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Volterra type operators on Bergman spaces with exponential
weights

Jordi Pau and José Angel Pelaez

ABSTRACT. In this paper we characterize the boundedness, compactness and
membership in Schatten p-classes of Volterra type operators on Bergman spaces
with exponential weights.

1. Introduction and main results

Let D be the unit disc in the complex plane, dm(z) = @ be the normalized
area measure on D, and denote by H (D) the space of all analytic functions in D. If
g € H(D), we consider the linear operator .J, defined by

(o 1)) = / HOGQd,  f e HD).

This operator was introduced by C. Pommerenke in [9] as a tool in his study of
BMOA functions. The operator J, has received many names in the literature: the
Pommerenke operator, a Volterra type operator (since the choice g(z) = z gives the
usual Volterra operator), the generalized Cesaro operator (since the usual Cesaro
operator appears with the choice g(z) = —log(l — z)), a Riemann-Stieltjes type
operator, or simply called an integration operator. It not was until the works of
Aleman and Siskakis in [2] and [3] that the operator J, began to be extensively
studied. The operator J, is related to the multiplication operator My(f) = gf
by the formula M, (f) = £(0)g(0) + J4(f) + I4(f), where I, is another integration
operator defined by

(1,f)(2) = / PO, feHD)

We refer to [I] and [LII] for surveys on the operator J, acting in several spaces of
analytic functions. We are mainly interested on the operator J, acting on weighted
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240 JORDI PAU AND JOSE ANGEL PELAEZ
Bergman spaces, so let’s recall the definition.

A weight function is a positive function w(r), 0 < r < 1, which is integrable
in (0,1). We extend w to D setting w(z) = w(|z]), 2 € D. For 0 < p < oo, the
weighted Bergman space AP(w) is the space of functions f € H(D) such that

sy = [P0 dm(2) < o.

A characterization of those symbols g € H(D) such that J; is bounded on A (w),
where w belongs to a large class of radial weights including the standard weights
w(r) = (1-r)¥ a> —1, but excluding the exponential ones

(1.1) Wy,a(r) =1 —7r)"exp (ﬁ
is offered in [3].

The following result describes the boundedness and compactness of the operator
Jg on AP(w, o) in terms of the growth of the maximum modulus of ¢, for the
exponential type weights w. .

), ¥2>0,a>0,c>0,

THEOREM 1.1. Let 0 < p < 0o, g € H(D), and consider the weights w. o defined

by (ILT). Then
(i) Jg: AP(wy,q) = AP(wy,q) is bounded if and only if

sup(1 — [2[)+]g' ()] < oo.
z€D

(i) Jg: AP(wy,a) = AP(wy,a) is compact if and only if

lim (1 |2])"**|g'(z) = 0.
|z|—1—

We note that Theorem [[T] answers the question which appears in [3 p. 353].
The case p = 2, ¢ > 0 and « € (0, 1] was proved by Dostani¢ in [4], while the general
case is proved by the authors in [7], where a characterization is also obtained for a
general class of radial rapidly decreasing weights. It is our aim in the first part of this
note to provide a different proof of Theorem [[LT] using the test functions considered
by Dostanic when « € (0, 1], and Oleinik’s description [6] of the Carleson measures
for AP(ws) when o > 1, where w,, are the exponential weights

One of the main tools in order to prove Theorem [[1] is a description of the
weighted Bergman spaces in terms of derivatives obtained in [8]. The version proved
in [8] is much more general than the one we state next, and uses a suitable distorsion
function.

(1.2) We (1) = exp ( ) , ¢>0,a>0.

THEOREM A. Let 0 < p < o0, and g € H(D). Then
191k o ) = \9(0)\p+/D|9'(2)|”(1 =[NP w0 (2) dim(z).

Let H be a separable Hilbert space. Given 0 < p < oo, let S,(H) denote the
Schatten p-class of operators on H. S,(H) contains those compact operators T

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



VOLTERRA TYPE OPERATORS ON BERGMAN SPACES 241

on H whose sequence of characteristic (or singular) numbers \,, belongs to ¢?, the
p-summable sequence space. The singular numbers of an operator T" are defined by

An =M\ (T) = inf{||T — K| : rank K <n}.

Thus finite rank operators belong to every S,(H), and the membership of an oper-
ator in S, (H) measures in some sense the size of the operator. If 1 < p < 0o, S,(H)
is a Banach space with the norm ||T'||, = ||[{\n}||¢r. We refer to [12] Chapter 1] for
more information about S,(H).

Our next result will be a characterization, in terms of the symbol g, of the
membership of the operator J,; in the Schatten p-classes of A? (wy ). In order to
state our result, we recall the definition of another class of analytic function spaces,
the so called Besov type spaces BZ. Let 0 < p < oo, and ¢ > 0. The space B2
consists of those analytic functions on D with

115 :/D\f'(Z)I”(l = |22 dim(z) < oo

THEOREM 1.2. Let 1 < p < 00, g € H(D), and consider the weights w. o defined

by (ILT)). Then J, € Sp(A%(ws.,q)) if and only if g € BZ(p_l).

This result was also proved by the authors in [7] for more general weights. How-
ever, here we will present a different proof.

The paper is organized as follows: Section [ is devoted to some preliminaries
needed for the proofs of the main results. We prove Theorem [L.1] in Section [B] and
Theorem in Section [l

Throughout the paper, the letter C' will denote an absolute constant whose value
may change at different occurrences. We also use the notation a < b to indicate
that there is a constant C' > 0 with a < Cb, and the notation a =< b means that
a<Sband b < a.

2. Preliminary results

In this section we shall prove a few preliminary results which are used for the
proofs of the main results of the paper.

From now on, we will always use the following notations: D(z,r) is the Euclidean
disc centered at z with radius r > 0; For fixed a > 0, the function 7, is defined by

Ta(2) = (1= [2]*)' 5.

If there is no confusion and for easy of notation, we shall write 7, = 7 and for
any d > 0, D(67(z)) for the disc D(z,07(%)).

The following result (see [7] or [6]) says that |f(z)|P” w,,q(2) verifies a certain
sub-mean-value property.

LEMMA 2.1. Let v > 0 and 0 < p,a < co. Then there exist constants M =
M(a,y) > 1 and m = m(a,7y) > 0 such that
F@P wral@) < s [ (7P wa(e) dmo),
62 7(a) D(57(a))

for all0 <6 <m and f € H(D).
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242 JORDI PAU AND JOSE ANGEL PELAEZ

An immediate consequence of Lemma [2.]] is that the point evaluations are
bounded linear functionals on AP(w, ). In particular, A%(w, ) is a reproduc-
ing kernel Hilbert space: there are reproducing kernels K, € A2 (Wny,a) with

f(z) = / FORD) wya(C)dm Q).

It also follows from Lemma 2] that [|K-[%2(, ) wya(2) S (1= [2[*)727% In
fact, it is proved in [5] Lemma 3.5] (see also ﬂzl, Corollary 1]) that this is the
corresponding growth of the reproducing kernel, that is,

(2.1) 1N, ) wWria(2) = (1= [2) 7279, 2z €D.

Next, bearing in mind Lemma 4 of Dostanic’s paper [4], the following “test
functions” are constructed in order to prove Theorem [l for 0 < a < 1.

LEMMA 2.2. Let 0 < a < 1,7 >0 and ¢ > 0. For each a € D, consider the
functions
1

2%
X :
1—azp2 “P\1—az)e
Then F, € A%(w,, ) with ||Fa||1242(w7 ) SCO(1- |a|2)2+e /2 | F, ().

F.(z) =

PROOF. Since |1 —az|?" > (1 — |a])?, it follows from [4, Lemma 4] that

C/‘“"(l—az))

C(1—af*)*** exp <$>

= C(1—[a?)*** "2 |Fy(a)l.

2
we(2) dm(z)

IN

1 Fall 2w, )

IN

O

Finally, we remind the reader a description of Carleson measures for AP(w,) due
to Oleinik (see [6l Theorem 3.3]), for o > 1.

THEOREM B. Suppose that p is a finite positive Borel measure on D, a > 1 and
0<p<qg<oo. The following are equivalent:
(1) Iq: AP(we) — L%(p) is a bounded operator.
(#4) If § > 0 is sufficiently small then
1
K, o = sup 7/ wo (2) 7P dp(z) < oco.
. aed T(a)2VP Jpsr(ay)

Moreover, if (i) or (ii) holds, then K, o =< ||Id\|?4p(w VL ()"
THEOREM C. Suppose that p is a finite positive Borel measure on D, a > 1 and
0 < p<qg<oo. The following are equivalent:

(i) 14 : AP(ws) — L(p) is a compact operator.
(ii) If § > 0 is sufficiently small then

1
lim sup —/ we (2) VP dp(z) = 0.
717 |a>r T(@)29P Jp(s5r(a))
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VOLTERRA TYPE OPERATORS ON BERGMAN SPACES 243

3. Proof of Theorem [1.1l

Throughout this section, for each z € D and g € H(D), we will use the notation:

By(2) & (1 - |2))"*2g/ (2)I.

PROOF OF (). Suppose first that sup,.p By(z) < oo, and let f € AP(w,,q).
Since (Jgf) (z) = f(2)g'(2), from Theorem [Al we obtain

ot Wi, = [(THO)F + / (oY (P (1= |02 a0 (2) dim(2)
- / FEP 1P (1 - )P w4 (2) dm(2)
(sup By(2)” 1m0

and it follows that J; : AP(wy,q) — AP(w,q) is bounded.

IN

Suppose now that J; is bounded on AP (w, ) and choose § > 0 sufficiently small.
We shall split the proof of this implication in two cases.

Case 0 <a<1. If f € AP(w,,) and a is any point of I, then by Lemma 211

we have
1

(T ) ()" < v a(@)r(a)? /D(Ma)) [(Jo ) () wy,0(2) dm(2)

m MNP (1 — | 2]) ()P, Ndm(»
S (@)@ /[)(5T(a))|(Jgf)( )P = 12) va(2) dm(2).

In the last inequality we have used the fact that (1—|a|) < (1—|z|) for z € D(d7(a)).
Since (J,f) (a) = f(a)g'(a), then it follows from Theorem [A]land the boundedness
of J, that

~

79 f s o, ) I TgIP 1L 1k o,
_ (I+a)p |/ o) o)
31 f@P O —la)|g@F 3 Wy,a(a)7(a)? S Wy o(a) T(a)?

Now, consider the test function F,(z) defined in Lemma Since Fy(z) has no
zeros on I, then the function H,(z) = (F,(2))?/? belongs to AP(w, ) with

(3.2) ||HaH;:p(w%a) = ‘|Fa||,242(w%a)'
Since 277 < |F,(a)| wy.a(a) (1 — |a|?)~7/2, it follows from Lemma 22 that
(3-3) 1FallZ2 0, ) < C (1= [al)* " wy.a(a) [Fu(a) .

Therefore, taking the function f = H, in B1), using 32), (33)) and recalling that
7(a)® = (1 —a])***, we get

| Fallazto, \* 107
(1= la el @) s (P :
( ) |Fa(a)l wya(a) 7(a)?
S (16117
and then, bearing in mind that a is arbitrary, we have

sup By (a) < || Jg-
achD

This finishes the proof for the case 0 < o < 1.
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244 JORDI PAU AND JOSE ANGEL PELAEZ

Case a > 1. It follows from Theorem [A] and the boundedness of Jg that

/D\f(Z)Ip 19 ()P (1= 12) P ws o (2) dim(z) = 1Ty ap
< CNlP 1A s (a0

whenever f belongs to AP(w, o). Next, note that if & is a function in AP(w,), then

def h(z
fe(z) = u_gﬁ € A’(wy,o), for any ( €D,
and moreover sup;cp HngAp (wr.0) S C||h||Ap(w . Consequently, if we write
(1—]=)"
duc(2) = 1g ()7 (1= o)+ S wa(2) dm(z),

bearing in mind ([B.4]), we deduce that
ilelg/ [h(2)[P dpuc(z) < C 1|17 Supl|f<||Ap () < ClUTGIP 1PN s (1

where C' is a constant independent of ¢. That is, the operators Iy : AP(w,) —
LP(p¢), ¢ € D, have norm uniformly bounded by C||Jy||. Then, if 6 > 0 is suffi-
ciently small, by Oleinik’s theorem (see Theorem [B]) one has

1 d
swpsup s [ e <y
¢ebaed T(a) D(67(a)) Wa(2)

So, taking ¢ = a, we get

(3.5) supL/ d1a=) _ oy,

aeb 7(a)? D(57(a)) wa (2)

On the other hand, for any a € D, the subharmonicity of |¢’|? yields

a))” = (1—|a)) TP |/ (a)? w NP dm( z
(B,@) = 1~ lah "o s G [ gepan)

This together with the fact that (1 — |a|) < (1 — |z|) < |1 — az| for z € D(a, dé7(a))
gives

(P (1 — |2]2)1 a)p — 2|2}
Bg(a)q < 1 / |g ( )| (1 ‘ | ) + wa(z) (1 ‘ | ) dm(z)
D(47(a))

~  7(a)? wWe(2) [1—az|Y

_ L dpia(z)
(3:6) -~ 7(a)? /D(é‘r(a)) wo(2)

Finally, bearing in mind (B.3]), this gives
sup By (a) S || Jg]l-
acD

Thus, the proof is complete. O

Before going into the proof of the compactness part, some previous results will
be needed. Using the fact that the point evaluation functionals are bounded on
AP(w, o), the proof of the following result is standard, and we omit it here.
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VOLTERRA TYPE OPERATORS ON BERGMAN SPACES 245

LEMMA 3.1. Let 0 < p < 00 and g € H(D). Then J, is compact on AP(w, )
if and only if whenever {f,} is a bounded sequence in AP(w. o) such that f, — 0
uniformly on compact subsets of D, then Jgf, — 0 in AP(w,,q).

Now we choose the appropriate test functions to study the compactness.
LEMMA 3.2. Let 0 <a<1,7>0, and let \ =1+ a/2+~/4. For each a € D,
consider the functions
Fa(2)
W(2) = (1 —|a]?) ™ =&
fale) = (1= o) 22

where Fy, is the function defined in Lemma 22 Then || fq|l a2
C > 0 does not depend on the point a, and

lim |fo(2)] =0

la]—1—

)

) < C, where

(Wy,a

uniformly on compact subsets of D.

PROOF. The fact that || falla2(w, ) < C is a consequence of Lemma 221 Now,
for z € D we have
1 ( 2%
(1 =272 (1 =1z
Therefore the result follows from the fact that
1— 2\—A
o Al O
jal=1 \/Fy(a)

|Fu(2)] < ), aeD.

PROOF OF (). Suppose first that g € H(D) satisfies
(3.7) lim By(z) =0,

|z|—1—

and let {f,} be a bounded sequence of functions in AP(w., ) such that f, — 0
uniformly on compact subsets of D. Fixed € > 0, by (31) there is r € (0,1) such
that By(2)P < ¢, for all z € {{ € D : r < |¢] < 1}. Moreover, since f, — 0
uniformly on compact subsets of D, there is ny € N such that

|[fn(2)]P <e, forallm>ng and z € {£:[¢] <1}

Since (B7) gives that sup,cp (1—|2|)1+*)|¢’(2)| < oo, by Theorem [Althe function
g belongs to AP(w,,,). Using again Theorem [Al for n > ny we obtain

1o ), <€ / 0PI (P (1= [P 1w o (2) dim(2)
<C 'zpl—z(Ha)pw,yazdmz
—E/W'g”'( B wl2)dm(2)
HC [ PP @ )P w0 (2) ).
r<|z|<1

< Celgla, )+ C | o P By a2 ()
r<|zi<

< Ce <||g||gp(ww) +sup IIntZp(wm)

< (e, forall n>ng,
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246 JORDI PAU AND JOSE ANGEL PELAEZ

that is, lim,_, HJg(fn)Hip(% . = 0. So by Lemma BT} J, is compact.
Conversely, suppose that J,; is compact. We shall split the proof of this implica-
tion in two cases.

Case 0 < a < 1. Consider the function f, from Lemma Since f,(z) never
vanishes on D, then, by Lemma B2 the function h,(z) = (f.(2))?/? belongs to
AP (w,y,o) with ||ha||f'iw(w7 0= ||fa||312(wW ) =G, and hy — 0 as |a| — 1 uniformly
on compact subsets of D. Since Jg is Corﬁpact Lemma [B.1] implies that

. li .
(3.8) \algl}’ ”J (h )HAp(w =0

For f € AP(w,,q), proceeding as in the proof of the boundedness part (see equa-
tion ([B1])), we obtain
ot oo,
Wy o (a) 7(a)?

Recall that 7(a)? = (1 — |a|?)?T®. On the other hand,
Wy,a(a)| fa(a)* = wya(a)(1 = |a]*) 72} Fa(a)| = C(1 — |a]*) 7>

(3.9) (@ (1= o)+ |g/ ()] < ©

so
1

< a a 27
w1 Japyrre = el
which together with B9) (with f = h,) and BJ) gives that
Jim By 5 T (1= )l (@) fu(o) P a(a) 7(0))
al—1—

S lim [[Jg(R
la]—1—

a)”i?(w%a) =0.

This finishes the proof of this case.
Case a > 1. This can be proved with similar arguments as in the boundedness
part using Theorem [Cl We left the details to the interested reader. |
4. Schatten p-classes

In this section we will prove Theorem For easy of notation, throughout this
section we denote S, := S,(A4%*(w,,0)), the norm | - || is the norm in A%(w,.,q4),
and (-,-) is the inner product in A?(w, o). First, we need several definitions and
preparatory results that can be of independent interest. Let F' = {f,,} be a sequence
of analytic functions on . We denote

1/2
I1F (2 ||z2—<Z|fn ) , z€D,

and for 0 < p < oo, consider the p-integral means

. 27 o 1|P do
Mp(r,F):/O | F(re )HP 2 0<r<l.

If w is a weight function, following Siskakis [10], we define the distorsion function
of w as
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Now, the proof of the following lemma is analogue to the case of one function (see

[10] Lemma 2.1]. We shall give an sketch of the proof for the sake of completeness.

LEMMA 4.1. Let 1 < p < oo, F = {f,} C H(D) with F(z) € ¢ for each z € D,
and let F' = {f!}. Then for any weight function w one has

JIF@IE e an) < 0 (IFO+ [ 1P w6 o ) )

where the constant C' depends only on p and the weight w.

PRroOF. First, we will show that

d
(4.1) %Mg(r,F) <pMEHr,F) My(r,F'), 0<r<1, for p > 1.

If F =0, @) is clear. If F # 0, at points z € D where F is not zero, by
Cauchy-Schwarz inequality

DIFIE _
S G|

_ p p—2 a|fn(z)|2
=5 ()2 ( T)
= plF(2) ZRe gaere)

< | P ||F/(Z)||z2 :

p2 OIF(2)72
or

and consequently

d 2m ion =1 ; do
M Py < [ F e 5
T 0 2
Thus (1) holds for p = 1. If p > 1 apply Holder’s inequality to obtain (@1]). From
now, the proof can be mimicked from that of [10, Lemma 2.1]. O

We also need the fact that for any orthonormal set {e,} of A?(w. ), one has

(4.2) Z|en W <|IKL|? zeD,

with equality if {e,} is also an orthonormal basis.
The following Proposition gives the sufficiency in Theorem

PROPOSITION 4.2. Let 1 < p < oo. Ifg € B? then J, € S,

a(p—1)’
Proor. If p > 2, then J, € S, if and only if

Z [Jgenl” < oo

n

for all orthonormal sets {e,} of A%(w,,») (see [12, Theorem 1.33]). But, by Theo-
rem B we get

el = (/ID) | Jgen(2)]* wy,a(2) dm(z)>p/2

= ([ lenIP I P (= 2P0 w0, 0o >dm<z>)p/2.
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Therefore, since p/2 > 1, and ||e,|| = 1, Holder’s inequality, ([£.2) and ([21]) give
2 2 2y2(1 o/
S el = ([ len Pl GO (1= s o () )
n n

< Z/D len(2)[* 19" ()P (1= [2) P 0, o (2) din(2)

- / (Z 'e"(z)2> 19/ ()P (1= |2 P w0, o (2)dm(2)
S/D K119 (2)]P (1 = |2)) 3P, (2)dm(z)

= [P (1= ) )
D
< L .
<lgllyy
This finishes the proof for p > 2.
If 1 <p <2, then J; € S, if and only if

Z [(Jg€n, en) [P < o0

for all orthonormal sets {e,} of A%(w. ) (see [12, Theorem 1.27]). We begin the
proof of this case by establishing the inequality

43 Slhened? < [ (SenP) KT v o))

n

Since p > 1 and |le,|| = 1, we can use Holder’s inequality to obtain

S lenenl? < 3 ([ 1entol @0 i)
<Y [ aen I a2 i)
= [ (S henP a7 it

Next, since p < 2, we can use Holder’s inequality with exponent 2/p > 1
P 2—p
2 2
> 1(Tgens endl?” < / (D 1sen(2)B)" (Do len(2?) © wyalz)dm(z)

p
2

< [ (S 1en@) el i),
and this proves (4.3).
Now, ([L3) and the fact that ||K,|]? wy.q(2) S (1 — [2]?) 727 gives

(4.4) S g endl? < / [ Tpen(2)} [ " (2) dm(2),
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VOLTERRA TYPE OPERATORS ON BERGMAN SPACES 249

where

s C —en2
G = (= ) w02 = (1 ) e (T2,

r)e

P (2+a)(2 p)

with v* = £y — Since the distorsion function of the weight w™* is
comparable to (1—|z|? )Ha (see [10l Example 3.2]), then Lemma[AT] together with

@F) gives
S gewenl? S J HCaeny @O (@ = )02 ) de)
-[(Z (Uyea)@)R)" (1 = s (2) dm2)
= L1960 (S ieaF)”" (= B2y i
< [W@PIEIP (0= =) () dm(2)
S [ 1 w72 (0= [2)E w0 (2) ()
= [l @ Q= 20 dm(e) = gl

(p 1)'

This completes the proof of the Proposition. |

For the necessity we need first some lemmas.

LeEMMA A (Oleinik [6]). Let 7(z) = (1 — |2]?)}*5. There is a number 5y and a
sequence of points {z;} C D, such that for each 6 € (0,dy) one has:

(1) 2z & D(07(2k)), J # k-
(i) U; D(67(2;)) = D.

(ii)) D(57(z;)) C D357(z;)), where D(67(27)) = Uscpsreyy DOT(2)). j =
1,2,...

(iv) {D(367(2;))} is a covering of D of finite multiplicity N.
Let k, = K, /||K.|| be the normalized reproducing kernels of A%(w,,q).

LEMMA 4.3. Let {z;} be the sequence given in LemmalAl Then for every ortonor-
mal sequence {e;} in A*(w, ), the operator B taking e; to k., is bounded.

ProoF. It is required to show

1/2

B(Zajej) <C > e
j 3
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For any g € A%(w,,qo), we have

<B(zj:ajej),g> = <Xj:ajkzj,g> = 1> a(ks;.9) Z| | |Kz ||

J
1/2 1/2

> lal? D laz) P I, )2
j J

IA

Now the result follows from the fact that, by ([Z.IJ), Lemma 2] and Lemma [Al

S e M 7 = 3 b))
<Z/ 2w (2) dm(2)

D(7(z;))

< Clgll*. 0

The next result gives the necessity in Theorem completing the proof of that
Theorem.

PROPOSITION 4.4. Let 0 < p < 00. If Jy € Sp(A*(wy,a)), then g € Bl ).

PROOF. We consider first the case p > 2. Suppose that J, is in S, and let
{ex} be an orthonormal set in A%(w, ). By Lemma 3] the operator B taking e;
to the normalized reproducing kernels k., is bounded on A?(w. o), where {z;} is
the sequence from Lemmal[Al Since S, is a two-sided ideal in the space of bounded
linear operators on A?(w. ), then J;B belongs to S, (see [12, p.27]). Thus, by
[12] Theorem 1.33]

ZIIJ P = Z||JBeJHp<oo

Now, using the subharmonicity of |¢’|> and Lemma [A] we obtain

p/2
F L "(2)]? dm(z — |12y —2+ale=1) gim,
oy, % [ <T(<>2 /D(w) 19/ () dm >> (1-1¢P) dm()
p/2
= "(2)1? dm(z 1— =+ -2 gm
;/D(ér(zj')) </D(67—(()) l9'(=)] ( )> ( |<| )z 7(0) (©)

p/2
Z </ D(367( zJ)) ( )| (1 N |Z‘ )a dm(2)> .

J

This together with (2I), the fact that (see [5, Lemma 3.6])

ko, (2)] < [|K.|| for z € D(67(2)),
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and Theorem [A] gives

p/2
P = 214 (= 2220+ . (2) dmi(z
ol Z(/ [ HEP QI 222050, ) <>>
p/2
AR ()P (1 = [22)20H) 0 () dm(z
AZ</ 36”))\kzj()\ 19" (2)7 (1 = [2[7) val2)d ())

p/2
<3 ([ IR P (0 = BP0 o))
= 37 Wl P < o

This completes the proof for the case p > 2.

If 0 < p < 2 we follow the argument in [I2] Proposition 7.15]. If J, € S, then the
p081t1ve operator J;.J; belongs to S, /2. Without loss of generality we may assume
that g’ # 0. Suppose Jydgf =22, An(f,en) en is the canonical decomposition of
JyJg. Then {e,} is also an orthonormal basis. Indeed, if there is an unit vector
e 6 Az(w%a) such that e L e, for all n > 1, then by Theorem [A]

/D 19/ (2)Ple(2) 21 — [2)20%9) w0 (2) dm(z) = [ yell? = (T2 Jyere) = 0

because J;J, is a linear combination of the vectors e,,. This would give ¢’ =
Now (21)), the fact that equality holds in [@2]) (since {e,} is an orthonormal
basis), and Holder’s inequality yields

lollyy, = [ 18P (= B [ () )

= Z/D 19" (I len(2)* (1 = |2) TP w, o(2) dm(z)

p/2
<% ([P eata) 1 = 1220 (2 )
< Z T Jgens en)? ZAW = 5,182,

The last inequality is due to Theorem [Al This completes the proof. (Il

COROLLARY 4.5. Let 0 < p < 1. Then J, € Sp if and only if g is constant.

PRrROOF. The sufficiency is obvious, and the necessity follows from Proposition
A4 since B” (r—1) contains only constant functions for 0 < p < 1. O
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