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Abstract: We present the induced generalized ordered weightestaging

(IGOWA) operator. It is a new aggregation operdhat generalizes the OWA
operator by using the main characteristics of twell vktnown aggregation

operators: the generalized OWA and the induced ObpgArator. Then, this
operator uses generalized means and order indveingbles in the reordering
process. With this formulation, we get a wide ramfeaggregation operators
that include all the particular cases of the IOWW ahe GOWA operator, and a
lot of other cases such as the induced orderedhtezlggeometric (IOWG)

operator. We further generalize the IGOWA operatpusing quasi-arithmetic
means. The result is the Quasi-IOWA operator. linale also develop a

numerical example of the new approach in a findmgaision making problem.

Keywords: Aggregation operator; OWA operator; GeneralizecameQuasi-
arithmetic mean; Decision making.
JEL Classification: C44, C49, D81, D89.

Resumen:Se presenta el operador OWA generalizado indud@O@WA). Es
un nuevo operador de agregacion que generalizpesihdor OWA a través de
utilizar las principales caracteristicas de dosrag@es muy conocidos como
son el operador OWA generalizado y el operador Qidiicido. Entonces, este
operador utiliza medias generalizadas y variabéesrdenacion inducidas en el
proceso de reordenacion. Con esta formulacidénbtseng una amplia gama de
operadores de agregacion que incluye a todos lssscparticulares de los
operadores IOWA y GOWA, y otros casos particularescontinuacion, se
realiza una generalizacion mayor al operador IGOWAravés de utilizar
medias cuasi-aritméticas. Finalmente, también seardala un ejemplo
numeérico del nuevo modelo en un problema de tongedssiones financieras.
Palabras clave: Operadores de agregacion; operador OWA; media

generalizada; media cuasi-aritmética; toma de eEs.



1. Introduction

In the literature, we find a wide range of aggregatoperators for
aggregating the information. A very common aggnegatethod is the ordered
weighted averaging (OWA) operator (Yager, 1988prtivides a parameterized
family of aggregation operators that include theximaim, the minimum and the
average, as special cases. Since its appearaad@\ operator has been used
in a wide range of applications (Amin, 2007; AhrQ08; Beliakov, 2005;
Beliakov et al., 2007; Calvo et al., 2002; Chiclaaal., 2000; Chiclana et al.,
2004; 2007; Fodor et al., 1995; Herrera-Viedma &f a007a; 2007b;
Karayiannis, 2000; Liu, 2007; Liu and Han, 2008;rigé and Gil-Lafuente,
2007; Mitchell and Estrakh, 1997; Wang and Hao,6200ang et al., 2007,
Wang and Parkan, 2007; Wu et al., 2007; Xu, 2005;aKd Da, 2002; 2003;
Yager, 1988; 1992; 1993; 1994; 1996; 2002; 2003X3B; 2004a; 2004b;
2007a; 2007b; Yager and Filev, 1994; 1999; Yagdrkaacprzyk, 1997).

In 1999, Yager and Filev, motivated by the workMifchell and Estrakh
(1997), developed an extension of the OWA operastied induced ordered
weighted averaging (IOWA) operator. The differemcéhat the reordering step
Is not developed with the values of the argumdntshis case, the reordering
step is induced by another mechanism such thabttiered position of the
arguments depends upon the values of their asedamatier inducing variables.
In the last years, the IOWA operator has been vewgincreasing attention as it
Is seen in the different works developed aboutichsas (Chiclana et al., 2004;
2007; Herrera-Viedma, 2007a; 2007b; Xu and Da, 20G®er, 2002; 2003a;
2004a).

Another interesting extension is the generalized O BOWA) operator
(Karayiannis, 2000; Yager, 2004b) that generalthesOWA operator by using



generalized means. The generalized mean (Duima8d@4; Dyckhoff and
Pedrycz, 1984) generalizes a wide range of meamatgge such as the
arithmetic mean, the geometric mean and the quadraan. Then, with the
GOWA operator, it is possible to generalize a widege of OWA operators
such as the OWA itself, the ordered weighted geoan@®WG) operator and
the ordered weighted quadratic averaging (OWQAYaipe. In 2005, Beliakov
developed a further extension of the GOWA operbjousing quasi-arithmetic
means. Then, he obtained the Quasi-OWA operatcgloesd by (Fodor et al.,
1995). Further studies on these generalizationsfaaned in (Beliakov et al.,
2007; Calvo et al., 2002).

The objective of this paper is to introduce theucetl generalized OWA
(IGOWA) operator. It is an extension of the OWA mer that uses the main
characteristics of the IOWA and the GOWA operaiidrat is to say, it uses
order inducing variables in the reordering proaess generalized means. Then,
we can obtain a generalization that includes th&/AOoperator and its
particular cases, and a lot of other situationsagcthe induced OWG (IOWG)
operator (Chiclana et al.,, 2004; Xu and Da, 20GBg induced OWOQA
(IOWQA) operator and the induced OWHA (IOWHA) opmira Note that this
generalization also includes the GOWA operator iscpecial cases such as
the OWA, the generalized mean (GM), the weightetegdized mean (WGM),
etc. We will study different properties and fanslief this operator such as the
olympic-IGOWA, the median-IGOWA, the S-IGOWA, etc.

We will further generalize the IGOWA operator byngsquasi-arithmetic
means. Then, we will get the Quasi-IOWA operatarte\that the Quasi-IOWA
can be seen as an extension of the Quasi-OWA apehatt uses order inducing

variables in the reordering process. With this gaimation, we will get as



special cases, the IGOWA operator and a lot of rofliteations such as the
exponential IOWA, the trigonometric IOWA, the raali¢tOWA, etc.

We will also develop an application of the new a@h. We will focus
on a financial decision making problem about sedecbf investments. Note
that the main advantage of the IGOWA operator iaisien making is that it
includes a lot of particular cases that can be @methking the decision. Then, it
is possible to consider different types of aggnegatthat may lead to different
decisions. Note that this situation is also founthwhe OWA operator but with
the IGOWA, we have more possibilities. Note alsat tbther decision making
applications could be developed such as the sefedf financial products,
human resource management, strategic decision magrnduct management,

etc.

In order to do so, this paper is organized as Waloln Section 2, we
briefly review some basic concepts such as the OW&, IOWA and the
GOWA operator. In Section 3, we present the IGOWgerator. Section 4
analyzes different families of IGOWA operators. 3ection 5 we present the
Quasi-IOWA operator. In Section 6 we develop anliappon of the new

approach. Finally, Section 7 summarizes the mantlosions of the paper.

2. Preliminaries

In this Section, we will briefly describe the OW#Aoerator, the IOWA
operator and the GOWA operator.



2.1. OWA operator

The OWA operator was introduced by Yager in (198&])l it provides a
parameterized family of aggregation operators ithdtide the arithmetic mean,

the maximum and the minimum. It can be definecbdews.

Definition 1. An OWA operator of dimension is a mappind® WAR'—R that
has an associated weighting vecdigrof dimensionn such that the sum of the

weights is 1 anay; [1 [0,1], then:

OWA@y, 2., @) = LW (1)
z

whereb; is thejth largest of the.

From a generalized perspective of the reorderiaeg, ste can distinguish
between the descending OWA (DOWA) operator and akeending OWA
(AOWA) operator (Yager, 1992). The OWA operator commutative,
monotonic, bounded and idempotent (Yager, 1988).

2.2. Induced OWA operator

The IOWA operator was introduced by Yager and F{&999) and it
represents an extension of the OWA operator. Its1rddference is that the
reordering step is not developed with the valuesefarguments;. In this case,
the reordering step is developed with order indgicuariables. The IOWA
operator also includes as particular cases themamwi the minimum and the

average criteria. It can be defined as follows.



Definition 2. An IOWA operator of dimension is a mappingOWA R' - R
that has an associated weighting ve&bof dimensionn such that the sum of
the weights is 1 ang [1 [0,1], then:

IOWA(UL, 1), (Up, )., (Un,8n)) = _anlebj 2)
=

whereb; is thea; value of the IOWA paifu;,&) having thgth largesu;, u; is the

order inducing variable arg is the argument variable.

Note that it is possible to distinguish between Descending IOWA
(DIOWA) operator and the Ascending IOWA (AIOWA) ap&or. The IOWA
operator is also monotonic, bounded, idempotentcamimutative (Yager and
Filev, 1999).

2.3. Generalized OWA operator
The generalized OWA (GOWA) operator was introduiceKarayiannis,
2000; Yager, 2004b). It generalizes the OWA operatp using generalized

means. It can be defined as follows.

Definition 3. A GOWA operator of dimension is a mappingGOWAR'-R
that has an associated weighting ve&bof dimensionn such that the sum of
the weights is 1 ang; UJ [0,1], then:

1/
GOWAay, @,..., &) = (lej bfj (3)
i



whereb; is thejth largest of they, andA is a parameter such that] (-, ).

In this case, it is also possible to distinguishwleen the descending
generalized OWA (DGOWA) operator and the ascendjegeralized OWA
(AGOWA) operator. The weights of these operatoesratated by, = w* ., 5,
wherew; is thejth weight of the DGOWA (or GOWA) operator and ., the
jth weight of the AGOWA operator.

As it is demonstrated in (Karayiannis, 2000; Yagf04b), the GOWA
operator is a mean operator. This is a reflectibthe fact that the operator is
commutative, monotonic, bounded and idempotent lbatlithe DGOWA and
the AGOWA operator. It can also be demonstratetittea GOWA operator has
as special cases the maximum, the minimum, thergkzexl mean and the
weighted generalized mean. Note that the weightedemlized mean is
obtained when =i, for all i andj, wherej is thejth argument of thé, andi is

theith argument of the;.

If we look to different values of the paramefigiwe can also obtain other
special cases as the usual OWA operator (YageB)188 ordered weighted
geometric (OWG) operator (Chiclana et al., 2000; &uwd Da, 2002), the
ordered weighted harmonic averaging (OWHA) oper@taiger, 2004b) and the
ordered weighted quadratic averaging (OWQA) oper@tager, 2004b). When
A =1, we obtain the usual OWA operator. Wher 0, the OWG operator.
WhenA = -1, the OWHA operator. And wheh= 2, the OWQA operator.

Another interesting issue to consider is the atiital character of the
GOWA operator. In (2004b), Yager defined it as:



i I
0M0=[ZW{ﬂt¥)] @
J:]_ n 1

It can be shown that [J [0, 1]. The more of the weight located near the
top of W, the closemr to 1 and the more of the weight located towardbibigom
of W, the closerr to 0. Note that for the optimistic criterigW) = 1 and for the

pessimistic criteriar(W) = 0.

If we replaceb’ with a general continuous strictly monotone fumet(b)
(Beliakov, 2005), then, the GOWA operator beconmes@uasi-OWA operator
(Fodor et al., 1995). It can be formulated as fetio

Definition 4. A Quasi-OWA operator of dimension n is a mappir@QWA: R
- R that has an associated weighting vemf dimensiom such that the sum

of the weights is 1 ang; [1 [0, 1], then:
Qowmmbmwnaa:g*(;wakmﬂ (5)

whereb; is thejth largest of the;.

3. The induced generalized OWA operator

The D-S theory of evidence The induced general@¥dA (IGOWA)
operator represents an extension of the GOWA operdhe main difference
between them is that the reordering step of the W@Ooperator is not

developed with the values of the argumemtén this case, the reordering step is



induced by another mechanism represented, aghere the ordered position of

the arguments; depends upon the values of the order inducinglbau,.

Definition 5. An IGOWA operator of dimensiomis a mappindGOWA R" -
R that has an associated weighting vetttwf dimensiom such that the sum of
the weights is 1 ang [J [0,1], then:

1/
n
IGOWA((Uy,a1), {Uz,8p), .., (Un,an)) = (J_Z:le bfj (6)

whereb; is theg; value of the IGOWA paifu;,a;) having theth largesty;, u; is
the order inducing variablg, is the argument variable ardds a parameter such

thatA [ (—oo, ).

From a generalized perspective of the reorderiag, ste can distinguish
between the descending induced generalized OWA @W3) operator and the
ascending induced generalized OWA (AIGOWA) operattie weights of these

operators are related by = w*,.14, wherew; is thejth weight of the DGOWA
(or GOWA) operator andr* . 5 thejth weight of the AGOWA operator.

If B is a vector corresponding to the ordered argurrte;ﬁtsve shall call
this the ordered argument vector atlis the transpose of the weighting vector,

then, the IGOWA operator can be expressed as:

IGOWA(ULA), (Un @), .., (Unaw) = WTBJ @

10



Note that if the weighting vector is not normalized., W =2rj‘=1wj z1,

then, the IGOWA operator can be expressed as:

1/ A
1 n
IGOWA(Uy,81), (Uz,8p), .., {Un,8n) = (V_V Ele bf] (8)

The IGOWA operator is a mean or averaging operdtois is a reflection
of the fact that the operator is commutative, mona bounded and

idempotent. These properties can be proved witlialleving theorems.

Theorem 1 (Monotonicity). Assume f is the IGOWA operatoraif> g, for all

a;, then
f unag), ..., (Un,an) = f (ugep, ..., (Un&w) (9)
Proof. Let
n 1/
F((unay), ..., (Unaw) = [_lej bf} (10)
J:
n 1/ A
funep, ... (Un&) = (lejdf] (11)
iz

Sinceq, > g, for all g, it follows that,a; > e, and then

f (up,ag), ..., (Un,aw) =T ((Us,ep), ..., (Un,E) m

11



Theorem 2(Commutativity).Assume f is the IGOWA operator, then

f unag, ..., (Un,an) =f (us.ep, ..., (Uney) (12)
where ((Uy,&), ..., (Un,ay) IS any permutation of the arguments,e), ...,
(Un,&n).

Proof. Let
. 1/ A
funay, ..., (Unay) = [lej bf] (13)
J:
. 1/
Fupep, ..., (Un&y) = [_lejdf] (14)
i=

Since (uay), ..., {U,ay) is a permutation ok(,,ey), ...,{(U,&)), we have

a; =g, for allj, and then

f un,ap), ..., (Unaw) =f (u,ep, ..., (Un&) m

Theorem 3(Idempotency)Assume f is the IGOWA operator, jif=a, for all g,

then

f (upar), ..., (Unan) =@ (15)

Proof. Sincega; = a, for all a;, we have

. 1/ . 1/ . 1)
f (u,a), ..., (Unan) = (ij bj") = (ij a") = (a" ijj (16)

12



SinceX¥ [ w; =1, we get
f (unap), ...,(Uhay) =a
Theorem 4(Bounded)Assume f is the IGOWA operator, then

Min{a} <f (ug,a), ..., {Unaw) < Max{a}

Proof. Let maxfa} = ¢, and minfg;} = d, then

) VA v N
f ((Upay), ..., (Unan)) = [lej bfj < [_ij c/‘J = [c” _ij]
J:

. 1/ . 1/ . 1/
f ((up,a), ..., (Unay) = (;ijf] > (ijdj] = (d" ijj

j=1
SinceX |, w; =1, we get
f(unap, ..., (Unaw) < c
f(uy,ap), ..., (Un,an) 2 d
Therefore,

Min{a} <f ((Una), ..., (Un,a.)) < Max{a}

(17)

(18)

(19)

(20)

(21)

13



An interesting issue when analysing induced aggi@gaperators is the
problem of ties in the reordering step. In orderstive this problem, we
recommend to follow the policy developed by Yaged dilev (1999) where
they replace each argument of the tied IOWA pairthsir average. For the
GOWA operator, instead of using the arithmetic meae will replace each
argument of the tied IGOWA pair by its generalizedan. Then, depending on
the parameter ofl, we will use a different type of mean to replabe tied

arguments.

As it is explained in (Yager and Filev, 1999) ftvetlIOWA operator,
when studying the order inducing variables of t6®WA operator, we should
note that the values used can be drawn from a spack that the only
requirement is to have a linear ordering. Thens ipossible to use different
kinds of attributes for the order inducing variabthat permit us, for example,
to mix numbers with words in the aggregations (Yagel Filev, 1999). For the
IGOWA operator, this would mean that we have nuocararguments to be
ordered by linguistic order inducing variables. &lttat in some situations it is
possible to use the implicit lexicographic orderasgociated with words such as

the ordering of words in dictionaries (Yager ank¥i1999).

The IGOWA operator is a generalization of the IOWdperator.
Therefore, the IGOWA operator is applicable to eléint situations already
discussed for the IOWA operator. For example, wealccaise it for modeling
nearest neighbour rule (Yager and Filev, 1999) nfiodel building (Yager and
Filev, 1999) and for the aggregation of complexeoty (Yager, 2003). Other
potential applications could be developed for denisnaking, group decision
making, business decisions, etc. Note that in gaiper we will develop an

application in financial decision making.

14



4. Families of IGOWA operators

In this Section, we will consider different typesiIBOWA operators. We
will distinguish between two main classes. Thetfekss will focus on the

weighting vectoW and the second class on the paraméter

4.1. Analysing the weighting vector W

By choosing a different manifestation of the weigtvector in the
IGOWA operator, we are able to obtain differenteymf aggregation operators.
For example, we can obtain the maximum, the minimin@ generalized mean,
the weighted generalized mean and the GOWA opensitate that these results
can be obtained both for the DIGOWA and the AIGOWfferators.

The maximum is obtained i, = 1 andw;, = O, for allj # p, andu, =
Max{a}, then,IGOWA((Uy,a)), (Up,a)..., {Up,ay) = Max{a}. The minimum is
obtained ifw, = 1 andw; = O, for allj # p, and u, = Min{a}, then,
IGOWA((UL, &), (Uz,8)..., (Un,an) = Min{a}. More generally, ifw, = 1 andw; =
0, for allj # k, we get for anyl, IGOWA({u,,a,), ..., {Un,ay)) = by, whereby is the
the g value of the IGOWA paifu,a) having thekth largestu;. The generalized
mean is found whemy = 1h, for all &. The weighted generalized mean is
obtained ifu; > u4, for alli, and the GOWA operator is obtained if the ordered
position ofu; is the same than the ordered positiorbaduch thaty; is thejth

largest ofg;.
Other families of IGOWA operators could be obtaineg using a

different weighting vector. For example, wher= 1imfork<j<k+m-1 and

w; = 0 forj >k + mandj <k, we are using the window-IGOWA operator that it

15



Is based on the window-OWA operator (Yager, 198Rjte thatk andm must
be positive integers such tHat- m— 1 < n. Also note that iim=k = 1, and the
initial position of the higheat; is also the initial position of the highest then,
the window-IGOWA is transformed in the maximum.nif= 1,k = n, and the
initial position of the lowest; is also the initial position of the lowest then,
the window-IGOWA becomes the minimum. Andnf = n andk = 1, the

window-IGOWA becomes the generalized mean.

If w; =w, =0, and for all others; = 1/(n — 2), we are using the olympic
induced generalized average that it is based orolyrapic average (Yager,
1996). Note that ih = 3 orn = 4, the olympic induced generalized average is
transformed in the IGOWA median andnif=n — 2 andk = 2, the window-
IGOWA is transformed in the olympic induced genizead average. Also note
that the olympic induced generalized average issfaamed in the olympic
generalized average W, = Wy = 0, such that, = Max{a} andug = Min{a;},

and for all othersy, = 1/(n - 2).

Another type of aggregation that could be usedhs E-Z IGOWA
weights that it is based on the E-Z OWA weightsd&ia 2003). In this case, we
should distinguish between two classes. In the @lass, we assigw, = (1K)
forj = 1 tok andw; = O forj >k, and in the second class, we assigr O forj =
1 ton - kandw, = (1K) forj =n -k + 1 ton. Note that the E-Z IGOWA weights
becomes the E-Z GOWA weights for the first clasthd ordered position af
is the same than the ordered positiorbjo$uch thaty; is thejth largest ofa,
fromj = 1 tok. And for the second class, the E-Z IGOWA weighgsdimes the
E-Z GOWA weights if the ordered position ofis the same than the ordered

position ofb; such thab is thejth largest ofy, fromj =n-k+ 1 ton.

16



We note that the generalized median and the walgigeeralized median
(Yager, 1994) can also be used as induced aggoegaterators. For the
IGOWA median, ifn is odd we assigw, + 1. = 1 andw; = O for all others, and
this affects the argumem with the [ + 1)/2]th largest;. If n is even we
assign for exampley,, = W2 + 1 = 0.5, and this affects the arguments with the
(n/2)th and [(/2) + 1]th largesty. For the weighted IGOWA median, we select
the argumend that has thé&th largest inducing variablg, such that the sum of
the weights from 1 td is equal or higher than 0.5 and the sum of thegisi
from 1 tok — 1 is less than 0.5. Note that if the ordered pwsibf u; is the same
than the ordered position &f such thatb; is thejth largest ofg;, then, the
IGOWA median and the weighted IGOWA median beconeeGOWA median
and the weighted GOWA median respectively.

Another interesting family is the S-IGOWA operatoased on the S-
OWA operator (Yager, 1993; Yager and Filev, 19%¢an be divided in three
classes, the “orlike”, the “andlike” and the genieesl S-IGOWA operator. The
“orlike” S-IGOWA operator is found whenw, = (1h)(1 - a) + a, u, = Max{ a;},
andw; = (1h)(1 - a) for allj # p with o O [0, 1]. Note that ifo = 0, we get the
arithmetic mean and & = 1, we get the maximum. The “andlike” S-IGOWA
operator is found whew, = (1h)(1 - A + S, U, = Min{a}, andw; = (1h)(1 - 5
for all j # g with S0 [0, 1]. Note that in this class, f= 0 we get the average
and if 5= 1, we get the minimum. Finally, the generali&#50OWA operator
is obtained whenw, = (1h)(1 - (a + B + a, with u, = Max{a;}; wy = (1h)(1 -
(a+ P + B with uy = Min{a}; andw; = (1h)(1 - (a + P for allj # p,q where
a, S0 [0, 1] anda + £ < 1. Note that ifa = 0, the generalized S-IGOWA
operator becomes the “andlike” S-IGOWA operator énsl= 0, it becomes the
“orlike” S-IGOWA operator.

17



Other families of IGOWA operators could be devebbpmich as the
weights that depend on the aggregated objects (Ya§63). For example, we
could develop the BADD-IGOWA operator that it issbd on the OWA version
developed in (Yager, 1993).

bf’
— (22)

w; =

wherea O (-, ), b; is thejth largest element of the argumentsNote that
the sum of the weights is 1 amgl O [0,1]. Also note that ifo = 0, we get the
generalized mean and & = o, we get the maximum. Another family of

IGOWA operator that depends on the aggregated thigc

_ @-by”
Xj= @-by)?

w; (23)

wherea [ (-, ), by is thejth largest element of the argumeatsNote that in
this case ifa = 0, we also get the generalized mean ang #f «, we get the

minimum. A third family of IGOWA operator that depes on the aggregated

objects is

Wb
REESTITRY:
j=1 Y]

(24)

wherea U (-0, ), b, is thejth largest element of the argumeatsin this case,
we also get the generalized meamit O. If @ = 1, we obtain the harmonic

mean and itr = o, we get the minimum.

18



A very useful approach for obtaining the weightatth is also applicable
for the IGOWA operator is the functional methodradiuced by Yager (1996)
for the OWA operator. It can be summarized as vadloLet f be a functionf:
[0, 1] — [0, 1] such thatf(0) = f(1) andf(x) = f(y) for x > y. We call this
function a basic unit interval monotonic functioBUM). Using this BUM

function we obtain the IGOWA weightg forj = 1 ton as

w=i(2)- (1) -

It can easily be shown that using this methodwiteatisfy that the sum of
the weights is 1 ang [1 [0,1].

Another family of aggregation operators that cduddused in the IGOWA
operator is the centered IGOWA weights. This tydeoperator has been
suggested by Yager (2007a) for the OWA operatoidloWwong the same
methodology, we could say that an IGOWA operataa =ntered aggregation
operator if it is symmetric, strongly decaying andlusive. It is symmetric i,
= Wi+n . Itis strongly decaying when<j < (n + 1)/2 therw; <w; and when >
> (n + 1)/2 thenw; < w;. It is inclusive ifw; > 0. Note that it is possible to
consider a softening of the second condition bypgisi < w; instead ofw; < w;.
We shall refer to this as softly decaying centdl@@WA operator. Note that
the generalized mean is an example of this paaiiccdse of centered IGOWA
operator. Another particular situation of the ceelel GOWA operator appears
if we remove the third condition. We shall refeitt@as a non-inclusive centered
IGOWA operator. For this situation, we find the |&@ median as a particular

case.

19



A special type of centered IGOWA operator is theuszan IGOWA
weights which follows the same methodology than@aeissian OWA weights
suggested by Xu (2005). In order to define it, veeéhto consider a Gaussian

distributionn(u, o) where

1. n+1
- = = 26
Hn njgll > (26)
10 .
g, =J—_z(1 ~ 14n)? (27)
nJ:]_
Assuming that
) 1 N2 5 2
n(j) = e (J=tn)" 1207 (28)

Jaro,
we define the IGOWA weights as

n, e (i=tn)? /20,

TS 0G) T n a2l
ZJZU(J) zj:].e n n

(29)

Note that the sum of the weights is 1 andl [O,1].

Other families of IGOWA operators could be obtainedhe weighting
vector following a similar methodology as develoged the OWA operator
such as those developed in (Amin, 2007; Ahn, 2008, 2007; Liu and Han,
2008; Wang et al., 2007; Wang and Parkan, 2007;etVai., 2007; Xu, 2005;
Yager, 2007b).

20



4.2. Analysing the parametdr

Analyzing the If we analyze different values of tharameterd in the
IGOWA operator, we obtain another group of paracudases such as the usual
IOWA operator, the induced OWG (IOWG) operator (4ma et al., 2004; Xu
and Da, 2003), the induced OWHA (IOWHA) operatod éme induced OWQA
(IOWQA) operator.

WhenA =1, the IGOWA operator becomes the IOWA operator.

IGOWA(ULE), (UnB0), -, (Unia) = _ﬁlebj (30)
Z

From a generalized perspective of the reorderirgp sve have to
distinguish between the DIOWA operator and the Al®Wperator. In both
cases, the formulation is the same with the diffeeethat the DIOWA operator

has a descending order and the AIOWA operatorseenaing order.

WhenA = 0, the IGOWA operator becomes the IOWG operator.
n .
IGOWA((Uy,a1), (Uz,ap), ..., {Un,an) = |‘|bjWJ (31)
j=1

With the DIGOWA operator we obtain the descendi@yvG (DIOWG)
operator and with the AIGOWA operator, the asceqdioWG (AIOWG)

operator.

WhenA =-1, we get the IOWHA operator.
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1
w

IGOWA(U,&), (Up,8p), ..., {Un,8n)) = (32)

% j
Note that from a generalized perspective of thedeing step we get the
descending IOWHA (DIOWHA) operator and the ascegditOWHA

(AIOWHA) operator.

WhenA = 2, we get the IOWQA operator.

1/2
IGOWA(UL A, (U2, .., (U &) = (ileb,?j (33)
J:

In this case, we obtain the descending IOWQA (DIQAY@perator and
the ascending IOWQA (AIOWQA) operator.

Note that other families could be obtained by ugliigrent values in the
parameterd. Note also that it is possible to study these li@siindividually.
Then, we could develop for each case, a similadyaisaas it has been
developed in Section 3 and 4.1, where we studedifft properties and families

of the induced aggregation operators.

5. Induced Quasi-OWA operator
As it is explained in (Beliakov, 2005), a furtheergralization of the

GOWA operator is possible by using quasi-arithmetieans. Following a

similar methodology, we can suggest a similar gaeation of the IGOWA
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operator by using quasi-arithmetic means. Thenwilleget the Quasi-IOWA

operator. It can be defined as follows.

Definition 6. A Quasi-IOWA operator of dimensianis a mappinQIOWA R’
- Rthat has an associated weighting vettbof dimensiom such that the sum

of the weights is 1 ang [J [0,1], then:
QIOWA(U,a1), (Uz,8p), -+ (Un,@n) = 9_1( ,nle g(b(j))j (34)
J:

whereb; is thea value of the Quasi-IOWA palu;,a;) having thgth largesu;, u;
is the order inducing variable; is the argument variable aigb) is a general
strictly monotone function. As we can see, we mepla’ with a general

continuous strictly monotone functigyb).

Note that in this case we can also distinguish betwdescending (Quasi-
DIOWA) and ascending (Quasi-AIOWA) orders. The virggof these operators
are related by, = w*,.;, wherew, is thejth weight of the Quasi-DIOWA (or
Quasi-IOWA) operator andv*,.; the jth weight of the Quasi-AIOWA

operator.

Note also that all the properties and particulasesacommented in the
IGOWA operator are also applicable in this geneagion. Then, the Quasi-
IOWA operator is monotonic, bounded, idempotent a@odnmutative. The
problem of ties is solved by replacing the tieduangnts by the quasi-arithmetic
mean. And different families of Quasi-IOWA operattan be studied such as
the olympic-Quasi-IOWA, the S-Quasi-IOWA, , the @K, etc.
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A further interesting aspect is that the Quasi-IO¥fferator includes a lot
of other particular cases that are not includedhm IGOWA operator. For
example, we could mention the trigonometric IOWAergior, the exponential

IOWA operator and the radical IOWA operator.
The trigonometric IOWA is found wheq,(t) = sin((72) t), g.(t) =

cos((v2) t) and gs(t) = tan(fv2) t) are the generating functions. Then, the

trigonometric IOWA functions are:

QIOWA((uUy,&), (Up,ap), ..., {Un,ay) = ]—2TarcsirE iwj sin(gbj D (35)

j=1

QIOWA(UL,3), (Un,Bo), ... (Unar)) = %arcco%ﬁwj co{’—;bj )j (36)
=

QIOWA(UL,3), (Un,Bo)s ... (Unar)) = %arcta{%wj tar(gbj )) (37)
=

The exponential IOWA is found whet) =V , if y# 1, andg(t) =t, if y =
1. Then, the exponential IOWA operator Iegy(z’lewj yb" ) if y# 1, and the

IOWA if y = 1.

The radical IOWA is found if > 0,y # 1, and the generating function is
g(t) =y*". Then, the radical IOWA operator is:

-1
QIOWA((U,81), (Up,9), -, (Un,r)) = (Iogy(ilw,- o D (38)
Z
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Finally, note that in these cases it is also pdssostudy their properties

and different particular cases as it has been mquan Section 3 and 4.1.

6. lllustrative example

In the following, we are going to develop an illasive example of the
new approach in a decision making problem. We willdy an investment
selection problem where an investor is lookingdaroptimal investment. Note
that other decision making applications could bestiped such as the selection

of financial products (Merig6é and Gil-Lafuente, Z00etc.

We will analyze different particular cases of ti&IWA operator such as
the AM, the WA, the OWA, the AOWA, the IOWA, the BWA, the QA, the
IOWG, the IOWQA, the step-IOWAkK(= 2), the median-IOWA and the
olympic-IOWA. Note that with this analysis, we canalyze the optimal choice
depending on the aggregation operator used. Thenwill see that each
aggregation operator may lead to different resarts decisions. Obviously, the
qguestion, as in other decision making problems,the selection of the
aggregation operator. By now, the answer we cae gvthat each decision
maker will select one or more aggregation operadording to its interests.
And depending on the aggregation operator usedldussions will be different.
The main advantage of the IGOWA is that it includeside range of particular
cases that can be considered in the decision mgkolgem. Then, the decision
maker can consider a lot of possibilities and ddlese aggregation operator that

IS In accordance with its interests.

Assume an investor wants to invest some money ienéerprise in order

to get high profits. Initially, he considers fivegsible alternatives.
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. A;is a computer company.

. A;is a chemical company.
. Azis a food company.
. A4is a car company.

. Asis a TV company.

In order to evaluate these investments, the invesses a group of
experts. This group considers that the key factdihé economic environment of
the economy. After careful analysis, they consiilex possible situations for
the economic environmenf = Negative growth rates, = Growth rate near O,
S = Low growth rate S, = Medium growth rateS = High growth rate. The
expected results depending on the situa§and the alternativl, are shown in
Table 1.

Table 1. Payoff matrix

S S S S S
Aq 80 50 70 40 60
A 60 30 80 80 40
Az 70 50 20 70 90
Ay 50 40 60 60 70
As 20 50 50 80 80

In this problem, the experts assume the followireggivting vectorW =
(0.1, 0.2, 0.2, 0.2, 0.3). Due to the fact that #tetudinal character is very
complex because it involves the opinion of différeembers of the board of
directors, the experts use order inducing variatesxpress it. The results are
represented in Table 2.
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Table 2. Inducing variables

S S S S S
Ar 17 10 15 22 12
A 15 20 22 25 13
Az 24 18 20 22 15
Ay 16 19 21 25 28
As 18 12 26 23 21

With this information, we can aggregate the expeotsults for each state
of nature in order to take a decision. In Tablen8 &, we present different

results obtained by using different types of IGO\Wzerators.

Table 3. Aggregated results 1

AM WA OWA AOWA IOWA AIOWA
Ay 60 58 56 64 61 59
A> 58 56 53 63 54 62
Az 60 62 53 67 62 58
Ay 56 58 53 59 54 58
As 56 62 50 62 56 56

Table 4. Aggregated results 2

QA IOWQA IOWG Step Median Olympic
A 56.92 62.36 59.58 80 70 70
Ay 61.48 57.44 50.41 80 30 56.6
As 64.49 66.93 54.92 70 20 46.6
Ay 56.92 54.77 53.19 60 60 53.3
As 60.33 60.33 50.23 80 80 60
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If we establish an ordering of the alternativegyical situation if we
want to consider more than one alternative, them,get the following results
shown in Table 5. Note that the first alternatimeesach ordering is the optimal

choice.

Table 5. Ordering of the investments

Ordering Ordering
AM A=As Ao tA=Ps QA AgtPotAst A=Ay
WA Ag=As A=Ayt Ao IOWQA AtAqtAs A A
OWA A tAEA=AL A IOWG ArtAstAstPotAs
AOWA AstAstAstAstA, Step-IOWA A=A=AsAgtAy
IOWA AgtA tAS A=A, Median-IOWA AstAs AL A A
AIOWA Aot A A=A As Olympic-IOWA AdtAs A HAL A

As we can see, depending on the aggregation opars¢al, the ordering
of the investments may be different. Then, thesdegiabout which investment

or investments select may be also different.

7. Conclusions

In this paper, we have presented the IGOWA operdttarses the main
characteristics of two well known aggregation opmsa the GOWA and the
IOWA operator. Therefore, this operator uses gdizedh means and order
inducing variables in the reordering of the argutsefhen, it can be seen from
two different points of view: as a generalizatidritee IOWA operator by using
generalized means or as an extension of the GOWskatqr that uses order
inducing variables in the reordering process. Wit IGOWA operator, we

have been able to generalize a wide range of OW&katprs that include all the
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cases of the IOWA and the GOWA operator, and aflather cases such as the
IOWG and the IOWQA operator. Moreover, we haveHertgeneralized the
IGOWA operator by using quasi-arithmetic means. #&sesult, we have
obtained the Quasi-IOWA operator which is a widengralization that includes

the IGOWA operator as a particular case and aflother cases.

We have also developed a numerical example of #we approach in
order to see the applicability of the IGOWA operaito a financial decision
making problem. The main advantage of this aggregabperator is that it
includes a wide range of special cases. Then, dépgron the special case

used, the results and decisions may be different.

In future research, we expect to develop furthéeresions by adding new
characteristics in the problem such as the use rafertain information
represented in the form of interval numbers, fuzagnbers, linguistic variables,
etc. We will also consider other decision makingljems such as strategic

decision making, product management, etc.
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