
IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 33, NO. 7, JULY 1997 1197

Statistics of Transverse Mode
Turn-On Dynamics in VCSEL’s

J. Dellunde, M. C. Torrent, J. M. Sancho, and K. A. Shore

Abstract—The turn-on process of a multimode VCSEL is
investigated from a statistical point of view. Special attention
is paid to quantities such as time jitter and bit error rate. The
single-mode performance of VCSEL’s during current modulation
is compared to that of edge-emitting lasers.

Index Terms— Laser modulation, switching dynamics,
VCSEL’s.

I. INTRODUCTION

I N RECENT years, quite dramatic improvements have been
made in the performance capabilities of vertical-cavity

surface-emitting lasers (VCSEL’s) and consequently serious
consideration can now be given to deploying such devices in a
range of practical applications [1], [2]. In this case, it becomes
necessary to pay attention to relatively detailed aspects of the
device behavior which may impact upon the device operating
characteristics. Of concern in many situations is the detailed
form of the transverse mode pattern in the device. Considerable
attention has been given to elucidating the conditions for the
selection of low-order transverse modes and laser designs
have been advanced for the promotion of single-transverse-
mode operation [3]–[6]. In the static regime, the prediction
of the transverse mode properties is a quite complicated
problem requiring account to be taken of details of the device
structure and operating conditions and thus can require a
rather comprehensive modeling procedure [7]. On the other
hand, it is known that spatial hole burning (SHB) and carrier
diffusion play key roles in transverse mode selection and,
in turn, these processes depend upon the laser drive current
[8], [9]. Experiments have been carried out recently showing
such effects [10]. Consequently, the excitation of transverse
modes when the laser is subject to large excursions in the
bias current will be strongly influenced by SHB effects. The
laser turn-on regime is a particularly important situation where
transverse mode excitation can be expected to be dependent
upon relatively large changes in the laser drive current and,
moreover, the mode excitation process in that regime needs
to be treated dynamically. The aim of the present contribution
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is to offer a tractable method for describing the transverse
mode selection process during the laser turn-on regime. The
approach adopted here can be seen to be analogous to that used
in earlier treatments of longitudinal side-mode excitation in
edge emitting semiconductor lasers [11]–[14]. The requirement
is for a methodology which permits an evaluation of a side-
mode suppression ratio (SMSR) (here for transverse modes)
and which, crucially, is also capable of providing an accurate
estimate of the relevant statistics of the turn-on process. This
is rather a stringent requirement since it is necessary not
only to undertake simulations of the dynamical evolution
of the identified transverse modes but it is also required
that simulations are performed of a large number of turn-
on processes (typically 10 000 turn-on events) in order to
extract the required statistical information. It is clear that in
order to make reasonable demands upon computer resources
an analytical approach must be adopted for this purpose. It
is recognized that the use of such an analytical approach
inevitably implies that some detailed features of the device
behavior may be lost in the modeling process. The technique
developed here is, however, sufficiently flexible that further
detail of the device characteristics can be incorporated if
required. Essentially, such additional features are included by
adding further terms to a functional expansion over a basis
set. The compromise to be made is then between the relative
importance of the particular device feature and the additional
effort which is needed to assess its significance in the turn-
on process. In the results obtained here attention is centered
on the influence of SHB and carrier diffusion in determining
turn-on events.

The objective of this paper, therefore, is to describe and
apply a technique for obtaining an analytical description
of transverse mode competition effects in a representative
VCSEL structure and, in this way, to facilitate a statistical
treatment of mode competition during the turn-on process.
The validity of the analytical approach is established by
comparison with full numerical treatments of the turn-on
events. The structure of this paper is as follows. In Section
II, the main features of the dynamical model of the chosen
VCSEL structure are described. In Section III, analytical
calculations are applied to the calculation of a bit error rate
associated with transverse mode excitation. Results obtained
from the model are given in Section IV. Conclusions from the
work are collected in Section V.

II. M ODEL

The model utilized in the work reported here incorporates
both spatial dependence of carrier and optical field profiles.
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Fig. 1. Normalized radial intensity profiles of the LP01 (solid line) and
degenerate LP11 (dashed line) modes of the VCSEL structure.

In this respect, the model is seen as an extension of earlier
work on VCSEL transverse mode dynamics [8], [9], [15],
[16]. The principal components of the dynamical model are
a carrier continuity equation and appropriate rate equations
for the mode amplitudes. Underlying these equations are self-
consistent calculations of steady-state modal properties of the
chosen structure [5], [6]. For definiteness, attention is focused
on a generic VCSEL structure with circular symmetry in
which, in general, account is taken of variations in carrier
density as a function of radial distance, azimuthal angle, and
time. Such a model is appropriate to VCSEL designs of the
kind studied, for example, by Ogura [17] and Iga [18]. Device
structural parameters have been chosen in accordance with
such device geometries. For the model developed here, the
case of competition between two modes is treated explicitly
but the method can, if required, be extended to account for
competition between, for example, an arbitrary number of
transverse modes.

It is appropriate to utilize a cylindrical coordinate system
( ) to describe the spatial distribution of carriers and
optical fields in the structure. The current density distribution

has been chosen to be azimuthally uniform over
a circular disc so that for and

otherwise. The active region of the device
is taken to be of thickness and radius . The laser cavity
is defined by two highly reflecting mirrors separated by a
distance along the longitudinal axis. The dielectric constants
of the core and cladding layers are denoted byand . In the
case of transverse mode competition in a weakly index-guided
structure, the appropriate modes for the assumed VCSEL
structure are conventionally denoted as the LPmodes [19].
The transverse variation of the field of the mode is
given by

(1)

(2)

for and , respectively. The numerical values of
and are determined from an eigenvalue equation related to
the index [5] and and are Bessel functions
of the first and second kinds [20]. The radial variation of

the optical intensities of the lowest order modes is plotted
in Fig. 1. From simple considerations of the local gain distri-
bution in such a device, it would be expected that the LP
mode, that we call the main mode, should preferentially couple
to the gain profile arising from a disc geometry contact. We
detail explicitly here the case of competition between the LP
and LP degenerate modes, labeled by the indexesand
, respectively. The continuity equation for the local carrier

density reads

(3)

where the index stands for the several modes,
and

(4)

The modal gains are given by

(5)

as an overlapping of the optical fields with the carrier profile.
To complete the formulation of the present model, it is
necessary to prescribe the dynamics of the optical intensities as

(6)

Here, the same losses are attributed to all modes through
the parameter . Of course, differences in modal losses can
be anticipated in some circumstances, although the present
calculations are not intended to be exhaustive in regard to
exploration of dependencies on all parameters. The last terms
in (6) take into account spontaneous emission. is a
Gaussian white noise with zero mean and a time correlation
given by . We refer to as
the parameter coupling spontaneous emission to the several
modes. We note, however, that slightly different values should
be attributed to each mode in order to more accurately compare
with experimental results. The carrier number is given by

(7)

Device parameters suitable for the VCSEL structure are given
in Table I. The above model was used in [8], [9] to investigate
steady-state and transient properties of multimode VCSEL’s.
The spatial dependence of the carrier density, however, does
not allow the calculation of interesting quantities such as
steady-state optical intensities of the several modes or thresh-
old currents. Moreover, numerical simulation of the complete
model requires much computational time. This fact is an im-
portant drawback in the evaluation of statistical quantities such
as mean turn-on time, time jitter, and side-mode excitation
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TABLE I
DEVICE AND MATERIAL PARAMETERS

probabilities, because a huge number of turn-on events are
needed to perform averages.

In our case, however, the current is injected through a
disc, and the modes considered are azimuthally independent.
Accordingly, an expansion of the carrier number, dependent
only on the radial coordinate and time, can be carried out as
in [21] so that

(8)

where the numbers satisfy . Simplification of the
equation for the carrier density (3) implies the replacement of
the bimolecular recombination term by a linear term

including the mean recombination time. The Bessel
functions form a complete set for all functions
with vanishing slope in the origin and in . The carrier
density slope must vanish at the origin when there is azimuthal
symmetry and, when the injection current is supplied in a
region near the center of the device, a vanishing slope of the
carrier density can be assumed at the boundary of the active
region [22]. The resulting time evolution of the carrier density
components is given by

(9)

and the time evolution of the optical intensities by

(10)

In the above equations, new parameters appear

(11)

which accounts for the driving current of thecomponent,
resulting from the overlapping with the current density profile.

stands for the modified noise coefficient and
is given by

(12)

The validity of the expression above relies on the approxima-
tion implied by the use of a constant carrier lifetime in place
of a bimolecular recombination rate. The modal gain of each
mode is also simplified in this formalism to

(13)

where the constants account for the overlapping of the
Bessel functions with the optical modesas

(14)

In principle, the set of Bessel functions could be replaced by
any complete set of functions in the interval . However,
we point to the fact that an arbitrary choice of the set does not
lead to independent dynamics of the carrier components
as in (9). This is mainly due to the circular symmetry of the
VCSEL. The present approach is applicable to all azimuthally
independent injection current profiles. In spite of its simplicity,
the presented model is able to describe phenomena due to
carrier diffusion and SHB. As a consequence, it is expected to
be useful for studying cases of mode competition during both
steady-state and transient evolution. The explicit dependence
on the spatial coordinates has completely disappeared. In this
way, threshold currents, steady-state optical powers, carrier
profiles, and more involved calculations can be carried out
analytically. Numerical simulation of a huge number of turn-
on events become also computationally available. The results
given in the rest of this work deal with the multimode rate
equations (9) and (10).

III. A NALYTICAL CALCULATIONS

A. Steady States

The steady states are obtained from (9) and (10), making
zero the time evolution of the variables. For the sake of
simplicity, noise effects are not taken into account. When
only two modes are considered, four different steady states are
possible, depending on the values of the parameters. The first
corresponds to the off state where the intensities of both modes
are zero and the carrier number components are .
Two states are available with only one lasing mode. The
intensity of the lasing mode and the corresponding carrier
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number components read

(15)

(16)

where

(17)

(18)

The existence of these two steady states is conditioned to
. The last solution gives a bimodal emission with

intensities and carrier number components

(19)

(20)

valid for and , and where

(21)

A linear stability analysis reveals the presence of solutions
with two lasing modes. The coexistence of two modes for a
definite range of parameters is only possible when hole burning
effects are considered, because it takes into account some
flexibility with respect to the carrier number profile. Otherwise,
the carrier number presents a fixed profile that clearly favors a
particular mode and does not allow sharing the gain between
different modes. The hole burning effect contained in the
continuity equation (3) is still present in the simplified model,
through the carrier number expansion given in (8). Although
it has little influence during the turn-on process due to small
values of the intensity, it is crucial to understand steady-state
bimodal operation.

Different treatments have been given in the literature for the
study of multimode semiconductor lasers. The transient behav-
ior of nearly single-mode DFB lasers has been widely modeled
without considering SHB [12]–[14]. Multimode Fabry–Pérot
laser diodes have also been analyzed [11], [23], [24]. The
transverse mode structure characteristic of VCSEL’s exhibits
significant differences with respect to those of conventional
edge-emitting semiconductor lasers.

The SMSR can be calculated as

SMSR (22)

When both modes are lasing, and can be safely
substituted by the values of and , given in (19). In

this case, the SMSR value is of a few dBs, because the steady-
state emission is actually bimodal. Another situation occurs
when the side mode is turned off. is replaced by
in (15) and the side-mode mean intensity arises only due to
noise fluctuations, because the net gain is negative. This mean
value is given by

(23)

which generally renders numerical values of SMSR around 30
dBs.

B. Bit Error Rate (BER)

We are now interested in the statistics of the power partition
between the two modes considered during the switching of
the laser radiation. At , the injection current is suddenly
changed from a bias current below threshold to a final value
above it, and the current components are changed from
to accordingly. Spontaneous emission noise drives the
system from an initial state with a very low photon population
to a final state in which the laser emits coherent radiation.
Because of spontaneous emission, a random delay exists
between the instant at which the threshold gainis reached
and the build-up of the laser radiation. Though the laser usually
begins to oscillate in the main mode, noise can occasionally
trigger the laser to oscillate on a side mode as well. A
qualitative physical explanation of the process is given in
order to understand this phenomenon. In rare turn-on events,
spontaneous emission, which is a random process, has a very
low value at the time the main mode reaches threshold. In this
case, the side mode also can have a positive net gain while
the laser is in the off state. As a consequence, the side mode
also can start lasing depending on the spontaneous emission
coupled to each mode.

The statistics of the power partition between the two modes
was analyzed in [14] for a DFB laser in terms of the probability
density function (PDF) of the main mode intensity

. An analytical expression for was obtained, with
the use of a linear approximation neglecting the last term
in (9). We have used a similar approach to obtain

, the probability that the side mode has an intensity
larger than that of the main mode when the total intensity
is . This magnitude is analogous to an error rate in optical
communication systems. In fact, gives an upper
bound for the error rate because the main mode can recover
during the evolution to the steady state, and the average power
of the main mode over a large enough time interval can be
larger than that of the side mode. The value for the BER is
thus estimated as

BER (24)

The linear approximation is not accurate when the side mode
is highly suppressed and/or the injection current is close to
threshold. Calculations can be improved by taking into account
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gain saturation for the side mode due to the main mode [12].
The PDF can be obtained by using the probability
current associated with (9) and (10)

(25)

where the dots stand for time derivatives and is the
mean intensity value obtained by taking averages in (10) and
using the time evolution of the carrier number components
solved from (9)

(26)

The steepest descent method has been employed to develop the
integral arising from the calculations

around the threshold time , in which
. As a result, can be

written as

(27)

where and

(28)

with ,

and is the error function [20]. From (24) and
(25), an analytical expression for the BER is obtained.

IV. RESULTS AND DISCUSSION

In this section, the steady-state and transient behavior of the
VCSEL is discussed, considering the geometry and material
parameters characteristic of these devices. The analysis is
based on the analytical results obtained in Section III. The

Fig. 2. Steady-state modal powers LP01 (solid line) and LP11 (dashed line)
as a function of the contact radius (15) and (19). The current density is
20 � 107 A/m2.

several analytical approximations leading to the expression for
the BER (24) are tested by means of numerical simulations of
the stochastic rate equations (9) and (10). A convenient number
of turn-on events have been considered in the averaging
process in order to guarantee statistical errors lower than 10%.
In the expansion for the carrier density (8), only terms up to

have been kept in all the calculations and numerical
simulations performed. This simplification is justified by con-
sidering the decreasing overlapping of the optical modes with
the Bessel functions of increasing order. The resulting low
numerical values of the constants give an almost vanishing
value of the contribution of the component.

A. Contact Geometry

The disc geometry of the contact clearly favors the appear-
ance of the main LP mode. This is shown in Fig. 2, where
the modal powers (15) and (19) are plotted as a function of the
contact radius. The current density has been kept to a constant
value of 20 10 A/m . Laser emission is monomode up to
2.1 m. Beyond this value of the contact radius, the secondary
mode LP mode appears as a consequence of SHB.

Turn-on events have been considered by suddenly switching
on the current density from a below threshold value of 4

10 A/m to the final value 20 10 A/m . The main
mode is turned-on with a probability given by (25),
which is plotted in Fig. 3 as a solid line when the contact
radius is set to 2.3 m. 10 turn-on events were considered to
perform the histogram, with a remarkable agreement with the
analytical results. This agreement justifies the evaluation of
the BER from the analytical expression (24), plotted in Fig. 4
as a function of the contact radius. The reference value for the
intensity has been set to 5487, corresponding
to an output power of 0.1 mW. Stars in that figure indicate
the results of averaged numerical simulations. We would like
to stress the importance of having an analytical expression for
the BER because, otherwise, predictions on the performance of
the device during gain-switched operation would be limited to
BER’s larger than 10 due to the tremendous computational
time required.

Fig. 4 reveals that the BER increases with increasing values
of the contact radius, due to the fact that monomode emission
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Fig. 3. PDF of the main mode LP01 intensity at the laser turn-on
(I
T
= Im + Is = 5487, corresponding to an output power of 0.1 mW).

The histogram performed after 104 numerically simulated turn-on events is
compared with the analytical calculations (25), plotted as a solid line. Here
the contact radius is 2.3�m and the on current density is 20� 107 A/m2.

Fig. 4. BER as a function of the contact radius. The stars indicate numeri-
cally simulated BER’s, with a 10% relative error. The solid line includes the
calculations given in (24).

is lost. There is a clear tradeoff between the maximum power
attainable and monomode emission in the main mode.

B. SHB

The transverse mode structure in the lasing regime is
essentially defined by the relevant modal gains which, in
turn, are determined both by the mode field distributions
and the spatial distribution of the carriers in the device
active region. It has been numerically shown [8], [9] that
the interplay between SHB and the modal field distribution
may result in two principal steady-state behaviors. In the
first case where the modal fields are spatially separated, it is
found that the modes may effectively share the available gain
resulting in multimode operation. On the other hand, when
the modes overlap significantly and thus occupy essentially
the same part of the device active region, then there is strong
competition between the modes which may result in just one
mode dominating. Which of the two modes dominates is
determined simply by which has the highest modal gain. In our
case, the modes LP and LP (see Fig. 1) present a spatial
overlapping that is not enough to prevent multimode emission
during steady-state operation. This is illustrated in Fig. 5 as
a function of the current density supplied to the VCSEL (the
contact radius here is 2.3m). The threshold current is at 6

Fig. 5. Steady-state modal powers LP01 (solid line) and LP11 (dashed line)
as a function of the current density (15), (19). The contact radius here is 2.3
�m.

Fig. 6. Typical time trace of the modal powers LP01 (solid line) and LP11
(dashed line) after a current switch att = 0. The contact radius here is 2.3�m.

10 A/m . Monomode emission in the main mode is achieved
up to 12 10 A/m where the secondary mode starts to lase.
Sharing of the available gain is such that the total power has
a linear dependence with the current density independently of
the nature of the modal emission.

Steady-state emission in the secondary mode LPis due
to SHB present at high output powers. Without considering
these SHB effects, lasing would always occur at the main
mode, which present the best overlapping with the carrier
profile in the off state. A typical time trace of the modal
powers following a current switch is shown in Fig. 6. The
threshold time is in all cases shorter for the main mode.
Accordingly, the LP mode usually starts lasing emission,
in the figure shown with three power overshoots. When
a significant number of photons are present in the laser
microcavity, a hole is burned in the carrier profile which leads
to the emission in the secondary mode LP. The situation can
be clearly visualized in Fig. 7, where the analytical expansions
(8) for the carrier number are plotted in the initial and final
steady states. With the final carrier profile, both modes are
able to lase by sharing the available gain.

In DFB lasers, monomode emission during steady state is
a requirement for monomode emission during large signal
modulation or gain-switching. Usually a SMSR larger than
30 dB is needed in order to guarantee single mode during
the transient, with a BER lower than 10. We have shown
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Fig. 7. Normalized carrier number before (dashed line) and after (solid line)
the laser switch-on (8), where the SHB is clearly appreciated. The contact
radius here is 2.3�m.

Fig. 8. BER (24) as a function of the SMSR (22) at different current
densities, for a contact radius of 2.3�m. BER’s as low as 10�9 are possible
with poor SMSR’s of 9 dBs.

that, in VCSEL’s, multimode steady-state emission appears
after a monomode turn-on due to SHB. As a result, very low
BER’s can be achieved even with poor SMSR’s in the on
state. This remarkable result points to an optimal performance
of VCSEL’s as modulated optical emitters in fiber optic
communication systems working at high bit rates. Numerical
examples are given in Fig. 8, where the contact radius has
been set to 2.3 m and the current density value has been
scanned. BER’s lower than 10 are easily achieved even
with SMSR’s as poor as 10 dB.

C. Carrier Diffusion

Another physical effect that is expected to modify the per-
formance of the VCSEL is carrier diffusion. Carrier diffusion
is responsible for the carrier profile both during the off and
on steady states. It was shown in [9] that this effect helps
to maintain modal discrimination and increase the threshold
currents. This observation is illustrated in Fig. 9, where the
density current is 20 10 A/m and the contact radius is
2.3 m. The diffusion parameter of 5 cm/s characteristic
of the particular VCSEL structure permits multimode lasing,
but larger values of this parameter, beyond 9 cm/s, only
allow monomode emission in the main mode. Carrier diffusion
drastically modifies the transient multimode operation of the
laser, as can be seen in Fig. 10. Slight changes in the numerical

Fig. 9. Steady-state modal powers LP01 (solid line) and LP11 (dashed line)
as a function of the diffusion coefficient (15) and (19). The current density is
20� 107 A/m2 and the contact radius 2.3�m.

Fig. 10. BER (24) as a function of the diffusion coefficientD. In this plot,
a strong sensitivity with respect to diffusive effects can be appreciated during
the laser turn-on.

value of the diffusion parameter lead to important changes, of
several orders of magnitude, in the BER.

The multimode rate equations (9) and (10) derived in
Section III allow for a discussion of the role played by carrier
diffusion. The diffusion parameter contributes to modify the
numerical value of (12), to give different recombination
times for the carrier components . An expansion of (26)
reveals that the time evolution of the carrier components,
and consequently the threshold times, are not modified in a
first-order approximation by changes in. Accordingly, we
attribute the large sensitivity of BER to carrier diffusion to
different initial carrier profiles and thus modal gains.

D. Spontaneous Emission

During steady-state operation, spontaneous emission noise
is known to increase power and frequency fluctuations, and
also the relative intensity noise figure. It is also responsible
for triggering the turn-on process of solitary lasers. Long time
tails appear in the PDF of turn-on times due to the randomness
of the seeding process. There is a delay between the time taken
by the two modes to reach the threshold gain. Usually, the
noise is able to trigger the oscillation in the main mode (the
first to reach the threshold gain) before the secondary mode
experiences a positive net gain. In rare turn-on events lying in
the long time tails of the PDF, however, laser emission can
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start in the secondary mode. This situation occurs because the
late turn-on event has lasted enough to permit net gain for the
two modes simultaneously.

Here an interesting result becomes evident. An increase of
the spontaneous emission noise enhances monomode operation
during the transient following the current switch. In effect,
increasing noise leads to early turn-on events, and the appear-
ance of side modes with higher threshold times can be almost
completely canceled.

V. CONCLUSION

A simplified analytical approach has been presented and
applied to the turn-on process of a multimode VCSEL. The
model incorporates the influence of carrier diffusion and SHB.
Analytical expressions for the steady-state modal powers,
SMSR, and bit error rate have been derived. Numerical sim-
ulations are shown in agreement with the obtained results.
The time traces for the modal powers are also in qualitative
agreement with experimental results reported recently. A de-
tailed analysis points to a better single-mode performance of
VCSEL’s compared to that of multimode edge-emitting lasers.
The influence of contact geometry, SHB, carrier diffusion, and
spontaneous emission is discussed.
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