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ABSTRACT. We study composition operators acting on weighted Dirichlet spaces. We obtain
estimates for the essential norm, describe the membership in Schatten-Von Neumann ideals and
characterize the composition operators with closed range.

1. INTRODUCTION

Let D denote the open unit disk in the complex plane, and let ϕ : D→ D analytic. The function
ϕ induces a composition operator Cϕ acting on H(D), the space of all analytic functions on D,
by the formula

Cϕf(z) = f(ϕ(z)).

It is an interesting problem to describe the operator properties of Cϕ in terms of the function
properties of the symbol ϕ when the operator Cϕ acts on several spaces of analytic functions in
D. In this paper, we are going to study the composition operator Cϕ acting on weighted Dirichlet
spaces Dα, α > 0, so let’s proceed to introduce these spaces.

For α ≥ 0, the Dirichlet type space Dα consists of those analytic functions f on D with

‖f‖Dα =

(
|f(0)|2 +

∫
D
|f ′(z)|2 dAα(z)

)1/2

<∞,

where
dAα(z) = (1 + α) (1− |z|2)α dA(z),

and dA(z) = 1
π
dx dy is the normalized area measure on D. Observe that f ∈ Dα if and only if

f ′ belongs to the Bergman space A2
α. Let α > −1, the weighted Bergman space A2

α consists of
those functions f ∈ H(D) with

‖f‖A2
α

=

(∫
D
|f(z)|2 dAα(z)

)1/2

<∞.

It is well known that D1 = H2, the classical Hardy space, and Dα = A2
α−2 if α > 1. The

results we are going to obtain about composition operators on the spaces Dα are well known for
the Hardy and Bergman spaces. Therefore we will focus on the case 0 < α < 1 (the reason
why we exclude the case α = 0 will be explained later). We are going to estimate the essential
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norm of the composition operator acting on Dα, obtain a description of the membership in the
Schatten-Von Neumann ideal Sp of the composition operator on Dα, and finally, we characterize
the composition operators with closed range. All of this will be accomplished with the aid of the
generalized Nevanlinna counting function, which we study in the next section.

2. THE GENERALIZED NEVANLINNA COUNTING FUNCTION

Suppose that ϕ : D→ D is analytic. The (classical) Nevanlinna counting function of ϕ is

Nϕ(z) =
∑

w:ϕ(w)=z

log
1

|w|
, z ∈ D \ {ϕ(0)},

where the sum is interpreted as being zero if z /∈ ϕ(D). An important property of the counting
function Nϕ is that, being not necessarily subharmonic, it satisfies the submean value property
(see [22] or [25]).

Submean value property for Nϕ. Suppose that ϕ : D→ D is analytic. Then

Nϕ(z) ≤ 1

|B|

∫
B

Nϕ(w) dA(w),

where z ∈ D \ {ϕ(0)} and B is any euclidian disk centered at z contained in D \ {ϕ(0)}. Here
|B| denotes the area of the disk B.

Let α > 0 and ϕ : D → D analytic. The generalized Nevanlinna counting function of ϕ
is

Nϕ,α(z) =
∑

w:ϕ(w)=z

(1− |w|2)α, z ∈ D \ {ϕ(0)},

where, as before, the last sum is interpreted as being zero if z /∈ ϕ(D).

The following change of variables formula can be found, for example, in [1, Proposition 2.1]
or [6, Theorem 2.32].

Change of variables formula. If f is nonnegative on D and ϕ : D→ D is analytic, then∫
D
f
(
ϕ(z)

)
|ϕ′(z)|2 (1− |z|2)α dA(z) =

∫
D
f(z)Nϕ,α(z) dA(z).

For a ∈ D, denote by σa the disk automorphism defined by

σa(z) =
a− z
1− āz

, z ∈ D.

A key tool for our results is the submean value property for the generalized counting function
Nϕ,α. This fact is deduced from the corresponding property for the classical Nevanlinna count-
ing function together with the following formula due to A. Aleman (see Lemma 2.3 in [1]) that
relates the function Nϕ,α with the classical Nevanlinna counting function Nϕ.
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Aleman’s formula. Let 0 < α < 1 and ϕ : D → D be analytic and nonconstant. Then for
every ζ ∈ ϕ(D),

(2.1) Nϕ,α(ζ) = −1

2

∫
D

∆ωα(z)Nϕ◦σz(ζ) dA(z),

where ωα(z) = (1− |z|2)α, and ∆ denotes the standard Laplace operator.

Proposition 2.1. Let 0 < α < 1 and 0 < p < ∞. Suppose that ϕ : D → D is analytic. Then
there is a positive constant C = Cp <∞ such that

Nϕ,α(ζ)p ≤ C

|B|

∫
B

Nϕ,α(w)p dA(w),

where ζ ∈ D \ {ϕ(0)} and B is any euclidian disk centered at ζ contained in D \ {ϕ(0)}.
Moreover, one can take C = 1 if p ≥ 1.

Proof. We begin with the case p = 1. This case has been proved recently in [10]. Let ωα(z) =
(1 − |z|2)α. An application of Aleman’s formula together with the submean value property for
the classical Nevanlinna counting function, and taking into account that ∆ωα(z) ≤ 0, gives

Nϕ,α(ζ) ≤ −1

2

∫
D

∆ωα(z)

(
1

|B|

∫
B

Nϕ◦σz(w) dA(w)

)
dA(z),

for any euclidian disk B centered at ζ contained in D \ {ϕ(0)}. Now, we continue by using
Fubini’s theorem together with another application of Aleman’s formula to obtain

Nϕ,α(ζ) ≤ 1

|B|

∫
B

(
−1

2

∫
D

∆ωα(z)Nϕ◦σz(w) dA(z)

)
dA(w)

=
1

|B|

∫
B

Nϕ,α(w) dA(w),

which proves the desired result for p = 1 with C = 1. This special case together with Hölder’s
inequality then implies that the desired inequality holds with C = 1 for all p ≥ 1.

To deal with the case p ∈ (0, 1) we use an idea from [19]. Since the result holds for p = 1 with
C = 1, a standard regularization argument from potential theory (see p. 51 of [21]) produces
a nonnegative subharmonic function uα on D \ {ϕ(0)} such that Nϕ,α ≤ uα everywhere in
D \ {ϕ(0)} and Nϕ,α = uα almost everywhere on D \ {ϕ(0)} (the function uα is just the upper
semicontinuous regularization of Nϕ,α). Now, by an inequality due to Hardy and Littlewood (see
[7, Lemma 2] or Lemma 3.7 in Chapter III of [8]), there is a positive constant C = Cp such that

uα(ζ)p ≤ C

|B|

∫
B

uα(w)p dA(w),

for any euclidian disk B centered at ζ contained in D \ {ϕ(0)}. Observe that the inequality in
[7] or [8] is stated for the absolute value of a harmonic function, but its proof actually works for
nonnegative subharmonic functions. Thus

Nϕ,α(ζ)p ≤ uα(ζ)p ≤ C

|B|

∫
B

uα(w)p dA(w) =
C

|B|

∫
B

Nϕ,α(w)p dA(w)
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completing the proof of the Proposition. �

Remark: When considering the composition operator acting on the classical Dirichlet spaceD,
one should replace the function Nϕ,α(z) by the counting function nϕ(z) := #{w : ϕ(w) = z}.
However, the function nϕ does not satisfy the analogue of Proposition 2.1, that is, the counting
function nϕ(z) does not necessarily satisfies the generalized submean value property (see [27]
for an example). For that reason, and due to the fact that Proposition 2.1 plays a prominent role
in the proof of our results, we exclude the case α = 0 of our study.

3. THE ESSENTIAL NORM OF THE COMPOSITION OPERATOR

The essential norm of a bounded linear operator T is defined to be the distance to the compact
operators, that is,

‖T‖e = inf{‖T −K‖ : K is compact}.
It is our aim in this section to obtain estimates for the essential norm of the composition operator
Cϕ acting on Dα. Before doing that, we describe the symbols ϕ inducing bounded composition
operators on Dα. This result can be found in [10]. For completeness we offer here the proof. A
different description in terms of Carleson measure properties of Nϕ,α dA can be found in [27].

Theorem 3.1. Let 0 < α < 1 and ϕ : D → D be analytic. The composition operator Cϕ is
bounded on Dα if and only if

(3.1) sup
a∈D

Nϕ,α(a)

(1− |a|2)α
<∞.

Proof. Suppose first that the composition operator Cϕ is bounded on Dα, that is, ‖Cϕf‖Dα ≤
C‖f‖Dα for any f ∈ Dα. For a ∈ D, apply the previous inequality to the functions

fa(z) = (1− |a|2)1+α
2

∫ z

0

dζ

(1− āζ)2+α
, z ∈ D.

The use of Lemma 3.10 in [25] gives supa∈D ‖fa‖2
Dα ≤ C. Also, the change of variables formula

yields

‖Cϕfa‖2
Dα = |fa(ϕ(0))|2 + (1 + α)

∫
D
|(fa)′(z)|2Nϕ,α(z) dA(z),

and therefore, we have

(3.2)
∫
D

(1− |a|2)2+α

|1− āz|4+2α
Nϕ,α(z) dA(z) ≤ C,

with the constant C not depending on a. Now, for a ∈ D with |a| > 1
2
(1 + |ϕ(0)|), let D(a) ={

z ∈ D : |z − a| < 1
2
(1 − |a|)

}
. Observe that ϕ(0) /∈ D(a). Then, Proposition 2.1, the well

known fact that |1− āz| � (1− |a|2) for z ∈ D(a), and (3.2), finally gives

Nϕ,α(a) ≤ 4

(1− |a|)2

∫
D(a)

Nϕ,α(z) dA(z) ≤ C

∫
D(a)

(1− |a|2)2+2α

|1− āz|4+2α
Nϕ,α(z) dA(z)

≤ C

∫
D

(1− |a|2)2+2α

|1− āz|4+2α
Nϕ,α(z) dA(z) ≤ C(1− |a|2)α,
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where C does not depend on the point a. This gives

(3.3) sup
|a|> 1+|ϕ(0)|

2

Nϕ,α(a)

(1− |a|2)α
<∞.

On the other hand, we know from the proof of Proposition 2.1 that there is a subharmonic func-
tion uα such that Nϕ,α ≤ uα. Since any upper semi-continuous function is bounded above on
compact sets, we get

sup
|a|≤ 1+|ϕ(0)|

2

Nϕ,α(a)

(1− |a|2)α
≤ 2α

(1− |ϕ(0)|)α
sup

|a|≤ 1+|ϕ(0)|
2

uα(a) <∞.

This, together with (3.3) proves (3.1).

Conversely, assume that (3.1) holds. Then∫
D
|f ′(z)|2Nϕ,α(z) dA(z) ≤ C‖f‖2

Dα .

Also, the well known pointwise estimate for functions in Dα gives

|f(ϕ(0))|2 ≤ C

(1− |ϕ(0)|2)α
‖f‖2

Dα .

Since, by the change of variables formula, we have

‖Cϕf‖2
Dα = |f(ϕ(0))|2 + (1 + α)

∫
D
|f ′(z)|2Nϕ,α(z) dA(z),

then, by the previous inequalities, the composition operator Cϕ is bounded on Dα. �

It is now a classical result of J.H. Shapiro (see [22]) that the essential norm of the composition
operator Cϕ acting on the Hardy space H2 equals

lim sup
|z|→1−

√
Nϕ(z)

log 1
|z|
.

In particular, Cϕ is compact on H2 if and only if lim|z|→1−
Nϕ(z)

log 1
|z|

= 0 (see [22] or [6, Theorem

3.20]). Concerning the essential norm of Cϕ acting on Dα we have the following result (see also
[24]).

Theorem 3.2. Let 0 < α < 1, and let ϕ : D → D analytic inducing a bounded composition
operator on Dα. Then, the following estimate for the essential norm of the composition operator
Cϕ acting on Dα holds:

‖Cϕ‖2
e � lim sup

|a|→1−

Nϕ,α(a)

(1− |a|2)α
.
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Proof. The upper estimate

‖Cϕ‖2
e ≤ C1 lim sup

|a|→1−

Nϕ,α(a)

(1− |a|2)α
,

for some positive constant C1 can be found in p.136 of Cowen-MacCluer’s book [6]. So let’s
proceed to show that the lower estimate

(3.4) ‖Cϕ‖2
e ≥ C2 lim sup

|a|→1−

Nϕ,α(a)

(1− |a|2)α

holds for some positive constant C2. To this end, for each a ∈ D consider the functions

fa(z) =
(1− |a|2)1−α

2

1− āz
, z ∈ D.

Using Lemma 3.10 in [25] it is easy to see that supa∈D ‖fa‖Dα ≤ C. It is also clear that the
functions fa converges to zero as |a| → 1− uniformly on compact subsets of D. Therefore,
lim|a|→1− ‖K(fa)‖Dα = 0 for every compact operator K on Dα. This implies that

‖Cϕ −K‖ ≥ C lim sup
|a|→1−

‖Cϕfa −K(fa)‖Dα

≥ C lim sup
|a|→1−

‖Cϕfa‖Dα .

Since this holds for any compact operator K, and

‖Cϕ‖e = inf{‖Cϕ −K‖ : K is compact},
we have

(3.5) ‖Cϕ‖e ≥ C lim sup
|a|→1−

‖Cϕfa‖Dα .

Now, by the change of variables formula,

‖Cϕfa‖2
Dα = |fa(ϕ(0))|2 + (1 + α)

∫
D
|(fa)′(z)|2Nϕ,α(z) dA(z)

=
(1− |a|2)2−α

|1− āϕ(0)|2
+ (1 + α)|a|2(1− |a|2)2−α

∫
D

Nϕ,α(z)

|1− āz|4
dA(z).

It is clear that the first term tends to zero as |a| → 1−. Thus

lim sup
|a|→1−

‖Cϕfa‖2
Dα ≥ (1 + α) lim sup

|a|→1−
|a|2(1− |a|2)2−α

∫
D(a)

Nϕ,α(z)

|1− āz|4
dA(z),

where, as before,

D(a) =
{
z ∈ D : |z − a| < 1

2
(1− |a|)

}
.

Observe that ϕ(0) /∈ D(a) if |a| is close enough to 1, and so, after using that |1− āz| � (1−|a|)
for z ∈ D(a), we can apply Proposition 2.1 in order to obtain

lim sup
|a|→1−

‖Cϕfa‖2
Dα ≥ C lim sup

|a|→1−

Nϕ,α(a)

(1− |a|2)α
.
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This together with (3.5) proves (3.4) finishing the proof of the theorem. �

Since ‖Cϕ‖e = 0 if and only if Cϕ is compact, as an immediate consequence of the previous
theorem, we obtain the following description of compact composition operators on Dirichlet type
spaces, result that has been obtained recently by Kellay and Lefevre in [10].

Corollary 3.3. Let ϕ : D→ D analytic and 0 < α < 1. Then Cϕ is compact onDα if and only if

Nϕ,α(a)

(1− |a|)α
→ 0 as |a| → 1−.

Corollary 3.4. Let ϕ : D→ D univalent and 0 < α < 1. Then Cϕ is compact on Dα if and only
if

(3.6) lim
|a|→1−

1− |ϕ(a)|2

1− |a|2
=∞.

Proof. Since ϕ is univalent, then Nϕ,α(a) = (1 − |ϕ−1(a)|2)α, and the result is an immediate
consequence of the previous Corollary. �

We remark here that, by the Julia-Caratheodory Theorem, the condition (3.6) is equivalent to
the fact that ϕ does not have finite angular derivatives at any point of the circle.

4. SCHATTEN CLASS COMPOSITION OPERATORS

Schatten classes. If H and K are separable Hilbert spaces, a compact operator T from H to
K is said to belong to the Schatten class Sp = Sp(H,K) if its sequence of singular numbers is in
the sequence space `p. Recall that the singular numbers of a compact operator T are the square
root of the eigenvalues of the positive operator T ∗T , where T ∗ denotes the adjoint of T . Also,
the compact operator T admits a decomposition of the form

T =
∑
n

λn〈·, en〉Hfn,

where {λn} are the singular numbers of T , {en} is an orthonormal set in H , and {fn} is an
orthonormal set in K. Moreover, if the singular values {λn} are ordered in a decreasing order,
then

λn = λn(T ) = inf{‖T −K‖ : rankK ≤ n}.
For p ≥ 1, the class Sp is a Banach space with the norm

‖T‖p =

(∑
n

|λn|p
)1/p

,

while for 0 < p < 1 one has the inequality

‖S + T‖pp ≤ ‖S‖pp + ‖T‖pp.
We refer to [25, Chapter 1] for a brief account on the theory of Schatten p-classes.
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Schatten class Toeplitz operators on Bergman spaces. Let α > −1 and let ψ be a posi-
tive function in L1(D, dAα). The Toeplitz operator Tψ with symbol ψ acting on the Bergman
space A2

α is

Tψf(z) =

∫
D

ψ(w) f(w)

(1− w̄z)2+α
dAα(w), f ∈ A2

α.

Note that the operator Tψ is well defined on H∞, the algebra of bounded analytic functions
on D, that is dense on A2

α, and therefore the Toeplitz operator Tψ is densely defined on A2
α.

A description of those positive symbols ψ for which Tψ is bounded or compact on A2
α can be

found, for example, in Chapter 7 of K. Zhu’s book [25], where one can also found the following
description, essentially due to D. Luecking [17], of Toeplitz operators with positive symbols
belonging to the Schatten class Sp.

Theorem A. Let ψ ∈ L1(D, dAα) be a nonnegative function on D, and let α > −1 and 0 < p <
∞. Then Tψ ∈ Sp(A2

α) if and only if the function

ψ̂r(z) =
1

(1− |z|2)2+α

∫
∆(z,r)

ψ(w) dAα(w), 0 < r < 1,

is in Lp(D, dλ).

Here, dλ(z) = (1 − |z|2)−2dA(z) is the hyperbolic measure in D, and ∆(z, r) = {w :
|σz(w)| < r} is the pseudo-hyperbolic disk with center z and radius r. We are going to use
this result for our study of the Schatten class composition operators on Dirichlet type spaces.

Composition operators belonging to the Schatten ideals. A characterization of the mem-
bership in the Schatten class Sp for 0 < p < ∞ of the composition operator in the Hardy space
H2 was obtained by D. Luecking and K. Zhu [19]. His result reads as follows: let 0 < p < ∞
and let ϕ : D→ D analytic. Then Cϕ ∈ Sp(H2) if and only if

Nϕ(z)

log 1
|z|
∈ Lp/2(D, dλ).

Next, we are going to extend this result to all Dirichlet type spaces Dα with 0 < α < 1.

Theorem 4.1. Let ϕ : D → D analytic, 0 < α < 1 and 0 < p < ∞. Then Cϕ ∈ Sp(Dα) if and
only if

Nϕ,α(z)

(1− |z|2)α
∈ Lp/2(D, dλ).

In order to prove this result we use a well known relationship of composition operators and
Toeplitz operators in order to deduce the result from Theorem A and Proposition 2.1. Before
going to the proof, we need some preliminaries in order to make clear the connection mentioned
above.

Let Ḋα be the closed subspace ofDα consisting of functions f with f(0) = 0. If ϕ : D→ D is
analytic and ϕ(0) = 0, then the composition operator Cϕ leaves Ḋα invariant, and we can think
of Cϕ as an operator on Ḋα. In the case that ϕ(0) = 0, it turns out that it is more convenient to
work with Cϕ : Ḋα → Ḋα instead of Cϕ : Dα → Dα. Also, when discussing the membership in
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Schatten classes of the composition operator Cϕ, without loss of any generality, we can always
assume ϕ(0) = 0 and consider the operator acting on Ḋα. Indeed, if ϕ : D→ D is analytic with
a = ϕ(0), then the function ψ = σa ◦ϕ satisfies ψ(0) = 0, and ϕ = σa ◦ψ, so that Cϕ = CψCσa .
Since Cσa is invertible (the inverse being itself), it follows that Cϕ is in the Schatten class Sp(Dα)

if and only if Cψ is in the same Schatten class Sp(Dα). Since Ḋα has codimension 1 in Dα, the
membership in Sp of Cψ : Dα → Dα is the same as that of Cψ : Ḋα → Ḋα.

Now, consider the linear mapping Uα : Ḋα → A2
α defined by Uαf(z) = f ′(z). It is obvious

that Uα is a unitary operator from Ḋα onto A2
α. We now consider the action of Uα on a composi-

tion operator. If ϕ : D→ D is analytic with ϕ(0) = 0, and Cϕ is the composition operator acting
on Ḋα, then it follows easily from elementary calculations that UαCϕU∗α = Dϕ on A2

α, where Dϕ

is the weighted composition operator on A2
α given by

Dϕf(z) = f
(
ϕ(z)

)
ϕ′(z).

Therefore, the study of the membership in Sp of Cϕ : Ḋα → Ḋα is the same as that of Dϕ :
A2
α → A2

α. The following result exhibits the relationship between Dϕ and a certain Toeplitz
operator acting on the Bergman space A2

α.

Lemma 4.2. Assume that ϕ : D→ D is analytic with ϕ(0) = 0, and let

(4.1) ψ(z) =
Nϕ,α(z)

(1− |z|2)α
, z ∈ D.

Then D∗ϕDϕ = Tψ on A2
α.

Proof. Let 〈 , 〉α be the inner product in A2
α. Using the properties of the reproducing kernel of

A2
α it is easy to see that, for any f and g in A2

α, we have

〈Tψf, g〉α = (1 + α)

∫
D
f(w) g(w)Nϕ,α(w) dA(w).

On the other hand, by the change of variables formula,

〈D∗ϕDϕf, g〉α = 〈Dϕf,Dϕg〉α

=

∫
D
f
(
ϕ(z)

)
g
(
ϕ(z)

)
|ϕ′(z)|2 dAα(z)

= (1 + α)

∫
D
f(w) g(w)Nϕ,α(w) dA(w).

It follows that 〈Tψf, g〉α = 〈D∗ϕDϕf, g〉α for all f and g in A2
α and hence D∗ϕDϕ = Tψ on

A2
α. �

Proof of Theorem 4.1. By the previous observations we may assume that ϕ(0) = 0. Also, by
the remarks made and Lemma 4.2, we have Cϕ ∈ Sp(Dα) if and only ifDϕ ∈ Sp(A2

α) if and only
if the Toeplitz operator Tψ ∈ Sp/2(A2

α), where ψ is the function defined in (4.1). By Theorem
A, Tψ ∈ Sp/2(A2

α) if and only if the function ψ̂r is in Lp/2(D, dλ). Now, it is clear that the
pseudo-hyperbolic disk ∆(z, r) contains an euclidian disk centered at z of radius η(1− |z|) with
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η depending only on r. Therefore, since (1−|w|) � (1−|z|) for w ∈ ∆(z, r), using Proposition
2.1 we see that, for 0 < q <∞, there is a positive constant C such that

(4.2) ψ(z)q ≤ C

(1− |z|2)2+α

∫
∆(z,r)

ψ(w)q dAα(w), |z| > r.

In particular, the case q = 1 givesψ(z) ≤ Cψ̂r(z). Henceψ ∈ Lp/2(D, dλ) if ψ̂r is inLp/2(D, dλ)
proving the necessity part of the Theorem.

Conversely, if ψ ∈ Lp/2(D, dλ) we will show that ψ̂r is in Lp/2(D, dλ). From the case q = p/2
of (4.2) and the well known estimates (1 − |w|2) � (1 − |z|2) � |1 − w̄z| for w ∈ ∆(z, r), we
deduce

ψ̂r(z)p/2 ≤ C sup
{
ψ(w)p : w ∈ ∆(z, r)

}
≤ C sup

w∈∆(z,r)

1

(1− |w|2)2+α

∫
∆(w,r)

ψ(u)p/2 dAα(u)

≤ C(1− |z|2)2+α

∫
D

ψ(u)p/2

|1− ūz|4+2α
dAα(u).

Therefore, by Fubini’s theorem and Lemma 3.10 of [25],∫
D
ψ̂r(z)p/2dλ(z) ≤ C

∫
D
ψ(u)p

(∫
D

(1− |z|2)α

|1− ūz|4+2α
dA(z)

)
dAα(u)

≤ C

∫
D
ψ(u)p/2dλ(u).

This completes the proof of the theorem. �

Some consequences. It is known that the results on compactness and membership in Schatten
classes for composition operators on Hardy spaces can be reformulated in terms of the function

τ ∗ϕ(z) =
N∗ϕ(z)

1− |z|2
,

where
N∗ϕ(z) :=

∑
ϕ(w)=z

(1− |w|2).

Then Shapiro’s compactness theorem can be restated by saying that Cϕ is compact in H2 if and
only if lim

|z|→1
τ ∗ϕ(z) = 0, and the necessary and sufficient condition for the membership in Cϕ in

Sp in Luecking-Zhu’s theorem is then τ ∗ϕ ∈ Lp/2(D, dλ). Also, since τ ∗ϕ is a bounded function,
one has

τ ∗ϕ(z) ≤ Cτ ∗ϕ(z)α ≤ C
Nϕ,α(z)

(1− |z|2)α
, 0 < α < 1.

Taking all of this into account and bearing in mind Theorems 3.1 and 4.1 it follows that, for
0 < α < 1, the compactness of the composition operator Cϕ in Dα implies the compactness of
Cϕ in H2, and the membership of Cϕ in the Schatten class Sp of Dα implies that Cϕ belongs to
Sp(H

2). Also, when ϕ is univalent (or even with bounded valence) Cϕ is compact on the Hardy
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space H2 if and only if Cϕ is compact on Dα, 0 < α < 1. Therefore, several existing examples
of composition operators on the Hardy space may be used to produce relevant examples of com-
position operators on Dα. In particular, Lotto’s simpler example [15] of a compact composition
operator on H2 not being Hilbert-Schmidt in H2 is actually an example of a compact composi-
tion operator on Dα that is not Hilbert-Schmidt in Dα. Also, Akeroyd’s example [2] provides a
compact composition operator on Dα that does not belong to any Schatten ideal Sp of Dα.

5. COMPOSITION OPERATORS BETWEEN DIFFERENT DIRICHLET TYPE SPACES

One can also consider the composition operator Cϕ acting from one Dirichlet type space Dα
to another Dirichlet type space Dβ with α 6= β. The proof of the result stated below is the same
as the case α = β considered above, and therefore it is omitted.

Theorem 5.1. Let ϕ : D→ D analytic. Let α ≥ 0 and β > 0. Then

(a) Cϕ : Dα → Dβ is bounded if and only if supz∈D
Nϕ,β(z)

(1−|z|2)α
<∞.

(b) The essential norm of Cϕ : Dα → Dβ is comparable to the quantity

lim sup
|z|→1−

Nϕ,β(z)

(1− |z|2)α
.

(c) Cϕ : Dα → Dβ is compact if and only if lim|z|→1−
Nϕ,β(z)

(1−|z|2)α
= 0.

(d) Let 0 < p <∞. Then Cϕ ∈ Sp(Dα,Dβ) if and only if

Nϕ,β(z)

(1− |z|2)α
∈ Lp/2(D, dλ).

We want to remark here that in the previous result the case α = 0 is included, that is, when the
starting space is the classical Dirichlet space.

6. COMPOSITION OPERATORS WITH CLOSED RANGE

In this section we are going to describe those bounded composition operators acting on Dα
with closed range. The corresponding result for the Hardy spaceH2 was obtained by N. Zorboska
[26] (see [5] for a different description): a composition operator Cϕ has closed range in H2 if
and only if there are positive constants ε, δ and 0 < r < 1 so that if Gε = {w : τϕ(w) > ε}, then

Area(Gε ∩∆(z, r)) ≥ δ(1− |z|2)2

for all pseudo-hyperbolic disks ∆(z, r) with z ∈ D. Here τϕ(z) = Nϕ(z)/(1 − |z|). A similar
result for Bergman spaces was also obtained there [26] (see also [3] and [4] for some variants).
A key ingredient for the proof of that result (that we also will use in order to characterize the
closed range composition operators on Dα) is the following result due to D. Luecking [16].

Theorem B. Let G be a measurable subset of D. The following conditions are equivalent:
(a) There is a positive constant C such that for every g in A2

α, α > −1,∫
D
|g(z)|2 dAα(z) ≤ C

∫
G

|g(z)|2 dAα(z).
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(b) There exists δ > 0 and 0 < r < 1 such that

Area(G ∩∆(z, r)) ≥ δ(1− |z|2)2

for every z ∈ D.

We need a modified version of this theorem whose proof can be deduced from Theorem B in
the same way as in Corollary 3.34 of [6], so that the proof will be omitted.

Proposition 6.1. Let τ(z) be a bounded, measurable non-negative function on D. The following
conditions are equivalent:

(a) There exists M > 0 such that for every f ∈ Dα, α ≥ 0,∫
D
|f ′(z)|2 dAα(z) ≤M

∫
D
|f ′(z)|2 τ(z) dAα(z).

(b) There exists ε > 0, δ > 0 and 0 < r < 1 such that

Area(Gε ∩∆(z, r)) ≥ δ(1− |z|2)2

for every z ∈ D, where Gε = {w ∈ D : τ(w) > ε}.

We also need the following well known result (see [6, Proposition 3.30] for example) saying
that the closed range composition operators are precisely those operators that are bounded below.

Lemma C. A bounded composition operator Cϕ acting on a Hilbert space H of analytic func-
tions in the disk has closed range if and only if there exists m > 0 such that

‖Cϕf‖H ≥ m‖f‖H for all f ∈ H.

For ϕ : D→ D analytic and α > 0, consider the function

τϕ,α(z) =
Nϕ,α(z)

(1− |z|2)α
.

Note that this is the same function that appears in (4.1). Now we are prepared to state and prove
our description of the closed range composition operators acting on Dα.

Theorem 6.2. Let 0 < α < 1 and let ϕ : D → D analytic inducing a bounded composition
operator Cϕ on Dα. Then the composition operator Cϕ has closed range on Dα if and only if
there are positive constants ε, δ and 0 < r < 1 so that if Gα

ε = {w : τϕ,α(w) > ε}, then

Area(Gα
ε ∩∆(z, r)) ≥ δ(1− |z|2)2

for all pseudo-hyperbolic disks ∆(z, r) with z ∈ D.

Proof. Since, by Theorem 3.1, τϕ,α(z) is a bounded function, the result follows from a direct
application of Proposition 6.1 and the following claim: a bounded composition operator Cϕ has
closed range in Dα if and only if there exists a constant M > 0 so that

(6.1)
∫
D
|f ′(z)|2 τϕ,α(z) dAα(z) ≥M

∫
D
|f ′(z)|2 dAα(z)

whenever f is inDα. In order to prove that claim, we first assume that ϕ(0) = 0. In this case, we
can think as Cϕ acting on Ḋα, the closed subspace ofDα consisting of functions f with f(0) = 0.
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By Lemma C the composition operator Cϕ has closed range if and only if there exists a constant
m > 0 so that

‖f‖2
Dα ≤ m‖Cϕf‖2

Dα

for all f ∈ Ḋα. By the change of variables formula, we have

‖Cϕf‖2
Dα =

∫
D
|f ′(z)|2τϕ,α(z) dAα(z),

that proves the claim in that case.
Next, assume that ϕ(0) = a 6= 0. Consider ψ = σa ◦ ϕ, so that ψ(0) = 0. Since Cϕ = CψCσa

and Cσa is invertible onDα, then Cϕ has closed range if and only if Cψ does. By the case already
considered, Cψ has closed range if and only if there exists m > 0 so that

(6.2)
∫
D
|f ′(z)|2 τψ,α(z) dAα(z) ≥ m

∫
D
|f ′(z)|2 dAα(z).

If (6.1) holds, by the change of variables formula,∫
D
|f ′(z)|2 τψ,α(z) dAα(z) =

∫
D
|(f ◦ ψ)′(z)|2 dAα(z)

=

∫
D
|(f ◦ σa)′(z)|2 τϕ,α(z) dAα(z)

≥M

∫
D
|(f ◦ σa)′(z)|2 dAα(z)

= (1 + α)M

∫
D
|f ′(z)|2 (1− |σa(z)|2)α dA(z)

≥M2−2α (1− |a|2)α
∫
D
|f ′(z)|2 dAα(z).

Hence (6.2) holds with m = M2−2α (1 − |ϕ(0)|2)α, and therefore Cϕ has closed range. Con-
versely, if Cϕ has closed range inDα, then (6.2) holds, and since ϕ = σa ◦ψ we can use the same
argument to show that (6.1) is satisfied. This completes the proof. �

As an immediate consequence, we obtain the following alternate description of closed range
composition operators in Dα similar to the one obtained recently in [13, Theorem 5.1] for the
Hardy space.

Corollary 6.3. Let 0 < α < 1 and let ϕ : D → D analytic inducing a bounded composition
operator Cϕ on Dα. Then Cϕ has closed range in Dα if and only if there is 0 < r < 1 and a
positive constant C such that

(6.3)
1

Area(∆(z, r))

∫
∆(z,r)

τϕ,α(w) dA(w) ≥ C

for any pseudo-hyperbolic disk ∆(z, r), z ∈ D.
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Proof. If Cϕ has closed range in Dα, by Theorem 6.2, there are constants ε > 0 and δ > 0 such
that

Area(Gα
ε ∩∆(z, r)) ≥ δ Area(∆(z, r))

for any pseudo-hyperbolic disk ∆(z, r). Therefore,

1

Area(∆(z, r))

∫
∆(z,r)

τϕ,α(w) dA(w) ≥ 1

Area(∆(z, r))

∫
Gαε ∩∆(z,r)

τϕ,α(w) dA(w)

≥ ε
Area(Gα

ε ∩∆(z, r))

Area(∆(z, r))
≥ εδ.

Conversely, assume that (6.3) holds. Choose 0 < ε < C
2

. Then

C ≤ 1

Area(∆(z, r))

∫
Gαε ∩∆(z,r)

τϕ,α(w) dA(w) +
1

Area(∆(z, r))

∫
∆(z,r)\Gαε

τϕ,α(w) dA(w)

≤ 1

Area(∆(z, r))

∫
Gαε ∩∆(z,r)

τϕ,α(w) dA(w) + ε,

so that
C

2
≤ 1

Area(∆(z, r))

∫
Gαε ∩∆(z,r)

τϕ,α(w) dA(w).

Since, by Theorem 3.1, M := supw∈D τϕ,α(w) <∞, we deduce that

Area(Gα
ε ∩∆(z, r)) ≥ δ Area(∆(z, r))

with δ = C/(2M). Thus, by Theorem 6.2, the composition operator Cϕ has closed range in
Dα. �

Corollary 6.4. Let 0 < α < β and ϕ : D → D analytic. Assume that Cϕ is bounded on Dα. If
Cϕ has closed range on Dβ , then Cϕ has closed range on Dα.

Proof. Since, for β > α, one has τϕ,α(z) ≥ Cτϕ,β(z) for some positive constant C and, clearly,
if Cϕ is bounded on Dα then Cϕ is bounded on Dβ (see Theorem 3.1), the result is an immediate
consequence of Corollary 6.3. �

Remark: It is standard to see that the results of Theorem 6.2 and Corollary 6.3 can be re-
formulated in terms of Carleson sectors. Recall that, for a a given arc I of the unit circle with
normalized arclength |I|, the Carleson sector S(I) based on I is

S(I) = {z = reit ∈ D : 1− r < |I|; eit ∈ I}.
Then, in the condition in Theorem 6.2 one can replace the pseudo-hyperbolic disks by Carleson
sectors, so that Cϕ has closed range in Dα if and only if

Area(Gα
ε ∩ S(I)) ≥ δ|I|2

for all arcs I . Also, the condition (6.3) in Corollary 6.3 can be replaced by the condition
1

|I|2

∫
S(I)

τϕ,α(w) dA(w) ≥ C
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for all arcs I in the unit circle.

Some examples. Some consequences of Theorem 6.2 are listed below. All the assertions can be
proved in a similar manner as in [26], so that the proofs will be omitted here. Let α > 0 and
ϕ : D→ D analytic. Then:
• If the range of ϕ on D misses a neighborhood of a point on the unit circle then Cϕ does not
have a closed range on Dα.

• If the range of ϕ on D has a hole that includes a disc internally tangent to the unit disc, then Cϕ
does not have a closed range on Dα.

• Assume that ϕ is univalent, and let ψ : D → D analytic with ψ(D) ⊂ ϕ(D). If Cϕ does not
have a closed range in Dα, then Cψ does not have a closed range in Dα.

• If ϕ(D) ⊂ D \ [0, 1), then Cϕ does not have a closed range on Dα.

Closed range composition operators on the Dirichlet space. The counting function nϕ(z)
does not necessarily satisfies the submean value property, and the analogues of Theorem 6.2 and
Corollary 6.3 for the Dirichlet space (replacing the function τϕ,α by the counting function nϕ)
can fail. As far as we know, it is still an open problem to describe the composition operators with
closed range in the Dirichlet space D. We refer to [9] and [18] for more information on closed
range composition operators on the Dirichlet space.

7. PULLBACK MEASURES VS COUNTING FUNCTIONS

It is well known that the results on compactness or membership in Schatten classes of compo-
sition operators on Hardy spaces can be restated in terms of pullback measures. More concretely,
given ϕ : D→ D analytic, consider the measure mϕ defined on subsets E of the closed unit disk
by

mϕ(E) = σ
(

(ϕ∗)−1(E)
)

where σ denotes the arclength measure on the unit circle and ϕ∗ is the radial limit function of ϕ.
Then, see [20], the composition operator Cϕ is compact on H2 if and only if mϕ is a vanishing
Carleson measure, that is, if

lim
|I|→0

mϕ(S(I))

|I|
= 0,

or, equivalently, if

lim
|z|→1−

mϕ(S(Iz))

1− |z|
= 0,

where, for z = reit ∈ D, Iz denotes the arc centered at eit with |Iz| = 1−|z|. In view of Shapiro’s
compactness theorem [22], it is natural to expect some relationship between the quantities Nϕ(z)
and mϕ(S(Iz)). More evidences on that is the fact that the membership in the Schatten classes
of the composition operator on H2 can also be described in terms of the pullback measure mϕ
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(see [17] and [11]). Essentially, the result is that Cϕ belongs to Sp(H2) if and only if the function
mϕ(S(Iz))/(1− |z|) is in Lp/2(D, dλ) (compare this with Luecking-Zhu’s condition mentioned
in Section 4). Recently, in [12], the relation between Nϕ(z) and mϕ(S(Iz)) has been quantified
in the following form: there exists positive constants C1, c1, C2, c2 such that, for z ∈ D with |z|
close enough to 1, one has

(7.1) Nϕ(z) ≤ C1mϕ(S(c1Iz)),

and

(7.2) mϕ(S(Iz)) ≤
C2

(1− |z|)2

∫
S(c2Iz)

Nϕ(w) dA(w).

Here, given a positive constant c, we denote by cI the arc with the same center as I and length
c|I|. Of course, we can replace Nϕ(z) by N∗ϕ(z) := Nϕ,1(z) in the previous inequalities.

A similar phenomenon occurs in the setting of the weighted Bergman spacesA2
α with α > −1.

The pullback measure that enters in action now is the measure mϕ,α defined on subsets E of the
open unit disk D by

mϕ,α(E) =

∫
ϕ−1(E)

dAα(z).

The boundedness, compactness and membership in Schatten classes of the composition operator
on A2

α can be described in terms of the properties of the Nevanlinna counting function Nϕ,2+α

or in terms of properties of the function mϕ,α(S(Iz)) (see [20] and [22] for boundedness and
compactness, and [17], [19] for the membership in Schatten classes). As before, the relationship
between Nϕ,2+α(z) and mϕ,α(S(Iz)) can be quantified. The following result has been proved in
[14] for α = 0, but the same proof works for all α > −1. For the sake of completeness we
provide the proof here.

Proposition 7.1. Let α > −1 and ϕ : D → D analytic. There exists positive constants
C1, c1, C2, c2 such that, for z ∈ D with |z| close enough to 1, one has

(a) Nϕ,2+α(z) ≤ C1mϕ,α(S(c1Iz)),

(b) mϕ,α(S(Iz)) ≤ C2

(1−|z|)2
∫
S(c2Iz)

Nϕ,2+α(w) dA(w).

Proof. As in [22, Proposition 6.6] one has

(7.3) Nϕ,2+α(z) = 4(2 + α)(1 + α)

∫ 1

0

Nϕ,1(r, z) (1− r2)α r dr,

where

Nϕ,1(r, z) :=
∑

ϕ(w)=z,|w|<r

(1− |w|2/r2) = Nϕr,1(z), 0 < r ≤ 1,
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with ϕr(z) = ϕ(rz). Then, from (7.3) and (7.1), we obtain

Nϕ,2+α(z) = 4(2 + α)(1 + α)

∫ 1

0

Nϕr,1(z) (1− r2)α r dr

≤ Cα

∫ 1

0

mϕr(S(c1Iz)) (1− r2)α r dr

= Cα

∫ 1

0

σ
{
eit : ϕ(reit) ∈ S(c1Iz)

}
(1− r2)α r dr

= Cαmϕ,α(S(c1Iz))

which proves (a). Part (b) is proved in a similar manner bearing in mind that

mϕ,α(S(Iz)) =

∫ 1

0

mϕr(S(Iz)) (1− r2)α r dr

and using (7.2) and (7.3). �

In the setting of Dirichlet type spaces, one considers the pullback measure µϕ,α defined on
subsets E of the open unit disk D by

µϕ,α(E) =

∫
ϕ−1(E)

|ϕ′(z)|2 dAα(z).

The boundedness and compactness of the composition operator Cϕ on Dα can also be described
in terms of the pullback measure µϕ,α [20]. Indeed, a change of variables gives∫

D
|(Cϕf)′(z)|2 dAα(z) =

∫
D
|f ′(w)|2 dµϕ,α(w).

It follows that Cϕ is bounded on Dα if and only if µϕ,α is a Carleson measure for A2
α, that is (see

[25, Theorem 7.4] for example), if

sup
z∈D

µϕ,α(D(z))

(1− |z|2)2+α
<∞,

where D(z) = {w ∈ D : |w − z| < 1
2
(1− |z|)}; or equivalently (using Carleson sectors) if

sup
z∈D

µϕ,α(S(Iz))

(1− |z|2)2+α
<∞.

Also Cϕ is compact onDα if and only if µϕ,α is a vanishing Carleson measure for A2
α, that is (see

[25, Theorem 7.7]), if

lim
|z|→1−

µϕ,α(D(z))

(1− |z|2)2+α
= 0⇔ lim

|z|→1−

µϕ,α(S(Iz))

(1− |z|2)2+α
= 0.

Also, the membership of the composition operator Cϕ in the Schatten class Sp(Dα) can be de-
scribed in terms of properties of the function µϕ,α(D(z)) (see [17]). Thus, in view of Theorem
3.1, Corollary 3.3 and Theorem 4.1, it is natural to expect some relationship between the quanti-
ties Nϕ,α(z) and µϕ,α(D(z))/(1− |z|)2. This is quantified in the next result.
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Proposition 7.2. Let α > 0 and ϕ : D→ D analytic. There is a constant C > 1 such that
1

C
Nϕ,α(z) ≤ µϕ,α(D(z))

(1− |z|)2
≤ C

(1− |z|)2

∫
D(z)

Nϕ,α(w) dA(w).

Also, the same result holds for Carleson sectors, that is,
1

C
Nϕ,α(z) ≤ µϕ,α(S(2Iz))

(1− |z|)2
≤ C

(1− |z|)2

∫
S(2Iz)

Nϕ,α(w) dA(w).

Proof. Denote by χE the characteristic function of the set E. The definition of the measure µϕ,α
together with the change of variables formula yields

µϕ,α(D(z)) =

∫
D
χϕ−1(D(z))(w) |ϕ′(w)|2 dAα(w) =

∫
D
χD(z)(ϕ(w)) |ϕ′(w)|2 dAα(w)

= (1 + α)

∫
D
χD(z)(ζ)Nϕ,α(ζ) dA(ζ).

From here the upper inequality is trivial, and the lower inequality is a consequence of the sub-
mean value property for Nϕ,α (see Proposition 2.1). The result in terms of Carleson sectors
follows exactly the same proof. �
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