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Elastic constants of the S—Cu-Zn alloy system: A Monte Carlo study
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Monte Carlo calculations of the isothermal elastic constants of the 8-Cu,Zn,_, alloy system as a
function of the composition have been carried out. We assume the atoms interact via a two-body
Morse potential function and use numerical values for the potential parameters evaluated taking
into account experimental data. We find a quite good agreement between our results and the ex-

pected experimental behavior.

I. INTRODUCTION

Elastic constants in solid systems provide valuable
mechanical and dynamical information about crystal be-
havior and lattice stability. In addition, the comparison
of experimentally measured and theoretically calculated
elastic constants is an important tool for testing micro-
scopic interaction potentials such as those used in simula-
tion studies.

Reviews on computer studies of elastic constants can
be found in Refs. 1-3 (Monte Carlo method) and Refs.
4-7 (molecular dynamics). There is no consensus on
which technique requires a larger amount of computer
time.® In a very recent review’ Ray suggests that both
techniques require approximately the same amount of
computer time for the same accuracy.

The calculation of elastic constants by computer simu-
lation techniques has been mainly restricted to one-
component systems that in most cases exhibit a fcc crys-
tal structure. The aim of this paper is to calculate, by us-
ing the Monte Carlo method, the second-order elastic
constants of the 5-Cu,Zn,_  binary system, at room tem-
perature (7,) and as a function of the composition (x).
This system is known to undergo a lattice instability
(martensitic transformation) at temperatures which de-
pend both on the composition x and on the long-range or-
der.* The determination of a suitable potential which
reproduces the macroscopic elastic data is a first step in a
more microscopic study of the kinetics of the transforma-
tion and its dependence on composition and long-range
order. We note that 5-Cu,Zn,_, exhibits a B, structure
below a certain temperature 7, (>>T,) and that we need
three (Cu-Cu, Zn-Zn, and Cu-Zn) different interaction
potentials. We follow the conventional procedure that
pairwise additive potentials are sufficient to describe the
behavior of the alloy.

For the present investigation we will use the Morse po-
tential function, which is a central pairwise potential, ex-
tensively used in solid-state studies'®”!! and in particular
in the analysis of elastic properties.'”” The different
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Morse potential parameters for the system under study
were obtained in a previous work,!* where experimental
elastic-constant data were considered and the lattice was
required to be stable in terms of Born stability criteria.'*

Using these Morse potential parameters and standard
Monte Carlo techniques,'> we have calculated the C;,
Cy4, and C'=(C,; —Cy,)/2 isothermal elastic constants.
Numerical results are compared to available experimen-
tal data'® corresponding to 8-CuZn system. Considering
the simplicity of the potential model, the agreement ob-
tained seems to be quite appealing.

II. NUMERICAL PROCEDURE

The isothermal elastic constants involve ensemble aver-
ages of functions of particle coordinates and interparticle
potential energies, which can be evaluated conveniently
by using Monte Carlo simulations.!” The corresponding
formulas are available in the literature.? The simulations
proceeds in the following way. A system of N particles
(N=Ng,+N,,=128) is placed inside a computational
cell of volume V (V =4a X2, where a is the lattice pa-
rameter), with periodic boundary conditions. The system
is also assumed to be in thermal equilibrium at a tempera-
ture 7 =297 K. Starting from an initial random
configuration, the following sequence of configurations is
generated by choosing a particular atom at random and
giving it a small random displacement of magnitude
smaller than A. The displacement is accepted if it lowers
the energy or if it raises it with a probability given by the
Boltzmann factor. This choice ensures that we sample
the equilibrium probability distribution function. The
magnitude of A depends on temperature and it is chosen
such that the average acceptance ratio in each Monte
Carlo step is close to 50%.!>!7 The Monte Carlo step is
our unit of time defined as a total of N attempts to
change the value of the particle coordinates of a random-
ly chosen lattice site. The Hamiltonian of the system is
given by

H=3 ¢,(r) . 1)
ij
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TABLE 1. Parameters of the Morse potential function for
Cu-Cu, Zn-Zn, and Cu-Zn interactions. P and Q are expressed
in units of Qcy.cu-

aa Qarg P(QCu-Cu ) Q(QCu-Cu )
Cu-Cu 1.865 1.708 2.760 1.000
Zn-Zn 2.840 2.585 2.385 0.360
Cu-Zn 6.545 5.836 22589 131.9

The summation symbol denotes sum over all distinct
pairs of particles which are nearest and next-nearest
neighbors, which can be either Cu-Cu, Zn-Zn, or Cu-Zn
pairs. ¢@;; is the usual Morse potential function which
expresses the potential energy between two atoms
separated by a distance r as

(p(r)=Pe72ar_Qevar (2)
with

P=De"" | (3a)

Q=2De"" . (3b)

This function has a minimum at » =r;. D and « are posi-
tive constants with energy and inverse of distance dimen-
sions, respectively. For (3) we use the numerical values
evaluated in Ref. 13 and tabulated in Table I. Such pa-
rameters were obtained by fitting the analytical expres-
sions of the elastic constants at T =0 K to the available
experimental data'® (at T, temperature). With the
present simulations we want to know if these potential
parameters keep the system mechanically stable when the
temperature is raised (at least until 7,).

We assume that at temperature 7, the system shows its
maximum configurational ordering. Experimentally, this
is consistent with the weak change in the elastic con-
stants during a reordering processes,'® and also with the
high value of T, as compared to T,.!3

We have averaged the different quantities which we
have calculated over 150000-200000 uncorrelated
configurations omitting the first 20 000. They are affected
by nonequilibrium effects as the initial configuration re-
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FIG. 1. Composition dependence of calculated (@) and ex-
perimental (O) C;, values in Cu-Zn alloy at room temperature.
Dashed line is only a guide for the eye.
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FIG. 2. Composition dependence of calculated (@) and ex-
perimental (O ) C,4 values in Cu-Zn alloy at room temperature.
Dashed line is only a guide for the eye.

laxes to equilibrium. Although the averages have been
performed on subgroups of 200000 effective
configurations, and due to the fact that the acceptance
rate is 50% (we chose the A parameter in this way), we
used a double number of real configurations.

We would like to remark on the non-close-packed
character of the bcc structure, for which entropic contri-
butions play a very important role in determining ther-
modynamical stability.!” In spite of this fact, which can
amplify the fluctuations, the final averaged values of the
elastic constants, determined within an error of 8—-12 %,
follow quite well the expected experimental behavior.

III. RESULTS AND DISCUSSION

We present in Figs. 1, 2, and 3 the results obtained for
the elastic constants C;;, Cyy, and C'=(C,;; —C,,)/2 for
our model 3-Cu,Zn,_,, when the molar fraction of Zn
(1—x), ranges between 0.46 and 0.51. We also show in
these figures experimental data for the same elastic con-
stants.'® We observe quite good agreement in C,; and
C’, whereas the values obtained for C,, markedly deviate
from the experimental data. The discrepancy can be due
to the noncentrality of the model potential as well as to
the procedure by which the parameters of the various in-
terparticle potentials were evaluated.!* In that evalua-
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FIG. 3. Composition dependence of calculated (@) and ex-
perimental (O) C’ values in Cu-Zn alloy at room temperature.
Dashed line is only a guide for the eye.
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tion, except for Qcycu=2Dcucuexpl(@rg)cu.cul [Eq.
(3b)], all the parameters were obtained by considering ex-
perimental elastic-constant data but paying special atten-
tion to the behavior of C’ because of its special relevance
in shape-memory alloys,?® such as B-CuZn. By rescaling
C’ given by a Monte Carlo simulation to the experimen-
tal data, one can evaluate Qc,.c, =8.2X107!°J. We ob-
tain a better agreement in the value of C, if
Qcucu=4%.2X 107 J. As we mentioned in Ref. 13,
Qcu.cuy can also be obtained from the theoretical expres-
sion for the Debye temperature as a function of the elas-
tic constants when 7—0.2! This calculation yields
Qcu.cu=5-7X 107" J which is intermediate between the
two values given above.

In spite of the discrepancies observed in the behavior
of C4,, we suggest that our results are encouraging even
using such a simple model potential to describe the alloy.
Our numerical results on the elastic properties of the
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binary system are in reasonable agreement with experi-
mental data. Nevertheless, it is clear that a more sophis-
ticated (noncentral) potential is required. Consequently,
future efforts will be concentrated on more realistic po-
tentials and range of interactions.

Finally, let us conclude saying that the present study
reveals that simple pairwise potentials can be used to
study the elastic properties of systems that exhibit or-
dered structures such as binary alloys. Particularly in-
teresting are the shape-memory alloys because of the
thermomechanical properties?? related with the martensi-
tic transformation that are undergone at very low tem-
peratures. Recently, the constant-pressure molecular-
dynamics technique has been successfully applied to the
study of structural phase transitions.?> In this sense, a
very interesting work could be to study structural elastic
instabilities in shape-memory alloys by using Monte Car-
lo methods at constant pressure.
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