Hankel operators on standard Bergman spaces

Jordi Pau

Abstract. We study Hankel operators on the standard Bergman spaces
A2 o > —1. A description of the boundedness and compactness of
the (big) Hankel operator H; with general symbols f € L*(D,dAa)
is obtained. Also, we provide a new proof of a result of Arazy-Fisher-
Peetre on the membership in Schatten p-classes of Hankel operators with
conjugate analytic symbols.
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1. Introduction

If T is an operator induced (in some way) by a symbol f going from some
Hilbert space to another Hilbert space, one is going to hope that individual
properties of the symbol (such as smoothness or growth conditions) will give
information on the properties of the operator (boundedness, compactness,
or membership in Schatten-Von Neumann ideals). In the present paper, we
will study this when dealing with Hankel operators on standard weighted
Bergman spaces. For @ > —1, the weighted Bergman space A2 consists of
those functions f analytic on the unit disk D such that

171~ ([ If(2)2dAa(Z))1/2 <0,

where dA,(z) = (a + 1)(1 — |2/?)*dA(z) and dA is the normalized area
measure on . The space A2 is a Hilbert space with reproducing kernel given
by K.(w) = (1 — zw)~27%; it is also a closed subspace of L?(D,dA,), and
the orthogonal projection from L?(D,dA,) to A2 is given by

Pof(2) = ([ K:)a :/D(lffvu;))zmdflﬁw)’ f e L*(D,dAy).

The author is partially supported by SGR grant 2009SGR 420 (Generalitat de Catalunya)
and DGICYT grant MTM2011-27932-C02-01 (MCyT/MEC).
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Given a function f € L?(D,dA, ), the Hankel operator with symbol f is the
linear operator Hy : A2 — L?(D,dA,) defined by

Hpg=(I—P.)(fg), g€AL

The operator Hy is densely defined on A2. For example, it is well defined
in H*°, the algebra of all bounded analytic functions on D. The following
integral formula is very useful when one is going to estimate the norm of a
Hankel operator:

z) — f(w
Hyg(z) = /H)Mg(w) dAy(w), g€ A
It has been a lot of activity in the theory of Hankel operators on Bergman
spaces in recent years, and this topic has become a classical theme in complex
analysis and operator theory (see for example [1], [3], [4], [10], [11], [13], and
[17]). For Hankel operators with conjugate analytic symbols, that is H 7 with
f € A% one has that H 7 is bounded on A2 if and only if the symbol f
belongs to the Bloch space; Hy is compact if and only if f belongs to the
little Bloch space (see [1], [2]); and the membership in Schatten p-classes of
the Hankel operator H is equivalent to the function f being in the analytic
Besov space B), for 1 < p < 00, and to f being constant when 0 < p < 1.
Therefore, for conjugate analytic symbols, the picture on the boundedness,
compactness and Schatten p-classes is complete. However, the proof of the
necessity and sufficiency of the condition f € B, for H being in the Schatten
class S, when 1 < p < 2 given in [1] is rather difficult and technical, and it
is our aim to provide a more “elementary” proof of that result.

Theorem 1. Let 1 < p < 2, a > —1 and f € A%. The Hankel operator Hy
belongs to Sy, if and only if f € By,.

Recall that, for 1 < p < oo, the analytic Besov space B,, consists of
those functions f analytic on D for which

[15EP a1y 4 < o
D

Also, if H and K are separable Hilbert spaces, a compact operator T' from
H to K is said to belong to the Schatten class .S, if its sequence of singular
numbers is in the sequence space ¢P. Recall that the singular numbers of
a compact operator 1" are the square root of the eigenvalues of the positive
operator T*T', where T™* denotes the adjoint of T'. Also, the compact operator
T admits a decomposition of the form

T = Z)\n<'7en>an7

where {\,} are the singular numbers of T, {e,} is an orthonormal set in H,
and {f,} is an orthonormal set in IC. For p > 1, the class S, is a Banach
space with the norm ||T|, = (3, |)\n\p)1/p7 while for 0 < p < 1 one has the
inequality [|S + T'[[5 < [|S]|5 + ||T'||5. We refer to [17, Chapter 1] for a brief
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account on the theory of Schatten p-classes.

We consider also the study of the boundedness, compactness and mem-
bership of Schatten p-classes of the Hankel operator Hy for general symbols
f € L*(D,dA,). In order to state the next result we need to introduce some
notation. For z € D and r > 0, let

D(z,r)={weD: p(z,w) <r}

denote the hyperbolic disk with center z and radius r. Here §(z,w) is the
Bergman or hyperbolic metric on D. Also, for any Lebesgue measurable set
E in D, we use the notation |E|, := fE dA, for the dA,-measure of E.

Theorem 2. Let o > —1 and f € L*(D,dA,). The following conditions are
equivalent:

(a) Hy is bounded on A2%.
(b) sup.ep [[Hk:[lo < oo.
(¢) For any (or some) r > 0, the function F, defined by

1
F(2)? =inf{ —— —h|?dA, : h e A?
7= {|D<z7r>a fo i c }

is bounded on D.

(d) f admits a decomposition f = f1 + fa, where fi € C*(D) satisfies
(1 — |21?)0f1(z) € L>=(D), and fo has the property that for any (or
some) r > 0 the function G, defined by

2 _ 1 w 2 w
G = s o 1 dAu)

is bounded on D.

Note that we can put @ = 0 in the statements of parts (c) and (d) since
the weight factor (1 — |2]?)® in dA,(z) is essentially cancelled out by the
extra factor (1 —|z|2)® in |D(z,7)]a =< (1 — |2]?)?t.

The case @ = 0 of Theorem 2 was proved by D. Luecking in [10], who
also noticed that the same proof also applies to the case —1 < a < 1, and that
the only missing part for the weighted case is a proof of the implication (d)
implies (a), and this will be our contribution. The proof uses 0-techniques,
and the main ideas for the proof were essentially given in [7] (see also the
related papers [6] and [8] of the same authors), where the corresponding result
for a class of weighted Bergman spaces is obtained. However, the standard
weights (1—|z|?)® are in the class considered in [7] only for & > 2, and also the
statement that they give is for symbols in L?(D). We remark that K. Zhu in
p.233 of his book [17] considers the question of describing the boundedness
of Hankel operators with general symbols on weighted Bergman spaces as
an open problem. Here we will use the appropriate modifications in order
to obtain a unified proof for all @« > —1. We also obtain the corresponding
analogues for compactness and membership in Schatten-Von Neumann ideals.
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Throughout the paper, the letter C' will denote an absolute constant
whose value may change at different occurrences. The paper is organized as
follows: Section 2 is devoted to some preliminaries needed for the proofs of
the main results. A proof of Theorem 1 is given in Section 3, and we study
the boundedness, compactness and membership in Schatten classes of Hankel
operators with general symbols f € L?(D,dA,) in Section 4. Finally, we look
at little Hankel operators in Section 5.

2. Preliminaries

We will use the fact that for any orthonormal set {e,} of A%, one has

Z|en W< |K.2, zeD, (2.1)

with equality if {e,,} is also an orthonormal basis.
The following integral estimate (see [17]) has become indispensable in
this area of analysis, and will be used repeatedly throughout the paper.

Lemma 2.1. Suppose z € D, ¢ > 0 and t > —1. The integral

A —fw?)t
/ |1 — wz|2ttte dA(w)

is comparable to (1 — |z|*)~¢

We also need some well known variants of the previous lemma. First
recall that a sequence {z,} of points in the unit disk D is said to be separated
in the Bergman metric if there is a constant § > 0 such that 5(z;, z) > ¢ for
all j and k with j # k. In particular, there is a constant » > 0 such that the
hyperbolic disks D(zy,r) are pairwise disjoint.

Lemma 2.2. Let {z} be a separated sequence in D, and let 1 <t < s. Then

1— 2\t
27( ) c o, sem.
k

|1 — Zxz|®

Lemma 2.3. Let ¢ >0 andt > —1. Then

/ — [w]?)' dA(w)
|z — w| |1 — wz|Ht+e

is comparable to (1 —|z|*)~¢

The following solution of the d-equation will be a key ingredient in the
proof of Theorem 2.

Proposition 2.4. Let 1 < p < oo and o > —1. Then the function

u(z) :/D flw) (1 — Jw]?)+e dA(w)

(z —w)(1 —wz)lte
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solves the equation Ou = f in D with

/IU(Z)I”dAa(Z) SC/ [f(2)IP (1= |27+ dA(2),
D D

provided the right hand-side integral is finite.

Proof. The function u clearly satisfies the equation du = f in . The cor-
responding estimate will follow from Holder’s inequality and Lemma 2.3.
Indeed, let € > 0 with o — ¢ > > —1. Then

e p—1
Fw)? (L~ PP A@) [ (- wP)* 7T dAw)
ar < ([ o )</ 2wl = e )

R L S TR}

|z —w||1 — wz|t+e

Thus, Fubini’s theorem and Lemma 2.3 gives

/ u(2)[P dAa(2)
D

<o [1rwp -y ([0 e R dAG) dAw)
<C /D|f(w)|p (1 — |w]?)PT* dA(w).

O

We also need the concept of an r-lattice in the Bergman metric. Let
r > 0. A sequence {a} of points in D is called an r-lattice if the unit disk is
covered by the Bergman metric disks {D(ax,7)}, and 5(a;,a;) > r/2 for all
i and j with ¢ # j. If {ax} is an r-lattice in D, then it also has the following
property: for any R > 0 there exists a positive integer N (depending on r
and R) such that every point in D) belongs to at most N sets in {D(ax, R)}.
There are elementary constructions of r-lattices in . See [17, Chapter 4] for
example.

A positive Borel measure p in the unit disk is a Carleson measure for
A2 if there exists a finite positive constant C such that

/ FEPduz) < CFI2
D

for all f € A2. Also, u is said to be a vanishing Carleson measure for A2 if
the inclusion map i : A2 — L?(D,du) is compact. It is well known (see [9],
or Theorems 7.4 and 7.7 in [17] for example) that the Carleson measures for
A2 are characterized by the condition

w(Dla,)

SUp ——— 5 < Q.
aeD (1 — |af?)>*e

Also, the condition
hy A(P(a;r)
im

—_ 7 — 0
la|—=1= (1 — |a|?)?+e
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describes the vanishing Carleson measures for A2.

3. Proof of Theorem 1

Let f € A2 and 1 < p < 2. We prove the necessity first. So, suppose that
the Hankel operator Hj; belongs to S,. We must show that f € B,. Let
B = (2+ a)p. By Theorem 5.21 of [17], f € B, if and only if

L(f) ;:/D @) = T 42y dAs(w) < oo,

b - we[1728

If K, is the reproducing kernel of A2, since fK, € A2 for each w € D, an
easy computation gives

Hsz(w):sz(w)_Pa(sz)( )= (w) 2(w) — <fK27K>
= f(w)K.(w) = (K., fKu)a = (f(w) = f(2)) K (w).

On the other hand, let Hy = > An(:,en)a fn be a decomposition of the
operator Hpy, with {\,} being the singular numbers of Hy, and {e,}, {fn}
are orthonormal sets in A2 and L?(ID,dA,) respectively. Then

ZA en fn

Hence, by Holder’s inequality,

p—1
|Hf w)P < <Z|,\ P | frn (W) [P |en (2 )|? p> (Zlen )
(ZM 1 (w)I” en >|2-p> 2.

This, together with the fact that |K.||%2 = (1 — [2]?)727% and B = (2 + a)p,
gives

_HF )l dAg(z)dA
|1 _ wz|4+(2+a)1’ 5( ) ﬁ('ll))
6n _
<Z|A |? /Ifn ”/|1 | |4T<ra K27~ dAg(2)dAg(w)

=S A, P lenP dA
< [ 1P [ e dara(2) dAs(w).

Since ||Hf||§p = >, | AP, it is enough to show that

en(2)[?7P
J'n, = /D ‘fn / |1 ‘ wz|4L 2+a)p dA2+a(Z) dAB(w) S C’
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for some positive constant C' independent of n. Now, since p < 2, we can use
Holder’s inequality with exponent 2/p > 1 to obtain

2—p
2

Jn < C | fullfe / /WdAM( ) A (w)
= L2(D,dAq) b |1 — wz|+H e Y )

where vy = 2% (241';‘)

2.1 to obtain

fen(2)[~7 =
(/ H_Mm dAz+a(?)
‘en dAzya(2) =
(/ ‘1_wz‘4+(2+a dAzta(2) H—W\m

)2
en z) o

Note that

. Now we use Holder’s inequality once again and Lemma

— 2+ a)p*  4p+2ap — 2p* — ap?

2-p 2—p
Therefore, since || fy| z2,q4,) = 1, an application of Fubini’s theorem and
Lemma 2.1 yields

7+ = (24 a)p.

2—p

o ([ ([ e e e) 0 - ) err aw)

2 (1 — |w]?)@+ep 2zp
§C</D|6n(z)| < DWdA(w) dA2+a(Z)
< C”enHiip =C.

This finishes the proof of the necessity part.

Now we proceed to prove the sufficiency of the condition f € B,,. Since
B, is included in the little Bloch space, it follows that Hj is compact. We
want to show that the Hankel operator Hy is in the Schatten class 5, or,
equivalently, that the positive operator S = H;;H 7 belongs to S}, /5. To this
end, we fix a sufficiently large number b and use the atomic decomposition
of A2 (see [17, Theorem 4.33]) to find a separated sequence {z,} in D such
that A2 consists exactly of functions of the form g(z) = Y, A, hn(2), where
A={\,} €,
(L= Jzal?)= "2

(1— znz)b ’

and ||g|la < C||Al|ez for some positive constant C' independent of {\,}.

Fix an orthonormal basis {e,, } for A2 and define a linear operator B on

A2 by
B <Z )\nen> => Al

hn(z) =
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Since B is a bounded surjective linear operator on A2, by [17, Proposition
1.30] we will have S € S,/5 if we can prove that the operator H = B*SB is
in S,,/5. Moreover, since H is a positive operator and p/2 < 1, according to
[17, Corollary 1.32], we will have H € S, if

Z<H6"’ en)?/? < o0.

Since
(Hep,en)P/? = (B*SBe,, e,)?/? = (SBe,, Bep)?/? = (Shy, hy)?/?
— (Hf—Hfhn,hn)a = (Hphyn, Hehn)?/? = | Hphy |13,
we need to show that

D [ Hihab, < oo,

Since Hzh, = fhun — Po(fhy) is the solution of the equation du = h,, f’ with
minimal L?(ID, dA,)-norm, it follows from Proposition 2.4 that ||H fhy | <
C||Mphn|lo;s where My is the operator of multiplication by the function
h(z) = (1 — |2|?)2f'(2). Therefore, it is enough to show that

M =" [ Myhy||%, < oc.

Let {a,} C D be an r-lattice in the Bergman metric. Since |h,(z)| is compa-
rable to |hy,(ay)| for z € D(ay,r) we obtain

p/2
M= ZX/l—A uwWhme%wﬁ
/2
<ZXZ/ MWﬂW%WWMWO
<oy (Zhnmm?/
n k

Also, the subharmonicity of |f’|P and the fact that D(z,r) C D(ag,2r) for
z € D(ay,r) gives

2/p
(4 2 1 "(w)|P w
72 §c<(1_|2|2)2 [ 1f s >>

2/p

for each z € D(ag,r) (see [17, Proposition 4.13]). Recall that dA\(w) = (1 —
|w|?)~2 dA(w) is the hyperbolic metric in . This together with the fact that

(ak,r

p/2
(1= 2*)? If’(Z)IQdAa(Z)> :
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p/2 <1 yields

M < OF| 3 ()P - (/ )P )w% .

p/2

D(ak,2'r')
2
<C’ZZ|h ar)|P (1 = |ag|?)? / |/ (w) [P dA(w) |D(ag, r)|*/%.
(ak,2r)
Finally, since {z,} is a separated sequence, it follows from Lemma 2.2 that

(1= |enf?)r- et

2 ()l =3 S g < O = )R,

This, together with the fact that |D(ag,7)|a < (1 — |ag|?)?T gives

ey a-laly [ P dw)
k

D(ay,2r)

<c Z/D( P (@)l (1 = [w]2)? dA(w) < CII|1, -

ay,2r)

This completes the proof of the theorem.

4. Hankel operators with general symbols

Proof of Theorem 2. The implications (a) = (b); (b) = (¢); and (c¢) = (d)
follows the same arguments of the proof given in [10] (see also the proof of
Theorem 8.34 in K. Zhu’s monograph [17]). So, suppose that (d) holds. The
condition on fy says that |fa|? dA, is a Carleson measure for A2. Therefore

IHpg]2 < [ fag]2 = / 192 fa(2)]? dAa(z) < Cllgl2.

and the Hankel operator Hy, is bounded on AZ. It remains to show that the
Hankel operator Hy, is bounded on A2. Let g € H*. Since (1 — |z|*)0f1(2)
is bounded in D, using Lemma 2.4 we see that there exists a solution u of
the equation Ou = gdf; in D with

= [ 1) dA0(:) < € [ (0= EPBAEI) o) dAo(2)
<C [ lg)P dAa(z) = Clgl2.
D

Since Hy, g = f1g — Pa(f1g) is the solution of the equation du = gdf; with
minimal L?(ID, dA,)-norm, we obtain

IHfgll2 < Cllgllz,
completing the proof of the boundedness of Hy. O

The corresponding result for compactness is the following one.
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Theorem 3. Let o > —1 and f € L*(D,dA,). The following conditions are
equivalent:

(a) Hy is compact on A2 .

(b) hm\z\—)l— ”kazHa =0.

(¢) For any (or some) r > 0, the function F, defined by

1
F.(2)?=inf{ ——— —h|?dA, : h e A2
(Z) " {|D(Z7T)Oé ~/;(z77‘) |f | © a}

is in Co(D).

(d) f admits a decomposition f = f1 + fa, where fi € C*(D) satisfies
(1 — |2]?)0f1(2) € Co(D), and fo has the property that for any (or
some) r > 0 the function G, defined by

1

G = T /D ) ddutw

is in Co(D).

Proof. Since every function in Cy(D) is bounded in D, each of the conditions
implies the boundedness of the Hankel operator H; on A%, We will prove
only the implication (d) = (a), since the other implications are well known.
Thus, suppose that f = f1 + fo with (1 —|z|?) 9f1(2) € Co(D), and |f2|? dA,
being a vanishing Carleson measure for A2. We will show that both Hp,
and Hy, are compact. The condition on fo implies that the multiplication
operator My, is compact from A? into L?*(D,dA,) (see Theorem 7.8 in [17]),
and therefore the Hankel operator Hy, = (I — P,)M/, is compact. To show
that Hy, is compact, let {g,,} be a bounded sequence in A% that converges to
0 uniformly on compact subsets of D. Given any € > 0, there exists 0 < r < 1
such that

A= lzP)ofi(2)l <e, el >,
and we can choose a positive integer ng with

lgn(2)| < €, |z| <7, n>mng.

From the proof of Theorem 2 it follows that
_ 2
|Hpgll2 < C / (A= 1=P)BAE) lgn(2) dAa(2)

< Cel|(1 = 2P)BR | + Cellgnll
< (Ce

for all n > ngy. This proves that lim,, | Hf, gnlla = 0, so Hy, is compact from
A2 into L?(D,dA,) finishing the proof of the theorem. O

The following result characterizes the membership of the Hankel opera-
tor Hy in the Schatten classes S, for p > 1. Recall that dA(z) = (1 — |2]?) 72
is the hyperbolic measure on D.

Theorem 4. Let p > 1 and f € L?*(D,dA,) such that Hy is bounded on AZ.
The following conditions are equivalent:
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(a) Hy belongs to Sp.
(b) For any (or some) r > 0, the function

1/2
S ( /D k) dAa(w))

belongs to LP (D, d)).

(¢) For any (or some) r > 0, the function F, defined in Theorem 2 belongs
to LP(D, d)).

(d) f admits a decomposition f = f1 + fa, where for any (or some) r > 0
the function

1/2
1 NTF 2
0= (1557 9500 1400

belongs to LP(D,d\), and the function G, defined in Theorem 2 also
belongs to LP (D, d)).

Remark: For p > 2, condition (b) can be replaced by the condition
(b2) The function z — ||Hsk,||o belongs to LP(ID, d)),
and (d) can also be replaced by the condition

(d2) f admits a decomposition f = f;+ fo, where the function (1—|z|?) 01 ()
belongs to LP (D, d\) and for any (or some) 7 > 0 the function G, defined
in Theorem 2 also belongs to LP (D, d)).

Proof. Apart from the implication (d) implies (a), all the other implications
are known (see [10] or [17, Theorem 8.36]). So, suppose that (d) holds, that is,
f = f1+ f2, where the functions H, and G, both belong to LP (D, d)). Since
for any g € H* one has |Hy,glla < |l faglle and |Hp,glla < Cllag|l with
h(z) = (1 —|z|?) 0f1(2), it suffices to show that the multiplication operator
My : A2 — L*(D, dA,) belongs to S, for ¢ = fs or 1 = h. This is equivalent
to MjMy being in S),/o, and since MjMy = Tjy2 where T, denotes the
Toeplitz operator with symbol ¢, by Theorem 7.18 of [17] the conditions
in (d) are exactly what is needed to have both Tjz,]> and Tj,> belong to
Sp/2- Thus the corresponding multiplication operators My, and M), are in S,
finishing the proof of the theorem.

O

5. Little Hankel operators

Let A2 be the space of conjugate analytic functions in A2 . For f € L?*(D,dA,),
the little Hankel operator hy : A2 — A2 is defined by the formula

hiate) = [ PG )

1 — zw)?te



12 Jordi Pau

The operator hy is unbounded in general. However, h; is bounded if f is
bounded, and we clearly have [|h¢|| < || f]loo- In the study of little Hankel
operators, it turns out that it is more convenient to study hy instead of hy.
Throughout this section, let V,, be the integral operator defined by
7. «a f(w)
Vaf(2) = (kzy hykz)a = (1 —[2[)? / A gy Aa().

p (1 —wz)d+2e

Recall that k. are the normalized reproducing kernels of A2. For a given
function f € L?(D,dA,), one has the identity hf = h,_ v for some positive
constant ¢, depending only on «, in the sense that hyg = h, y—g for all
g € H>, which is dense in A2 (see [17, Chapter 8]). The properties of V, f can
be used in order to obtain descriptions of the boundedness, compactness and
membership in Schatten classes of the little Hankel operator hz. In fact, it is
proved in [5] and [14] that h is bounded on A2 if and only if Vi, f € L>(DD),
and the compactness is characterized by the condition V. f € Cy(D). The
corresponding description for the membership in the Schatten classes S, with
p > 1 is also obtained, and it is our aim to give a “more elementary” proof
of that result, especially for the case 1 < p < 2. Note that the proof we give
below works also in the setting of the unit ball of C, or other domains € in
CcN.

Theorem 5. Let f € L?(D,dA,) and 1 < p < co. Then hF belongs to Sp if
and only if Vo f is in LP(D,dM).

Proof. Suppose that h7 is in the Schatten class S, Since [Vo f(2)] < [[h7k:][a,
the case p > 2 follows from the well known fact that [|hzk.|lo € LP(D,d)) is
a necessary condition for h? being in S, if p > 2. What is curious is that the
case 1 < p < 2 can be proved in a similar way. Indeed, one has

w) = Ay en(2) falw),

where {\,} are the singular values of h, and {e,}, {f,} are orthonormal

sets of A2 and A2 respectively. Thus
(hfks k)o = [ K-)1G7 (hp K, Kz )a
= || K-l ZA en(2) (fn K2Ya

= || K> ”a ZA en(2) fn(2).

Since 1 < p < 2, using Holder’s inequality and (2.1), we obtain

Vaf ()P < K157 (Z Anl? fen(2)[77 |fn(z)p> (Z |6n(2)|2>

n n

(Z'An|p|en |2 Plfa(2)P ) ||KZ||;27



Hankel operators on standard Bergman spaces 13

and this, together with another use of Hélder’s inequality, gives

/D VS (P AXG) < 3 Il / len(2) 2P |fu(2)P dAa(2)
<SPl el £l

=D [l = llhgll%, -

This proves the necessity in the case 1 < p < 2.
Suppose now that V,f is in LP(D,d)\). Since V,f(z) = (1 — |2]?)*T¥h(2)

with h analytic on I, this implies that i € A} with 8 = (2 + a)p — 2. Since
any function in Ag satisfies the growth condition

lim (1 — |z2)@A/Ph(z) =0,

|z|—1—
it follows that V,, f € Co(ID) proving that h; is compact. Next we proceed to

show that hy is in ). Since hy = hm, it suffices to prove that h, belongs
to S, whenever ¢ € LP(DD, d)\). To see this, it is enough to prove that

S [(hgens Fadal? < oo

n

for all orthonormal sets {e,} and {f,} of A2. But notice that, by Fubini’s
theorem

(rpens Tl = [ (hgen) ) Fu(2) dAa(c)
/ﬂ)(/ﬂ)mma(m)) Ful2) dAu(2)

— [ etwyeaw) ( / “f';ﬁj))mdAa(z)) A (w)
- /D () n () fo(w) dAq(w).

Therefore, since

1/2

1/2
Zlen(w)lfn(w)S(Zlen(w)l2> (Zlfn(w)|2> < |Kull2
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we finally obtain
S then Fodal? < 3 ([ et lentwl 1w}l da(w)
<3 / ()P e (w)] f ()| dA ()
w)|P 2 w
S/D\@( )P 1K |2 dAn (w)

<c / [p(w) P dA(w).

This completes the proof of the theorem. ([

6. Further remarks and questions

6.1. Hankel operators on A?, with p > 1

For p > 0 and a > —1, let AP be the space of all analytic functions f on D
with

1l =( If(Z)I”dAa(z)>1/p c

Since for p > 1, the Bergman projection P, is bounded from LP(D,dA,) to
AP | using the density of H* in AP, for symbols f € LP(D,dA,), we can

a

define the (big) Hankel operator on AP as

Hyg(z) = (I — Po)(fg) = /D f(2) = f(w)

(1= mayrre JW ddalw), g€ H™.

For conjugate analytic symbols, it is known (see, for example, [16]) that
Hjy is bounded on Af if and only if f belongs to the Bloch space, and the
compactness of Hy is characterized by f being in the little Bloch space. In
[16], it is also obtained a characterization of the simultaneous boundedness
(and compactness) of the operators Hy and Hy in AL in the setting of the
unit ball. For general symbols f € LP(D, dA,), the boundedness of the Hankel
operator Hy on AP can be characterized as follows.

Theorem 6. Let 1 < p < o0, a« > —1 and f € LP(D,dA,). The following
conditions are equivalent:
(a) Hy is bounded on A?,.

(b) sug distre(n,da,) (f © =, AL) < 0.
zE

(¢) For any (or some) r > 0, the function F, defined by

1
Fo(2)? = int 7/ |f —h[PdAg : h € AP
{ |D(Z7T)‘Oé D(z,r)

is bounded on D.
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(d) f admits a decomposition f = fi + f2, where fi € CL(D) satisfies
(1 — |22 0f1(2) € L*®(D), and f2 has the property that for any (or
some) r > 0 the function G, defined by

1

G (2)F = EIN /D(Z)T) |f2(w)[P dAn(w)

is bounded on .

The case —1 < a < 1/(p — 1) was proved by Luecking in [10]. Also
observe that for p = 2, condition (b) in the previous theorem coincides with
condition (b) in Theorem 2, since ||Hk;|lo = ||f © ¢» — Pa(f 0 ¢2)|la, where
@-(w) = {=%. The proof of Theorem 6 follows the same argument as in
Theorem 2. As before, only the implication (d) implies (a) must be proved,
since the others implications are well known. If (d) holds and g € H*, then
using Proposition 2.4 there is a solution u of the equation du = gdf; with
llullp.a < Cllgllp,a- Since any such solution must be of the form v = f1g+h for
some h € AP the boundedness of the Bergman projection P, : L?(D,dA,) —

AP for p > 1 gives

157, 9llp.o < 1Hf9 = tllpo + lullp.a = [Pa(frg + P)llp.a + [¢lpa
< L+ (1Pl llullp,a-

This shows that Hy, is bounded, and the proof of the boundedness of Hy,
follows the same lines as in Theorem 2. Similarly, one can obtain the corre-
sponding result for compactness of the Hankel operator.

6.2. The two-sided ideal problem

One can also consider a two-sided ideal problem, namely, for a function
f € L*(D,dA,) describe, in terms of properties of f, the simultaneous mem-
bership of Hy and Hy in S, (this is equivalent to the membership of Hy in S,
when f is real valued). In the case that p > 2, K. Zhu obtained in [15] the fol-
lowing description: Hy and Hy are in S, if and only if MO, (f) € LP(D, d),
where d\(z) = (1 — |2]?) "2 dA(z) is the hyperbolic measure, and

MOa(f)(2) = (Ba(lfI*)(2) = [Baf(2)]?)

For the unweighted case o = 0, in [12] J. Xia proved that the same condition
MO(f) € LP(D, d\) still describes the simultaneous membership of Hy and
Hy in S, when 1 < p < 2. Note that for 0 < p < 2/(2 + a), the condition
MO.(f) € LP(d)) implies f being constant, so the natural conjecture for
the weighted case is that the condition MO, (f) € LP(dX) will also be the
correct condition for the case 2/(2 + ) < p < 2. For this case one can use
the method of J. Xia, but since it uses the duality between the .S, classes, it
can only be used to obtain results for p > 1, and this will still give the gap
2/(2+a) < p < 1 for the case a > 0. Therefore, it seems that new techniques
are needed here.

1/2
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