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FINANCIAL TRANSACTION

In this first class we are going to analyze what a financial transaction is. This is the main concept that we need
in order to understand this subject.

So, first today we are going to study the definition of financial transaction:

Financial transaction:
A financial transaction is an agreement between two parties to exchange cash/liquidity/money at different

moments in time.

To analyze financial transactions, it is necessary to understand the concept of interest.

Interest:
Interest is the amount charged to a borrower for the use of the lender’s money over a period of time. To the

borrower, it is the cost of renting money; to the lender, the income from lending it.

Remember that a:
 borrower is an individual, organization or company that is using funds on credit;

« lender is an entity that advances cash to a borrower for a period and for a fixed or variable rate of interest.



For example, if you have borrowed €1500 and you have promised to pay back €1600 after one

year, then the lender is making a profit of €100, which is the fee for borrowing the money.

1500

0 1 year
1600

We denote the initial amount as C=1500, and the final amount as C'=1600.

In this example, the amount of interest earned during one year is

IT=C-C
IT =1600—1500 =100



Obviously, when someone cedes money (lender), they do this with the expectation of a financial gain, i.e. with
the expectation to recover their money plus interest. If an initial amount C grows to an amount C’, the

difference, C’-C, is the interest.
C

I I ‘ Interest = C’-C
0 t

C,
So, the interest is the rent paid by the borrower to the lender for the use of C.

The answer is the
mmm) [(ime preference
theory!!

But, what is the justification for charging interest?
Why does the lender charge interest?

Timmve preference theory

People prefer to have money now rather than the same amount of money at some later date:

« If you have the money now, you have a choice as to whether you use it now or save it for the
future.

« If you lend it, you no longer have the option of immediately using your money. Interest

compensates the lender for this loss of choice.




Elements of financial transactions

Personal elements:
= Active party: this is the party that finances the operation, so this is the party that lends the money.

This party is called the lender.
» Passive party: this is the party that receives the money. This party is called the borrower.

Example 1.

» If you borrow money from a bank, you will be charged interest: in this case you are the passive
party and the bank is the active party.

» If you lend money to a bank by opening a saving account, you will receive interest: in this case
you are the active party and the bank is the passive party.

Formal element: The deals/terms between the two parties to reach an agreement. For example:

v When is the interest paid?
v" How do you calculate the interest?

v' The way the initial amount is repaid.




= Material element: The amount of money exchanged, i.e. the amount agreed upon. In the
previous slides we referred to these amounts as C and C'.

So, we know that in a financial transaction, the two parties to the agreement exchange liquidity:
O the sum of money that the active party (lender) cedes is called “payout” (C);

O and the monetary compensation that the passive party (borrower) pays back is called
“‘repayment” (C’).

Obviously the payouts and the repayments must be equivalent.

Example 2:

Today, 15-02-2015, two people agree to sign a contract. In the deal, person A lends €1000
to person B today. Person B will cancel the debt by paying €200 on 03/07/2015 and €1500

on 30/01/2016.

« The payout is €1000 on 15/02/2015
« The repayment consists of two amounts: €200 on 03/07/2015 and €1500 on 30/01/2016




Following that easy example, we can analyze two concepts.

- Temporal graph / Time diagram: In order to understand and simplify financial transactions,
we will always represent the payouts and repayments in graphic form. For example, if we want

to represent example 2:

Payouts 1000

15/02/2015 03/07/2015 30/01/2016
Repayments 200 1500

A time diagram is a one-dimensional diagram where the only variable is time. In this graph we

have the payouts above the time axis and the repayments below it.

A time diagram is not a formal part of the solution, but may be very helpful

in visualizing the solution



Classification of financial transactions

Depending on the number of payments and repayments that the active and passive parties
agree to, we refer to the financial transaction as:

« acommon operation: The payout is only one amount, and the repayment is only one
amount, too. So, one party lends another party a lump sum of money. Then, interest is
expected in addition to the return of the initial amount;

1000

10/01/2015 10/01/2016
1500

« a complex operation: all other financial transactions, as represented in the following
time diagram, for example

1000 120

15/02/2015 03/07/2015 30/09/2015 30/01/2016
200 1500




Equilibrium in a financial transaction

Financial capital

In previous slides, we defined a financial transaction as an agreement between two parties to
exchange cash/liquidity at different times.

Obviously, it is not the same to have a sum of money today as to have it in two months. | think that
everyone prefers to enjoy money as soon as possible! (Time preference theory.)

So, because it is not the same to have €100 today as it is to have it in a week, when you refer to
an amount of money, it is necessary to include when the money is available.

So, we need a new way to represent a sum of money; we need to include the moment at which

the money is available!

Financial capital

We define financial capital as
(C,T) whereC,T eR*

C the sum of money and T the time when the money is available.

For us, T will always be measured in years!




Example 3:

« €100 today is indicated as (100,0)
« €100 in one year is indicated as (100,1)
« €100 in fifteen months is indicated as (100,15/12)

Example 4:
Imagine the following financial transaction,

1000 :
| Payout is (1000,0)

|
0 2 Repayment is (1200,2)

1200

=

The active party cedes €1000 today to the passive party in exchange for receiving €1200 in two
years. The two subjects reach an agreement. So, the payout and the repayment are equivalent
financial capitals. This is indicated as:

(1000,0) ~ (1200,2)




Let (C,T) be the payout, and let (C’, T’) be the repayment in a financial transaction. As we have

just seen, the following form indicates that two financial capitals are equivalents:

(C,T)~(C,T)

-4 — 0
— L

ACCUMULATION FUNCTION
If two financial capitals are equivalent,
(C,T)~(C.T)

we can define a new function f(7,T’) as the quotient of C’ divided by C,

Cl

f(T,T')= - =C'=C-f(T,T)

where f(T,T) is called the accumulation function.




Example 5:

Imagine the following financial transaction: (100,4) ~ (300,6)

100

I |

! I
4 6

300
In this case, the accumulation function, f(T,T’), is:
(TT)=8 = f(46)=20 3
C 100

The accumulation function depends on the deals between the two parties to the financial transaction. In

example 5, there are some deals that determine that €100 at time 4 is equivalent to €300 at time 6,
(100,4) ~ (300,6)

Obviously, if the deals were different, the accumulation function would be different. According to other deals
(for example, for a different interest rate), the equivalence could, for example, be:
(100,4) ~ (310,6)

and then the accumulation function would be:

f(4,6)= % =31



But, what does the accumulation function mean?

An accumulation function allows us to obtain an equivalent amount of money at a different time.
Or,

The accumulation function represents the way in which money grows as time goes by.

That is to say, the accumulation function indicates how the initial capital, C, grows, and it

depends on the deals between the two parties to the financial transaction. The idea is that one

euro invested at time T grows to f(T,T") in time T'.

So, the accumulation function represents the accumulated value of an

initial amount of €1 invested at time T.

We expect f(T,T’) to represent the way in which money accumulates as time goes by.




Example 6:
Suppose that the accumulation function is:
f(T, T)=1+0.03(T-T)
and you lend €1000 to a friend at T=2. Find the amount your friend would be required to pay if

they make their repayment at T'=5.

1000
I |
| |
2 )
Solution: c ¢
f(T,T'):C =C'=C-f(T,T)
C'=1000-(1+0.03(T'-T))
C'=1000-(1+0.03(5-2))=1090
So,

(1000,2) ~ (1090,5)




Example 7:
Suppose that the accumulation function is:
f(T,T)=1+0.03(T'+T)
and you lend €1000 to a friend at T=2. Find the amount your friend would be required to pay if
they make their repayment at T'=5.

Solution: 1000

I |

! |
2 5
C,

=C'=C-f(T,T')

f(T,T'):(é

C'=1000-(1+0.03(T'+T))

C'=1000-(1+0.03(5+2))=1210

So,
(1000,2) ~ (1210,5)




Let t=T’-T, be the length of the financial transaction

C
| |
T T
C’
\ )
|
t=T"-T

For instance, in example 7, t=T-T=5-2=3.

Property of the accumulation function

If f(T+h,T'+h)=f(T,T’) then the accumulation function is stationary; i.e., it is possible to represent
f(T,T’) as f(t)

\ 4

The idea is that the moment, T, at which the financial transaction begins is not important, and

neither is the moment of the end of the financial transaction, T'. The accumulation function only
depends on the length of the financial transaction, t.




Example 8: Stationary accumulation function

Remember Example 6: the accumulation function is f(T,T’)=1+0.03(T’-T), and the financial transaction is
10|OO
2' ;_) mm) (25)= 1059 =1.09

1000
1090

Now suppose that you lend €1000 to your friend at T=6. Find the amount your friend would be required to
pay if they make their repayment at T'=9.

1000 |
I I
6 9
C' -
1090
f(T, T")=— C'=C-f(T,T' f =1.
( T) C = ( T) ) f(69)= 1000 09

C'=1000-(1+0.03(T'-T))
| This result is the same
C'=1000- (1+ 0'03(9 - 6)) as the previous case.

You can observe that in the two cases t=T'-T is the same. The length of the transaction is t=3!

The accumulation f(T,T")=1+0.03(T"-T)
function depends It is possible to
only on the length ‘ represent f(T,T’) as 4 f(2,5)= f(6,9)= f (3) H
of the financial

transaction, t. f(t)

IS a stationary

accumulation

function.




Example 9: Non-stationary accumulation function

Remember Example 7: the accumulation function is f(T,T’)=1+0.03(T'+T), and the financial transaction is
10|OO

| | 1210
m) (25 -1.21
2 5 (25)- 1000

1210

Now suppose that you lend €1000 to your friend at T=6. Find the amount your friend would be required to pay
if they make their repayment at T'=9.

1000
6

i
9
&

cC'=C-f(T,T m) f(69)= 1328 1.45
C'=1000-(1+0.03(T'+T))

' This result is not the
C'=1000- (1+ 0-03(9 + 6)) same as in the previous

case.

You can observe that in the two cases the length of the transaction is t=3, but the accumulation function is not
the same in the two cases.

f(T,T’)=1+0.03(T'+T)

£(2,5)= f(6,0) [ Isanonstatonay

accumulation function.




Price In a common financial transaction

Imagine a common financial transaction, that is to say:

C

| |
' I
T T
C’

Total price: this gives us the amount of interest earned between time T and T'. It is calculated as

the difference between the amount of value at the end of the period and the amount of value at the

beginning of the period; that is to say, the difference between C’ and C.

IT=AC=C-C

But this definition is not very helpful in practical situations, since we are generally interested in
comparing different financial transactions to find the most profitable one. And, obviously, it is very
important to take into account the length of the transaction or the relationship with the initial
amount, C; which are not included in the definition of total price! It only takes into account C and
C.




For example, imagine the following two financial transactions:

100 1000
! i | i
0 2 0 2
; 105 ; 1005
IT=C'-C =105-100=5 IT =C'-C =1005-1000=5

The total interest is the same in the two situations, but....
Which financial transaction would you prefer?
In the first case you earn €5 with an initial amount of €100.
In the second situation you earn €5 with an initial investment of €1000.

| prefer the first situation!



Unit price: this represents the interest rate earned by one unit of C.

. AC C-C Effective interest
(T, T')= - = = m—) rate

The effective rate of interest is the amount of money that one unit invested at the beginning of a

period will earn during the period, with interest being paid at the end of the period.

In the previous example,

100 1000
|

| |
0 2

4 105 4 1005

|
|
0

o N -

C-C :105—100 005 (T, T) = C-C :1005—1000
100 C 1000
\ 4

The effective interest rate is higher in this case!

(T, T') = - 0.005




Now, let's compare two different situations:

CASE 1 CASE 2
100 100
| i | i
0 2 0 3
., 105 ., 105
C'-C 105-100 ,_C-C 105-100
N — _ _ 1 (T, T') = = =0.05
(T, T") = == " 0.05 (T.T") c 100

The effective interest rate is the same in the two cases; but obviously, the first case is better: you

earn €5 in 2 years, whereas in the second case you need three years to earn €5.

Unit and medium price: this represents the interest rate earned by one unit of C in one unit of

time.
. I(T,T) C-C nal |
i T,T' _ y _ — Nominal interest
( ) T |_T C (T '_T ) rate

It is the amount of interest earned in one period divided by the initial amount, C.




In the previous example:

100

o o
o

0 2 3
N 105 1 105

C'-C  105-100 C'-C__105-100
C(T'—T) 100(2-0) C(T-T) 100(3-0)

i(T,T") = ~0.025 i(T,T")= ~0.0166

The effective interest rate is the same in the two cases, but the nominal interest rate is higher in

the first case!



Example 10: Prices of financial transactions

Find the total price IT, I(T,T") and i(T,T’) in the following common financial transaction:

CZlIOOO
|

i
2 5
Solution: C'=1085

» Total price:
IT=AC=C'-C =1085-1000 =85

* Unit price:

AC C-C 1085-1000

1T, T") = —0.085
C C 1000

* Unit and medium price:

IT,T)  C-C  1085-1000

= = = 0.0283333
T-T C(T-T) 1000(5-2)

I(T,T") =




Example 11: Prices of financial transactions

Peter deposits €2500 in an account at SA Bank today. He will recover €2750 in two years. Find:
U Total price
O Effective interest rate

J Nominal interest rate




Financial arrangement or financial regime

v Financial arrangement: definition
v" Simple interest
v Price in the simple interest agreement
v" Techniques for counting days in a period
v' Compound interest at a constant rate
v Price in compound interest
v Effective rates and nominal rates
v Discount functions (present value)
v' Equivalent effective rates
v' Compound interest with varying interest rates
v' An equivalent annual effective yield
v Simple discount

v Price in the simple discount agreement

v Analogous simple interest rate and simple discount rate




Financial regime: definition

In the world of day-to-day financial transactions, you do not hear anyone talk of accumulation
functions. However, financial transactions are usually made according to the same deals
between parties, and many of these agreements are easily translated into the language of

accumulation functions.

Financial regime
A financial regime is the formal expression of the deals between parties that regulate financial

transactions.

In the following sections we will analyze four financial regimes:
Q Simple interest
0 Compound interest at a constant rate
0 Compound interest with varying interest rates

O Simple discount



Simple interest

» The total interest (IT) depends on the initial amount (C) and on the length of the transaction
(t=T'-T). The interest is directly proportional to both these factors, with the rate being what

determines this relationship, i>0. Therefore, the total price/interest is:
Interest rate

A
IT=i-C-(T-T)=i-C-t

—~ Length of the transaction
(always measured in years)

Initial amount

» The interest is paid at the end of the financial transaction, at T’, with the repayment of the

principal of the transaction (C)

|

I

Ta
C'=C+IT

C=C+IT=C+1-C-t=C(1+1t)
Vo

Repayment of Total price
the principal of
the transaction.

C
|
|

T




Then,

| LC'=C(1+1t)

1 Cl I 1
Remember that the accumulation function f(T,T’) is== f(T’T ):E = C'=C- f(T’T )

So, the simple interest accumulation function is

)= S = S iy

Obviously f(T,T’)=f(t). It is an stationary accumulation function. That is to say, it only depends on t,
notonTorT.

The accumulation function is a linear function

f(t) A f(t):1+|t

v
~—+




Example 1: Simple Interest
You invest €100 at time 0, at an annual simple interest rate of 10%. Find the accumulated value
after six months.

100 C'=C(+1it) =

| |

0 vz =100 1+O.l-E =105
i 10% - 0.1 C'=C(1+it) 2

Example 2: Simple Interest
Maria borrows €2000 from Marc at 3% annual simple interest and agrees to repay the loan in two
years. What is the amount that Maria is required to repay to Marc?

Example 3: Simple Interest
Peter lends Mary €1800. Mary promises that in return, she will pay Peter €2025 after four years.
What annual rate of simple interest does this correspond to?

Example 4. Simple Interest
How many years will it take for €500 to increase to €800 at 6% annual simple interest?




Example 5: Simple Interest
At what annual rate of simple interest will €500 increase to €615 in two and a half years?

Example 6: Simple Interest
What initial amount will earn interest of €100 in 7 years at an annual simple interest of 6%?

Example 7: Simple Interest
At time O, you invest some money in an account earning 5.75% annual simple interest. How

many years will it take to double your money?

Example 8: Simple Interest
The total amount of a loan to which interest has been added is €20,000. The term of the loan was

four and a half years. If the money accumulated annual simple interest at a rate of 6%, how much
was the original loan?

Example 9: Simple Interest
At a particular rate of simple interest, €1200 invested at time t=0 will increase to €1320 over T

years. Find the accumulated value of €500 invested at the same rate of simple interest and again
at t=0, but this time for 2T years.




Price in the simple interest agreement

C'=C(Q+1t)

Total price: this is calculated as the difference between C’ and C:
IT =AC =C(l+it)-C=C-i-t

Unit price: this represents the interest rate earned by one unit of C:

AC _C-C _C(+it)-C _C-i-t _

(T, T") =
( ) C C C C

: ‘ Effective interest
| t rate

Unit and medium price: this represents the interest rate earned by one unit of C in one unit

of time:

IT,T) C-C C-it .

t C(T-T) C-t

I(T,T") =

Nominal interest
rate




Example 10: Price in simple interest
You invest €325 at an annual simple interest of 5%. Find the accumulated value after one and a

half years. Calculate the total interest, the unit price and the unit and medium price.

325 | C'=C(l+it) =

0 1+1/2 =325(1+0.05-1.5)=349.37
C’=C(1+it)

IT =AC =C'-C =349.37-325=24.37

(T, T') = CC_2431_ 4075
325
(7T = C-C _ 2437 _
C(T-T) 325-15

Example 11: Price in simple interest
Mary deposits €1550 at an annual simple interest of 5%. Find the accumulated value after two

and a quarter years. Calculate the total interest, the unit price and the unit and medium price.




Remark: Simple interest is in general inconvenient for banks to use. It is used over short periods.
In order to understand this idea, let's resolve the next exercise

Example 12: John deposits €100 into a savings account that pays 6% simple interest for 2 years.
Peter now deposits €100 with the same bank at the same interest rate. At the end of the year, he
withdraws his balance and closes his account. Then, he reinvests all the money in a new savings
account that offers the same rate. Who has accumulated the greater value at the end of two

years?
« John
100 © e
| . C'=C(1+it)=100(1+0.06-2)=112
0 2
C’'=C(1+it)
« Peter

(09 ———C'=100(1+0.06-1)=106
| |
0 1~ 'C'-—106(L+0.06-1)=112'36

1 2

At the end of each period, depositors will withdraw the interest earned and the original deposit and
immediately redeposit the sum into a new account as a larger deposit. This leads to higher interest

being earned over the next investment year.




Techniques for counting the number of days in a period

In the simple interest problems solved thus far, the length of the financial transactions has been a
number of years; but what happens if the time is given in days? Obviously we need to convert the

days into years, because t is always measured in years.

That is to say, in this section we will answer questions such as:
« How many years are 25 days equal to?

« How many days are there between January 15t and October 2nd?

Now, we are going to discuss three techniques for counting the number of days in a period, that is,
between two dates. The methods are:

» The actual/actual method (exact simple interest)

» The 30/360 method (ordinary simple interest)

» The actual/360 method (Banker’s rule)

days between two dates

time in years (t) = daysin a year




The actual/actual method (exact simple interest)

» We use the exact number of days in the period (for this method, it is important to know the

number of days in each month).

» When counting days between two dates, the last date is included but the first is not.

» We use 365 days for a non-leap year and 366 for a leap year.

Example 13: Suppose that €2500 is deposited on March 8th and withdrawn on October 3" of the
same year, and that the annual interest rate is 5%. Find the amount of interest earned, computed
using the actual/actual method. Assume a non-leap year (365 days).

Solution: From March 3 (not incl.) to October 3 (incl.) there are:

l March (31) 23

April (30) 30
So,
May (31) 31
timein years = 299 _ 572602 June (3030
365 July (31) 31
August (31) 31
C'=C(L+it) = 2500(L+0.05-0.572602) = €2571.58 September(30) 30
October (31) 3

TOTAL 209




The 30/360 method (ordinary simple interest)
» The premise is that all months have 30 days, and all years have 12x30=360 days.

> Like the actual/actual method, the end date is counted but the starting date is not.

Example 14: Jack borrows €1000 from the bank on January 28" 1996 at a rate of 15% simple
interest. How much does he owe on March 5" 1996? Use the 30/360 method.

Solution: From January 28" (not included) to March 51 (included) there are 37 days

January 2
February 30
March 5
TOTAL 37

So,

time in years = 37 =0.102777
360

C'=C(1+1t) =1000(1+0.15-0.102777) = €1015.42




The actual/360 method (Banker’s rule)

» This method uses the exact number of days for the period, that is to say, the number of days
between the two dates is found in the same way as for the actual/actual method.

» The calendar year has 360 days.

» We also count the last day, but not the first day.

Example 15: Jack borrows €1000 from the bank on January 1st 1996 at a rate of 15% simple
interest. How much does he owe on January 17t 1996? Use the Banker’s rule.

Solution: From January 1st (not included) to January 17t (included) there are 16 days

January 16

TOTAL 16
So,
L 16
timein years= ——= 0.04444
360

C'=C(L+it) =1000(1+ 0.15-0.04444) = €1006.67




Example 16: Find the amount of interest that €2000 deposited on June 17 will earn, if the money is
withdrawn on September 10" of the same year and if the annual simple rate of interest is 8%, using the:

a) actual/actual method (exact simple interest);

b) 30/360 method (ordinary simple interest);

c) actual/360 method (Banker’s rule).

Consider a non-leap year

Example 17: Find the amount of interest that €3500 deposited on September 17t 2014 will earn, if the money
is withdrawn on January 20t 2015, if the annual simple rate of interest is 8%, using the:

a) actual/actual method (exact simple interest);

b) 30/360 method (ordinary simple interest);

c) actual/360 method (Banker’s rule).

The methods discussed above do not only apply to simple interest rate problems but also
to compound interest rate problems. Compound interest rates will be introduced in the

next section. In later sections, we will assume always the actual/actual method.




Compound Interest at a constant rate

Simple interest means that the interest earned is not invested to earn additional interest. In

contrast, for compound interest, the interest earned at the end of one period is automatically

invested in the next period to earn additional interest.

So, in simple interest,

Cr— B

|
! |
T T
C’=C(1+it)
For compound interest, we divide the financial transaction into periods of p

C

|

| | | | | |

T T+p T+2p T+3p T+(n-1)p T'=T+np
l

I

t=T'-T

n: number of periods, p, in t=T'-T




Let’s find the accumulation function for compound interest.

=

C(1+ip) The idea is that C is invested at a simple interest rate during
C/\\L the first period p (measured in years). Then at the end of the
| ! first period, the accumulated value is C(1+ip). This amount is
|
T T+p then reinvested to earn additional interest.
C(1+ip) C(1+ip)(1+ip) As interest is paid, it is reinvested
3{/_\ ( _ and also earns interest at rate i
| | during the next period.
T+p T+2p
C(1+ip)(1+ip) C(1+ip)(1+ip)(1+ip) B

! I — And so on...
T+2p T+3p




So, we find that the accumulated value after n periods is given by an exponential function:

C’=C(1+ip)".
C(1+ip) C(1+ip)(1+ip) C(1+ip)(1+ip)(1+ip) C'=C(1+ip)"

| | | | |

T T+p T+2p T+3p T+(n-1)p T'=T+np

Accumulated amount

T+p C(1+ip)

C(1+ip) (1+ip) (1+ip)=C(1+ip)?

T+ | cl+ipyr




Summarizing the previous ideas,

» The length of the financial transaction (t=T'-T) is divided in n “capitalization periods”:

T'-T=np=T'=T+np

» As interest is paid, it is reinvested and also earns interest at rate i during the next period.

» The total price is paid at the end of the financial transaction.



So, for compound interest

Cr— e T-T

| = C'=C(l+ip)"=C(+ip) *

|
|
T T

C'=C(1+ip)"

Remember that the accumulation function f(T,T) is:

f(T,T'):% =C'=C-f(T,T)

So, in compound interest, the accumulation function is:

T'-T
C' C(+ip) s 1T .
- - =(1+ip) » =(+ip)

f(T,T')=

Obviously f(T,T")=f(t). It is an stationary accumulation function.




Graph of the accumulation function f(T, T)=f(t)=(1+ip)" ,

f(t) »
f(O=(1+ip)"

v
—

Now, we can compare simple interest and compound interest:

M) f(H)=(1+ip)"

f(t)=(1+ip)

>t

v If you go far enough to the right (large t), the compound interest accumulation function lies

above the simple interest accumulation function.
v' The simple interest function is larger than the compound interest function until time t=p, at

which point the compound interest function begins to dominate.




Price in compound interest with a period p

C'=C(@+ip)"

« Total price: this is calculated as the difference between C and C’:

IT=AC=C(l+ip)-C=C-i-p

* Unit price: this represents the interest rate earned by one unit of C:
AC C-C C(+ip)-C C-i-p

(T, T") =
( ) C C C C

unit of time;

I(T,T)__C-C__C:i-p

I(T,T") = = =1 m—)

T-T C(T-T) C-p

— 1 Effective interest
=1 p ' rate

Unit and medium price: this represents the interest rate earned by one unit of C over one

Nominal interest
rate




Let’s rewrite the previous expressions.

Total price: IT=C-1-p

Unit price or effective interest rate

AC

(T, T)="C"=ip

1(T,T') =

m: frequency of capitalization.
Number of periods p in one year

For example if p=1/2, then, m=2
if p=1/4, then, m=4
if p=1/12, then, m=12

Unit and medium price or nominal interest rate:

(T, T)=1=1_

Effective interest
rate, I,

m

Nominal interest rate, i,

-M

m




Remember that n indicates the number of capitalization periods, p, over the full length of the
financial transaction

N number of periods p in t=T"-T

m: frequency of capitalization. - [n=m-t
Number of periods p in one year
For example, if p=1/2, T=0 and T'=2.5:
| | | | | |
| | | | | |
T=0 0.5 1 1.5 2 T7=2.5
1 J
|
t=T'-T=25-0=2.5
p:0.5:>m=—=2 Then
0.5 Nn=m-t=2-25=5

Example 18: Calculate m and n for the following situations:
 Ifp=1/2, T=0and T'=4
« If p=1/4, T=0 and T'=2
o Ifp=1/3, T=2 and T'=5
« If p=1/6, T=1and T'=3




Summarizing the previous results, we now know that for compound interest:

So,

Nominal interest rate, i, Effective interest rate, |,
nNn=m-t i
Im — I m ° m Im — _m
m

C'=Cl+i_p)" :{p = %} = C(1+iﬁ)n =

={|m =iﬂ}=c:(1+ )"

m

C'=C@+1,)"

So, for the compound interest, the accumulation function is:

C'_C{L+1,)

f(T,T')= -

(L1,




Example 19: Fernando deposits €12,000 in an account with compound interest at an annual
effective interest rate of 2%. He makes no further deposits or withdrawals until he closes the

account six and half years after he opened it. How much money does Fernando receive when

he closes the account?

C=12,000

| | | | | |
| | | | | |
0 6.5

|

—+
I

C'=C(+1)"=
=12000(1+ 1,)*° =12000(1+ 0.02)*° =13648'42€




Example 20:
Alice invests €2200. Her investment grows according to compound interest at an annual

effective interest rate of 4% for T years, at which time it has accumulated to €4000. Find T.

Example 21:
On his fifth birthday Elliot received an inheritance from his aunt. The inheritance has grown to

€32,168 by the time he is 18. If the money has been growing by compound interest at an

annual effective interest rate of 6.2%, find the amount of the inheritance.

Example 22:
Horatio invests money in an account that earns compound interest at an unknown annual

effective interest rate. His money doubles in nine years. Find ;.

Example 23:
How much interest is earned in the fourth year by €1000 invested under compound interest at

an annual effective interest rate of 5%?




Effective rates and nominal rates

In previous slides | introduced the nominal interest rate, 1., and the effective interest rate, |m.

Nominal Ir_)ter-est Effective interest We obtained a relationship between
rate, I, rate, |, o
the nominal interest rate and

- —

| = | M | = L effective interest rate that depends

m m m

m on m ( frequency of
capitalization).

We refer to I, as a nominal (annual) interest rate compounded or payable m times per year.

We refer to I, = |, as the “annual percentage yield”.

Example 24: The National Bank advertises a savings account paying 4% nominal interest
compounded quarterly. What is the quarterly effective interest rate?




So, in the exercises, the interest can be expressed as an effective rate or as a nominal rate.
Obviously, it is necessary to indicate the capitalization frequency m.

Effective interest rate:

Annual effective rate > |,
Monthly effective rate > |,

Quarterly effective rate > |,

Nominal interest rate:

Nominal interest rate compounded/payable annually > i

Nominal interest rate compounded/payable monthly > i,

Nominal interest rate compounded/payable quarterly > I,

In the formula, we use the effective interest rate  mm) |C'= C(]__|_ |m)n

So, remember that



Example 25:

Pam deposits €17,500 in an account with compound interest. She makes no further deposits or
withdrawals until she closes the account six and a half years after she opened it. How much
money does Pam receive when she closes the account if:

« The account is governed by a monthly effective interest rate of 1%?

« The account is governed by a quarterly (every three months) effective interest rate of 2%?

« The account is governed by a biannual effective interest rate of 1%?

« The account is governed by an annual effective interest rate of 1%?

« The account is governed by a triannual/four-monthly effective interest rate of 1%?

Example 26:

Find the accumulated value of €3000 to be paid at the end of 8 years with a 5% nominal interest
rate compounded:

* Annually.

*  Quarterly.

* Monthly.




Discount functions / the time value of money

An amount invested now (C) will grow to C’ in t years. For compound interest, we know that:
C'=C@+1,)"

Observe that if we find C;

. 1
L+1.)"

So C is the amount of money you must invest at time 0 to have C’ after n periods.

This leads us to define the discount function as:

1 —_—
@+1)"

where the value v is the amount you must invest at time O to have €1 after n periods.

L+1_)"




Example 27:
Imagine that the growth of money over the next three years is governed by compound interest
at an annual effective interest rate of 5%. How much money should you invest now in order to

have a balance of 23,000 three years from now?

C’=23,000
-
0 3
= 2309 _ 53000-(1+0.05) =19,868.26
(1+0.05)

In this example, the discount function is:

V= 1
(1+0.05)°

= (1+0.05)7°




Now, we can generalize the definition of the discount function.

In the previous definition we assumed compound interest, i.e., we assumed that:

f(T,T)=@+1_)
Now, we can assume a general accumulation function: f(T,T").

So, the discount function is now:

1 For simple interest 1

TRETY Y ATt

Example 28:
Imagine that the growth of money over the next three years is governed by simple interest at 5%. How much
money should you invest now in order to have a balance of 23,000 three years from now?
1 - Cl 1 =\ —1
C’=23,000 C'=C(l+1t)=C-= — =C'(1+1t)
| (1+1t)

0 3 1 1
C = 23,000+ (1+0.05-3) " =20,000| |V= 170~ (110.05.3)




We next introduce present value.

Present value
The present value is the current worth of a future sum of money given a specified accumulation

function.

Example 29:
What is the present value of €2000 to be paid in four years assuming money grows by compound interest at
an annual effective interest rate of 6%? What if money grows by compound interest at a nominal interest rate

payable monthly of 3%7? 2000

0 4

: i 0.03
|, =0.06 i, =0.03= 1, = 11; =, = 0.0025

PV =2000-(1+0.06)* = €1584.19

PV =2000-(1+0.0025)* = €1774.10




Example 30:

Brian and Jennifer each take out a loan of value X. Jennifer will repay her loan by making one
payment of €800 at the end of year 10. Brian will repay his loan by making one payment of
€1120 at the end of year 8. The nominal interest rate payable quarterly is 3%. Calculate the

principal of the loan in both cases.

Example 31.
What deposit made today will provide for a payment of €1000 in 1 year and €2000 in 3 years, if

the effective rate of interest is 7.5%7

Example 32:
It is known that an investment of €500 will increase to €4000 at the end of 30 years under
compound interest. Find the sum of the present value of three payments of €10,000 at the end

of 20, 40 and 60 years.




Equivalent effective rates

Suppose a financial transaction in compound
interest payable m times per year, with an m-
effective interest rate

P _—
C C’
i
T T
where n is the number of periods p in t=T'-T,
and n=m.t. Now, we know that:

C'=C(+1,)"=C@+1,)™

For example, suppose C=€100, t=3 and m=4,
then p=1/4 and so n=12. The quarterly effective
interest rate is 1, =0.02

So:

C'=100(1+1,)? =
=100(1+0.02)* = €126.82

Suppose a financial transaction in compound
interest payable m’ times per year, with an m’-
effective interest rate

—~ —h

0 t’
where n’ is the number of periods p’ in t=T'-T,
and n’=m’.t. Now, we know that:

C'=C@+1,)" =C@+1,)""

For example, suppose C=€100, t=3 and
m'=12; then p=1/12 and so n'=36. The monthly
effective interest rate is |,, = 0.006622

So:

C'=100(1+1,,)® =
—100(1+ 0.006622)% = €126.82

As you can see, |, =0.02and |, =0.006622 give the same accumulated value.

So, these two effective interest rates are equivalent.

I4 -~

|12




If we generalize,

C'=C(+1,)™ C'=C(L+1,)™
C' ' Cl it
— =(1+1,)™ — =W+,

To obtain equivalent interest rates, C'/C must be equal. So,

@+ )™ =@a+1,)""

¥ .
(1+ Im) = (1+ Im) mt

ml

L+1 )=(1+1_)"

This is the formula to obtain

m' equivalent effective interest rates

[y = (L 1) 1 (d— =

m m'

In our example, 1, =0.02 If we want to obtain the equivalent monthly effective interest rate:
4

1, =(0+1,)" -1
4

|, = (1+0.02)2 —1=0.006622



Example 33: The National Bank advertises a savings account paying 4% nominal interest

compounded quarterly. What is the annual effective yield (APY) for this account?

i, =0.06= I, =7

And to obtain APY, we use:

|, =(1+1,)* =1=(1+0.015)* ~1=0.061363

Example 34: The National Bank advertises a savings account paying 2% annual effective yield.
What is the nominal interest rate compounded monthly for this account?

Example 35: Given a nominal interest rate of 12% compounded monthly, find the equivalent
effective annual interest rate.




Example 36
Joe invests money in a fund. The effective interest rate per two-year period is 14%. Find the

nominal interest rate convertible biennially and the annual effective interest rate governing the

fund*.

I, =7

|, =014=+>

2 , =7

I, .
|, =2%=1i,==-0.14=0.07
< 1 =2
2 — 2

2

1
2 1
|, = (1+ |1J ~1=(1+0.14)2 —1=0.0677 ~ 6.77%

2

*Biennially means once every two years. Semiannually means twice a year

Example 37:

a) Find the annual effective interest rate which is equivalent to a nominal interest rate of 8%
compounded quarterly.

b) Find the nominal interest rate compounded semiannually which is equivalent to an annual
effective rate of 8%.

c) Find the interest rate compounded quarterly which is equivalent to an interest rate of 8%
payable semiannually.




Problems: compound interest

Example 38:
You invest €10,000 at time O into each of two accounts. Account A earns interest at an annual

simple interest rate of 8%. Account B earns interest at an effective annual compound interest rate
of 6%. What is the difference in the amount of interest earned during the 5" year in these two

accounts?

Example 39:
On January 15t 2009, you invest €500 in an account earning an 8% monthly effective interest rate.

On January 15t 2011, you deposit an additional €1000 into the account. What is the accumulated
value of your account on January 1st 20147

Example 40:
Today Mary deposits €1750 into an account that earns compound interest at the monthly effective
interest rate of 2%. In six months’ time, Mary will deposit an additional €1000; and in a year, she

will deposit €200. Find the accumulated value of the account in two and a half years.

Example 41:
In the previous example, if Mary withdraws €300 in eight months, find the accumulated value of

the account in two and a half years.

Example 42:
On January 18t 2010, you invest €3500 in an account earning 6% annual effective interest. On

January 18t 2011, you deposit an additional €500 into the account; and on January 15t 2012, you
withdraw €460. What is the accumulated value of your account on January 1st 20137




Varying interest rates

In this type of agreement, the interest rate is not the same during the financial transaction. That is
to say, we consider situations involving varying interest.

For example...

Example 43:
Bob invests €1000 in an account that earns compound interest paid at different interest rates.

During the first two years, the annual effective rate of compound interest rate is 3%. The
following two years, it is 3.5%; and the last year it is 4%. How much money does Bob receive

when he closes the account?

1000 C’

i
o
=
— N B
w
HAN
—
|
o1




To solve this kind of problems it is necessary to use a different accumulation function for each
period with a different rate of interest.

| o | | | | ¢ |
leo 1| |2 3| l; T|=5
\ ' ) \ ' ) \ '
11 =0.03 12 =0.035 13 =0.04
S— S~ e
(1+0.03)° (1+0.035)? (1+0.04)"

C'=1000(1+0.03)%(L+0.035)%(1+0.04)" = €1181.92



Example 44:
Arisha deposits €8000 in a savings account at the Victory Bank. For the first three years, the

annual effective rate of compound interest paid is 5%. For the next two years it is 5.5%; and for
the following four years it is 6%. If Arisha closes her account after nine years, what will her

balance be?

Example 45:

Sean deposits €826 in a savings account that earns interest at varying interest rates. For the
first three years, the annual effective interest rate is 3%. For the next two years, the monthly
effective interest rate is 4%; and for the following five years, the quarterly effective interest rate

Is 5%. What is Sean’s balance at the end of ten years?

Example 46:
Bob opens an account governed by compound interest with €3500. He deposits €750 three and

a half years after opening it. For the next half a year, the monthly effective interest is 2%; while
for the rest of the time, the nominal interest compounded semiannually is 1.5%. Find the

accumulated value after five years.

Example 47:

An account is governed by compound interest. The annual effective interest for the first two
years is 4%. For the next three years the quarterly effective interest rate is 2%; and for the last
year the monthly effective interest rate is 1%. Find the accumulated value at the end of six years

if the initial amount is €4600 and two years later a deposit of €3000 is made.




An equivalent annual effective yield, |

It is possible to find a fixed annual effective interest rate that is equivalent to several interest rates.
A common issue involving varying interest is that of finding a stable rate equivalent to the rate that

varies. We focus our attention on finding an annual effective interest rate.

Example 48: Suppose that in an account governed by compound interest, the monthly effective
rate for the first year is 3%; and for the second year, the annual effective rate is 5%. Find the

accumulated value if the initial amount is €100.

C=|100

T=0

i J \ J
i I

1L =0.03 17=0.05

-1
—

[
N

C'=100(1+0.03)2(1+0.05)" =149.7




Now, we know (100,0)-(149.7,2) under the varying interest rate.

C:|100

C'=149.7
|

T=0

L

-1

T'=2

J

I

12 =0.03

The question is: what is the financially

CzllOO

1

12 =0.05

equivalent fixed annual effective rate?

| C'=149.7

T=0
|

| |
T'=2
J

149.7 =100(1+1,)?
149.7

——=(1+1)? -
100 ' || =22.35%
1
5 This is the equivalent
, =(@j2 —1—0.22351z o
100 annual effective yield




Example 49: For a fourteen-year investment, what stable annual effective rate of interest gives

the same accumulation as an annual effective rate of interest of 5% for eight years followed by a

monthly effective interest rate of interest 0.6% for six years?

|
14 years

co_ I

|

|

0

L JL J
| |

1} =0.05 I;=0.006

(1+0.05)°(1+0.006)"* = (1+1,)"
2.272840 = (L+ 1)

1

|| =2.272840% —1=0.06039

Example 50: Find the effective interest rate over a three-year period which is equivalent to an

effective rate of 8% the first year, 7% the second year, and 6% the third year.




Interest in advance

Up to now, the rate of interest has been defined as a measure of the interest paid at the end of

the period.

In this section, we introduce the rate of discount (d) which is a measure of interest, where the
Interest is paid at the beginning of the period.

Here, when C is borrowed at a discount rate of d, the borrower will have to pay C.d in order to
receive C. So, the borrower does not have use of C at the beginning of the period, they only have
the use of C-Cd.

Thus, the lender is getting the interest in advance from the borrower.

Example 51: Bob borrows €1000 at a discount rate of 7%. How much money does he actually
have the use of?

Solution: In order to get the €1000, he must first pay C-d:

€1000-0.07 =€70

So Bob has the use of (C -C- d)
€1000-€1000-0.07 = €930




Simple discount

» The total price depends on the final amount and on the length of the transaction. The price is
directly proportional to both these factors, and the rate is what determines this relationship,

the discount rate d>0.

So, the total price is
Rate Length of the

'T‘ Ttransaction
DT =AC=C'-C=C'd-(T'-T)=C"d -t

Final amount

» The price is paid at the beginning of the financial transaction, at T,

C=C'-DT =C'-d-C't =C'(1—dt)
C =C'(l—dt)

That is to say, under the discount model, payment for the use of the money is

deducted at the beginning of the period.



Then:

C=C'(1-dt) 4 ~
|

' I
T

Q-

Remember that the accumulation function f(T,T) is:
1 C' 1 1
f(T,T)==— =C'=C-f(T,T)
C
So, for a simple discount:

C' 1
f(T,T")= =
(r.T) C'(l—dt) 1-dt

So, the simple discount accumulation function at rate d is:
1

AR




Graph of the accumulation function f (T ,T') — f (t) _ 1

1—dt
f(t) ,

1—dt:O:>t:i
d

The accumulation function is an increasing function that is asymptotic at the line 1= E

1

Therefore, it only makes sense to talk about simple discount if T < —



Definition: trade bills
These give the owner the right to receive, on a fixed date (due date) and in the short term, an

amount of money (face value).

Bills can be sold at a discounted rate compared to their face value. For instance, you could
pay €990 for a bill with a face value of €1000. Then, when the bill matures, you will receive
€1000. The difference between the price you pay (€990) and the face value (€1000) is the

interest.

That is to say, if you have a trade bill and you need cash, you can go to the bank to “sell” it.
The bank deducts interest according to the time remaining till the due date, and you receive a

cash amount. In this financial transaction the agreement is based on a simple discount.
d: discount rate

C: Cash amount *~ N
(€990) | |
0 t: due date

C’: Face value
(€1000)

C =C'(1—dt)




Example 52: You have a trade bill with a face value of €1000. You need cash, and you go to the bank to
trade it. The bank offers you a simple discount agreement at an annual discount rate of 5%. How much

money will you receive from the bank today if the due date is in three months?

C=C'(1-dt) 4 ~
|

/r | |
0 3/12
Cash t
ash amoun C’=€1000 €— Nominal

C =C'(1—dt) = €1000 1—0.05-% — €987.5

Example 53: Today, a trade bill with a face value of €2560 and due date in seven months is discounted. If

the bank applies a simple discount agreement at 3%, how much money do you receive?

Example 54: The cash obtained by the discount of a trade bill is €1000. Find the face value if the due date

is in 5 months and the discount rate applied is 2%.

Example 55: The cash obtained by the discount of a trade bill is €725. The face value is €775, and the due

date is in 3 months. Find the discount rate, d.




Example 56: Discounting expenses
A company has a bill portfolio with a face value of €20,000 with a due date in 8 months. The bank
discounts the portfolio in a simple discount agreement at 3%. The financial transaction involves expenses

of 0.2% of the face value. How much money does the company receive?
Solution:

d=3% With g=0.2% of €20,000
~ T

0 8/12

'=20000
»  Without expenses:

C = €20,000(1— 0.03%) = €1960
» Discounting expenses:

C =€20,000(1— 0.03%) —0.002-€20,000 = €1920

Obviously, you receive a smaller amount because
you have to pay the expenses.




Example 57: Bob has a bill portfolio with a face value of €2600. Forty per cent of the portfolio
matures in six months, and the rest in 9 months. The bank discounts the portfolio in a simple

discount agreement at 1.5%. The financial transaction involves expenses of 0.2% of the face

value. How much money does Bob receive?




Price in the simple discount agreement

C =C'(1—dt)

« Total price: this is calculated as the difference between C' and C
DT =AC=C'-C=C'-C'(1-dt)=C'd -t

« Unit price: this represents the interest rate earned by one unit of C’.

AC — C'_C — C'd ' — d -1 ‘ Effective discount

D(T,T") =
( ) Cl C! Cl rate

« Unit and medium price: this represents the interest rate earned by one unit of C’ in one unit
of time

C'—C C'd t Nominal discount
= — d rate
C'T-T) C' ' t

d(T,T')=




Example 58: Price in simple discount
A trade bill with a face value of €9000 and due date in two months is discounted. If the bank applies a

simple discount agreement at 3%, how much money do you receive? Calculate the total price, the unit

price, and the unit and medium price.

C
| = C=C'(l—dt) = €9ooo(1— o.osij — €8955
0 2/12 12

C’'=€9000

DT =C'-C =€9000 - €8955 = €45

D(T,T'):C_Cz €45 —0.005
C'  €9000

d(T,T7)= CTC - €452 —-0.03
Cc(T-T) €9000-

Example 59: The cash obtained by the discount of a trade bill is €6350. Find the face value if the
due date is in 6 months and the discount rate applied is 2.5%. Calculate the total price, the unit

price, and the unit and medium price.




Analogous simple interest rate (i) and simple discount rate (d)

Imagine a financial transaction applying simple

interest at interest rate i,

m
C;

t

o 0O

C'=C(lti-t)

For example, suppose C=€100, t=3 and i=0,03
.Then C'is:

C'= €100(1+0.03-3) = €109

Imagine a financial transaction

applying
simple discount at discount rate d,

C-C'(l—_d-t)

For example, suppose C'=€109, t=3 and
d=0.02752. Then C is:

C = €109(1—0.02752-3) = €100

As you can observe, in the two financial transactions (100,0)-(109,3), but one of them is in

interest simple, and the other one is a discount simple agreement.

So, the interest rate i=0.03 is equivalent to the discount rate d=0.02752




If we generalize,

In simple interest In simple discount

, : C : '
C=C(1+|-t):>€=(1+|-t) C:C'(l—d-t):((::: 1

1—dt

If we wish to define an interest rate analogous to the discount rate, we equate C'/C

(A+1-1) =

1-d -t

Then, solving this last equation for d and i we find:
@+i-t)(1-d-t)=1
1-d-t+i-t—i-d-t°=1
—d-t+i-t—i-d-t*=1
tfli—d—i-d-t)=

=0

—d-i-d-t=0)
—

tli—-d-i-d-t)=0=

l i(1—dt)—d =0=i

i—d(l+it)=0={d




Example 60: Obtain the simple interest rate equivalent to a simple discount rate of 8% in a term of 92

days. Use ACT/365.

Example 61: Bob discounts a bill portfolio at a bank that will mature in nine months in a simple

discount agreement at 6% and obtains €754.45. Calculate the profitability obtained by the bank if a

simple interest agreement is considered.




ANNUITIES

v' Present value of a set of capitals
v" Value of a set of capitals on a given date
v' Annuities

SSURNENEN

<\

AN

Definition
Classification
Model annuity
Present value of the model annuity
v' Present value of a constant annuity
Accumulated value of the model annuity
v" Accumulated value of a constant annuity
Annuities-due
v" Present value of an annuity-due
v' Present value of a constant annuity-due
v" Accumulated value of an annuity-due
v' Accumulated value of a constant annuity-due
Deferred annuities and values on any date
v" Present value of the deferred annuity
v" Present value of a constant deferred annuity
Non-level annuities or varying annuities
v" Annuities with payments in geometric progression
v" Immediate annuity
v" Annuity-due
v Annuities with payments in arithmetic progression
v" Immediate annuity
v" Annuity-due
Perpetuities
Annuity exercises




Present value of a set of capitals, V,

Suppose you have a set of financial capitals:
(CLT)(C,T,)(Cou ). (C )

Cl CZ C3 CI"I
| | | I
|
T

1 T2 T3 h Tn

This can be expressed as:

(G T

We assume an accumulation function f(T,T").

Present value, V,
The present value is the current worth of a set of future sums of money given a specific

accumulation function (simple interest, compound interest, simple discount, etc.).




Suppose we have the following set of capitals:

(Cl’Tl)’ (CZ ’T2 )’ (C3 ’T3)

We can calculate the present value of each financial capital:
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If we sum the discounted values of the three amounts, we obtain the present value of the set of
capitals:

V,=C,- f(T,,0)+C,- f(T,,0)+C,- f (T,,0)

Therefore:
(V5,0)~ {(C.T).(C,. T,).(C. To)

From now, we will assume compound interest, therefore

T'-T

f(T,T)=1+1,) " =(1+1,)




Example 1: Find the present value of the following set of capitals:
(100,1),(110,2),(120,3’5),

We assume compound interest at an annually effective rate of 2%.
First, we calculate the present value of each financial capital:

120-(1+0.02)°*

<€
< 110-(1+0.02)
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Then we sum the discounted values of the three financial capitals, to obtain the present value of
the set of capitals:

V, =100-(1+0.02)" +110-(1+0.02)* +120-(1+0.02) " = 315.73¢€

So:
(315.73,0) ~ {(100,1),(110,2), (120,3.5)}




Example 2:
Find the present value of the following set of capitals:
(145,0.5),(110,0.75),(150,1.5),

If we assume compound interest at a monthly effective rate of 2%.




Value of a set of capitals on a given date, V-

Suppose we have the following set of capitals:
(C.T)(C.T,)(CyT,)

If you want to compute the value of a set of capitals on a given date, which we denote as V;
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V, =C, - f(T,, T)+C,- £(T,,T)+C,- f(T,,T)

(VT ’T)~ {(Cl’Tl)’ (Cz’Tz )’ (CsiTs)’}



Example 3: Find the financial value at time T=1 of the following set of capitals:
(145,0.5),(110,0.75),(150,1.5),

if we assume compound interest at a monthly effective rate of 2%.

1(50-(1+ L, )"
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V, =145-(1+0.02)° +110-(1+0.02)° +150-(1+0.02)" = €413.22

(413.22,1) ~ {(145,0.5),(110,0.75),(150,1.5)}




Example 4:

Recall example 2:

(325.82,0) ~ {(145,0.5),(110,0.75), (150,1.5) }

And example 3:

(413.22,1)~ {(145,0.5),(110,0.75),(150,1.5)}

Thus, we know that:

(325.82,0) ~ (413.22,1)

So, clearly:

325.82-(1+0.02)* = 413.22




ANNUITIES



A series of payments made at equal intervals of time is called an annuity.

The interval between annuity payments is called the payment period, often just called the period.
We refer to this period as p, and it is always measured in years.

v' The idea is that the sequence of payments are equally spaced.

v' The payment period, p, is expressed in years.

Common examples are house rents, mortgage payments on a home or installment payments on

cars.

An example is receiving a salary (€1000) at the end of each month for one year:

€1000 €1000 €1000 ~ €1000 €1000
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v
0=1/12, is the payment period In this case, you receive 12 payments.

The number of payments is denoted by n;
so, n=12.




Or when you repay aloan by a series of quarterly payments over the next two years:
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p=1/4, the payment period

In this case, the bank receives 8 payments;
so, n=8.




Or when you pay the rent for your flat at the beginning of each month over two years:

€1000 €1000
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p=1/12, the payment period
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In this case, you pay 24 times;
S0, n=24.




If we generalize the previous examples, we denote an annuity as

where:
v' p is the payment period (interval between payments);

v n is number of annuity payments.

Graphically,
C, C, Cs Cha
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We know that p is measured in years. We can define a new variable, denoted by m, given as:

So, m indicates the number of payment periods in a year.

For example,

If p=1/2, then m=2 == Semi-annually annuity. That's to say, you pay twice in a year.

If p=1/4, then m=4 =) Quarterly annuity. That's to say, you pay four times in a year.

If p=1/3, then m=3 == Four-monthly annuity. That's to say, you pay three times in a year.
If p=1/12, then m=12 =) Monthly annuity. That's to say, you pay twelve times in a year.




Classification

Depending on the number of payments, n:

v'Temporal annuity: if n is a finite number.

€1000 €1000 €1000 €1000 €1000

0 1 2 3 4 5
\A

n=5, a finite number

v'Perpetuity: this is an annuity with an infinite term. That's to say, a perpetuity has

payments that last forever.

€1000 €1000 €1000 €1000

0 1 2 3 4

v




Depending on the structure of the terms of the annuity:

v'Constant annuity: if _ ~, i.e,, if all the terms are equal.
C,=C

€1000 €1000 €1000 €1000 €1000

0 1 2 3 4 5

C.=C=1000=q

v'Non-level annuity: if the terms of the annuity are not equal.

100 120 140 160 180
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We will study:
v'annuities with payments forming a geometric sequence;

v'annuities with payments forming an arithmetic sequence.




Depending on whether you pay at the beginning or end of each period,

v'Annuity —-Immediate : if payments are made at the end of each period.

€1000 €1000 €1000 €1000 €1000
| |
| | _1'
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\ J

Payment period

You pay at the end
of the payment period

v Annuity-due : if payments are made at the beginning of each period.

You pay at the beginning
of the payment period

€1000Q €1000 €1000 €1000 €1000
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Model annuity

In order to calculate the value of an annuity (present value or accumulated value), first we need to

analyze an annuity with some specific characteristics, known as a model annuity

Model annuity
* Annuity-Immediate (payments are made at the end of each period)

« Temporal annuity (if n is a finite number)

Vo
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This annuity is known as a model annuity.

Now we calculate the present value of the model annuity that lasts n payment periods.

This value is the present value of the annuity, V,;

it gives the value of the annuity one period before the first payment

From now on, we will assume compound interest; therefore f(T,T’)= (1+I )"




Present value of the model annuity, V,

The present value of an annuity is the sum of the present value of each of the n payments.

We know that:
V,=C,-(+1 )"+C,-(A+1 ) +C,-(A+1 ) °+..+C_-@+1 )"

This can be rewritten as:

Vo = Zn:Ci L+ 1,)"

So, we know that:



Present value of a constant annuity, C, =C

Now we obtain the expression for the present value of a model annuity with level payments, that's

to say if C, =C (if all the terms are equal). So, substituting into previous expressions:

V,=C-@+1 ) "+C-(+1 )*+C-@A+1 )°+.+C-@A+1 )"
%ZiCﬂﬁ%fZOEmﬁ%f

We recognize the summation on the right-hand side as a geometric progression that can be
rewritten as:

1-(1+1_)
jZa+|) dely)”
m
So, substituting:
1-(1+1_)
v, =c. 120" n)
Im
1-(@+1)"
We usually use the annuity symbol aﬁ . defined as aﬁh = |
m m m

So, last expression can be rewritten as:

V, Ca_




Example 5: Paul receives an allowance of €450 at the end of each month for two years. Find the

value today (January 1%t) using a monthly effective interest rate of 0.6%.

VO

€450 €450 €450 €450 €450
|

|
|
0 1 2 3 23 24 months

This is a model annuity with level payments, where C=450, m=12, n=24 and 1,,=0.006.

1-(+1,)"
|

m

V,=C

. 24
1-(1+0.006) = _ £16030.46

V, = €450-

(10030.46,0) ~ {(450,i-ij}
12 i=1,...,24

So,




Example 6: Find the present value (one period before the first payment) of an annuity-immediate
that lasts for five years and pays €3000 at the end of each month, using an annual effective rate

of 3%. Then repeat the problem using a nominal interest of 4% compounded monthly.

€3000 €3000 €3000 ... €3000 €3000

0 1 2 3 59 60 months

This is a constant model annuity with C=3000, m=12 and n=60.

a) 1,=0.03. We need to obtain I,, because we have monthly payments!

ml

1
| =1+1)"-1 = |,=01+1)?-1

1
|, = (1+0.03) 1= 0.00246626

1—(1+0.00246626)
0.00246626

1=+ 1,) "

V,=C = €3000- — €167,124.97

|12




b) i,,=0.03. We need to obtain |, because we have monthly payments!

i i 003
| =1 | =12 _-"""_0.0025
" T 2T T
Then,
A-(+1,)™ 1—(1+0.0025)~

=€3000- =€166,957.07

V,=C
0.0025

12

Example 7: Bob receives payments of €100 at the end of each quarter for 3 years at a monthly

effective rate of 1.5%. Find the present value of his annuity.

Example 8: Pep receives payments of €C at the end of each year for 10 years at a quarterly

effective rate of 2.5%. The present value of his annuity is €8500. Find C.

Example 9: If the present value of a monthly annuity that lasts for 5 years is €1000, with the

constant payments being €25.4, find the interest rate.




Example 10: Marc wants to buy a new car. His budget allows him to make monthly
payments of €500, and he has saved €1800 for a down payment. He qualifies for a 36-
month car loan at a nominal interest rate of 4.8% compounded monthly. How much can

he afford to spend on the car?

Example 11: Marc wants to borrow €1350 so he can pay his tuition. He qualifies for a
two-year loan with a monthly effective interest rate of 2.5% and level payments. Find the

amount of Marc’s monthly payments under the terms of this loan.

Example 12: The price of a new car is €10,000. The purchaser is willing to finance the
car at 18% compounded monthly and to make payments of €250 at the end of each

month for 4 years. Find the necessary down payment.

Example 13 : A loan of €10,000 is being repaid by 10 semi-annual payments, with the
first payment made half a year after the loan is taken out. The first 5 payments are €K
each, and the final 5 are €(K+200) each. What is K if 1,=0.067?




Accumulated value of the model annuity, V;

Recall that the model annuity is:

C, CF C, . Ca C,

0 p 2p 3p .. (n-1)p np

Now we will calculate the value of the model annuity lasting n interest periods at the time of its final

payment. That is, just after the last payment is made.
This value is the accumulated value of the annuity, V;,

which gives the value of the annuity at the timme of the final payment.




///\/&.

V0 (|:1 C|2 C, C|n_1 C,
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0 P 2p 3p (n-1)p np
In order to calculate the accumulated value: V,

V. =C,-@+1 )" +C,-(1+1 )" +C,-A+1 )" +..+C

But it's easier to obtain the accumulated value from the present value:
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