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Abstract.

We calculate differential and integrated cross sections for the Compton interaction as
well as mass attenuation (u©/p), mass energy-transfer (15 /p), and mass energy-absorption
(tten/p) coefficients, within the relativistic impulse approximation (RIA) using Compton
profiles (CPs) obtained from unrestricted Hartree-Fock electron densities. We investigate
the impact of using molecular as opposed to atomic CPs on dosimetric photon interaction
coefficients for airf{water and graphite, and compare our cross sections to the simpler Waller—
Hartree (WH) and Klein—Nishina (KN) formalisms. We find that differences in u©/p and
S,/ p resulting from the choice of CPs within the RIA are small relative to the differences
between the RIA; WH, and KN calculations. Surprisingly, although the WH binding
corrections seem acctwate when considering 11/ p, there are significant discrepancies between
the WH and/RIA #esults when we look at u /p. The WH theory can differ substantially
from the predietions of KN and the RIA in the tens of keV range (e.g., 6-10% at 20 keV),
when Compton secattering becomes the dominant interaction mechanism. For lower energies,
the disagreement further grows to about one order of magnitude at 1 keV. However, since
the photoelectrie effect transfers more energy than the Compton interaction in the tens of
keV range and below, the differences in the total uen/p values resulting from the choice of
Gompton models (KN, WH, or RIA) are not larger than 0.4%, and the differences between
WH and. the other two theories are no longer prominent.



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PMB-109796.R1

On the RIA for Compton scattering cross sections and photon interaction coefficients 2

1. Introduction

Photon interaction data and electron stopping powers form the basis, of most,dosimetric
standards and radiation interaction applications in medical physics, bothixfor therapy and
for imaging. In radiation dosimetry these data play a crucial role in the,conversion
of detector readings to absorbed dose either through cavity theory or\via Monte Carlo
(MC) radiation transport calculations (Biiermann & Burns (2009), Burnsi& Biiermann
(2009)), and as such these data affect primary radiation standards. More clinically-oriented
applications include backscatter factors and mass energy-absorption egefficient ratios used
in kV dosimetry protocols for radiotherapy and radiobiology and in diagnostic radiology
applications (Benmakhlouf et al. (2011), Andreo (2019), Hillvet al«(2014)) as well as in
x-ray fluorescence calculations and measurements (O’Meara et aly(1998)). Another area
of application where the actual Compton angular distribution is critical is x-ray imaging
of scattered photons for the characterization of hiological samples in which Compton
differential cross sections (DCSs) are needed for medelling the backscatter distribution
(Johns (2002)). Compton DCSs also play a keyfrole in, the determination of photon energy
distributions produced by x-ray tubes from spectra acquired with a Compton spectrometer.
The early developments of this technique weze reviewed by Alm Carlsson and her co-workers
(Alm Carlsson et al. (1989)). A state-of the-artyimplementation has been described e.g. in
(Terini et al. (2020)).

For photons, mass attenuation coefficients and mass energy-absorption coefficients are
most often based on the tabulations by Berger & Hubbell (1987), Seltzer (1993), and Hubbell
& Seltzer (1995). Other photomydata include the commonly-used EPDL’97 (Cullen et al.
(1989, 1997)) and the older Stgrm & Israel (1970) data sets. A recent publication by Andreo
and his co-workers aimed to establish an envelope of uncertainty for mass energy-absorption
coefficients, but focused on th}photoelectric cross sections (Andreo et al. (2012)). Here
we study the uncertainties introduced by using different theoretical formalisms and their
inputs for the Compton interaetion in the low- to intermediate-energy range of 1 keV to
1 MeV. While 1¢/p-has been tabulated in ICRU Report 90 (The International Commission
on Radiation Units and Measurements (2016)) for the same models, a systematic comparison
for 1S /p has not been made, and the effect on the total e, /p has not been reported.

The simplest approach for calculating incoherent scattering cross sections is the Klein—
Nishina (KN) DCS, in which the photon is assumed to be scattered by a free electron at
rest (Klein & Nishina (1929), Jauch & Rohrlich (1976)). As an improvement on KN, a
well-known and frequently-used approximation is the Waller-Hartree (WH) theory (Waller
& Hartree (1929)) which accounts for binding effects approximately through the incoherent
scattering function (Hubbell et al. (1975, 1977)), but which neglects the spread in energy of
photons scattered at a given angle (Doppler broadening) (Hubbell & Seltzer (1995), Hubbell
(2006)). An important source of photon interaction data is from Seltzer (1993), who derived
mass energy-absorption coefficients for elements and compounds using the WH model.

On the other hand, the most sophisticated method for calculating Compton scattering
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cross sections is the S-matrix formalism (Bergstrom Jr et al. (1993), Bergstrom Ji, &
Pratt (1997), Pratt et al. (2010)). While the KN formula is derived within quantum
electrodynamics (QED) assuming a free electron, the full S-matrix treatment eonsists of
QED calculations in an external electromagnetic field (also called the Furrynor bound-state
interaction picture), which increases the complexity of the mathematical procedures. This
theory represents the most accurate understanding of fundamental physies, although it is
not suitable for tabulation of data for widespread implementation for all“elements and
covering the entire energy range of interest. In addition to the,main Compton peak in
the doubly differential cross section (DDCS), it predicts infrared divergences in the limit
of low scattered photon energies due to the presence of any number of undetectable low-
energy photons (Jauch & Rohrlich (1976)), and these divergences néed to be cancelled out
by considering the photoelectric DCS (McEnnan & Gavrila,(1977); Botto & Gavrila (1982)).
S-matrix calculations also deal with resonances which«o¢eur when scattered photon energies
correspond to atomic fluorescence lines, and poles, appear in,the amplitude of one of the
diagrams (Bergstrom Jr et al. (1993), Bergstrom Jr.& Rratt (1997)).

Owing to the difficulties described above, the relativistic impulse approximation (RIA)
has been the model which has been implemented in the MC codes PENELOPE (Salvat (2019))
and EGSNRC (Rogers et al. (2003)). The RIA incorporates both binding effects and Doppler
broadening and yields an expression for the DDCS differential in the outgoing photon angle
and energy (Ribberfors (1975), Ribberfors & Berggren (1982)). Accounting for the Doppler
broadening has been shown to lead teicorrections in mass energy-absorption coefficients of
up to a few percent for low-Z materials ofidosimetric interest (Ribberfors & Alm Carlsson
(1985)). The key ingredient to theealculation of the RIA cross sections is the Compton profile
(CP) of each atomic or molecalar orbital, which is computed from the corresponding linear
momentum distribution. Photh interaction coefficients for compounds used in dosimetry
are modeled by adopting/an independent-atom approach (Rao et al. (2004), Stutz (2014)),
with the atomic CPs typically taken from the classical tabulation of Biggs et al. (1975).

Extensive comparisons of RIA with S-matrix theory have been discussed in
(Bergstrom Jr et ala(1993))y where excellent agreement was found in the main Compton peak
region of the DDCS when the incident energy and the energy transfer are large compared to
the binding energy., Comparisons of DCSs are difficult since the RIA does not account for
infrared divergenees or resonances, and the S-matrix results can vary depending on the low-
energy cutoffs.applied to the integration of the DDCSs (Bergstrom Jr et al. (1993)). However,
given the low-Z materials and energy interval considered in this work, the additional features
predicted by the S-matrix theory are not expected to play a significant role, and we are well
within the ramge where there is good agreement between the RIA and the S-matrix theory.

In this article we investigated for three materials of dosimetric interest (air, water,
and ‘graphite) the impact of using more realistic CPs on the Compton cross sections and
interaction coefficients derived within the RIA, in the low- and intermediate-energy interval
of 1 keV to 1 MeV. By also looking at DCSs, we discuss the differences between the RIA
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and the WH approach to modelling binding effects, and highlight the limitationsef:the WH
theory. Finally, we calculate the effect of using different Compton models on the total mass
energy-absorption coefficient, including the photoelectric effect.

2. Background

In this section we give an overview of the three theoretical frameworks for Compton scattering
considered in the present work, namely KN, WH, and RIA. We then briefly describe
the unrestricted Hartree-Fock formalism from which we calcilated-the“electron densities
in momentum space and the CPs, and finally we review the basic definitions of photon
interaction coefficients. We note that all the DDCSs and DCSs we caléulate are independent
of the azimuthal scattering angle ¢ because we only consider unpolarized photon beams.

2.1. Klein—Nishina approximation

A consistent theory for Compton scattering, in whichra photon is scattered inelastically by an
electron, requires a quantized description of the radiation field. In classical electrodynamics
and at non-relativistic energies, Thomson scattering predicts no change in the scattered
photon’s wavelength and the collision is thus elastic. High-energy modifications to Thomson
can describe light accelerating an electron te relativistic speeds, leading to a recoil of the
electron and an associated Dopplet shiftref the scattered light, however this effect becomes
arbitrarily small at low light intensities. "Lherefore, classical electrodynamics cannot explain
general Compton phenomena$ and quantization of the electromagnetic field is required.

In QED, the interaction between a photon and an electron is expressed as a perturbative
series expansion, where each higher-order term is represented by a Feynman diagram
having an additional verteximHigher-order terms are called radiative corrections since they
involve more virtual photons which mediate the interactions between vertices. After further
assuming that the electronis free and at rest, the cross section calculated from the lowest-
order term results in‘the well-known KN formula for the DCS per electron

dé 2/EN(E E
(@) 32 (7) (7 5-) W

In the abovesr, = e?/ii.c? is the classical electron radius (e is the elementary charge, m, is
the electronirest'mass, ¢ isithe speed of light in vacuum) whereas E and E’ are, respectively,
the initial"and final‘photon energies, which are related to the polar scattering angle 6 by the
famous Comptén relation

E

E_(1—cosf)’

mec2

FE' = E¢

= (2)

Whenthedincoming photon energy is much higher than the electron’s kinetic and binding

energies, the assumptions made in the KN model are approximately valid, and the KN DCS is
expected to be realistic. The atomic DCS is obtained by simply multiplying the one-electron
DCS of Eq. (1) with the atomic number Z.
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2.2. Waller—Hartree approximation

The simplest model for Compton scattering off of bound atomic electrons'is known as
the Waller—Hartree (WH) approximation, in which binding effects aresincorporated by
multiplying the KN DCS with the incoherent scattering function S(qgZ) (Hubbell et al.
(1975, 1977)), leading to the following atomic DCST

(), (i), 507

(), (i), 507 ) g

(el

, (4)
where r; is the position of the j-th atomic electron, g =k — k' is the momentum transfer

with
Z

E :eiq~r]-/ﬁ

J=1

S(q.2) =)

>0

vector, being k and k’ the initial and final photon linear momenta, and ¢ is its magnitude

1
q=—-VE?+E?—2EFE cosh: (5)
c

|0) denotes the ground state of the atom, and |e) denotes an excited (bound) or ionized
(free) state. Adding and subtracting the eontribution of the ground state to the right-hand
side of Eq. (4) and invoking the completeness of atomic states, the incoherent scattering
function can be expressed in terms of only the ground-state wave function (Hubbell et al.

(1975, 1977))
0> - <o > e/t o> . (6)

The second term is‘the square.of the atomic form factor, which the reader may recognize

Z. z
EZ i@ (ri—r;)/h

i=1 j=1

S(q, Z) = <O

from the atomic DCS forsRayleigh (i.e. elastic) scattering of photons.

The incoherent scattering function increases monotonically from zero at low momentum
transfers to Z at high momentum transfers, at which point the WH and KN approximations
are in agreemient. Hubbell (1997) summarized the information prior to 1997 on the validity
of the WH theory.

2.8. Relativistic ampulse approximation

In general terms, the impulse approximation can be useful whenever a scattering problem
involves a composite target consisting of many particles bound together. At its core, the
impulserapproximation relies on the assumption that the interaction time is short enough

1/ Eq.(3) results from the ad hoc replacement of the Thomson DCS with the KN DCS in the DCS for
incoherent scattering derived within non-relativistic quantum mechanics,
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that the state of the target does not change, i.e. any dynamics caused by binding ferces canbé
neglected, and the full target potential only serves to create a momentum distribution for the
bound particles. An accompanying assumption is typically made, namely that the scattered
projectile only interacts with one of the particles in the target, and that this interaction
does not involve the rest of the spectator particles. More specifically, the assumptions of the
impulse approximation break down when the energy transfer is not_much, larger than the
binding energy, which is most important for low incident energies' and atsmall scattering
angles. One could define a critical scattering angle 6* or a critical.ineident energy E* below
which the impulse approximation might be expected to fail (Stutz (2034)), and indeed this
was formulated by Kane (1997). Nevertheless, these validity, conditions are likely to be too
restrictive and are not meant to be taken as hard cutoffs (Kanex(1997), Stutz (2014)).

An example of the improvement in accuracy of the RIA over the KN formula can be
seen in Fig. 1, where the three theoretical DCSs areompared«to experiments carried out
at 59.54 keV for intermediate-Z elements (Nayak et al. (2001)y, Simsek (2000), Simsek et al.
(2002), Yalgin (2002)). The agreement between WH and the RIA is very close. However,
as will be discussed below, WH performs poorly for DCSs differential in outgoing photon
energy, which are relevant for quantifying energy transfer and deposition.

For Compton scattering, Ribberfors™ derivation of the RIA starts from the same lowest-
order Feynman diagram as the one which yielded KN, except that the electron momentum is
not taken to be zero or a constant yeetor. Instead, the momentum distribution of the active
electron is inserted into the DCS, and an integral is performed over the angular components
of the momentum distributionnwhile assuming the latter is isotropic (Ribberfors (1975)). The
presence of a momentum distribution introduces Doppler broadening, such that for a given
scattering angle the outgoing/photon energy spectrum is no longer a delta function at the
energy given by Eq. (2), but rziher is/a peak that has a finite width centered at that value.
Consequently, the theory/predicts a cross section doubly differential in both the scattered
photon angle and energy, which are treated as independent variables.

Initially the RIA expression for the DDCS of the i-th atomic (sub)shell or molecular
orbital was derivedstosbe (Ribberfors (1975))

dig; _ g o B (meo)” / * pi(p) Xint(p)
dE’dS2 *E ¢ » E(p)

where N; is{themumber of electrons in the atomic or molecular orbital, o;(p) is the radial

dp, (7)

min

electron density.in momentum space, and E(p) is the usual relativistic energy of an electron
with momentum p

E(p) = [mec?)? + (pe)?] ©)

The expression for the cross-section factor Xiy(p) is fairly involved (Ribberfors (1975)) and
shall not be reproduced here. Ribberfors suggested as a simple but acceptable approximation
to use Punin = p., where p, is the projection of the electron’s initial momentum p on the
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done using the 59.54 keV y-rays emitted during the decay of 2**Am.



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PMB-109796.R1

On the RIA for Compton scattering cross sections and photon interaction coefficients 8

direction of the scattering vector —q, i.e.

p-q FEE'(1—cos)—m.*E—FE)
P = , (9)

An exact analytical expression for py,;, was later explicitly given by Bell (1989), but wethave

Pz =

employed Ribberfors’ approximation because the resulting differencestin the DDCSs were
negligible.

In calculations of integrated cross sections (ICS) where the DIDCS is integrated over E’
and €, the additional momentum integral in Eq. (7) increasess@normously the computing
times. A simplification was further proposed by Ribberfors which enables the integration
over p to be performed independently of the DDCS calculation. Eq. (7) was integrated by
parts, and by far the largest term was found to be proportionalto J;(p.) Xin(p.)/E(p.),
where J;(p,) is the CP (see following subsection). The simplification consists in dropping
the small remaining terms in the integration by parts{ which enables to factor out the initial
electron momentum dependence from the kinemati€s of the seattering process. Then

d’o; N, r2 B (mec)? X(R, RY)
dE’"d2 ‘2 E g E(p3)

where Uj; is the binding energy of the ¢“thratomic or<dmnolecular orbital, and the Heaviside

Ji(p)O(E — E' — U;), (10)

step function O(F — E' — U;) ensures that the DDCS drops to zero when the energy transfer
E — E' is less than U;. The now simplified cross-section factor X (R, R') is given by

_ R R 1 M 1 1\?
X(RRR)=—=+—+2=— — B — 11
where
E 2] 1/ E — E'cos®
R=—" H\(p"‘)] + b (12)
MeC MeC cq meC
and
EFE
R/:R—m<1—C089). (13)

We have caleulated DDCSs using the full (Eq. (7)) and simplified (Eq. (10)) forms of
the RIA for various € and £ which cover the entire range of interest. Unexpectedly, we found
that the full RTIA seetns tondisplay the so-called infrared divergences, whereby for small 6 the
DDCS diverges as E" — 0. This effect is much more pronounced when the primary photon
energy [E is low:

Although their effects have not yet been experimentally confirmed for the Compton
interactions(see the review article (Bergstrom Jr & Pratt (1997))), infrared divergences are
well understood within QED and are predicted whenever there is a pair of processes which
would be the same except for one of them having an additional photon in the final state
(Jauchy& Rohrlich (1976)). In the limit of low outgoing photon energy, a detector (which
necessarily has a finite energy resolution) cannot distinguish between the two processes,
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due to the potential presence of undetected low-energy photons. It is thereforérartificial
and unphysical to treat these indistinguishable events as different types of interactions,and
doing so leads to divergences at low scattered photon energies (Jauch& Rohrlieh (1976)).
In the S-matrix approach where the Compton interaction occurs in the field of an atom, the
associated process which has one fewer photon in the final state is the photoelectric effect.
It turns out that the lowest-order diagram for the Compton interaction.is directly related to
the first-order radiative corrections to atomic photoeffect, and the infrared divergences from
these two terms have been shown to (partially) cancel (McEnnan,& Gavrila (1977), Botto
& Gavrila (1982)) so that their sum is finite. ~

However, while the above is relevant for Compton scattering with bound electrons, the
RIA is based upon the assumption of free electrons (which neversheless have the momentum
distribution of bound electrons). For Compton scattering involving free electrons there is no
corresponding process with one fewer photon in the finalstatesOne might then expect the
RIA to not exhibit infrared divergences, and in fact it has been stated previously that the
RIA should in principle not be able to account forgsuch,divergences (Bergstrom Jr & Pratt
(1997), Florescu & Gavrila (2000), Pratt et al. (2010)).n &

We have integrated the full and simplified RIA DDCSs in the Compton peak range near
E’ = E¢ (which contains no divergences), and found differences of 0.3% or less in the DCSs,
which are smaller than the differences resulting from using atomic vs. molecular Compton
profiles (as can be seen in Figs. 3 andy4. below). We have thus opted to compute all results
within this paper using the simplified RIA, Eq.%(10), also because it is not possible to directly
integrate the full RIA over theentire scattered energy and angle ranges for ICS calculations.
Besides, the simplified expressionsfor the RIA DDCS is the one that has been exclusively
used in calculations of Compfon cross,sections in the literature (Stutz (2014), Rao et al.
(2004), The International Con{nission on Radiation Units and Measurements (2016), Rao
et al. (2002, 2003)). The divergences observed in the full RIA call for further investigation,
but such an undertaking is.beyond the scope of the present work.

2.4. Compton profiles

The (isotropic)4CP is an integral of the spherically-averaged electron momentum density
0i(p) of the consideredratomic or molecular orbital,

H(p.) = 2 / " oy pdp. (14)

=

By definition, the CP is symmetric and the following normalization condition is satisfied,

oo
/_ Ji(p=) dp. = 1. (15)

Simple analytical forms for the CPs have been proposed in the past, e.g. by Ribberfors
& Berggren (1982), where the integration over CPs is approximated by an elementary linear
function. Brusa et al. (1996) also introduced analytical functions for the CPs in order to
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simplify the random sampling in Monte Carlo codes. A comparison of RIA results'with and
without CP simplifications has found that deviations can be significant, especially at\low
incident photon energies and large scattering angles (Stutz (2014)).

When such approximations are not necessary, data for CPs of atontién(sub)shells are
typically taken from the comprehensive tabulation by Biggs et al. (1975), swhich were
calculated using non-relativistic (1 < Z < 36) and relativistic (36 <. Z < 102) Hartree—
Fock wavefunctions. However, the sparse tabulation and small number of significant figures
in the data means that errors of up to 1% can occur in the integpolation procedure alone
(although for most subshells the error is closer to 0.1%). Thereforegimthis work we do not
use the Biggs et al. tabulation of CPs for atomic (sub)shells, but instead we calculate CPs
for both atomic and molecular orbitals within the Hartree—Fockframework outlined below.

Adopting the unrestricted Hartree—Fock description; the wave function of an atomic or
molecular system with NV electrons is expressed as a Slater determinant constructed with a
set {®;}i=1,. n of one-electron atomic or molecular spin-orbitals. The Fourier transforms of
the corresponding space orbitals are

~ . L
®;(p) = (27r—;z)3/2 /dgr e PR Bifr)4 (16)

so that the spherically-averaged momentum distribution can be written as
0i(p) = pQ/ dp “I%(p)
A

Under the linear combination of atomie. orbitals approximation, the space orbitals are

2

(17)

expanded in a non-complete basis set {ps}s21 . Then g;(p) can be computed as a sum
of contributions from the basisdunetions. Here we have chosen the Cartesian Gaussian-type
orbitals (Garcia de la Vega et al. (1997)), whose Fourier transform was derived by Kaijser
& Smith Jr (1977). The size of the/adopted basis set was cc-pVTZ (Dunning Jr (1989),
Woon & Dunning Jr (1993)).4 Thé contributions to g;(p) are given by integrals that can be
found in (Garcia detlafVega et all (1997)). For the ground state of molecules the optimized
equilibrium distance was,selected. The calculations have been carried out employing the
GAUSSIANO3 program (Erisch et al. (2004)).

The momentum distributions ensuing from these self-consistent calculations are
tabulated ons@ very dense grid of p values, with at least 100 times more points than the
tabulation of Biggs ef al. (1975) and with 9 significant figures. Since the spin of the electrons
was takenminto account, the CP was slightly different for spin up and spin down electrons
in the same atemic or molecular space orbital. In our cross section calculations, we simply
added-the contribution from all electrons (spin up and down) within a given space orbital.

In thescase of graphite, we differentiate the latter from atomic carbon by considering,
as was done in ICRU Report 90 (The International Commission on Radiation Units and
Measurements (2016)), that one of the 2p electrons is a conduction electron. We further
assumerthat these conduction electrons form a degenerate free-electron gas (feg), whose CP
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is given by (Cooper (1985))

T () = (1 - p—) (v — [p. ), (18)

where pp = h(372p.)'/? is the Fermi momentum, and p, is the number oflelectronsgyper
unit volume, which is proportional to the mass density of the material (for graphite we
took the grain density of 2.265 g/cm?® (The International Commisgion’ on Radiation Units
and Measurements (2016))). The remaining five electrons in graphite are‘treated as being

identical to the corresponding electrons in the carbon atom. o

10°

10—1 E

10—2 L

J(pz) [a.u.]

=5 1 P
10 1071 10° 10! 102
pz [a.u.]

Figure 2: CPs for the three occupied (sub)shells of the carbon atom, calculated from
unrestricted Hartree-Fock wavefunctions, and for the conduction electron (feg)
p Aquuantities are in atomic units.

In Fig. 2 we show theamrestricted Hartree-Fock CPs for the occupied (sub)shells of
graphite, including the,conduetion band. We see that more tightly bound shells have a
broader momentum distribution, as would be expected since the electrons in these shells
move faster, and'also because the probability distribution in position space (which is the
inverse Fourierstransform of the momentum distribution) is more sharply peaked for inner
shells.

2.5. Dosimetric. quantities

In thisy subsection we review the fundamental dosimetric quantities of interest, following
standard definitions and conventions (Seltzer (1993), Abdel-Rahman & Podgorsak (2010)).
The mass attenuation coefficient is defined as

uw N,
;:MAZO’j, (19)
J
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where p is the mass density of the medium, N, is the Avogadro constant, M is theaiolar mass
of the atoms or molecules that make up the medium, and o; is the ICS for the interaction
of type j. The mass energy-transfer coefficient is

= nt (20)

p

where f; is the average fraction of the photon energy transferred to'kinetie energy of the
charged particles, which is defined differently for each interaction type. Kor the Compton

interaction
~
EY+ X

fC =1- %7 (21)

where (E') is the average energy of the scattered photons
1 [Emx dog
E'Y=— E — dF’ 22
)= [ ar (22)

with Fp;, and Ea being different for different_theories depending on the allowed range
of scattered photon energies, and X is the average enesgy of the fluorescence radiation
emitted per absorbed photon. In principle, the eal¢ulation of X involves following the entire
cascade of x-rays emitted in radiative transitions resulting from the initial vacancy. However,
since here we are only dealing with biologically relevant materials which are made of low-Z
elements, X < (E') < E and onlyshe x-ray energy emitted directly from the filling of the
initial vacancy needs to be considereds We therefore approximate X as (Seltzer (1993))

X(E) _ an<E) X;ascade 3 an<E) ‘)C;ilirect7 (23>

where (sub)shell n is where the initialwacancy was created, p,(E) = 0,(F)/o(F) is the
probability of Compton interaction for this (sub)shell, and

an

nstotal

X;liirect = Wh Enm’ (24)
where w,, is the fluorescence yield, the sum extends over the higher shells involved in the
radiative transitions, [',m 1S the emission rate for radiative transitions between (sub)shells
n and m, and the x-ray energy F,,, is to a good approximation equal to the difference in
binding energies of the two (sub)shells. Furthermore, due to the low fluorescence yields and
emission rates of the L subshells, we ultimately only included the contribution from an initial
K-shell yacancy.wThe fluorescence yields and emission rates were taken from the tables of
Krause (1979) and Scofield (1974), respectively.

Givennthe' energy interval of present concern (1 keV-1 MeV), the other relevant
interaction'mechanism is the photoelectric effect (pe), for which the energy-transfer fraction
is

STES

fpe =1- (25)

Page 12 of 25
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The pe ICSs were taken from the PENELOPE database (Salvat (2019)), which wasrealculated
resorting to standard first-order perturbation theory but with the normalization screening
correction included (Sabbatucci & Salvat (2016)).

Finally, we calculate the effect on the total mass energy-absorption ‘coefficient ., /p,
defined as

/JJen /JJtr
=(1—-g) 2=, 26
; ( )p (26)

where g is the average fraction of the kinetic energy of secondary.charged particles which is
subsequently lost to radiative processes. Instead of defining a g; for each type of interaction,
as done in (Seltzer (1993)), we employed the user code g of the EGSnrc system (Rogers et al.
(2003)) to compute a value for g for a given material at each photén energy E. For low-Z
materials, ¢ has a very small effect on p.,/p, being typically around 0.2% or 0.3% at E =
1 MeV, and an order of magnitude smaller for energiesiof afeww hundred keV and below
(Andreo et al. (2017)).

3. Results L 4

3.1. Differential cross sections

The RIA DDCS, Eq. (10), was computed with aisimple Python script, while the CP was
interpolated using the interpolation package from SciPy (Virtanen et al. (2020)). Integration
of the DDCS and DCS were performedawith the simps function of the SciPy integration
package (Virtanen et al. (2020)), which implements Simpson’s rule. Given the dense
interpolation and integration gridshwe used, and that we are dealing with slowly-varying
functions, errors from the abaove numerieal procedures are entirely negligible.

In computing the RIAs€ross sections using atomic CPs for graphite and the molecules
of air, we simply simply/added up the contribution of each atomic subshell. However, for
water we followed the procedure dor the “molecular IA” calculation described in the ICRU
Report 90, whereby‘we constructed molecular orbitals from linear combinations of atomic
orbitals, with coefficients taken from (Siegbahn (1969)). This provides a more stringent
evaluation of the effect of using molecular CPs as opposed to linear combinations of atomic
CPs. The atomie binding energies we used are those recommended by Carlson (1975), and
the molecular orbital‘binding energies are the experimental values tabulated by Rudd et al.
(1992). For,the molecular composition of air, we used the fractions by weight found in the
NIST database/Berger et al. (1998)).

In Fig. 3, we plot the DCS differential in scattering angle for graphite and water at 2, 10,
and 50 keV. As expected, we observe that the DCS becomes more forward peaked at higher
energies as/backscattering is suppressed. Another well-known feature is that accounting for
binding effects forces the DCS to go to zero at # = 0. Indeed, since we model graphite as
having one conduction electron which is free, its atomic DCS does not go to zero at 8 = 0,
same as for the KN DCS. One could expect the conduction electron’s DCS at 8 = 0 to go to
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the same value as predicted by the Thomson DCS for elastic scattering of photons,by freé
electrons. However, an unintended consequence of the RIA is that the DCS at § = 0 actually
goes to one half of the Thomson DCS, due to the CP (and hence, the DDCS) being peaked
at the maximum value of £/ = E, and thus the integral over E’ only covering halfref the
symmetric Compton peak. At low incident photon energies of about 1 keV, the KN DCS is
an order of magnitude larger than the other DCSs, but this gap diminishes as the energy
increases. The WH DCS is in excellent agreement with the atomic RIA DCS, which is in
turn is very close to the molecular RIA except when a conduction electron is present. The
DCS for air displays the same behaviour as described above, and the plots are qualitatively
very similar to water and atomic carbon (results not shown).

If we now look at the DCS differential in scattered pheotonfenergy for graphite in
Fig. 4, we first note that both KN and WH predict a minimum B’ corresponding to 180°
backscattering, whereas the RIA does not. We also mote. that.since the RIA accounts for
the binding energy, there is a maximum E] , = FE.= U; for each (sub)shell, leading to the
discontinuities clearly visible in the upper two subfigures.

At low energies, the KN DCS is many times larger than the other DCSs. Therefore, we
decided not to show the KN DCS in the, first panel at'1 keV, since the other DCSs would
be scaled down along the y-axis and their detailed features would not be as visible. Despite
the vast differences in shape between the WH and.the RIA, due to the incoherent scattering
function suppressing the DCS whennk’_approaches E, the two theories have similar ICSs.
However, as we shall see below, the integrated energy-transfer CSs are quite different.

3.2. Photon interaction coefficients

Same as for the DCS in Fig. 3, we see from Figs. 5 and 6 that the choice of CPs (molecular
vs atomic) has a minimaldimpactyon’ 1©/p and uS/p. Once again, the only exception is
graphite, whose 1©/p is almost three times higher than the atomic RIA at 1 keV owing to
the presence of thedonduction electron. When comparing our RIA results with the ICRU
90 tables for u©/p, wefind that our calculations differ by at most a few percent from the
XCOM and the S=matrix (mislabeled as ‘ab initio RIA’) values for all three materials, and
tend to fall somewhere between the two data sets. The only exception is at 1 keV, where
differences can be closer'to 10%, but above 10 keV the values are within 1% of each other.
For water, our molecularmRIA results are closest to the ‘Molecular TA’ column of Rao et
al., wherendiserepancies are within 2%, even in the low keV range. For graphite with one
conduction electron, our values differ by about 1% or less from the PENELOPE tabulation.
However, although we have carried out fully atomic calculations (direct sum of atomic orbital
contributions) of 1€/ p, we were not able to reproduce the Rao et al. values for atomic carbon
and “Atomie TA’ of water. In fact, our fully atomic calculations are at most 5% larger than
our molecular results, while Rao et al.’s atomic values are higher by up to a factor of two in
the low keV range. Furthermore, we could not identify a literature source supporting Rao
et al.’s atomic TA data below 5 keV for graphite and water.
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Figure 3: KN;WH,and RIA DCSs for water and graphite at three incident photon

energies (2, 10,.and 50 keV). For water, we compare RIA DCSs calculated using both
atomic and molecular CPs from unrestricted Hartree-Fock wavefunctions. In the case of
graphite we compare the RIA DCSs assuming 1 conduction electron with the RIA DCSs
pertaining to atomic carbon.
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On the other hand, the choice of theoretical formalism does have an impact on the

Compton interaction coefficients. When looking at x©/p, WH binding corrections seem to
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Figure 4: KN, WH, and RIA DCSs differential in scattered photon energy for graphite at
four incident photon energies./The REA DCSs were calculated for graphite with 1
conduction electron as well as for atomic carbon. Note that E’ is normalized by F for a
clearer presentation of the ﬁguks.

be in excellent agreement with the RIA, unlike the KN approach which is off by up to an
order of magnitudé. However, when considering uC /p, the WH theory actually agrees less
with the RIA than the KN approximation does. This can be better understood by returning
to Fig. 4, wherenwe sec that even though the areas under the WH and RIA curves are the
same, the WH energy-transfer cross section would clearly be much smaller for low incident
energies. _The/WH 4C /p can differ by a large amount from the predictions of the other
models/in the tens of keV range (e.g. 6-10% at 20 keV), when Compton scattering becomes
the dominant interaction mechanism. Our calculated WH pf/p values reproduce with high
acguracy the data from Seltzer (1993), and our RIA calculations are also in good agreement
with, previously published results (Stutz (2014), Brusa et al. (1996)). To our knowledge, the
appreciable differences between the WH and RIA predictions for energy transfer were noticed
by Ribberfors & Alm Carlsson (1985) but have not been widely reported in the literature.
Ultimately, with decreasing photon energy the energy transfer resulting from the
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photoelectric effect (pe) will overwhelm the diminishing energy transfer from the:Compton
interaction in the low tens of keV range, hence the differences in the total e /p resulting
from the choice of theoretical Compton model are no larger than 0.4%gand the differences
between WH and the other two formalisms are no longer prominent. In Eig. 7 we, have
only considered the fie,/p which uses the molecular RIA since the one with the @atomic RIA
would be indistinguishable when plotted in the figure. Therefore, the ungertainty in fie,/p
introduced by using different Compton models is significantly smaller than, the uncertainty
from the pe (Andreo et al. (2012)).

4. Conclusions

In summary, we calculated differential and integratedncross sections for the Compton
interaction within the KN, WH, and RIA formalismsy for thrée materials of dosimetric
interest in the 1 keV to 1 MeV interval. We compared using molecular versus atomic CPs in
the RIA, but found no significant differences in the DCS. However, assuming one conduction
electron in graphite does result in significant deviations at low energies from calculations
for the carbon atom, since we are essentially treating jone of the electrons as free, with a
momentum distribution corresponding to that of a‘degenerate free-electron gas.

We then calculated mass energy-transfer coefficients, and surprisingly found the WH
theory to differ from the other models by up to an order of magnitude at low energies.
This is due to the large differences imnthe shape of the WH and RIA DCSs differential in
outgoing photon energy, despite their integrated cross sections being very close. We therefore
conclude that while the approachy,of multiplying the KN DCS by the incoherent scattering
function seems accurate for calculating the DCS and the ICS, it does not seem appropriate
for calculating the energy-tramsfer cross section. Fortunately, when considering the total
(Compton + pe) fien/p, the pe&mtribution dominates in the energy interval where the WH
prediction fails, so that the overall differences in pie,/p from using different Compton models
are within 0.4%.
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