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We use exact diagonalization techniques to study the ground state properties of few-site optical
lattices where bosons and fermions are mixed and interact. First, we consider a two-site system
with 50 bosons and one single fermionic impurity. The interaction of the impurity with the bosonic
background is shown to modify its properties. Then, we consider a three-site system in order to see
effects of the fermionic nature of the impurities. In this system, the modification of the properties
of the bosons by the interaction with the fermions is even more dramatic, and is different when the
system hosts one fermion than two.

I. INTRODUCTION

In recent years, it has become experimentally possi-
ble to confine ultracold atomic systems in optical lattices
[1, 2]. Such lattices are created with standing laser beams
and consist of periodic electromagnetic potentials. The
atoms that see this potential can occupy any of its min-
ima, and since they also have kinetic energy, hoping be-
tween adjacent potential minima is possible. If the atoms
are of bosonic type, there can be any number of them in
each potential minimum and on-site interactions have to
be taken into account.

Ultracold atomic systems in optical lattices allow a
high control of all the relevant parameters. By modifying
the configuration of the lasers, it is possible to create lat-
tices in one, two or three dimensions with virtually any
desired periodicity. Tuning the lasers also allows to con-
trol the depth of the potential minima and thus enhance
or difficult the hoping of the atoms. Furthermore, using
Feshbach resonances [3] one can vary the s-wave scat-
tering length of the atoms in a wide range of negative
and positive values, which means that the on-site inter-
atomic interactions can be controlled to be attractive or
repulsive and to have any desired strength. This high
level of control, together with the many analogies that
exist between ultracold atoms in optical lattices and a
number of other quantum systems that are much less ex-
perimentally accessible [4], has awaken a huge interest
for ultracold atoms in optical lattices not only because of
their singular mesoscopic quantum properties, but also
as quantum simulators.

Systems of few bosons and fermions have been studied
[5–9]. Also, Bose-Fermi mixtures have been studied from
different approaches [10–13]. The aim of this work is to
perform a numerical study of the properties of mixtures
of bosonic and fermionic spinless atoms in few sites, one-
dimensional optical lattices. For such purpose, we will
model the lattice as a collection of sites and use a Bose-
Fermi-Hubbard Hamiltonian in second quantization to
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describe the system

Ĥ =− Jb
∑
i

(â†i âi+1 + â†i+1âi)− Jf
∑
i

(b̂†i b̂i+1 + b̂†i+1b̂i)

+
Ubb

2

∑
i

[
â†i âi(â

†
i âi − 1)

]
+ Ubf

∑
i

â†i âib̂
†
i b̂i, (1)

where ai and bi are the destruction operators of a boson
and a fermion in the site i, which satisfy the relations

[âi, âj ] = 0; [â†i , â
†
j ] = 0; [âi, â

†
j ] = δij (2)

{b̂i, b̂j} = 0; {b̂†i , b̂
†
j} = 0; {b̂i, b̂†j} = δij (3)

[âi, b̂j ] = 0; [â†i , b̂
†
j ] = 0; [âi, b̂

†
j ] = 0. (4)

The first two terms in (1) account for the hoping (kinetic
energy) of bosons and fermions. The other two terms ac-
count for the on-site interactions: the third one is the in-
teraction of all the possible bosonic pairs in each site and
the last term contains the interaction of all the bosons
in one site with the fermion in that site (because of the
Pauli principle, there can be only one or zero fermions
in each site). Since there is a high experimental level of
control over the tunnelling and the on-site interactions,
it will be realistic to vary the constants Jb, Jf , Ubb and
Ubf to explore different regimes of the system.

In general, we will use the following procedure to per-
form our numerical studies

1. Identify the system that we want to describe: how
many sites it has, what is their topology and how
many bosons and fermions are placed on them.

2. Build a Fock basis of the whole Hilbert space asso-
ciated to the system.

3. Compute the matrix elements of Ĥ in such Fock
basis and use numerical diagonalization techniques
to find its eigenstates and their eigenenergies.

We will consider two basic kinds of systems. First, we will
focus on a two-site system with 50 bosons and 1 fermion
that can interact attractively or repulsively. Although
this is a good starting point for our purposes, having only
1 fermion is equivalent to having 1 boson of another type
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(impurity), and thus it is not possible to see any quantum
statistical effect. In order to see this kind of effect, we will
later consider a system of 3 sites with periodic boundary
conditions filled with 12 bosons and 0,1 or 2 fermions.

II. TWO-SITE SYSTEM WITH A SINGLE
(FERMIONIC) IMPURITY

The first system that we shall consider consists of two
sites that are filled with Nb = 50 bosons and 1 fermion.
The natural Fock basis that describes all the possible
states in this system is

{|k,Nb − k; 0, 1〉 , |k,Nb − k; 1, 0〉}; k = 0, 1, 2, ..., Nb

i.e., the Hilbert space has size 2(Nb + 1), with the first
Nb + 1 states corresponding to all the possible bosonic
configurations with the fermion in the right site and the
second half of the Fock states corresponding to all the
possible bosonic configuration with the boson in the left
site.

In our study of this system, we will assume for the con-
stants in (1) Jb = Jf = 1 and |Ubb| = |Ubf | ≡ U . Rather
than the specific values of all the energy constants, the
parameter which is more relevant for the properties of
the system is the interaction strength, i.e., ratio between
the total on-site interaction and the tunnelling energy,
Λ = NbU

J . When diagonalizing the system for high val-
ues of Λ, the quasi-degeneracy of the states can cause
numerical instabilities that break the symmetry of the
system choosing arbitrarily any of the sites. A way to
avoid this problem is to introduce a little bias in (1) that
breaks the symmetry artificially in a site of our choice.
Thus, our Hamiltonian for this model will be

Ĥ(2) = Ĥ − ε(â†1â1 − â†2â2), (5)

with ε = 10−7.

A. Static properties

A general many-body eigenstate of the Hamiltonian
(5) will be written as |Ψ〉 =

∑
k c

r
k |k,Nb − k; 0, 1〉 +

clk |k,Nb − k; 1, 0〉. In Fig. 1 we plot the spectral de-
composition of the ground and highest excited state for
the system with both boson-boson and boson-fermion at-
tractive interaction and different values of Λ. The spec-
tral decomposition of the two-site system with Nb = 50
bosons and no fermion, computed in [14], is also plot-
ted for comparison. As can be seen in Fig. 1, for low
values of the interaction strength (Λ = 1) the most pop-
ulated Fock states in both the ground and highest excited
states of the system without fermion are those with ap-
proximately equal number of bosons in both sites. This
is also the case in the system with one fermionic impu-
rity, but with a symmetry between the states with the
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FIG. 1: Spectral decomposition |ck|2 of the ground (black,
solid) and highest excited state (red, dashed) of the system
with two sites, Nb = 50 and 1 fermion (top panels) and the
system with two sites and Nb = 50 bosons (bottom panels) for
different values of Λ. All interactions are attractive; under an
exchange of the sign of the interaction the ground and highest
excited state would exchange their roles.

fermion in each site. As the interaction strength is in-
creased (Λ = 3), the ground state of the system with no
fermion becomes cat-like: there is equal probability to
find all the bosons in either of the two sites. The ground
state of the system with a fermion adopts a similar form,
but since there is an attractive boson-fermion interaction
it is more likely to find the system in a state in which the
bosons are concentrated in one site and the fermion is
in the same site. The left-right fermionic symmetry is
still conserved. Finally, when the interaction is increased
further (Λ = 7), the bias term breaks the symmetry in
both the purely bosonic system and the system with an
impurity.
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FIG. 2: Chemical potential of the system of two sites with 50
bosons and 1 fermion as a function of the strength Λ. The
top and bottom panels correspond to attractive and repulsive
boson-boson interaction respectively.

Chemical potential and transition to the cat-like
ground state

A quantity that can be studied to determine at which
value of the interaction strength the spectral decomposi-
tion of the ground state stops being centered around the
Fock states with equal number of bosons in each site is
the chemical potential µ, which is defined as the change
of the energy of the ground state after removing one par-
ticle. In our system, we will assume that the particle that
we remove is a boson (under the condition |Ubb| = |Ubf |,
removing a boson or the fermion yields the same results),
so that the chemical potential is defined as

µ = E0(Nb)− E0(Nb − 1). (6)

As can be seen in Fig. 1, for Ubb < 0, at low values of
Λ the spectral decomposition of the ground state is cen-
tered around the Fock states with equal number of bosons
in each site, |Nb/2, Nb/2〉. Not taking into account the
tunnelling term in (1), the energy of this ground state
is E0(Nb) ∼ Ubb

2 2 · Nb

2 (Nb

2 − 1). When removing a bo-
son, the ground state becomes centred around bosonic
configurations close to |Nb/2, Nb/2− 1〉, so its energy
is E0(Nb − 1) ∼ Ubb

2

(
Nb

2 (Nb

2 − 1) + (Nb

2 − 1)(Nb

2 − 2)
)
.

Thus, in this regime E0(Nb)−E0(Nb−1) ∼ NbUbb

2 . How-
ever, as it can also be seen in Fig. 1, for higher values of Λ
the spectral decomposition of the ground state becomes
peaked at Fock states with different number of bosons
in each site. It is not necessary to set very high values
of the interaction so that this ground state has bosonic
configurations of the type |Nb, 0〉, and thus an energy
(without tunnelling term) E0(Nb) ∼ Ubb

2 Nb(Nb − 1), and
so the difference of energies after removing one boson is
E0(Nb) − E0(Nb − 1) ∼ UbbNb. In the case of repulsive
boson-boson interaction, the ground state interchanges
its role with the highest excited state in Fig. 1, so that

in this case the ground state is always peaked around
Fock states with equal number of bosons in both sites
and E0(Nb)− E0(Nb − 1) ∼ UbbNb

2 .
These simple considerations allow to explain the chem-

ical potential curves shown in Fig. 2 for Ubb < 0 and
Ubb > 0. In both cases, the chemical potential curves
start at µ(Λ = 0) = −1, because in the absence of inter-
action the only energetic difference between the system
of Nb and Nb − 1 bosons is the tunnelling energy of one
boson. In the attractive case, for low values of the inter-
action the slope of the chemical potential is initially − 1

2 ,
which is consistent with the considerations made above
if we recall that Λ = NU

J and we take into account that
in this case Ubb < 0 and that we have set J = 1. Then,
at Λ ≈ 2 the slope changes to −1, and this change is
associated with the transition to the regime where the
ground state is cat-like. As expected, in the case of re-
pulsive boson-boson interaction the slope of the chemical
potential is constant and equal to 1

2 . However, at the
same value of Λ for which there is the change of slope in
the attractive case, the chemical potential vanishes. This
value of the interaction, for which it costs no energy to
remove one particle from the system, can be regarded as
the interaction strength which equates the importance of
the tunnelling and the on-site interactions, so it makes
sense that it is the same strength for which there is the
change of slope when Ubb < 0.

Population imbalance and effect of the bias

The study of the population imbalance of the ground
state can be used to determine at which value of the
interaction strength the bias term in the Hamiltonian
breaks the symmetry by selecting one of the sites. The
population imbalance is defined as the difference between
the bosonic/fermionic populations of the two sites

ẑ =
n̂1 − n̂2

N
. (7)

If the symmetry between the two sites is preserved, the
population imbalance will be zero both for bosons and the
fermionic impurity, and when the bias selects one site it
will acquire a non-zero value that should increase with
Λ. In Fig. 3 it can be seen that the imbalance of both
the bosons and the fermion remains z = 0 as the interac-
tion strength is increased, until a critical value Λ ≈ 3 at
which they increase abruptly to 1 (the bias selects the site
1 in front of 2). The dispersion of the bosonic population
imbalance increases softly in the region where the spec-
tral decomposition of the ground state is peaked around
the Fock states with equal number of bosons in each site
(0 < Λ < 2) due to the broadening that occurs when
the interaction strength is increased. Then, in the region
2 < Λ < 3 it increases more sharply because the ground
state is cat-like and the peaks in the spectral decompo-
sition go further and further apart when the interaction
strength is increased. In the region where the bias selects
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FIG. 3: Expectation value of the population imbalance of the
ground state z = 〈φ0|ẑ|φ0〉 (black, solid) and its dispersion

(red, dashed) ∆z =
√
〈ẑ2〉 − 〈ẑ〉2 of the bosons (top) and the

fermion (bottom) as a function of the interaction strength for
both boson-boson and boson-fermion attractive interactions.
Nb is 50.

the site 1, the dispersion in the bosonic population imbal-
ance goes rapidly to 0. As for the fermion, the dispersion
in its population imbalance is 1 until the bias selects the
site 1: because of the symmetry it is equally probable to
find the fermion in either of the two sites. When the bias
starts playing a role, the dispersion in the fermionic im-
balance goes to zero, but it does less rapidly than in the
case of the bosons because of the statistical effect that
there is only one fermion in front of 50 bosons.

One-body density matrix and condensed fraction

As it is well known, ultracold bosonic systems may
form a Bose-Einstein condensate, in which all bosons oc-
cupy the same quantum state and behave coherently. In
our system, a quantity that can be used to study the
condensed fraction of the bosons is the one body density
matrix of the ground state |φ0〉, defined as

ρij = 〈φ0|â†i âj |φ0〉 . (8)

The trace of this matrix is normalized to the total number
of bosons in the system. When diagonalizing it, the pres-
ence of an eigenvalue equal to the total number of parti-
cles indicates that the bosons are totally condensed, i.e.,
the total many-body state can be written as a product
of Nb identical single particle states. In Fig. 4 the eigen-
values of the one body density matrix as a function of
the interaction strength for the system without fermionic
impurity and our system are plotted. The range of in-
teraction strengths for which there is no total condensa-
tion (n1 6= 1) is slightly broader in the system without
fermion. Thus, the presence of an impurity slightly en-
hances the condensation of the bosons.
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FIG. 4: Eigenvalues of the one body density matrix (divided
by Nb = 50) of the bosons as a function of the interaction
strength for the system with one fermionic impurity (top)
and the system without fermion (bottom) for all interactions
attractive.

B. Dynamic evolution

Once one has diagonalized the system and determined
all its eigenstates {φi} and spectrum {Ei}, it is possible
to find the time evolution of an initial state |Ψ〉 by simply
projecting it to the basis of eigenstates

|Ψ〉 (t) =

2(Nb+1)∑
i=1

e−
iEit

~ 〈φi|Ψ〉 |φi〉 . (9)

A choice for the initial state of the system that may be ex-
perimentally accessible is a single Fock state in which all
the bosons are concentrated in one site and the fermion
is in the same site, for instance |Ψ〉 = |Nb, 0; 1, 0〉. We set
attractive boson-boson interaction and repulsive boson-
fermion interaction (the results do not depend on the sign
of this interaction) and study the time evolution of the
bosonic population imbalance and of the probability of
finding the fermion in each of the two sites for different
values of the interaction strength Λ. In Fig. 5 one can see
that as the interaction strength is increased, the system
becomes self-trapped: at Λ = 3, the probabilities of find-
ing the fermion in either of the two sites oscillate and for a
long period of time it is equally likely to find the fermion
in any of the two sites. At this value of the strength, the
population imbalance undergoes big oscillations as well,
which means that the bosons are not localized. However,
at Λ = 10 the probability of finding the fermion in site 1
does not oscillate very far from its initial value of 1, and
the bosonic population imbalance has a similar behavior.
Interestingly, as it can be seen in the lowest panel of Fig.
5, the probability of finding the fermion in site 1 and the
population imbalance oscillate in phase, which indicates
that there is also a dynamic correlation of the fermion
with the boson due to the interaction.
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FIG. 5: Initial state: |Nb, 0; 1, 0〉. First two panels: time
evolution of the probabilities of finding the fermion in site 1
(black, solid), in site 2 (red, line-dashed) and of the bosonic
population imbalance (blue, dot-dashed) for Ubb < 0 and dif-
ferent values of Λ. In the lowest panel the population im-
balance (red, dot-dashed) and the probability of finding the
fermion in site 1 (black, solid) are plotted simultaneously in
a shorter time range for Λ = 10. Nb is 50.

III. THREE-SITE SYSTEM

So far, we have considered a system of two sites filled
with Nb bosons and 1 fermion, where we have shown that
the interaction of the fermion with the bosons modifies
the properties of the latter. However, in this system it
is not possible to see any specific effect of the different
quantum statistics of the fermion, for we could also have
regarded the fermion as a bosonic impurity distinguish-
able from the other Nb bosons.

In this section we shall consider a one-dimensional lat-
tice of 3 sites, which is the minimum system in which
the Pauli principle allows to place more than one mobile
fermion and thus see some specific effect of the Fermi-
Dirac statistics. We shall set periodic boundary condi-
tions for the system: hoping between sites 1 and 3 is also
possible (triangle topology), and we shall place 0, 1 or 2
fermions in it. The size of the bosonic Hilbert subspace of

this system is (Nb+2)!
2!Nb! . The dimension of the bosonic sub-

system increases very rapidly with the number of bosons,
and in order not to exceed our computational capacity we
have set a total number of Nb = 12 bosons in the system,
for which there are 91 possible Fock states. As for the
fermions, the size of their Hilbert space is 3!

Nf !(3−Nf )! , so

that the total size of the system will be 91 × 1 = 91 for
Nf = 0 and 91×3 = 273 for Nf = 1, 2. The suitable Fock
basis to describe all the possible states of the system, for
Nf = 0, 1, 2, are,

{|k1, k2, Nb − (k1 + k2)〉}
{|k1, k2, Nb − (k1 + k2)〉 ⊗ (|0, 0, 1〉+ |0, 1, 0〉+ |1, 0, 0〉)}
{|k1, k2, Nb − (k1 + k2)〉 ⊗ (|1, 1, 0〉+ |1, 0, 1〉+ |0, 1, 1〉)},

with k1, k2 = 0, 1, ..., Nb and Nb − (k1 + k2) ≥ 0. The
tunnelling constants in our model Hamiltonian (1) will
be Jb = Jf = 1 as in the previous two-site model. This
time however, we will allow the boson-boson and boson-
fermion interaction constants to have different absolute
values, and for this reason we introduce a new param-

eter ∆ =
|Ubf |
|Ubb| . The reference interaction to define the

interaction strength will be the boson-boson interaction,
which in our studies will always be positive Ubb = ΛJ

Nb

(Λ > 0). The boson-fermion interaction will be taken at-
tractive, so that as a function of all the other parameters
will be defined as Ubf = −∆ΛJ

Nb
. In some cases, there will

be quasi-degeneracies in the spectrum that would induce
numerical instabilities. In order to avoid this problem,
we introduce again a bias, this time both for fermions
and bosons, that selects sites by order of preference 1,2,3.
Thus, the final Hamiltonian for this system reads

Ĥ(3) = Ĥ − ε(â†1â1 + b̂†1b̂1 − â
†
3â3 − b̂†3b̂3), (10)

with ε = 10−7.

A. System with no fermions

In order to understand better the results corresponding
to having 1 and 2 fermions in the system, we first per-
form some calculations for the system with no fermions
and Nb = 12 bosons, with Ubb > 0. We start by
plotting in Fig. 6 the spectral decomposition of the
ground state, which is written in general as |φ0〉 =∑

k1,k2
c(k1, k2) |k1, k2, Nb − (k1 + k2)〉. At zero interac-

tion, the ground state is analytical and can be written as
a multinomial expansion

|φ0〉Λ=0 =
1√
Nb!

(
â†1 + â†2 + â†3√

3

)Nb

|vac〉

=
1√

3NbNb!

i+j+k=Nb∑
i,j,k

Nb!

i!j!k!
(â†1)i(â†2)j(â†3)j |vac〉 .

(11)
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FIG. 6: Spectral decomposition of the ground state for differ-
ent values of Λ. The color map corresponds to the probability
|c(k1, k2)|2 of the Fock states.

The zero interaction profile shown in Fig. 6 coincides
with the one obtained with the analytical expression
(11). As Λ is increased, the spectral decomposition of
the ground state becomes more and more peaked around
a reduced number of Fock states, and eventually around
only one of such states.

The states around which the ground state becomes
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FIG. 7: Population of the lowest energy Fock states in the
ground state as a function of the interaction strength. The
states with the bosonic occupations n1, n2, n3 permuted in
the different sites have the same expectation values of the
Hamiltonian, so only one Fock state of each family is plotted.

more and more peaked are those with the lowest expec-
tation value of the Hamiltonian, which in our case of
repulsive boson-boson interaction is given by

〈n1, n2, n3|Ĥ|n1, n2, n3〉
Ubb

=
1

2
(n1(n1 − 1) + n2(n2 − 1) + n3(n3 − 1)) . (12)

In Fig. 7 we plot the probability of finding the ground
state in the Fock states with a lowest expectation value
of the Hamiltonian (12) as a function of the interaction
strength. As Λ is increased from 0, the lowest energetic
Fock state |4, 4, 4〉 and the family of second lowest en-
ergetic Fock states {|5, 4, 3〉} become more populated.
In the strongly interacting limit, the tunnelling term of
the Hamiltonian can be neglected and the ground state
coincides essentially with the Mott-insulator Fock state
|4, 4, 4〉.

As can be seen in Fig. 8, the system is only fully
condensed in the non-interacting case, when the ground
state of the system is the mean-field state (11). As the
interaction strength is increased and the ground state ap-
proaches the Mott-insulator state, the three eigenvalues
of the one-body density matrix tend to 4, as can be seen
in Fig. 8.

B. Systems with one and two fermions

After studying the properties of the three-site system
in the simpler case when there are no fermions, we shall
focus on the properties of the one and two-fermion three-
site systems. As we shall proof next, there is a direct cor-
respondence between these two systems, and so it makes
sense to discuss both of them at the same time.
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Let us show that under an exchange of the sign of
the boson-fermion interaction the one-fermion and the
two-fermion (one hole) system are equivalent, i.e., the
system with one fermion and Ubf < 0 is equivalent to
that with two fermions and Ubf > 0; and the system
with one fermion and Ubf > 0 is equivalent to that with
two fermions and Ubf < 0.

Consider our model Hamiltonian Ĥ (see (1)) and an
eigenstate of the system with one fermion

|Ψ〉 =
∑

n1,n2,n3≡j
a1
j |j; 0, 0, 1〉+ a2

j |j; 0, 1, 0〉+ a3
j |j; 1, 0, 0〉

(13)

Ĥ |Ψ〉 = E |Ψ〉 . (14)

Then, a state |Ψ〉′ of the system with two fermions which
has the same form as |Ψ〉 but with a hole instead of a
fermion,

|Ψ〉′ =
∑

n1,n2,n3≡j
a1
j |j; 1, 1, 0〉+ a2

j |j; 1, 0, 1〉+ a3
j |j; 0, 1, 1〉 ,

(15)

is an eigenstate of a Hamiltonian Ĥ′ with the same co-
efficients as Ĥ except for a change of sign in the boson-
fermion interaction Ubf → −Ubf

Ĥ′ |Ψ〉′ = (E −NbUbf ) |Ψ〉′ . (16)

The boson-boson interaction and the bosonic tunnelling
terms in Ĥ and Ĥ′ act exactly in the same way over |Ψ〉
and |Ψ〉′. Also, one can easily convince itself that the

fermionic tunnelling in Ĥ acts over the fermion in |Ψ〉 in

the same way as the same term in Ĥ′ does over the hole
in |Ψ〉′. The only term that does not act in the same
way in the two systems is the diagonal boson-fermion
interaction. But the difference of eigenvalues for each of
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FIG. 9: Comparison of the spectrum of the system with one
fermion (Ubf < 0) and the system with two fermions (Ubf >
0) for the same values of Λ and ∆. The two spectra have
exactly the same shape but with a shift NbUbf = ∆Λ

J
.

the Fock states with the same coefficient in |Ψ〉 and |Ψ〉′
is always NbUbf . For instance:

Ubf

∑
i

â†i âib̂
†
i b̂i |n1, n2, n3; 1, 0, 0〉 = Ubfn1 |n1, n2, n3; 1, 0, 0〉

and

− Ubf

∑
i

â†i âib̂
†
i b̂i |n1, n2, n3; 0, 1, 1〉

= −Ubf (n2 + n3) |n1, n2, n3; 0, 1, 1〉
= Ubf (n1 −Nb) |n1, n2, n3; 0, 1, 1〉

In Fig. 9 we show that our numerical results agree with
the theoretical prediction that the spectra of the two sys-
tems should be shifted. Taking profit of this equivalence
between the one and two-fermion systems, we shall study
the two systems restricting ourselves to the case Ubb > 0,
Ubf < 0, so that the case Ubb > 0, Ubf > 0 is also auto-
matically examined for both systems.

Ground state and effect of the ratio ∆ =
|Ubf |
Ubb

In principle, one would expect that the bosonic con-
figuration of the one and two-fermion systems should be
similar to one of the system with no fermions when the
boson-boson and boson-fermion interaction strengths are
the same, i.e., for ∆ = 1. However, in Figs. 10 and
11 one can see that this is not the case. As Λ is in-
creased, not only the families of Mott-Insulator states
of the one and two-fermion systems {|4, 4, 4; 1, 0, 0〉}
and {|4, 4, 4; 0, 1, 1〉} have an important contribution to
the ground state, but also the families of Fock states
{|5, 4, 3; 1, 0, 0〉} and {|5, 4, 3; 1, 1, 0〉}.

The reason for this difference can be explained on ener-
getic grounds. In the systems with one and two fermions,
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FIG. 10: Spectral decomposition |c(k1, k2)|2 of the ground
state of the one-fermion system (two upper rows) and the two-
fermion system (two lower rows) for ∆ = 1 and Λ = 30, 500.

the expectation values of the Hamiltonian (1) over the
Fock states are

〈nb1, nb2, nb3;nf1 , n
f
2 , n

f
3 |Ĥ|nb1, nb2, nb3;nf1 , n

f
2 , n

f
3 〉

Ubb

=
1

2

(
nb1(nb1 − 1) + nb2(nb2 − 1) + nb3(nb3 − 1)

)
−∆

(
nb1n

f
1 + nb2n

f
2 + nb3n

f
3

)
. (17)

From (17), it is clear that the Fock states with a lowest
expectation value of the energy depend on ∆. For the
one-fermion system, these (families of) states are

|4, 4, 4; 1, 0, 0〉 ; ∆ ∈ [0, 1)

|5, 4, 3; 1, 0, 0〉 ; ∆ ∈ (1, 2)

|6, 3, 3; 1, 0, 0〉 ; ∆ ∈ (2, 4)

|7, 3, 2; 1, 0, 0〉 ; ∆ ∈ (4, 5)

|8, 2, 2; 1, 0, 0〉 ; ∆ ∈ (5, 7)

|9, 2, 1; 1, 0, 0〉 ; ∆ ∈ (7, 8)

|10, 1, 1; 1, 0, 0〉 ; ∆ ∈ (8, 10)

|11, 1, 0; 1, 0, 0〉 ; ∆ ∈ (10, 11)

|12, 0, 0; 1, 0, 0〉 ; ∆ ∈ (11,∞)

, (18)
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FIG. 11: Population of the lowest energy Fock states in the
ground state of one- (upper panel) and two- (lower panel)
fermion systems as a function of Λ. The Fock states obtained
by permuting globally the bosons and fermions in the 3 sites
are found in the ground state with the same probabilities.

, and for the two-fermion system

|4, 4, 4; 1, 1, 0〉 ; ∆ ∈ [0, 1)

|5, 4, 3; 1, 1, 0〉 ; ∆ ∈ (1, 2)

|5, 5, 2; 1, 1, 0〉 ; ∆ ∈ (2, 4)

|6, 5, 1; 1, 1, 0〉 ; ∆ ∈ (4, 5)

|6, 6, 0; 1, 1, 0〉 ; ∆ ∈ (5,∞)

. (19)

In the particular case ∆ = 1 shown in Figs. 10 and 11,
both for the one and two-fermion systems, there are two
families of Fock states with the lowest expectation value
of the Hamiltonian, and this is why both of them have
a significant presence in the ground state in the strongly
interacting limit when the tunnelling between sites can
be neglected. To reach the Mott-Insulator ground state
in the strongly interacting limit, it is necessary to set
∆ < 1.

Possibly, the most interesting regime is that of high ∆
ratio, when the relative strength of the boson-fermion at-
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FIG. 12: Spectral decomposition |c(k1, k2)|2 of the ground
state of the one-fermion system (two upper rows) and the
two-fermion system (two lower rows) for ∆ = 14 and Λ =
10, 500. Note that for ∆ = 500, the ground state of the
one-fermion system essentially coincides with the Fock state
|12, 0, 0; 1, 0, 0〉.

tractive interaction respect to the repulsive boson-boson
interaction modifies dramatically the bosonic configura-
tion: as can be seen in (11) and (12), the Fock states
of least energy are those with a high number of bosons
concentrated in the same site as a fermion instead of the
states with the bosons spread in the 3 sites, as would be
the case if there only was repulsive boson-boson interac-
tion. This effect of concentration of the bosons is more
important on the one-fermion system than in the two-
fermion system because the bosons have fewer fermions
with which interact and thus less sites to be spread in.

In order to have a better insight of this regime, we
now set ∆ = 14, a value for which both in the one-
and two-fermion systems the Fock state of least energy is
as far from possible from the Mott-Insulator state, and
study the properties of the ground states. In the non-
interacting limit, the spectral decompositions of the two
systems shown in Fig. 12 have the same density profile.
In this limit, both ground states of the system are of
mean-field type and can be found analytically

|φ0〉1 fermion
Λ=0 =

b̂†1 + b̂†2 + b̂†3√
3Nb!

(
â†1 + â†2 + â†3√

3

)Nb

|vac〉

|φ0〉2 fermions
Λ=0 =

b̂†1b̂
†
2 + b̂†2b̂

†
3 + b̂†1b̂

†
3√

3Nb!

(
â†1 + â†2 + â†3√

3

)Nb

|vac〉 .

(20)

These two ground states have the same bosonic configu-
rations, and the fermionic configurations are equivalent
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FIG. 13: Eigenvalues of the bosonic one-body density ma-
trix (divided by Nb = 12) of the one-fermion (top) and two-
fermion (bottom) systems, for ∆ = 14, as a function of the
interaction strength Λ.

under a particle-hole transformation (in the one-fermion
system the fermion is completely delocalized and in the
two-fermion system the hole is completely delocalized).

Contrary to what happened in the case ∆ = 1 shown
in Figs. 10 and 11, when the interaction is turned on the
spectral decompositions of the ground state of the one
and two fermion systems show very different bosonic con-
figurations even at low values of Λ. This is due to the fact
that the boson-fermion interaction causes the Fock states
of lower energy to be different in the two systems, and
these are the states that start becoming more populated
when the interaction strength is increased. In the limit
of very strong interaction, the one-fermion ground state
essentially coincides with the Fock state |12, 0, 0; 1, 0, 0〉
and the two-fermion ground state with the Fock state
|6, 6, 0; 1, 1, 0〉. Other states equivalent under global per-
mutations of bosons and fermions do not appear due to
the bias introduced in the Hamiltonian. The eigenval-
ues of the bosonic one-body density matrix plotted in
Fig. 13 also show a different behavior as a function of
the interaction strength for the one and two-fermion sys-
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tems. In both cases, at Λ = 0 there is an eigenvalue
Nbn3 of the bosonic one-body density matrix which is
equal to the total number of bosons. This is due to the
fact that in this limit the ground state of both systems
can be written as a mean-field state (20). In the case
of the one-fermion system, as Λ is increased Nbn3 de-
creases, but eventually it increases again and goes to the
total number of bosons: the interaction strength is high
enough that the tunnelling term can be neglected and
the ground state essentially coincides with the Fock state
|12, 0, 0; 1, 0, 0〉, where all the bosons are in the same site
and thus fully condensed. The eigenvalues in the two-
fermion system undergo a similar decreasing behavior as
in the one-fermion system on the first place. Then, Nbn3

increases again, but eventually reaches a maximum and
then decreases monotonically. Thus, the bosons are never
fully condensed expect for the special case Λ = 0. In
the strongly interacting limit, two of the eigenvalues go
to 6 and the third to 0, consistently with the fact that
the ground state essentially coincides with the Fock state
|6, 6, 0; 1, 1, 0〉.

In both systems, the fact that the boson-fermion in-
teraction strength is much higher than the boson-boson
modifies the condensation properties of the bosons in the
absence of fermions (Fig. 8), and in the case of the one-
fermion system it is even capable to induce full conden-
sation in a bosonic system which without the fermion
would be completely delocalized.

IV. CONCLUSIONS

We have used exact diagonalization methods to study
the effect of the interaction of few fermions with a back-

ground of bosons in few-site systems described through
a Hubbard type Hamiltonian.

First, we have studied the case of a two-site system
with a single fermionic impurity. Already in this sim-
ple case, the interaction with the impurity induces quan-
tum correlations that modify the properties of the ground
state. We have also shown that these correlations are
present in the dynamic evolution of the system.

In order to spot some genuine effect of the Fermi-Dirac
statistics, we have next considered a three-site system, in
which a maximum of three fermions can be hosted. We
have shown that in the case of boson-fermion interactions
stronger than boson-boson interactions, the ground state
properties of the bosons are drastically modified by the
presence of the fermions. We have also shown that these
effects are different when there are two fermions in the
system than when there is only one.

However, in the three-site system it is possible to map
the one- and two-fermion systems by switching the sign
of the boson-fermion interaction, so one could argue that
not even in this system genuine effects of the fermionic
nature of the impurities can arise. Thus, an interesting
and computationally challenging starting point for fur-
ther research would be to increase the number of sites in
the system so that more fermions can be placed in it.
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