INTEGRATION OPERATORS BETWEEN HARDY SPACES ON THE UNIT BALL
OF C"

JORDI PAU

ABSTRACT. We completely describe the boundedness of the Volterra type operator J, between
Hardy spaces in the unit ball of C". The proof of the one dimensional case used tools, such as the
strong factorization for Hardy spaces, that are not available in higher dimensions, and therefore
other techniques must be used. In particular, a generalized version of the description of Hardy
spaces in terms of the area function is needed.

1. INTRODUCTION AND MAIN RESULTS

Let B,, be the open unit ball in C". Denote by H(B,,) the space of all holomorphic functions
in B,,. For a function g € H(B,,), define the operator

1
(1.1) Jof(2) = / f(tz)Rg(tz)%, z € B,
0

for f holomorphic in B,,. Here Rg denotes the radial derivative of g, that is,

Rg(z) —;zkaZk(z), z2=1(21,...,2n) € B,.
In the one dimensional case n = 1, the operator J, was first considered in the setting of Hardy
spaces by Pommerenke [32] related to the study of certain properties of BMOA functions.
We want to mention here that a closely related operator was introduced earlier by Calderén
in [10]. After the pioneering works of Aleman, Siskakis and Cima [4, 6, 7] describing the
boundedness and compactness of the operator .J, in Hardy and Bergman spaces, the mentioned
operator became extremely popular, being studied in many spaces of analytic functions (see
(4,5, 6,7, 14, 29, 30] for example). As far as we know, the generalization of the operator J,
acting on holomorphic functions in the unit ball of C™ (as defined here) was introduced by Z.
Hu [20]. A fundamental property of the operator .J,, that follows from an easy calculation with
(1.1), is the following basic formula involving the radial derivative R and the operator .J;:

(1.2) R(J,f)(2) = f(2) Rg(2), =z€B,.

The boundedness and compactness of J, has been extensively studied in many spaces of holo-
morphic functions in the unit ball (see [39] and [40] for the corresponding study on Bergman and
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Bloch type spaces). However, the case of the Hardy spaces on the unit ball, that is, the study of
J, : H?(B,) — H9(B,,) (that, in my opinion, is the most important case, and is the setting were
the operator .J, was originally studied) is missing, only the elementary case ¢ = p = 2 (see [23])
and the case p < ¢ (see [9]) has been done before. Our goal is to fill this gap, and we completely
describe the boundedness and compactness of J, : H?(B,,) — H?(B,,) forall 0 < p,q < oc.

For 0 < p < oo, the Hardy space H? := HP?(B,,) consists of those holomorphic functions f in
B,, with

191 = sup [ 1£6OP do(c) < .
o<r<1Js,
where do is the surface measure on the unit sphere S,, := JB,, normalized so that o(S,) = 1.
We refer to the books [2], [33] and [42] for the theory of Hardy spaces in the unit ball.
The norm of the operator .J, : H? — H?1is denoted by ||.J, || zr— r« and, when ¢ = p its norm is
simply denoted by ||.J,||. Now we are ready to state our main results describing the boundedness
of J, : H? — H1 extending the one-dimensional results obtained by Aleman-Siskakis [6] (the

case ¢ = p > 1) and by Aleman-Cima [4] (the remainder cases).
Theorem 1.1. Ler 0 < p < oo and g € H(B,,). Then J, is bounded on H? if and only if
g € BMOA. Moreover,

1ol < llgll Bar0A-

Here, the notation A < B means that the two quantities are comparable. We want to mention
here that, in one dimension, a different proof (of some parts) of that in [7], [4] has been given
recently in [30] and [37]. In my opinion, the proof we will give here (of course valid also in one
dimension) is more simple and elegant than the ones presented before.

In order to state the case p < ¢ we need to introduce the Lipschitz type spaces A(«). For
0 < a < 1, we say that an analytic function g belongs to the Lipschitz type space A(«) if

Iolla = sup (1 = |=f2)'"* |Rg(2)] < oo,

This coincides [42, Chapter 7] with the space of holomorphic functions g in B,, with
9(2) —g(w)| < Clz —w|*,  zweB,,
Theorem 1.2. Let 0 <p < g < 00, g € H(B,,) and o = n(% - %)
(a) Ifa < 1then J, : H? — H?is bounded if and only if g € A(«). Moreover,
1 Tgll o~ e =< [lglla()-
(b) If a > 1, then J, : H? — H? is bounded if and only if g is constant, that is, J, = 0.
After the finishing of the paper we realized that Theorem 1.2 has been also obtained recently

in [9]. For completeness and convenience of the reader, we offer our proof here. It remains to
deal with the other non diagonal case, result that is stated below.

Theorem 1.3. Let 0 < g < p < ocoand g € H(B,,). Then J, : H? — H is bounded if and only
ifg e H", where % = % — %. Moreover, we have

HgHHT = ||Jg”Hp_>Hq.
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The proofs of the previous results in the one dimensional setting used, in a decisive way, tools
such as the strong factorization for Hardy spaces and some results of Aleksandrov and Peller [3]
that are not available in higher dimensions, so that the generalization to the unit ball of C” is not
a routine that any machine can do, and new techniques and ideas must be developed. We also
want to notice that in the proofs of the previous theorems we can always assume that g(0) = 0
since J, = J, . for any constant c.

The paper is organized as follows: in Section 2 we recall some well known results that will
be used in the proofs. Theorems 1.1, 1.2 and 1.3 are proved in Sections 3, 4 and 5 respec-
tively. Characterizations of the compactness of the integration operator J, and membership in
the Schatten-Von Neumann ideals S,(H?) are obtained in Section 6.

Throughout the paper, constants are often given without computing their exact values, and the
value of a constant C' may change from one occurrence to the next. We also use the notation
a < b to indicate that there is a constant C' > 0 with a < Cb.

2. BACKGROUND

In this section we introduce some notation and recall some well known results that will be
used throughout the paper. For any two points z = (21, ..., 2,) and w = (wy, ..., w,) in C" we
write

(z,w) = 2101 + -+ - + 2, Wy,

and |z| = \/(z,2) = y/|z1]>+ - - - + |2,/ Denote by dv the usual Lebesgue volume measure
on B,,, normalized so that the volume of B,, is one.

2.1. Invariant type derivatives. Let

" "R P
A = 4 —= _ R
; 50— (axz i ayg)

k=1

be the standard Laplace operator on C", where

o (o 0N 4 9 _1(9 ;0
0z, 2 oxy, OYp 0z, 2 oxy, Yk

provided the use of the identification z; = xp + iy, for 1 < k < n is made. If f is a twice
differentiable function in B,,, the invariant Laplacian of f is defined as

(ﬁf)(z) - A(f © ¢z>(0)7 z € By,

where ¢, is the automorphism of B,, that interchanges the points 0 and z.
If f is a differentiable function in B,,, we use V f to denote its real gradient. The (real) invariant
gradient of f is then defined as

Vi(z)=V(fop.)0),  z€DB,.

When f is holomorphic on B, it is typical to use also the complex gradient

Vif(z) = (g—i(z),...,g—i(z))



4 JORDI PAU

and call |V}, f(z)| the holomorphic gradient of f at z. Similarly, one defines Vi (z2) = Vi(fo

©.)(0), z € B,, and refer to the quantity |V,, f(z)| as the holomorphic invariant gradient of f at
z. This can not create any confusion, since for f holomorphic, one has |V f(z)| = 2|V, f(2)]-

2.2. The invariant Green’s formula. It is a consequence of the invariant Green’s formula [42,
Theorem 1.25] that, if f is of class C? on B,, then

Af(2) G(2) dAn(z) = / £(0) () — £(0),

(see [31]) where (G(z) is the invariant Green function of B,, given by

B

1 1
G(Z) — %/| (1 o t2)n71t72n+1dt,

Z|

and
dv(z)

(1 —|z?)"*
is the hyperbolic or invariant measure on B,,. The constant appearing in [31] is absorbed in the
normalized measure dv since the volume of B,, is exactly 7" /n!.

d\,(z) =

2.3. Hardy-Stein type inequalities. It is a consequence of the Hardy-Stein identity for the ball
(see [42, Chapter 4] or [27]) that, if g(0) = 0, then for 0 < p < oo one has

g1l A/ l9(2)"7% [Rg(2)*(1 = [2[*) du(2).

There are analogues of these inequalities using the gradient or the invariant gradient instead of the
radial derivative [42], [36]. For example, in terms of the gradient, one simply replaces Rg in the
above estimate by the real gradient V¢, and using the invariant gradient, one has the following:

g1V x/B 9P [Vg(2)P(L = [2*)" dAn(2)-

Given a function f € L'(S,), the invariant Poisson integral of f, denoted by uy, is defined on

B,, as
(1= [=P)"

urle) = | 1O [, ap )

Note that the invariant Poisson kernel here is different from the associated Poisson kernel when
B, is thought of as the unit ball in R*", unless n = 1. The invariant Poisson integral u; is

M-harmonic on B,,, meaning that is annihilated by the invariant Laplacian, that is, Au F=0.
The version of the Hardy-Stein inequalities for M-harmonic functions (see [22] or [36]) is the
following: let 1 < p < oo and f € LP(S,,). Then

10, = lus(0) + / g (2) P2 T ()] (1 — [2)" dn(2).

When p = 2 the previous estimates are usually referred as the Littlewood-Paley inequalities.
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2.4. Admissible maximal and area functions. For ( € S,, and o > 1 the admissible approach

region I',({) is defined as
D(Q) =Tal) = {z €Bu: 1= (5.0 < S0 1)}

IfI(z)={C€S,:2eT(()},thenc(I(z)) < (1—|2]*)", and it follows from Fubini’s theorem
that, for a positive function ¢, and a finite positive measure v, one has

@ [ e = [ (/ . o)) 4o o)

This fact will be used repeatedly throughout the paper.

For o > 1 and f continuous on B,,, the admissible maximal function f is defined on S,, by

fH(€) = fa(¢) = sup [f(2)].

2€la(€)

We need the following well known result on the L”-boundedness of the admissible maximal
function that can be found in [33, Theorem 5.6.5] or [42, Theorem 4.24].

Theorem A. Let 0 < p < oo and f € H(B,). Then
1/ ey < Cl fllar-

Another function we need is the admissible area function A, f defined on S,, by

AF(Q) = Auf(Q) = ( / .

The following result [1], [16] describing the functions in the Hardy space in terms of the admis-
sible area function, is the version for the unit ball of C" of the famous Calderén area theorem
[10] who extended to all 0 < p < oo the result proved for p > 1 by Marcinkiewicz and Zygmund
[26].

Theorem B. Ler 0 < p < oo and g € H(B,). Then g € H” if and only if Ag € LP(S,).
Moreover, if g(0) = 0 then

1/2
REGIP(1 |z|2>1-"dv<z>) .

glle = [|Agllo(s,)-

A generalized version of Theorem B is given in Theorem 5.3, with a proof that includes The-
orem B itself.

2.5. Embedding of Hardy spaces into Bergman spaces. For 0 < p < oo and @ > —1, the
weighted Bergman space A? (B,,) consists of those functions f holomorphic on B,, with

il = ( / n \f(z)\pdva<z>)l/p cw

Here dv,(z) = ¢, (1 — |2]?)*dv(z), where ¢, is a positive constant chosen so that v,(B,,) = 1.
We will make use of the following result that appears in [42, Theorem 4.48].
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Theorem C. For 0 < p < q < oo we have H? C AL (B,,) with
1 1
a:nq<———> —1—@—(71—1-1)
p g p
Moreover, there exists a constant C' > 0 such that || f|| as < C|| f|| a»-

2.6. Carleson measures and BMOA. For € S,, and § > 0 consider the sets

Bs(¢) ={z€B, :[1-(z,0)] <d}.
A positive Borel measure ;o on B, is said to be a Carleson measure if there exists a constant
C > 0 such that

1(Bs(¢)) <Cs™

forall ( € S,, and 6 > 0. Obviously every Carleson measure is finite. Hormander [19] extended
to several complex variables the famous Carleson measure theorem [11, 12] by proving that, for
0 < p < oo, the embedding I; : H? — LP(u) := LP(B,, du) is bounded if and only if p is a
Carleson measure.

The space of analytic functions of bounded mean oscillation BM OA = BMOA(B,,) consists
of those functions f € H! with

£ ls304 = 1£(O)] +sup — /u ~ foldo(¢) < oo,

where fo = ﬁ i) Q f do is the mean of f over () and the supremum is taken over the non-

isotropic metric balls Q = Q((,0) = {{ € S, : |1 —((,&)| < d} forall ( € S, and § > 0.
The next result [42, Chapter 5] gives an alternate description of BAMOA in terms of Carleson
measures.

Theorem D. Let g € H(B,,) and consider the measure j1, defined by

dpg(2) = [Rg(2)*(1 = |2]*) dv(2).
Then g € BMOA if and only if j1, is a Carleson measure. Moreover, if g(0) = 0, for all
0 < p < oo one has

1/2
@2) lolsios = s ([ 7P
Ifller=1 \JB,
We also will need the following result essentially due to Luecking [25]. Since Luecking result
is stated for real Hardy spaces, for convenience of the reader, and in order to offer no doubt of
the validity of the result, we give a proof at the end of the paper.

Theorem E. Let 0 < s < p < 0o and let i1 be a positive Borel measure on B,,. Then the identity
I;: H? — L*(u) is bounded, if and only if, the function defined on S,, by

ﬁ@%=£@u—VWﬂwmw

1/s

belongs to LP/P=#)(S,,). Moreover, one has ||I4||o—rs(,) = 2]l oo Sn)’
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3. PROOF OF THEOREM 1.1

Consider the measure /1, defined by

dpg(z) = [Rg(2)[*(1 — |2[*) dv(2).

The case p = 2 is particularly simple. Indeed, by the Littlewood-Paley inequalities and the basic
formula (1.2) one has

(.1 1 f 122 = /B [f(2)7 g (2) < Clf Il

if and only if g € BMOA with ||.J,;|| < ||g||zmoa due to (2.2). Now we are going to consider
the other cases.

3.1. Sufficiency. Suppose that g € BMOA. We want to prove that

(3.2) [y flme < Cllgllzrroa - | £l m» -
By taking f in the ball algebra (the algebra of all holomorphic functions in B,, continuous up
to the boundary, a dense subset of [{?), and then using an standard approximation argument,

it is enough to establish (3.2) assuming that ||.J, f|| z» is already finite. For p > 2, we use the
Hardy-Stein inequalities, the basic formula (1.2), Holder’s inequality and then (2.2) to get

19 f o X/B [ Jof ()72 IR £)(2)] (1 = [2]*) do(2)

= [Jof ()2 F () [Rg(2)* (1 = [2]*) dv(z)

<( n ee) " (/ n !f(Z)!pdug(Z))z

—2
< Cllglzaon - 19af e - 1 1.
Hence we obtain that

1o [z < Cliglaroa - I1f 17

that is, the operator J, is bounded on H? with ||.J,|| < C||g||moa.

For 0 < p < 2, we use the area function description of H? (Theorem B), the basic identity
(1.2), Holder’s inequality, the LP-boundedness of the admissible maximal function (Theorem A),
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(2.1) and finally (2.2) to get

1o f e = NACTg )70 s,.)

— / (/F(C)!f(z)IQ\Rg(z)P(l - |2\2>1"dv(2>>p/;‘7(<)
p/2

< [ o= (/ PR - ) ndo(s) ) dofc)

=l ”” (/ / 2)IP|Rg(2)*(1 —!z!2>1-"dv(z)da(<>)p/2

p(2=p) p/2
< O fll g’ (/B ’f(z)’pdﬂg(z)) < Cllglzrroa - 1 5

Thus J, is bounded on H? with ||.J,|| < C||gllBmoa-

3.2. Necessity. We need first a lemma.

Lemma 3.1. Let g € H(B,,) with g(0) =0, 0 < ¢ < p < oo, and suppose that J, : H> — HY
is bounded. Let {r} C (0,1) with r,, — 1, and consider the dilated functions g.(z) = g(ri2).
Then

sup || Jg, | zro—srra S || gl o5 110
k

Proof. Since the functions g;, are in the ball algebra, it is obvious that J,, : H? — H7is a
bounded linear operator. Since .J, is bounded, we have g € H? with ||g||ga = ||Jy1||ge <
| Jgllrp—pra. If f € H™, a dense subset of H?, by Theorem B we have

1 g Sl = /S (/F(o [f(2)* [Rgu(2)]* (1 = |Z|2)1_”dv(»2))q/2 do(¢)

S AN - Ngwllta < WA - Nglra < NANE - 1ol 5 a-

Hence the result is a consequence of the uniform boundedness principle (valid also for quasi-
Banach spaces). U

Suppose now that .J, is bounded on H?. We consider first the case p > 2. In this case,
(2.1), Holder’s inequality, the L”-boundedness of the admissible maximal function and the area
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function characterization of H” functions (Theorem B) gives

i = [ [ 5P IREF e doc)
< [ [ F @R IRgEA ~ ) "du(z) do(c)

Sn IN(9)

p/2 2/p
< 1. [ /S ( /F (O|R(Jgf)(z)|2 (1- |z|2)1_”dv(z)) da(c)]

< CIfI" - oSz < NIl - [1F 1o

Taking the supremum over all f € H? with ||f||z» = 1 and using (2.2), this shows that
g c BMOA with ||g||BMOA < CH‘]gH

Finally, it remains to deal with the case 0 < p < 2. By considering the dilated functions
9p(2) = g(pz), 0 < p < 1, it is enough to prove the inequality ||g||pr0a < C||J,| assuming
that ¢ is already in BMOA. Then a standard limiting argument using Lemma 3.1 will give the
result. To this end, consider a function f in the Hardy space H”. The use of the Hardy-Stein
inequalities together with (1.2) yields

1 Tof I = / TP (£ ()P disg (2).
B,

Now, using Holder’s inequality, the previous estimate together with (2.2) and the boundedness
of J, on H?, we obtain

[eran < ([Inser i) (/|Jf PR =)

< C(llason 1) 1512
< CllgliEion Il - 1718

Taking the supremum over all f with || f|| z» = 1 and using (2.2) again gives

N‘S

l91ar04 < C llgllzaton - 1 ]I7-

This implies the desired estimate ||g|| samroa < C||.J,|| completing the proof of the Theorem.

4. PROOF OF THEOREM 1.2

4.1. Necessity. Assume that J, : H? — H?1s bounded. The standard estimate for //¢ functions
gives |R(J,f)(z)| < C(1—|z|? ) (n+0)/4 || J, f|| za- It follows from the fundamental identity (1.2)
that

[F)Rg(2)] < CL— [~ N Tyl oo (1 f oo



10 JORDI PAU

Taking the function f = f, with
(1= sy

fow) = (1 — (w,z))2n/»

that has [/”-norm 1 we get

(112" |Rg(2)| < C(1 ~
That is, ||g|a@) < C||Jg|| sr—me With o = (% — =) as desired. This also proves part (b) since,

1

q
for a > 1, the condition (1 — |z|*)'"%|Rg(z)| < C implies that |Rg(z)| — 0 as |z] — 1~ and
hence g must be constant.

[~ Ty 1o

4.2. Sufficiency. Let o = n(ﬁ — %), and assume that g € A(«). We consider first the almost
trivial case ¢ = 2. Here we use the Littlewood-Paley inequalities, the formula (1.2) and the
embedding of Hardy spaces into Bergman spaces to get

1T f 22 = ] [f () |Rg(2)* (1 = [2[*) dv(2)

< Hgl\i(a)/B [F(2)F (L= [2*)** 7  dv(2) < Cliglligy - 1/ -

and this shows that .J; : H? — H? is bounded with ||.Jy | g» iz < C||g]|aw)

Next we deal with the case ¢ > 2. As noticed in the proof of Theorem 1.1 it is enough to

establish the inequality ||.J, f|lgze < C||g||a(a) - ||.f]| > assuming that ||J, f|| o is already finite.

To this end, take a number s > ¢ with s < ((q_2) if p > 2 (this choice is possible, since for

p > 2 one has ((q 2))” > ¢ due to the fact that p < ¢), and let v = ns(— — —) By the Hardy-Stein
inequalities, (1.2) and Holder’s inequality we have

g f 10 = /B [of ()" f(2)* [ Rg(2)[*(1 — [2[*)dv(z)

@ < Clgliw [ 1 FEIRGIP (= ) do(a)
" s—(q=2)
_ 2s _ s
< ClllRen - 115, ([ 1717 (- 27 a2
with @ )
a—)s
B = +v—-1
s—(q—2)
Since s > ¢, the embedding of Hardy spaces into Bergman spaces (Theorem C) gives
4.2) 1o flla_, < Cll g o
Also, the choice made on the number s ensures that
2s
84 1= > p.

s—(q—2)
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Since 8 = ns, (% — é) by making another use of Theorem C, we have

2s
s— (q

= (1— |27 du(z) < Ol

4.3) \f (2)

Putting (4.2) and (4.3) into (4.1) yields
1o fl5a < CllglRay - 1o f 5" - 1 F 1o

that is
1 Jgflle < Cllgllae - 11z
proving that .J, : H? — H?is bounded with ||.Jy || gr— e < C|g]a(a)-

Finally, we consider the case 0 < ¢ < 2. Lett = (2 — ¢)p/q and observe that 2 — ¢ > p since
p < q. We use the area function description of Hardy spaces, (1.2) and Holder’s inequality to
obtain

1o 5a < 1AW )| (s,
q/2

- [ ([ propimseR a = sy-ra) o)
q/2

NAGIES ( / F)E [Rg()2 (1 - |z|2>1-"dv<z>) do(Q)

<irige( [ [ e mar o —|z|2>1-"dv<z>da<c>)q/2.

Now, the LP-boundedness of the admissible maximal function (Theorem A) gives || f*||z»(s,) <
C| fIlz»- Also, by (2.1) and the embedding of Hardy spaces into Bergman spaces (Theorem C)
we have

/ / () Rg(2)P (1 — |2P) " du(2)do ()
= / P [Rg(2)? (L |2P) dol2)
< Cllgli / P — [P du(2)

< Cllgli i - 1115
All together yields
2 24(2— 2
1o f e < CllgllG ey - 15 P20 = Ol gl oy - 1 F11%

proving that J, : H? — H?is bounded with ||.J,||zr— e < C||g|/a(a) finishing the proof of the
Theorem.
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4.3. Duren’s theorem. The proof of Theorem 1.2 is closely related with Duren’s theorem [15]
describing the boundedness of the embedding /; : H? — L9(u) for p < ¢ (just look that several
terms of the form || f||z4(,,) appeared in the proof), and the original proof in one dimension used
Duren’s theorem. Surprisingly, the use of the embedding of Hardy spaces into Bergman spaces
makes the proof of Duren’s theorem almost trivial. For s > 0 a finite positive Borel measure on
B, is called an s-Carleson measure if there exists a constant C' > 0 such that p(Bs(¢)) < Co ™
forall ( € S,, and 6 > 0. Itis well known (see [41, Theorem 45]) that 4 is an s-Carleson measure
if and only if

(4.4) /( L= ol )md()<
. sup _— z) < 00.
et Js \T— (0, 2]
Theorem F ((Duren)). Let i be a finite positive Borel measure on B, and 0 < p < q < oo. Then
I;: H? — L%(B,,, du) is bounded if and only if 1 is a q/p-Carleson measure.

Proof. By testing the inequality [ |f|%du < C||f||%, on the functions f,(z) = (1—|a|>)"/?/(1—
(z,a))*/P one gets (4.4) with s = ¢/p. Conversely, assume that y is a ¢/p-Carleson measure.
The well known inequality

s [ et w)

with vy = 2ng/p—n—1 > —1 together with Fubini’s theorem, condition (4.4) and the embedding
of Hardy spaces into Bergman spaces gives

[rrae <o [ ([ PG dnw)

<c / F@)]t (1= [wP) P~ du(z) < O£l

Theorem F is now proven. U

5. PROOF OF THEOREM 1.3

5.1. Sufficiency. This is the easy case. Suppose that g € H". The area description of functions
in the Hardy space, Holder’s inequality with exponent p/q > 1 and the LP-boundedness of the
admissible maximal function gives

q/2

1,51 < | (f R R - o) ) do(0)

q/2

< [tror (/ RGP (= () dofc)

<N WMoy 1A s,y < Ol - gl

proving that J, : H? — HYis bounded with ||J,|| gr— e < Clg]| pr-
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5.2. Necessity: first considerations. The proof of the converse implication J, : H? — HY
bounded implies g € H" with r = pq/(p — q) is much more difficult. Here we will deal with
some easy cases as well as some remarks. First of all, the case ¢ = 2 is particularly simple.
Indeed, by the Littlewood-Paley inequalities, (1.2) and Theorem E we have

g W72 = / [f ()P 1Rg(2)]” (1 = [2*) dv(2) < CIf [l
if and only if, the admissible area function Ag belongs to L?**/(=2)(S). Moreover, one has
[ g\l o mr2 < | AG|| 20/ o-2(s,,)- Since r = 2p/(p — 2), an application of Theorem B gives

1 gl r— 2 = ([ A L2vs -2 s,y = Mgl -

A remark we must make here is that, as done in the proof of Theorem 1.1, it is enough to prove
the inequality ||g|| g+ < C||J,|| r— me assuming that g is already in the Hardy space H".

Taking this into account, the case » = mp for some positive integer m can be done as follows:
g € H" if and only if g™ € HP, and since g™ = (m + 1)J,(¢g™), then with the notation
fm = g™, the Hardy-Stein inequalities together with the identity (1.2) gives

1917 x/}B l9()"* [Rg(2)* (1 = [2[*) dv(2)
i g™ 7272  fn(2) 1 [Rg(2)* (1 = [2]) do(2)

:C/B [y Fn ()] 7[Ry ) ()P (1 = |27) d(2).

Since
mp — 2 —2m __mp 9—q-2
m—+1 m+ 1
another use of the Hardy-Stein inequalities yields
1115 = 1o Fnlltza < NTolzopra - |z = 16 gm0 - I3

Since r — rq/p = g, this clearly implies the desired inequality

HgHH’" < CHJg”Hpqu.

The general case can be done in a similar manner if one is able to prove the following: let
0 < ¢ < p < oo and assume that J, : H? — H? is bounded. Then for all 0 < ¢; < ¢ and
0 < p1 < pwith

@ P19 P
the operator .J, : H” — H% is also bounded with ||.J, || g1 s < C||Jy || ro— pra. Assuming the
previous assertion being true, then one takes a positive integer m with p; := r/m < p. Then, by
the case considered before, one gets

g9l < CllJgllae sz < Cll Iyl e ma.

1 1 1 1 1
r
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The proof of the previous claim in the one dimensional setting n = 1 follows from the factor-
ization of function in Hardy spaces. Indeed, given f € H?'(B;) factorize it as f = f; - fo with
fi € HP(B;) and f, € H'(B;) such that || f1||g» - || f2]|zrt < ||f||ge. Here ¢ is defined by
the relation 1/p; = 1/p + 1/t. Then, by the area description of functions in the Hardy spaces,
Holder’s inequality, and the boundedness of the admissible maximal function,

q1/2

19,1 = | (f NG P ) do(o

q1/2

< [ (/ (O|(Jgf1)’(2)l2dv(z)) 4o ()

< ”fQ*HQth(sl) ) ”Jgle?}q

< Mgl oo pra - LAl - 12050 < (ol 0 b - 1F 101 -

When n > 1 the factorization theorem is not at our disposal [18], and even that there are some
weak factorization results available for Hardy spaces H?(B,,) for 0 < p < 1 (see [13, 17]), we
couldn’t make effective use of them. Being unable to prove the assertion, at least directly, the
proof of the necessity in Theorem 1.3 will follow a different route. We mention here that, once
Theorem 1.3 is completely proved, then the previous claim is just a simple consequence of the
theorem itself.

5.3. Necessity: the caser > 2. We recall that the measure 1, is defined as du,(z) = |Rg(2)]*(1—
|2|?) dv(z). We need first the following simple observation.

Lemma 5.1. Let0 < s <p < ooand g € H(B,). Then

[F ()P dpg(2) < C|f 70

B’!L

ifand only if g € H7. Moreover; I Lall err— Lo () < |]g|]2/s

“op -

Hp—s

Proof. This is an immediate consequence of Theorem E and Theorem B. U
Observe that, for 0 < s < p, the number 2p/(p — s) is always strictly greater than 2, so that,

for the proof of the necessity in Theorem 1.3 we are only able to apply the previous Lemma in
the case r > 2. So, assume that J, : H? — H?is bounded and r > 2. By Lemma 5.1, we have

(5.1) lgl|7» < sup | f(2)|>dpg(2)
I fllgp=1J B,
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with s = p — 2(p — q)/q. We start first with the case ¢ > 2. In that case, s > 2 and then, by (2.1)
and Holder’s inequality

[ = [ [ 1 IR 1 ) oo
< [10@( [ R BoR 1= o) auts)) o)

<1 15 1AW Las,)

Therefore, using the LP-boundedness of the admissible maximal function together with Theorem
B we have

i () dpg(2) < Cll e 1 f e < CllTgllrm o - 1f 13-
This together with (5.1) gives ||g|| gz < C||J,|| gr— g« finishing the proof of this case.

Now assume that ¢ < 2 and r > 2. Then 0 < s < 2. By Holder’s inequality, the Hardy-Stein
inequalities and Lemma 5.1,

s 5(2=q)
Lo(ug) = (/IB% o f(2)] 2= dpg(=
2

< ([t dﬂg@) 17,1

s
2

I/

( I P2

s 2
S (IglBe - V1) T 1ol - 115
< Ngl37* - 1oz 11 5
Therefore, using (5.1) we get

917 < Cllglz - 1ol 2o pras
and this implies that ||g|| g+ < C||J,||gr—ps as desired. This finishes the proof for r > 2.
5.4. Necessity: the case r < 2. In order to obtain the remainder case, we must extend Lemma

5.1 in order to obtain a description of H" functions in terms of Carleson type embeddings with
r < 2. This is what we are doing next.

Lemma5.2. Letg e HB,), 0 <s<p<ooand(0 <t < 1. Then
] [F(2) 1 |g(2) "7 dpg(2) < Clf 10

if and only if g € Hos, Moreover, if [i, is the measure defined by dji,(z) = |g(2)*" 2 du,(2),

then
2
M allsosreay =< g5
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Proof. The proof is a direct consequence of Theorem E and Theorem 5.3 below, that generalizes
the description of Hardy spaces in terms of the area function. U

Theorem 5.3. Let g € H(B,,) and 0 < p,t < co. Then g € H" if and only if

)= [ (/ o g - |z|2>1-”dv<z>)p/c2za<c> < 0.

Moreover; if g(0) = 0, we have ||g|| get < L,4(g)*/?.

Before going to the proof of Theorem 5.3, now we use Lemma 5.2 to obtain the necessity in
Theorem 1.3 for r < 2. Since always one has ¢ < r it is possible to choose 0 < ¢ < 1 with

q<2t<r. Lets:p—Qt@. Then 0 < s < pand also 0 < s < 2. By Lemma 5.2,

(5.2) gl

2.X sup [F(2)°lg(2) 2 dpag (2).

Il zp=1 /B,

For f € HP, by Holder’s inequality, we have

I o)) < ( |

2—s
2

()|“|(2)!(2t2“du()>

(5.3) +/2
([ Wt Pa(e))
Observe that > ( ) < g if and only if s < ¢ and this holds if ¢ < 2t. Let
s(2 —q) 2t — s
¢g= (/) ts = .
2—s 2—s
We have 0 < s, < gand 0 < ¢, < 1. Then, by Lemma 5.2
(2—-q) _ s
L1 @ 22 ) = [ 11 o) du )
< Cligllii - 19 £l s,
with
_ 29t Pa_
q — Sq P q

Putting this into (5.3) and using the Hardy-Stein inequalities, we obtain

[F () la(2)[* 2 dpg(2) S (ol

IB‘IL
= llgllz 15 iza

< llglls== - Wall3ro o 1 o
Taking the supremum over all f in H? with || f||z» = 1 and using (5.2) we get

- < gl

9 s 1—8/2 s/2
e N Ty flla) T e

Mo zp o

that clearly implies the inequality || g|| ar < C||Jy|| r— pa finishing the proof of the Theorem.
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5.5. Proof of Theorem 5.3. The case ¢ = 1 is just Theorem B but our proof also includes this
case. The case p = 2 is obvious due to (2.1) and the Hardy-Stein inequalities. To deal with the
other cases, as done before, using standard approximation arguments it is enough to establish the
corresponding inequalities assuming that both || g|| z»¢ and I,,;(g) are finite.

5.5.1. Step 1. For p > 2 we prove that

(5.4) Hg’ ot < CIp,t(Q)'

By the Hardy-Stein inequalities, (2.1), Holder’s inequality and the L boundedness of the admis-
sible maximal function, we have

lgll2,. = / n ( / PR (1 P -“dv<z>) do ()
NGl ( / PRy (1 - |z|2)1_”dv(z))d0(C)

< g7l - Ine(9)" < Cllgllid™ - Ta(g)™,

and this clearly gives the inequality (5.4).

5.5.2. Step 2. We show that, for 0 < p < 2, one has
Li(9) < C gl

To prove the inequality, apply Holder’s inequality, Theorem A, (2.1) and the Hardy-Stein in-
equalities to obtain

o) = [ (/ SR Ry - |z|2>1-"dv<z>)p/§a<o

o= ( [ a2 mr _|Z|z>1_ndv(z))p§g( :
< gl (/ /F(g P2 | Ry ()P (1 — |2)="do(2) da(g))m

< Cllgllm-

Notice that the same method shows that, if u, is the invariant Poisson integral of a function
¢ € LP'(S,,), and p < 2 with pt > 1 then one has

_ p/2
(5:5) / ( F(Clu¢<z>|ﬂ-2\m<z>\2wz)) 46(0) < C lplPos.

Indeed, we also have the Hardy-Stein inequalities for u,, and the boundedness of the admissible
maximal function ||u} || s (s,) < C|l¢llLe(s,) for 1 < p < oo (see [33, Theorem 5.4.10]).
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5.5.3. Step 3. For p > 2 we establish the inequality

[p,t(g) S C Hg’ ﬁpt'
We begin with the case p > 4. The case 2 < p < 4 will be deduced later from this case. Since
|Rg(2)] < |Vg(2)| < (1 —|z[*)71|Vg(2)]| (see [42, Lemma 2.14]), it is enough to show that

(5.6) Ipi(9) < C g5,

where
p/2

o) = | (/ o) Do) 0 (2)) o)

We follow an argument in [35, p. 282], but with the use of the invariant Green’s formula instead
of the classical one. By duality, we have

57) Tulg)r = s [ ( / Nl Cs dAn<z>) o) do(©),

Sn
where the supremum runs over all positive functions ¢ in L?/®=2)(S,,) with [|¢|| 1s/-2)s,) = 1.
Since 1 — |z|? is comparable to |1 — (2, ¢)| for z in T'(¢), we have

[ ([ Jatrm19aerr @) w6 doic

- 22672 [V g (2) |2 (1_‘2‘2)% . o
58 = (] Jotm2 Bate = 2 i) ) (0ol

< [ 1o [FgP ue) (1 = =) d (2)

where u,, denotes the invariant Poisson integral of the function ¢. An elementary calculation
shows that

A(lgl*")(2) = 4%1g(2) " * [Vag(2)|* = £1g(=) 2 [Vg(2)’,  z€B,

where A is the invariant Laplace operator. If ¢ < 1 the last identity holds at the points z € B,,
with g(z) # 0. Therefore, the last integral in (5.8) is equal to

5 [ B (o) (1= ) ar ).

Using that u,, is M-harmonic on B,, and the identity A(U-V)=UAV+VAU +2(VU,VV ),
where (-, -)r denotes the inner product in R*", we see that the previous integral is dominated by

Ii(g, ) + (g, ¢)
with
L(g.¢) = / Ay |gP)(2) (1 — |2)" ()

and

Ix(g, ¢) :/IB V(g (2)] - Vg ()] (1= [2*)" dAn(2).
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Since (1—|2]?)" < G(z), where G is the invariant Green’s function, the term (g, ) is estimated
using the invariant Green’s formula and Holder’s inequality to obtain

(5.9) Ii(g, ) < C/S 9" () do(C) < C llgllee - 1l Loro-2s,.-

Notice that there is no problem with the use of the invariant Green’s formula if ¢ > 1 because
in that case, the function |g|* is of class C*. When 0 < ¢ < 1 one uses standard approximation
arguments, for example replacing |g|* by (|g|* + ¢)* and then letting £ — 0.

In order to estimate the second term I5(g, ), first we use that |€(|g|2t)(z) | < |g(2) 21V g(2))|
to get

o) = / 9(2) 2 [9g(2)] - [V (2)] (1 = |#12)" da(2).

If p = 4, an application of Cauchy-Schwarz together with the Hardy-Stein inequalities yield

S gl - llellzes,)-

Bearing in mind (5.7), (5.8) and (5.9), this gives Jy(g)'/? < C||g||%.. proving the desired result
when p = 4.

If p>4then1 <5< 2 and it has been already proved in (5.5) that

-~ 2(T
(5.10) / ( / (O|Vu@<z>|2dAn<z>) dr(€) < C el 2 o

By (2.1) and Holder’s inequality we have

B % | (/ P () ) (2)) 4o 0

< [ror (/ o T [T 2) D0 (2)) do(0)

<N g mis,) - I(g; )P/,

with
- - p/(p—1)
ho.) = [ n ( / o 9502 ) dmz)) 4o(C).

An application of Theorem A gives
(5.11) Ix(g. ) < Cllglse - Is(g, 0) D77,

Now, applying Cauchy-Schwarz inequality together with another use of Holder’s inequality (now
with exponent p — 1 > 1) and the inequality (5.10) it follows that

1
I3(9,0) < Joal)V 7V - fllti s
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Putting this inequality into (5.11) we get

Ir(g,¢) < CHQH%IW : in(g)l/?’ : HQDHLP/(P*%(S,L)-
Taking into account (5.7), (5.8) and (5.9), this gives

Tot( @) S Mgltoe + lgllizoe - Tpa(9)"?,

but, since p > 2, we have already proved in Step 1 that

gliroe S Lt ()7 < Jyael9)'.

Therefore we finally obtain

Jp,t(g)Q/p < CHQH?IM ) Jp,t(g)l/pa

and this clearly implies the inequality (5.6) finishing the proof of that case.

It remains to deal with the case 2 < p < 4. Since 2p > 4, the previous case gives

Lop/2(9) < Cllgler-

Then, by Cauchy-Schwarz inequality and Theorem A, we have

p/2

hato) < [ lg° Q1" ( / o R (1 - rz\2>1"dv<z>) do(2)
<N 52 - Tapaa(9) 2 < Cllgl.

5.5.4. Step 4. Finally, for 0 < p < 2, we show that

(5.12) gl < C'Lpi(g).
By the Hardy-Stein inequalities together with (2.1), we have

gl = / n ( / PRI (1 - rz\2>1"dv<z>) 4o (C).

Then apply Holder’s inequality with exponent 4/p and Cauchy-Schwarz to get

gl N/S(/F(O| () ZW)Z(AM a W}do—(o
< fp,:(g)l/ 2L, (9)

By the case already proved (Step 3) we have

‘[4—p,4t7 ( ) < C”g”HPtv

and this clearly establishes (5.12) finishing the proof of the Theorem.
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5.5.5. Remarks. The same argument shows that, for a function g € H(B,,) and 0 < p < oo, one
has g € H?" if and only if

/ . (/F@'g@)'”‘?@(z)!z sz)) "0(0) < .

Also, the same method shows that, if u,, denotes the invariant Poisson integral of ¢ and p, ¢ are
positive numbers with 1 < pt < oo, then ¢ belongs to LP(S,,) if and only if

/Sn (/F(O\uso(z)|2t_2|6u¢(2)|2d)\n(z))p@(o < .

6. COMPACTNESS AND MEMBERSHIP IN SCHATTEN CLASSES

6.1. Compactness. It is well known that a linear operator 7' : H? — H¢Y is compact if and
only if || T fx||ma — 0 for every bounded sequence { f} in H” converging to zero uniformly on
compact subsets of B,,. With all that has been done in the previous sections, it is now routine the
obtention of the corresponding descriptions about the compactness of the integration operator
Jg : HP — H?. We need first the following easy result.

Lemma 6.1. Let 0 < p,q < 0. If a = n(}lo - %) < 1then J, : H? — H?is compact for any

holomorphic polynomial p(z).
Proof. Let { fi.} be a bounded sequence in H? converging to zero uniformly on compact subsets

of B,, and fix 0 < ¢ < 1. Take 0 < r < 1 with 1 — r < ¢ and then choose k; such that
SUp|, <, |fk(2)| < e forall k > ko. Then, using Theorem B, one easily gets

1 p ficllra = 1A fi) s,y S Pl + 1RPIE - T(f5)

I(f) = / n ( / I CICE |zr2>1—”dv<z>)q/iza<<>.

If « <0, that is, when ¢ < p, by Holder’s inequality and Theorem A, we have

q/2

10 < [ 1R (f e ) ndul2)) do0)

ON{lz|>r}

= (L= )i s, < C el filld < C e

If 0 < a < 1, then ¢ > p and the standard estimate for H? functions [42, Theorem 4.17] and
Theorem A gives

with

q/2

10 < Il [ 15 r(/ o -y ) do(o)

<O =)™ K, < Ce ™ fillyy < O,

This proves that J, : H? — H?is compact when o < 1. U
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Now we are ready to state and prove the results on the compactness of J, : H? — H?. Recall
that the space of holomorphic functions of vanishing mean oscillation VM OA is the closure of
the holomorphic polynomials in BM O A.

Theorem 6.2. Let 0 < p < oo and g € H(B,). Then J, is compact on H? if and only if
g€ VMOA.

Proof. If g is in V M OA then there are holomorphic polynomials py with ||g — p||sroa — 0.
By Lemma 6.1, the operator .J,,, is compact on H”. From the estimate obtained in Theorem 1.1
it follows that

g = Tl = [Jg—pe |l < Cllg = prllBrroa — 0.
Hence J, can be approximated by compact operators in the operator norm proving that .J, is
compact.

Conversely, suppose that .J, is compact on /”. We want to show that g belongs to VM OA or,
equivalently, that || f;||»(,,) — O for any sequence { fj. } of functions in the Hardy space H” with
sup || fx||m» < C converging to zero uniformly on compact subsets of B,, [42, Chapter 5]. Since
J, is compact, we have lim ||.J; fx||z» = 0. If p = 2 the result is obvious from (3.1). For the
other values of p, notice that in the course of the proof of Theorem 1.1 the following inequalities
had been proved

il < ClSll” - 1T fillZn i p>2,
and
1l 7oy < Cllgllzston 1o fillt i 0<p<2.
Since || fi|lgz» < C and ||Jg fi||z» — O this shows that lim || fi||z»(.,) = O proving that g is in
VMOA. U

Now, for 0 < a < 1, we need to introduce the little Lipschitz type space A(«) that consists of
those functions g € H(B,,) with

lim (1 [2*)'=" |Rg(2)| = 0.
|z| =1~
Theorem 6.3. Let 0 < p < g < oo, g € H(B,) and o = n(% — %) If o < 1, then the operator
J, : H? — H is compact if and only if g € N «). If o = 1, then J, : H? — HY is compact if
and only if J, = 0.

Proof. One implication is a consequence of Lemma 6.1 together with the inequality ||J, || gr— ga <
C|9|la(a) obtained in Theorem 1.2, since A(«) is the closure of the holomorphic polynomials in
A(«) [42, Chapter 7]. The other implication follows from the estimate

[f()[Rg(2)| < C(L—|2) 0| Ty f | e

obtained in the proof of Theorem 1.2. Indeed, if {a;} is any sequence of points in B, with
|ax| — 1, consider the functions

(1 — fax[*)™”
(1= (2, ax))/’

fi(z) =

z € B,.
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The functions f}, are unit vectors on H? converging to zero uniformly on compact subsets of BB,,.
Therefore, if J, : H? — H4 is compact, then ||.J, fx||z« — 0 and it follows from the previous
estimate that

(1= lax]*)' " Rg(ai)| = (1 = |ax*) "9/ fi(ar)| | Rg(a))|
< CllJgfullga =0,

proving that g belongs to A\(«) for @ < 1. If &« = 1 we have proved that |Rg(z)| — O as |z| — 17,
and hence g must be constant. Il

Theorem 6.4. Let 0 < g < p < ooand g € H(B,,). Then J, : H? — HY is compact if and only
if it is bounded, if and only if g € H" with r = pq/(p — q).

Proof. Due to Theorem 1.3 it only remains to prove that J, : H? — H?is compact whenever g
isin H". As before, since the holomorphic polynomials are dense in H", this follows from the
inequality ||.J,|| gr—me < C||g|| g+ in Theorem 1.3 and Lemma 6.1. O

6.2. Schatten classes. For 0 < p < oo, a compact operator 7" acting on a separable Hilbert
space H belongs to the Schatten class S, := S,(H) if its sequence of singular numbers belongs
to the sequence space (7 (the singular numbers are the square roots of the eigenvalues of the
positive operator 7T, where 1™ is the Hilbert adjoint of 7"). We refer to [43, Chapter 1] for a
brief account on Schatten classes.

Recall that H? is a reproducing kernel Hilbert space with the reproducing kernel function
given by

1

(1 - <wv Z>)n’
with norm ||K.||2 = +/K.(z) = (1 — |2|?)™™/2. The normalized kernel functions are denoted

by k., = K, /| K.||g2z. We also need to introduce some “derivatives” of the kernel functions. For
z,w € B, and t > 0, define

KZ(U)> - ZquBn

1
(1= (w, z))"+*

and let k! denote its normalization, that is, kL = K /|| K!|| z2. Notice that K*(w) = R~1t K, (2),
where R~ is the unique continuous linear operator on H (B,,) satisfying

K (w) =

R_l’t ((1 - <i,w>>n) S <sz>>"+t

for all w € B, (see [43, Section 1.4]). The operator R~ is invertible and its inverse is denoted
by R_1;. In particular, since f(z) = (f, K.) g2 whenever f € H?, one has

(6.1) RVF(2) = (f, K o, f € H*B,).

In order to describe the membership of the integration operator J, in the Schatten ideals
S,(H?) we also need the following result that can be of independent interest. A related result in
one dimension appears in [34].
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Lemma 6.5. Let T : H*(B,)) — H?(B,,) be a positive operator. Fort > 0 set
THz) = Tk, k') o, 2 € B,

(@) Let 0 < p < 1. If T* € LP(B,, d\,) then T is in S,(H?).
(b) Letp > 1. If T is in S,(H?) then T* € LP(B,,,d\,).

Proof. The positive operator T is in S, if and only if 77 is in the trace class S;(H?). Fix an
orthonormal basis {e;,} of H?(B,,). Since T” is positive, it belongs to the trace class if and only

if
Z(Tpek, er) gz < 00.
k

Let S = VTP. Then >, (TPex, ex)pz = Y [|Sex||52, and, by [42, Theorem 4.41], this is
comparable to
1t 2
Zk: |1 Sek“Agtﬂ-

Now, by (6.1), Fubini’s theorem and Parseval’s identity, we have

EJW*%M@H—E:/LW“&AMWMA@
k B

_Z/ |(Sex, K Hz} dvg_1( / (Z‘ er, SK) o )d’Ugtl(Z’)
— [ ISK! B dvaa(e) = [ (TPRL K duaea(2)
B’!L ]Bn

/XW@@mw@%m%qw.

Putting all together and taking into account that ||K!||[2(1 — |2|
|2|?)~("*1), we have that T is in S,, if and only if

/ (TPEL KLY g2 dX (2) < 00,

Now, both (a) and (b) are consequences of the inequalities (see [43, Proposition 1.31])

(TP K e < (TR K] = TP, 0<p<

2)2t=1 is comparable to (1 —

and N
(T4 = [(The, k) me]” < (TPhL K, p > 1L
This finishes the proof of the lemma. U

Corollary 6.6. Let T : H*(B,,) — H be a bounded linear operator, where H is any separable
Hilbert space. Let t > 0 and consider the function Fy(z) = ||Tk!||g. If p > 2 and T is in S,
then F, € LP(B,,,d)\,). If 0 < p < 2and F, € LP(B,,, d\,), then T belongs to S,,.

Proof. The result is an immediate consequence of Lemma 6.5 since, by definition, 7' : H?> — H
is in S, if the positive operator 7T belongs to S,,/2(H?). U
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We need the following well known integral estimate that can be found, for example, in [42,
Theorem 1.12].

Lemma A. Lett > —1 and s > 0. There is a positive constant C' such that

/ (1 — |w|2)t dv(w) < C(l o ’2‘2)75

= (e =

forall z € B,,.

Now we are ready for the description of the membership in S, (H?) of the integration operator
Jg.
Theorem 6.7. Let g € H(B,,). Then
(a) Forn < p < oo, J, belongs to S,(H?) if and only if g € B, that is,

(6.2) / |Rg(2)[P (1 — |2|*)P d\,(2) < o0.
By

(b) If0 < p < nthen J, is in S,(H?) if and only if g is constant.

Proof. Since B, C VMOA, if g € B, then, by Theorem 6.2, J, is compact and therefore, for
p > 2, it belongs to S, if and only if || Jyex|y2 < C < oo for all orthonormal sets {e;} of
H? [43, Theorem 1.33]. Due to (3.1) we have

(6.3) el = ( [ e 1Rgta)? 1 - rz\2>dv<z>)

Now, since f € H?if and only if R~"'f € A}(B,) C A?_ (B,), by using the reproducing

formula for the Bergman space A7, . (B,,) to the function R~"'e; one gets

lex(2)| = |Rfl,1<Rfl’1€k)(Z)‘ S / 1|f%;z7 il{;(’ﬁjﬂ (1 — |w[*)* dv(w)

with v > 0 chosen big enough so that all successive applications of Lemma A are going to be
correct. Take 0 < € < 1 with ep < 2n and apply Cauchy-Schwarz together with Lemma A to
obtain

p/2

L[ IR Mew)P :
() S (1= ) [ T (1 = T o)

Putting this into (6.3), using Fubini’s theorem, Holder’s inequality with exponent p/2, and taking
into account that [|[R~""ex || 42 < [lex || 12, we obtain

p/2
1 yeallls < ( / R Mey(w)]? K g(uw) (1 — |w|2>2+27+fdv<w>)

< [ IR M er(w) 2 Kg(w)P/ (1 — [w]?) 5"

Bn

dv(w)

with
_ [ Rg(z)]* (1 = |2]*)' dv(z)

B, ‘1 _ <z7w>‘n+1+2'y

Kg(w) :
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Now, summing on k and using that

DR Men(w)P S 1K S (1 —|w’)™ 2,
k

we arrive at
n—1+ (1+2;/+5)p

S el < / Kg(w)’? (1 — |wf?)” dv(w).
k n

By Holder’s inequality and Lemma A we have

[Rg(2)[" (1 = [2[)"*" dA(2) nt—t 0D
Ko™ < ( B 11— (2, w) [+ (1= fwtyretmt= e

with 0 < 2¢ < 2n — ep. This, together with Fubini’s theorem and another application of Lemma
A finally gives

> lall € [ Roteye 1= ey ([ SR

< / Rg(2)P (1 — |22 dAn(2)

proving that J, belongs to S,(H?). This finishes the proof of the sufficiency in part (a) when
n > 2.

Conversely, assume that .J; belongs to the Schatten class S,(H?) and p > 2. By Corollary 6.6,
the function F(z) = ||J,kL|| g2 is in LP(B,,, d)\,), and by (3.1), this is equivalent to

[Rg(w)P (L= [wP) o N v gy () - o
oo [ ([ FOCE dw)) 0 e ) < .

Now the well known estimate

Rg(:)P < C(1— |2P)" /

By

| Rg(w)[* (1 — |w]?)

11— (w, z) [P+
shows that (6.2) holds. The proof of the Theorem for n > 2 is now completed since for p = n
the condition (6.2) implies that g must be constant, and S,(H?) C S,,(H?) for p < n.

This result is a typical example of when the one dimensional case presents more difficulties,
mainly because there is more work to do when n = 1 since the case 1 < p < 2 is still not
proved. By Corollary 6.6, the condition (6.4) is a sufficient condition for J, to be in S,(H?)
when p < 2, but this condition is easily implied by (6.2) due to Holder’s inequality and Lemma
A. The necessity of (6.2) when 1 < p < 2 can be done as follows: if .J, is in S,(H?) then admits
the decomposition J,f = >, \p(f, ex)m2er, where {\;} are the singular numbers of .J;, and
{er} is an orthonormal set in H2. By testing the previous formula on reproducing kernels and
taking radial derivatives one gets K, (w) Rg(w) = >, A ex(2) Rex(w). Differentiating then in
z and taking w = z one obtains

RE.(z) Rg(z) = Y _ A |Rex(2)].

dv(w)
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A calculation gives RK,(z) = |z|* (1 — |2]*) 2. Then

IBIRg( AP (1= [2*)P da(z / (ZIMI | Rex(2) ) |27 (1= [2%)* da(2).

Now, Holder’s inequality yields

-1
(ZMkHRek ) < (Zuklpmek ) (Zmek )
k
< ( | Akl? [ Rex( )!) IRK |77,
and, since || RK.|]%. < |z|* (1 — |2[*) 3, we finally obtain
| Rg(2)" (1= [2[*) d(2) < Z\mp IRek(Z)IQ(l— [2%) 2] 7% du(2)
1
< Z Ml < o
k

proving that (6.2) holds. Again, if p = 1 then (6.2) implies that g must be a constant completing
the proof of the theorem. U

The proof of the case n = 1 of Theorem 6.7 given in [6] relies on the observation that J;.J,
is essentially the Toeplitz type operator Q,,, with djiy(z) = |[Rg(z)|? (1 — |2|?) dv(z), and then
appealing to a result of Luecking [24] that describes, when n = 1, the membership in the Schatten
classes S, (H?) of the Toeplitz type operator @, for a positive Borel measure x on B,,, defined as

Quf(z) = /n% dp(w), 2z €B,.

As far as I know, it seems that the operator (), has not been studied in the setting of Hardy spaces
in the unit ball. Here I am going to make some comments on the boundedness, compactness and
membership in the Schatten ideals of the operator (), acting on H?(B,,), but since this is not the
main topic of the paper we will not enter into the details. By using the identity

(Quf,9)m> = f( ) 9(w) du(w)

it is easy to prove that ), is bounded on H? if and only if 4 is a Carleson measure, and that
the compactness is characterized by p being a vanishing Carleson measure. Concerning the
membership of (), in the Schatten classes, Lemma 6.5 can be of some help in order to prove
some parts of the analogue of Luecking’s result for n > 1.
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7. PROOF OF THEOREM E

7.1. Sufficiency. Assume first that the function fi belongs to LP/*=5)(S,), and let f € HP.
Then, by (2.1), Holder’s inequality with exponent p/s > 1 and Theorem A, we obtain

[ irerants / / —22) " dp(z) dor(€)

< / rr / A1) ) o

< CNfllze - Nl Lor@-os,)-

7.2. A version for Poisson integrals. Next we state and prove a version of Theorem E for
invariant Poisson integrals u,, of functions ¢ in LP(S,,) that can be of independent interest.

Theorem 7.1. Let 1 < p < 00, 0 < s < p and let i be a finite positive Borel measure on B,,.
Then

/B ()P dp(z) < K [ 0llims,

ifand only if i € LP/P=9)(S,). Moreover; = K,.

Proof. The sufficiency of the condition i € LP/P~%)(S,) follows from the previous argument
taking into account that ||u},[| La(s,) < C||¢l|Lss,) for ¢ > 1. The proof of the necessity can be
done as follows. Since p/(p — s) > 1, then by duahty,

[ pp—— / (0) (C) do(0),

¥ n

where the supremum is taken over all positive o in LP/*(S,,) with norm one. Using the definition
of f1, that (1 — |z[*) < |1 — (2,¢)]| for z € T'(¢), and interchanging the order of integration we
arrive at

/Snﬁ(C) // |1_1_ Z||2n) do(¢) du(z) < /nuw(z)du(z).

If s = 1, this gives ||i]| o/o-01g,) < C Ky IF0 < s < Llet f = ¢/* € LP(S,). By Holder’s
inequality one has u,(2) < us(z)°. Hence

| 5 e do(€) 5 [ usle) duz) < Ko |l = Ko Il

Finally, consider the case s > 1. Take ¢t > 1 with¢t < (p — 1)/(s — 1), and let ¢’ denote the
conjugate exponent of ¢. By Holder’s inequality, u,(2) < us(2)Y? - uy(2)Yt, with f = p'/* €
LP(S,), g = ¢7/* € LP/?(S,) and ¢ = 1 + (s — 1)t. Another application of Holder’s inequality
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yields
/ A(O) 9(O) do(C) < / wp () g () du(2)
Sn n

1
< ([ wtran)” ([ werrac)
By our assumption, we have

/ wp (2)°dp(z) < KullFlimiey = Kallolioros.

On the other hand, the choice of ¢ makes p/o > 1 and therefore, assuming that x has compact
support on B,,, the proof of the sufficiency part gives

/ ug(2)"7dp(2) S ll oro-n s, - 1950 s,y = Il oo (s, - [€llorscs,

All together yields

[ 7O #(6) () K N,y 19l

proving that [|7i][ ,o/w-5s,) < C K. This gives the result when ;. has compact support on B,,.
The result for arbitrary ;. follows from this by an easy limit argument. U

7.3. The tent spaces T7(Z). A sequence of points {z;} C B, is said to be separated if there
exists 0 > 0 such that 3(z;, z;) > 0 forall i and j with ¢ # j, where /3(z, w) denotes the Bergman
metric on B,,. This implies that there is » > 0 such that the Bergman metric balls D; = {z €
B, : B(z,z;) < r} are pairwise disjoints. Taking into account that v(D;) =< (1 — |z;]?)"", is
then an easy consequence of Lemma A that, if {2,} is a separated sequence in B,,, for ¢ > n one
has

—_ |12t
(7.1) ZH(A C—|z>)® 2 €B,.
j I

For 0 < p < oo and a fixed separated sequence Z = {z;} C B,, let T?(Z) consist of those
sequences A = {\;} of complex numbers with

Bs /Zw )" do(¢) < .

2z €T(¢)
The following result can be thought as the holomorphic analogue of Lemma 3 in Luecking’s
paper [25].

Proposition 7.2. Let Z = {z;} be a separated sequence in B, and let 0 < p < oo. If b >
nmax(1,2/p), then the operator Ty : TP(Z) — HP? defined by

{)\} Z)\ 1_|ZJ|>

(2,25))°
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is bounded.

Proof. Let A = {\;} € T?(Z) and set g(z) = T%(A\)(z). By [1] it is enough to prove that
|A* ()| r(s.) < C||A||7e(z) for some positive integer k, where

1/2
AF = REg(2)1? (1 = 212 d\, (2 )
(9)(©) (/w| P (1= [P <>)

Easy computations involving radial derivatives together with Cauchy-Schwarz implies
AN
Rn—l—l 2 < /\ j
RS (S i S
Z|>\ |2 |ZJ| Z _|ZJ|)
|1 (2, zj)|btnt1 11— (z, )|ttt |

This together with (7.1) gives
dv(z)
An+1 < bV 1 o /
( Z‘ il%( En © 11— (2, zj) [
%)’
< P‘ |2 ’ J
Z |1 — (G =)

In the last estimate it has been used that, since (1 — |2]?) < |1 — (2, ()] for z € T'(({), then due to
[28, Lemma 2.5] one has

/ dv(z) = / (1 —|2[*)""dv(2)
ro 1L = (2,2 [P 7 oo [1 = (2, O P11 — (2, 2;) [P+1
S = (¢ 2™

Therefore,
p/2
(1- |2
14, S [ (P do(¢)
i = Jo \ 2= P

and the proof is finished after the use of the estimate, valid for s > 0 and b > nmax(1,1/s),

[ ([ =ty me) ) aro < [ oy aoo

with ;. being a positive measure on B,,. This estimate is the analogue of Proposition 1 in Lueck-
ing’s paper [25] and is proved in the same way (see [8, 21] for example). U



INTEGRATION OPERATORS ON HARDY SPACES 31

7.4. Necessity. We follow the argument of Luecking [25]. According to [38], for each positive

(k)
integer k£ > 20, there are points {Cjk};n:(lf) C S, such that S,, = U Q(¢r, 27%) and
j=1

(1.2 QGn 52" NQGr g2 1) =0 if P4

Recall that Q(¢,0) = {€ € S, : |1 — ((,€)| < d}. We denote by N, the collection of all non-
isotropic balls Q(;x,27%), 1 < j < m(k), and let N = [JN. Also, any point ¢ € S,, belongs
to at most N balls in A, where N depends only on the dimension. If Q = Q((,d) we use the
notation ) = Bs(() = {z € B, : |1 — (2,{)| < §}. Asin [25], it is enough to show that the
function

CHsup{%:QEN,CEQ}

belongs to LP/®=*)(S,)). Thus, we may assume that /i is the above supremum. For each positive

~

integer m, let £, denote the collection of all “maximal” balls Q € N with u(Q) > 2™0(Q), and
set £ = |J & The construction of &, goes as follows: for a fixed kg, let GJ* be the collection

~

of all balls @ € Ny, with 4(Q) > 2™0(Q). Once G}, is constructed, then G;* consists of

~

those balls ) € N, satisfying p(Q) > 2™0(Q) such that @ is not contained in any ball in
Uf;é G, and then &,, = UiZO G™. With this construction, is clear that £, ; C E,,, where
E, = UQesm Q. Also, if Q1 = Q((1,61) and Q2 = Q((a, 02) are two distinct balls in &,,, then

1 1
Q(Ch 551) A Q(C?v Qéz) = 0.

If @)1 and ()5 are in the same generation, this follows from (7.2); and if they belong to different
generations and the previous intersection is not empty, then one ball is strictly included in the
other and therefore would not have been picked.

If Q = Q((,0) € & let zg = (1 — c¢(x)d) ¢ with ¢(a) = (81 - 4a)~!. Recall that « is the
aperture of the admissible approach regions. It is not hard to verify that Z = {25 : Q € £} isa
separated sequence. By taking ;. with compact support on B,,, we may assume that Z is a finite
sequence.

Now, for b > nmax(1,2/p) and A = {\g : Q € £} € T?(Z), consider the function

zeB,, 0<t<l,

o [2)D
ft(Z) = Z)\Q TQ(t) (51 ‘ Q‘ )

Qeg - <Z7ZQ>)b’

where rq(t) is a sequence of Rademacher functions. Using our assumption, Proposition 7.2,
integrating on ¢ and applying Khinchine’s inequality we get

s/2
| (X el Faler”) " dutz) < Ol - 11
noQe€
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with Fp(z) = (1 — |20/2)/|1 — (z, 20)| that satisfies Fo(z) > C > 0 for z € Q. Set E,, =
Ugee,, @ and for Q € G let
G@Q =Q\ QN Ey \ U{@ﬂ@:Q’GQZ",i>£}.

It is obvious that G(Q1) N G(Q2) = 0 if Q; and @), belong to distinct &,,, and this continues to
hold if they are in different generations of the same &,,. Thus, any point z € B,, belongs to at
most NV sets G(Q) with N depending only on the dimension. It follows that

s/
(el re) " = ¢ ol xe@ ()
Qee Qe€

with C' = min(1, N “2°). Therefore, we obtain

(7.3) Y ol m(G(Q)) < Clldallizosrog - I -
Qe€

We will apply this inequality to an appropriate sequence of numbers {\p}. Putr = p/(p — s)
and set \g = 2% "~V if Q € &,,. Notice that

S (G >M(UG ) (B \ Epyr).

QEEm QEEm
Then
> Aol u(@ 22"” DY
QeE QEEm

> ZQm (r=1) <N Em) - N(Em+1>)‘

By a typical covering lemma of Vitali type (see [35, p.9]), there is a sequence F,,, of pairwise
disjoint balls Q € &,, with 0(E,,) < C 3 55 0(Q) (here the constant C' depends only on the
dimension). This implies

p(En) =u(UQ) 2n(UQ) = X m@

QeEm QEFm QEFm
> 2" " 0(Q) = C2"0(Ey).
QEFm

Now, summing by parts we obtain

STl uG@) =Y (20D — 2tm DY) y(E)

(7.4) et

>N 2 o(By) > C il

L7 (Sn)

where the last estimate is due to the fact that u((’ ) < 2™ for ( € E,, \ Eni1. On the other
hand, using that d(z, w) = |1 — (z, w)|'/? satisfies the triangle inequality [33, Proposition 5.1.2]
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together with the choice made on the points z(, we see that zg € I'(¢) implies that € @, where
Q= Q& & 5:0) if Q@ = Q(&,9). We know that Q1 N Q2 = 0 if Q; and Q) are in &,,. Therefore,

= [ (2 1ak) o0 < [ (X olrgl0)) ao(0

20€T(¢) Sn Qe&

< [(Z20 0, 0) 00,

Finally, a summation by parts gives

I <c | (Z?"‘Tm“—”x,;m\% <<>)”/2da<<>

= O 20 (B \ Bner) < Ol

(7.5)

Putting the two previous estimates (7.4) and (7.5) into (7.3) gives

15 sy < ClMalliio - pog - IR

that gives [|zt||zrs,) < CllLallg g, for p with compact support on B,,. The result for an
arbitrary measure p follows from this by an standard limit argument. This completes the proof
of Theorem E.
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