DIMENSION OF FAMILIES OF DETERMINANTAL SCHEMES.
JAN O. KLEPPE, ROSA M. MIRO-ROIG*

ABSTRACT. A scheme X C P"*¢ of codimension c is called standard determinantal if its
homogeneous saturated ideal can be generated by the maximal minors of a homogeneous
tx (t+c—1) matrix and X is said to be good determinantal if it is standard determinantal
and a generic complete intersection. Given integers ag,aq, ..., @¢+c—2 and by,...,b we
denote by W (b;a) C Hilb?(P"*¢) (resp. Ws(b;a)) the locus of good (resp. standard)
determinantal schemes X C P"t¢ of codimension ¢ defined by the maximal minors of a
t x (t + ¢ — 1) matrix (fij);z%”:""”ttﬂfz where f;; € kl[zg, 1, ..., Tntc] is a homogeneous
polynomial of degree a; — b;.

In this paper we address the following three fundamental problems : To determine
(1) the dimension of W(b;a) (resp. Wy(b;a)) in terms of a; and b;, (2) whether the
closure of W (b; a) is an irreducible component of Hilb” (P"*¢), and (3) when Hilb? (P"*¢)
is generically smooth along W (b; a). Concerning question (1) we give an upper bound for
the dimension of W (b;a) (resp. Ws(b;a)) which works for all integers ag,ay, ..., Gt 4c—2
and by, ..., b, and we conjecture that this bound is sharp. The conjecture is proved for
2 < ¢ < 5, and for ¢ > 6 under some restriction on ag,as, ..., at4c—2 and by,...,by. For
questions (2) and (3) we have an affirmative answer for 2 < ¢ < 4 and n > 2, and for
¢ > 5 under certain numerical assumptions.
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1. INTRODUCTION

In this paper, we will deal with determinantal schemes, i.e. schemes defined by the
vanishing locus of the minors of a homogeneous polynomial matrix. Some classical schemes
that can be constructed in this way are the Segre varieties, the rational normal scrolls
and the Veronese varieties. Determinantal schemes have been a central topic in both
commutative algebra and algebraic geometry and, due to their important role, their study
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has attracted many researchers and has received considerable attention in the literature.
Some of the most remarkable results about determinantal schemes are due to J.A. Eagon
and M. Hochster in [8], and to J.A. Eagon and D.G. Northcott in [9]. Eagon and Hochster
proved that generic determinantal schemes are arithmetically Cohen-Macaulay. Fagon
and Northcott constructed a finite free resolution for any standard determinantal scheme
and as a corollary they got that standard determinantal schemes are arithmetically Cohen-
Macaulay. Since then many authors have made important contributions to the study of
determinantal schemes and the reader can look at [5], [23], [4] and [10] for background,
history and a list of important papers.

A scheme X C P""¢ of codimension ¢ is called standard determinantal if its homo-
geneous saturated ideal can be generated by the maximal minors of a homogeneous
t x (t+ ¢ — 1) matrix and X is said to be good determinantal if it is standard deter-
minantal and a generic complete intersection (see Remark 2.2). In this paper, we address
the problem of determining the dimension of the family of standard (resp. good) deter-
minantal schemes. The first important contribution to this problem is due to G. Ellins-
grud [12]; in 1975, he proved that every arithmetically Cohen-Macaulay, codimension 2
closed subscheme X of P"*2 is unobstructed (i.e. the corresponding point in the Hilbert
scheme Hilb?(P"*2) is smooth) provided n > 1 and he also computed the dimension of the
Hilbert scheme at X. Recall also that the homogeneous ideal of an arithmetically Cohen-
Macaulay, codimension 2 closed subscheme X of P"*2 is given by the maximal minors
of a t x (t + 1) homogeneous matrix, the Hilbert-Burch matrix. That is, such a scheme
is standard determinantal. The purpose of this work is to extend Ellingsrud’s Theorem,
viewed as a statement on standard determinantal schemes of codimension 2, to arbitrary
codimension. The case of codimension 3, is solved in [19]; Proposition 1.12. In the present
work, using essentially the methods developed in [19]; §10, we succeed in generalizing to
arbitrary codimension the formula for the dimension of families of determinantal schemes
provided certain weak numerical conditions are satisfied (see Theorem 3.5, Proposition
3.13 and Corollaries 4.7, 4.10, 4.14, 4.15 and 4.18). We also address the problem whether
the closure of the locus W of determinantal schemes in P"*¢ is an irreducible component
of Hilb?(P"*¢) and when Hilb?(P"*) is generically smooth along W (see Corollaries 5.3,
5.7, 5.9 and 5.10).

Next we outline the structure of the paper. In section 2, we recall the basic facts on
standard and good determinantal schemes X C P""¢ of codimension ¢ defined by the
maximal minors of a t X (t + ¢ — 1) homogeneous matrix and the associated complexes
needed later on. Sections 3-5 are the heart of the paper. Given integers by, ..., b; and
Ao, A1, ...y pre2, We denote by W(b;a) C Hilb?(P"*¢) the locus of good determinantal
schemes X C P of codimension ¢ > 2 defined by the maximal minors of a homogeneous
matrix A = (f;;)i=¢ 4o Where fj; € k[2o, ..., Tnsc] is a homogeneous polynomial of
degree a; —b;. The goal of section 3 is to give an upper bound for the dimension of W (b; a)
in terms of by, ...,b; and ag, ay, ..., a2 (cf. Theorem 3.5 and Proposition 3.13). To this
end we proceed by induction on ¢ by successively deleting columns of the largest possible
degree and we repeatedly use the Eagon-Northcott complexes and the Buchsbaum-Rim
complexes associated to a standard determinantal scheme. In section 4, using again
induction on the codimension and the theory of Hilbert flag schemes, we analyze when the
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upper bound of dim W (b; a) given in section 3 is indeed the dimension of the determinantal
locus. In turns out that the upper bound of dim W (b;a) given in Theorem 3.5 is sharp
in a number of instances. More precisely, if 2 < ¢ < 3, this is known ([19], [12]), for
4 < ¢ < 5 it is a consequence of the main theorem of this section (see Corollaries 4.10
and 4.14), while for ¢ > 6 we get the expected dimension formula for W (b; a) under more
restrictive assumptions (see Corollary 4.15). In section 5, we study when the closure of
W(b;a) is an irreducible component of Hilb?(P"*¢) and when Hilb?(P"*¢) is generically
smooth along W (b;a), and other cases of unobstructedness. The main result of this
section (Theorem 5.1) shows that the closure of W (b; a) is a generically smooth irreducible
component provided the zero degree pieces of certain Ext!-groups vanish. The conditions
of the Theorem can be shown to be satisfied in a wide number of cases which we make
explicit through this section. In particular we show that the mentioned Ext'-groups
vanish if 3 < ¢ < 4 (Corollary 5.3). Similarly, in Corollaries 5.7, 5.9 and 5.10 and as
a consequence of Theorem 5.1, we prove that under certain numerical assumptions the
closure of W (b;a) is indeed a generically smooth, irreducible component of Hilb?(P"*¢)
of the expected dimension. In Examples 5.6 and 5.8, we show that this is not always the
case, although the examples created are somewhat special because all the entries of the
associated matrix are linear entries.

We end the paper with a Conjecture raised by this paper and proved in many cases (cf.
Conjectures 6.1 and 6.2), and we correct an inaccuracy in [19].

The first author expresses his thanks to the University of Barcelona and the University
of Oslo. Part of this work was done while the second author was a guest of the University
of Oslo and she thanks the University of Oslo for its hospitality.

Notation: Throughout this paper PV will be the N-dimensional projective space over
an algebraically closed field k, R = k[zg,z1,...,xy] and m = (xq,...,zx). The sheafifi-
cation of a graded R-module M will be denoted by M and the support of M by Supp(M).

For any closed subscheme X of PV of codimension ¢, we denote by Zx its ideal
sheaf, Ny its normal sheaf, I(X) = H?(Zx) its saturated homogeneous ideal and wyx =

Eath (Ox,Opn)(—N —1) its canonical sheaf. If F and G are two coherent O x-modules,

we denote the group of morphisms from F to G by Home, (F, G) while Home, (F,G) de-
notes the sheaf of local morphisms of F into G. We often omit Ox in Homp, (F,G) (resp.
Homo, (F,G)) if the underlying scheme X is evident. Moreover we set hom(F,G) =
dimy Hom(F, G) and aut(F) = hom(F, F) where dim; denotes the dimension as k-vector
space. These dimensions coincide with the dimensions of Homp, (F,G) and Aute, (F)
as schemes.

For any quotient A of R of codimension ¢, we let [, = ker(R — A), N4 = Hompg(I4, A)
be the normal module and K, = Ext%(A, R)(—N — 1) be its canonical module. When
we write X = Proj(A), welet A= R/I(X) and Kx = K4.

We denote the Hilbert scheme by Hilb?(PV) (cf. [13]). Thus, any point px € Hilb?(PV)
parameterizes a subscheme X C PV with Hilbert polynomial p € Q[s]. By abuse of
notation we will write X € Hilb?(PY). By definition X € Hilb?(P") is unobstructed if
Hilb?(PY) is smooth at X.
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The pullback of the universal family on Hilb”(PY) via a morphism ¢ : W — Hilb?(PY)
yields a flat family over W, and we will write X € W for a member of that family as well.
By definition a general X € W has a certain property if there is a non-empty open dense
subset U of W such that all members of U have this property.

2. PRELIMINARIES

This section provides the background and basic results on standard (resp. good) deter-
minantal schemes needed in the sequel, and we refer to [5] and [10] for more details.

Let A be a homogeneous matrix, i.e. a matrix representing a degree 0 morphism ¢ of
free graded R-modules. In this case, we denote by I(A) (or I(¢)) the ideal of R generated
by the maximal minors of A.

Definition 2.1. A codimension ¢ subscheme X C P"*¢ is called a standard determinantal
scheme if I(X) = I(.A) for some ¢ x (t+c— 1) homogeneous matrix A. X C P"*¢ is called
a good determinantal scheme if additionally, A contains a (¢ — 1) x (¢t + ¢ — 1) submatrix
(allowing a change of basis if necessary) whose ideal of maximal minors defines a scheme
of codimension ¢ + 1.

Remark 2.2. It is well known that a good determinantal scheme X C P"*¢ is standard

determinantal and the converse is true provided X is a generic complete intersection, cf.
[22].

Now we are going to describe the generalized Koszul complexes associated to a codi-
mension ¢ standard determinantal scheme X. To this end, we denote by ¢ : F' — G the
morphism of free graded R-modules of rank ¢t and £ 4+ ¢ — 1, defined by the homogeneous
matrix A of X. We denote by C;(¢*) the generalized Koszul complex:

Ci(p*) : 0 — AN'G* ® Sy(F*) — NTIG* @ Sy (F*) — ... — N°G* ® S;(F*) — 0.
Let C;(¢*)* be the R-dual of C;(¢*). The map ¢ induces graded morphisms
wi : NG @ NTF — NG
They can be used to splice the complexes C._;_1(¢*)* @ ATTTI1G* @ A'F and C;(¢*) to
a complex D;(¢*) :

0 — AT IG* RS i 1(F)QANF — AT 2G* @ S, o(F) @ N'F — ... —
NGRSy (F)RN'F — N'G*RSy(F*) — NTIG*@8,(F*) — ... — AN'G*®S;(F*) — 0.

The complex Dy(p*) is called the Eagon-Northcott complex and the complex Dy (p*) is
called the Buchsbaum-Rim complex. Let us rename the complex C.(¢*) as D.(¢*). Then
we have the following well known result:

Proposition 2.3. Let X C P"*¢ be a standard determinantal subscheme of codimension
¢ associated to a graded minimal (i.e. im(yp) C mG) morphism ¢ : F — G of free
R-modules of rank t and t + ¢ — 1, respectively. Set M = coker(¢*). Then

(i) Di(¢*) is acyclic for —1 <i < c.
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(11) Do(*) is a minimal free graded R-resolution of R/I(X) and D;(¢*) is a minimal
free graded R-resolution of length ¢ of S;(M), 1 <i <ec.
(111) Kx = S._1(M) up to degree shift . So, up to degree shift, D._1(¢*) is a minimal
free graded R-module resolution of Kx.

Proof. See, for instance [5]; Theorem 2.20 and [10]; Corollary A2.12 and Corollary A2.13.
0

Remark 2.4. By Proposition 2.3(ii), any standard determinantal scheme X C P""¢ is
arithmetically Cohen-Macaulay (briefly, ACM). Moreover, in codimension 2, the converse
is true: If X C P"*2 is an ACM, closed subscheme of codimension 2 then it is standard
determinantal (Hilbert-Burch Theorem).

The homogeneous matrix A associated to a standard determinantal scheme X C Pt
of codimension ¢ also defines an injective morphism ¢ : F — G of locally free Opn-c-
modules of rank ¢ and t4+c—1. Since the construction of the generalized Koszul complexes
globalizes, we can also associated to ¢* the Fagon-Northcott complex of Opn+c-modules

0 — AT RS, 1(F)@NF — NG @ S, o(F) NF — .. —

/\tg* ® S()(f) ® /\tF — Oanrc — OX — O

and the Buchsbaum-Rim complez of locally free Opn+e-modules

0 — AT ® S, 5(F) @ NF — N3G 0 S 3(F) @ AUF — ... —

AL ® So(F) QNF — G* &]—“* — M — 0.

Since the degeneracy locus of ¢* has codimension ¢, these two complexes are acyclic.
Moreover, the kernel of ¢* is called the 1st Buchsbaum-Rim sheaf associated to ¢*.

Let X C P" be a standard (resp. good) determinantal scheme of codimension ¢ > 2
defined by the vanishing of the maximal minors of a ¢ x (t+c—1) matrix A = ( fji)g:{)”_'].'gtﬂ#
where f;; € k[zo, ..., Tp+.] are homogeneous polynomials of degree a; —b; with b; < ... < b,
and ag < a1 < ... < appe2. We assume without loss of generality that A is minimal; i.e.,
fji = 0 for all 4,7 with b, = a;. If we let u;; = a; —b; forall j =0,...,t +c— 2 and
t=1,...,t, the matrix Y = (uji)zz%'::it%_Q is called the degree matriz associated to X.
We have:

Lemma 2.5. The matrix U has the following properties:
(i) For every j and i, uj; < wjy1,; and w;; > Wjiq1.
(ii) For everyi=1,...,t, uj—1; = a;—1 — b; > 0.
And vice versa, given a degree matriz U of integers verifying (i) and (ii) there exists a

codimension ¢ standard (resp. good) determinantal scheme X C P"¢ with associated
degree matriz U.
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Proof. The first condition is obvious. For the second one we only need to observe that
if for some ¢« = 1,...,t, we have u;,_1; < 0 then in the matrix A we have f;; = 0 for
7 <i—1and k > 4. But this would imply that the minor which is obtained by deleting
the last ¢ — 1 columns has to be zero contradicting the minimality of A.

The converse is trivial. Indeed, given a matrix of integers, U, satisfying (i) and (ii), we
can consider the standard (resp. good) determinantal scheme X C P""¢ of codimension
¢ associated to the homogeneous matrix

At4c—2—b At4c—3—b at—1—b
xR e T 0 0
attc—3—br—1 Qttc—a—br—1 at—2—bt—1
A= 0 Ty x . - T Ob
At+tc—a4—0t—2 At+tc—5—0¢t—2 at—3—0¢—2
0 0 Ty T T
(resp. A=
At4c—2—b A¢4c—3—b at—1—b
e e r 0 0
_ At 4c—3—bp— At fc—a—bp— at—o2—by_
l‘gt+672 b1 :L,OH-C 3—bt—1 x1t+c 4—0¢—1 xct—f t—1 0 0
_ —b, Cs—bi _g—by
0 pltres=bi—z o ga2TOmR plthers TR P |
Up to re-ordering, we easily check that the degree matrix associated to X is U. O

Given integers by, ..., by and ag, ay, ..., G2, we denote by W (b; a) C Hilb?(P"*¢) (resp.
Ws(b; o) C Hilb?(P"*€)) the locus of good (resp. standard) determinantal schemes X C
P"*¢ of codimension ¢ > 2 defined by the maximal minors of a homogeneous matrix
A= ( fﬂ);j)i +e_o Where fj; € k[xo, ..., 4] is a homogeneous polynomial of degree
a; — b;. Clearly, W(b;a) C Ws(b;a). Moreover we have:

Corollary 2.6. Assume by < ... < b and ayp < a; < ... < apeo. We have that
W(b;a) # 0 if and only if Ws(b;a) # 0 if and only if u;—1,; = aj—1 —b; >0 fori=1,..,t.

Proof. 1t easily follows from Lemma 2.5. O
Let X C P"*¢ be a good determinantal scheme of codimension ¢ > 2 defined by the
homogeneous matrix A = ( fji)fz%j"_'f“%. It is well known that by successively deleting

columns from the right hand side of A, and taking maximal minors, one gets a flag of
determinantal subschemes

(2.1) (X): X=X, CX,,C..CXyCPte

where each X; 1 C X; (with ideal sheaf Zx,,,|x, = Z;) is of codimension 1, X; C P""¢ is
of codimension i (i = 2,...,¢) and where there exist Ox,-modules M; fitting into short
exact sequences

(22) 0— OXi(_at+ifl) — MZ — Mi+1 — 0 for 2 S 7 S Cc — 1,

such that Z;(a;;—1) is the Ox,-dual of M;, for 2 < i < ¢, and My is a twist of the
canonical module of X5, cf. (3.4)-(3.7) for details.
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Remark 2.7. Assume b; < ... < b and a9 < a3 < ... < @y 2. If X is general in W(b; a)
and Ui—min(at)i = Gi—min(a,t) — 0i > 0 for min(a,t) < i < t, then X; = Proj(D;), for all

j=2,--+ ¢, is non-singular except for a subset of codimension at least min{2a—1, j+2},
ie.
(2.3) codimy, Sing(X;) > min{2a — 1,5 + 2}.

This follows from [6]; Theorem arguing as in [6]; Example 2.1. In particular, if o > 3,
we get that for each ¢ > 0, the closed embeddings X; C P"*¢ and X,;,; C X, are local
complete intersections outside some set Z; of codimension at least min(4,i+ 1) in X;4
(depthy, Ox,,, > min(4,i + 1)).

Moreover, taking a = 1, we deduce from (2.3) that a general X in W (b;a) is reduced
provided a; 1 > b; for all 1 < ¢ < t. This means (see Corollary 2.6) that a non-empty
W (b;a) always contains a reduced determinantal scheme. This Remark improves [14];
Proposition 2.7.

3. UPPER BOUND FOR THE DIMENSION OF THE DETERMINANTAL LOCUS

The goal of this section is to write down an upper bound for the dimension of the locus
W (b;a) (resp. Wy(b;a)) of good (resp. standard) determinantal subschemes X C P of
codimension ¢ inside the Hilbert scheme Hilb?™*) (P"+¢), where p(s) € Q[s] is the Hilbert
polynomial of X which can be computed explicitly using the minimal free R-resolution
of R/I(X) given by the Eagon-Northcott complex (see, Proposition 2.3 (ii) and [14],
Proposition 2.4). In section 4, we will analyze when the mentioned upper bound is
sharp and in section 5, we will discuss under which conditions the closure of W (b;a) in
Hilb?®) (P"+¢) is a generically smooth, irreducible component, of Hilb?®) (Pn+e).

Let X C P" be a good determinantal scheme of codimension ¢ > 2 defined by the
vanishing of the maximal minors of a t x (t + ¢ — 1) matrix A = (f;;)121773""7? where
fji € klzo, ..., Tntc| are homogeneous polynomials of degree a; — b; and let A = R/I(X)
be the homogeneous coordinate ring of X. The matrix A defines a morphism of locally

free sheaves

t t+c—2
p: F =D Opnsc(bi) — G := @D Opnic(ay)
i=1 j=0

and we may assume without loss of generality that ¢ is minimal; i.e., f;; = 0 for all ¢, j
with bz = a;.

Our aim is to determine an upper bound for dim W (b;a) in terms of b, ...,b; and
A0, 1, -, Agtc—2. 10 this end, we consider the affine scheme V = Home,,,, (F,G) whose
rational points are the morphisms from F to G. Let Y be the non-empty, open, irreducible
subscheme of V whose rational points are the morphisms ¢, : F — G such that their
associated homogeneous matrix A, defines a good determinantal subscheme X, C Pt

The Eagon-Northcott complex of the universal morphism
U prsF — pryG

on Y x P"¢ (where pry : Y x P"t¢ — P"¢ ig the natural projection) induces a morphism
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f2Y — Wi(ba)

which is defined by f(y,) := X, on closed points. We consider the affine group scheme
G := Aut(F) x Aut(G) which is an irreducible open dense subset of

G := Aut(F) x Aut(G) C Hom(F, F) x Hom(G,G) = k¥

where T =3, (b“i’f::“) + i (“FZJL”“). G = Aut(F) x Aut(G) operates on Y:

o:GxY —Y; ((o,8),0:) = Bpra™".

The action ¢ is compatible with the morphism f. Thus, at least set-theoretically
f:Y — W(b; a) induces a surjective map from the orbit set Y//G to W (b; a). Moreover,
since the map from Y to the closure W (b;a) in Hilb?®)(P"¢) is dominant, we get that
W (b; a) is irreducible and we have (small letters denote dimension, cf. Notation):

(3.1) dim W(b;a) < homp .. (F,G) —aut(G) — aut(F) + dim(G,)

where

pntc

Gy = {(9,7) € Aut(F) x Aut(G) | 7ox0" = pr}
is the isotropy group of any closed point ¢, € Y. By [19]; Proposition 10.2, for all ¢, € Y,

we have (we let ("7®) =0 for a < 0, as usual):

(3.2) dim(Gy) = aut(By) + » (b

i —a; +n+c
n+c

where By = coker(p,). Therefore, we have

_ a;—bj+n+c a;—a;tn+c
(3.3) dim W (b; a) < Z( gL ) —Z( v >_
,J

2]
b —b;+n+c bj—a;+n+c
t .
Z( I +z( ) sy
Our next goal is to bound the dimension aut(B) in terms of a; and b;, where B =

coker(p) and ¢ is a closed point of Y (see, Proposition 3.3). To this end we need to fix
some more notation.

Let A; be the matrix obtained deleting the last ¢ — ¢ columns. The matrix A; defines
a morphism

t+i—2

(3.4) ¢ F = @R(bi) — G, = 6]9 R(a;)

of R-free modules and let B; be the cokernel of ¢;. Put ¢ = ¢y, G = G, and B = B,. Let
M, be the cokernel of ¢! = Hompg(p;, R), i.e. let the sequence

(3.5) G 2L P M, 2 ExtL(Bi, R) — 0
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be exact. If D; = R/Ip, is the k-algebra given by the maximal minors of 4; and X; =
Proj(D;) (i.e. R — Dy — D3 — ... - D. = A), then M, is a D;-module and there is an
exact sequence

(3-6) 0— D; — Mi(atﬂ?l) - i+1(at+ifl> —0

in which D; — M;(as4;-1) is the regular section which defines D;; [22]. Indeed,

(37) 0— Mi(at-‘ri—l)* = HomDi(Mi(at+i—1)a Dz) — Dz — Di+1 —0

and we may put I; := Ip,,,/p, = M;(ai1i-1)*. An R-free resolution of M; is given by
Proposition 2.2, and we get in particular that M; is a maximal Cohen-Macaulay D;-
module. Using (3.7) we see that I; is also a maximal Cohen-Macaulay D;-module. Propo-
sition 2.2 (iii) also gives us Kp,(n+c+1) = 5,1 M;(¢;) where {; := Z;jﬁ aj; — 2221 by

In what follows we always let Z; C X; be some closed subset such that U; = X; — Z; —
P"*¢ is a local complete intersection. By the well known fact that the 1. Fitting ideal of
M; is equal to I;_1(p;), we get that M; is locally free of rank 1 precisely on Xi—V(Li—1(p:))
[4], Lemma 1.4.8. Since the set of non locally complete intersection points of X; — Pt¢
is precisely V(Ii—1(p;)) by e.g. [26], Lemma 1.8, we get that U; C X; — V(I;_1(¢;)) and
that M; and T x,/I%, are locally free on Uj.

Finally note that there is a close relation between M, 1(as+;—1) and the normal module
Np,,,/p, = Homp, (I;, Di11) of the quotient D; — D;yy. If we suppose depth; 4 D; > 2,
we get, by applying Homp, (1;,.) to (3.7), that

(38) 0— Dz E— Mi(atJrifl) - NDi+1/Di

is exact. Hence we have an injection M;ii(a¢ri—1) — Np,,,/p,, which in the case
depth; ;) D; > 3 leads to an isomorphism Mii1(atyi—1) = Np,,,/p,- Indeed, this fol-
lows from the more general fact (by letting M = N = I;) that if M and N are finitely
generated D-modules such that depth;z M > r+1 and N is locally free on U := X — Z
(X = Proj(D)), then the natural map

(3.9) Exty, (N, M) — H.(U, Homo (N, M)) ~ Hj}{} (Homp(N, M))
is an isomorphism, (resp. an injection) for ¢ < r (resp. i = r), Cf. [15], exp. VL
Lemma 3.1. Let M be an R-module. With the above notation, the sequence
0 — Homg(M;, M) - FQr M — G;Qr M — B;Qr M — 0
is evact and Hompg(M;, M) = Tor{(B;, M).
Proof. We apply Hom(., R) to
(3.10) 00— F—G; — B, —0

and we get
0 — Hom(B;, R) — G — F* — Exty(B;, R) = M; — 0.
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Hence

0 — Hom(M;, M) — Hom(F*, M) = F ® M — Hom(G;,M) =G, @ M

and we get the first exact sequence and Hom(M;, M) = Tor?*(B;, M) by applying (.)®@r M
to (3.10). N

Lemma 3.2. With the notations above, if C is good determinantal, then depthy ) D; > 1
for 2 <i < ¢ and Homp, (M;, M;) = D;.

Proof. If X is a standard determinantal scheme, defined by some t x (t+4— 1) matrix, and
if we delete a column and let Y be the corresponding determinantal scheme, then Y is also
standard determinantal [3]. Hence if X is good determinantal, it follows that Y is also
good determinantal by the definition of a good determinantal scheme. In particular all
X;, 2 <1 < ¢, are good determinantal schemes and hence generic complete intersections.
By the definition of Z;, we get depth;(,) D; > 1.

Let U; = Proj(D;) — Z; and note that M,|y, is an invertible sheaf. Let S.(M;) be the
r-th symmetric power of the D;-module M;. For 1 < r < i —1, S.(M;) are maximal
Cohen-Macaulay modules and S;_1(M;)(¢;) = Kp,(n + ¢+ 1) (cf. Proposition 2.2 (iii)).
By (3.9) we have injections

Homp, (S, M;, S, M;) — HO(U;, Hom(S,M;, S, M;)) = H(U;, D;).

Since S;_1(M;) is a twist of the canonical module on D; and since Hom(Kp,, Kp,) = D;,
we get the lemma from the commutative diagram

Homp,_ (M;, M;) —  HY(U;,D;)
vl [
HomDi(Si—lMiaSi—lMi> — HE(UzaDz)
Indeed, v is injective and we conclude by

Di — HOHIDZ, (M’u Ml) — HomDi(SiflM’ia S’i*lMi) = Dl

O
Proposition 3.3. Assume by < ... < b, a9 < a7 < ... < Qieo and ¢ > 2. Set
=1.

=320 = S b If (¢ — D)agses < £ then, aut(B) Otherwise we have

J=0

c—3

i hi"‘“h+"‘+air+b'1"“|’b's

SICES 1 D VNS DIl b )
=1

r+s=1 0<i; <...<ip<t+i

1<j1<...<js<t
h
+( 0 >+1
n—+c

where we set h; := 204111+ Qg0+ Qert—3+ Qert—o—C+n+c, fori=0,1,--- c—3.

Proof. Set S(B) = Supp(Ext! (B, Opn+c)). Since pd(B) = 1 and codim(S(B),P"*¢) > 3, B
is a rank ¢—1 reflexive sheaf on P"*¢ ([24]; Proposition 1.2). Moreover, if (c—1)ac—a < £
then, by [19]; Lemma 10.1(ii), B is stable and aut(B) = 1 because stable reflexive sheaves
are simple. So, from now on, we assume (c—1)a;;._2 > ¢ and we will proceed by induction
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on c¢ by successively deleting columns from the right side, i.e. of the largest degree. For
¢ = 2 the result was proved in [12] if n > 1 and in [19] for any n > 0. So, we will assume
c>3.

Consider the commutative diagram

0 0
! |
Opne(@trc—2) = Opn+c(Aric—2)
l |
0 — B Opre(bs) = B2 Opnic(a;) — B, — 0
I | l
O — @gzlopn-‘rc(bi) SOC__I) @;i%ﬁgo]pn-&-c(a,j) — BC*I e O
l |
0 0

and the exact sequence
0 — Hom(B._1, B.) — Hom(B., B.) — Hom(Opn+e(asic_2),Be) = H(Bo(—as1c2)) —
Exty .. (Beo1, Be) — Exty_ (B, Be) — 0.
Moreover, if we tensor with . ® g B, the exact sequence
0— Dcfl(_at%»cfZ) — Mcfl — Mc —0
we get
TOI‘{%(Bca Mc—l) - TOI‘{%(BC, Mc) - Dc—l(_at+c—2) ® Bc —
— M. ® B. & Extp(B._1, B.) — M, ® B, = Exty(B,, B.) — 0.
Applying Lemmas 3.1 and 3.2 we get Tor?(B,, M._,) = Hom(M,, M._,) = 0 (since M,

is supported in X, which has codimension 1 in X._; = Supp(M._) ) and Tor?(B,, M,) =
Hom(M,, M,) = D, = A. Hence,

H0<Bc(_at+c—2)) - EXt%QP (Bc—la Bc)

coincides with (D, 1(—a;1c—2) ® B.)o — (M._1 ® B.)o whose kernel is Ay = k, i.e. 1-
dimensional. Therefore, dim(im(«)) = 1 which gives us

(3.11) aut(B.) = hom(B._1, B.) + 1.
We call e € Ext!(B._1, Opnie(a;1c_2)) the non-trivial extension (e # 0) satisfying

n—+c

e: 0— Opnte(a4ge_2) — B, — B._1 — 0,
we have
0 — Hom(B._1, O(assc—2)) — Hom(B._1, B.) SN Hom(B._1,B.-1) LN Ext!(Be_1, O(ay4e_2)).

Since §(1) = e # 0, we have dim(ker(d)) < aut(B._1) — 1. On the other hand, using the
hypothesis of induction to bound aut(B.-1), we obtain

(3.12) hom(Be.—1, B.) = hom(Bc_1, O(arsc-2)) + dim(im(n)) =
hom(B._1, O(a1c—2)) + dim(ker(d)) <
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hom(B._1, O(aic2)) +aut(B._1) — 1 <

h
hom(B,_1, Oaries)) +1—1+ (n +“ C)+

c—4

i (hiFa + -4 a;, +bj, -+ by,
)3 DSND DI C A Fo )

=1 r+s=1 0<i1<...<ip<t+i
1<j1<...<js<t
where we set h; := 2441145+ Qpyopi+- -+ e o—C+n+c foralli=1,---  c—3. Now,
we will compute hom(B,_1,O(a;1._2)). To this end, we first observe that Hom(B._, O)
is the first Buchsbaum-Rim module associated to

t+c—3 t
pr Gy = P R(—q;) — F*:= P R(-by).
j=0 i=1

Therefore, we have the following free graded R-resolution

0 — AT2G @S, 3(F) @A'F — o — NG @ Si(F) @ A'F
— o ATTIGE @ So(F) @ A'F — Hom(B._1,0) — 0.

Since,
t
NF =R(> b),
=1
Su(F)= €D  R(bj, +..+1b,), and
1< <. <jm <t
N (GE,) = & R(—a;, — ... —a;,)
0<i1<...<tp<t+c—3
t+c—3
_ b R(— ) aj+a,+..+a,.,)
0Si1<...<l’t+57277-gt+673 ]20
t+c—2
= @ R<_ Z aj + at+0+2 _'_ a/’il + + ait+c—2—r)
0<i1<...<igqeo_p<t+c—3 =0
we have
AFHHGE_ )@S(F)RA'F =
) R(—€+ oo+ iy + ..+ as_, , +bjy + ... +bj,).

0<i1<...<ig_3_;<ttc—3
1< <. <G <t
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So, dimy, (ATTHGE ) @ Si(F) @ AUF) =
Z (—e + Qo2+ ay +..ta;_, , +bj +..+b, +n+ c)

. . n+4c
0<i1<...<ip_3_;<t+c—3

1<j1 <. <5<t

and, we conclude that

(3.13) hom(B.—1, O(at+c—2)) =

Z Z (_1>C*3*7‘ <hc—3 + ail + + a/ir + b]l ‘I— + b]s>
n+c

r+s=c—3 0<iy <...<ip<t4c—3
1<j1 <. <gs<t

being h._3 = 2a;1.—2 — £ + n + c. Putting altogether (3.11), (3.12) and (3.13), we obtain
h
aut(B,) < ( 0 ) + 14
n—+c

c—3

Z Z (_1)i—r hi +ay, + -+ a;, +bj, -+ b,
n+c

1=1 r4+s=1 0<i1 <...<ip<t+i
1<j) <..<js<t

where we set h; := 2a111; + @00+ + rieo—L+n—+c, for i =0,1,...,c — 3, which
proves Proposition 3.3. U

Remark 3.4. Note that aut(B) = 1 provided ¢ > 2a; 2 + ayyc—3+ ... + @441 and ¢ > 3.
(Indeed all binomials in the expression in Proposition 3.3 vanish.)

We are now ready to state the main result of this section.

Theorem 3.5. Assume ag < a1 < ... < Gpieo, b < ... < by and ¢ > 2. Set { :
Z;J;%_Z aj—Z;?:l b and h; == 24114+ aiiorit+ e o—L+n+c, fori =0,1,....c—
Then

(i) If (¢ — 1)ay1c—o < £, then

, a; —bj+n+c a; —a; +n+c
dim W(b; a) SZ( nj~|—c )_Z( n]+c >_
1]

ihj

Z(bi—bj+n+c>+Z(bj—a,-+n+c)+1.
n+c n+c

1,] Jst

(i) If (¢ — 1)asc—2 > £, then

_ a;—b;+n+c a;—a;+n+c
i <3 (" I) S (T
0]

i3

Z(bi—bj+n—|—c>+Z(bj—ai+n+c)+( ho )+1+
— n+c n+c n+c

1,] ]77’

3.
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c—3

ir (hi Fai, +--4a;, +bj, -+
Z Z Z (_1) ( 1 n-—+c " j)

=1 r4+s=1 0<i1 <...<ip<t+i
1<j) <. <js<t

Proof. These follow from the inequality (3.3) and Proposition 3.3. O
Remark 3.6. Note that if ¢ > 3 and ¢ > 2a;4. 9 + @y1c_3 + ... + a1 then

_ a; —bj+n+c a; —a; +n+c
e 3 ("TT) -2 ()
1,]

0,3

b —b; +n+c bj—a;+n+c
S (® )+t
7 n+4c T n4c
Indeed, this follows from Theorem 3.5 and Remark 3.4.
Remark 3.7. Given integers ag, a1, -+ , G2 and by, - - - , by, we always have dim W(b; a) =
dim W (b; a). In fact, it is an easy consequence of Corollary 2.6 and the fact that a stan-

dard determinantal scheme is good determinantal if it is a generic complete intersection,
and being a generic complete intersection is an open condition.

Example 3.8. (i) According to Ellingsrud’s Theorem ([12]; Théoreme 2), in codimension
2 case, the bound given in Theorem 3.5 is sharp provided n > 1.

(ii) According to [19]; Proposition 1.12, in codimension 3 case, the bound given in
Theorem 3.5 is sharp, provided n > 1 and depth;(,,) D2 > 4.

(iii) A Rational normal scroll X C PV is a non-degenerate variety of minimal degree
(i.e. deg(X) = codim(X)+ 1) defined by the maximal minors of a 2 x (¢+ 1) matrix with
linear entries (¢ = codim(X)). As example of rational normal scrolls we have the smooth,
rational normal curves of degree d in P%. It is well known that the family of rational normal
scrolls of degree d and codimension d—1 in PV is irreducible of dimension d(2N +2—d)—3.
So, again in this case the bound given in Theorem 3.5 is sharp.

(iv) Every closed subscheme X C P"*¢ with Hilbert polynomial p(t) = ("*") is a linear
space of dimension n and it is defined by ¢ linear forms. Hence, W(0;1,...,1) = Gr(n +
1,n4c+1) = Hilb?®™ (P*+). Tt is well known that the Grassmannian, Gr(n+1,n+c+1),
is a smooth, irreducible variety of dimension ¢(n + 1). So, again the bound given in our
Theorem 3.5 is sharp.

We are led to pose the following questions.

Question 3.9. (i) When is the closure of W (b; @) an irreducible component of Hilb? (P"*¢)?
(ii) Is W(b; a) smooth or, at least, generically smooth?
(iii) Under which extra assumptions are the bounds given in Theorem 3.5 sharp?

We will address questions (i) and (ii) in next section 5 and question (iii) in section 4.
Finally we will show that the inequality for aut(B) in Proposition 3.3 is indeed an

equality. One may show this by construing the proof of Proposition 3.3 more carefully.
We will, however, take the opportunity to compute aut(B) by a different method, leading
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to an apparently new formula, and then prove that they coincide provided we assume
ap < ay; < ... < agye o and by < ... < by (see Proposition 3.12). This new formula will be
used in the next section. We assume the notation of (3.4)-(3.5)

Lemma 3.10. There is an exact sequence
0 — Homg(B,, F') — Homg(B,, G.) — Homg(B., B.) — Homg(M,., M.) — 0.
Proof. We apply Homg(B.,.) to
0—F —G.— B.— 0

and we get
0 — Hom(B,, F') — Homg(B., G.) — Homg(B,, B.) —

— Exth(B., F) = M. ®g F — Ext'(B,,G.) = M. @ G..

By Lemma 3.1, we have the exact sequence
0 — Homg(M., M,) - M. ®pr FF — M. ®pg G.
and we are done. 0
Using the Buchsbaum-Rim resolution
0 — ATIG* R S, 5 (F) @ AN'F — - — APHLGH @ Si(F) @ A'F
— ... — ATGF R Sy(F) @ A'"F — Hom(B,, R) — 0,
we immediately get the following Corollary:

Corollary 3.11. Set 7, := homg(B,, R),. Then,

t+c—2

t
aut(B.) =1+ Z Ta; — ZTbi.
=0 i=1

Proof. Tt follows from Lemmas 3.2 and 3.10 and the isomorphisms

Hompg(B,, F') 2 Hom(B,, R) ® F = ¢!_, Hom(B,, R(b;)).

Proposition 3.12. Set K; := hom(B;_1, R(a1+i—2))o, for 3 <i < c. Suppose by < ... <y
and ag < ay; < ... < aye—o. Then we have

aut(B) =14+ K3+ Ky + -+ + K,
and the inequality for aut(B) in Proposition 3.3 is an equality.
Proof. Dualizing the exact sequence 0 — R(a;4c—2) — B, — B._1 — 0, we get
0 — Hom(B._1, R) — Homg(B., R) — R(—a41¢c2) — M.y — M. — 0
which together with (3.6) gives us the exact sequence

(3.14) 0 — Hom(B._1, R) — Homg(B., R) — Ip, ,(—atic—2) — 0.
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Look at the commutative diagram

0 0
! !
Hom(B._1, F)g — Hom(B._1,G.)o
! !
HOIH(BC, F)O — HOHI(BC, GC)D
! !

0= Hom(R(at+Cf2)7 F)O - Hom(R(at+072)7 GC)O'

By (3.14), Hom(B,, G.)o — Hom(R(at4c—2),Gc)o is zero because its image is (Ip, , ®
Ge(—ayse—2))o. Hence, we get

hOIl’l(Bc, GC)O - hOIIl(Bc, F>0 -

hom(B._1,G._1)o + hom(B._1, R(a;1c—2))o — hom(B._1, F)o.
Since, we have
aut(B.) = 1 + hom(B,, G.)o — hom(B,, F)y
by Lemma 3.10 and we may suppose
aut(B._1) = 1 +hom(B._1,G._1)o — hom(B._1, F)o
we have proved
(3.15) aut(B,) = K. + aut(B._1).

Now, we conclude by induction taking into account that aut(Bs) = hom(Ip,, Ip,)o = 1.
Moreover combining (3.15) and the definition of K. with (3.13) we see that the expression
we have for aut(B,) coincides with the corresponding binomials in the expression of aut(,)
in Proposition 3.3, and it follows that the inequality must be an equality. O

So, we can rewrite Theorem 3.5 and we have
Proposition 3.13. With the above notation

, a; —bj+n+c a; —a; +n+c
dim W(b; a) SZ( n]~|—c )_Z( n]+c >_
1,J

2%
b —b; +n+c bi —a;+n+c
z( : )+z(ﬂ )+1+K3+---+Kc.
7 n+c T n+c
Proof. Tt follows from the inequality (3.3) and Proposition 3.12. O

Remark 3.14. One may show that the right hand side of the inequality for dim W (b; a) in
Proposition 3.13 is equal to dim Ext}(B., B.)o. This indicates an interesting connection
to the deformations of the R-module B,.
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4. THE DIMENSION OF THE DETERMINANTAL LOCUS

The purpose of this section is to analyze when the bound given in Theorem 3.5 is
sharp. We will see that under mild conditions the upper bound for dimW (b;a) given in
the preceding section is indeed the dimension of the determinantal locus W (b; a) provided
the codimension ¢ is small. Indeed, if 2 < ¢ < 3 and n > 1, this is known ([19], [12]) while
for 4 < ¢ < 5 it is a consequence of the main theorem of this section. If ¢ > 6 we also
get the expected dimension formula for W (b; @) under more restrictive assumptions. As
in the preceding section the proofs use induction on ¢ by successively deleting columns of
the largest possible degree.

We keep the notation introduced in §2 and §3: see in particular (3.4)-(3.8). If we
denote by W(F,G) := W (b;a) and by V(F,G;) := Homopn+c(ﬁ,éi) the affine scheme
whose rational points are the morphisms from F to G;, we have by the definition of
W(F,G.) and W(F,G.-1) a diagram of rational maps

V(F,G.) ——= V(F,G.—1)

i i

W(F,G.) W(F,G.—1)

where the vertical down arrows are dominating and rational and V(F, G.) — V(F,G._1)
is defined by deleting the last column.

To prove that the upper bound of dimW (F,G.) of Proposition 3.13 is also a lower
bound, we need a deformation-theoretic technical result which computes the dimension of
W (F,G.) in terms of the dimension of W (F,G._1). To do so, we consider the Hilbert flag
scheme D(p, q) parameterizing ”"pairs” X C Y of closed subschemes of P""¢ with Hilbert
polynomial p and ¢ respectively and the subset D(F,G;, G;_1) of "pairs” X C Y where
X € W(F,G;) is a good determinantal scheme defined by a matrix A4; € V(F,G;) and
Y is a good determinantal scheme defined by the matrix A;_; € V(F,G;_;) obtained by
deleting the last column of A4;. Then the diagram above fits into

V(Fa Gc) V(F, Gc—l)
D(F; Ga Gcfl> W<F7 Gcfl)

e

W(b;a) = W(F,G,)

where p; and py are the restriction of the natural projections prq : D(p, q) — Hilb?(P"*¢)
and prqy : D(p,q) — Hilb?(P"*¢) respectively, and where V(F,G.) — D(F,G.,G._1) is
dominating and rational by definition. Denoting

mi(V) = dimy, Mi(at+i—2)u

we have
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Proposition 4.1. Let ¢ > 3. Suppose that W (b;a) # 0 and that depthy ;. yDey > 2
for a general D,y € W(F;G._1). Then

(1) po is dominating and
dim D(F, GC, Gcfl) 2 dim W(F, Gcfl) —+ mc(O),
(2) dim W(b;a) > dim W(F,G.-1) +m.(0) —homo,, .. (Tx, ,;Zc1).

Proof. Due to [22], Proposition 3.2, we see that for any Y € W(F,G._;) there exists a
regular section R/I(Y) < M. 1(as.—2) whose cokernel is supported at some X with
dim X < dimY, and such that M._; is the cokernel of the morphism ¢ _, : Gi_; — F* as
in §3. Moreover, for a given Y, the mapping cone construction shows that for any regular
section R/I(Y) < M._1(a4c—2) there is a morphism ¢’ : Gi — F* which reduces to the
given ¥ | by deleting the extra (say the last) column of the corresponding matrix. This
shows that p, is dominating and that the fiber p;'(Y) ”contains” the space of regular
sections of M,._1(asi.—2) in a natural way.

More precisely note that every Y € W(F,G._1) corresponds to some morphism ¢, 1
between the same graded modules F' and G._; . These modules determine all free graded
modules in the Buchsbaum-Rim resolution Dy (¢’ ;) of M.y = coker(y}_;) (cf. Proposi-
tion 2.3). Hence, for all Y € W(F,G._1) the corresponding vector spaces M._1(attc—2)o
have the same dimension. Since by (3.6) M.(a;1c—2)0 = Mc_1(a1c—2)0/k, it follows that
mc(0) is the same number for all Y € W(F,G._1). Now if Y € W(F,G._;) is general, we
have

dim D(F,G,,G. 1) = dim W(F; G._1) + dim p,* (V)

by generic flatness. Hence it suffices to see that dimp,'(Y) > m.(0). Pick (X C Y) €
py ' (Y), look at (3.8) and consider the injection M.(aic—2)o — (Nx/y)o. In the tangent
space (Nx/y)o of pry'(Y) 2 p3'(Y) at (X C Y) we therefore have a m.(0)-dimensional
family arising from deforming the matrix A = [A._1, L] of ¢} leaving ¢! ; (ie. A._1)
fixed (L is the last column of A). We may think of the last column of such a deformation
of ¢f as L + Zﬁ“l(o) ;LD mod. (ti,t2,...,tm.(0))> where the t;’s are indeterminates and
where the degree matrix of the columns L) are exactly the same as that of L. Since the
degeneracy locus of the ¢ x (t+¢— 1) matrix [A._1, L+ 3.7 ¢, L®] defines a flat family
over some open subset T" of Spec(k[ty, ..., tm (0)]) containing the origin (because the Eagon-
Northcott complex over Spec(k[t]) must be acyclic over some T provided the pullback to
(0) € Spec(k[t]) is acyclic), we see that the fiber p,*(Y) contains a m.(0)-dimensional
(linear) family, as required. This proves (1).

(2) Tt is straightforward to get (2) from (1). Indeed,
dim D(F,G.,G._1) — dim W (b;a) < dim p; *(D..)

and since p;*(D,) is contained in the full fiber of the first projection pry : D(p,q) —
Hilb? (P"*¢) whose fiber dimension is known to have hom(Zy, ,,Z. 1) as an upper bound
(e.g. [19], Chapter 9), we easily conclude. O

Proposition 4.1 allows us, under some assumptions, to find a lower bound for dim W (b; a)
provided we have a lower bound for dim W (F, G._1). Indeed, since it is easy to find m;(0)
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using the Buchsbaum-Rim resolution of M; or by using (3.6) recursively, it remains to
find hom(Zx,,Z;) in terms of hom(Zy, ,,Z; 1).

Lemma 4.2. Set a = a;yj 2 — Q41
(a) If Extp,_ (Ip, , @ I}y, Ii-1)y4a = 0 and depth;(z, )y Di-1 > 3, then
hom(Ip,, I;), < dim(D;),+q +hom(Ip, ,,1i—1)v+ta-
(b) If Exth,  (Ip,_, ® I} |, Ii-1)y4a = 0 and depthy,,  Di_y >4, then
Extp,  (Ip, /17, 1i-1)v+a = 0 = Extp, (Ip,/1},, 1;), = 0.
Remark 4.3. Since I; 1 = M;_1(a;1;_2)*, we have also
EXt}Di_l ([Difl ® [:—17 Ii—l(a)) = EXt})i_l (ID'L'—I ® Mi—b Mz‘*—1<_at+i—2 - at-i-i—l))'
Proof. (a) We consider the two exact sequences
(4.1) 0 — Hompg(Z;—1,I;) — Homg(Ip,, I;) — Homg(Ip
(4.2)
0— HomDifl(IDifl®[;<—l7 Iifl) - Hosz‘A <[D¢71®Ii*—17 Difl) - HomDifl([Di71®[i*—l7 Dl)
We have depth;;, |y D;—1 > 3 and hence depth;;, |y D; > 2 and depth;,, yI; > 2 and
we get by (3.9)

i—17

(43) HOHI([Z‘,l, [l) = HS(Uifl, HOm(Iifl, Iz)) =
H, (Ui, Homoy, (Ti1 ®oy, , Ox, ® I, Ox,)) = D;(a)
because, by (3.6), M;_1(asis) ®ox, , Oxilviy = M;(as4i-1)(a)|y,_, and hence

Zia ®0Xi_1 OXi Ui = Ii<_a)

Uiy
For similar reasons;
Homp, ,(Ip, , ® Iy, D;_1) = H)(Ui_y, Hom(Zx,_,/T5._ @I ,0x, ,)) =
H) (U1, Hom(ZIx, ,/T%. ,,Ti-1)) = Homgp(Ip, ,,1;—1)

and B
Homg(Ip, ,, I;) = H,(Ui-1, Homoy. (Ix, ,/I%,_, ® I}, Ox,))

is further isomorphic to

HomDifl (IDifl ®[;;17 Dl(a)) = HS(Ui*b HOm(')Xi (‘,Z-Xifl /I)Q(Fl ®Ii*71 ®OX1-_1 OXi? OXi (a)))

Putting all this together, we get that the exact sequences (4.1) and (4.2) reduce, in
degree v and v + a resp., to

(4.4)
0— (Di)u+a - HOHIR(ID“ ['L)V - HomR(IDi,p[i)u = HomDi,l([Di,1 X [:—17 Di)l/+a -

(4.5)

0 — Hom(]Di,1®I;<_17 Ii—l)y+a — HOI’HR(ID ]i_l)y+a — HomDifl(IDz;l@]i*—l? Di)u+a d 0

i—17

where (4.5) is short-exact by assumption. Taking dimensions, we immediately get (a).
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(b) As in (4.3) we see that

(46) EthD%__1 (Ii—la ]Z) = Hi(Ul‘_l, O)Q(G)) =0.
Sheafifying (4.4) and (4.5) and taking global sections, we get
(4.7) 0 — H.(Ui—1,Hom(Ix, /I%,,Ti(—a))) — H!(Ui—1, Hom(Zx,_, /Tx,_, Li(—a))) —

I
— HY(Ui—1,Hom(Zx,_,®T;_1,0x,_,)) — H(Ui—1, Hom(Ix,_,QTL;_1,0x,)) — HZ(Ui—1, Hom(Ix,_, L} 1,Ti-1)).

Since Hom(Zx, ,®Z; ,,0x, ,) = Hom(Ix, ,/I%, ,,Ti-1), then depthy, ) D;_y > 4 and
(3.9) show that the H:-groups of (4.7) are isomorphic to the Ext’-groups in the following
diagram

(4.8) 0 — Extp, (Ip,/1},,1;) — Exty,_ (Ip,_,/1}
I

- EthDl_l(‘[Dz—l/]% Iz_l(a/)) - EthDl_l(IDz—l®‘[:—17 Dz(a/)) - EXtZDl_l(IDz—1®Il*—17 IZ_I(G’))

of exact horizontal sequences. Using (4.8) we easily get (b). O

i—1"

i—17

Remark 4.4. By (4.4) the conclusion of Lemma 4.2 obviously holds provided we have
Homg(Ip, ,,1;), = 0. Using the Eagon-Northcott resolution of Ip, , (i.e. of D; 1), one
may see that this Hom,-group vanishes if a;,;_» is large enough.

Put

a;—b;j+n+c bj —a;,+n+c
Ae 1= Lo + / ’ —
Z,Zj ( n+c ) ; ( n+c
7 n+c 07 n+c
where the indices belonging to a; (resp. b;) ranges over 0 < j < t+4c¢ —2 (resp. 1 <
i <t). We define A\._; by the analogous expression where now a; (resp b;) ranges over
0<j<t+c—3(resp. 1 <i<t). It follows after a straightforward computation that

(4.9) A =

)\cl+i (aHC_Q —b;+n+ c) _tig (ch_g —aj+n+ c) _t+02_2 (aj — Qpgen + 1+ c)'
— n—+c s n—+c s n-4+c
We now come to the main theorem of this section which shows that the inequalities in
Theorem 3.5 are equalities under certain assumptions. Recalling the equivalent expression

of the upper bound of dim W (b; a) given in Proposition 3.13, we have

Theorem 4.5. Letag < a; < ... < apyen and by < ... < by and assume a;_min(2,) > b; for
min(2,t) < i <t. Let ¢ > 3 and let W(b;a) be the locus of good determinantal schemes
in P where n > 0 if ¢ > 4 and n > 1 if ¢ = 3. For a general Proj(A) € W(b;a), let
R — Dy — D3 — ... = D, = A be the flag obtained by successively deleting columns from
the right hand side. If

Extp  (Ip,, ®I71,1i-1), =0 forv <0and3<i<c—1
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then
dimW(ba) = A+ K3+ Ky + ... + K,
where K; = hom(B;_1, R(a;1;—2))o for 3 <i<c.

Remark 4.6. If ¢ =2 and n > 1 one knows by [12] that
dim W (b; a) = As.

The same formula holds if ¢ = 2 and n = 0 as well. In this case one may get the formula
by taking a general Proj(A) € W(b;a) and show that
hOITlR(]A, A)o = eXtE(Ifh ]A)O = )\2

by e.g. using [20], (26). We leave the details to the reader.
Proof. Due to Remark 2.7 and the assumption a;_min(2,¢) > b; for min(2,t) < i <t the
set Z; = Sing(X;) satisfies depth;z,) D; > 3 for 2 <i <c—2,depth;z ) Dey > 2 (and
also depth;(z,) Dy > 3 in case ¢ = 3 since n > 1) by choosing X = Proj(A) general in
W (b; a).

To use Proposition 4.1, we only need to compute m.(0) and hom(Ip, ,,I.—1)o because

we may by induction suppose that dim W (F,G._1) = Ae-1 + K3 + ... + K. for ¢ > 3
(interpreting the expression as Ay when ¢ — 1 = 2). By (3.6) and (3.5) we get

(410) mo(c) = dim Mc_l(at+c_2)0 —1=
dim F*(at+c_2)0 — dim Gz_l(at—‘rc—Q)O + hOHl(BC_l, R(at+5_2))0 —1=

:i Qppe2 —bi+n+c _HCZ_?’ Qtye—2 —aj+n—+c L Ko—1
— n+c n+c ¢ )

=0
Thanks to Lemma 4.2, we can find an upper bound of hom(Ip,_,, I._1)o. We have
a+n+c
hOIn(]DC71, ]c—1>0 S ( n+c ) + hom(]DC%, ]c—2>a

because a = a4y 3 — @12 < 0 and dim(D;),, which is either 0 or 1, must be equal to
the binomial coefficient above. Repeated use of Lemma 4.2 implies

t+c—3 a a + n + Is
g = Widc—-2
(4.11) hom(Ip, ,,1c.—1)o < Z ( n+c

) + hOm([D27 IZ)aH.l—ch—Q ‘
Jj=t+1

It remains to compute hom(Ip,, I5), with o = a;1 — agy.2. Using (3.9) (cf. the proof
of Lemma 4.2), we get

HOH](IDQ, ]2) = HomD2(1D2 & ];, DQ) = HOH]D2(ID2 X Mg(at+1)7 Dg)
Moreover, if {5 = Z;:o aj — > ', by, then My = Kp,(—0y +n+c+ 1) by Proposition 2.2.
In codimension ¢ = 2, one knows

(ID2/112)2)* = EXt}%(IDw ‘[DZ) = EXt}%([Dw DQ) ® ]D2 = KD2(n +c+ 1) ® ID2

and since depth;(z,) D2 > 3 and hence depth;z, Ip, /13, > 2 (because the codepth of
Ip,/I}, is < 1 by [1]), we get
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(4.12) Hom(Ip,, I5)s = Hom(Ip, ® Kp,(n+c+ 1), Ds)(ls — a441)a =

= (IDQ/I%b)**(EQ - at+1)a = (IDQ/IIQDQ>52—at+c—2'

Thus the inequality a; < a;y.—2 and the exact sequences

0— F — Gy =@j_oR(a;) = Ip,(l) — 0

(4.13) 0= A’F -5 F® Gy — S5Gy — 1%2(%2) — 0

show t
hom(Ip,, Ir)a = dim(Ga) _a,,,, = 3 (aj — Qpre-2 0+ c>.

n C
=0 +

J
Using this last inequality together with (4.10), (4.11) and Proposition 4.1, we get by
induction

; : Utre2 —bitn+c
dim W (b;a) > Aoy + Kz + o+ Kooy +

5 n—+c
=1

_tig (at+c—2—aj+n+c) o 1_t+i3 (aj —at+c—2+n+c>
par; n—+c n-—+c

=0
=Mt K3+ K, + ...+ K.

where the last equality is due to (4.9). Combining with Proposition 3.13, we get the

Theorem. 0J

Note that the vanishing assumption of Theorem 4.5 is empty if ¢ = 3. Hence, we have

Corollary 4.7. Let W (b;a) be the locus of good determinantal schemes in P"¢ where
n>1and c=3. If Gi_min2y > b for min(2,t) < i <t, then

dim W (b; a) = A3 + K.
OJ

Remark 4.8. The above Corollary essentially generalizes [19], Corollary 10.15(i) where
the depth condition is slightly stronger than the one we use in the proof of Theorem
4.5. The only missing part is that the assumption n > 1 excludes the interesting case
of 0-dimensional good determinantal schemes. See Corollary 4.18 for the 0-dimensional
case.

To apply Theorem 4.5 in the codimension ¢ = 4 case, it suffices to prove that
Extp, (Ip, ® I3, I5) = 0.

Due to Remark 4.3 and Proposition 2.2, the Ext!-group above is isomorphic to a twist of

(4.14) Extp, (Ip, ® Ma, M3) = Extp, (Ip, ® Kp,, K, ) (20, — 2n — 2¢ — 2).

Hence, all we need follows from
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Lemma 4.9. Let R - D = R/Ip be a Cohen-Macaulay codimension 2 quotient and
suppose Proj(D) — P"¢ is a local complete intersection outside a closed subset Z C
Proj(D) which satisfies depth; ;) D > 4. Then

depth,, Homp(Ip ® Kp, K})) > depth,, D — 1.
In particular, depth;, Homp(Ip ® Kp, K)) > 3 and hence
Ext;,(Ip ® Kp, K}) = 0.
Proof. D is determinantal, say D = D, and we have a minimal free R-resolution
(4.15) 0—F — Gy — Ip(ls) — 0

as previously. If H; is the i-th Koszul homology built on some set of minimal generators
of Ip, it suffices to show that there are two exact sequences

(4.16) 0 — Homp(Kp(n+c+ 1), H)) — A (F(—£3)) ® D — Hy — 0
(417) 0— HOHID(KD, Hl) — KB X GQ(_€2) — HOIH(ID X KD(TL +c+ 1), KE) — 0.

Indeed, H; are maximal Cohen-Macaulay modules by [18]. Hence, the first sequence shows
that Homp(Kp(n + ¢+ 1), Hy) is maximal Cohen-Macaulay while the second shows that
the codepth of Hom(Ip® Kp(n+c+1), K}) is at most 1 and all conclusions of the lemma
follow easily (cf. (3.9) for the last conclusion).

To see that (4.16) is exact we deduce, from (4.15), the exact sequence

0— Kp(n+c+1)" — F(—ly) @p D — Go(—y) @p D — Ip /17 — 0.

Indeed, we only need to prove that Kp(n+c+1)* = ker[F(—{3) ® g D — Gy(—{s) @g D]
which follows by applying Homg(., D) to

= Go(—ly)* — F(—y)* — Extp(Ip, R) = Kp(n+c+ 1) — 0.

Since one moreover knows

(4.18) 0 — Hy — Go(—ly) ®@r D — Ip/I} — 0
we get the exact sequence

from which we see that the Cohen-Macaulayness of Kp(n + ¢ + 1)* follows from that of
H;. Sheafifying (4.19) and using [16], Ch II, exec. 5.16, we get an exact sequence

0— Kp(n+c+1) @ Hily — A (F(—Ly)) ® D]y — A*H |y
where U = Proj(D) — Z. Applying H°(U,.) and recalling that HO(U, A2H,) = H,
[20], Proposition 18, we get the exact sequence (4.16) because depth; ) H; > 2 implies
Hom(Kp(n+ ¢+ 1), Hy) = HY(U,Kp(n+c¢+1)" ® H;) and the right most map in the
exact sequence

0— /\3<F(—€2)) — /\3(G2<—€2)) — /\Q(F(—gz)) — H2 — 0

(see [1]) must correspond to the map A*(F(—(y)) ® D — Hy in (4.16) and the later is
surjective (which one may prove directly as well, by applying HXU, K} @ (.)) to (4.19),
to see HY(U, K}, ® Hy) = 0).
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To see that (4.17) is exact we dualize (4.18) and we get
0— (Ip/I3)* — Gy(—by)* ® D — Hf — 0

because Exty,(Ip/13, D) = Ext((Ip/I3) ® Kp, Kp) = 0 by the Cohen-Macaulayness of
(Ip/I3)®@Kp(n+c+1) = (Ip/I3)*, cf. the proof of Theorem 4.5 for the last isomorphims
and [19], Ch. 6, for the Cohen-Macaulayness. Applying Homp(., K},) to the last exact
sequence we get (4.17) because depth; ;) D > 3 implies Homp (H7, K7,) = Homp(Kp, Hy)
and Exth(H;, K3) = HN(U, Hom(Kp, H;)) = 0 where the vanishing is due to the Cohen-
Macaulayness of Hom(Kp, Hy ), which holds because we already have proved the exactness
of (4.16). This concludes the proof. O

Corollary 4.10. Let W(b;a) be the locus of good determinantal schemes in P" ¢ where
n>1and c=4. If ai_min@e > b for min(3,t) < i <t, then

dim W (b;a) = Ay + K3 + Kj.
Proof. Due to Remark 2.7 and the assumption a;_min(3,) > b; for min(3,t) < i < t,

when X = Proj(A) is chosen general in W (b;a), then the set Zy = Sing(Xs) satisfies
depth; 4, D2 > 4. Hence combining (4.14), Lemma 4.9 and Theorem 4.5, we are done. [

To apply Theorem 4.5 in the codimension ¢ = 5 case, it suffices to prove that
Extp, (Ip, ® I3, I3), = Extp, (Ip, ® Mz, M5 (—ap42 — az43)), = 0

for ¥ < 0. Since depthl(zs) D3 > 3 and I3 is a maximal Cohen-Macaulay Ds-module, we
have by (3.9)

Extp, (Ip, ® My, M3) = H(Us, Hom(Ix, ® M, Mj)) =
H:(Ug, Hom(IXS ® SQ(Mg), OX3)) = EXt1D3(]D3 & SQ(Mg), Dg)
where Us = X3 — Z3. Since by Proposition 2.2(iii) Kp,(n + ¢+ 1 — f3) = Sa(Ms) with
l3 = Zﬁ’;}) a; — Si_, bi, we get (letting B := Ds)
(420) EXt})S ([DS X ];, Ig) = EXt};(IB &® KB(n +14c— 63), B<_at+2 — at+3))
>~ Exthp(Ip @ Kp(n+14¢), B)(ls — ay19 — ai43).

Lemma 4.11. Let R — B = R/Ip be a codimension 3 good determinantal quotient, let
X — P be the corresponding embedding, and let Z = Sing(X).

a) If depth; ,y B > 4 then there is an exact sequence
1(2)
0— Extp(Ip® Kg(n+c+1),B) — Ig/I3 — (Ig)I5)**

which preserves the grading. In particular,
(al) Extp(Ip®Kp(ntct+1), B)(ls—as0—as.3), = 0 for v < ayys+ao—a,—as.
(a2) If Char(k) = 0, then Extyp(Ip ® Kg(n+c+1), B)({3 — 4o — as43), = 0 for
V< Qg3+ Qo — Qg — G
(b) If depth 4 B > 5 then there is an exact sequence
I/ — (Ip/13)" — Exty(Ip @ Kp(n+c+1), B) = Hy ) (Ig/15) — 0

which preserves the grading.
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Remark 4.12. Note that (a2) shows the desired vanishing because we in Theorem 4.5
have assumed ag < a; < -+ < agys.

Proof. (a) The Eagon-Northcott resolution associated to ¢z : ' — G3 = @?;BR(CL]-) leads
to

(4.21) 0— F3:= APGs @ SoF @ N'F — Fy = N'P1GE @ S\ F @ A'F —

— Fi = NG @AN'F — Ig — 0.
Applying Hompg(., R) we get the exact sequence
0—R— I — Fy — Ff — Exth(Ip,R) = Kp(n+1+c¢) — 0.
Tensoring with . @z B leads to a complex
(4.22) 0— (Ig/I3) > F;@B—F;®B -5 F;®B— Kg(n+c+1)— 0

which is exact except in the middle where we have the homology Ip ® Kg(n + ¢+ 1) =
Tort'(Kp(n+c+1), B). Indeed this easily follows from the right exactness of . @5 B and
the left exactness of Hompg(., B) (applied to (4.21)). Since (4.21) also implies

(4.23) 0— H| :=ker(p) = F, @z B -2 Ig/I% — 0

(observe that H'; is quite close to the Koszul homology H;). By [21], Lemma 35, we have
depth,, (I5/1%)* > depth,, B — 1 and hence by (3.9),

Extp(I/I%, B) = 0.
Dualizing (4.23), it follows that
(4.24) 0— (Ig/I3)* = Ff @B — H]—0

(and, if desirable, one may see Hy = H'7). Since we know the homology ”in the middle”
of (4.22), we get the exact sequences

(4.25) 0— HT > ker(¥) — Ip® Kg(n+c+1) =0,

(4.26) 0—>ker(1/1)—>F2"‘®BL>F§‘®B—>KB(7L+0+1)—>O.

Now we have the set-up to prove that Exty(Ip® Kp(n+c+1), B) = K := ker(Ip/I1% —
(Ig/I%)**). Firstly note that dualizing (4.24) once more and comparing with (4.23) in
obvious way, we see that

0—H,—-H]—-K—0
by the snake-lemma. Now we apply Hom(., B) to (4.25) and the left part of (4.26). We
get a commutative diagram

F2 & B — Hll — 0
l !
Hom(ker(¢), B) — Hom(H'},B) — Extz(Iz® Kg(n+c+1),B) — Exty(ker(¢), B)
l

Exty(im(¢), B)
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from which we deduce the exact sequence

(4.27)  Extp(im(¢), B) — K — Extz(Ip @ Kp(n +c+ 1), B) — Extp(ker(v), B).
Hence it suffices to show
Exty(im(v)), B) = 0 = Extg(ker(v), B).
By (4.26) we have
Extp(im(v), B)(n +c+ 1) 2 Ext3(Kp, B) = Ext5(Kp @ Kg, Kp)

Exth(ker(v), B)(n 4+ c+1) 2 Exty(Kp, B) 2 Exth(Kg ® Kg, Kp)
where the rightmost isomorphism is a consequences of the spectral sequence used in
[17], Satz 1.2 because we have depth;, B > 3. By [7]; Corollary 3.4, we know that
depth,, So(Kp) > depth,, B — 1. Hence by Gorenstein duality Ext’y(Sy(Kp), Kp) = 0 for
1 > 2. Defining A by

0—>AN—Kg® K — So(Kp) —0

and noting that Alpwjp)—z = 0, we get Ext’ (A, Kp) = 0 for i < 3 by (3.9) and the as-
sumption depth; ;) B > 4. Combining we get Exty(Kp®Kp, Kg) = Exty(S:(Kp), Kg) =
0 for i = 2 and 3 as required, i.e. K = Exty(Ip ® Kp(n+c+ 1), B) by (4.27).

Now it is a triviality to see (al) because the smallest degree of a minimal generator of
IB is Eg — At — Qg41-

(a2) Since depth; ) B > 2, we get (Ip/I3)** = H(X — Z,Ix /%) and hence that K is
isomorphic to H?( Z)(B). Similarly we prove that the kernel of the "universal” derivation
d:1Ig/I§ — Qg ®r B is H?(Z)(B) which by [11], Theorem 3, is isomorphic to Ig)/lfg
where Ig) is the second symbolic power of Ig. Hence we have a grading-preserving
isomorphism

(4.28) Exth(Iz ® Kp(n+c+1),B) =19 /13,

Now, in characteristic zero, 11(32) C mIp by [11]; Proposition 13, which shows that the

smallest degree of the minimal generators of Ig) is at least one less than the smallest
degree of the generators of Ig, i.e. we have

(Ig))%*awz*ausﬂ/ =0forv <0

and we conclude by (4.28).

(b) Again since depthy, B > 2, we have (Ip/I3)* = H)}(X — Z,Ix/T%) and hence
coker[Ip/If — (Ip/I3)™] = Hj 4 (Ip/1}) = Hi, (Hi), cf. (4.23) for the last isomor-
phism. Using (4.25), we get the exact sequence

Exth(ker(y)), B) — Exth(H*, B) — Ext3(Ip ® Kp(n + ¢+ 1), B) — Ext(ker(v)), B).
As argued in (4.27) and after (4.27), we see that Exty(ker(¢)), B) = 0 and
Ext%(ker(y), B)(n +c+ 1) 2 Exth(Kp ® Kp, Kg) = Extg(S:(Kg), Kg) =0
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where the last isomorphism to the second symmetric power follows from the fact that
depth;(z B > 5 implies Extjz(A, Kp) = 0 for i < 4, and the vanishing to the right follows
from depth,, So(Kp) > depth,, B — 1. Since by (3.9),

Exth(H,", B) = H)(U, Hom(H;", B)) = H\(U, H}) = H? 4 (H})
we are done. U

Remark 4.13. For generic determinantal schemes one knows that depth; ) (Ip/I3) > 2

by [5]. So the vanishing of Exty(Ip ® Kp(n + ¢+ 1), B), under reasonable genericity
assumptions is expected (for any v).

Corollary 4.14. Let W(b;a) be the locus of good determinantal schemes in P" ¢ where
n>1and c=>5. If ai_min@ae > b for min(3,t) <i <t and Char(k) =0, then

Proof. 1t follows from Remark 2.7 and the assumption a;_min(s4) > b; for min(3,t) <i <t
that the set Z; = Sing(X;) has depth;, ) D; > 4 for j = 2 and 3 provided X = Proj(A)

is chosen general in W (b;a). By (4.14), Lemma 4.9, (4.20), Lemma 4.11(a2) and Remark
4.12 the assumptions of Theorem 4.5 are fulfilled and we conclude by applying it. U

Now we state the last Corollaries of this section which shows that the upper bound of
dim W (b; a) given in Theorem 3.5 is indeed equal to dim W (b;a) for all ¢ > 3 and most
values of ag, ay, -+, a41c0;b1,- -+, b. Our result is based upon Remark 4.4 and the proof
of Theorem 4.5. Indeed, we have seen that

dimW(bja) = A + Ks+ K4+ --- + K,

provided

dim W(F, Gcfl) = )\071 + K3 + K4 + -+ chl
and
(429) HOIHR([DC_Q, Ic—l)() = 0.

Corollary 4.15. Let W (b;a) be the locus of good determinantal schemes in P""¢ where
n >0 and c > 6. Assume ai_min(s,) > bi for min(3,t) <i <t, Char(k) =0 and

(i6) ©  Quya > a1 + ap + Q1 + Q2 — ag — a1 — a2,

(i7) © Quys > a1 + ap + a1 + Qgo + @3 — ag — a1 — ag — as,
. t+c—4 c—4

(ic) © Qpye—n > Zj:tq aj — Zj:O ;-

Then,

dim W(b;a) = Ae + K3 + - - - + K.

Proof. By the Eagon-Northcott resolution the largest possible degree of a generator of
Ip, , is £, — Z;;é aj — Qpie—3 — Qpyc—n Where (. = Z;Z%_Q aj — Zﬁzo b; and the smallest
possible degree of a generator of I._y = Ip,/Ip, | is {. — Z;Z:? a; because ag < a; <
-+ < apye_o. Hence if the latter is strictly larger than the former, i.e. if
t+c—4 c—4
Apye—2 > Z a; — Zaj
§=0

j=t—1
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then Hom(Ip, ,,I.—1)o = 0 and we conclude using the argument of (4.29) and Corollaries
47,410 and 4.14. [

Remark 4.16. (1) If we want to skip the characteristic zero assumption, we can avoid
the use of Corollary 4.14 by introducing the assumption

(i5) © Qg3 > Qi1 + ap + a1 — ag — ay.

We still get dim W (b; a) = Ao+ Ks+- - -+ K, supposing a@; _min(3) > b; for min(3,t) <i <t

and (i5), (ig),-..,(ic)-
(2) We can further weaken a;_pmin(s¢) > b; for min(3,t) < i <t to a;—min2s) > b; for
min(2,t) < i <t by avoiding Corollary 4.10 and assuming in addition

(24) © Qg2 > Qi1 + ay — ag.

Remark 4.17. While Corollaries 4.7, 4.10 and 4.14 do not apply to the case when W (b; a)
is the locus of zero-dimensional determinantal schemes, Corollary 4.15 and Remark 4.16
do apply to the zero-dimensional case. In particular, using Remark 4.16 (1) (resp. (2))
for ¢ = 5 (resp. ¢ = 4), we get a single assumption, namely (i5) (resp. (i4)) in addition
t0 Qi—min(z,) = b for min(3,t) <@ <t (vesp. Qi—min(2y) > bi for min(2,t) < i <t) which
suffices for having dim W (b;a) equal to the upper bound given in Theorem 3.5 for the
zero schemes as well.

It is worthwhile to point out that this last remark on zero-schemes works also in the
codimension ¢ = 3 case, and here the (i3) assumption is very weak. We have

Corollary 4.18. Let W (b; a) be the locus of good determinantal schemes in P of codi-
mension 3. If G;_min(2,) = bi for min(2,t) < i <t and if in addition
(43) @1 > @iy
then dim W (b; a) = A3 + K.
Proof. Slightly extending Remark 2.7 by introducing the determinantal hypersurface X; =
Proj(D;) we have depth; 4, D1 > 3 and depth;,,) Dy > 2 by choosing X = Proj(A) €
W (b; a) general. It follows that (4.4) is exact also for i = 1, and since a;_pin(2,) > b; for
min(2,t) < i <t implies Homg(Ip,, I2)o = 0 we get
hOI’Il(IDZ, 12)0 = dlm(Dz)
Hence Proposition 4.1 (ii) for ¢ = 3 applies to explicitly get a lower bound of dim W (b; a),

which combining (4.10) and (4.9) turns out to be A3 + K. Hence, dim W (b;a) = A3+ K3
by Theorem 3.5. 0J

at—Q¢41°

5. UNOBSTRUCTEDNESS OF DETERMINANTAL SCHEMES

In this section we keep the notation introduced in sections 3 and 4 and we consider the
problem of when the closure of W (b;a) is an irreducible component of Hilb”(P"*¢) and
when Hilb?(P"*¢) is smooth or, at least, generically smooth along W (b; a).

Through this section we always assume n > 1 and ¢ > 2. The following result is crucial
to our work in this section:
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Theorem 5.1. Let X C P be a good determinantal scheme of dimension n > 1, let
X=X.CX.1C..CXyCP"¢ be the flag obtained by successively deleting columns
from the right hand side and let Z; C X; be some closed subset such that X; — Z; C P"*¢
is a local complete intersection. Let p; € Q[s] be the Hilbert polynomial of X;.

(i) If depthy 5y D; > 3 for2 <i < ¢—1, and if Ext}, (Ip,/Ip,, 1;)o — Extp, (Ip, /13, Di)o
fori=2,...,c—1, then X (and each X;) is unobstructed, and

dithLl Hilb?i+! (Pn+c) = dlIIlX1 Hilb? (Pn+6) + dim(NDi+1/Di)0 - hom([Di, ]z)O

fori=2,3,....,c—1.
(ii) If ap < a1 < oo < Gpge—g, bt < o0 < by and aipingeg) > b for min(2,t) < i < t,
and if a general X € W (b;a) satisfies

Exty, (Ip,/1},. 1;)o =0 fori=2,..,c—1
then W (b; a) is a generically smooth irreducible component of Hilb?(P"+¢).

Proof. (i) First of all we claim that there are two short exact sequences, the vertical and
the horizontal one, fitting into a commutative diagram (whose square is cartesian)

0
!

HOIHR(]Di, ]1)0
!

Tpr

(51) Al —2> HOIHR<]Di, Dl)o

Tpry | 0 !
0— HOIH(]Z‘, Di—f—l)O - HOH](IDH_I, Di—i—l)() - HOH’IR(ID“ Di+1)0 — 0

!
0

where A! is the tangent space of the Hilbert flag scheme D(p;,1,p;) at (X;41 C X;) and
T, the tangent maps of the projections pr; (see Proposition 4.1 for details). Since the
vertical sequence is exact by assumption and the tangent space description of the Hilbert
flag scheme and its projections are well known ([19], Chapter 6, and note that the zero
piece of the graded Hom’s above and the corresponding global sections of their sheaves
of [19] coincide by (3.9)), we only have to prove the short-exactness of the horizontal
sequence. Hence it suffices to prove that T),, is surjective. To see this, it suffices to
slightly generalize the argument in the proof of Proposition 4.1 where we showed that
the dimension of the fiber is > m.(0). We skip the details since [19], Theorem 10.13
shows more (see also Remark 6.3 and note that the new hypothesis (*) of Remark 6.3
corresponds to the depth assumption of Theorem 5.1). Indeed, it contains a deformation
theoretic argument which shows that pry is not only dominating but also ”infinitesimal
dominating or surjective” (i.e. smooth at (X;;1 C X;)). In particular, we have that the
tangent map 7, is surjective, cf. Remark 5.2 for another argument.

By the proof of Theorem 10.13 of [19], D(p;+1,p;) is smooth at (X;.; C X;) provided
Hilb” (P"*¢) is smooth at X; (see Remark 5.2 for an easy argument). Since the tangent
map of the first projection pri : D(p;y1,p;) — HilbP#1(P"¢) is surjective, we get that
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Hilb?*1 (P"*¢) is smooth at X;;. By induction X (and each X;) is unobstructed since
X is unobstructed [12], and the two exact sequences of (5.1) easily lead to the dimension
of dimy,,, Hilb”*+! (P"*¢) because Np,,,/p, = Hom(I;, D;11).

(i) To prove that W (b;a) is an irreducible component, we use the notation of Proposi-
tion 4.1 and we may by induction suppose that W (F,G._1) is an irreducible component
of HilbPe=!(P"*¢) since W (F, Gs) is an irreducible component by [12]. We have

(5.2) dim D(F,G.,G.—1) > dim W (F, G.—1) + m.(0)

by Proposition 4.1 (ii) while for an irreducible component V' of D(p.,p._1) containing
D(F,G.,G._1) we must have

(5.3) dim V < dim W (F, G,_,) 4+ dim(Np,_/p._,)o

because dim(Np,/p,_, )o is the fiber dimension of pry at (X, C X._1). Sincedepth;; ) De—1 >
3, we have by (3.8)
dim(Np,/p._,)o = me(0).

Combining (5.2) and (5.3) we get dim D(F, G, G.—_1) > dim V and hence D(F, G, G._1)
is an irreducible component of D(p, p.—1). Since the first projection pry : D(pe, pe—1) —
Hilb?e(P"*°) is smooth at (X;41 C X;) by the surjectivity of T}, and the smoothness
of D(pir1,p:i) at (X1 C X;), we get that W (b;a) is an irreducible component, which
necessarily is generically smooth because Hilb?*(P"*¢) is smooth at a general point X by
the first part of the proof and by Remark 2.7. O

Remark 5.2. If, in Theorem 5.1, we suppose depth; ;) D; > 4 we may easily see the
surjectivity of T}, in the following way. Using (3.9), we get Exty, (I;, R;) = Ext}, (I;, I;) =
0 by the depth condition above. Applying Homp, (I;,.) to the exact sequence 0 — I; —
D; — D1 — 0, we get Ext}ji(li,DiH) = 0 and the lower horizontal sequence of (5.1)
is short exact and we easily conclude. Finally using the vanishing of Exty, (I;, Dit1)o,
it follows from (3.9) that H'(U;, Np,.,/p,) = Extp,  (1;/1?, Diz1)o = 0. Then it is not
difficult to see that D(p;11,p;) is smooth at (X;11 C X;) provided Hilb?* (P"*€) is smooth
at Xz

To apply Theorem 5.1(ii) in the codimension ¢ = 3 case, it suffices to prove that
Extp, (Ip,/1p,, I2)o = 0.
By (3.9) and (4.12) we see that (Uy = Xy — Zs)
(5.4)  Extp,(Ip,/I},, I2) = Hi(Us, Hom(ZIx,, Kp,(n+4), Ox,) (2 — ar1))

=~ H} (U, Ix,/I%, (02 — ars1))
and we consider two cases:
If depthy,,) Dy > 4, we get depthy 4, Ip,/I}, > 3 [1] and the group in (5.4) vanishes.
If depth;(z,) D2 = 3 (e.g. Xy is smooth and 2 dimensional), the group, in degree zero, is
clearly H'(Us, Ix,/Z%,(¢2—ai41)), and we have to suppose it vanishes in order to conclude
that W (b; a) is a generically smooth component of Hilb?(P"3) of dimension A3 + K3. All
this is essentially [19], Corollary 10.15 (ii).
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The case ¢ = 4 is also straightforward. In this case it suffices to see that (5.4) vanishes
and that

(5.5) Extp, (Ip,/1Ip,. I3) = 0.
If we suppose
(5.6) depth;z,) Do > 4 and depth;,,, D3 > 4

we claim that both groups vanish. We only need to prove (5.5). Since depth;(z,) Dy > 4
it follows from (3.9) that (4.4) is short-exact for i = 3. Using Lemma 4.9 and (4.14), we
see that (4.5) is short-exact for i = 3 as well, i.e. we have exact sequences

(5.7) 0 — Ds3(a) — Homg(Ip,, I3) — Homg(Ip,, I3) — 0

|
0 — Hom(Ip, ® I, I5(a)) — Homg(Ip,, I2(a)) — Homp,(Ip, ® I;, D3(a)) — 0
where @ = a;41 — a442. By Lemma 4.9, the codepth of Hom(Ip, ® I3, I5(a)) is at most
1 while (4.12) shows the same conclusion for Hom(/p,, Is(a)). The lower exact sequence
of (5.7) therefore shows that the codepth of Homp,(Ip, ® I3, D3(a)) is at most 1 as a
Ds-module. The upper sequence shows that

(5.8) depth,, Homg(Ip,, I3) > depth,, D3 — 1.
Now since depthy,,) Dy > 4, we get depth;,,, Homp,(Ip,/Ip,, I3) > 3 and hence by
(3.9) that (5.5) holds. By Remark 2.7, we see that (5.6) holds for a general X € W(b;a)

provided @;_min(s,+) = b; for min(3,t) <i < t. Combining with Corollary 4.7 and Corollary
4.10 we get

Corollary 5.3. Let W (b;a) be the locus of good determinantal schemes in P"*¢ where

n>2andc=3orc=4. If ai_minsy > b for min(3,t) < i@ < t, then W(b;a) is a
generically smooth, irreducible component of Hilb? (P"*¢) of dimension A\ + K3+ ... + K.
Remark 5.4. If ¢ = 4, then the assumption (5.6) excludes the interesting case when
W (b;a) parameterizes good determinantal curves in P°. To consider this case we will
weaken (5.6) and only suppose depth;,,) Dy > 4. Recalling that (4.12) leads to

Hi(U% HOTFL(ZX2 ® I;’ OX2)> = H:(U2’IX2/Z)2(2 (62 - at+1)) =0,

we have by (4.7) injections

(5.9)
Extp, (Ip,/1},, I3)0 — H' (U, Hom(Zx, ® I3, Ox,(a))) — H*(Us, Hom(Zx, ® I3, I>(a)))

| I
H' Uy, Ix,/T%, ® Ox,(la — ary2)) — H*(Uz, Ix,/T%, @ K, (d))
where @ = ay11 — a;.2 and o’ = 205 — 6 — az1 — az4o. In the interesting case X =
X, C X3 C Xy, C P5 where X, is smooth, then Uy = X,. In particular if one of the

groups of (5.9) vanishes, then W (b; a) is still a generically smooth, irreducible component
of Hilb?(P5) of dimension \y + K3 + Kj.
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As a Corollary of the first part of Theorem 5.1 we also get the unobstructedness and the
vanishing of some H'(X, Ny) for good determinantal schemes X € P"*¢ of codimension
3 < ¢ < 4. For ¢ = 3, the unobstructedness is essentially proved in [19], Corollary 10.15
and the vanishing of H!(X, Nx) is shown in [21], Lemma 35. Notice that the Corollary
really gives additional information about the generically smooth component W (b;a) of
Corollary 5.3, because it tells more precisely where Hilb is smooth. Finally note also that
there exists obstructed good determinantal reduced curves in P4, cf. [19]; Remark 9.12, so
some kind of limitations on the singular locus of X is expected to get unobstructedness.

Corollary 5.5. Let X = Proj(A) C P"*¢ be a good determinantal scheme of dimension
n > 2 for which there is a flag satisfying depthy ,\(D;) > 4 for 2 < i < c— 1. If
3 < ¢ <4, then X is unobstructed and the normal module Ny := Hompg(Ia, A) satisfies
depth,,(N4) > n — 1. In particular

H(X,Nx)=0for1<i<n-2.

Proof. Due to the vanishing of (5.4) and (5.5), the unobstructedness of X follows at once
from Theorem 5.1(i). Moreover exactly as we managed to show that the exact sequences
of (5.7) implied (5.8), we may see that the graded exact horizontal and vertical sequences
of (5.1) for i = 2 (and not only the degree zero piece of these sequences) imply

(5.10) depth,, Hom(Ip,, Ds) > dim D3 — 1

because we have depth;4,)(D2) > 4 and hence Extp, (Ip,/13,, 1) = 0 by (5.4). This
shows what we want for ¢ = 3. Finally the same argument for ¢ = 3, assuming (5.6) and
using (5.8) and (5.10), leads to depth,, Homg(Ip,, D) > dim D, — 1 and we are done. [J

In the following example we will see that Corollary 5.3 does not always extend to
determinantal curves C' C P°, i.e. the closure of W (b; a) is not necessarily an irreducible
component of Hilb?(IP*) although by Corollary 4.10 we know that dim W (b;a) is indeed
M+ K3 + Ky

Example 5.6. Let C C P° be a smooth good determinantal curve of degree 15 and
arithmetic genus 10 defined by the maximal minors of a 3 x 6 matrix with linear entries.
The closure of W(b;a) = W(0,0,0;1,1,1,1,1, 1) inside Hilb'*?(P%) is not an irreducible
component. In fact, let Hy539 C Hilb'"*~%(P®) be the open subset parameterizing smooth
connected curves of degree d = 15 and arithmetic genus g = 10. It is well known that any
irreducible component of Hys 19 has dimension > x(N¢) = 6d + 2(1 — g) = 72 (cf. [25]
§11b); while by Corollary 4.10, dim W (b; a) = 64.

For the codimension ¢ = 5 case we have

Corollary 5.7. Let W (b;a) be the locus of good determinantal schemes in P"¢ where
n>1andc=>5. If Gi—miniy > b formin(3,t) <i <t andif W(b;a) contains a determi-
nantal scheme X = Proj(Ds) whose flag R — Dy — D3 — Dy — Dj obtained by deleting
columns of “largest possible degree” satisfies (with Z; = Sing(X;)), depthy, Dy > 4,

depthy z,) D3 > 5 and H' (X3 — Z3,T%, (3 — 2ar13)) = 0, then W (b;a) is a generically
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smooth, irreducible component of Hilb?(P"*5) (of dimension A5 + K3 + K4 + K5 provided
Char(k) =0).

Proof. First of all note that by Remark 2.7, if we choose X € W (b;a) general, we have
depth; 4, D2 > 4 and depth;,,) D3 > 5. By Theorem 5.1 and the conclusion of (5.6), it
suffices to show

(5.11) Extp, (In,/I},. 11)o = 0.

By Lemma 4.2(b) and (5.5) we must show that Ext}, (Ip, ® I3, I3)
Looking to (4.20), this group is isomorphic to

=0.

at4+2—0¢43

EXt2D3 (]D3 X KD3 (n +c+ 1), D3)€3—2at+3

which by Lemma 4.11 (b) is further isomorphic to H}(ZB)(ID3/1%3)53,2at+3. Since X3 =
Proj(Dj3) is Cohen-Macaulay, the cohomology sequence associated to

0— I}, — Ip, — Ip,/I}), — 0
gives us
Hi Iy /17, ) ts—2arss = Hi iz (ID,)es—2a0ss = H' (X3 — Z3, T, (3 — 2a443))
and we get (5.11). O]

We will now give two examples. The first one will be a smooth determinantal surface
S C P" whose flag R — Dy — D3 — D, — Dj obtained by deleting columns of ”largest
possible degree” satisfies all hypothesis required in Corollary 5.7 and hence W (b;a) is a
generically smooth, irreducible component of Hilb?(P%) of dimension A5 + K3 + K, + K5
(Char(k) = 0). The second one will be a smooth determinantal curve C' C P hence the
condition depthy ) D3 > 5 is not fulfilled and in this case we will see that the closure of
W (b; a) is not an irreducible component of Hilb”(P%) although by Corollary 4.14 we know
that dim W (b; a) is indeed A5 + K3 + Ky + K5 (Char(k) = 0).

Example 5.8. (1) Let S C P7 be a smooth good determinantal surface of degree 6 defined
by the maximal minors of a 2 x 6 matrix with general linear entries. Let R — Dy —
D3 — D, — D5 be the flag obtained by deleting columns from the right hand side. With
the computer program Macaulay [2] we check that all hypothesis required in Corollary
5.7 are satisfied, i.e., depthyz,y Dy > 4, depthyy Dy > 5 and H' (X3 — Z3,7%,(l3 —
2a,43)) = H'(X3,7%,(2)) = 0. By Corollary 5.7 the closure of W (b; a) inside Hilb?(P") is
a generically smooth irreducible component of dimension 57.

(2) Let C C P° be a smooth good determinantal curve of degree 21 and arithmetic genus
15 defined by the maximal minors of a 3 x 7 matrix with linear entries. Since dim(C') =
1, we have dim(X3) = 3 and hence depth;,,) D3 < 4. The closure of W(b;a) inside
Hilb*""~*(IP%) is not an irreducible component. In fact, let Hyy 15 C Hilb?""~'*(P%) be the
open subset parameterizing smooth connected curves of degree d = 21 and arithmetic

genus g = 15. It is well known that any irreducible component of Hs; 15 has dimension
> 7d + 3(1 — g) = 105; while by Corollary 4.14, dim W (b; a) = 90.
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Our final Corollaries are similar to Corollaries 4.15 and 4.18. To apply the final part
of Theorem 5.1 we must show that Extp, (Ip,/1% ,1;)o = 0 for i = 2,...,c — 1. Using,
however, the upper sequence of (4.8) it suffices to show that EXtDi_l(]Di-l/[L%i,la I)y=0
provided depth;,, ) D;—1 > 4. This vanishing is fulfilled if

(5.12) Exty(Ip, ,,L)o=0fori=4,.,c—1
(since Extp, (Ip, /13 ,1;)o = 0 for i = 2,3 provided dimy(z,) D; > 4 by (5.4) and (5.5)).

Corollary 5.9. Let W(b;a) be the locus of good determinantal schemes in P"¢ where
n>1andc>5, orn>2and3 < c <4 Assume ai_miniy > bi for min(3,t) <i < t.
Moreover if ¢ > 5, then

(J5) : Qi3 > a1 + ay + a1 — ag — by,

(J6) : @rra > ar1 + ap + Qpy1 + app — ag — ay — by,

(Je) * Qtge—2 > Z;—H; ? aj 25;3 a; — by
Then W (b;a) is a generically smooth, irreducible component of Hilb?(P"*¢) of dimen-
sion Ao + K3+ ... + K..

Proof. The relation of Ip

a4 c—o and the smallest possible degree of a generator of [, 1 is £, — Z;Z_?l’ a;. Hence

c—2

of the largest possible degree is £, — Z im0 — b1 — Qg3 —

Exty(Ip, ,, le—1)o = 0if £, Z] 00 —b1 =3 —Apen < KC_ZE‘Z:? a; or, equivalently,
Aty > Z;Jri 1a; Z;Zg aj — by which is our assumption (j.).

Similarly we get Extp(Ip, ,, ;) = 0 if (jiy1) holds. Since we by Remark 2.7 and the
hypothesis @;_min(3,) > b for min(3,t) <14 <t know that a general X € W (b;a) satisfies
depth; 4, D; > 4 for 2 <4 < ¢ — 2, we conclude by (5.12). For the dimension formula we
use Remark 4.16 (1). O

Since Corollary 5.9 does not apply to n =1 and 3 < ¢ < 4, we include one more result
to cover these cases. For ¢ = 3, the result is known ([19], Corollary 10.11).

Corollary 5.10. Let W(b;a) be the locus of good determinantal schemes in P"*¢ of di-
mension n > 1. If either

(1) ¢ =3, Gi—min(2,) = bi for min(2,t) <i <t and a1 > a1 +a; — by, or

(2) c =4, Ai—min(zy) = bi for min(3,t) <i <t and ao > a1 + ar — by,

then W (b; a) is a generically smooth, irreducible component of Hilb?(P"*¢) of dimension
Mt Kz + ...+ K.

Proof. Let ¢ = 3. To see the vanishing of Exty, (Ip,/I3,, I>)o of Theorem 5.1, it suffices
to prove Exty(Ip,, Ir)o = 0. As in the proof of Corollary 5.9, we find the minimal degree
of relations of Ip, to be £, — by, and we get the vanishing of the Extp-group above by
assuming lo — by = f3 — az1 — by < f3 — Zzth aj, i.e.

(j5) © a1 > a1 + ap — by,
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If ¢ = 4, it suffices to prove that Exth(Ip,, I3)o = 0 by the argument of (5.12). Indeed,
(5.4) vanishes and we know that depth; 4, Do > 4 implies an injection

EXtES (IDS/I%S, Ig)o — EXt}b (ID2/I%2, 13)0
by (4.8) and that the latter Ext'-group vanishes if Extp(Ip,, I3)o = 0. Now exactly as in
the first part of the proof of Corollary 5.9, we have Extp(Ip,, I3)o = 0 provided
(Ja) a2 > a1+ ap — by
and we conclude by Theorem 5.1. For the dimension formulas, we use Remark 4.16(2)
and Corollary 4.18. U

Remark 5.11. Looking to the proofs of Corollaries 5.9 and 5.10 we get the following.

Let U C W (b; a) be the subset where Hilb?(P""¢) is smooth, and assume ag < a3 < -+ <

Gpyeo and by < --- < b, Then U contains every X for which the flag
X=X.C---CX;=Proj(D;) C---C X, CP"

of Theorem 5.1 satisfies depthI(Zi) D, >4for2<i<c¢-—2, depthI(Zc_l) D._1 >3 and

(1) (8) if e =3,
(2) (ja) if c =4,

(3) (Js) to (je) if ¢ = 5.
Moreover, if 3 < ¢ < 4, we can drop (j5) and (j4) provided we increase the depth
assumption to depthI(Zi) D;>4for2<i<c¢—1.

Corollaries 4.15 and 5.9 and Remark 4.16(1) can be improved a little bit if we increase
depth (%) D;. In fact, by Remark 2.7 we know that under the assumption a;_min+) = b
for mzn(3 t) <i < t, we can suppose depth; ., D; > 5 for i > 3, letting Z; = Sing(X;).
Since Z; C Z;_1, if we suppose

we get depth;, ,y Di—1 > 4, and hence depth;,, |y D;—1 > 4, as well as depth; 5, ,y D; >
3. As in (4.3), we see that
EthDi72 <[i727 Iz) = Hi(Uifg, 7’({0771(9)(1__2 (IZ',Q, Il)) =
HNU;_s, Homoy, (Zi 2 ®IF,Ox,)) 2 H (Ui_9, Ox,(at1i—3 — aryi_2)) = 0.
Arguing as in (4.7) and combining with (4.8) we get injections
(514) EthDz (ID1/1%17 [7/) - EXtD 1(‘[Dz l/IDl 1’ Z) - EXtD Q(ID/L Q/IDZ 27 )

I;)o = 0 and if (5.13) hold, then Exty, (Ip,/I3,,1;)o = 0.
Now looking to the proof of Corollary 5.9, we easily see that Extp(Ip, ., 1. 1)o = 0
provided

In particular, if Extp(Ip

i—27

t+c—5

(5.15) (ppe_g > Z a; — Za] — by.

j=t—1
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Hence if (j._1) holds, then (5.15) holds because a;i._2 > a;1c_3, and it is superfluous to
assume (j.) in Corollary 5.9. The argument requires depth;; ) D. 3 > 5, i.e. ¢ > 6, and
arguing slightly more general, we see that for 6 <1 < ¢, then (j;) is superfluous provided
(jifl) holds.

In particular the conclusion of Corollary 5.9 holds if (j;) holds for any odd number i
such that 5 <7 <e.

Remark 5.12. (1) In Corollary 5.9, the assumption (j;) is superfluous if (j;—1) holds,
6<i<ec

(2) Increasing depth; ) D; even more (say by assuming @; min(as) > b; for min(4,t) <
i <t, cf. Remark 2.7), we can weaken (ji), resp. (i), conditions of Corollary 5.9, resp.
Corollary 4.15, further.

6. CONJECTURE

We now state a Conjecture raised by this paper. In fact Theorem 3.5, Example 3.8 (i)-
(iv), Proposition 3.13, and Corollaries 4.7, 4.10, 4.14, 4.15 and 4.18 suggest - and prove
in many cases - the following conjecture:

Conjecture 6.1. Given integers ag < a3 < ... < Qpreo and by < ... < by, we set
{ = Z;:%_Q a; — 2;1 b and h; = 2a;3145 + QGpiori + -+ + Qe — L+ n + ¢, for
i=0,1,...,c— 3. Assume a;_min(c/21+1,) = bi for min([c/2]+1,t) <i <t. Then we have

. a; —bj+n+c a; —a; +n+c
dlmW(b;Q):Z( nj+c )_Z( nj—irc )_

) 1,J

Z(bi—bj+n+c>+Z(bj—ai+n+c)+< ho >+1+
- n—+c n—+c n-—+c

1,7 Jst

c—3

ir(hi Faiy + - a;, +b, +--+ by,
£ n e

=1 r4s=i 0<iy<...<ip<t+i
1<j1 <. s <t
In particular, we would like to know if the Conjecture 6.1 is at least true when the
entries of A all have the same degree. More precisely,

Conjecture 6.2. Let W(0;d) be the locus of good determinantal schemes in P"*¢ of
codimension ¢ giwven by the mazimal minors of a t X (t + ¢ — 1) matriz with entries
homogeneous forms of degree d. Then,

d+n+c

dimW(Q;c_l)—t(t—l—c—l)( ot

>—t2—(t—i—c—l)2+l.

Finally, since the results of this paper deal with and extend the results [19]; §10, we
take the opportunity to mention an inaccuracy in [19], (10.12) and correct it.
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Remark 6.3. We propose to substitute for the hypothesis [19], (10.12):

Given C C P"¢ q good standard determinantal scheme of dimension n, there always
exists a flag C = X, C X._1 C ... C Xy C P such that for each i < c, the closed
embedding X; — P"¢ and X;11 — X; are local complete intersection (l.c.i.) outside
some set Z; of codimension 1 in X, (depthzi Ox,., >1).

1+1
the following corrected hypothesis (*):

Given C C P""¢ a good standard determinantal scheme of dimension n, we will assume
that there exists a flag C = X, C X._1 C ... C Xy C P""¢ such that for each i < c,
the closed embedding X;.1 — X; is l.c.i. outside some set Z; of codimension 2 in X;iq
(depthy Ox,,, > 2). Moreover, we suppose Xy — P"*¢ is a l.c.i. in codimension < 1.

The reason of increasing the depth related to X;,; <— X; by 1 is that the exactness of
[19], (10.15) in the proof of [19], Proposition 10.12 is straightforward to see if (*) holds
(by e.g. (3.9)) while it is doubtful with the original hypothesis. Hence in [19], Proposition
10.12, Theorem 10.13, Remarks 10.6 and 10.14, Example 10.16, Corollary 10.17 (n = 1)
and Example 10.18 (n = 1) we should suppose (*) instead of [19], (10.12). So in [19]
Corollary 10.17 (n = 1) and Example 10.18 (n = 1) we need to suppose C' C S to be
Cartier instead of generically Cartier and S to be Gy, while [19], Corollary 10.15 need no
change because C' C S is supposed to be Cartier outside a sufficiently small Z. In [19],
Corollary 10.15 we may replace [19], (10.12) by (*) and hence by 7S is G;”, and hence
we point out that [19], Propositions 10.7 and 1.12 are valid as stated.

Now we consider the 0-dimensional case. Looking closer to the proof of [19], Proposition
10.12, we need the graded version of [19] (10.15) to be exact in degree zero. Therefore
still assuming (*) the proof is only complete for a flag R - Dy — ... - D. = A
satisfying dim A > 2 or dim A = 1 and M.(asc—2)0 = (Np./p,_,)o, cf. (3.9). Hence in
[19], Theorem 10.13 the H-unobstructedness (when dim C' = 0) does not necessarily follow
from [19], Proposition 10.12. Fortunately, [19], Theorem 9.6, makes explicit an assumption
which implies the H-unobstructedness of C' ( (iii) below), and we can weaken (iii) further
to Ext}(I./I?, A)y = 0 by the proof of [19], Theorem 9.6 because H?*(D._;, A, A) =
Ext}(I./1%, A). Summing up, in the dim C' = 0 case of [19], Theorem 10.13 and Corollary
10.17, if we assume (*) instead of [19], (10.12), and in addition at least one of the following
conditions

(i) C is H-unobstructed (e.g.Ext}(I./I2, A)y = 0),
(i) Mc(arre—2)0 = (Nasp._,)o (i-e. (3.8) extends to a short exact sequence in degree
zero for i = ¢ — 1),
(111) HOIDR([C, HEI([A))O == 0,

then the conclusions hold. The only example in which dim C' = 0 is [19], Example 10.18.
In this example (iii) holds because the degree of all minimal generators of I are m —t —1
and H2(14), = H (Zc(v)) = 0 for v > m + ¢ — 3, cf. [19], Example 7.5 for details.
Similarly, in the situation of [19], Corollary 10.17, using the order by > ... > b; and
ap > a; > ... > a1 appearing in [19], Corollary 10.17 we see that (iii) holds provided
aj + az < 3 + 2b, a rather strong condition. The condition (i) might however be week.
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So while the substitution of [19] (10.12) by (*) in the case dimC' > 1 is relatively
innocent (i.e. X;.; < X; has to be Cartier in codimension < 1 instead of generically
Cartier), the O-dimensional case leads to an extra assumption. Therefore, it is probably a
more natural approach in the 0-dimensional case to just find dim W (b; a) without trying to
prove that W (b; a) is an irreducible component of GradAlg and if dim C' > 1, it is natural
both to find dim W (b;a) and to show that W (b;a) is a generically smooth, irreducible
component of Hilb?(P"*¢)  as has been the strategy of this paper.

[
2]
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