ā1 the differences
between GP and MGP are negligible.

In Fig. 3 we show the density level curves of 5000
particles with a scattering length ā2 and λ =

√
8 with

MGP. Here we observe that the system expands more in r̄
than in z̄. This is because the repulsion bewteen particles
tends to lower the central density and expand the atom
cloud towards regions where the trapping potential is less
stiff.

In Fig. 4 we have plotted the aspect ratio for differ-
ent number of particles using ā1 and ā2. The results
are reported on Table III. For the noninteracting limit
we obtain

√
λ (Eq. 8). For 2 × 104 particles using GP

we obtain λ (Eq. 12), arriving faster for bigger scatter-
ing lengths. We have also studied the MGP aspect ratio,
which is larger than for GP. Although the values of

√
〈x̄2〉

and
√
〈z̄2〉 change considerably respect to the GP ones,

the aspect ratio is much less affected. The asymptotic
value, which corresponds to TF, is

√
8 for GP and 2.841

for MGP. However, the MGP aspect ratio as a function
of N reaches to the asymptotic value much faster than
the GP one.

V. CONCLUSIONS

In this degree thesis we have studied a trapped diluted
87Rb gas with a scattering length ā using GP and MGP
equation and their TF limits for a finite number of par-
ticles in an isotropic trap. After solving the equation for
different number of particles we have concluded that for
a large enough number of particles the results for GP fit
with the TF limit. For MGP we have found that for a
large enough number of particles our results also fit with
the proper numerical TF limit.

We have also studied the behaviour of a trapped di-
luted 87Rb ultracold system with a deformation λ in the
GP and MGP cases for two scattering lengths, ā1 and
ā2 solving the equations for different number of particles.
For the noninteracting case we obtain an aspect ratio of√
λ. For the strong repulsive limit using GP for a finite

number of particles we have found that the aspect ratio
tends to λ, reaching faster the limit for larger scattering
lengths. For MGP the strong repulsive limit should be
calculated numerically obtaining a value slightly larger
than the actual deformation of the trap. This is because
in MGP there is an additional contribution to the energy,
which is positive, i.e., repulsive, that makes a the ratio
larger.

We have found that the deformation of the gas cloud
is not the same as the one of the trap. The atomic sys-
tem deformation depends on the number of particles. In
the noninteracting limit the kinetic energy is a significant
part of the total energy, which partially compensates the
anisotropy of our trap. In the strong repulsive GP limit,
the kinetic energy does not contribute to the total energy,
obtaining the same deformation as the one of the trap.
However, for MGP we have found that this anisotropy
is slightly higher than the trap deformation due to the
larger repulsion between particles.
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