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Abstract

The aim of this work is to formalize the circuit-size lower bound showed by Kannan in 1982
in a weak theory for feasible computations. In particular, we will work with theories of
bounded arithmetic, which are subtheories of Peano Arithmetic that weaken its induction
axiom scheme by restricting it to formulas in which the quantifiers are bounded. Kannan’s
circuit lower bound states that for every fixed polynomial size of circuits, there is a language
in the second level of the polynomial hierarchy that cannot be decided by circuits of that
size. We note that the essential ingredient in this proof is a key use of the weak pigeonhole
principle, which is available in bounded arithmetic. Instrumental in the proof of Kannan’s
Theorem is the celebrated Karp-Lipton’s Theorem, stating that if the satisfiability problem
for propositional formulas can be decided by polynomial-size circuits then the polynomial

hierarchy collapses to its second level, which we also formalize in the same theory.
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Chapter

Introduction

This work revolves around a result proven in 1982 by Ravindran Kannan. Theorem 2 of
[Kan82] shows that for every ¢ > 0, there is a language in one of the lowest levels of the
polynomial hierarchy that does not have circuits of size a polynomial with exponent c. More

precisely, Kannan’s result is that for every ¢ > 0, there exists a language K¢ in ¥’ such that:
K¢ ¢ SIZE(n). (1.1)

In the same article, Kannan also proved a superpolynomial circuit lower bound for a sin-
gle language L* in the complexity class ¥¥, thus showing the following today well-known

separation of complexity classes:
Y5 ¢ P/poly. (1.2)

Our purpose is to adapt the proof of (1.1) so it can be proven by a weak theory. In particular,
we will work with theories of bounded arithmetic, which are subtheories of Peano Arithmetic
that weaken its induction axiom scheme by restricting it to formulas in which the quantifiers

are bounded.

The study of the class P/poly and of circuit lower bounds has been pursued since the 80’s,
but the fundamental questions of this field (for example, NP C* P /poly) remain unanswered,
as do the fundamental questions of uniform complexity (such as P =" NP). In part with
the purpose of showing the underlying principles of known proofs to shed some light on our
knowledge of complexity theory so we may be closer to answer those questions, a program
dedicated to proving known results in weak theories emerged. This program, whose principles
can be read in [Kra95], [CN10] or [Kral9], is the motivation for this work.



In particular, the program uses the bounded arithmetic theories defined by Sam Buss in
[Bus86]. Some recent references that show the consistency of conjectured circuit lower bounds
with certain weak theories of bounded arithmetic are [KO17] and [ABM23]. Since any true
theory is consistent with any true statement, the theories studied in these works are, of
course, also consistent with the known circuit lower bounds, such as Kannan’s result. What
the line of work started by those articles did not clarify is whether these weak theories were
strong enough to prove the known circuit lower bounds. Our motivation for this work is to
show that, at least for Kannan’s result, they are. This is why we will formalize the proof of

(1.1) in a weak bounded arithmetic theory: concretely, we will show 75 proves (1.1).

We will also present a detailed proof of (1.2), but we will not formalize it in Ty because it
involves second order theories of bounded arithmetic and concepts that are out of the scope
of this thesis. Nevertheless, we want to lay the foundations so the proof can be fully adapted

on a further work; we believe the full proof of (1.2) is formalizable in the theory V3.

In Chapter 2, we present the definitions and results of complexity theory needed to understand
the rest of the material, as well as the concepts of bounded arithmetic that we will use in our
formalizations. We have tried to make this work as self-contained as possible. Even though
we will not work with second order bounded arithmetic theories, we define them, both for

completeness and to make it easier to develop our formalization in the future.

Originally proven in [KL80], the Karp-Lipton Theorem is essential to the proof of (1.1),
which is why we dedicate Chapter 3 to presenting the proof of Karp-Lipton in detail. In
Chapter 4 we begin by presenting a version of the original proof of (1.2), which is unable to
prove (1.1) due to its use of truth tables of exponential size, making it also impossible to be
formalized in first-order bounded arithmetic. This is why in Section 4.3 we adapt the latter
proof using more restricted means: in this way, we end up proving both (1.1) and (1.2). This

adapted proof of (1.1) will be formalizable in T5.

Chapters 5 and 6 are where the formalization in bounded arithmetic is carried out. As a sort
of warm up and to present some core concepts that will be used in the final chapter, in Chapter
5 we formalize the Karp-Lipton Theorem. Finally, in Chapter 6, we formalize our adaptation
of the proof of (1.1), Kannan’s result. As announced, we leave out the formalization of the

proof of (1.2), since it is not formalizable in first-order bounded arithmetic.



Chapter

Preliminaries

2.1 Notation and Conventions

When we talk about numbers, unless otherwise stated we will be referring to natural numbers

(including 0). We will normally use:

The letters n,m,1,7j,a,b,c,d (and variations of them — e.g. ny,ny,m3,...) to denote

numbers.

The letters z,y, z, u, v, w to denote binary strings.

The letter L to denote sets of binary strings, or languages.
The letter M to denote Turing Machines.

The letters C, D to denote Boolean circuits.

The letters f, g, h to denote functions.

The letters ¢, s to denote terms.

Greek letters ¢, 1), x, ... to denote formulas. The term propositional formula will de-
note exclusively quantifier-free propositional formulas, otherwise we will say quantified

formula. The same stands for sentences.

The overlined letters 7, %, Z to denote sequences of propositional variables. Sometimes,
(variations of) the letter x will be used to denote single propositional variables, but
such a use will be made explicit by using the notation when it can be ambiguous. ¢(7)

tacitly assumes that all the free variables in ¢ are all included in 7.

Definition 1. {0, 1}* represents the set of all binary strings. For every n > 0, the set of all
strings of length n is represented by {0, 1}™.



Definition 2. When applied to a string, the symbol | - | will represent the length of the
string. For example, if x € {0,1}", then |z| = n.

Definition 3. When applied to a number of strings, the symbol (-) represents the application
of a suitable coding of tuples. For example, (x,y) returns a unique string representing the

pair (z,y). For example, we may take (z,y) = 17l0xy.

Definition 4. Given ¢ > 0, we define ); =V if 7 is even and ); = 3 if 7 is odd. Conversely,
Q, = Jif i is even and Q,; = V if i is odd.

Definition 5. For ¢ > 0, we will say ¢ is a >;-formula if it is of the following form:
ITVTs ... QT (T . . . Ty),

where 1) is a propositional formula. Similarly, we will say ¢ is a Il;-formula if it is of the

following form:
VT, 3T ... QT (Ty ... Ty),
where 1 is a propositional formula. If a formula does not have quantifiers we will say it is

quantifier-free, or QF.

Definition 6. If ©(Z),75) is a quantified formula and v € {0,1}®! then ¢(Z,/v,T,) will
denote the formula obtained by substituting every occurrence of the propositional variables
Z1 in (T, To) by the corresponding bits in the binary string v. Sometimes, we will just write

(v, T) if it is clear what we are substituting.

Definition 7. Let f : N - N and g : N — N be functions. We say f = O(g) if there exist
¢, ng € N such that for every n > ng, we have f(n) < c-g(n).

2.2 Computational Complexity

In this section, we will present the main definitions and results of Computational Complexity
that we will use during the rest of the work. Most of the definitions are adapted from [AB09].

2.2.1 Turing Machines

We will work with single-tape single-head Turing Machines.

Definition 8. A Turing Machine (TM) M is defined by a triple (I', @, §), where:



I' is a finite set of symbols the tape of M can contain. It is known as the alphabet of

M. We assume it only contains a blank symbol and the symbols 0 and 1.

@ is the set of possible states M can be in. We assume it contains two designated

states: (start and Ghalt -

d:QxT — Q xT x{L,S, R} is the transition function, a function describing the
behaviour of M: given the state M is in and the symbol its head is reading, § defines
the next state of M, the symbol its head will overwrite in the tile it is currently in and

whether the head will move left, stay still or move right.

The input of a TM M is the binary string written on its tape in the beginning of the

computation, when M’s state is ggary and the head points to its first symbol.

The output of a TM M on a given input is the longest binary string written on its tape to
the left of its head when the machine halts, namely when M enters state gua; (if M does not
halt, then the output is not defined). If the output of M on input = € {0,1}* is y € {0, 1}*,
we use the notation M (z) = y. Note sometimes we will use the tuple coding implicitly: for

example, M (xq, 29, x3) =y will represent M ({xq,x2,23)) = y.

We say M accepts on input x € {0, 1}* if it enters gpa, and outputs 1, or M (z) = 1. We say
M rejects on input x when M (z) = 0.

Definition 9. Let f: {0,1}* — {0,1}* and ¢ : N — N be functions, let M be a TM and let
L be a language. We say M computes f if for every z € {0,1}*, we have the computation
of M on input = enters state gua; and M(x) = f(z). Similarly, we say M decides L if for

every x € {0,1}*, we have the computation of M on input x enters state gna and z € L iff
M(x)=1.

We say M runs in g(n)-time if on every input x € {0, 1}* it reaches the state gya; in at most
g(|x]) steps. If M runs in h(n)-time for some h : N — N such that h = O(g), we can say M
runs in O(g(n))-time. In particular, if M runs in O(n) time for some ¢ > 0, we say that M

runs in polynomial time, or that M is a polynomial-time TM.

Definition 10. Let f : N — N be a function. Then, DTIME(f(n)) is a class of languages
defined in the following way: L € DTIME(f(n)) iff there is some TM M such that L is
decided by M and M runs in O(f(n))-time.



Definition 11.
P= | JDTIME(n®).

c>0

EZ | JDTIME(2™).
c>0
EXP 2 | JDTIME(2").
c>0

Definition 12. Given two languages A and B, the disjoint union A@® B is defined as follows:
for all x € {0,1}*, we have

reA < (2,00 A® B
r€B < (2,1) € A® B.

Definition 13. A language A is polynomial-time many-one reducible to a language B (de-
noted by A <P B) when there exists a polynomial-time computable function f : {0,1}* —
{0,1}* such that for all z € {0,1}*, we have x € A iff f(z) € B. We say f witnesses A <P B,
or f: A<P B.

Given a class of languages C and a language L, we say L is C-hard when for all L' € C, we
have L' <P L. If L is C-hard and L € C, we say L is C-complete.

2.2.2 Nondeterministic Turing Machines

Definition 14. A Nondeterministic Turing Machine (NDTM) M is defined as a TM, with
the exception that instead of a single transition function §, the machine M has two different
transition functions dy and d;: in each step of a given computation, M chooses arbitrarily
which one of the two transition functions to apply. Furthermore, instead of gp., the set of

states of M has two halting states: Gaccept and Greject -

The input of an NDTM is defined as in the case of a TM. We say an NDTM M accepts
on input x when there exists a sequence of nondeterministic choices (decisions between the
transition functions) such that M enters the state gaccept; and we denote that by M(z) = 1.
We say an NDTM M rejects on input x when for every sequence of nondeterministic choices,
M enters the state greject, and we denote that by M (z) = 0. Note we have not defined the
output of a NDTM.

Definition 15. Let f: {0,1}* — {0,1}* be a function, let M be a NDTM and let L be a
language. We say M decides L if for every x € {0,1}*, we have that every computation of

6



M on input z enters a halting state and that x € L iff M(z) = 1.

We say M runs in f(n)-time if on every input = € {0, 1}*, for every sequence of nondetermin-
istic choices, M reaches either gaccept OF Greject il at most f(|z]) steps. If M runs in h(n)-time
for some h : N — N such that h = O(f), we can say M runs in O(f(n))-time. In particular,
if M runs in O(n) time for some ¢ > 0, we say that M runs in polynomial time, or that M

is a polynomial-time NDTM.

Definition 16. Let f : N — N be a function. Then, NTIME(f(n)) is a class of languages
defined in the following way: L € NTIME(f(n)) iff there is some NDTM M such that L is
decided by M and M runs in O(f(n))-time.

Definition 17.
NP 2 | JNTIME(n").

c>0

NE 2 | JNTIME(2*).
c>0

NEXP Z | JNTIME(2").

c>0

2.2.3 Oracle Turing Machines

Definition 18. Given a language O, a TM M with oracle O is defined as a TM but with
an additional tape (called oracle tape) and three selected states gquery, Gyes and gno. When
M enters the state gquery, in one step it reads the contents of the oracle tape and moves to

state qyes if € O, or to state ¢, if x € O.

Oracle NDTMs are defined in a similar way.

Definition 19. Given a language O, the class of languages NP? is defined in the following
way: L € NP iff there is a polynomial-time NDTM M with oracle O deciding L. In case O
is C-complete, we will denote NP by NP€.

pNP pNPNF

This allows us to define the following complexity classes: NPN', NPNP™ NPN S



2.2.4 The Polynomial Hierarchy

Definition 20. For i > 0, the class of languages X is defined in the following way: L € XF
iff there exists a polynomial-time TM M and a polynomial ¢ such that

€L < Ju € {0,190y, € {0,139 Quu; € {0, 139D M (2, 0y, ... 05) = 1,

where M (x,vy,...,v;) abbreviates M ({x,v1,...,v;)) (we will omit (-) in similar cases).

Similarly, 1} is defined as follows: L € TIY iff there exists a polynomial-time TM M and a
polynomial ¢ such that

€L < Yo, € {0,133, € {0,1}90=D . Q,v; € {0, 1}V M (2, vy, ..., v;) = 1.

Furthermore, we define Xf = IIf = P.

Then, the Polynomial Hierarchy is defined in the following way:
pHZ | JsF =
>0 >0
Theorem 1. Fori > 0, we have:
'NP
»P — NPNP
NP

where NP~ represents an exponential tower of i — 1 NPs. That is, ©¥ = NP, ¥¥ = NP,

NP
SP = NPYPY sP = NPT ete

2.2.5 The Exponential Hierarchy

Definition 21. For i > 0, the class of languages ©.F is defined in the following way: L € XF
iff there exists a polynomial-time TM M and a ¢ > 0 such that

r €L <— El’Ul € {0, 1}26|I‘V'U2 S {O, 1}26'1' R Qﬂ)i S {0, 1}2C‘Z‘M(‘T,U1, ce ,’Ui) = 1,

And TTF is defined as follows: L € IT¥ iff there exists a polynomial-time TM M and a ¢ > 0
such that

x €L < Vo, €{0,1}* 3, € {0, 1} ... Q,u; € {0, 1" M (z,v1,...,01) = 1.

Additionally, we define Xf = II§ = E.



Then, the Ezponential Hierarchy is defined in the following way:

EHZ | JsF=|JmP
>0 i>0
Definition 22. Given a language O, the class of languages NE© is defined in the following
way: L € NE? iff there is a NDTM M with oracle O such that M decides L and M runs in
time O(2°") for some ¢ > 0. As before, in case O is C-complete, we will denote NE© by NEF€.

NP
This allows us to define the following complexity classes: NENY, NENPNP7 NENPY -
And as before, we have a Theorem relating both definition schemes:

Theorem 2. Fori > 0, we have:
'NP
»F — NEN
.NP
where NP*" represents an exponential tower of i —1 NPs. That is, ¥¥ = NE, £ = NENY,
$E = NENPY, 5B = NEVP™ | et

2.2.6 Boolean Circuits

Definition 23. A circuit is a directed acyclic graph, the nodes of which are either input
nodes, with fan-in 0, or nodes representing the boolean connectives (called gates), with fan-in
2 in the case of AND and OR, and fan-in 1 in the case of NOT. Some of the gates are declared

output nodes. A n-input circuit is a circuit with exactly n input nodes.

The output of a n-input circuit C' on an input z of length n, denoted by C(x), is computed
in the usual way (AND gates output 1 iff its two inputs are 1, etc.).

Definition 24. The size of a circuit is the number of nodes of the circuit. For f: N — N,
a f(n)-size circuit family is a sequence {C), },en such that the size of C,, is at most f(n),

where (), is a n-input circuit.

Definition 25. For f : N — N, we have SIZE(f(n)) is a class of languages, where L €
SIZE(f(n)) iff there exists a function g : N — N such that g = O(f(n)) and there is a
g(n)-size circuit family {C, },en such that for every n € N and every x € {0,1}", we have

r € L < Cy(z) = 1. In this case, we say {C, }nen is an O(f(n))-size circuit family deciding
L.



The following is only one of the possible characterizations of P /poly.

Definition 26.

P/poly & | J SIZE(n®).

ceN

We say a language L has small circuits when L € P/poly.

Definition 27. A language A is polynomial circuit many-one reducible to a language B
(denoted by A <1/®°™ B) when there exists a function f : {0,1}* — {0, 1}* such that for all
z € {0,1}*, we have x € A iff f(x) € B and there exists ¢ such that there is an O(n°)-size

circuit family {C, }nen computing f (that is, for every n and for every x € {0,1}" we have
C,(z) = f(z)). We say f witnesses A <b/*Y B, or f: A <i/*Y B.

The following Lemma follows from Theorem 2.8 of [Vol99:
Lemma 1. Let f:{0,1}* — {0,1}* be a function. If f is computable by a TM M that runs

in O(n®)-time, then f is computable by a O(n**)-size circuit family.

2.2.7 The Cook-Levin Theorem

The following theorem is a generalization of the well-known Cook-Levin Theorem that follows

from the same proof. It will be of importance in many places of this work.

Theorem 3. There are two polynomially computable functions f and g such that for every

Turing Machine M, every k >0, all nq,...,ng >0 and every t > 0, we have:
FM 1™ 1™ 1Y) outputs a propositional formula (T, . .., Tk, 2),
g(M, 1™ .. 1™ 1Y) outputs a propositional formula (T, ..., Ty, Z),

where |T;| = n; for 1 <i <k and |Z| = p(|M|,n1,...,nk,t) for some polynomial p, such that
for every TM M, every k, all nq,...,ng and all x1 € {0,1}™, ..., 2, € {0,1}™, we have that

the following statements are equivalent:
1. M(zy,...,zx) accepts in t steps.
2. 3z € {0, 1YPlo(@, /x4, ..., T /28, 2/ 2).

3. Yz € {0, 1} (Z) /2y, ..., T )2k, 2/ 2).

10



The usual statement of the Cook-Levin Theorem states that SAT, the satisfiability problem
for propositional formulas, is NP-complete. This is a special case of Theorem 3 by noting

that if L is any language in NP defined for every x by
zel «— Jye {01} DMz y) =1,

where p is a polynomial and M is a TM that runs in p(|z|) steps on all inputs (z,y) with
ly| = q(|z|), then the map z + f(M, 117 102D 17(2D) witnesses that L <P SAT.

2.3 Bounded Arithmetic

In this section, we will present the definitions of the bounded arithmetic theories T%, Si and
V3 (for i € N) initially given in [Bus86]. We will follow the the definitions given in [ABM23],
which differ from the original one in that they enrich the language of bounded arithmetic
theories with polynomial-time computable functions (this will be explain in more detail later).
First, we will present the background needed to understand one-sorted theories and define T&
and S%; next, we will give background for two-sorted theories, define the two-sorted versions
of Ty and S%, and define V; finally, we will comment on some differences between the way

V3 is defined on [ABM23] and in the main references on proof complexity.

2.3.1 Omne-sorted Theories

Definition 28. Lgy, the language of bounded arithmetic, is defined as follows:

de
Lea & {0,1,<,+,, /2], #, | |},

where 0 and 1 are constant symbols, < is a binary relation symbol; +, - and # are binary
function symbols, and | /2| and | | are unary function symbols. Its standard interpretation
is the usual interpretation of those symbols over N, where |z| is the bit-length of z and z#y
means 2/%'1% We will use the notation 2*/ as an abbreviation for x#1. Lgy is a first-order-

logic language, so it contains built-in equality.
In this subsection, let ¢ denote an Lga-term and ¢, 1) denote Lpa-formulas.

Definition 29. BASIC is the set of the universal closures of the following formulas:

lLLz<y—2<y+1 2. xFr+1

11



3.0<uz 18. Ja] = [yl + |2l — a0 = (y#u) - (z4u)

4. (z<yhNx#y —az+1<y 19. 2 <z +vy
5. 2#0 =22 #0 20. (z <yAx #y) — (22+1 < 2yN2x+1 #
6. r<yvVy<z 2y)

T (r<yry<o)—»r=y 2l s+y=y+=x

8. (x<yny<z)—ar<z 22 z4+0=2
9. [0 =0 2. z+@y+)=(@+y) +1
10. x #0 — 24. (gj+y)+z:x+(y+z)

(|2z] = |z| + 1A 2z + 1| = || + 1)
2. x+y<zrz+z—oy<z

11. 1] =1
26. x-0=0
12. 2 <y —|z| < |y
21, z-(y+1)=(z-y) +x
13. |yl = (2| - |y[) +1
8.z y=y-x
14. Otz = 1
2. & (y+2) = (-y)+(z-2)
15. x #0 — (1#(2x) = 2(1#x) A

142z + 1) = 2(1#x)) 30. 1<z —(z-y<z-z2¢y<z)
16. z#y = y#ux 3l. x £ 0 — |z] = ||z/2]| + 1
17. |z| = ly| = a#z = y#=z 32. x=|y/2| < 2z =yV2r+1=y),

where 2t := (1 +1) - ¢.
Definition 30. We define the following notation:

EIa:Sthd:ef dx(z <t A ),

ngtgodzef Va(z <t — o).

Quantifiers that appear in the form dx < t or Vax < t are called bounded quantifiers. When

t = |s| for some term s, they are called sharply bounded quantifiers.

Let Ix <tp:=TFz(z<tAx#tNp)and Vo <t p:=Var(z <tANzx #t— p).

12



Definition 31. The sets of formulas XP and TI? are defined by counting alternations of

bounded quantifiers and ignoring sharply bounded quantifiers. More precisely:

Yo = I} is the set of all formulas in which all quantifiers are sharply bounded.
3P, is the smallest set of formulas such that:

1. SPUll C b,
2. pp XL, = oAYpeXh !

3. pelll; = —pexb,

4. peXl ) = Tx<|t|pe T, and Vo < |t| p € TP,

5. peXl, = T <tpexb,
I, , is the smallest set of formulas such that:

1. SPUT C IIb,,
2. pp eI}y = AP eI},

3. peXh, = —pelll,

4. pelll,, = Fo < |t pelll,, and Vo < |t] p € I,

5. pelll,, = Ve <typelly,

S=m Usi= U

1€w 1Ew

Given a set of formulas ®, by a ®-formula ¢ we mean a formula ¢ € .

Definition 32. Given a set of formulas ®, the scheme of bounded ®-induction (®-IND) is

the set of the universal closures of formulas of the following form:
def
O-IND(N, @) = ¢(0) AVy <N (o(y) = @y +1)) = o(N),
where ¢ € ® may have additional parameters z.

The scheme of bounded ®-length-induction (®-LIND) is the set of the universal closures of

formulas of the following form:
def
®-LIND(N, ) = ¢(0) AVy < [N| (o(y) = ¢y + 1)) = @(|IN]),

where ¢ € ® may have additional parameters z.

!For concision, let us consider only A and — as primitive Boolean symbols and define V and — in the

usual way.
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Definition 33. For each ¢ > 0, we have:
o The theory T4 is axiomatized by BASIC + LP-IND.
o The theory Si is axiomatized by BASIC + XP-LIND.

And full bounded arithmetic is defined as follows:

n¥ |

>0

The 2 in the subscript indicates the presence of the symbol # in the language.

Definition 34. A} is a set of formulas defined in the following way: ¢ € AYiff S1 F ¢ <> ¢
and S} F ¢ < x for some ¥ € ¥P and y € IT}.

Normally we would define AP with respect to a theory 7', but in this work we will only use
AP with respect to Si.

As we announced at the beginning of the section, we enrich L, with Ab-definable func-
tions. That is:

Definition 35. For each function that is definable by a A'f—formula, we will assume Lga has
a term representing that function. It is usual to denote this enriched bounded arithmetic
language by Lpa(PV), and the corresponding theories by T4(PV) and Si(PV): that is, for
each function f whose graph is definable by a AP-formula ¢(Z,y), we will assume that the
language Lpa(PV) has a term representing f(Z) = y and the corresponding theories have an

axiom stating f(T) =y +> ¢(T,y).

To gain some concision (following [ABM23]), in this work we will omit the (PV). Thus,
when we write 75, what we will really be referring to is the Lga(PV)-theory T5(PV), and
when we talk about Lga, we will really be talking about Lga(PV). Since by Buss’ Theorem
[Bus86] the AP-definable functions are precisely the polynomial-time computable functions,
this will allow us to freely define polynomial-time computable functions and predicates by the
polynomial-time TM that computes them and assume that the language Lga(PV) contains

symbols for them.

A problem that might arise when doing so is that the properties that we would want the

symbols defined this way to have may not be provable in T5. A way around this problem
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is to restrict our use of this feature to very simple functions and predicates, so that it is
elementary to prove in Ty the symbols that define them fulfill the required properties. For

example, this is how we will define the projection function:

pr(z,i) 9 i represents a string of length at most ¢, returns the ¢-th bit of z; otherwise,

returns 0. We will use the notation (z); := pr(z, ).

Since the function that defines pr() is polynomial-time computable, pr() is a symbol of
Lpa(PV), and since the relevant properties of the function that defined pr() are elementary
(it returns the same outputs on the same indices given the same string, it returns different
outputs on some index given different strings of the same length, etc.), we can assume that
the defining AP Lpa-formula o(Z,y) is such that T, proves the desired properties of pr().
Continuing with the example, if the defining formula for pr(x,i) = b is ¢(z,4,b), then Ty
proves p(z,i,b) A p(x,i,b') = b=1.

Definition 36. We define the following notation, similar to bounded quantification:
de
In € Logo1 ¢ < IN(IN| > 1A (n/IN]),

Vi € Logst ¢ & VN(IN| > 1= o(n/|N])).

Log is intended to represent the set of small numbers; that is, the set of numbers n such

that n = |N| for some N > n. And Log-; is the set of small numbers larger than one.

Proof System

Definition 37. LKB+ is the traditional Gentzen proof system extended by rules for bounded

quantification and for full bounded induction. Formally, LKB+ consists on the following

rules:
| A T A
Weakening  left AT — A right —— A A
I',A BTy — A I' — A,A B, A
E h 1,41, y L 2 3 Lo 2
xchange left [, B AT, = A right I — ALB A A,
_ 1, A, ATy — A F —A,4,4A
C . . 1, A AT, . 1,41, 41, 2
ontraction Jeft TLAT, — A right I — A A A,
— : introduction Jeft _‘F A,—F>iAA right FALZ—'AA
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left AT — A loft AT — A
CUMTAIANBT A WTBAAT S A

A : introduction

r —AA r —AB
I —AAANB

right

AT — A B,I' — A

V :introduction Jeft VBT = A

ht r—AA ht r—AA
rig 1r—>AAvB rig 2P—>ABvA

Cut
b r —A
: . At), T — A ) ' — A Aa)
V : introduction ht ’
. left A T — A "8 T A VeA(r)
A(a),' — A ) ' — A A(Y)

3 : introduction
left 5 AT — A "8 T A T4

A(t),I — A
t<s, (Vo <s)A(x), [ — A

V < :introduction Jeft

a<t,I'— A Aa)

ight
MBI TN (Ve < HA(w)

A(a), ' — A
)A(m),F — A

a <t
3 < : introduction —
= left Gz <

' — A A(t)

right t<s,T — A (Jzx < s)A(x)

where A and B are Lpa-formulas, ¢ and a are Lga-terms and I' — A are sequents, so I’
and A are sets of Lga-formulas. LKB+ also implements the following rule (hence the +),
the IND-rule:

[ A(a) — A(a+1),A
I A0) — A(t), A
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where @ and ¢ are Lga-terms and A is a bounded formula.
Then, the following lemma follows from Lemma 7.1.3 of [Kra95].

Lemma 2. Let BASIC,,, be BASIC in the form of sequents: that is, let — ¢ € BASIC,,,
iff ¢ € BASIC, for ¢ a Lga-formula and — ¢ a sequent. Then, for any Lga-formula o,
we have Ty = ¢ iff the sequent — ¢ is derivable in LKB+ from BASIC,,.

What this means is that when we reason in 75, we can use the classic derivation rules, as
well as full bounded induction. In Chapters 5 and 6 we will use this lemma implicitly every

time we say that we reason in 75.

Strings and Numbers

We define the following notation so we can, in a way, talk about strings in our bounded

arithmetic formalization, which will make it easier to adapt the intended proofs.

Definition 38.
3z € {0,111 & 3X < 2 p(z/ 2" + X)),

Vo e {0, 1M ¥ wx <ol p(z/2 + X)),
where t is an Lga-term.

Note that for every n > 0, there is a bijection between {0,1}" and {2",2" +1,...,2""1 — 1}:
namely, = — 2" + bin(z), where bin(z) returns the binary number represented by the string
x, ignoring left zeros. The inverse of this bijection would be y — str(y — 2",n), where
str(m,n) returns the binary string of length n € Log~; that represents the number m in
binary (assuming m < 2"). Thus, Definition 38 is well defined. In general, when in a Lga-

formula we use x as a string of length n, it is notation for the number 2" + bin(z).

In Chapters 5 and 6 we will often define formulas named “x € L”, where L is destined to
represent a particular language, like SAT. We understand those formulas are only applied to
z € {0,1}" for a particular n € Logs , so that in the formula x is substituted by 2" + X for
a suitable X.

2.3.2 Two-sorted Theories

The goal of two-sorted bounded arithmetic is to allow us to talk about sets of numbers

without abandoning first-order logic. For this purpose, structures for two-sorted theories will
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have a universe consisting of two sets, and the elements of the second set will represent sets
of the elements of the first one: we will denote this kind of elements with capital letters
(X,)Y, Z...).

Definition 39. Lpa(«), the language of two-sorted bounded arithmetic, is defined as follows:

de
LBA(Oz) :f Lpa U {E},

where € is a binary relation symbol whose standard meaning is actual element-hood.

In this subsection, let ¢ be an L («)-formula and ¢ be an Lga(«)-term without set-sort

variables.

Definition 40. Lpa(«)-structures for two-sorted theories have a universe of the form (M, X):
M is called the number-sort and X is called the set-sort; € is interpreted by a subset of
M x X, and the symbols in Ly, are interpreted only in the number-sort. As Lga, we have
that Lpa(«) is a first-order-logic language, so we have built-in equality, but we have to
distinguish between equality and quantification over number-sort elements and equality and
quantification over set-sort elements: these functions work in the standard way in both sorts,

but they are considered different functions depending on the sort.

The standard structure of two-sorted bounded arithmetic has (N, [N]<“) as its universe (where
[N]<“ is the set of all finite subsets of N), € interpreted as actual element-hood, and the rest

of symbols interpreted in the usual way.

Definition 41. Let X <z :=Vy(y € X — y < x). Then, let the set BASIC(«) be defined

as BASIC plus the universal closures of the two following formulas:
Jx(X <z) (Set-boundedness)
X<azANY<axAVy<z(ye XyeY)—X=Y (Estensionality).

Definition 42. Given a set @, let the scheme of bounded ®-comprehension ($-COMP) be

the set of the universal closures of formulas of the following form:
WY <2AVy <z (yeY & o(X,T,y)),
where ¢ € ® and Y is not in X.

Definition 43. The sets ¥P(a), II’(a) and X" (a) are defined as ¥, TI® and X%, but in

Lpa(«) and considering only number-sort equality and quantifiers. More precisely,
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Yo(a) = Ib(a) is the set of all Lpa(a)-formulas without set-sort equality or set-sort

quantifiers in which all number-sort quantifiers are sharply bounded.

3P 1 (c) is the smallest set of formulas such that:

L. 3(a) UI(a) € 22,4 (@)
2. o, eXP () = 90/\1#62@“( @)

(

(
3. p eIl () = —p e X, (a)
4. p el () = o <|t| o,V < |t] p € T2 ()
)

5. p € X () = Jx<typeXl, (o)
IT?, () is the smallest set of formulas such that:
L Z2(a) UIIY () S TI7, 4 ()
2. pp el y(a) = pAY el (a)
3. p € 2?4-1 () = —p € Hl?+1(a)
4. p el (o) = Tz < |t] o, Vo < Jt] p € I, ()
bop €I} y(a) = Vo <ty elly (o)

def

Do(@) =1 (a) = U Ep(a) = U IP(a)

1EW €W

Definition 44. Let T be the theory axiomatized by BASIC + X?(a)-LIND, and let Ab(a)
be the set of formulas ¢ such that T F ¢ <+ ¢ and T F ¢ < x for some ¥ € ¥?(a) and
x € IT¥(a). Note that since Lpa C Lpa(c), BASIC is a set of Lpa(a)-formulas.

Definition 45. For each ¢ > 0, we have:
o The theory Ti(a) is axiomatized by BASIC(a) + XP(a)-IND + Ab(a)-COMP.
o The theory Si(a) is axiomatized by BASIC(a) + XP(a)-LIND + A (a)-COMP.

And we define:

a) < | JT(0)

1€w
Definition 46. The sets of formulas Zg * and H;L * are defined by counting alternations of set-

sort quantifiers and ignoring bounded quantifiers (again, excluding set-sort equality). More

precisely:
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Bt =" Y b (a)

I % is the smallest set of formulas such that:
Loxuty® c el
2. g €N = AP EXN
3. pelll!, = —peX
4. @EEifl == Elxgtgo,ngtgoEZzlfl
5. p € EZ“ = dXp¢€ 21—0—1

I, +b1 is the smallest set of formulas such that:

L S U C I

2. cp@DGHlH — gpA@ZJEHZ“

3. ()OEZH_l _'QDGHH—l

4. cpEHZH - EIx<t<p,‘v’x<t<,0€H+1

5. cpEHZH = VX(,OGHZJrl

d
Sp-mp e ynt=ym

S 1EW

Definition 47. For every i > 0, the theory V} is axiomatized by BASIC(a) + X}"-COMP.

A Comparison

V3 was first introduced by Buss in [Bus86, p.167], where it receives the name ‘72’ It is axiom-
atized over Lpa () by BASIC(a) + X3"-COMP + %""-IND, so it differs from our definition
roughly by replacing E; P_COMP by 2; P_IND. Confusingly enough, Buss also defines a the-
ory named V;, which is defined as ‘N/Q’ plus an axiom scheme bounding all functions by terms,
but this difference is not meaningful because his V5 is shown to be a conservative extension
of 172’ Ten years later, in [Kra95, p.87], Krajicek “slightly abuses Buss’ notation” (p.84) and

renames Buss’ ‘7'22 as Vi, notation that has become standard.

In [CN10, p.95], Cook and Nguyen define the theory V?, which is defined as V;' but without
the symbols # and | /2] in the language (nor the relevant axioms) and | | applied to set-sort

variables instead of number-sort ones (it represents the least upper bound of a set). Note
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that V? is axiomatized by Z; P_COMP, like in our case, and not by E; P_IND, like in the case
of Buss and Krajicek. More recently, in [Kral9, pp.193-194], Krajicek distinguishes between
V3, which he defines as in [Kra95], and VY, defined as V' but excluding # from the language
(and the relevant axioms)?. Note the language of V] still includes |/2] and the relevant

axioms.

But it turns out a theory with ®-COMP can prove ®-IND [CN10, p.98], so our definition of

V; is at least as strong than all the preceding ones.

The definition of BASIC can be found on [Kra95], and the definitions of P, II” and the
related sets are based on the ones given in [Kral9]. The rest of definitions can be found in
[ABM23], perhaps less detailed.

2.3.3 The Pigeonhole Principle and Minimization

The Pigeonhole Principle is a well-known principle with many links to bounded arithmetic.
Here, we define the following version of the Weak Pigeonhole Principle, which will be essential

to the bounded proof of Kannan’s result in Chapter 6:

Definition 48. The Weak Pigeonhole Principle (WPHP) is the following formula:

WPHP(M,N,¢) “ M >N*AVae <M 3y <N o(z,y) —
Jr < M3 <M Iy <N (z#2"No(x,y) Np(2,y)),

where M and N are variables and ¢(z,y) is an Lga-formula that may have additional pa-

rameters z.
The following version of the Minimization Principle will also be of importance in Chapter 6:

Definition 49. The Minimization Principle (MIN) is the following formula:

MIN(M, ¢) Y <M p(x) = Jz < M Vz <z (o(x) A —p(2)),

where M is a variable and ¢(z) is an Lpa-formula that may have additional parameters z.
The following result follows from Theorem 14 of [MPW02]:

Lemma 3. For every bounded formula p, we have:

T, - WPHP(M, N, ).

2Actually, in [Kral9], Krajicek only defines V}' and V4 for i < 1, but it’s easy to infer the general case.
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And the following result follows from Lemma 5.2.7 of [Kra95]:

Lemma 4. For every bounded formula ¢, we have:

Ty - MIN(M, ).
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Chapter

The Karp-Lipton Theorem

In this chapter, we will prove The Karp-Lipton Theorem, originally shown by R. M. Karp and
R. J. Lipton in [KL80]. We will follow the exposition of this theorem presented in [AB09].

3.1 Auxiliary Lemmas

First, we present two Lemmas that will make the proof of the Theorem much easier. The
second one (Lemma 6) will actually be used directly in Section 4.3, which does not need to

use the whole Karp-Lipton Theorem.

Lemma 5 (Hierarchy Collapse). For every i > 0 and every j > i, if X% = IIY, then
Xy UIL CuP NIy,

Proof. Let i > 0, and assume X} = 1. We proceed by induction on j > i:
Base case: if j =i, since X = II}, we clearly have XF UTIY C P NII}.

Inductive case: suppose X7 UL} C X7 NII7. We want to prove X7, UTI},, C X7 NIIT; let
us start showing X7, € X7 N1II7. We know L € X7, if and only if

e L < {0,110 0vu,ec{0,1}40D  Q;1v51€{0, 139D M (2,01, .. vj) =1

where ), is V if n is even and 3 if n is odd, ¢ is a polynomial and M a polytime TM. Now,

we define the language L' as follows:

<.§L’, 'U1> S L <~ \V/'UQ S {0, 1}q(|x|) ce Qj+1vj+1 € {0, 1}q(|x|)M(I, U1y .. ,’Uj+1> =1

23



And we have L' € II}, so that L' € ¥} per our assumption. Then, there is a polynomial r

and a polytime TM M’ such that
(r,01) € L' <= Fuy € {0, 1}V . Qju; € {0, 1Y DM (2,01, 0y, .. uy) = 1
But then,

re L < Ju €{0,1}9D(z ) el
— Fu,e{0, 117003y, {0, 137D Qju;€{0, 1} VDM (2, 01wy, uy) = 1
— Fuy{0,1}°0D  Qu;e{0, 1V DM (2, uy, ... uy) =1

where M" works as M’ but interpreting u; so that now it also encodes vy, and s(n) is a
polynomial large enough to allow the codification of the pair (u;,v;) (for example, s(n) =
2(p(n) + q(n) +1)). This means L € X¥, so that L € Xj by the inductive hypothesis. Since
L was arbitrary, we get X%, | C X7 = X7 NII}, as we wanted. A symmetrical argument (with
I1,V in place of 3, 3) can be used to show II},, C I} N X7 O

Lemma 6 (Self-reducibility of SAT). For all ¢ > 0 there exists ¢ > 0 such that if SAT €
SIZE(n), then there is a O(n®)-size circuit family {C’ }nen that outputs a satisfying assign-

ment on input a satisfiable formula.

Proof. Fix ¢ > 0, and suppose SAT € SIZE(n¢). Let {C,}nen be a O(n¢)-size circuit family
deciding SAT. Given ¢ representing a quantified formula, we have Cj,| () = 1 iff (the formula
represented by) ¢ is satisfiable. We want ¢’ > 0 such that given C,, we have a circuit C/, of size
at most n¢ and on input @(zy,...,o,,) (where |p| = n and x1,...,z,, are single variables)
we have C! (¢) = y1 ... Ym, where if ¢ is satisfiable, y; ...y, is a satisfying assignment, and

if it is not, y; =0 for 1 <7 < m.

To achieve this, given C,,, define the following algorithm: on input ¢(xy, ..., zm),
Set o = ¢
Fori=1,...,m:

Set ; to be as ;1 but with x; =1

If Chl(pi) =1, set y; =1

Else, set ; to be as ¢; 1 but with z; = 0 and set y; =0
Output y; ... ym
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This algorithm loops m < n times, and in the i-th loop it computes C,(y;), updates ¢; 1
and sets y; to 1 or to 0, all of which are computable by polynomial-sized circuits. Then, there
must be a ¢ > 0 big enough so that the algorithm is computable by a O(n¢)-size circuit.
Let CJ, be such a circuit. O

3.2 The Theorem

Theorem 4 (Karp-Lipton). For every ¢ > 0, if SAT € SIZE(n¢) then PH C X N1IY.

Proof. Fix ¢ > 0, and assume SAT € SIZE(n¢). By Lemma 5, we only need to show X} =TI}
We start by showing [T} C ¥F' and we do so by proving the II}-complete language I1,-TQBF
is in XY. The language II,-TQBF is the set of all (strings representing) true quantified
formulas of the following form:
vz (T, 1),

where @(x1,...,29,) is a QF formula and zy,...,xs, are (single) propositional variables.
By SAT € SIZE(n¢), there is an O(n€)-size circuit family {C,, },en deciding SAT: then, by
Lemma 6, there exists ¢ > 0 such that there is an O(n¢)-size circuit family {C” },cxy so that
for any formula ¢(zq,...,z,), we have C’I’w(go) = ¥y1...Yn, Where if ¢ is satisfiable, then the
string vy ...y, is an assignment satisfying ¢. Now, consider the set A of all Il;-formulas

VZ3y(Z,y) such that the following statement is true:
3" € {0,133 50y € {0,117 (u, C'(p(u, 7))

Due to the existence of {C! },en, we have ¢ € A iff ¢ € TI,-TQBF, so that A = II,-TQBF.
But A € ¥, since the evaluation of circuits of the family {C” },.cx is doable in polynomial

time, so we conclude II,-TQBF € ¥, as we wanted.

¥¥ C I1Y is proven in a similar way. Y,-TQBF is the set of all true quantified formulas of

the following form:
J2Vye (T, 7),
for p a QF formula. Given a ¥o-formula 3ZVyp(T,7), by propositional equivalences we know

it is true iff the Ilo-formula YZ3y—p(Z,7) is false, and by the previous argument we know

VZIy—(Z,7) is false iff the following statement is false:

3¢ € {0, 115 5y € {0, 1} = (u, O (~p(u, 7))
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Then, consider the set B of all 3s-formulas 3zVyp(T, 7) such that following statement is true:
VO € {0,117 503y € (0,1} (u, C'(p(u, 7))-

By the preceding argument and some logical equivalences, we get B = Y,-TQBF. Since
B € TIY, because the evaluation of circuits of the family {C’},cy is doable in polynomial

time, we get ¥o-TQBF € I1%, as we wanted. O
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Chapter I

Kannan’s Result

Recall (1.1) and (1.2) from Chapter 1:
K¢ ¢ SIZE(n®). (1.1)

Y5 Z P/poly. (1.2)

The purpose of this chapter is to present a detailed proof of Kannan’s result (1.1) and its
consequence (1.2). Although it is not our main goal, we will begin by presenting a proof of
(1.2), since it introduces many concepts that are essential for the proof of (1.1); then, we will
adapt this proof, proving both (1.1) and (1.2). We will loosely follow the original proof by

Kannan.

We will prove the following statement: for every ¢ > 0, we have L* ¢ SIZE(n®), where L* is

the following standard NENP-complete language:

L% {(Mx1%) 3y € {0,132Vz € {0,1}* (M(x,y,2) = 1)}. (4.1)
Of course, this implies L* ¢ P /poly, which entails NEN ¢ P /poly, which is in turn equivalent
to ¥ & P/poly by Theorem 2.
To prove this, we will follow the next strategy: first, we will define a language L(S*) € NENPY
that doesn’t have small circuits (by virtue of a simple counting argument), and then we will
distinguish two cases, depending on whether NP is included on P/poly or not; if it isn’t, the
claim easily follows, and if it is, we will use the Karp-Lipton Theorem and padding to show
L(S*) € NEN'| from which our claim will follow.
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4.1 Counting argument

Consider a n-input function f : {0,1}" — {0,1}: the truth-table of f is a binary string S of
length 2", where the bit on the m-th position of S (m being the number represented by x in
binary), denoted by S(z), is f(z). There are 22" possible truth-tables of n-input functions.
A circuit of size at most n can be represented by a binary string of length at most 8nlogn,!

so there are at most 2%1°8" circuits of size at most n.

Now, consider circuits of size at most 2" /(9(n+1)): there are at most 28(2"/(9(n+1)))10g(2"/(9(n+1)))

of them. But

8

2" A 8- 2" log(2" 8- 2"(n+1 8

o(n 1) %8 <9(n n 1)) = o ﬂ) - 9(n(+—:) - g2 <%

so that 28(2"/(O(n+1))1eg(2*/(9(n+1))) < 22" wwhich means there must be a n-input function which
is not computed by any circuit of size at most 2" /(9(n + 1)). This means we can talk about
the lexicographically minimal truth-table of a n-input function not computed by any circuit
of size at most 2"/(9(n + 1)): call it S’. If we call L(S*) the characteristic language of
Unen S5 (ie., for an input 2 of length n, we have x € L(S*) < Sy(x) = 1), then L(S*) &
Unen SIZE(2"/(9(n + 1))); in particular, L(S*) € P /poly.

Now, we want to see L(S*) € NEN"™" . First of all, define

Computes,, (C, S) o Vy € {0,1}"(C(y) = S(y))

Smallereq, (5,5") % Va e {0,1}"3z € {0,1}"((S(z) < §'(x))V
(bin(z) < bin(z) A S(z) < §'(2))).
where C' is (a binary string representing) a n-input circuit, while S and S’ are truth tables
of length 2"; recall bin(z) outputs the number represented by a string x in binary (ignoring
leftmost zeros). Note since the output of a circuit or a truth table on a certain input can
be computed in time polynomial on the length of said circuit or truth table and there are
exactly 2" inputs of length n, both Computes,, and Smallereq,, can be solved by brute force

in time polynomial on inputs of length 2. We also define Size(C'), a function computing the

size of (the circuit represented by) C', which is always polynomial on the length of C'.

Given n, let L’ and L! be defined as follows:

e n 89n 2”
L, 2 {S € {0.1)"" : WO € {0,115 (Size(C) <

ST — =Computes, (C,5))}

'Where logn stands for [logy(n + 1)].
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2TL

i def on / on / 8on /. /
L' = 1 : 1 3 1)s <
L (Se(01) 1 vS'e(0,1)7 BCE(0.1) I (Sine(C') < g s

A Computes,,(C", S"))

V Smallereq,, (S, S")]}

For a 2"-length truth table S, we have S € L/ means S is not computed by any circuit of
size at most 2"/(9(n+ 1)) and S € L means S is the lexicographically smallest truth table
fulfilling that property, so we can express L(S*) as follows:

L(S*) ={x:35 € {0,1}*" (S € Liy AS € Liy AS(x) = 1)}

||

Let n = |z| in the following formulas. Unfolding the definitions of L] and L! we obtain:
L(S%) = {z : 35€{0,1}*" 112" (Size(C) < ———
(S*) = {z : 35€{0,1}* [VCe{0,1}9* (Size(C) < 5 1)

A Computes, (C’;S")) V Smallereq,, (S, S"))

N —Computesn(ca S))
' on ' 52m (q; ! 2
9 < 0
AVS'E{0, 1} (30'€{0, 11 (Size(C") < gy
A S(x) =1]}

= {x:35€{0,1}?"VCe{0,1}52"vS'€{0,1}2"3C" {0, 1}52"[(Size(C) < TS
271

_ . / < J—
Computes, (C, S)) A (Size(C’) < 9n+1)

A Computes, (C’, S") V Smallereq,, (S, S")) A S(z) = 1]}.

Note the two consecutive universal quantifiers YC'e{0,1}52" and V5'€{0,1}?" can be ex-
pressed as a single universal quantifier ranging over {0,1}2"™! (the extra bit will convey
which one of the two universal quantifiers it represents in each occurrence) by modifying the
occurrences of C' and S’ in the matrix of the formula in a suitable way, so that L(S*) is
definable by a formula with 3V3 prenex and a polynomial-time computable matrix. Since in
that formula all quantifiers range over strings of length bounded exponentially by the length
of the input, we have L(S*) € XF = NEN"™ | using Theorem 2.

4.2 Case distinction

Now, we prove for all ¢, we have L* ¢ SIZE(n®) by case distinction: either NP ¢ P /poly or
NP C P/poly.
4.2.1 NP ¢ P/poly

This means, in particular, SAT ¢ P/poly. Since NP C NEN and L* is NEN"-complete,
SAT <, L*. Let f be a polynomial-time function witnessing that reduction: by Lemma 1,
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polynomial-time functions have small circuits, so let k be such that {C! },.cn is a O(n¥)-size
circuit family computing f. Then, suppose towards contradiction there is a ¢ such that
L* € SIZE(n®), and let {C, }nen be a O(n¢)-size circuit family witnessing that. Now, define
a O(nt*)-size circuit family {C”},cn, where C” is built composing C,, with C’: the output
of C is fed into the input of C’. Tt is easy to see {C”},en solves SAT,? witnessing SAT
€ P/poly, a contradiction.

4.2.2 NP C P/poly

In this case, we can use Karp-Lipton’s Theorem 4, which implies PH C NPY" by Theorem
1. This allows us to prove NENFY C NEM by padding: let L € NENPNP, and let ¢ be such
that M is a NDTM with oracle in NPYF deciding L in time O(2™). We define

Lpoa @ {212 sz € 1)
Lpaa € NPNPNP, since we can define a NDTM M’ with oracle in NP that on a n-length
input y accepts iff there is a z such that y = (z, 12|Z|t> and M(z) =1 (a simulation that can
be done in time linear on the length of y) < 2z € L < y € Lya.q. Because NpNPT C NPV
(by Karp-Lipton), we have Ly.q € NPYY: let M” be a NDTM with oracle in NP witnessing
that. Then, we can define another NDTM M"" with oracle in NP that decides L in time
exponential on the length of the input: given x, simply pad the input (getting (z, 12" )) and
then simulate M”. We get L € NENY: since L was arbitrary, NEN™ € NENP. But then,
L(S*) € NEN', and we are in the same place as in Subsection 4.2.1, but with L(S*) in place

of SAT: with a similar argument, we get that for all ¢, we have L* ¢ SIZE(n), as we wanted.

4.3 Adapting Kannan’s Result

As announced on the Introduction, this argument is unable to conclude
K¢ ¢ SIZE(n°) (1.1)

due to the use of truth tables of exponential size. It is also impossible to be formalized in first-
order bounded arithmetic for the same reason, since the existence of exponential functions
is not guaranteed in first-order bounded-arithmetic theories. Thus, our strategy is to adapt

the proof using smaller truth tables: we will use partial truth tables, which will have only

2For any n-length input z, the C/, component of C!/ will transform z to an input y such that x € SAT

&y € L* & OV =1, the last equivalence due to the C,, component of C.
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polynomial size. As we will see, by doing this we will end up with a different proof, and in
particular we will not need to use the whole Karp-Lipton Theorem, only the Self-Reducibility

Lemma, Lemma 6.

Given two functions f : {0,1}" — {0,1} and g : N — N such that g(n) < 2" for all n,
let S € {0,1}9" be a g-partial truth table (g-ptt) for f iff for all x € {0,1}" such that
bin(z) < g(n) we have S(x) = f(x), where bin(z) is the number represented by z in binary
and S(x) is as previously defined (that is, a g-ptt for f is a truth table for f that considers
only the first g(n) inputs of f).

Given n and ¢ > 0, consider n°*-ptts over functions f : {0,1}" — {0, 1} (note this only makes
sense when n°¢ < 2" which happens for big enough n): there are 2"56—many of them. There

28-nc+1 Jog(neth)

are at most circuits of size at most n*!, but for n > 8,

8. nc+1 . log(n0+1) S 8n20+2 < n20+3 S 77/567 (42)

so that (for n > 8) we have:

28.nc+1 .log(nc+1 ) < 2n5c

(4.3)

Let n. > 8 be the smallest number such that ngc < 2", Then, for n > n,, there is at least
one n°“-ptt not computable by any circuit of size at most n°*': for n > n,, let S¢ be the
lexicographically minimal n°*-ptt fulfilling such a property; otherwise, if n < n., let S¢ be a

n°“length string composed entirely of zeros. Let L¢ be the characteristic language of |J S¢:
neN

L°Y {2 :bin(x) < |2° A SE (2) = 1} (4.4)

||

Since every function in O(n¢) is bounded by n°*! for large enough n, by the previous argument

we have L¢ ¢ SIZE(n®) for all ¢ > 0 (we will reason this in more detail later). Now, define:

Computesptt?™(C, S) Y ovre {0,1}"(bin(x) < g(n) — C(z) = S(x))

Smallereqptt?™ (S, S') Y vre {0,1}"3z € {0,1}"(bin(x) < g(n) —
S(x) < S'(x) V (bin(z) < bin(z) < g(n) A S(z) < S'(2))).

Note if g(n) is a polynomial, then for every n we have Computespttff”) and Smallereqpttff”)
are computable in polynomial time, since to compute them we can loop only over the g(n)
strings = € {0,1}" such that bin(z) < g(n) (in the case of Smallereqptt?™, in each loop we
may also loop over the g(n)—bin(z)—1 strings z € {0, 1}" such that bin(z) < bin(z) < g(n)).
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By (4.3), for n > 8 (in particular, for n > n.), there are at most 2" circuits of size at most
n°*t1, which allows us to bound the length of a string C representing a circuit of size at most
net by C € {0,1}", instead of the usual C' € {0, 1} 16" For convenience, we will

do so in what follows. Then, we can define:

L., ) {5 € {0,1}" :VC € {0,1}"" (Size(C) < n°*' — =Computesptt”” (C, 5))}

L, (5e{0,1)"™ 1 vS'e{0,1}" (5" ¢ L., V Smallereqptt™” (S, 5'))}.

I and

We have S € L, iff S is a n’“-ptt not computed by any circuit of size at most n¢*
S e L, iff S'is smaller or equal than any n®-ptt fulfilling that property, so we can express

L° as follows:
L =A{z:|z| > n.A3S € {0,1}*" (5 e L ANS €L, AS(x)=1)}

Let n = |z| in the following formulas. Unfolding the definitions of L., , of L” ., we obtain:

c,n? c,n?

L¢ = {x: n>n,A3S€{0,1}"
(VC'e{0, 1} (Size(C) < ntt — —Computesptt””™ (C, S))A
VS'e{0,1}"(3C"€{0, 1} (Size(C") < n=! A Computesptt”” (C”, 5"))
\/Smallereqpttfc(s, SN AS(x)=1)}

= {z: 35€¢{0,1}""VCe{0,1}""VS'{0, 1} 3C"e{0, 1}

(n > ne A (Size(C) < net! — ~Computesptt™ " (C, S))A

((Size(C") < nctt A Computesptth(C’, S")) v Smallereqpttfc(S, SN

S(z)=1)}.

(4.5)

Since tuples of equal quantifiers can be expressed by single quantifiers in an equivalent for-
mula, we see L€ is definable by a formula with 3Vd prenex and a polynomial-time computable
matrix (because Compu’cespttz50 and Smallereqpttfc are polynomial-time computable). And
since on this formula all quantifiers range over strings of length bounded polynomially on the

length of the input, we conclude L¢ € 3%. To summarize, we have the following theorem:
Theorem 5. For every ¢ > 0, we have L¢ € XY and L¢ & SIZE(n®).

Proof. Fix ¢ > 0. We have already argued L¢ € ¥ so let us assume L¢ € SIZE(n¢) towards
a contradiction. Let {C,},en be an O(n®)-size circuit family deciding L¢; concretely, let k

and m, be such that Size(C,,) < kn® for all n > m,.. Then, let nya, = max(n., me, k): for all
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N > Nmax, the following holds:

n>8 (

nde < 2" (Because npax > nc)

Size(Cy) < kn® (Because npax > me)
(

k,nc < nc+1

Because nyax > Ne)

Because nyax > k).

Thus, fix n > nyay. Let S € {0, 1}”SC be the lexicographically minimal n°*-ptt not computable
by any circuit of size at most n¢t!
then, there exists € {0,1}" such that bin(z) < n°¢ and S(z) # C,(z). By (4.4), we have

x € L iff S(z) = 1, which, together with the fact {C),},en decides L¢, means we have:

, which exists by the counting argument surrounding (4.3):

Colz)=1lexelfe Sk) =1 Cy\x) #1,
a contradiction. ]
Before proceeding, let us prove an auxiliary lemma.

Lemma 7. Let A and B be languages, let ¢,d > 0 and let f:{0,1}* — {0,1}* be a function
computable by an O(n?)-size circuit family. If f : A <P/ B and B € SIZE(n®), then
A € SIZE(nmex(ea).

Proof. Fix ¢,d > 0 and let A, B and f be as in the statement. Let {C},},en be an O(n)-size
circuit family deciding B and let {C" },,eny be an O(n?)-size circuit family computing f. Now,
we simply build an O(n™#())_gize circuit family {C”},en, where we get C” by composing
C! with C,. Since {C"},en decides A, we get A € SIZE(n™ax(d),

[

Finally, we are in a position to prove (1.1), Kannan’s result: for every ¢ > 0, there is a
language K¢ € ¥¥ such that K¢ & SIZE(n¢). Let us proceed to define K°¢.

Fix ¢ > 0. Below, let n = |z|. Since L¢ belongs to X¥, there is a polynomial-time TM M,
and a d. > 0 such that

L= {z: Juwy € {0, 1} Vs, € {0,1}" Jwy € {0, 11" M(z, wy, ws, w3) =1} (4.6)

We will use M, and d. to build K¢. The idea is to invoke a circuit that outputs a satisfying

assignment on input a satisfiable formula to eliminate the innermost existential quantifier of
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the definition (4.6) of L¢; such a circuit will have polynomial size in case SAT € P /poly by
Lemma 6. Let e. be such that, on every input (z, wy, we, ws) such that wy, wy, w3 € {0, 1}”dc,

we have M, runs in n time.

Let f be the polynomial-time computable function guaranteed by Theorem 3. Given n > 0,
we define:
SO;(.Th T2, T3, L4, Z) - f(Mca 1n7 ].ndc7 1nd67 1nd07 1”66);

that is, for every x € {0,1}" and all wy, wy, w3 € {0, 1}"dc, we have:

M.(2,wy, wy, ws) accepts in n° steps <= Iz € {0, 1} (7, /2, Ty fwy, Ty Jws, TuJws, Z/ 2).

(4.7)
Let ¢’ be as guaranteed by Lemma 6. Let a. be such that for all n > 0, we have:
85| log (|5 |7) < acn.
This allows us to define:
Ke™ fr: 3D e {0,1}% 3w, € {0, 11"V, € {0, 1} (48)

90761(377 W1, Wz, D(QO%(QZ', Wi, w2>f4az)))}7

where the idea is that D represents a polynomial-size circuit that outputs a satisfying assign-
ment on input a satisfiable formula, which allows us to erase both the innermost existential
quantifier from the definition (4.6) and the existential quantifier of the right hand side of
(4.7). We can see K¢ € X% since ¢¢ is computable on polynomial time on the length of x

(this polynomial will depend on d, and e, ultimately on ¢). Then, we can define:
K% KeaSAT,

and we can prove:

Theorem 6. For every ¢ > 0, we have K¢ € X8 and K¢ ¢ SIZE(n).

Proof. Fix ¢ > 0. We know K¢ € ¥¥ by (4.8); since SAT € ¥ C ¥ and ¥ is closed under
disjoint union, we get K¢ € ¥.¥. Now, we will show K¢ ¢ SIZE(n¢) by case distinction.

Case SAT ¢ SIZE(n¢). Assume K¢ € SIZE(n®) towards a contradiction. Since the
function f : x +— (x,1) is computable by a O(n)-size circuit family, we have f :
SAT <F/PY [re g6 that we get SAT € SIZE(n®) by Lemma 7: contradiction.

Case SAT € SIZE(n). In this case, we have L° = K{:
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K¢ C L°| Let x € K{. By (4.8), we have some D € {0, 1}%*" and some w; €
{0,1}1#1* such that for every wy € {0,1}#* we have:

oo (x, wy, wa, D(g5 (x, wy, we, Ty, Z))). (4.9)

Fix wy € {0,1}#1* and let ws represent the first |z|% bits of D(¢€ (x, wy, ws, Ty, Z)).

Using (4.7) and (4.9), we get:

Mc(ﬂf,wl,wQ,'lUg) - 1a

so that, by (4.6), w; witnesses x € L.
Let z € L¢. Since SAT € SIZE(n®), by Lemma 6 there is some D €

{0, 1}2l#I** representing a ](p“;l |-input circuit that outputs a satisfying assignment
on input a satisfiable formula. Since x € L¢, let w; € {0, 1}'“"3|dc be as guaranteed
by (4.6). Fix wy € {0,1}*!": we have

Jws € {0, 1}|z‘dCMc(x,w1,w2,w3) =1,
so that, by (4.7), we get
Fws € {0, 1114132 € {0, 1}#lC (2, w1, wa, w3, 2),
which, by definition of D, implies
@ (@, w1, wa, D(gy, (2, w1, w2, T4, ),
which, by (4.8), means D and w; witness z € K¥.

To complete the argument, assume towards a contradiction that K¢ € SIZE(n®). Since
the function f : = +— (z,0) is computable by a O(n)-size circuit family, we have
fo Ko <PV Ke g0 that we get K¢ € SIZE(n®) by Lemma 7. Since K¢ = L°, this
means L¢ € SIZE(n®), which contradicts Theorem 5.

Using Theorem 6, we can also prove (1.2). Recall (4.1), the definition of L*:

L% (M 21t 3y € {0,132V € {0,112 (M(z,y,2) = 1)} (4.1)
We have:
Theorem 7. For all ¢ > 0, we have L* ¢ SIZE(n°).
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Proof. 1t suffices to prove it for ¢ > 1, so fix ¢ > 1. Suppose L* € SIZE(n®) towards a
contradiction. Since K¢ € ¥, let M’ be a polynomial-time TM and d’' > 0 be such that for
all z € {0,1}*, we have:

re K «— 3Jye{0, 1}‘x|d/Vz € {0, 1}|m|d,M'(x,y,z) =1.

Now, we want to define a linear-time reduction from K€ to L*. For this purpose, we define a

TM M” that acts as M’ on inputs padded in the appropriate way. More precisely: on input
(z,y,2),

1 If Jy| # 271 or |2] # 241%! then M"(x,y,z) = 0.

2. Else, if there are no y' € {0,111 such that y = y/0™ for m = 27*l — |z|?, then
Mz ,2) = 0.

3. Else, if there are no 2’ € {0, 1}‘$|d/ such that z = 2/0™ for m = 2%/l — |2|?, then

M"(z,y,z) = 1.

4. Else, let ¢/, 2" € {0, 1}'”"“11 be such that y'0™ = y and 2/0™ = z for m = 2%17l — |z|¥.
Then, M"(x,y,z) = M'(x,y, 2).

We can now define f : x +— (M”, 2,1¥1?!). By the definition of M” and the fact n? < 24"
for all n > 0, we have x € K¢ iff f(z) € L* for all z € {0,1}*. Since we have [ is linear-time
computable (because the length of the string M"” depends only on d’, and d’ depends only on
¢, we have M" is computable in time independent on the length of x), f must be computable
by a O(n?)-size circuit family by Lemma 1, and we have f : K¢ <b/PY L=,
and L* € SIZE(n®), we get K¢ € SIZE(n™(2): since ¢ > 1, we have K¢ € SIZE(n¢), which

contradicts Theorem 6. O

By Lemma 7
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Chapter

Bounded Karp-Lipton

In this chapter, we formalize in bounded arithmetic the proof of the Karp-Lipton Theorem
developed in Chapter 3; more precisely, in the bounded arithmetic Theory T5. First, we
define a number of Lga-formulas that we will use in the following formalization, and then we
adapt the three results presented in Chapter 3. As we will see, proofs in bounded arithmetic
are unavoidably longer and more detailed than their natural counterparts, so sometimes it

will be useful to prove additional lemmas to simplify the formalization.

5.1 Definitions

First of all, we define some functions:

evaltm, (M, xq,..., 2z, k) “ i M represents a TM and k represents a string of length
t, returns the output of running M on input (z,...,z,) during t steps; otherwise,

returns 0.

subs(p, v) i © represents a quantified formula (%) such that Z is a sequence of m
propositional variables and v represents a string of length m’, then if m’ < m, returns
a string representing (Z;/v,Z3), where Z; represents the first m’ propositional
variables in Z and Z, represents the rest of variables; and if m’ > m, returns a
string representing 1 (Z/u), where u represents the first m bits of v; otherwise,
returns 0.
When ¢ represents such a formula we will use the notation p(Z/v) := subs(p,v), or

just @(v) := subs(y,v) when it is clear which variables are being replaced.

subs-ex(p, v) i  represents an existential quantified sentence of the form 3z (%)
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such that ¢ is not an existential formula, returns a string representing ¥ (zZ/v);

otherwise, returns 0.

subs-fa(p, v) LT, ¢ represents a universal quantified sentence of the form Vzy(z) such
that 4 is not a universal formula, returns a string representing ¢ (zZ/v); otherwise,

returns 0.

pr(z,i) Y it represents a string of length at most ¢, returns the ¢-th bit of ; otherwise,

returns 0. We will use the notation (z); := pr(z, ).
size(C') it o represents a circuit, returns the size of C'; otherwise, returns 0.

evale(C, x) Yo ¢ represents a n-input circuit, where n is such that = € {0,1}",

returns the output of C' on input z; otherwise, returns 0. We will use the notation
C(x) := evale(C, z).

And some predicates (note there is a difference between =, a symbol that we will use in some

of our defined formulas to denote equality, and =, the equality of first-order logic):

Clz) =y Y o represents a n-input m-output circuit, where n is such that =z € {0, 1}"

and m is such that y € {0,1}"™ and evale(C,z) = y".
x € Xo-TQBF &« represents a true propositional sentence”.
x € Ip-TQBF X wy represents a true propositional sentence”.

clock, (M, xq, ..., 2., k) g represents a TM, k represents a string and M halts in

at most t steps on input (xy, ..., z,), where t is the length of k”.

It is easy to see all of them are polynomial-time computable, so that they are expressible by
Lpa-formulas (as explained on Definition 35). The same happens with the following formulas
(x € 3;-TQBF and x € II;-TQBF are defined recursively). For every n € Log.; and every

x representing an n-length string, we have:
z € %-TQBF % Ju € {0, 1}"(subs-ex(z, v) € II,-TQBF).
z € II;;1-TQBF % v € {0, 1}"(subs-fa(z, v) € 2,-TQBF).
zeSATY 3y ¢ {0,1}"(subs(z,v) € £o-TQBF).

evalbf (o, u) el o(u) € 3p-TQBF. When there is no danger of ambiguity, we will
simply use the notation p(u) := evalbf(p, u).
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M(zy, ...,z k) =y 9 clock, (M, z1, ..., 2., k) ANevaltm,. (M, xq, ..., 2., k) = y.

L € ¥,-TIME(n®) = dM € Logs, 3k € Log~; 3l € Log~; Ing € Log~;
Vn € Logs1 Vo € {0,1}"(n > ng —
(x € L+ Fu; € {0,1}" .- Quu; € {0, 1} M (z, vy, ... ,v;,1F°) = 1))

L € TI,-TIME(n¢) = 3M € Logs, 3k € Log~; 3l € Log~; Ing € Log~;
Vn € Logs1 Vo € {0,1}"(n > ny —
(x € L+ Yo, € {0, 1} ... Quu; € {0, 1} M (z, vy, ..., v;, 1F) = 1))

L € SIZE(n) = 3k € Logs; 3ng € Log=; ¥n € Logs, 3C € {0,113 kn’lyg € {0, 1}7
(n>mng— (size(C) <kn°AN(zxeL—Cx)=1)AN(z ¢ L — C(z) =0))).
As usual, in the above definitions A ¢ B is notation for =(A € B).

5.2 Bounded Hierarchy Collapse

We want to prove the Hierarchy Collapse Lemma in 75, but first, we prove some useful

lemmas.

Lemma 8. For every i > 0, if v € L is defined by an X Lga-formula, then there exist
k,c>0 and a TM M such that we have:

T, + Vn € Logs: Va € {0,1}"
(37 €L« El?)l € {0, 1}”0 s ini € {0, 1}ncM(£E,1)1, <oy U, 1knc) = 1)

Proof. Fix i > 0, and let € L be defined by an XP Lga-formula. By standard manipulation
of quantifiers we can assume that this formula has the special form indicated below. For all

n € Logs, and x € {0,1}", assume that
r €L« Juy € {0,137 Quu; € {0,117z, uy, ..., uy),
where py,...,p; are polynomials and ¢ is a QF Lga-formula. We work in T5.

Let M work as follows: on input (z,v1,...,v;), the machine simply checks p(z,v],...,v}) is

e

true, where v represents the first p;(n)-bits of v;. We can see M runs in polynomial time,

so let ¢,k > 0 be such that M runs in kn¢-time. Let ¢ > ¢ be large enough to bound all
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polynomials py,...,p;; that is, large enough that m¢ > p;(m) for every m > 1 and every
jeA{l,...,i}. Fixn € Log~; and z € {0,1}". We have:

v €L+ Iy {0, 1} Qu; € {0,1}" " M(z,vy, ... v, 15) =1,
and the conclusion follows. O

Lemma 9. For every i > 0, if x € L is defined by a X0 Lga-formula and x € L' is defined

by a 112 Lga-formula, then for some ¢ > 0 we have:
Ty L € ¥;-TIME(n®) A L' € TI;-TIME(n¢).

Proof. Fix ¢ > 0. We work in T5.

Given z € L defined by a X Lga-formula and 2 € L’ defined by a II? Lga-formula, we have
L € ¥-TIME(n®) for some ¢ > 0 follows from Lemma 8, and L’ € IL,-TIME(n¢") for some

¢’ > 0 is proven by a symmetrical argument. The conclusion follows for ¢ = max(c,¢”). O

Lemma 10. For all i > 0 there exists ¢ > 0 such that
Ty F 3,-TQBF € %;-TIME(n®) A IL;-TQBF € II;,-TIME(n®).

Proof. Fix i > 0. If we develop the definitions of ¥;-TQBF and II;,-TQBF, we see they are
defined respectively by a ¥:P Lga-formula and by a I1? Lgs-formula, so that the conclusion

follows from Lemma 9. O
Lemma 11. For alli > 0, for all j > 0 and for all ¢ > 0, there exists ¢ > 0 such that:

¥;-TQBF € II,-TIME(n®) — IL,-TQBF € Zj-TIME(nc') A

Ty +
*" IL-TQBF € ;- TIME(n®) — %,-TQBF € II,-TIME(n¢).

Proof. Fix 1, j, ¢ > 0. We reason in T;. We only prove
Yi-TQBF € II,-TIME(n®) — II,-TQBF € Ej—TIME(nC'),

since the other implication is proved by a symmetric argument.

Suppose ¥;-TQBF € I1;-TIME(n¢) to conclude I1;-TQBF € ¥;-TIME(n¢) for some ¢ > 0.
Let M and [ be as witnessed by %;-TQBF € II,-TIME(n°). We define another TM M’
as follows: on input (y,uy,...,u;), the machine M’ checks y represents a propositional II;-

sentence, then runs M on input (g,u),...,u}), where § represents —y with the negation

) Y
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“pushed inside” (so that it represents a propositional ¥;-sentence), m is the length of g, and
uj, represents the first Im¢ bits of the string represented by wy, and accepts iff M rejects. It
is easy to see M’ is a polynomial-time TM, so let ¢ > ¢ be such that M’ halts in ¢'n¢-time.
Fix n € Logs, and z € {0,1}". We have:

2 € IL-TQBF < Ju; € {0,137 - Qu; € {0,137 M(z,ur, ... uy, 1977y = 1,
so that M’, k = ¢, and | = ng = 1 witness II-TQBF € ©,-TIME(n). O
Lemma 12. Let ¢,i,j > 0. For every ¢ > ¢ and every L, we have:

L € ¥;-TIME(n®) — L € %;-TIME(n®) A

T
* L eI TIME(n®) — L € I,-TIME(n®).

Proof. Fix ¢,i,j > 0, and fix ¢ > ¢ and L. We reason in T5.

Assume L € ¥;-TIME(n®), and let M, k, [ and ny witness it. We build a TM M’ as follows:
on input (y,vi,...,v;), let y represent a string of length m; then, M’ runs M on input
(y,v1,...,v}), where v] represents the first Im¢ bits of v;. Let &' be such that M’ runs in

k'n®-time. Fix n € Logs; such that n > ng and € {0,1}". We have:
x € L+ Jv; €0, 1}”0, - Qjv; € {0, 1}”C,M’(x,v1, Uy 1’“/"0/) =1,

so that M’, k', I = 1 and ng witness L € ¥;-TIME(n¢). We can prove L € II;-TIME(n°) —
L € TI;-TIME(n®) in a similar way. O

Now, we can adapt the Hierarchy Collapse Lemma:

Lemma 13 (Bounded Hierarchy Collapse). For all i > 0, for all ¢ > 0 and for all j > 1,
there exists ¢ > 0 such that:

_ -TQBF € II-TIME(n)A 8, TQBF € - TIME(n) A ;- TQBF € IL-TIME(n)A
II;-TQBF € %,;-TIME(n°) I1,-TQBF € %;-TIME(n¢) A I1;-TQBF € II,-TIME(n)

Proof. Fix i > 0 and ¢ > 0. We reason by induction on j > i (this induction is done outside
Ty).

The case j =1 is easy: reasoning in 75, assume
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Let ¢ = max(c, ¢g), where ¢y is given by Lemma 10. Then,

¥-TQBF € B-TIME(n®) A £;-TQBF € IL-TIME(n®)A
I1-TQBF € %;-TIME(n®) A II-TQBF € II-TIME(n®)

follows from Lemma 12. Now, outside T5, let us assume the property holds for j7 > ¢ and

prove it holds for j + 1. From now on, we reason in 7,. Assume
¥-TQBF € II;-TIME(n®) A 11;-TQBF € 3;-TIME(n°).
Our inductive hypothesis implies that, for some ¢ > 0 (fix it),

%,;-TQBF € ,-TIME(n®) A 3;-TQBF € II-TIME(n® ) A

, , (5.1)
I1,-TQBF € ;-TIME(n®) A IL-TQBF € II,-TIME(n).

We want ¢” > 0 such that:

/!

%;11-TQBF € S-TIME(n®") A £;41-TQBF € II-TIME(n")A

/1

I1;,,-TQBF € %;-TIME(n®") A T;4,-TQBF € II-TIME(n®").

We begin by showing ¥;,;-TQBF € %;-TIME(n") for some ¢’ > 0. At this point, we want
to define M’ and ¢’, but we need to introduce some notation first. If y represents a quantified

formula
HQIVﬂQ e Qj—l—lﬂj—l-lSO(El? e 7ﬂj+1)7

with ¢ a propositional formula, and v represents a mi-length binary string, for m; the length
of Wy, then let y(v) represent the quantified formula Vs - - - Q11T 419(v, W, . . ., Uj11); €lse,
let y(v) represent a fixed contradiction. Let I(y, v) be the length of y(v). Fix n € Log>; and
z € {0,1}". We have:

v € ¥,11-TQBF ¢ Juy € {0,1}" (z(w1) € I1-TQBF) (5.2)

where the length of u; can be bounded by n¢ because it cannot in fact exceed n, the length
of z. By (5.1) (in particular, by II;-TQBF € S-TIME(n®)), we know there is a TM M and
some [, k such that

Jur€{0, 13" (2(u1)€IL,-TQBF) ¢

’ ’ / / (53>
Elule{O, 1}ln E|’Ul€{0a 1}ln e inie{()? 1}ln M(w(ul)> U1y ooy Uiy 1kl(x,u1) ) =L

Now we're ready to define M’: let M’ be a TM that on input (y,ws,...,w;), where y repre-

sents a string of length n;, checks w; represents a pair (ui,v;) such that uy, v, € {0, 1}“"‘5/,
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checks y represents a propositional X ;-sentence with exactly kj-many variables in the

scope of the first existential quantifier, for k; the length of w;, and runs M on input

(y(uy), v, wh, ..., wl), where wj represents the first In{ bits of the string represented by

wy. It is easy to see M’ is a polytime TM, so let ¢’ be big enough so that M’ halts on
&'m® -time, and also so that for all m, a m® -length string can codify a pair of m¢-length

strings; fix ¢ until the end of the proof. We have:

Jur {0, 11" 30,€{0, 1} - - Quuse {0, 1) M(x(w), vy, . .. vy, V)7 ) =1 45
Jw, {0, 1}”0,/ - Quw; €40, 1}”CI,M'(m, Wy, ...y Wiy 10//”CH) =1

So, using (5.2) and (5.3), we get:
© € ;01 TQBF © Jw,€{0, 13" - Quwie{0, 1} M'(z,wy, ..., w;, 1" ) =1, (5.4)

and M', k = ¢, 1 = 1 and ng = 0 witness ¥;,,-TQBF € %;-TIME(n¢"). Fix M’ until the
end of the proof. I1;,;-TQBF € IL,-TIME(n") is proven in a symmetric way.

/11

Now, we want to see ¥;11-TQBF € IL,-TIME(n®") for some ¢” > 0. As before, we want
to define M"” and ¢”, but we need to introduce some definitions first. Fix n € Log.; , and
xz € {0,1}". Since, by assumption, %;-TQBF € II;-TIME(n°), there is a TM M and some
[, k such that:

z € -TQBF < Vo, {0, 1} .. Qu;€{0, 1} M (z, vy, ... ,v;, 1F7°) =11 (5.5)

Now, a small digression. For a string y of length m, consider the following statement:

Fun €{0, 1}mcﬁ - Quw; {0, 1}7”6”]\/[’(3/, Wi, ..., W, 1¢"m ) = 1.

By the Bounded version of Theorem 3 (which is provable in T), there are two polynomial

time computable functions f and g such that for each string y, we have
FM m,mS . ome 19 = 0y (T, Ty, ..., T4, Z)

/!

gM';m,m$ .o omE 16T ) =y (T, T, .., T, ),

where ¢, and 1, are propositional formulas, the length of T is m and the length of T;, is me’

for every k € {1,...,i}, and for all wy, ..., w; € {0, 1}mc"7 we have:

M"(y,wy, ..., w;) accepts in ¢'m® steps <> 3z € {0, 1}, (T/y, T1/wr, . .., Tijw;, Z/2)

M"(y,wy, ... ,w;) accepts in ¢"'m steps < Vz € {0, 1Yby (T /y, T1 Jwn, . .., TiJws, 2/ 2),
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where [ is the length of Z. Thus, given y, let ¥ represent 3w - - - Q;w;3z¢, if Q; = 3 and
Jwy -+ Qiw; V2, it Q; = V: for every y, we have ¥ is a propositional X;-sentence which is
true iff

Juw,€{0,1}"™ .- Quw;€{0,1}™ M’(y,wl,...,wi,lcumc )=1.

By the latter argument, ¥ is computable in time polynomial on the length of y. Using (5.4),
we get:

r € ¥;11-TQBF < 7 € 3,-TQBF. (5.6)
We are now ready to define M”. Let M” work as follows: on input (z, us,...,u;), let m and
m be such that z € {0,1}™ and 2 € {0,1}™ and run M on input (Z,u}, ..., u}) (where u}
represents the first m¢ bits of the string represented by wuy). It is clear M” runs on polynomial

time, so let ¢ be big enough that M” halts on ¢’n¢"-time and that

111

m° < m°
for any m > 1 and any z € {0,1}". We have:

Vo e{0, 13" - Quie{0, 1Y M (3, v1, ..., v, 1F7) = 1

111 C/N

Vu, €40, 1}”6”, - Quu {0, 1}"CIHM/’(J:,U1, coou, 19T ) =1,

so, by (5.5) and (5.6), we get:

111 C”/

€ ¥, TQBF ¢ Yuy € {0,1}" - Quu; € {0, 13 M"(w,u, ... usy 19 ) = 1.

And M", k =", 1 =1 and ny = 0 witness %;11-TQBF € IL-TIME(n¢"), which entails
I, 1-TQBF € B-TIME(n") for some ¢"” > 0 by Lemma 11. Let ¢' = max(c”, ", ™).

Using Lemma 12, we have:

v

%;11-TQBF € £-TIME(n®") A £;41-TQBF € IL-TIME(n " )A

v

I1,,,-TQBF € S-TIME(n¢") A Il;1-TQBF € IL-TIME(n®"),

as we wanted. ]

5.3 Bounded Self-reducibility of SAT

In the same fashion, we adapt the Self-reducibility of SAT Lemma. As we can see, the

resulting proof is very similar to the original.
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Lemma 14 (Bounded Self-reducibility of SAT). For all ¢ > 0, there exists ¢ > 0 such that:

Vn € Log~; 3C" € {0, 1}8n0’|ncl|Vx € {0,1}"Vu € {0,1}"

Ty SAT € SIZE(n®) — ,
(size(C") < 'n® A (evalbf(z,u) — evalbf(z, C’'(x))))

Proof. Fix ¢ > 0. We reason in T5.

Assume SAT € SIZE(n¢), and fix n € Log~; . Let k and C be as asserted by SAT €

SIZE(n¢). Then, let C” represent a circuit implementing the following algorithm: on input

x € {0,1}", it checks x represents a propositional formula p(uq, ..., u,,), with exactly m free
variables (ug,...,u,, represent single variables). After that, the circuit sets gy = ¢ and, for
t=1,...,m, does the following:

Set ¢; to be as ¢;_1 but with u; = 1.
If C(pi) =1, set y; = 1.

Else, set @; to be as ;1 but with u; = 0 and set y; = 0.

Finally, the circuit represented by C’ outputs y1, ..., Ym.

For every x € {0,1}" representing a quantified formula ¢(uy,...,u,,), the algorithm de-
scribed iterates m < n times and in each iteration it computes ; and sets y; to 0 or 1, and
also evaluates the circuit represented by C on input ¢;, all of which can be computed by
polynomial-sized circuits. Then, there must be ¢ such that the size of C’ is bounded by ¢/n¢.

This proves size(C’) < ¢n¢.

To argue that for all z € {0,1}" and all v € {0,1}" we have that evalbf(z,u) implies
evalbf(z, C'(x)), we fix z € {0,1}" and w € {0,1}" such that evalbf(z,u) holds and prove
that evalbf(z, C"(x)) holds. Since evalbf(x, u) holds, in particular = represents a propositional
formula ¢(z1, ..., z,) with m < n variables 2, ..., z,. We prove the following statement by
length ¢-induction on i < n: if v; € {0, 1} represents the assignment constructed by the

algorithm after ¢ iterations on input ¢, then
Jw € {0, 1} *(evalbf(subs(p, v;), w)).

Note that ¢ and v; are the outputs of corresponding PV-functions on input (C’;z,4) and
hence the statement we want to prove is a Xi-statement of i, with C’ and z as parameters.

In the following, let ¢; abbreviate subs(y, v;).
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The base case ¢ = 0 of the induction is obvious since vy is the empty string, so ¢y =
subs(p,v9) = ¢ = z, and we can take w = u to make evalbf(¢g, w) hold. For the inductive
case, fix 7 < n and assume that there exists w € {0,1}"~* such that evalbf(y;, w) holds. We
need to find w’ € {0,1}"*~! such that evalbf(p;,1,w’) holds. If i > m, then ¢; does not
have any variables and then ¢;,1 = ¢; so we can let w’ be any string, say 1", and we
have evalbf(p;41,w’) from the assumption that evalbf(y;, w) holds. If i < m, then from the
assumption that evalbf(y;, w) holds we have that ; is satisfiable, and from the assumption
that C' solves SAT we have that either C'(subs(p,v;1)) = 1 and then v;,1 = v;1 and @;1; is
satisfiable, or else C'(subs(p,v;0)) = 1 and then v;1; = v;0 and ¢;,; is again satisfiable. In
either case there exists w’ € {0,1}"~~! such that evalbf(p;,1,w’) as was to be shown. To
conclude the proof note that v, = v,, = C'(x) and & = ¢, so evalbf(z, C'(z)) holds. O

5.4 Bounded Karp-Lipton

And finally, we are in position of adapting the Karp-Lipton Theorem to Bounded Arithmetic.

Theorem 8 (Bounded Karp-Lipton). For every ¢ > 0 and every i > 1, there ezists ¢ > 0
such that:

Ty F SAT € SIZE(n®) — %;-TQBF € %,-TIME(n®) A 3;-TQBF € II,-TIME(n).

Proof. Fix ¢ >0 and i > 1, and let ¢’ > 0 be as asserted by Lemma 14. We reason in T5.

Assume SAT € SIZE(n°). By Lemma 11 and Lemma 13, we only need to show II,-TQBF €
¥o-TIME(n¢) for some ¢ > 0. Let M be a TM that works as follows: on input (z,C,v),
checks x represents a propositional I1a-sentence Vu; Juop(tuy, Uz). Let my be the length of @y
and y represent a string of length m which represents the quantified formula ¢ (v’,4s), where
v’ represents the string formed by the first m; bits of v. Then, M checks C represents a
m-input circuit of size m¢, and runs the circuit represented by C on input y. Afterwards,
it checks C(y) is a ma-length string (call it w), where my is the length of @,. Finally, M

accepts iff (v, w) is true.

Since the size of C'is polynomially bounded, every operation performed by M can be executed
in polynomial time, so that M halts on kn* time for some k£ > 0. Take ¢ > k long enough

so that n > 8n |n"| for all n > 1, and fix n € Logs; and x € {0,1}". By Lemma 14, we
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have:
z € II,-TQBF « 3C € {0,1}" Vv € {0,1}" M(z,C,v,1°™ ) =1,

so that M, k = ¢, and k = ng = 1 witness II,-TQBF € Z,-TIME(n), as we wanted. ]
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Chapter

Bounded Kannan

In this chapter, we formalize the adapted proof of Kannan’s result that we developed in
Section 4.3. First, we will define some new Lga-formulas, and then we will formalize every
result from Section 4.3 except Theorem 7. As previously announced, the formalization of
this last theorem requires the use of second order bounded arithmetic, which is out of the

scope of this work.

6.1 Definitions

Let us introduce some new definitions. First, we define some functions:

bin(x) i represents a binary string, return the number represented by x in binary

(ignoring left zeros); otherwise, return 0.

str(i, n) it < 2", return the binary string of length n that represents the number ¢

in binary; otherwise, return 0.

first(p) X i p represents a pair (z,y), returns x, the first element of the pair; otherwise,

returns 0.

second(p) LT p represents a pair (z,y), returns y, the second element of the pair;

otherwise, returns 0.

Note if we quantify over strings of a fixed length, bin() becomes injective. Then (for each

¢ > 0) we define the following predicates:
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computesptt (N, C,S) Yowy represents a string of length n, we have that S €

{0,1}™ and C represents an n-input circuit, and for all i = 0,...,n¢ — 1, we have

C(str(i,n)) = (S)".

smallereqptt,.(N, S, S) Youy represents a string of length n, we have that S, 5" €

{0,1}"°, and for all i = 0,...,n¢ — 1, we have that either (S); < (5’);, or for some
je{i+1,...,n°— 1} we have (5); < (5);”.

Finally, we define the following formulas for every n > 0 and every x representing a string of

length n:
zele ¥ 35e{0,11"V0e{0, 11" VS €{0, 11" 3C {0, 1}
n > 16 An > 5c A ((size(C) < n“ — —computesptts,(z,C, S))
A((size(C") < n°tt A computesptts, (z, ', S"))V
smalleregptts,(z,5,5)) A (S)bin) = 1)
reLol ¥ (second(z) = 0 A first(z) € L) V (second(x) = 1 A first(x) € L')

A <SZECD B qp e Togo, Tng € Logs Vi € Logs, 3C € {0, 1}kl € 0,1}

(size(C) < kn?) A (z € A < C(x) € B)).

Again, since all the previous formulas are built from predicates and formulas computable in
polynomial time, they are expressible by Lga-formulas. Note, in particular, x € L€ is defined
by a X5 Lpa-formula. Also note for all n > max(16,5¢) we have n® < 2", so that this

inequality holds in the definition of = € L¢.

6.2 L°¢ SIZE(n)

The following lemma shows 75 proves for every ¢ > 0 there is a lexicographically minimal

n®°-ptt not computed by any circuit of size at most nt!

. Notice for every ¢ > 0, in the
following statement the bounds of the circuits are smaller than the corresponding bounds in
the definition of x € L. This doesn’t matter because of our choice of n and the inequalities

on (4.2), and we need a smaller bound to apply the Weak Pigeonhole Principle.

20



Lemma 15. For every ¢ > 0, we have:

Jng € Logs1 ¥n € Logs1 n > ng — 35 € {0,1}""

(VC € {0,138 (size(C) < net' — —computesptts, (17, C, S))

A VS € {0,1}7°3C" € {0,118

(((size(C") < nt! A computesptts, (17, C”, S")) V smallereqptts.(17, 5, 5)))).

Proof. For this proof, we will use the Weak Pigeonhole Principle and the Minimization Prin-
ciple defined in Chapter 2, (definitions 48 and 49). Fix ¢ > 0. We will work in T5. Let
ng = 16, and fix n € Log.; such that n > ng: first, we will prove the first part of the
remaining conjunction (including the existence of S), and then we will use it to prove the

whole statement.

To prove the first part of the conjunction, we will assume that the following formula is true

towards contradiction:

2c+2 (

VS € {0,1}"°3C € {0, 115 (size(C) < n°™' A computesptts, (17, C, S)). (6.1)

Consider the following formula:

o(T,7) ) size(str(y, 8n*“t?)) < "' A computesptts, (17, str(y, 8n*“t?), str(T, n™)),

where we use n as a parameter of ¢. Since ¢ is quantifier-free, we have ¢ € ¥, so that it is
a bounded formula. Then, by Lemma 3, we have WPHP (M, N, ¢) for all M, N:

WPHP(M,N,p) = M > N?*AVz <M Jy <N ¢(z,y) —

6.2
dr <M 3" <M Jy< N (z# 2" Np(x,y) Ap(x',y)). 62

Choose M = 2" and N = 28"*"*_ Since n > ng, we have 16n2t2 < n° holds, which entails
M > N?. Furthermore, (6.1) shows Vo < M Jy < N ¢(x,y). But then, using (6.2) and

modus ponens, we get the following formula:
< M 32" <M Jy < N (z#£2' No(x,y) Ao(x,y)). (6.3)

Let z,2' € {0,1}" and y € {0,1}%""" be as witnessed by (6.3). We have x # z/, so there
must be a bit where the two strings differ, call it the ¢-th bit: that is, we have (z); # (2);.
And we also have ¢(z,y) and ¢(2’,y), so that in particular we have computesptt; (1™, y, )
and computesptty, (1™, y,2") for some n; < n°°, which in particular implies y(str(i)) = (z);

and y(str(z)) = (2);, and we get (x); = (2);, against the choice of i. This contradiction
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proves that the assumption was false.

To prove the second part of the conjunction, we will use the Minimization Principle and the

fact we have proven:

2c+2 (

35 € {0,1}°VC € {0, 1}¥ 7 (size(C) < nt' — —computesptts (17, C, S)). (6.4)

Consider the following formula:

U(T) & vOe{0, 113 (size(C) < n“t' — —computesptts, (17, C, str(z, n*°))),

where we use n as a parameter of . Since v has only a universal quantifier, it is a bounded
formula. Then, by Lemma 4, we have MIN (M, 1)) for every M:

MIN(M, ) = Fx < M p(x) = Jz < M Vz <z (Y(x) A p(2)). (6.5)

Choose M = 2" We have (6.4) shows 3z < M (), so using (6.5) and modus ponens we

can prove the following formula:
dr < M Vz <z (Y(z)N(2)), (6.6)

meaning there exists a n°-ptt not computed by any circuit of size at most n°*! which is

+1

smaller or equal than any n°¢-ptt not computed by any circuit of size at most n°*!. From

(6.6), the whole statement follows. O

Theorem 9. For all ¢ > 0, there exists ¢ > 0 such that we have:
Ty b L € 3-TIME(n®) A L¢ & SIZE(n®).

Proof. Fix ¢ > 0. We work in T5.

Since x € L° is defined by a Zg Lpa-formula, we know there exists ¢’ > 0 such that L¢ €
¥3-TIME(n¢) by Lemma 9.

Then, suppose L¢ € SIZE(n¢) towards contradiction, and let k,nj, € Log-; be as witnessed
by it. Let ng be as witnessed by Lemma 15, and let n > max(ng, ng, 16, 5¢, k). By the
choice of ng, there exists S € {0, 11" representing the lexicographically minimal n®-ptt not
computed by any circuit of size at most n°*'. Let C' € {0,1}%F"°l be as witnessed by
L¢ € SIZE(n®) given n. Since n > k, we have size(C') < kn® < n“™ so that C(y) # (S)biny)
holds for some y € {0,1}" such that bin(y) < n°¢. Fix that y. We will show this leads to

contradiction by case distinction.
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Case y € L by choice of ng, we have C(y) = 1, and by the definition of y € L¢ and the fact

there can only be a single lexicographically minimal n°*-ptt not computed by any circuit

1

of size at most n*', we get (S)pin(y) = 1. But then, C(y) = (S)pin(y): contradiction.

Case y ¢ L by choice of ny, we have C(y) = 0. Since S does indeed represent the

lexicographically minimal n°¢-ptt not computed by any circuit of size at most n¢t,

for y ¢ L° to hold it must happen that (S)pn) = 0. But then, C(y) = (5)bing), 2

contradiction.

6.3 K° ¢ SIZE(n®)
Before defining K¢, we will prove an auxiliary lemma:
Lemma 16. Let A and B be languages and let ¢,d > 0. We have:
T, - A <S7P0) B A B € SIZE(n®) — A € SIZE(n™>(¢D),
Proof. Let A, B be languages, and fix ¢,d > 0. We work in T5.

Assume A SﬂZE(nd) B and let k and ng be as witnessed by it. Assume B € SIZE(n¢) and let

k" and nj, be as witnessed by it. Let ng = max(ng, ny) and fix n > n{j. By choice of k, there
exists C' € {0, 133"kl such that size(C) < kn? and for every z € {0,1}", we have

r€ A+ C(x) €B.

Similarly, by choice of k', there exists C" € {0, 1}¥¥ ¥l such that size(C’) < k'n® and for
every = € {0,1}", we have
r€ B+ (C'(x)=1.

Let k" = k+ Kk, and let ¢” e {0, 1}8F" DR nmD] poprosent the circuit obtained by
composing C' with C”: the output of C' is fed into the input of C’. We have size(C”) <

k'nmax(ed) “and for every x € {0,1}", we get:
re A+ C"x)=1.

Since n > n{ was arbitrary, k" and nfj witness A € SIZE(n™>(¢d), O
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As we will see, the definition of K¢ for a given ¢ > 0 in bounded arithmetic is very similar

to the definition we gave in Chapter 4.

Fix ¢ > 0. By Lemma 9, we know L¢ € ¥3-TIME(n®) for some ¢ > 0; for convenience, define
d. = . Let M, be the TM witnessing L¢ € 33-TIME(n%). Let f be the polynomial-time

computable function guaranteed by Theorem 3. For n > 0, we define:
Cl= = = = = def n qnic qnic ipde ;d.ndec
0 (T1,Ta, T3, Ty, 2) = f(M, 17,177 1" 177 1%,

For every n € Log~; , every x representing a string of length n and all vy, ve,v3 € {0, 1}"dc,

we have:
Mc(l’,l}l,UQ,Ug, 1dcndc) =1 < dz € {O, ]_}lgoz(fl/l',fg/vl,fg/vg,f4/1}3,§/2), (67)

where [ is the length of Z. Note since for any given n > 0 we have ¢, is a propositional formula,
it can be expressed by a QF Lpa-formula; from now on, we will assume ¢, represents an
Lpa-formula. Let ¢ > 0 be as in the statement of Lemma 14. Let a. be such that for every

n € Log=1, if m¢ is the length of the string that represents ¢, then
Ty F 8(m)|(mS)®| < aen. (6.8)
Then, we can define, for every n and every x representing a string of length n:

ve Ko 3D e {0, 1% Ju, € {0,1)7 Vo, € {0, 1}""

Qofz(x7 VU1, V2, D(SOZ(‘I7 U1, U2af47§)))'

Which allows us to define:
zekeY xr € K7 @ SAT.

And finally, the formalization of Kannan’s result.

Theorem 10. For all ¢ > 0, there exists ¢ > 0 such that we have:
Ty F K¢ € $y-TIME(n®) A K¢ & SIZE(n®).

Proof. Fix ¢ > 0. We work in T5.

Since z € K¢ is defined by an Y5 Lga-formula (see 6.9) and x € SAT is defined by a %}
Lpa-formula, we have K¢ is defined by a ZS Lpa-formula, so that there exists ¢ > 0 such
that K¢ € $5-TIME(n®) by Lemma 9. We will show K¢ ¢ SIZE(n¢) by case distinction.

o4



Case SAT ¢ SIZE(n®). Assume K¢ € SIZE(n°) towards a contradiction. Fix n €
Log~; . Consider a circuit that on input x € {0,1}" returns (z,0): such a circuit can
be built to have size at most 3 times its input length, so let C' € {0, 1}¥3"37| represent
the described circuit with size(C') < 3n. For all z € {0,1}", we have z € SAT «+ C(z) €
K°¢. Since n € Log~; was arbitrary, k = 3 and ng = 0 witness SAT SEIZE(") K°¢. We
get SAT € SIZE(n¢) by Lemma 16, in contradiction with the assumption.

Case SAT € SIZE(n). In this case, we will see x € L¢ <> x € KY for every n € Logs
and every = € {0,1}". Fix n € Log~; and z € {0,1}™

reKi—xelL’

Let z € K¢. By (6.9), we have some D € {0,1}%"* and some v; € {0,1}"" such
that for every vy € {0,1}"", we have:

o5 (x,v1,v9, D(5 (2, 01,02, T4,Z))). (6.10)

Fix v, € {0,1}"" and let v3 represent the first n% bits of D(¢C (x, vy, ve, Ty, Z)).
Using (6.7) and (6.10), we get:

d.nde
M. (x,v1,v9,v3, 19" ) =1,

so that, by the choice of M., we get v; witnesses x € L°.

re Ll —xe Ky

Since SAT € SIZE(n°), let ¢ > 0 be as guaranteed by Lemma 14, so that there
is some D € {0,1}%"* representing a m¢-input circuit that outputs a satisfying
assignment on input a satisfiable formula, for m{, the length of ¢f, and a. has
the property (6.8). Now, let z € L¢, and let v; € {0,1}" be as guaranteed by
L¢ € $3-TIME(n). Fix vy, € {0,1}"": we have

vz € {0, 1}ndCMC(ZB,U1,’02,U3, 1d58) =1,
so that, by (6.7), we get
Jus € {0,113z € {0, 118 (z, v1, o, v3, 2),
which, by definition of D, implies
e (@, v, v2, D¢y (2, 01,02, T4, 7)),
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which, by (6.9), means D and v; witness x € K¥.

To complete the argument, assume K¢ € SIZE(n°) towards a contradiction. Fix n €
Log~; . Consider a circuit that on input x € {0,1}" returns (z, 1): such a circuit can
be built to have size at most 3 times its input length, so let C’ € {0, 1}¥3"3"I represent
the described circuit with size(C”) < 3n. For all z € {0,1}", we have:

relfxe K+ Clx)e K-

Since n € Log.; was arbitrary, £ = 3 and nyg = 0 witness L¢ SISJZE(H) K. We get
L¢ € SIZE(n®) by Lemma 16, which contradicts Theorem 9.
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