SCHATTEN CLASSES OF INTEGRATION OPERATORS
ON DIRICHLET SPACES

JORDI PAU AND JOSE ANGEL PELAEZ

ABSTRACT. We address the question of describing the membership to
Schatten-Von Neumann ideals S, of integration operators (T, f)(z) =
fOZ f(¢) ¢'(€) d¢ acting on Dirichlet type spaces. We also study this prob-
lem for multiplication, Hankel and Toeplitz operators. In particular, we
provide an extension of Luecking’s result on Toeplitz operators [10, p.
347].

1. INTRODUCTION AND MAIN RESULTS

Let D denote the open unit disk of the complex plane, and let H(ID) be
the class of all analytic functions on . For a@ > —1, let

dAy(2) = (a+ 1) (1 — |2|*)* dA(2),

where dA(z) = %dx dy is the normalized area measure on D. For a > 0,

the weighted Dirichlet-type space D, consists of those functions f € H(D)
for which

HfH%,gﬂfﬂDP+:/lfLﬂFdAa@)<<m,
D

Note that the space Dy is just the classical Dirichlet space and, as usual,
will be simply denoted by D. The spaces D, are reproducing kernel Hilbert
spaces: for each z € D, there are functions K¢ € D, for which the repro-
ducing formula f(z) = (f, K¢)p, holds, where the inner product in D, is
given by

mmm@f®R®+Afw?@m%@.

For 0 < p < oo, we shall also write AP for the weighted Bergman space of
those g € H(D) such that

lolty = [ 1o da(a) < o0

Date: April 16, 2012.

Key words and phrases. Dirichlet spaces, Schatten classes, integration operators,
Toeplitz operators.

The first author is supported by SGR grant 2009SGR 420 (Generalitat de Catalunya)
and DGICYT grant MTM2011-27932-C02-01 (MCyT/MEC), while the second author
is supported by: the Ramén y Cajal program of MICINN (Spain), “the Ministerio de
Educacién y Ciencia, Spain” (MTM2011-25502) and from “La Junta de Andalucia”
(FQM210), (P09-FQM-4468).

1



2 JORDI PAU AND JOSE ANGEL PELAEZ

Here we put our attention on the study of the integration operator T,
and the multiplication operator M, defined by

/f
M(f)—g f(2).

where g is an analytic function on . The bilinear operator (f,g) — [ f ¢’
was introduced by A. Calderén in harmonic analysis in the 60’s for his
research on commutators of singular integral operators [8] (see also [25,
p.1136]). After that, it and different variations going by the name of “para-
products”, have been extensively studied, becoming fundamental tools in
harmonic analysis. Pommerenke was probably one of the first authors of
the complex function theory community to consider the operator T, [17].
After the pioneering works of Aleman and Siskakis [4, 5], the study of the
operator T, on several spaces of analytic functions has attracted a lot of
attention in recent years (see [2, 3, 14, 16, 22, 23]).

Our main goal is to study the membership in the Schatten-Von Neumann
ideals S, of the integration operator Ty : D, — D,. If a > 1, D, is nothing
else but A2 _, and D; = H?, the classical Hardy space, so for p > 1, then
T, € S,(D,) if and only if g belongs to the Besov space B,, and if 0 < p <1,
then T, € S,(D,) if and only if g is constant (see [4, 5]). We recall that, for
p > 1, the Besov space B, is the space of all analytic functions g in D such
that

[lg@ra-pra) <.

where d\(z) = m is the hyperbolic measure on D.
The following result is implicit in the literature (see [27]) and can be
proved by using the theory of Toeplitz operators (see Section 5).

THEOREM A. Let g € H(D). We have the following:

(a) Let 0 < v < 1 and p > 1 with p(1 — ) < 2. Then T, € S,(D,) if
and only if g belongs to B,.

(b) If0 <p<1land 0 < o < 1, then T, € S,(D,) if and only if g is
constant.

However for 0 < a < 1 and p(1 — «) > 2, to the best of our knowledge,
it is an open problem founding a description of those g € H(ID) such that
T, € Sp(D,). This motivation leads us to introduce for 0 < o < oo and
1 < p < o0, the space X? which consists of those g € H(D) such that

(1.1)
1(2)|2 p p/2
9115z < lg(O)P+ / ((1 ) ) ”]ff 'wiﬁiﬁﬁ) (A-|wl)*dA(w) < co.

The following result gives a description of the membership in S,(D,) in
the range p > 1 and p(1 — «) < 4.
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THEOREM 1. Let 0 < a <1, g € H(D) and p > 1 with p(1 — «) < 4. Then
T, € Sp(D,) if and only if g belongs to XE.

Now we are going to deal with the case of the classical Dirichlet space
D. The situation here it seems to be more difficult. First of all, it is easy
(and well known) to describe when the operator T, belongs to the Hilbert-
Schmidt class Sa(D). Indeed, for any orthonormal basis {e,, } of the Dirichlet
space, one has (see Section 2)

ITol13, = I Tenlld = | 19'( |Zren (2)]? dA(2)
D
= ()21 A(2).
19 108 =" 4

Therefore, the integration operator T}, belongs to Sy(D) if and only if the last
integral in the previous equation is finite. The class of functions g € H(D)
satisfying this condition shall be denoted by DL.

If 1 < p < 2 Theorem A suggests that the membership in S,(D) of the
operator T, could be described by those g being in the Besov space B,.
However, since for p < 2 any operator on S, must be Hilbert-Schmidt,
clearly the condition g € DL is necessary for T, being in S,(D), and an
easy calculation shows that the function g(z) = loglog =
for all p > 1 but ¢ is not in DL. Thus, the condition g € B is not Sufﬁment
to assert that 7, is in S,(D).

On the other hand, as in the weighted case, there are no trace class
integration operators in the Dirichlet space unless g is constant.

(1.2)

THEOREM 2. Let 0 <p <1 and g € H(D). Then T, € S,(D) if and only if
g 15 constant.

For the case 1 < p < 2 we have a necessary condition and a different
sufficient condition. We will see that they are sharp in a certain sense.
Before that, for p > 1 and v > 0, we consider the space B, o, that
consists of those functions g analytic on D such that

'
Iol,.... =19 + [ 1P (o) (= BEP2dae) < oo

THEOREM 3. Let 1 <p <2 and g € H(D). Then
(a) If T, € Sp(D), then g € B,.
(b) If g € B, ogrr2, then Ty € S,(D). Moreover, ||Tylls, < C’HgHBp’logm.
(c) If g € X{, then T, € S,(D).

When one takes the monomials as the symbols, it turns out that the
correct behavior of ||T||s, is given by B, or X, while if one takes as a
symbol to be functions of the type g,(z) = (1 —az)~?, the correct behavior
is given by the B, .+ condition (see Lemmas 4.1 and 4.2).
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The case p > 2 seems to be a mystery. Let Dg denote the space of those
functions f with f € Aj. For p > 2, the inclusion Djj C D holds if and
only if 3 < (p —2)/2; and D C Dj if and only if 8 > p — 2 (see [28, p.94]).
Thus, if one is looking for conditions on the integrability of ¢’, it can not
be expected some necessary condition much better than B, = Dﬁ_Q, and a

sufficient condition must be stronger than g being in D?_,. We will discuss
2

a little bit this case in Section 4.

We close this section saying that from now on the paper is organized as
follows. In Section 2 we introduce several preliminary general results related
on Schatten classes of operators on Dirichlet spaces. Section 3 is devoted
to the proof of Theorem 1. There it will be proved directly (see Proposition
3.1 (iv)) the identity
(1.3) XP=B, p>1,a>0 and p(l —a) <2,
which together with Theorem 1 gives a proof of Theorem A not relying in
the theory of Toeplitz operators. It is worth mentioning that the Besov
space B, is rich of several characterizations (the identity (1.3) gives a new
one), each of them being the appropriate tool to use in different situations
(see [1], [7], or [29] for example). In Section 4 we prove Theorem 2 and
Theorem 3. Also, by using some testing classes of functions, we show that
those results are sharp in a certain sense. Finally, Section 5 is devoted to
study the relationship of the integration operator T, with other classical
operators acting on weighted Dirichlet spaces, such as Toeplitz operators,
multiplication operators or big and small Hankel operators. A similar con-
nection also happens in other contexts [18]. Indeed, the same techniques
used in the proof of Theorem 1 work to demonstrate an extension for posi-
tive Borel measures of the helpful result of Luecking on Toeplitz operators
[10, p. 347)).

Throughout the paper, the letter C' will denote a positive absolute con-
stant whose value may change at different occurrences, and we write A < B
when the two quantities A and B are comparable.

2. PRELIMINARY RESULTS

Let H and K be separable Hilbert spaces. Given 0 < p < oo, let S,(H, K)
denote the Schatten p-class of operators from H to K. If H = K we simply
shall write S,(H). The class S,(H, K') consists of those compact operators
T from H to K with its sequence of singular numbers A, belonging to /7,
the p-summable sequence space. We recall that the singular numbers of a
compact operator T" are the square root of the eigenvalues of the positive
operator T*T, where T™ denotes the Hilbert adjoint of 7. We remind the
reader that 7' € S,(H) if and only if 7T € S,/2(H). Also, the compact
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operator 1" admits a decomposition of the form
T = Z )\ 6n HOn,

where {)\,} are the singular numbers of 7', {e,} is an orthonormal set in
H, and {0,} is an orthonormal set in K.
For p > 1, the class S,(H, K) is a Banach space equipped with the norm

1/p
7], = (zw) |

while for 0 < p <1 one has the inequality ||S+ T, < IS5, + [[T']]s,- We
refer to [21] or [30, Chapter 1] for a brief account on the theory of Schatten
p-classes.

We shall write H for a Hilbert space of analytic functions in D with re-
producing kernels K,. Given an operator 7" on H, usually the reproducing
kernel functions carry a large amount of information about relevant prop-
erties of T, such as boundedness, compactness, membership in Schatten
p-classes, etc. It is known that if {e,} is an orthonormal basis of a Hilbert
space H of analytic functions in D with reproducing kernel K, then

(2.1) KO =) enlQen(z)

for all z and ¢ in D, see e.g. [30, Theorem 4.19]. We also introduce J,, the
derivative of K, respect to Z, that is,

(2.2) T(0) = enlQ) €n(2).

It follows that

(2.3) Yo leal2)P < KL%, and Z\e () < 1%
for any orthonormal set {e,} of H, and equality in (2.3) holds if {e,} is an
orthonormal basis of H. We shall write k., and j, for the normalizations of
these functions.

In order to avoid some confusions when dealing with reproducing kernels

of either D, or A2, we use the notation BY for the reproducing kernel of

the weighted Bergman space A% at the point z, and let b = HBQH be its
A
normalization. It is well known (see [30, Corollary 4.20]) that
1 (@ta)
(2.4) Bi(w) = m————,  and [|Bfllaz = (1—[2[*)”

(1 _ 2w)2+0‘

The reproducing kernel function for the Dirichlet type space D, is denoted
by K¢, and kY denotes the corresponding normalized reproducing kernel.
Since f € D, if and only if f' € A2, using the reproducing formula for

(o2
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the Bergman space A2 (see [30, Proposition 4.23]), it can be deduced the
following expression of the reproducing kernel of D, (see [7] or [27]):

(2.5) Ko (w _1+// 1—77C2+°‘dn

In particular, for o = 0,

KP(w) = K°%(w)=1+1 .
Plw) = K2w) =1+ log ;—

Also, it is easy to see that

log—% if a=0
2.6 K K2 (z) < S :
20 IRy, == { (FEEL 0T

The next two results are certainly well known to the experts (see [9] or
[24] for similar results), but we find convenient for the reader to give a proof
here.

PROPOSITION 2.1. Let T : A2 — H be a compact operator, where H is any
separable Hilbert space.

(i) Forp=>2,
[ Imesi axe) < o T
D 1+« v
(ii) For 0 <p <2,
715, < (1+a) [ 170 A,
Proof. Since the operator T' is compact, it admits the decomposition

Tf=> Alfsen)az fo,

where {\,} are the singular values of T, {e,} is an orthonormal set in A2,
and {f,} is an orthonormal set in H. Then

TB? = Aen(2) fa,

and therefore

ITBI5 =D Pl lea()?
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Now, if p > 2, using Holder’s inequality, (2.3) and (2.4), yields

/ 7017 dA(2 / ITB2 % 1 B213E dAC2)
p/2
- / (Zw?\en(z)ﬁ) 1B2132 dA(2)

n

p—2

< (Zu Plen(s )(Den 2)2HBa”Ag "

< T p LlenIP 132132 axc:)
= S P [ lea()P (L= 1 4AG) = 1 IR,

fOo<p<2 a snmlar argument, using Holder’s inequality with exponent
2/p>1,(2.3) and (2.4), gives

I, = (1 @) [ 3 Dl e 182132 d)

2—p

+a) [ (Zm ez ) <Zren<z>\2> 1823 dA(2)

p
2

(1+a) / (Zm en( ) 1B2 138 dA(2)
—(1+a) / |76 dA(:).

O
The corresponding analogue of Proposition 2.1 for the Dirichlet type
spaces D,, uses the functions j& = ﬁ

PROPOSITION 2.2. Let T : D, — H be a compact operator, where H is any
separable Hilbert space.

(i) Forp>2,
1
T35, d\ < ——||T|%
[z axe) < I,
(i) For 0 <p <2,
ITIE, < 1T+ 1+ ) [ 17521 A

Proof. Since T is compact, it admits the decomposition

Tf = Z )\n<f7 €n>'Dafn7
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where {\,} are the singular values of T', {e,} is an orthonormal set in D,,
and {f,} is an orthonormal set in H. It follows from (2.5) that J(0) = 0,
then using (2.4),

(2ta)

(2.7) 12, = 1B 14z = (1= |2%) "=,

and

(J2 en)po = (BS, €p) a2 = €),(2).
Thus TJ2 =3, A€/, (2) f, and therefore
(2.8) ITI2NE =Y [l len(2) .

If p > 2, using the identity (2.8), Holder’s inequality, (2.3) and (2.7)

p/2
/ IT521% dAC: / (Zm e ) 172127 dAC:)

p—2

/ (ZM 7 e, (2 ) (De ) 172115t dA(2)
<SP [ IR 1215 )
P ! 2 2\a 1 p
= Sl IR0 P aAG) < T

If 0 < p < 2, since ||e,]lp, =1, and dAy(z) = (1 + a)||J2||5. dA(z) due to
(2.7), then

171, Z!A 7 len(0)]*+(1 + ) ZM [” |€ )12 I, dA(2)
:(I) (IT).

For the first term (I), observe that |)\ | <||7||, and therefore

< HTH”Z|6n =TI | K515, = TP

(2.9)

For the second term (II), due to Hélder’s inequality, (2.3) and the identity
(2.8)

2—p

(11) §(1+a)/D<Z|AI len (= ) (Zle 2) 17215 dA(2)

n

p/2
§(1+0é)/D(ZMn!2leé(Z)\2> 172 Wl pr, dA(2)

n

~(1+a) / ITj21E dA(2).
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Putting the estimates obtained for (I) and (II) in (2.9) we obtain part (ii).
This completes the proof. O

The following result will also be needed.

LEMMA 2.3. Let « > 0. If 1 < p < 2 there is a constant C' = C(p,a) > 0
such that

Zien WPlel(2)2P > C (1= 222, |2] = 1°

for any orthonormal basis {e,} of D,.

Proof. Let {e,} be any orthonormal basis of D,. From (2.2) and (2.5) we
have

— o B z dn B 1— (1 o |Z|2)1+a
SAEI ) =26 = || i = e -

n

and, since a > 0, we obtain
(1= ) < (1 +a) Zlen ) en (2],

which gives the result for p = 1. If 1 < p < 2, using Hélder’s inequality

2|

1—{——04 (1-— e < Z len(2)] |e
1/p /v
< <Z|en(z)|p|e;(z)|2—f’) (Zle;(Z)lg)

n

1/p
<0(Z|en )P el (2)[2 ) (1 — |22)= v,

where the last inequality follows from (2.3) and (2.7). From here one obtains
the corresponding inequality. The proof is complete. 0

We shall also use several times the following integral estimate (see [30])
that has become indispensable in this area of analysis.

LEMMA B. Suppose z € D, ¢ > 0 and t > —1. The integral

(A= JwP)"
9= [ e dAw)
is comparable to (1 — |z|?)7¢ if ¢ > 0, and to logﬁ ifc=0

The useful inequality which appears below is from [13], and can be thought
as a generalized version of the previous one.
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LEMMA C. Let s > =1, r,t >0, andr+t—s>2. Ift < s+ 2 <r then,
fora,z € D, we have

[ gy < U

wz|" |1 — walt - |1 —az|t

For z € D and r > 0, let
D(z,r)={weD: f(z,w) <r}

denote the hyperbolic disk with center z and radius r. Here §(z,w) is the
Bergman or hyperbolic metric on D.

We also need the concept of an r-lattice in the Bergman metric. Let r > 0.
A sequence {ay} of points in D is called an r-lattice, if the unit disk is covered
by the Bergman metric disks {Dy := D(ax,7)}, and f(a;,a;) > /2 for all ¢
and j with ¢ # j. If {ax} is an r-lattice in D, then it also has the following
property: for any R > 0 there exists a positive integer N (depending on r
and R) such that every point in D belongs to at most N sets in {D(ax, R)}.
There are elementary constructions of r-lattices in . See [30, Chapter 4]
for example.

3. CASEO0 < a < 1.

Before embarking on the proof of Theorem 1, some preliminary results of
interest on their own must be proved.

3.1. A new class of spaces. In this subsection, we display several nest-
ing properties of X? and B, spaces. We offer a proof of (1.3), which gives
under those restrictions an equivalent B,-norm. It is worth noticing that
equivalent and useful B,-norms (see [1] and [7] for example) have been pre-
viously introduced for the study of operators on different spaces of analytic
functions on . Also, our next result proves that X? C B, if 0 < a <1
and p(1 —a) > 2. In fact, B, C D, if p(1 — a) < 2, and this is no longer
true when p(1 — ) > 2.

PROPOSITION 3.1. Let 1 <p < oo and a > 0. Then
(i) X? C D, N B,.
(ii) If p < q, then X? C X4.
(iii) If0 < o <, then XE C XP.
(iv) Let > 0. If p(1 — o) < 2 then X? = B,,.

Proof. For a € D fixed, let D(a) := {z: |z —a| < I—TWI}
(i)If ¢ € XP, then the subharmonicity of |¢'|* together with the fact
that |1 — wz| < (1 — |w|?) for z € D(w) implies that g € B,. Also, since
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11 —wz| <2,

gl > 27 /(/Ig (2)[* dAa( )) 2(1—leg)”_“%dz‘l(w)

= Crallg I

This shows that X? C D, proving (i).
(ii) Assume that g € X?. Fixa € D. If w € D(a), then (1—|wl|) < (1—]al)
and |1 —wz| < |1 —az| for z € D. So

(4 QdAa > p/2 3
Iolte = [ (M) eyt aw)
D(a D

|1 — wz|>+2

(5|2 )\ P2
> C(l o |a|2)p+ap/2 ( A |g( )‘ dAOé( >> )

|1 — az|*+2

This gives

2)2+a |g’(z)|2 dAa(2)

(3.1) sup(1 — |al PR

a€D D |1_

and it follows easily that ||g[|%, < C||g[|%, for ¢ > p.

(iii) follows from the inequality sup,p % < 1.

(iv) The inclusion X? C B, follows from (i).

Conversely, suppose that g € B,. Assume first that p > 2. Since pa >
p—2, we can choose € > 0 with pa— (1+¢)(p—2) > 0. Then, using Holder’s

inequality and Lemma B, we obtain

<C ( W) (1— ]wP)(*”E)%,

b |1 — wz[2iee

where t = w. This gives

lo= st < [ wer ([ (1~ Jul” e dAw) ) A2

|1 — wz|>tra

with g = w. Note that the choice of € gives pa > (3, and therefore
we can use Lemma B again in order to obtain

lg—g(O)1, <o/ P (1= |22 Ped Az / )P (1|22 2dA(2).
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Now assume that 1 < p < 2. Fix an r-lattice {a,} with associated
hyperbolic disks {D,,}. Then

2 p/2
llg —g(0 / (Z/n |91 —|wi?+2“)> (1— |w‘2)p—2+% dA(w)
p/2
/<Z 1 - aliz||2+2a (Z)‘sz(Z)> (1 — |w]2)P2+F dA(w)
— lay, POé/Q b/2 .
/Z 1—11 J}’pﬂ?a (/ 19" (2)[PdA( ) (1 — |w[?) £ dA(w),

Now, passing the sum outside the integral and using Lemma B we get

lg - 9(0 <§:1—Ja]PW2</M7 JPAA(: > z;r—gfézzzigwo
<3 ([ weram) <o

where the last step follows from Theorem 0 of [5] (see also [29]). This
completes the proof. [l

3.2. Proof of Theorem 1. The sufficiency for the case 1 < p < 2, and the
necessity for 2 < p < oo is a byproduct of the following result, which also
gives some information on the case p(1 — a)) > 4.
PROPOSITION 3.2. Let g € H(D) and o > 0.

(i) If1<p<2andge X2, then T, € S,(D.,).

(i) If2<p< oo and T, € S,(D,) then g € XP.
Proof. Since

lolly = [ 17,02, d7(:),

the result follows directly from Proposition 2.2. U

The necessity for 1 < p < 2 follows from the next Proposition and part
(iv) of Proposition 3.1.

PROPOSITION 3.3. Let 0 < a < 1 and g € H(D). Then
(i) Ifl1<p<2and T, € S,(D,), then g € B,.
(ii) If T, € S1(D,), then g is constant.

Proof. Let 1 < p < 2, and assume that T, € S,(D,). Then the positive
operator TT, belongs to S,/2(D,). Without loss of generality we may
assume that ¢’ # 0. Suppose

TiTyf = Aalfoen)en



SCHATTEN CLASSES 13

is the canonical decomposition of 7;T,. Then not only is {e,} an orthonor-
mal set, it is also an orthonormal basis. Indeed, if there is an unit vector
e € D, such that e L e, for all n > 1, then

18 GIPeR dAu(e) = Tyell, = (T3 Tesen, =0
because 1T, is a linear combination of the vectors e,. This would give

g =0.
Since {e,} is an orthonormal basis of D,, then by Lemma 2.3

[lgGipa—1sr-2aac)
<c [ (Zren i) ) dAa(2)
<cy (f rg'<z>|21en<z>\2dAa<z>)p/2

* 2 * 2
= O (T3 Tyen, en)iy’ = C Y N> = CIT T,

which finishes the proof of (i). Furthermore, if T, € §;(D,), then (3.2) says
that

[ i@l -12P) " aae) < o
D
which implies that g is constant. This completes the proof. 0J

The remaining part of the proof is more involved. It will be splitted in
two cases.

Sufficiency. Case 2 < p < 4. Let {e,} be any orthonormal set in D,.
Then

p/2
S itenls, = 3 ([ R @) <0+ )

with
h=Y ) P( [ >)2
- ([ e - ei<o>|dAa<z>)p/2.

Since g € X? C D, by Lemma 3.1 and |e,(0)| < 1, we clearly have

L <lgllp, Z lea(0)1* < llgllp, 16515, < Cllglks

and
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In order to deal with the term I, note first that €2 € D; s, because for
any [ € D,,

pep<o e cp
(1= |z[)
So from the reproducing formula for DHQQ we deduce
len(w)]]er, (w)]
€2(2) - |<c/ L 141,

Therefore, if we use the notation

- [WERIEE - o).

Fubini’s theorem and Hélder’s inequality yields

o ([ oo [ [ HEEEED) )

/ 2 p/2
p ., _ g (2)]FdA,(z
< [leatwtletwn ([ BN Vi atw

Then, if p = 4, it follows from (2.3) and the fact that || K$[|%, =< (1—|w[*)™®
that

[N4S]

' 2 2
o 9 (2)]7 dAu(2
=S ter<c [z, ([ HEEEE) dhgeaniatn)

! 2 2
g (2)|7 dAs(z
= C/D ( > | |1(—)‘wz|2+§a)> dA1ap(w) = lgl[x;-

Now, if 2 < p < 4, notice that Holder’s inequality with exponent 4/p > 1
and (2.3) yield

p/4 1-
El%wquwﬁﬁs(Z]%mw> Cikmwﬁ

9 t=p)
< | BC|2Z 22

This together with the fact that for o > 0 we have ||K2||% = (1 — |w[*)™®
and || J3][3, = (1 — |w[?)=®+*), gives

= Z Jn(g)p/2

/ 2 p/2
By _p g (2)|* dAs(z
ﬂ%mewmw{;ﬁth)Mwwm)

/2 || o [9/(2) dAa(2) "
HKHWHJMQ( L) g ralw)

2dA, p/2
<0/( ) ddyssagw) = Cllol,

|1 — wz|* 2

]
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Since g € X? combining the estimates for I and I; we obtain that

> I Tyenlh, < C < oo
n

Thus, by [30, Theorem 1.33], the operator T}, belongs to S,(D,).

Sufficiency. Case 4 < p < oo and p(1 — a) < 4 . Proceeding as before
we get

Tu(g)"? < C (/D len(w)]|€l. (w)] { i ’7/1(2—”;??—0;2(5)} dA1+2a(w)>p/2

§C<AEAMF&MM%M%JMYM

where

"(2)|2dAL(2)
e [IECRAA)
Saglu) = (1= e [ DAL

Since @ > 0, p > 4 and p(1 — a) < 4, Hoélder’s inequality implies that
HSagHL2 (D.dAs o) C’Hg||Xp7 and therefore we can assume that e, (0) = 0.
Note that for 2 o we have

(3.3) len(w)] = len(w) —en(0)] < C

len(Q)]
o 1= cufa )

This follows from the reproducing formula for D and the fact that D, C Dg
if « < . Since pa > p — 4, we can take £ > 0 so that

(3.4) ap — 3ep > p — 4.
Now, choose
pe ap — 3ep 4
: 1+—, —— a— - .
(3.5) 5>max{ +5 p— e €+p}

An application of Cauchy-Schwarz inequality and Lemma B, together with
(3.5) gives

39 \%ww§c(/ﬁ%9%d@%@)u—mme

The use of (3.6), Fubini’s theorem and Hélder’s inequality give

pm<c</\n ([ B ) it

Sag(w)? "
<C / len(¢ ( ﬁdflua (w )) dA (g 1epp/ata(-2)(C)-

Thus, by (2.3)
(3.7)

p/4
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Let 5 . 5
_“+8tap—3Sep

p—4 p—4
By (3.4), we have v > —1. Now, using Holder’s inequality, (3.5) and Lemma
B we obtain

Sag(w)?
D|1_Cw|’3

< ( Sag(w)?/?

[ s ) (=P T

Putting this into (3.7), Fubini’s theorem an Lemma B yields

p/2

S oy < Of ( f T Es tnesto)) (- 16P) -2 haac

= [[sagtor ([ B2 040 ) g

e / Sug(w)"/2dA, () = Cllg%,
D

ap — 3ep

dA2+a—8 (’LU)

SIS

SIS

3.3. The open case. In relation with the open case p(1 — a) > 4, we
provide a result which can be proved following the lines of the proof of
Theorem 1 (case p > 4), and therefore the proof will be omitted.

PROPOSITION 3.4. Let 0 < o, p > 2 and g € H(D). If g € X2__ for some
€ (0,a), then T, € Sy(D.,).

Obviously, X?_. C X? if (1 — a)p > 2 (see Lemma 4.1 below), so Propo-
sition 3.4 gives a sufficient but not necessary condition for T, € S,(D,),
(1 — a)p > 2. However, if @« > 0 and 1 < p < oo, those techniques which
will be developed in the proof of Lemma 4.2, together with Lemma C, imply

that for any g > 0,

||Tga‘|sp(Da) = ||ga||Bp = Hga”Xg?
where gq(z) = (1 —az)™", v > 0. In particular, the previous result gives

the right growth for this family of functions.

4. SCHATTEN CLASSES OF T, ON THE CLASSICAL DIRICHLET SPACE

4.1. Case p < 2.

Proof of Theorem 2. Since S,(D) C S1(D) for 0 < p < 1, the result follows
from part (ii) of Proposition 3.3. O



SCHATTEN CLASSES 17

Proof of Theorem 3. Part (a) follows from part (i) of Proposition 3.3, and
part (c) is deduced in Proposition 3.2. In order to prove part (b), assume
that 1 < p < 2. Then, for all orthonormal sets {e,} of D, we have

S Ty calol < 3 ([ela@lelae)
<Z(/rg P leaIP 2 ) ( [l dae )
< [wer (Zren<z>|p\e;<z>|2-p> 4A(2)
! p/2 1-p/2
< / g ()P (;en(z)ﬁ) (;w;(zn?) dA(2)

<c [15eP (1o _‘3|Z|)p/2 (1= o2 2 dA(:).

Thus, by [30, Theorem 1.27], we deduce that T, € S,(D) with ||T,||s, <
CHgHBPIOgP/Z' O

4.2. Testing functions for Schatten classes. Our next goal consists of
proving that Theorem 3 gives the correct behavior of ||Ty|ls,, 1 < p < 2,
at least for some families of functions. For the beginning, we deal with
monomials.

LEMMA 4.1. Asumme that 0 < a < 1 and 1 < p < oo. Let gj(z) = 27,
1=1,2,3.... Then

j? if (1—ajp<2,
4.1 Ty llsyma) = Mlgsllxz = § (1o (J +1)) if 1—a)p=2,

Ji3e if (1—ap=2
(4.2 lgilla . = 577 (log(G + 1),
and
(43) lgilla, = 7.
Proof. We shall use the inner product in D, given by

(fog)=> (k+1)'"“arby,
k=0

for f(z) => " yanz", and g(z) = > 2, b,2". We note that
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Now, if 0,,(2) = —Z1=, n € N, we have that {0, }22, is an orthonomal

(nt1) 2
basis of D,, and furthermore

2 Gy =y j(n+1)72" < (n+1)="
DI JUSUED R S JES SIS
n=j n n=j n n=j (7’L j + 1)

j(n+1) 2 }OO _

That is, the singular values of the integration operator T, are { —
n(n—j+1) 2

n=j

Consequently,

(44 I, =P

On the other hand,

2(j—1) £
lg;1, = ( Y &4(0) (1= 27> dAG:).

‘1 _ ZC‘2+20¢

P
2

) — 2P dA(2)

2] 1
1 —7’|Z| 1+2a

( 7”+12””m) (1 [sy2 dA(:)
oy (

— (2j +m)t*e

P

> 12am 2
Zm+ > (1 — )P 245 (ds.

mO

At this point, we use [12, Theorem 1] to obtain

RN (m+1)>
P < 5P _— o 1 o Nta
19515z = 7 ;zn@_w;) 2 (25 +m)lte

mel(n)
2n
7 [2n(1-a) (20 4 25)1+a]??

p/2

o0

- P
~1J

n—=

=7 2 = >1 (1) P/
n=0 meI()[(m+1) @) (m + j) )]

> 1
= [(n + 1)0-0) (n + j)(Fe)]P/?

]p

1
=J Z n(+a) (n — j 4+ 1)0- a)]P/2

which together with (4.4) gives the first equivalence in (4.1). The second
equivalence in (4.1) follows from an straightforward calculation according
to those values of p and a.
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Now we prove (4.2),

I e \P/?
jp/ T(J—l)p+1(1 _ T)p—2 (log ) dr
0 1—r
1 e \P?
jp/ r(j—l)p+1(1 _ T)p—2 (log ) dr
1—-L

PR

1 e p/2
xjp/l ) (1—r)p’2 (logl_r> dr

Jj+1

= j (log(j + 1))"*,

1P
loills .

v

where in the last step we have used that w(r) = (1 —r)?~2 (log I%T)p/Q is an
admissible weight with distortion function equivalent to (1 — ) (see [15, p.

11]). Now, bearing in mind the properties of the Beta function,

1—-L p/2
+1 .
jp/ ’ pU=UPHL(] — P2 (log € ) dr
0

1—r

1

ak T(J’—l)p+1(1 _ T)p—Q dr

< Oy (log(j + 1))” /

0

1
< O (log(j + 1)) / PGP (1 )2 gy
0
= j (log(j + 1))"?,

so we get (4.2). The equivalence (4.3) can be proved analogously. This
finishes the proof.

O

Next, for each a € D and v > 0, consider the functions g,(z) = (1—az)™".

LEMMA 4.2. Assume that p > 1 and v > 0. Then

n ol < (1~ la?)™

e 1/p
46) == la) ™ (log =) ol 1
and

1/2
- o 2\~ €
A1 s = ol 0= 0l (los =5 )
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Proof. A simple use of Lemma B implies (4.5). Since |1 — wa| < |1 — w2
for any z € D(a) = {z: |z —a| < |a|} it follows that

dA(z) S / dA(z)

p |1 =Wzl —@z[*2 = Jp |1 —wz?|]1 — az[*7+2

S C / dA(z)
— (L=la])**2 fp, [1 —wz]?

C

~ (1= lal)»[1 —wal*’

Therefore, joining this and Lemma B,

p/2
M“@S‘m”n/(/wl_uwu1_aawﬂ) (e aat)

(1 — w2 dA(w)
>Ou—MWré 1 wap

= (1 Ja 7 (tog ).

On the other hand, taking 0 < ¢ < min(1,2(p — 1)/p), and bearing in
mind Lemma C,

Y (BT e
w
p |1 —wz?|1 —az|2+2 — |1 —wz|>¢|1 —az|>+2

(1 - )~
< .
< Ul - wal

So, an application of Lemma B gives

C / (1 — |w]?)~27/2 dA(w)

1= [a])» 1 — wa—<t

e
= (1—|a]) ™™ (1 — 1.
a7 (los =)

In order to prove (4.7), we first estimate the B,
ga(2) = (1 —az)™". Take a € D with |a| > 1/2.

laelly < ¢

o»/2~11OTTI) of the functions

(4.8)
, L(1— )72 (log == )" ds
loully, 0= [

(1 — |a|3)m+p—1
[z e T 0o o)
0 (1 — [a]s)rrr=t la| (1 —|a|s)prtr=t
= L(|al) + L([al)-
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Since (1 — s)P~2 (log l—fs)p/z is an admissible weight

1 ! 9 e p/2
L(|a]) < A= /a|(1 — s)P (log T S) ds

1 e p/2 B
=Tl <1°g = |a|) af =17

1l < (108 |a,) A TS
<

P/2 1
¢ (log - |a|) A Ja)

which together with (4.8) and (4.9) gives

(4.9)

Moreover,

1/2
— _ - € -
(4.10) 19all5, e = (1= 1al) (log ) o M=

Now, if 1 < p < 2, by (4.10), the description of Hilbert-Schmidt integra-
tion operators obtained in (1.2), and part (b) of Theorem 3,

1/2
_ €
= la)™ (o =11) =l = ITa s < 5o

(4.11) »
< O”g“HBp,logpﬂ = (1—|a])™” <log e |) , lal =17,
Furthermore, if 2 < p < oo, using again (4.10) and Proposition 4.3 below,
1/2
@ =ta) (log =) = s, < ClTa s ) < Tl
1/2

=l 0 = (0= ) (tog =) ol o1
and this completes the proof of (b). O

Bearing in mind that (X2, || - ||x») is a Banach space for p > 1, the closed

graph theorem and Lemma 4.1 and Lemma 4.2, we deduce that X{ C B,
and is different from B, .». In particular, Proposition 3.1 (iv) does not
remain true for a = 0 and l<p<?2

4.3. Case p > 2. We collect our results for this range of values of p in the
next proposition.
PROPOSITION 4.3. Assume that g € H(D) and 2 < p < co.

(i) If T, € S,(D) then g € B

p,logP/?*

(i) If T, € S,(D) then g € X{.
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(i) Assume that 2 <p < 4. If

2 p/2 p/4

p def P |gI(Z)| dA 1 € dA <

oty Zlaor+ [ ([H2aa0) (lor =) st < o
then T, € S,(D).
Proof. We prove part (i) first. It is clear that T, € S,(D) if and only if
M, € S,(D, A%), which is equivalent to the fact that the adjoint M, o belongs
to S,(A% D). Now, the result can be deduced by applying Proposition 2.1
with T'= M}, and H = D. Indeed, an easy computation using (2.6), the
properties of the adjoint and the reproducing kernels gives
M BY||5 = (M BY, My, BY)p = (B], My My, BY) 42 = My M7, B(2)
=9'(2) Mg BY(2) = ¢'(2) (M, B2, K?)p = ¢'(2) (B2, My K7) 42

- (&
=g'(2) Mg’KzD(Z) = 19'(2)[* log 1——|z]2

This, bearing in mind (2.4), yields

p/2
[1aGr (loer=") (= Rr2aae) = [ 13805 axe).
D 1— [z

which together with Proposition 2.1, gives (i). Part (ii) follows from Propo-
sition 3.2. Finally, reasoning as in the proof of Theorem 1 (case 2 < p < 4),
we obtain part (iii). O

By arguing now similarly as in the proof of Lemma 4.2, we deduce that

+

1
- _ - -
lgallxe = (1= la]) (log1_|a|) a1

and Proposition 4.3, together with Lemma 4.1 and Lemma 4.2, says that
any of those conditions which appear in Proposition 4.3 does not describe
the membership of 7, in S,(D) for p > 2. However, if the monomials
are taken as the symbols, Lemma 4.1 says that the correct behavior of
|T5ls,(p) is given by X{, but if the symbols are the family of functions
ga(2) = (1 —az)™", a € D, Lemma 4.2 says that the correct behavior is
given by the B, .»/> condition.

NG
==

5. RELATIONSHIP WITH OTHER OPERATORS

It should be noticed that the integration operator 7 is bounded, compact
(in D, ), or belongs to the Schatten class S,(D,) if and only if the multipli-
cation operator My : D, — A2 is bounded, compact, or belongs to S,. In
this section, we shall study the relationship of the integration operator T
(equivalently M) with other linear operators such as Toeplitz operators,
the big and small Hankel operators, or other multiplication operators.
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5.1. Toeplitz operators. We recall that given a finite positive Borel mea-
sure 4 on D, the Toeplitz operator @), on D,, o > 0 is defined by

- [ s Re@iautw),  fe.

Toeplitz operators have been a key tool for studying the membership in
S, of many classes of operators, such as composition operators (see [11],
[10, Section 7] and [30, Chapter 11]) or integration operators (see [4, 5]
and [16, Chapter 6]). Indeed, the integration operator T, and the Toeplitz
operator (), on D, are related via the identity T)7T, = @,,, where g is
the measure defined by duy(z) = |¢'(2)|?dA.(z), and one can obtain a
proof of Theorem A using the characterization of Schatten class Toeplitz
operators obtained by D. Luecking (see (5.1) below). So, it is natural to
expect that the methods used to study the membership of 7}, in the Schatten
p-class of D, are going to work also for the Toeplitz operator @), on D,, for
a general measure p. Before doing that, we recall Luecking’s result [10]
describing the membership in S,(D,) of the Toeplitz operator @, for all
p > 0 with p(1 — «) < 1. He shows that, for the range of p considered
above, @, € S,(D,) if and only if, for any r-lattice {a;} with associated
hyperbolic disks {D;,}

p(D;) \’
(5.1) (— < 00.
2T T
Given a finite positive Borel measure on D, for any —1 < a < oo and
0 < p < oo we define

s ® [(0 -y [ Y - eptaa)

Here we are able to obtain a full description of the measures p for which
the Toeplitz operator @, belongs to S,(D,) on the extended range of all
p >0 with p(1 —a) <2 and 1 < p(2 + «). We remark here that, as a > 0,
a complete description of the Hilbert-Schmidt Toeplitz operators on D,, is
obtained.

THEOREM 5.1. Let pu be a finite positive Borel measure on D, o > 0, and
let p >0 with 1 < p(2+ «) and p(1 — «) < 2. Then the Toeplitz operator
Q. belongs to S,(D,,) if and only if X2P(u) < oo.

Proof. Consider the inclusion operator I, : D, — L*(D,p). It is easy to
check that Q, = I:1,, and thus Q, € S,(D,) if and only if I, belongs
to Sy,. Now, the necessity of X2(u) < oo for p > 1 and the sufficiency
for p < 1 follow from Proposition 2.2. Also, by repeating the proof of the
sufficiency in Theorem 1 replacing the measure |¢'(2)|* dA,(z) in that proof
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by the measure dy we obtain
Z Henl| Fop, < C < o0

for all orthonormal sets {en} of D, provided p > 1 and p(1 — «) < 2. This
proves the sufficiency of X?P(u) < oo in that range. Finally, it remains to
show the necessity in the case 1/(2 4+ a) < p < 1. Let {a;} be an r-lattice
with associated hyperbolic disks {D;}. Using that |1 —wz| < |1 — a,z| for
w € D; and Lemma B, we deduce

X2p / (Z |1 —a, z|2+2a> (1- |Z|2)2p_2+ap dA(z)

1 o |Z| )2p72+ap

< CZ / T a e dA(z)
. C; e

Thus, by Luecking’s condition (5.1), if Q, € S,(D,) then X2P(u) < oo
completing the proof of the Theorem. O

We conclude this subsection mentioning that in [19] one can find a de-
scription of the membership of the Toeplitz operator @), in Sx(D,) for
positive integers k in terms of some iterated integrals.

5.2. Big and small Hankel operators. As in [26] and [20], for a > 0, we
consider the Sobolev space L? consisting of those differentiable functions
u : D — C for which the norm

ullzz = (|U(O>|2+/D‘Vu(z)|2dz4a(z)>l/2

is finite. It is clear that D, is a closed subspace of L?. Let P, be the
orthogonal projection from L? onto D,. The big Hankel operator Hy -
Do — L7 and the small Hankel operator ¢ : D, — L7 are defined by

Hy(f) = (I = Pa) (@),
hy (f) = Pa(f9)-

The relation between the big Hankel operator and the multiplication oper-
ator My is clear and well understood. Indeed, in [26, Corollary 1] Z. Wu
shows that M, : D, — A2 is bounded, compact, or belongs to S, with
1 < p < oo, if and only if the same is true for the big Hankel operator
HY:D, — L?. However, although M is related with the the small Hankel
operator (see (5.4) below), the transformation of a result from one operator
to the other is not straightforward. Respect to this question, it is known
that M7 : D, — A2 is bounded (or compact) if and only if A2 : D, — L
is bounded (or compact) (see Theorem 2 and Lemma 3.3 of [27]). Z. Wu

(5.2)
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also shows that (in the case of the Dirichlet space) for p > 2, H) : D — Lj
belongs to S, if and only if A : D — L§ belongs to S, (see 26, Theorem
6]. Note that, by the previous observations, we may replace Hg by My
or T;). The main aim of this section consists of extending Wu’s result on
Schatten p-classes for the small Hankel operator to all D, and to all p with
1 < p < co. Before that, we recall that

B ou, . 0K2(z)
Pou(w) = u(0) + A E(z) 9 dA.(z),
and has the property (see [20, p.105]) that
0 [ Ou dA.(2) 5
(5.3) 5 (Pou)(w) = N (2) 1= zwy uel;.

THEOREM 5.2. Let « >0, g € H(D) and 1 < p < co. Then T, € S,(D,) if
and only if b} € Sy(Da, L2).

Proof. Firstly, we recall that if T; or hy is bounded, then g € D,. It is
enough to consider the relationship between Mg and hg. For this, we look
at the difference of M, and a%h;‘. For f € D, a straightforward calculation
using that g € D, and (5.3) yields

5 Mpf(w) - () = [ g

For 1 < p < oo, if Ty € §,(Da) or hy € Sy(Da, L2) then g € B, (see
Propositions 3.1, 3.2, 3.3, Theorem 3 and [26, Theorem 1]), and therefore the
difference considered above, as an operator acting from D,, into L*(ID, dA,,),
belongs to S, by Proposition 5.3 (which we are going to prove below). This
completes the proof. O

dAu(2).

For u € L?(D,dA,), consider the operator

Aufw) = [u T o),

PROPOSITION 5.3. Let a >0, u € A and 1 <p < oo. Ifu € A)_,, then
A, : D, — L*(D,dA,) belongs to S,.

For the proof of that proposition, we need the following lemma.

LEMMA 5.4. Let 0 > —1, and 2+ 0 < b < 4+ 20. Then for each a € D
and any f € H(D) we have

2) — f(a)|? ’ QdA2+a <
SO an e <0 [1rep i),

Proof. Let p,(z) = 2==, and consider the function f, = (fo p,). After the

1-az’
change of variables z = ¢,((), and an application of Lemma 2.1 of [7] we
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get

JHDZLOE 10 = (- e [ B LOE 14

ac’4+20 b

SC( 2+G b/| |2dA2+0(g)'

aC|4+20 b

Finally, the change of variables { = ¢,(z) gives

1 az|4+2o—b

/ —'f<|j>_—af<“>' A () <Cf I (e >|2—’( e (1L Il 7dAG)

z|P
_c/ L= E 1_’2‘ " gacs).

—az|b

O

Proof of Proposition 5.3. Firstly we deal with the case p > 2. Note that, for
f € H® (the algebra of all bounded analytic functions on D, a dense subset
of D) and u analytic, one has A, f = uf — /Pva(u f), where P, denotes the
Bergman projection from L?(D, dA,) to A%. Therefore, A, f is the solution
of the equation dv = wf’ with minimal L?*(D,dA,) norm. Now, it is well
known that the solution of dv = uf’ given by

U(Z) _ 4) (ufl)(w> (1 — ‘w‘2>1+a dA(w)

(z —w)(l —wz)lte

satisfies the estimate
/ j0(2) dAa(z) < C / (W) ()P (L |22+ dA(2).
D D

Indeed, the estimate in question follows from Cauchy-Schwarz inequality
t
and the fact that, for ¢ > 0 and ¢ > —1, the integral [ |zl [wl?)" dA(w)

w| [1—wz|1Ft+e
comparable to (1 — |z|?)7¢ (this is just a variant of Lemma B). Taking all
of this into account, we obtain that

18

(5.5) 1A f 2 p.ann) < C/DIU(Z) F2)P (L= [z[)** dA(2).

From this inequality, it follows easily that the operator A, is bounded (or
compact) if sup,cp (1—12|)u(z)| < oo (or if lim, ;- (1 —|z])|u(2)| = 0), and
it is clear that these conditions are implied by the fact that u € Ang. Now,
let {e,} be any orthonormal set in D,. Therefore, using (5.5), Holder’s
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inequality, (2.3) and (2.7), we obtain

p/2
S Iduealapany £ € X ([ 1) I 0o a0
<CY [ WP R (0= Ry da)
-c / (P S e (1= 4 a4

< Cllulf

A different proof for the case p = 2 (that can be adapted to the case p > 2)
can be given as follows. Let {e,} be any orthonormal basis of D,. Take
0 < e < 1. Then, Lemma 5.4 yields

|Ae |2 / u(2) 2dAa+E / len(w) — e, (2 |2dAa e(2)
5.6 uén( 11— w2+ 11— wz|2te
. <C / u(2) ‘2dAa+a / e, (2 ’2 dAzia—(2)
|1_wz|2+a |1_wz|2+a ’

Therefore, using (2.3) and Lemma B, we get

Sl =3 [ 18w ds(w
<0/(/ ’uufﬁﬁi )(/z |€u_|;iﬁ2++f (2 >)dAa(w)
o ([ ) (] 40
<C/(/ ’u‘lfﬁ?j& ))dA—f(w)

dA_.(w) 5
= < 2.
C/ |u(z) ( = wz\%o‘) dAn+e(2) < Cllull3

For 1 < p < 2, one has Ag_2 C A% Thus, by the case we have just
proved, the operator A, is Hilbert-Schmidt and, in particular, compact.
By Proposition 2.2, a sufficient condition for A, to be in the class S, is

(5.7) /D 1A any AN(2) < 0.
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Now, take 0 < ¢ < 1 with @« —e¢ > —1 and p — ep > 1. Proceeding as in
(5.6), and then using Lemma C we obtain

o 2 |U( |2 dAa—i—a | Ja |2dA2+Oc E(C)
|<Au<]z )(w)| S C < |1 _ wg|2+a e ) / |1 _ w€|2+a+a >

o ([ Or e )E ) )
(

IN

|1 _ w€|2+a € |1 _ Z€|4+20‘ |1 _ wg|2+a+a

o [ 1OP A (Y (1 |2y
< D )

|1 _ w<|2+a € |1 _ wz|2+o¢+a

IN

This, together with Lemma C, gives

8T e any = [ 1(8T)w)F dAaw)

o(w)
<C(1—|z*)” /|u 12(/ T woera 6,1w ,U_)Z|2+a+6) dAsi<(C)
< C(1— |zp) % [u(Q)]? dAat=(¢)

p |1 —Z(¢[*toe

Thus,

1A g M) = [ 182 00, 1215 4C)

(58) — LIBT3 = 152 A )

QP dAuse : L
I

Now, consider an r-lattice {a,} with associated hyperbolic disks {D,}.
Since p/2 < 1 we have

([t < (] et
= (Z |(11—_ z—'Zzliiii / n \u<<>|2dA(<>>
0L |<11—_ |a :zﬁ;’ (/ ()P dA(O)g |

[iS]

[MiS]
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Putting this into (5.8) and applying Lemma B, we obtain

JAESL e
e ) P (1= |2 rdA(2)
< O30 -l (f woran) [P

< CZ (/ ()2 dA(C ))g <Clully,

due to Theorem 0 of [5]. This establishes (5.7) completing the proof. [

5.3. Multiplication operators. It is well known that the multiplication
operator My : D, — A? is bounded or compact if and only if M, : D, —
A3, is bounded or compact. Thus, a natural question arises here: It
is true that My : D, — A2 is in the Schatten class S, if and only if
My = Do — A3, belongs to 5,7 We are going to see that this happens
when p > 1, but the result is false for p = 1. Let us consider the spaces

={feA2: f(0) =0} and D, = {f € Dy : f(0) = 0}.
THEOREM 5.5. Let a > 0, 1 < p < o0 and g € H(D). The following are
equivalent:
(a) My : Dy — A2 is in S,;
(b) My : Dy — A3, isin S,.
Taking into account Theorems A and 2, the next result shows that it is no

longer true that M, being in the trace class S; is equivalent to My being
in the trace class. We recall that g € By if g € H(D) and

/D 19" ()| dA(2) < 0o

THEOREM 5.6. Let g € H(D). Then,

(a) For a>0, My € 8§(Dq, A3.,) if and only if g € By.
(b) If My € $(D, A3) then g € By.

(c) If
1/2
/|g" log myp |2> dA(z) < o0,

then Mg// S (D, A%)

(d) Neither of the two previous implications (b) and (c) can be reversed.
Moreover, there is a function g € H(D) with My € S(D, A3) such
that

/!g” ) ¢(z) dA(z) =

for any function ¢(r) increasing continuously to oo on (0,1).
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One should compare Theorem 5.6 with the results obtained in Theorem
8 of [6], where trace class bilinear Hankel forms on the Dirichlet space are
studied.

Proof of Theorem 5.5. We recall that if (a) or (b) holds, then g € B,. We
first deal with the case p > 2. Since || f||az < || f'||az, for f € AZ, then, for

24«
any orthonormal set {e,} of D,, we have

(5.9) ZHMg’enHZgAZH gen) |z,

Note that

Z [(Mye, || S C <Z ||Mg"€”’|i§+a + Z HMg/e;Hinga) ’
n n

(5.10) and

S gl <c(zn . +zuMg/e;uzg+a).

Since g € B,, it follows from Holder’s inequality that

p/2
Syl = 3 ([ 16GR G ddnals))
SCZAW@W%MW—MW“M@
g<74ﬂ¢@ﬂﬂuﬁ%gu—w4%mﬂdA@>

e / ()P (1 — |52 2 dA(z) < Clglls,

From this, (5.9) and (5.10), it is easy to see that (a) and (b) are equivalent.

Now we deal with the case 1 < p < 2. Since Ai coincides with Dzm with
equivalent norms, we will see that (b) is equivalent to My : Dy — Do
being in S,,. For all orthonormal sets {e, } of D,, and {fn} of b2+a, we have
that

Z’ /emfn Data P =< (1),

where
Z | len ) 2+a ‘p.

We see that (I1) < C((I11 ) (11b)), where

S| o TE0 - i)

(I1a)
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and

p

(1) =7 Fa(2) (1 = |2[*)* dAa(2)

n

/D ¢'(2) en(2)

Next, we are going to see that the term (//a) is dominated by the B, norm
of g. Indeed, Holder’s inequality gives

UOES ( [1g@le@inel0- |z|2>2dAa<z>)
< (Z [19@P P IR 1= 7 du(: >> T
< /D 19'(2) (Z el ()P ()] p) (1 — |22 dAL(2).

At this point, we use Holder’s inequality again together with (2.3) and (2.7)
to obtain that

110 < | e (3 re;<z>|2)”/2(z £F) T (- PR dA(2)
/ P 12, 252 (1= |#I2)2 dAa(2)

/ g (2P (1= [2?)~F8 (1 — |22)~ 5" (1 — |2)? dAa(2)
< Cllgllt,-

Thus, putting all together, we see that if g € B, then
Zl /6n,fn D2+a| <OO<:>Z| //6n7 > §+Q|P<OO.

Observe that we have just proved one implication, but the other is proved
exactly in the same way. Finally, it is clear that {f,} is an orthonormal
set of Dy, if and only if {7} is an orthonormal set of A3, , which gives
(a) < (D). O

Proof of Theorem 5.6. 1f the decomposition of the positive operator M, Mg

is given by > A\, (:, €n)p, €n, then, as in the proof of Proposition 3.3, {e,}
is an orthonormal basis of D,. Thus, by Lemma 2.3, we have that

(112 1“<CZI€n ) en(2)],
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and we deduce

/D\g”(Z)\dA(Z) < C/Dlg”(Z)l(l— |2[*) (Zlen(Z)l |€;(Z)\) dAq(2)

= CZ/D 19" (I = [2*) len(2)] e, (2)| dAa(2)

1/2
<CZ( / R ez (1 —|z|2>2dAa<z>)
1/2
= O | Myren]|az, . _CZ g7€ns Mgren) a3, ) /
=S V2 = ClMs,

which gives (b) and the necessity in (a).

Now we proceed to show part (c), and the sufficiency in (a). Bearing in
mind (2.3) and (2.4), for all orthonormal sets {e,,} of D, and {f,} of A3,
we have

|M”||81 < Zl ”enafn A%Hx‘

< / 19" (2)| (Z len(2)] Ifn(2)|> dAs0(2)
1/2
(5-11) < / |g”<z>|< en(2) ) (Zm ) Az a(2)

< [ WO o 1 g, dAaea(2)

= / ") K. o, dAaja(2)

and, according to (2.6), this is comparable to

1/2
/|g" (log P |2) dA(z) if a=0

establishing part (c); and is comparable to
/ lg" (2)| dA(2) for a>0
D

that gives the remaining part in (a).

Now we prove (d). To see that part (b) can not be reversed, consider the
functions ¢,(z) = (1 —az)™7, v > 0 and a € D. Then, the same argument
leading to (4.10) yields

e 1/2 o 1/2
12 ! log —— dA(z) < (1 —1a|>)™ (log ———
512) [ 100 (low =" ) e = (-l (1o =" )
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and by what we have just proved (see (5.11) and the comments after that),
one gets

1/2
_ (&
| M|l s, (p,a2) < C(1 — |a?)™7 (log 1_—W) :

On the other hand, we can estimate the trace of M, from below as follows.
Let {e,} be any orthonormal basis of D. Then

1/2
| Mg lls,(D,a2) > | Mgy |l sy(p,42) = (Z HMgg’enHi;g)
n

( / G(2) len(2) ] dAs(z >)1/2
= ([t ro8 = aate ))1/2

2\ =y e 1/2
> C(1—a]") (IOgl——]aP) :

All together yields
_ e 1/2
Mg s,o.9 = (1= a7 (log =)

Now, from that and (5.12), we see that the sufficient condition in part (c)
is sharp in a certain sense. Also, since ||gq||p, =< (1 — |a]?)™, we see that
part (b) can not be reversed.

To see that part (c¢) can not be reversed, consider a lacunary series g(z) =
Y ore o @pz™ with ngyi/ng > ¢ > 1. Now, we claim that, if )", nglag| < oo
then M,» belongs to the trace class S;(D, A3). Indeed,

(5.13) | My|ls, = Han mi—Dax Moz |

k=1

< Cznk |a| [[Mn-2[s,-

Since {e,}n>0 = {m}nzo is an orthonormal basis of D and {0y, },>0 =
{€22"}ns0 with ¢, < (n + 1)*2 is an orthonormal basis of A2, an easy
computation gives that, for f(z) = > ¢,2", the multiplication operator
M,; has the decomposition

[e.9]

M. (f) = nzj ol _jl-+ I {f, en—i)D On;

and therefore, the singular numbers A, satisfy that \, =<
Thus,

1
(n+1)3(n—j+1)"

Meills: = ZAHAZ (n+1)3 n—j—f-l)x‘jil’

n>j
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and putting this into (5.13) gives

1Mgolls, < CY nglax].
k

This shows together with part (b) that given a lacunary series g(z) =
>, apz™, the multiplication operator My : D — A3 belongs to S; if and
only if )", nilax| < oo, and it is well known that this condition is equivalent
to g being in By [30, p. 100].

Now, given a function ¢ as described in part (d), it is straightforward
to select the numbers {a;} and the sequence {n;} so that the summability
condition Y, nylay| < oo is met, but [, |¢"| ¢ dA = occ. O
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