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Abstract

This work establishes the mathematical and physical framework necessary to rigorously
analyze the computational advantages of Quantum Amplitude Estimation (QAE) algo-
rithm. We begin by defining the underlying linear algebra structures—specifically finite-
dimensional Hilbert spaces, linear operators, and tensor products—to provide the neces-
sary justification for Dirac notation via the Riesz-Fréchet representation theorem and to
formulate the fundamental postulates of quantum mechanics. Building upon this theo-
retical basis, we theoretically demonstrate that QAE achieves a quadratic speedup over
classical Monte Carlo methods, specifically reducing the query complexity required to
achieve an additive error € from O(1/v/M) to O(1/M), where M is the number of quan-
tum samples. Furthermore, we analyze techniques to boost the success probability of the
algorithm to arbitrary confidence levels. Finally, we apply this algorithmic framework to
financial risk management to estimate the Value at Risk (VaR) and Economic Capital
Requirement (ECR) of a credit portfolio.

Keywords: Hilbert Spaces, Operator, Qubits, Gates, Measurements, Quantum Ampli-
tude Estimation, Value at Risk.

Resumen

Este trabajo establece el marco matematico y fisico necesario para analizar rigurosamente
las ventajas computacionales del algoritmo de Estimacién de Amplitud Cudntica (QAE).
Comenzamos definiendo las estructuras subyacentes del dlgebra lineal (especificamente
los espacios de Hilbert de dimensién finita, los operadores lineales y los productos ten-
soriales) para proporcionar la justificacién necesaria para la notacién de Dirac mediante
el teorema de representacion de Riesz-Fréchet y para formular los postulados fundamen-
tales de la mecénica cuantica. Con base en esta base tedrica, demostramos tedricamente
que QAE logra una aceleraciéon cuadratica sobre los métodos clasicos de Monte Carlo,
especificamente reduciendo la complejidad de la consulta requerida para lograr un error
aditivo e de O(1/v/M) a O(1/M), donde M es el nimero de muestras cudnticas. Ademas,
analizamos técnicas para aumentar la probabilidad de éxito del algoritmo a niveles de con-
fianza arbitrarios. Finalmente, aplicamos este marco algoritmico a la gestién del riesgo
financiero para estimar el Valor en Riesgo (VaR) y el Requerimiento de Capital Econémico
(ECR) de una cartera de crédito.

Palabras clave: Espacios de Hilbert, Operadores, Qubits, Puertas, Mediciones, Esti-
macién de Amplitud Cudntica, Valor en Riesgo.

2020 Mathematics Subject Classification. 81P68, 81P10, 91G60, 68Q12, 46C05



ii
Agradecimientos

La realizacion de este Trabajo Final de Grado supone la culminacion de una etapa
académica llena de retos y aprendizajes, un hito que no habria sido posible alcanzar
sin el apoyo de las personas que me han acompanado en el camino.

En primer lugar, quisiera expresar mi mas sincero agradecimiento a mi tutor, Nahuel, por
su inestimable gufa. Agradezco profundamente su lectura atenta y su feedback construc-
tivo a lo largo de todo el proceso. Sus observaciones criticas y sugerencias detalladas han
sido fundamentales para desenmaranar la complejidad técnica de este proyecto y pulir el
resultado final. Sin su orientacién constante, no habria sido posible llevar a buen puerto
esta investigacion.

De manera muy especial, quiero dar las gracias a mi madre. Gracias por haber apostado
incondicionalmente por mi educaciéon y por brindarme el apoyo necesario, tanto moral
como material, para que hoy pueda estar escribiendo estas lineas. Este logro es también
tuyo.

Finalmente, quiero dedicar un reconocimiento a todos los amigos y companeros que he
tenido la suerte de conocer a lo largo de estos anos de carrera universitaria. Gracias
por los momentos compartidos y por haberme motivado, de una forma u otra, a seguir
adelante y superar las exigencias del grado. Ojala poder mencionaros a todos vosotros en
una sola pagina.



Contents

i il

1 _Contextualizationl. . . . . . . . . . . . . . . il
[I.2° Objectives and methodology]. . . . . . .. .. .. .. .. ... .......
2__Mathematical Framework 4
[2.1 Hilbert spaces and Dirac notation|. . . . . . . . ... ... ... ...... @
[2.1.1 Dual vector spaces| . . . . .. ... .. .. ... ... ........

2.1.2 Operators . . . . . . . .. @

[2.1.3  Tensor products| . . . . ... .. ... .. 10

2.2 Quantum Computing|. . . . . . . . . . . L 12
2.2.1 Qubits|. . . . .. ..

[2.2.27 Quantum gates on a single qubit] . . . . . ... ... ... ... .. 14

[2.2.3  Quantum gates on multiple qubitg . . . . . .. .. ... ... .. 16)

2.2.4  Measurements] . . . . . . ... e 18

[ Quantum Amplitude Estimation| 27
[3.1 The Grover operator| . . . . . . . . . .. . ... 21
B2 Frror mimimizationl . . . . . . . . . ...
3.3  Quadratic speedup over Monte Carlof . . . . . . . ... ... ... ..... B34
13.4  Boosting the success probability|] . . . . .. ... ... ... ... 30

[4 Application to Credit Risk]| 38|
I Riskmetrics . . . . . . o o oo 38
4.2  Quantum algorithm| . . . . . .. ... ... .. ... ... ... ... 39
4.3 Numerical experiment| . . . . . . ... ... ... . L. 41
[5__Conclusions 43l
(Bibliography| 45]
[A Proofs from Results of Linear Algebra 47

iii



Chapter 1

Introduction

The purpose of this chapter is to introduce the reader to the fundamental context of this
work, providing the necessary foundations to understand the problem and the subsequent
methodology.

1.1 Contextualization

The history of information processing is currently undergoing a fundamental discontinuity,
marking a departure from the classical paradigms that have governed computation since
the mid-20th century [1]. While classical computing relies on the deterministic manipu-
lation of binary bits—states restricted to definitive zeros or ones—quantum computing
harnesses the counter-intuitive principles of quantum mechanics, specifically superposi-
tion and entanglement, to process information in ways that are physically impossible for
classical computers [2].

This technological evolution was first conceptualized by Richard Feynman in 1981, who
argued that simulating quantum systems (which grow exponentially in complexity) is
intractable for classical computers, necessitating a machine built of quantum mechanical
elements [3]. Consequently, this revolution is not merely an incremental improvement in
processing speed, but constitutes a shift in the underlying complexity classes of solvable
problems, promising to redefine industries ranging from materials science to the financial
sector [4].

Narrowing the focus from hardware to software, the power of quantum computing is ac-
tualized through specific algorithms that offer provable computational advantages over
best-known classical methods [5]. The most famous of these is Shor’s Algorithm, which
utilizes the Quantum Fourier Transform (QFT) to factor large integers in polynomial time
(O((log N)?)), thereby posing a theoretical existential threat to RSA cryptography and
secure internet communications [6]. Beyond cryptography, the Quantum Phase Estima-
tion (QPE) algorithm serves as a versatile backbone for various applications, including
Quantum Principal Component Analysis (QPCA) in machine learning and ground state
energy estimation in chemistry [7].

Within the domain of computational finance, the general advantages of quantum algo-
rithms are distilled into a specific tool known as Quantum Amplitude Estimation (QAE)
[8]. QAE is an advanced iteration of Grover’s search algorithm; however, rather than
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simply identifying a target state, QAE estimates the amplitude (probability) of that state
with high precision [9).

This capability is particularly relevant for modern financial engineering, which relies heav-
ily on stochastic modeling to price complex financial derivatives and assess credit risk |10].
In these applications, financial institutions must simulate thousands of potential market
scenarios—such as interest rate fluctuations or correlated loan defaults—to estimate fair
pricing and potential losses [11]. Recent research by IBM has demonstrated that QAE
can effectively replace the classical subroutines used in these simulations, specifically for
tasks like derivative pricing and credit risk analysis, by mapping probability distributions
directly onto quantum registers [12].

At the tip of the applications in credit risk analysis lies the specific metric of Value at Risk
(VaR), the regulatory standard for measuring the maximum expected loss of a portfolio
over a specific time horizon [13]. Currently, banks calculate VaR using classical Monte
Carlo simulations, where the estimation error e converges slowly at a rate of O(1/v/M),
requiring massive computational clusters to achieve high precision [14].

However, by applying QAE to the calculation of VaR, it is possible to achieve a proven
quadratic speedup. The estimation error in the quantum regime scales as O(1/M), mean-
ing that to achieve a precision of 1074, a quantum computer requires roughly 10* oper-
ations compared to the 10® required by classical methods [15]. Therefore, this paper
argues that Quantum Amplitude Estimation stands to revolutionize financial risk man-
agement by allowing institutions to calculate VaR and Conditional Value at Risk (CVaR)
with exponentially greater efficiency than the classical Monte Carlo methods currently
underpinning global financial stability [16].

1.2 Objectives and methodology

The primary objective of this work is to provide a mathematical framework for the quan-
tum algorithm known as Quantum Amplitude Estimation (QAE) from [§], demonstrating
a quadratic speedup with respect classical Monte Carlo, passing thus from algorithmic
complexity O(1/v/M) to O(1/M) where M indicates the number of samples to reduce
the estimate error € |17]. To reach this conclusion effectively, this paper follows a strict
bottom-up workflow that constructs the necessary mathematical and algorithmic tools.

Specifically, the specific goals of this work are organized as follows:

1. Establishment of Hilbert spaces and Dirac Notation: Within the first half of
Chapter [2| we define finite-dimensional Hilbert spaces, aiming to prove the Riesz-
Fréchet representation theorem (Theorem . This result allows us to properly
introduce Dirac notation, the standard formalism in quantum mechanics [18]. Sub-
sequently, we rigorously study the properties of this notation under the action of
linear operators and tensor products.

2. Formulation of Quantum Mechanics Postulates: Within the second half of
Chapter [2, we introduce the four fundamental postulates of quantum mechanics:
State Space, Unitary Evolution, Composition of Systems, and Measurement [19].
These postulates allow us to interpret quantum circuits as operations within Hilbert
spaces, providing the necessary physical and mathematical basis for the construction
of quantum algorithms.
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3. Analysis of Quantum Amplitude Estimation (QAE): In Chapter 3| we ana-
lyze the central quantum algorithm of this work, dissecting its mathematical under-
pinnings to demonstrate how it achieves a quadratic speedup over classical Monte
Carlo methods for estimating probabilities. We rely on Theorem to rigorously
quantify the precision of the estimation and explore techniques to boost the success
probability of the algorithm.

4. Application to Financial Risk: Finally, in Chapter 4 we apply the developed
algorithm QAE to a specific financial context. We propose a quantum algorithm
adapted from [12] to estimate the Value at Risk (VaR) of a portfolio, leveraging the
previously proven speedup to address the computational inefficiency of simulating
rare-event credit risks.



Chapter 2

Mathematical Framework

This chapter establishes the foundational structures necessary to rigorously describe and
analyze quantum algorithms. We have organized this exposition into two distinct sec-
tions. In Section we focus on the mathematical formalism, specifically defining finite-
dimensional Hilbert spaces, linear operators, and tensor products. This section introduces
the Dirac notation, which by Riesz-Fréchet representation theorem (Theorem pro-
vides a powerful algebraic language for manipulating quantum states [5]. To maintain
the fluidity of the exposition, proofs for results either considered elemental within linear
algebra or to have mechanical calculations have been relegated to Appendix [A]

Building upon this mathematical basis, Section transitions to the physical framework
of quantum computing [20]. Here, we formulate the fundamental postulates of quantum
mechanics—State Space, Unitary Evolution, Composition of Systems, and Measurement
[19]. These postulates serve to translate the abstract algebraic structures defined previ-
ously into the operational components of quantum computation, effectively defining the
behavior of qubits, quantum gates, and measurement processes.

2.1 Hilbert spaces and Dirac notation

We define the Hilbert space as the complex vector space that provides the mathematical
setting for quantum mechanics. Beyond the definition itself, the first objective is to prove
the existence of an orthonormal basis. Establishing this existence is crucial, as it not only
allows for significant simplifications, but also the proper introduction of Dirac notation.

Definition 2.1. A finite-dimensional vector space H over the field of complex numbers
C is a Hilbert space if it is endowed with an inner product, that is, a map

() HxH—C
such that, for all x,y,z € H and all A\, p € C, it satisfies the following three properties:

1. (Conjugate symmetry) (x,y) = (y, x), where the horizontal bar of the right-hand
side denotes the complex conjugateﬂ of (y, x);

2. (Linearity in the second argument) (x,\y + pz) = Nz, y) + plx, 2)

3. (Positive-definiteness) (z, x) € R>g and (x, z) =0 <= z =0.

'The complex conjugate of any complex number z = a + ib, for some a and b real, is Z = a — ib.

4
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By combining the two first properties and the additivity and multiplicativity of complex
conjugates, one obtains the conjugate-linearity in the first argument:

Az 4 py, z) = (2, Az + py) = Mz, z) + plz,y) = Mz, z) + 1z, y) = Ma, y) + 0z, 2)

Additionally, since the complex conjugate of a real number is itself, the inner product is
symmetric so long as its output is a real number: (z,y) € R = (z,y) = (y, x).

Before moving on, we will provide an example of a Hilbert space, according to this defi-
nition.

Example 2.2. Let H = C", which is known to be a vector space. For any two vectors
x=(r1,...,2,) and y = (Y1, ..., Yn), the dot product is defined as

n
i=1

The three properties are proven in Appendix [A] using elemental properties of complex
numbers.

Unless H = {0}, the fact that # is finite-dimensional allows to select a basis {e1,...,e,}
for some natural number n. As a result, every vector x € H is uniquely represented as

r=z1€+ -+z,e, wherezy,...,2, €C

We expected the elements of the basis to behave in a “suitable” way under the action of
the inner product.

Definition 2.3. Let B ={e1,...,e,} be a basis of H and x,y € H any two vectors such
that x # y.

(a) = and y are orthogonal if (x,y) =0, and we denoted by x L y;

(b) = is a unit vector if (x,x) = 1;

(¢) B is an orthogonal basis if all its elements are orthogonal pair-wise;

(d) B is an orthonormal basis if it is orthogonal and all its elements are unit vectors.

Due to the simplifications in calculations and the nature of quantum mechanics, it is
crucial to be able to find an orthonormal basis given any initial basis B on a Hilbert

space. For any vector x # 0 € H, it is immediate to check 7> is a unit vector. Thus,
T,z
the challenge is actually finding an orthogonal basis.

Proposition 2.4. If H is a Hilbert space, then it has an orthogonal basis.

Using an orthogonal basis fundamentally streamlines mathematical operations because it
provides a natural coordinate system where each axis represents a distinct, non-overlapping
piece of information, which is critical for clarity in fields ranging from signal processing
to quantum mechanics [21].
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2.1.1 Dual vector spaces

Recall from linear algebra that the dual vector space H* is the set of linear maps from H to
C. This algebraic structure puts us in a position to state a fundamental result that serves
as the mathematical cornerstone for the formalism of quantum mechanics. By establishing
a rigorous one-to-one correspondence between the vectors of a Hilbert space and the linear
functionals of its dual space, the following theorem effectively bridges the gap between
these two algebraic structures. This identification is of paramount importance, as it
provides the necessary justification to introduce Dirac notation, a powerful and elegant
language that unifies the treatment of quantum states and their associated linear maps.

Theorem 2.5 (Weak version of Riesz-Fréchet representation theorem). Let H be a Hilbert
space with (-, -) as its inner product, and let H* be its dual space. For every linear map
f € H*, there exists a unique vector y € H such that

fx)=(y,z) forallxeH

Proof. We begin with the existence. Since H is finite-dimensional, we can select an
orthonormal basis {ej,...,e,}. We can express any z € H using this basis as z =
Yo {ei,x)e;. Given any linear map f: H — C,

flx)=f (Z(ei,l")@z‘) = (e x) f(e)

i=1 =1

n
Considering the vector y = Z f(ej)e;, we also get
j=1

n

(y, ) = <Zf():v> =" Fle)lejz) =S flej)ej,z)
=1 i=1

j=1
Comparing our two results, we observe f(z) = (y, z).

For the uniqueness, we assume there is a linear map f € H* such that f(z) = (y,x) =
(y/,z) for all z € H. Particularly,

fy=y)=Wwy-v)=Wy-y) = -v.y—y)=0
By positive-definiteness of the inner product, y —y' =0 = y =1y . O

Theorem 2.5 allows to introduce Dirac notation, which was invented by Paul Dirac [18] and
we will develop throughout this current chapter. In this notation, the symbol identifying
a vector x in a Hilbert space H is written inside a ‘ket’, and it looks something like |z).
According to Theorem we can make |y) correspond an unique f, € H* such that
fy(lz)) = (y),|z)) for all |z) € H. Due to its uniqueness, Dirac notation suggests to
simply denote f, as (y|, which is a ‘bra’. Thus, the ‘bra-ket’ (y|z) := (y|(|x)) is simply a
complex number, and can be seen as another way to denote the inner product of any two
vectors in ‘H. Some properties arise from the Dirac notation.

Proposition 2.6 (Properties of Dirac notation under the Dual space). For any complex
scalars A\, u € C, and vector |x), ly) € H we have
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1. Az + py) = Az) + ply)
2. (Ax+ pyl = Ma| + iyl
3. |0y = Ax) + ply) <= (| = M| + Ayl

In order to summarize what we have so far concerning this notation, we will provide an
example based on reference [19).

Example 2.7. Let H be a 2-dimensional Hilbert space which has {|0),|1)} as an or-
thonormal basis. The elements |0), |1) are in A and are not necessarily related to either
the complex numbers 0 and 1 or the null vector 0. We want to show the vectors

1 1
+) = ﬁ(!@ +n) =)= ﬁ(\@ - 1)

form an orthonormal basis too. By Proposition [2.6| we get

(+10) = 50001+ €10 ) 0) = T (010) + (110} = 51 +0) = = = (11
(100 = (5001 = (1D ) 0} = 5(000) = (10) = 51~ 0) = = = ~(-11)
By these identities, it becomes easy to check
(+4) = S5 (H0)+ (+1)) = - 2(+0) = 1
(1) = 5 ((=10) = (~I1)) = = 2(+0) = 1
() = S5 ((10)+ (1)) = 7= -0 =0 = (+1-)

We will continue developing the notation on the subsequent subsections, when new objects
may enter in conflict with it.

2.1.2 Operators

In this subsection, we adapt the concept of operator to the Dirac notation, which excels
when manipulating such objects and their associated matrices. We are particularly inter-
ested in establishing not only a way to express them, but also the existence and uniqueness
of the adjoint operator 7. Furthermore, we will conclude by defining operators that are
fundamental in the quantum mechanics framework —specifically unitary operators and
orthogonal projectors— and analyzing their most relevant properties.

Under the Dirac notation, we showed (¢|v) is actually the action of a vector in H under
a linear map H — C, thus it returns a complex number. Now we are interested in giving
a meaning to the ‘ket-bra’ |¢)(¢|. Given any vector |x) € H, by the notation we have
developed so far, it is natural to define

(1) (D)) = ({x)le) (2.1.1)

Observe the right-hand side is a scalar multiplying the vector |¢), thus the action of a
vector under [1)(¢|, which is commonly referred as the outer product to contrast the inner
product (1)|¢), returns another vector.
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Recall from linear algebra that a linear operator (or simply operator) on a vector space
V is a linear map T : V' — V from the vector space to itself. For any vector |x) (or z),
we will denote T'|z) (or Tx) instead of T'(|z)) (or T'(x)). Thus, |1)(¢| can be interpreted
as a linear operator on #H. In fact, the following theorem strengthens their relation [19].

Theorem 2.8. Let {|e1),...,|en)} be an orthonormal basis on a Hilbert space H. Then
every linear operator T on H can be written as

n
T =" Tijlei) el (2.1.2)
ij=1

where Ty = (ei|Tles) i= (e T)les) = (el (Tley)).
Proof. Since T is a linear map, it is sufficient to prove Eq. (2.1.2)) by evaluating only the

elements of the orthonormal basis such as |eg), for 1 < k < n. On the one hand, we can
express Tleg) = Y 7_; Ajlej) for some A, ...\, € C. On the other hand,

n
Z T;, ei><€j‘ lex) = Z T,] leq)( 6] )ex) = Z ng €]|€k: )ei) = ZTzk|€1

,j=1 3,j=1 ,5=1

Since

n
Tik = (eil(Tlex)) = {eil( ZA le)) = > Ail(eile;) =
j=1
then both expressions coincide and Eq. (2.1.2)) is satisfied when evaluating |eg). O

During the proof, we got T'lex) = > | T; x|e;) for any elements of an orthonormal basis
{le1),...,]en)}. Thus, under this basis, the matrix associated with 7" has the coefficient
T;; = (ei|(T|e;)) in the i** row and the j"* column.

Example 2.9. Let H be a 2-dimensional Hilbert space, {|0),|1)} an orthonormal basis,
and H an operator such that H|0) = |+) and H|1) = |—), which are the same vectors
from Example 2.7 Hence,

Ty = OUH10) = —=(010) +(10) = = = Tia = Ty
1 1
Tos = (UH]T) = 5= (10) = (111)) =~

By Equation Eq. (2.1.2)), the operator can be expressed as

1
= ﬁ(\0><0! +10) (1] + [1){0] = [1){1])

1 1
Under that basis, the matrix representation of H is % < 1 _1>.

In order to state properly crucial properties of Dirac notation with operators, we must
introduce the following definition:

Definition 2.10. Let T be an operator of a Hilbert space H. The operator TT on H* is
said to be the adjoint of T if

(z|Ty) = (TTzly) for all |z),|y) € H
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In simpler terms, the adjoint 71 is the operator that does the ”same job” as T, but on
the other side of the inner product. The adjoint of any operator exists and is unique, as
stated in the following theorem.

Theorem 2.11. Let T be a linear operator on a Hilbert space H. Then the adjoint of T
exists and is unique. Furthermore, under an orthonormal basis, the matrix associated with
the adjoint T' is the complex conjugate transpose (also called the Hermitian conjugate)
of the matriz associated with T in that basis.

It is worth commenting Dirac notation plays a crucial role within the proof of this theorem.
The existence of the adjoint ensures important properties for this work. We start stating
the ones concerning the Dirac notation.

Proposition 2.12 (Properties of Dirac notation under operators). Let H be a Hilbert
space. For any operator T and any vector |z) we have

1. |Tx) =T|z) forall |x) € H
2. (x|T = (Ttx| for all (x| € H*
Proof. The first property is vacuously true, since T" maps vectors to vectors in the same

Hilbert space. For the second property, one simply considers ({x|T)|y) = (z|(T|y)) =
(@|Ty) = (TTaly) = (T1a])]y). ]

Other relevant properties that derive from Theorem and the definition of adjoint of
a operator are summarized in the following corollary.

Corollary 2.13. Let S and T be operators on a Hilbert space H, and A € C. Then
1. (THht =T
2. (ST)T =T7187
8. (S+ T = St + ATt

We conclude this subsection defining some operators which are fundamental in the quan-
tum mechanics framework.

Definition 2.14. Let U and P be operators on a Hilbert space H.
(a) U is unitary if it has an inverse operator U~ such that UT = U™1;
(b) P is an orthogonal projector if PP = P and PT = P.

Although we will discuss their implications applied into quantum mechanics on subsequent
chapters, there is one important result from linear algebra involving orthogonal projectors
that is worth stating.

Proposition 2.15. Let P be an orthogonal projector on a Hilbert space H and define
Pt =1 — P where I is the identity operator. Then

(Pz|Pty) =0 for all |z),|y) € H
Furthermore, H is the direct sum of the images of P and P, that is

H = Im(P) @ Im(P1)
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Proof. For the first part, by the properties of an orthogonal projector
(Pz|Plz) = (z|P(I = P)|z) = («|(P" = P'P)|z) = (z|(P — P)|x) = 0

For the second part, it is sufficient to show that for |z) € H there are |z1) € Im(P) and
|zo) € Im(P~) such that |z) = |z1) + |20), since the first part within the proof ensures
Im(P) NIm(P*) = {0}. Nevertheless, the existence follows immediately if we consider
|z1) = P|z) and |xo) = Pt|x). O

2.1.3 Tensor products

In this subsection, we define the tensor product as a rigorous way of combining vector
spaces, vectors, or linear maps. In quantum mechanics, this concept is fundamental as it
allows us to study the action of individual objects as a unified whole. We will focus on
understanding how the mathematical structures we have developed so far behave under
this operation. This new space is essential because it contains states that describe all
possible correlations and interactions between the objects, including complex states [21].

Definition 2.16. Let Vi, ..., V;, be finite-dimensional vector spaces (not necessarily Hilbert
spaces) over the same field such that B; = {le1),...,|eh,)} is a basis of V; for each
7 =1,....n. Then the tensor product space Vi ®--- RV, is a new vector space whose

elements are called tensors and such that
Bg :{|e}1>®---®|e?n) 1 1<i;<nj foreachj=1,...,n}
s a basis under the lexicographic order.

Additionally, by uniquely representing any vectors |xj) € V; for each j =1,...,n as

the pure tensor of |x1),...,|xy) is a vector in V1 ® --- @V, defined as

)@@y =3 SO AT (el ) @ @ el )

i1=1 in=1

By this definition of tensor product spaceﬂ it is immediate that its dimension is the
cardinal of Bg, hence

N =dim(\i ®-- ®@V,) = [[ dim(V}) (2.1.3)
j=1

and it is isomorphic to CV.

Example 2.17. Let V; = C for all 1 < j < n. A basis of V; is {z0)} so long as
2U) #£ 0. By Eq. we obtain dim(V! ® --- ® V") = 1. Thus the tensor product
space is isomorphic to C. A natural isomorphism would be the one that maps pure tensors
1 Q- - Qxy to x1 - - x,. By this isomorphism, we can interpret the operator ® as the
multiplication of complex numbers, which is naturally multilinear due to its properties.

2More generally, the tensor product space is usually defined as a vector space that satisfies certain
“universal property”.
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Moving on, in the case of pure tensors, the way they are defined implies
span(Bg) = span{|z1) ® - - @ |zy) : |x1) € V1,...,|z0) € Vi }

Equivalently, every tensor is generated by pure tensors.

Additionally, it ensures the operation ® is multilinear; that is, it is linear in each one of
its arguments:

|21) @ @I\ yj) - - R Tn) = |21)R- - -®|Xj2j)®- - ®|an)+|21) @ - |1y, )R- - -®|xp)

for each j = 1,...,n. In the case n = 2, that is, V; ® V5, we refer to the term multilinear
as bilinear.

Now, to avoid overloading the notation, we will restrict ourselves to tensor product spaces
of the form Vi ® Vs, but the results are extended to any tensor, V1 ® --- ® V,,, with ease.
We will also drop the Dirac notation for now, since the tensor product space does not
have a structure of a Hilbert space yet. Hence, our next goal is to find a proper inner
product for it.

If (-, - )2, and (-, - )3, are the respective inner products of some Hilbert spaces H; and
Ho, then we define for pure tensors the map
(-, ) (Hi®@Ha) x (H1®Ha) — C
(21 ® T2, 41 ® Y2) = (21, Y1) 341 (2, Y2) 2o (2.1.4)

Since pure tensors span the whole tensor product space, we can extend this map by
linearity in the second argument and conjugate-linearity in the first one.

Theorem 2.18. Under the same notation, Hi1 ® Ha is a Hilbert space endowed with the
map defined on Eq. (2.1.4). Furthermore, if By and Ba are orthonormal bases of Hi and
Ha respectively, then Bg is an orthonormal basis of Hi ® Ha under that map.

Although Theorem allows us to recover Dirac notation, it is recommended to intro-
duce first the definition of the tensor product of linear maps and then state the relevant
properties involving the former with the latter.

Definition 2.19. Let Vi, Vo, Wi, Wa be finite-dimensional vector spaces over the same
field and S : Vi — Wy, T : Vo — Ws linear maps. The tensor product of S and T is
said to be the linear map S QT : V1 ® Vo — W1 ® Wy such that

(S®T)|x1 ®x) := S|z1) @ T|xa)  for all pure tensors |x1 @ x2) € V1 ®@ Vo

and extended linearly to all vectors of V1 ® V.

Observe the tensor product of those linear maps is well-defined, since S and T are linear
and ® preserves these linearities. By this definition, it is a good moment to state the
previously mentioned properties.

Proposition 2.20 (Properties of Dirac notation under tensor products). Let \,u € C
and

1 |(Az1 + pyr) @ z2) = A1 ® 22) + 1fYy1 @ T2)
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2. |z1 @ (A\xe + py2)) = N1 @ 22) + plzr @ yo)
3. (w1 + pyr) ® w2| = Mz @ 22| + iy @ yo
4. {z1 ® (Ar2 + py2)| = Mar @ o] + 1i{ar @ yo
9. |21 ®@2)(y1 ® y2| = |z1)(w2] @ [y1)(y2]

Proof. For properties 1-4, it is sufficient to apply the bilinearity of the tensor product and
similar arguments as the ones from Proposition [2.6]

For the last property, for any pure tensor z1 ® zo € H1 ® Ha

(Jz1 ®@ 22) (1 @ yal)|21 @ 22) = (Y1 @ Y2|21 @ 22) |21 @ T2) = ((Y1|21)31, (Y2l22) 3, ) |71 ® 72),
([z1)(y1] @ |22)(yal)[21 @ 22) = |@1)(Y1|21) @ |22)(Y2l22) = ((Y1]21)2, (Y2l22) 7)1 @ T2)

Since both expressions coincide in the case of pure tensors, and the latter are generated
by pure tensors, we have proved the expression. ]

For simplicity, we can denote |x)|y) := |z ® y), or even |zy) := |x ® y) for any vectors
|x) € Hi, ly) € Ha. For consistency with the inner product, we would then denote
(x|(y| == (x ®@y| or (xy| == (r ® y|. We will use this simplifications of the notation in the
coming chapters particularly.

To conclude this framework involving Hilbert spaces, we want to show a fundamental
identity that relates it with the notion of the adjoint and the inverse of an operator.

Proposition 2.21. Let S : H1 — Hq1 and T : Ho — Ho be linear operators on Hilbert
spaces. Then the adjoint
(ST =sTerf (2.1.5)

Furthermore, if both S and T are invertible, then SQRT is also invertible and it is expressed
as
SoT)t=5"1er! (2.1.6)

2.2 Quantum Computing

In this section, we transition from the mathematical structures established in the previous
chapter to the physical framework of quantum computing. We introduce the fundamental
postulates of quantum mechanics—State Space, Unitary Evolution, Composition of Sys-
tems, and Measurement—which govern the behavior of quantum systems and provide the
theoretical foundation for transforming abstract algebraic concepts into physical realities.
We begin by defining the qubit as the fundamental unit of information, associating it with
state vectors in Hilbert spaces, and subsequently explore the dynamics of closed systems
via unitary operators, the structure of composite systems through tensor products, and
the probabilistic nature of measurement.

2.2.1 Qubits

A qubit is the fundamental unit of information in quantum computing, analogous to the
classical bit but governed by the principles of quantum mechanics. Unlike a bit, which
can only take the values 0 or 1, a qubit can exist in a superposition of states, enabling
forms of computation impossible in classical systems [5].
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To properly understand what a qubit is and why it behaves the way it does, we need
to explain the postulates which give rise to quantum mechanics, because qubits are
not abstract mathematical constructs—they arise directly from the physical behavior of
quantum systems such as electrons, photons or atoms. These postulates will be formulated
according to reference [19].

Quantum mechanics is the branch of physics that describes the behavior of matter and
energy at very small scales, where classical physics fails [20]. In turn, a quantum system
is any physical system whose behavior is governed by the laws of quantum mechanics,
rather than classical physics [20]. In practice, this means the system is small enough,
isolated enough, or controlled enough that uniquely quantum properties become relevant
[20]. The first postulate gives us a mathematical way to represent such systems.

Postulate 2.22 (State Space Postulate). The state of a quantum system is described by
a unit vector in a Hilbert space H.

Remark 2.23. The Hilbert space mentioned within the postulates is interpreted through
the general definition from real-analysis textbooks instead of the one we have provided
on this paper. Thus, it might be an infinite-dimensional vector space. Nevertheless, in
the context of quantum computing, we usually restrict to finite dimensions. Particularly,
we work with 2-dimensional Hilbert spaces.

By the State Space Postulate, if we think of a quantum system whose state can only
occupy two independent quantum states, such as the presence or absence of a photon in a
particular location, then it can be mathematically described by a two-dimensional Hilbert
space H [19]. In such space, we could consider {|0),|1)} as a basis, and assign each state
to each element of it. For instance, continuing with the example of the photon, we could
associate its ‘absence’ state with |0), while its ‘presence’ state with |1). By the same
postulate, both elements |0) and |1) are unit vectors. Furthermore, they are orthogonal.
If that was not the case, then there would be some non-null “‘part”’ of one of the states
that is generated by the other. However, this would not make sense physically, since they
must be independent [20]. As a result, the basis is orthonormal.

From the previous paragraph, we can encode a qubit (or quantum bit) through a quantum
2-state system by assigning the basis {|0), |1)} from a 2-dimensional Hilbert space. Such
basis is often called computational basis. This is analogous to what is done for classical
computation. For a classical computer, the two-level system may be the voltage level on a
wire, assigning the bit (or classical bit) ‘0’ to the absence of voltage and ‘1’ to its presence.
The main difference with respect qubits is that the latter may be in a superposition of
the two states. That is, if we associate a qubit to the vector |1)) representing the state of
the system, usually called the state vector, then

[¥) = al0) + 5[1)

where the complex coefficients « and 3 are often called the amplitudes of the basis states
|0) and |1) respectively. Due to this association, from now on we will consider the terms
“qubits” and “state vectors” as synonyms.

While the state vector |¢) = «|0) + 3|1) is a point in a complex two-dimensional Hilbert
space, the normalization constraint (1[1)) = |a|? + |3|> = 1 allows for a more intuitive
geometric representation. Specifically, the state of a qubit can be uniquely parameterized
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by two real angles, 6 € [0, 7] and ¢ € [0,2m), as

1) = cos (g) |0) + €% sin (g) 1)

This transformation maps the possible states of a qubit onto the surface of a unit sphere
in R3, known as the Bloch Sphere.

Figure 2.1: Representation of the Bloch Sphere. Source: own elaboration.

2.2.2 Quantum gates on a single qubit

Any physical system changes in time, including quantum ones. The next postulate de-
scribes the evolution of such a system when it is closed. By closed quantum system we
mean a quantum system that evolves without exchanging energy, particles, or information
with its surroundings, meaning it is perfectly isolated from any external influence [5].

Postulate 2.24 (Unitary Evolution Postulate). The time-evolution of the state of a closed
quantum system is described by a unitary operator. That is, for any evolution of the closed
system there exists a unitary operator U such that if the initial state of the system is |1g)
then after the evolution the state of the system will be

[v1) = Ulo)

By this postulate and the definitions of unitary and adjoint operator, we obtain

(W1]1) = (Unho|Utho) = (UTUxo|vbo) = (tholtho) = 1

since |¢p) must be a unit vector. Hence, unitary operators not only map unit vectors to
unit vectors, but they also reinforce the State Space Postulate.

Additionally, the composition of unitary operators U and V is also a unitary operator.
Indeed, if W = UV then by Corollary

wt=@ov)t=v vt =vivt = wv)l =t
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Thus the evolution of a closed quantum system might be actually expressed as a compo-
sition of unitary operators.

In quantum computing, we refer to a unitary operator U acting on a single qubit as a 1-
qubit quantum gate, or simply gate if it does not give rise to confusion. As a consequence,
no information is lost inside a closed system: evolution is reversible, and the new vector
state can be still represented on the Bloch Sphere.

The Unitary Evolution Postulate implies that, in a closed quantum system, we can the-
oretically control a qubit through the implementation of specific unitary operators. This
gives rise to the concept of quantum circuits, which is a visual way of representing a se-
quence of objects, featuring gates, to manipulate them. For one single qubit whose state
|1) evolves through Uy, Us, ..., U, gates, we can illustrate the circuit like in Figure

[ [ [ [ [
) ——{ 0 s f—— ——{ U |
[ [ [ [ [

o) ) o) s) pa)

Figure 2.2: Quantum circuit with a single qubit. Source: own elaboration.

In Figure the vertical dashed lines help us to indicate the different sections of the
quantum circuit and how the qubit changes in each one. Starting from the left, the first
section indicates the initial state [¢)g) = |¢). In the next one, we have applied the unitary
gate Uy; thus [11) = Upleyp). From here, it follows with ease that in the next section
|the) = Uslipy). Between section [¢9) and |13) we have used the composition of gates,
which we know is unitary, U = U,,_1 - - - UgUs; thus |13) = Ule). Finally, U, yields the
final state |¢4). Equivalently,

Y1) = UpUp—1 - - - UsUi|vo)

Example 2.25. Consider the qubit |1)p) = |0), which is an element from the computa-
tional basis, and the operator H from Example Since H is unitary, it may act as
gate. In fact, H is called Hadamard gate. Now we consider a quantum circuit consisting
of |0) and two Hadamard gates.

| |
0) ——{H F——{# }—
| |

0) 1) |1)2)

Figure 2.3: Two Hadamard gates. Source: own elaboration.

Since we now the matrix representation of H from Example we can calculate the
state vectors [¢1) and [i2) with ease.

oo =miw = a0 =5 (1 1) (5) =55 (1) =

= 450300

where |+) is the vector (state) from Example

10)
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2.2.3 Quantum gates on multiple qubits

So far we have discussed the postulates for the case of a single system only, in particular
a qubit. If we want to study potentially useful quantum computations we will need
to understand how quantum mechanics works for systems composed of several qubits
interacting with each other. This brings us to our third postulate |19].

Postulate 2.26 (Composition of Systems Postulate). When two quantum systems are
treated as one combined system, the state space of the combined quantum system is the
tensor product space Hi ® Ho of the state spaces Hi, Ho of the component subsystems. If
the first system is in the state |11) and the second system in the state |12), then the state
of the combined system is

[Y11ha) == [h1) ® |12)

The implications of this postulate extend beyond the mere additive combination of qubits.
The resulting tensor product space H1®Hsa contains a far broader class of vectors. Specif-
ically, a state in the combined system is said to be entangled if it cannot be decomposed
into a pure tensor product of individual subsystem states. As a consequence, the two of
them are generally correlated [20].

Example 2.27. The state vector |+) = %(!OO} + |11)), known as a Bell state, is ac-

tually entangled. To maintain the logical flow of this section, we show this property in
Example and how it affects measurements significantly.

One can apply the Composition of Systems Postulate to show that the state space of the
system composed of n distinct subsystems is naturally isomorphic to the tensor product
space of the state spaces of the n subsystems [5]. Therefore, in the context of quantum
computing, we can perfectly represent the state space consisting of n qubits as

Hi® @ Hy (2.2.1)

where H; is the state space of the 4% qubit. A Hilbert space like the one from Eq. (2.2.1])
is said to be a n-qubit register, since it describes the behavior of n qubits. By Eq. (2.1.3)),
an n—qubit register is 2" —dimensional.

Recalling the computational basis {|0), |1)} from a 1— qubit register and the definition of
tensor product space, we have that
{|jn—1> T |.71>’¢]0> = ’jn—l te ]1j0> : jnla s 7j17j0 = 07 1} (222)

is a basis on an n—qubit register. The set Eq. (2.2.2) is said to be the computational basis
for an n—qubit register.

Example 2.28. On a 3-qubit register, {|000),|001),|010), |011), |100), |101), [110), |111)}
is its computational basis.

In quantum computing, we refer to a unitary operator U acting on n qubits as a n-qubit
quantum gate, or simply gate if it does not give rise to confusion. This suggests we can
construct quantum circuits for multiple qubits. However, we need to determine if quantum
circuits such as the following are compatible with the Unitary Evolution Postulate:

On the one hand, it is clear

[Y0) = lg3)|q2)|a1)]q0) =: |43 92 41 qo0)
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lq3) — I

C U

lg2) : ] :

) — 5

la0) —— ' }—
o) )

Figure 2.4: Quantum circuit with four qubits and two gates. Source: own elaboration.

On the other hand, we need to apply each gate with the corresponding qubits to obtain

1) = U(lga)lg2)) la1) U'lqo) = (U @ I @ U')(|g3)lg2)]q1)]90)) = (U @ I & U’) o)

where I; denotes the identity matrix applied on a single qubit. Thus, the quantum circuit
from Figure[2.4 does not violate the Unitary Evolution Postulate if and only if the operator
U® I ® U’ is unitary.

Example 2.29. Consider the quantum circuit on Figure

%0) 1) [2)

0)

7]
LA ]

1)

Figure 2.5: Quantum circuit with two qubits. Source: own elaboration.

First of all, we have [¢p) = |01). Then, between the vector states [¢9) and [¢);) there
is only a Hadamard gate acting on the qubit from the 1! subregister, that is, |0); thus
Y1) = (H ® 1)[01) = [+)]1).

Between [¢1) and |¢)2) we have a quantum gate acting on both qubits. Specifically, this
gate is called controlled—U gate with control on the it subregister and target on the j**
subregister (or simply controlled—U gate), where U is an arbitrary 1—qubit quantum gate.
If denoting the operator as CUj; j, or even as CU when confusion may not arise, then it
acts on each element of the basis of the tensor product state H; ® H; as

CU00) = |00), CUJOL) = [01), CU|L0) = [HU[0), CUL) = |1)U|1)

In simpler terms, CU acts as an identity operator on both qubits when the i** one is in
the state |0), and the gate U acts on the j* qubit when the " one is in the state |1).
Therefore,

[12) = CU Y1) = CU[+)[1) =

1 1
= ECU(|01> +[11)) = 7(\01> + [1)U1))

CuU(|0) +[1)[1)

Sl
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2.2.4 Measurements

Ultimately we will be interested on measuring some properties of the quantum system, and
so at some point we must allow the system to interact with the measurement apparatus
of some observer. When this happens the original system is no longer closed, and the
Unitary Evolution Postulate is no longer appropriate for describing its evolution. The
evolution of the state of a system during a measurement process is not unitary, and we
add this additional postulate to describe such processes [19].

Postulate 2.30 (Measurement Postulate). A measurement in a quantum system can be
performed through a set of operators {M;} on the state space H, indexed by the possible
outcomes i, such that
S oMM =1 (2.2.3)
(2
where I is the identity operator.

For any such set of operators, which are called measurement operators, if the state
vector 1) is measured, then with probability

p(i) = (| M M; )
outputs outcome i and after the measurement leaves the state vector as

_ M;|4)
p(4)

|9i)

From this postulate, some little observations are necessary. First of all, Eq. guar-
antees the sum of the probabilities p(7) is one. Secondly, [¢;) is indeed a unit vector.
Finally, if p(i) = 0 we never get the outcome i and there is no need to renormalize the
state, since 0 = p(i) = (M;v;|M;1;) implies M;; = 0.

Yet this begs the question if a set of measurement operators exist, at least in the context
of quantum computing. That gives rise to the next result, which ensures the existence if
the state space is a Hilbert space as we defined it.

Proposition 2.31. Let {|e1),...,|e,)} be an orthonormal basis on a (finite-dimensional)
state space H. Then

{ler)enl,. .., len)(enl}
is a set of orthogonal projectors which satisfy Eq. (2.2.3)).

Proof. As a consequence of Theorem the matrix of |e;)(e;| under the basis is all zeros
except 1 in the entry of i row and i*" column. Thus,

(lea)(eil) (Jei){eil) = lei) el

Additionally, by Theorem the matrix of adjoint of the operator is the same as the op-
erator, since the Hermitian conjugate matrix of a symmetric matrix with real coefficients
is itself. Therefore, (|e;){e;|)T = |e;){e;] and it follows |e;){e;| is an orthogonal projector.
Finally, by Theorem [2.8 again and the definition of orthogonal projector, the set satisfies
Eq. (2.2.3)). O
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As an immediate consequence, for a 1—qubit register we have
Mo = |0){0], My = [1)(1] (2.2.4)

form a set of measurement operators, given the computational basis. In this case, we say
that the measurement is performed in the computational basis. Moreover, as convention
we assign the labels depending on the outcome of the measurement

e classical bit ‘0’ if state |0) is obtained,
e classical bit ‘1’ if state |1) is obtained.

The term “classical bit” is used due to the collapse of the qubit in one and only one of
the two states after the measurement under Eq. (2.2.4)). Specifically, for a qubit in state
lg) = «|0) + ]|1) we have probability

p(0) = (q| M Molq) = (q|Molq) = a(g|0) = aa = |af?

of getting the classic bit 0 after measurement, leaving it in state |qo) = ﬁ|0> As we can

see there is only state |0) after the measurement. Analogously, with probability p(i) = |3|?
we get classical bit 1 and |g;) = |%]1) after the measurement.

Example 2.32. If a qubit in state |+) = %OO) + |1)) is measured, the math shows it

has a 50% chance of yielding ‘0’ and a 50% chance of yielding ‘1’. Observe that after
the measurement, the original superposition is destroyed, and the qubit remains in the
observed state |0) or |1).

Figure 2.6: Quantum circuit representation of measurement of a single qubit. Source:
own elaboration.

On the other hand, measurements within an n—qubit register for n > 1, that is, a system
with multiple qubits, can be performed in two different ways: either totally or locally.
For this work, we will only use local measurements, thereby we will only explain them.
Nevertheless, total measurements are induced with ease from the latter.

First of all, observe
{M; =17)(j| : |j) is in the computational basis} (2.2.5)

is a set of measurements operators by Eq. . As convention, we assign the label
classical bit ‘j” if state |j) is obtained. Note that in an n—qubit register |j) = |jn—1 - j1Jjo0)
where j; € {0, 1}, thus classical bit j = j,—1 - - j1jo. From classical computing, classical
n—bits represent uniquely the set of positive integers {0,1,...,2" — 1} by

G2V 2t 52 (2.2.6)
Therefore, for 0 < j < 2", we will assume |j) = |jn—1 - Jj1jo) in an n—qubit register.
Example 2.33. In a 2—qubit register, we apply total measurements through
Moo = [00){00|, Mor = [01)(01], My = [10)(10], M1 = [11)(11]

By Eq. (2.2.6) this implies Mgy measures classical bit ‘0’, Moy ‘1°, Mg ‘2°, and M;; ‘3’
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Moving on, with respect partial measurements, we only measure the state of some qubits
individually. Formally, express the n—qubit register as in Eq. (2.2.1):

Hi® - QH{, ® - QH; @ - QHy
where H;,,...,H;, are 1—qubit subregisters where we want to perform a measurement.

For each j = 1,...,k, we can individually perform a measurement on #;; through the

measurement operators Méj =0)(0| and Mlij = [1)(1]. Then to perform a measurement
on the whole n—qubit register we apply the set consisting of the measurement operators

i1tg % i
MIH=he - OM!® - -@M*®---0I,

where j1,...,7,r = 0,1 and I; is the identity operator on H;. Indeed they are measurement

operators, since My’ = [0)(0] and M,’ = [1)(1] are orthogonal projectors, implying that

111 T i1t 411 . —
Z (Mjll J: Mjll J:_ Z Mjll J:_II@) Oy @@L, @@l =1

J1yesJk J1yeeesJk

Although this set of measurement operators may seem abstract, in practice they are
intuitive.

Example 2.34. Consider the quantum circuit on Figure

|0) [H] X
0) El

Figure 2.7: Quantum circuit with a partial measurement. Source: own elaboration.

The initial state is [00). After the Hadamard gates on both subregisters, we obtain the
Bell state

1
ﬁ(|00> + [11))

First we want to show |+) is a entangled state. Assume |+) is a product state [ 4)®|p) =
(al0)+b|1)) ® (c|0) +d|1)) for complex scalars a, b, ¢, d. Expansion yields ac|00) 4 ad|01) +
bc|10) + bd|11), necessitating ac = bd = 1/v/2 and ad = bc = 0. The constraint ad = 0
implies either a = 0 or d = 0 by the zero-product property of the complex field C. If a = 0,
then ac = 0, contradicting ac = 1/v/2; conversely, if d = 0, then bd = 0, contradicting
bd = 1/+/2. Since |+) cannot be decomposed into a pure tensor product.

+) =

At the end of the circuit, we want to measure only the first subregister. Since it is a
partial measurement, we apply the measurement operators

Mo =[0)(0]® 1, M =[1){1[&]

where we have omitted some Subscripts and superscripts to simplify the notation. With
probability p(0) = (+|My|+) = & we obtain the state |0) after measurement. Similarly,
we obtain the state |1) with a probability p(1) = 1/2. Observe that we not only have two
possible outcomes, but in the case of a Bell state the measurement of one of the qubits
subregisters determines the other.



Chapter 3

Quantum Amplitude Estimation

In this chapter, we apply the mathematical and physical framework established in Chap-
ter 2| to develop a specific quantum algorithm. We focus on moving from the abstract
postulates of quantum mechanics to concrete, algorithmic steps that can be analyzed for
complexity and error.

Formally, a quantum algorithm is a procedure performed on a quantum computer, typ-
ically realized as a sequence of unitary gates and measurements. These algorithms are
designed to exploit the structure of Hilbert space to solve computational problems —such
as estimating the mean of a random variable— with a query complexity significantly lower
than that of the best possible classical algorithms [17].

We begin by systematically developing the Quantum Amplitude Estimation (QAE) algo-
rithm from [§], dissecting its mathematical foundation where the estimation of an ampli-
tude is transformed into an eigenvalue estimation problem. Subsequently, we analyze the
precision of its estimations and the probability to bound them at a certain error, which
will turn into the main result of the whole paper: Theorem As a consequence, we will
be able not only to confirm QAE offers a quadratic speedup over Classical Monte Carlo,
but also a logarithmic bound to boost the success probability of this quantum algorithm.

3.1 The Grover operator

In this section, we present and study all the objects we need, which are taken mainly
from [8]. In first place, let A be a quantum algorithm acting on an n—qubit register
such that it uses no measurements. This implies evolution remains unitary, and we can
reverse the algorithm through A~!. Secondly, let |¥) = AJ0). It is important to remark
that we have denoted |0) instead of [0®7) := |0-"-0) for simplicity. Lastly, let P be
an orthogonal projector acting on the same n—qubit register. The aim of QAE is to
estimate a := (V|P|¥), and its brilliance stems from turning this problem into a problem
of estimating eigenvectors of a certain operator Q. In this section we will mathematically
justify how a certain angle 6, is able to estimate a := (¥|P|¥). The link between the two
objects is the Grover operator

Q:=Q(A P):=UYV whereld =2|U)(V|-1,V=I-2P (3.1.1)
Both U and V are unitary operators. Indeed, for the latter we have

Vi1t —opt=1_-2P=Vy

21
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By the properties of orthogonal projectors, we obtain V2 = I, implying V! = I. A similar
argument can be applied to U if we show |¥)(¥| is an orthogonal projector too. However,
this can be done with ease: Proposition [2.4] ensures an orthonormal basis containing
|¥) = A|0) which is a unit vector, and Theorem gives us an associated matrix of
| W) (U] similar to the identity matrix except for an —1 instead of a 1, making immediate
to show it is actually an orthogonal projector by Theorem [2.11 Therefore Q is also
unitary, since it is the composition of unitary operator.

The usefulness of Q stems from its simple action on the subspace Hy spanned by the
vectors |W1) := P|¥) and |¥g) = PL|¥), where P is used to denote the same operator
as in Proposition [2.15

Lemma 3.1. Under the same notation,

Q|1) = (1 — 2a)|¥y) — 2a|Wo)
Q|Wo) = 2(1 = a)[¥1) — (1 = 2a)[Wy)

Proof. On the one hand, by the fact |¥1) = P2|¥) = P|¥;) we obtain
Q[¥1) =UV|W1) = U(|W1) = 2P[¥1)) = U(|W1) = 2[¥1)) = —(2((¥[¥1))[¥) — |¥1))
By Proposition [2.15] we have |¥) = |¥;) + [¥() and (¥;|¥o) = 0; thus
(W[W1) = (W|¥y) = (V|P|¥) =: a
Continuing the calculations,

Q¥1) = —(2a|¥) — |W1)) = =2a(|1) + [Wo)) + [¥1) = (1 = 2a)[ V1) — 2a[Wy)

On the other hand,

Q[Wo) = U(|Wo) — 2P|Tg)) = U(|Wo) — 2P|T — W1)) = U(|Wo) —2|Ws)}+2{T7))
= 2((¥[W0o))|¥) — |Wo)
Observe
(W) = (LT + (To| Wo) = (U|PL|D) = (U0) — (|P[W) =1—a  (3.12)

since P+ = I — P is an orthogonal projector. By elementary algebra, the second identity
can be also proved. O

Observe Eq. not only implies (¥y|¥o) = 1—a, but also that 0 < a < 1. Two simple
yet important consequences are given rise. Firstly, by positive-definiteness dim(Hy) = 2
if and only if a # 0,1. If @ = j then Hy = span{|¥;)} where j is either 0 or 1. Secondly,
a is uniquely represented by an angle 0 < 6, < /2 as

sin?(0,) = a = (V| P|¥) (3.1.3)

The angle 6, will help us characterizing special eigenvalues of Q, making us understand
better the latter operator, as shown on the following result.
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Proposition 3.2. Under the same notation, if 0 < a < 1, then Hy has an orthonormal
basis consisting of two eigenvectors of Q

es) = (a0

+i20,

)+ (3.1.4)

,—\‘I’o>>
with associated eigenvalues A\ = e

Proof. To find the eigenvectors, we must solve the eigenvalue equation Q|¥) = A\|¥). We
can represent this problem using linear algebra in the basis {|¥1), |¥¢)}. On that basis,

by Lemma the matrix
0-— (1—-2a) 2(1—a)
~\ —2a (1-2a)
describes perfectly the action of Q restricted to the subspace Hy.

First we find the eigenvalues (A) by solving the characteristic equation

da(ﬂ—Q%—A QXZQMA):0::>X_QG_2@A+1ZO

By Eq. (3-1.3), a = sin?*(f,) 4 and 1 — 2a = 1 — 2sin*(6,) = cos(26,). Substituting this

A2 —2c08(20,)A+1=0
Using the quadratic formula,
2cos(26,) £+ /4 cos?(26,) — 4
2
= c0s(20,) + 1/ —sin?(20,) = cos(20,) £ isin(20,) = e*2%

L= = c0s(20,) + /cos?(26,) —

Now we find the eigenvector |¥1) = (z1, 29) under the basis for each eigenvalue. For the
case Ay = €% we solve (Q — A\ I)|¥ ) = O:

(7 o) (2) =0

We choose to manipulate the second row for simplicity:
—2a(z1) + ((1 — 2a) — ) (20) =0 = —2az; = isin(26,) 2
Using a = sin?(6,) and sin(26,) = 2sin(f,) cos(f,):
—25in?(0,)21 = i(2sin(0,) cos(fa)) 20 = —sin(fy)z1 = i cos(fa) 20
A icc?s(ﬂa) _ ivl—a
20 —sin(f,) —Va

Thus the eigenvector |V ) is proportional to (iv/1 — a, —+/a) in coordinates. By multi-
plying the latter by the scalar we obtain the former.

al(l—a

The case A_ = e %% is solved analogously to the first case. Finally, the fact that
{|¥4),|¥_)} is an orthonormal basis is immediate by the identities

(U1|Wg) =0, (¥1]|¥1) = a, (¥o|¥o) =1—a
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For 0 < a < 1, Eq. (3.1.4) allows us to express |¥) = .4|0) in the eigenvector basis as

() — ) (3.1.5)

It is now immediate that after k& applications of operator Q, the state is

Alo) =

—t i - i
Q) = 5 () — e CRE g ) (3.1.6)

Fora =0 <= 6, =0, we have |¥;) = 0 and Q|¥q) = |¥o) = QF|¥;) by Lemma
Thus A+ = eT?2% ig the only eigenvalue of Q restricted to Hy with associated eigenvectors
V) = j:i§|\110>. This election of eigenvectors is made in order to be consistent with

Eq. (3.1.5) and Eq. (3.1.6).

Similarly, for a =1 <= 6, = 7/2, we have |¥y) = 0 and Q|¥;) = —|¥;) by Lemma 3.1}
implying Q¥|¥;) = (=1)¥|¥;). Thus Ay = e*% is the only eigenvalue of Q restricted
to Hy with associated eigenvectors \\I/i> ‘[\\Iﬁ) This election of eigenvectors is made

in order to be consistent with Eq. ) and Eq. - ) too.

In conclusion, for all 0 < a < 1 the problem of estimating a = sin2(9a), where 0 < ¢, <
/2, can be turned into a problem of estimating 6,, taking advantage of the fact that any
eigenvalue of operator Q restricted to the subspace Hy is of the form e**?% . This gives
rise to the following quantum algorithm, which is QAE.

Algorithm 1: Quantum Amplitude Estimation

Input: A quantum algorithm A which uses no measurements such that
|U) = A|0®"), and an orthogonal projector P, both acting on a same n—qubit
register; and another m—qubit register.

(i) Initialize both registers to the state |0%™).4|0%™),
(ii) Apply the quantum Fourier Transform F,, to the first register,
(iii) Apply the controlled sequence A, ,(Q) where Q is defined as in Eq. (3.1.1)),

)
)
)
(iv) Apply the inverse of the quantum Fourier Transform, F,.! to the first register,
(v) Measure the first register and label the outcome |y),

)

(vi) Output @ = sin? (7).

The quantum Fourier Transform (QFT) mentioned in step 2 of Algorithm [1]is an operator
which acts in the computational basis of an m—qubit register as

M-
Fm - Z mizy/Myy - where M = 2™ and z € {0,...,M —1}  (3.1.7)
y=0
In this context, the QFT can be seen as a generahzatlon of the 1—qubit Hadamard
gate, since it maps |0) to the state vector —M(|O> -+ |M — 1)), where each state is

equiprobable.

On the other hand, the controlled sequence is an operator which generalizes the concept
of controlled gates. Given a unitary gate U acting on an n—qubit subregister, it takes an



3.1. THE GROVER OPERATOR 25

m—qubit subregister as a control (control subregister) and applies k iterations of U on
the targeted n—qubit subregister (target subregister). Specifically, Ay, ,(U) is defined by

M—1
Apn(U) = Z 15)(j| ® U7 where M = 2™ and j € {0...,M — 1} (3.1.8)
=0

Note that if |®) is an eigenvector of U, its eigenvalue must have modulus 1, thus is of
the form €™ for some 0 < w < 1, since U is unitary. Then A, ,,(U) maps |7)|®) to
eI 5)| ).

Before moving on, it is crucial to verify both operators are unitary to ensure Algorithm
is well-defined. That is what we show in the following result.

Proposition 3.3. Under the same notation, the QFT F,, and the controlled sequence
Am,n(U) are unitary operators. As a consequence, the inverse of the quantum Fourier
Transform, F,,}, exists.

Proof. The easiest way to prove both operators are unitary is to show that they preserve
the orthonormality of their respective computational bases. In the case of QFT, let

[ty) = Fmlx) and |¢0,) = Fin|z), both |x) and |z) from the computational basis. We want
to calculate the inner product (¢.[1,). By the Dirac notation

M—
|the) = Z TN y) (| = f Z R (1]

Observe |1),) = |[¢,) if and only if © = z. Therefore, we obtain

M—-1M-1 ,
<wz‘¢m = Z ZeM 2y==1) t| Zry
t=0 y=0

where r = ¢2m(@=2)/M thyg we have a geometric series. If x = z, then r = 0, implying

(V) = (1/M)M = 1. If x # z, then we can apply the formula of a geometric series
1— TIV

1, to obtain
1 1 — e2mi(z—2)
(o|e) = — 7w
M 1 — e2mi(z—2)/
Since z — z is an integer €2™(*~2) = 1, implying the inner product is 0.

For the case of Ay, ,(U), by properties of the adjoint we obtain

M-1 ‘
=) lule Uy
§=0
For the operator to be unitary, and simplifying the notation, we must show that ATA = I.
Indeed,

M—-1

ATA: (Z’k k|® UT ) ZU ’®U] = Z ‘j><j|®I:Icontrol®ltarget =17

Jj=0

where ‘control’ labels the m — qubit subregister and ‘target’ the n—qubit subregister. [
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10)

10)
0)

Figure 3.1: Quantum circuit for steps 1-5 of Algorithm [l As a whole, it represents the
operation ((F,,! @ L) A (Q)(Fin @ 1) (Im ® A)) [09™)|0%™) before the measurement
of |y). Source: own elaboration.

The major inconvenient of Algorithm [I]is that it is not deterministic, that is, not always
gives the same output a in step 6. The reason of this event is because in step 5 we label
outcome |y) as y, which is an integer from 0 to 2" — 1. Nevertheless, 6, # 7y/M in
general. Thus errors on the estimations are practically unavoidable.

We conclude this section by analyzing the output of the Quantum Amplitude Estimation
algorithm for a specific quantum algorithm A. This concrete example will serve as a
fundamental reference point throughout the remainder of this chapter; specifically, we will
revisit and rigorously develop it in the subsequent sections, applying the mathematical
tools and error bounds that we will introduce to validate the precision of the estimation.

Example 3.4. Consider the following algorithm that uses no measurements:
A= Ry(61) ® Ry(02) ® Ry (03) @ Ry (04) (3.1.9)

In first place, it is important to note this algorithm needs an 4—qubit register (n = 4).
We can also see it visually on Figure [3.2

0) — — 0) —— Ry (61) ——

0) —— S 0) —— Ry (62) ——
A _

0) — — 0) —— Ry (03) ——

0) — — 0) —— Ry (64) ——

Figure 3.2: Quantum circuit of 4 = Ry (61) ® Ry (62) ® Ry (f3) ® Ry (64). Source: own
elaboration.

Secondly, the operator displayed is the single-qubit rotation gate Ry (6), which describes
a rotation around the Y-axis by an angle 0. Since we will construct a similar operator
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in Chapter [4] it is important to explain it a bit in detail. We can interpret in its matrix
form as

O\ i (%
Ry (6;) = Z:Eg; CZ?((ej)) for k=1,2,3,4.

For this example (and the subsequent ones from this chapter), we will assume
(91,92,93,94) = (0.1, 0.2, 0.14, 0.16) and P=I®RIQI® |1><1‘ (3.1.10)

By the structure of P, it is clear we want to obtain the probability of measuring a ‘1’ on the
last qubit. Since in this case A results in a product state where each qubit is independently
rotated, to obtain the probability it is sufficient to analyze Ry (64) = Ry (0.16). Applying

this to the state |0) = <(1)>

_ _ (cos(0.08) —sin(0.08) (1) _ (cos(0.08)
[1ast) = 1y(0.16)[0) = (sin(0.08) co0s(0.08) 0/  \sin(0.08)
Therefore, if [¥) = (Ry (01) ® Ry (62) ® Ry (03) ® Ry (64))|0000), the probability of mea-
suring a 1 on this qubit is

a = (V[P|W) = (Yrast|(| 1) (1])[¢1ast) = Sin2(0'08) ~ 0.638636%

In this example, we will assume m = 2 for Algorithm [I} Thus, in step 5, we can only get
as classical bits
y=0=00,y=1=01,y=2=10,y=3=1

which implies that in step 6 we will get as output respectively
. .o f0m _OA_,QTF 05 =4 . .o (T _q
Go =sin” | 55 | =0, 41 = sin (Z) = 0.5 = as, a2 = sin (5) =
Measuring the errors of each estimation, we obtain

la — éo| ~ 0.00638636, |a — a1| = |a — as| ~ 0.49361364, |a — 2| ~ 0.99361364

As a conclusion, if m = 2, we would prefer to obtain as estimation ag rather than the
others, since it is the one that offers the minimum error.

3.2 Error minimization

This section is motivated by Example [3.4, where we obtained different outputs as esti-
mations of Algorithm [l (QAE) which offer different magnitudes of error with respect to
the actual probability a. Here we develop the necessary tools which will culminate in
Theorem which not only ensures a huge probability of the estimations minimizing
the error, but also a significant reduction when increasing the number of qubits from the
m—qubit register. The results of this section are mainly based in [8].

It is important to note that errors in our estimate éa = my/M for 0, translate into errors
in our estimate G = sin?(f,) for a, as described in the next lemma.
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Lemma 3.5. Let a = sin®(0,) and a = sin®(0,) with 0 < 0,,0, < 27 then

0, —0s| <e = |a—al<2a(l—a)+e

Proof. For € > 0, using standard trigonometric identities, we obtain
sin?(f, + ¢) — sin® =+v/a(l —a)sin(2 (1 — 2a)sin?(e) and
sin?(6,) — sin?(0, — ¢) a(l — a) sin(2 (2a — 1) sin®(e).

The inequality follows directly. O

By this lemma, we can shift to the error analysis of the angles. Hence, we need to define
some objects involving them.

Definition 3.6. For any integer M = 2™ > 0 and real number 0 < w < 1, we define the

state vector
1 M-1 ‘
[Sm(w)) 1= ——= Y XYy
v M V=0

Additionally, for any two real numbers wy, w1 € R, we define

d(wp,w1) := min{|z + w; — wol}
2EZ

On the one hand, |S,,(w)) is a state vector which encodes the angle 27w in the amplitudes
on equiprobable quantum states. Moreover, observe that for all z € {0,...,M — 1} we
have the relation

Fm|x) = |Sm(2/M)) (3.2.1)
On the other hand, for wp,w; € R, 27d(wp,w1) represents the length of the shortest arc
on the unit circle going from €™ to e2™“1. From its definition it immediately follows
that 0 < d(wp,w1) < 1/2. The following lemma establishes a crucial relation between
these two recently defined concepts.

Lemma 3.7. For 0 < wy < 1 and 0 < wy; < 1 let A = d(wp,w1). If A = 0 we have
|<Sm(w0)|8m(wl)>|2 = 1. Otherwise

sin?(M AT)

[(Sm(@o)lSm(wi)* = 375 S

Proof. Note that if A = 0, then wp = w = 1, thus |Sm(wo)) = |Sm(w1)). Since every
state vector is a unit vector, |(Sp,(wo)|Sm (wl))|2 =1

If A # 0 then
(SnnSnle)l? = | 3 ety MZ woy ||
m (Wo)|Sm (w1 Tt 2. Vi > y
1 Mz:l Q2mily 2 _ 11— ermad > sin?(MAT)
¥=0 COM?Z| 1—e2A | M2sin?(An)
miAM TiA

For the last equality we have factored out e on the numerator and e on the
denominator, and have used Euler’s identity e"* — e'* = —2isin(x) where x € R. O
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Consider the problem of estimating w where 0 < w < 1, given the state |Sp,(w)). If
w = /M for some integer 0 < x < M, then F,!|S,,(z/M)) = |x) by definition, and thus
we have an exact estimator. If Mw is not an integer, then observing F; !|S,,(w)) still
provides a good estimation of w [8], as shown in the following result.

Proposition 3.8. Let X be the discrete random wvariable corresponding to the classical
result of measuring F,,}|Sm(w)) in the computational basis. If Mw is an integer then
Prob(X = Mw) = 1. Otherwise, letting A = d(w,x/M),

sin?( M AT) 1

= = <
Prob(X = z) M2sin2(An) = (2MA)?

Furthermore,

Prob(d(X/M,w) <1/M) > — ~ 0.81

8
2
Proof. By letting |®) = F,,.}|S,,(w)), we obtain
Prob(X = z) = (®|(|z)(z[)|®) = |(z|®)|”
Since F, is unitary, = € {0,..., M — 1}, and by Eq. , we then have
Prob(X = z) = [(z|F,, ! [Sm(W))* = (Ema|Sp (@) * = [(S(a/M)|Sm(w))[?

If £ = Mw, then Lemma implies Prob(X = z) = 1. Otherwise, by the Lemma

again,

sin?(M AT) 1
Prob(X =2x) = <
rob( @) M2sin?(An) — M2sin?(Ar)

To obtain another upper bound, we can minimize sin(Aw) by using Jordan’s inequality:

2
siny) = —y ¥y € [0,7/2]

which can be easily proved by the fact that sin(y) is a concave function on the interval
[0, W/Q]E Since 0 < A < 1/2, Jordan’s inequality proves the first part.

For the last part, observe the inequality d(X/M,w) < 1/M is equivalent to d(X, Mw) < 1.
If Mw is an integer, then Prob(d(X/M,w) < 1/M) = 1 since Mw is a value of X.
Otherwise, the only two integers from X that satisfy the inequality are | Mw] and [Mw],
where || and [-] denote the floor and ceiling function respectively. Since these two values
are integers from X

Prob(d(X/M,w) <1/M) = Prob(X = |[Mw|) + Prob(X = [Mw])

_ sin?(MAn) N sin? (M (77 — A) )
- MZsin?(Ar) - MZsin? (& — A) )

(3.2.2)

where for the last equality we have applied the first part of the result with
A =d(w, [ Mw]|/M), implying d(w, [Mw]/M) =1/M — A since |Mw] < Mw < [Mw].

'Indeed, its second derivative, —sin(y) is negative for all y € [0,7/2], implying its concavity. Since
fly) = %y is geometrically the line which connects points (0,0) and (7/2,1), by the concavity it must be

less or equal that sin(y) on the closed interval.
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According to [§], Eq. (3.2.2) attains its minimum at A = 1/(2M) when 0 < A < 1/M for

M > 2. Hence, substituting A = ﬁ into the probability formula yields

1 1 2
Prob(d(X/M <1/M) > =
rob(d(X/M,w) < 1/M) = M251n2(ﬁ) +M2sin2(ﬁ) M?sin®(557)

By using the fact that sin(y) <y for all y <0

o
| o0

2
Prob(d(X/M,w) < 1/M) > >
DAL ) S UMD 2 3 = R
For M = 1,2, Prob(d(X/M,w) < 1/M) = 1 > 8/7? since 0 < d(wp,w;) < 1/2 for all
wp, w1 € R. ]

We are now in a position to synthesize the mathematical tools developed throughout
this section —specifically the trigonometric error propagation from Lemma [3.5 and the
probabilistic bounds derived in Proposition [3.8— to formally state the fundamental result
of this work. By combining these findings, we can move beyond the analysis of isolated
components to rigorously quantify the global accuracy of the Quantum Amplitude Esti-
mation algorithm, establishing a direct link between the physical resources employed and
the precision achieved.

The following theorem encapsulates the core computational advantage of this method. It
explicitly demonstrates that the estimation error is suppressed as the dimension of the
auxiliary register M = 2™ increases, allowing us to minimize the error to an arbitrary
degree simply by adding qubits to the control register. Crucially, this result confirms that
such high precision is attained with a robust success probability that remains strictly
bounded from below, independent of the system’s size.

Theorem 3.9. In the same way as we have defined it, Algorithm[1] outputs a, an estimate
of a = (V|P|¥), such that

a(l—a) 72

a—al <2 —
|a —al < 2m o +M2

(3.2.3)

with probability at least 8/7%, using exactly M evaluations of the Grover operator Q.

Proof. After step 1, by Eq. (3.1.5), we obtain

0).AJ0) = o) — e~0w))

;—;m (e

After applying F,, from step 2, we have the state vector

. M-—1
~mr 2o ) (1w} — el )
=0
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After applying Ay, ,(Q) from step 3, by Eq. we have

<

S QY (e ) — e )

= I

-1

]

15) (ei9a62ij9a|‘;[/+> _ e—i0a€—2ij0a’qj_>)

M- . M-1

1 276, ‘ ¢ —2ij0,
Z PN+ == ¢ Iv-)

R et By

For the last equality, we have used the identities 2ij60, = 2mijf0,/m and exp(—2ijf,) =
exp(—2mijfa/m + 2mij). Also observe that |S,, (%)) and |Sm (1 — %a)) are well defined
since we established 0 < 6, < /2.

After applying F,,! from step 4, we obtain the state vector

gl () (s ()

Since after a measurement in the computational basis we always obtain an integer between
0 and M — 1, if either ]-',gl‘Sm (%‘l)> or }'n;l’Sm (1 — 9?“)> is a decimal number, we will
have different probabilities of obtaining different outcomes after step 5.

If we measure the first component, we get an outcome y such that y/M =~ %2 by
Eq. - Otherwise, if we measure the second component, we effectively measure
a value y" such that y'/M ~ 1 — 2. Note this corresponds to an outcome of M — y rela-
tive to the first case. However, since sin?(x) = sin?(7 — ) for all z € R, both outcomes
yield the same estimate. Indeed,

M —
4 = sin? (7‘(%) = sin? (7r (1 — %)) = sin? <7r]wy)

Since the final calculated probability of obtaining @ is identical in both cases, we can
simply assume we measured |y) given the state FJ\}1|SM(9?“)> By Proposition we
have a probability of 8/ of getting d(y/M,0,/7) < 1/M. Since 0 < y/M, 0,/7 < 1, we

obtain 0 .
:d<y a) < = ‘Wi—Ga

Since our estimate 6, = 77, we obtain the bound 0, — 04] < 17+ Consequently, by
setting ¢ = {; and invoking Lemma we can obtain the desired upper bound.

y O
M =

s
M

Finally, the fact that Algorithm [I| uses exactly M evaluations of operator Q follows
directly from the definition of the operator A, ,(Q) used in step 3. O

Having established the theoretical upper bounds for the estimation error and the associ-
ated success probability, we now turn to a practical verification of these results. In the
following example, which serves as a direct continuation of Example we apply the
conditions of Theorem to the specific algorithmic setup previously introduced. This
numerical analysis will allow us to rigorously test the validity of the derived bounds and
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to explicitly observe the asymptotic decay of the error as the dimension of the evaluation
register M increases.

Example 3.10. We are still assuming A is defined in the same way as in Eq.
with the same parameters as in Eq. . The main difference is that now we want to
analyze the frequency of output estimations for m = 4, 6, 8, 10. Data processing and figure
generation were performed using scripts developed in Python 3.13.5 and Qiskit 2.2.3 [22].

Is the output less than the Theoretic Bound (6.9803e-02)? Is the output less than the Theoretic Bound (1.0222e-02)?
0 Yes 124 Yes 2
No No 62
20 4
10 4
15 8
| k=
H 3
S S ¢
104
1 41
63
5
2 1
15 0 4 7 61
0000 0001 1111 000000 000001 000010 000100 000111 111101 111110 111111
Binary Key Binary Key
(a) Observed outputs for m = 4 qubits (b) Observed outputs for m = 6 qubits
Is the output less than the Theoretic Bound (2.1037e-03)? Is the output less than the Theoretic Bound (4.9769¢-04)?
6 249 26
] Yes Yes
s No 16 1 998 No
14 4
6 7 12
g ER
S S g
4 250
6
2 41
3 8 248 252 24
[ o e A : , ,
0000001100000110000001110000100011111000111110011111101011111100 0000011010 1111100110
Binary Key Binary Key
(¢) Observed outputs for m = 8 qubits (d) Observed outputs for m = 10 qubits

Figure 3.3: Frequency distribution of QAFE outputs over N = 32 independent runs for
register sizes m € {4,6,8,10}. Green bars indicate estimates satisfying the error bound

of Theorem 3.9, while red bars represent those outside the theoretical limit. Source: own
elaboration.

We perform the Algorithm [I] N = 32 independent times for different amounts of m €
{4,6, 8,10} qubits on the measurement register. The results are summarized in Figure
where the horizontal axis represents the observed output y (displayed in binary format
with its decimal equivalent above the bar) and the vertical axis represents the frequency
of that specific outcome. A bar is colored green if the resulting estimate a satisfies the
following bound almost identical to the error bound Eq. ,

1 2

it e (3.2.4)

and red otherwise, since 3 < 2my/a(1 — a) when a ~ 0.638636% (the actual probability in
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this case). We use in the example this bound instead of Eq. (3.2.3) for numerical stability.

For the cases of m = 4 and m = 10 (Figure and Figure respectively), we observe
a robust behavior where every single execution of the algorithm successfully yields an
estimate within the theoretical bounds. Specifically, for m = 4, the outputs y € {0, 1,15}
accumulate frequencies of 23, 7, and 2 respectively, totaling the 32 runs with a 100%
success rate. Similarly, for m = 10, the outputs concentrate exclusively on y = 26 and
y = 998, again achieving a 100% success rate. These empirical results far exceed the
theoretical lower bound for success probability established: Psye. > 8/ 2 &~ 81.06%.

In the experiments with m = 6 and m = 8 (Figure and Figure respectively),
we observe the appearance of “red” bars, indicating instances where the estimation error
exceeded the theoretical threshold. For m = 6, we record failures at outputs y € {4,7,61}
with a frequency of 1 each, resulting in 3 total failures against 29 successes. This corre-
sponds to an empirical success probability of 29/32 ~ 90.6%. For m = 8, failures occur
at outputs y € {3,8, 248,252}, again with a frequency of 1 each, yielding 4 failures and
28 successes. This results in a success rate of 28/32 = 87.5%.

Crucially, in all scenarios tested, the empirical success probability remains strictly greater
than the lower bound of 8/72 guaranteed by Theorem This confirms that while the
algorithm is probabilistic and susceptible to projection errors, the probability of these er-
rors is bounded. Furthermore, the results illustrate the relationship between the precision
and the register size M = 2. as we increase m, the “theoretical bound” Eq. dis-
played in the histograms decreases rapidly (from ~ 6.98 x 1072 at m = 4 to ~ 4.98 x 10~*
at m = 10), yet the probability of finding the estimate within this tightening window
remains consistently high.

To further validate the asymptotic behavior derived in Theorem [3.9] we compare the
theoretical upper bound Eq. (3.2.3) against the actual estimation error |a — a| across a
range of m—qubit registers for measure where m € {1,...,20}. The results are visualized

in Figure [3:4

—— Error
107 3 Bound

Value

1 3 5 7 9 11 13 15 17 19
Number of qubits (m)

Figure 3.4: Comparison of the empirical estimation error |G — a| (blue) versus the the-
oretical upper bound derived in Theorem 3.9 (orange) as a function of the number of
evaluation qubits m. Source: own elaboration.



3.3. QUADRATIC SPEEDUP OVER MONTE CARLO 34

Three key observations emerge from this numerical experiment. First, the actual error
consistently respects the derived inequality, remaining strictly below the theoretical bound
for all values of m. Second, the theoretical bound exhibits a linear decay on the logarithmic
scale, confirming the exponential suppression of error with respect to the number of
qubits m. Finally, the empirical error displays a characteristic step-like behavior rather
than a smooth monotonic decrease. This phenomenon is a direct consequence of the
discretization of the outcome space; as M increases, the grid of possible estimates y/M
refines, but the distance between the true value a and the nearest grid point does not
necessarily decrease at every increment of m. Nevertheless, the global trend confirms
that increasing the qubit register size is an effective strategy for achieving high-precision
estimates.

3.3 Quadratic speedup over Monte Carlo

In this section, we formalize the computational advantage of QAE presented on Theo-
rem [3.9 by analyzing its asymptotic behavior compared to classical Monte Carlo methods.
To establish a rigorous comparison of the convergence rates, we first introduce the Big-O
notation, which provides the necessary mathematical language to describe how the query
complexity scales with the required precision [23|. By applying this formalism to the error
bounds derived previously, we will demonstrate the quadratic speedup that characterizes
the quantum approach.

Definition 3.11. Let f(n) and g(n) be functions mapping non-negative integers to non-
negative real numbers. We say that f(n) is in O(g(n)) if and only if:

3C > 0,3ng > 0 such that Vn > ng,0 < f(n) < Cg(n)

Strictly speaking, O(g(n)) defines a set of functions. Therefore, the mathematically cor-
rect notation is f(n) € O(g(n)). However, by convention and abuse of notation, we will
write it as f(n) = O(g(n)).

With the definition of asymptotic behavior established, we can now rigorously quantify
the convergence rate of the Quantum Amplitude Estimation algorithm. In the following
example, we apply the Big-O notation to the explicit error bound derived in Eq. .
Our objective is to formally demonstrate that the estimation error scales as O(1/M),
hence providing the mathematical justification for the superior query complexity of the
quantum approach compared to classical methods [5].

Example 3.12. Consider the function f(M) = 2r~ aﬁ_a) + }722 from Eq. (3.2.3). We
want to prove f(M) = O(ﬁ) If My = 1 we have M? > M for all M > My, and

consequently ﬁ < ﬁ We can bound the original expression by replacing # with ﬁ:

2my/a(l — 2 2my/a(l — 2 1

ron = 2" af a)+L§ T/ a( a)+£:7<27r a(lia)JrWQ)
M M? M M M

Since the term in parentheses is a constant relative to M, let C' = 27\/a(1 — a) +72. The

inequality holds for all M > My, thus f(M) = O (ﬁ)

Having formally derived the asymptotic behavior of QAE, it is crucial to contextualize
this result within the broader landscape of stochastic estimation. Since Monte Carlo
approximation constitute the classical algorithm for industry standard for valuing financial
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derivatives and assessing risk [11], it serves as the ideal comparison object for evaluating
the practical utility of our quantum approach [4]. We will briefly define the classical
approximation and state an expression for the Root Mean Square Error (RMSE) of this
algorithm, whose proof can be found in [24].

Definition 3.13. Let X, X1,..., Xy be real-valued independent and identically distributed
(i.i.d.) random variables such that its expected value E[|X|] < oo and its variance
Var[X] < co. The Monte Carlo approximation of u:= E[X] is defined as the random
variable

1 M
A = 57 Z;X (3.3.1)

The well-known strong law of large numbers in probability theory ensures that increasing
the number of samples (M) in Eq. (3.3.1)) ensures the convergence fip; — p [24].

Proposition 3.14. Let iy be the Monte Carlo approzimation of u for any M € N. Then
the RMSE of jip is

RMSE (i) = v/ — 7 =0 (=)

To validate the theoretical speedup derived in this section, we will return to the specific
problem configuration from Example In this comparative analysis, we contrast the
asymptotic behavior of the estimation error obtained via QAE against the RMSE charac-
teristic of classical Monte Carlo methods. Our primary objective is to empirically verify
the distinct scaling laws governing these approaches, explicitly demonstrating the diver-
gence between the classical O(1/v/M) regime and the quantum O(1/M) convergence rate
as the computational resources increase.

Example 3.15. We are still assuming A is defined in the same way as in Eq.
with the same parameters as in Eq. . We compare the convergence properties of
Algorithm against classical Monte Carlo by plotting the absolute estimation error |G —al
as a function of the number of samples M, where M ranges over powers of two from 2!
to 220. The results are visualized in Figure

The empirical data provides clear visual verification of the theoretical speedup derived in
Section 3.3. The QAE error (blue) follows a steep descent consistent with a slope of —1
on the logarithmic scale, validating the O(1/M) convergence rate. We observe once again
the characteristic step-like behavior inherent to the quantization of the angle estimation,
yet the global trend strictly adheres to the theoretical bound. In contrast, the Monte
Carlo error (orange) exhibits a significantly shallower decay, fluctuating around a slope
of —0.5, which characterizes the slower O(1/v/M) convergence.

Crucially, the quadratic speedup is definitively present. As the number of samples in-
creases, the gap between the two curves widens substantially; for instance, at 219 samples,
the quantum algorithm achieves a precision orders of magnitude superior to its classical
counterpart. This divergence empirically confirms that QAE requires quadratically fewer
resources to achieve a target precision €, or conversely, yields a quadratically smaller error
for a fixed computational budget.
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Figure 3.5: Comparison of estimation error |a — a| for QAE (blue) and Monte Carlo
(orange) versus sample count M. The distinct slopes empirically validate the quadratic
speedup of the quantum algorithm. Source: own elaboration.

3.4 Boosting the success probability

Although Theorem establishes a specific error bound for our estimate, it guarantees
success with a constant probability of approximately 0.81. In practical financial contexts,
where high reliability is paramount, this confidence level is often insufficient. To address
this limitation, we aim to amplify the success probability to an arbitrary level 1 — ¢ by
repeating the algorithm independently N times and taking the median of the resulting
estimates. Consequently, our immediate goal is to derive a bound on N that ensures the
median estimate remains within the desired precision e with high probability.

This necessity leads us to introduce the following lemma, whose prove can be found
in [25]. This fundamental result from probability theory will serve as the crucial tool
for the subsequent proposition, allowing us to prove that the failure probability decays
exponentially with the number of repetitions.

Lemma 3.16 (Hoeffding’s Inequality). Let Xi,..., X, be independent random variables

such that 0 < X; <1 for allt=1,...,n. If we denote S, = > | X;, then for 0 <t <
E[Sn]
1 — ElSnl
n

Prob (Sn _ ElSi] > t> < exp(—2nt?)
n

n

Proposition 3.17. Let A be a (classical or quantum) algorithm aiming to estimate a
quantity p, whose output [i satisfies | — fi| < € with probability at least 1 — ~y, for some
fized failure probability v < % For any desired target failure probability & > 0, let the

algorithm A be repeated N independent times, where N satisfies:

N> In(1/0)

= m (3.4.1)
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Then, the median of these N estimates is accurate to within € with probability at least

1—9.

Proof. Let X; be an indicator where X; = 1 if the i-th run is “bad” (outside the range
|t — 1] <€) and 0 otherwise. The median fails if the sum

N Sy 1
SNZZXz‘ZN/Q — W—’Yzi—’Y
i—1

Since P(X; = 1) =y < 1/2, one can obtain with ease that E[Sy]/N = 7. Hence, we can
invoke Hoeffding’s Inequality for ¢ = % — ~v to obtain

Prob S—N— >t <e —2N 1— i
r N = > exp 9 v

We require this failure probability to be at most 9:

on (-2 (3-0)) <5

By taking the natural logarithm and multiplying by —1 on both sides we obtain the
desired inequality. O

We conclude this section by applying Eq. to determine the computational cost
required to ensure high reliability. Suppose we demand a success probability of 99.75%,
which corresponds to a target failure probability of = 0.0025. Recalling Theorem 3.9 the
failure probability of a single QAE run is bounded by v < 1 — 8/72 ~ 0.19. Substituting
these values into the inequality derived in the proposition yields:

y 5 I0(1/0.0025) _ In(400) ..
2(0.5—0.19)2  2(0.31)2

Therefore, by strictly rounding up, we determine that repeating the algorithm N = 32
times and taking the median is sufficient to satisfy the reliability requirement. Crucially,
because this factor N depends only on the desired confidence level and not on the precision
€, the total query complexity of the Quantum Monte Carlo method remains O(1/M).

Example 3.18. The data from Figure [3.3] explicitly corroborates the effectiveness of the
probability-boosting strategy derived in Proposition Recall that by setting N = 32,
we aimed to ensure that the median estimate satisfies the error bound with a probability
of at least 99.75%. For the median to fail, the number of erroneous estimates (red bars)
would need to exceed N/2 = 16. In our experiments, the maximum number of failures
observed is merely 4, falling well below the critical threshold. Consequently, the median
of these 32 independent runs successfully converges to a value within the theoretical error
bound in every case, demonstrating that the calculated redundancy is sufficient to satisfy
high-reliability requirements.



Chapter 4

Application to Credit Risk

Having established the rigorous mathematical foundation of Quantum Amplitude Esti-
mation (QAE) in Chapter [3|, we now turn our attention to its practical utility within the
financial sector. The analysis conducted previously culminated in Theorem a pivotal
result that explicitly bounds the estimation error and guarantees a quadratic speedup over
classical Monte Carlo methods. In this chapter, we leverage this theoretical advantage
to address a specific and computationally demanding problem: the analysis of credit risk
[13].

We organize this application into three sections. First, we formally define the financial
metrics of interest, specifically Value at Risk (VaR) and Economic Capital Requirement
(ECR), framing them as rare-event simulation problems where classical convergence is
notoriously slow [12]. Adapted from the previous reference, we construct a specialized
quantum circuit that encodes the loss distribution of a portfolio into the quantum state,
allowing us to utilize QAE as a subroutine to evaluate the cumulative distribution function
with the high precision guaranteed by Theorem Finally, we validate this framework
through a numerical experiment, empirically demonstrating that the quantum algorithm
achieves the predicted accuracy and reliability essential for modern risk management.

4.1 Risk metrics

In this section, we formally define the specific financial metrics that serve as the target of
our estimation: Value at Risk (VaR) and Economic Capital Requirement (ECR). While
the expected loss provides a measure of the central tendency of the performance of a
financial company’s portfolio, effective risk management requires a rigorous quantification
of extreme adverse events located in the “tails” of the loss distribution [13]. Consequently,
we introduce the mathematical framework for these metrics and specify the simplified
portfolio model—characterized by independent default probabilities—upon which we will
deploy our quantum algorithm.

Definition 4.1. Let (Ly,...,Lg) € R[Z(O be the random vector which represents the loss
of the k" asset on a financial institution’s portfolio for all k = 1,...,K. If we denote

as L = Zszl Ly, the total loss of the portfolio, the Value at Risk (VaR) for a given a
confidence level o € [0, 1] is

VaR,[L] := ig%{x | Prob(£ < z) > a} (4.1.1)

38
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Additionally, the Economic Capital Requirement (ECR) at confidence level « is
ECR,[L] := VaR,[L] — E[L] (4.1.2)

VaR serves as the regulatory standard for quantifying the maximum expected loss of
a portfolio over a specific horizon, specifically targeting extreme adverse events located
in the “tails” of loss distributions. The ECR defines the additional capital reserves an
institution must maintain beyond expected losses to ensure continued solvency during pe-
riods of high default risk. Together, these fundamental metrics provide the mathematical
framework necessary for financial institutions to assess stability and manage rare-event
risks.

For simplification, we will only consider the ECR related to default risk, that is, the loss
that occurs when an obligor does not fulfill the payment of an associated passive, and
which is an active of the firm. Additionally, we assume that all losses are independent,
thus the loss of each asset can be expressed as Ly = A\ Xj, where )\ is a positive integer
and Xj € {0,1} is a Bernoulli random variable with probability py for all k = 1,..., K.
Equivalently, with probability Prob(Xy = 1) = pi we get a default for the kth asset whose
amount is A\, which is also the amount that the institution lossesﬂ

From all these assumptions, it is clear that E[£] = Zszl AePk, due to the linearity of the
expected value, and can be calculated it using classical computers. Thus, the challenge
from Eq. (4.1.2)) is to calculate VaR,[L£], which usually requires Monte Carlo simulations.

4.2 Quantum algorithm

In this section, we construct a quantum algorithm to estimate VaR based on the previous
assumptions. Its key will be to use QAE as a subroutine to evaluate the cumulative
distribution function (CDF) of the total loss £, that is, Prob(£ < z) for a given = > 0.

In fact, the problem can be reduced to the construction of a quantum algorithm A which
uses no measurements on a (n + 1)—qubit register such that

[T) = A0® ) = VT —a|Wo),|0) + va|U1)n|1) (4.2.1)
where [¥o)p, |V1)n € H1®- - -@H, are two orthogonal state vectors, and a = Prob(L < z).

By applying the orthogonal projector P = I,, ® |1)(1|, which measures if we get a ‘1’ on
the last qubit register, one can show a = (V|P|¥). Thus, by Theorem Algorithm
will output an estimation of a whose error is bounded by Eq. , which we know
equals to O(1/M) where M = 2™ is the 2—power of a m—qubit register, and with
probability at least 8/72. Furthermore, by Eq. , repeating the quantum algorithm
times and taking the median result boosts the success probability logarithmically. Finally,
by applying a bisection search, one can find the smallest z, to calculate VaR,[L].

Before moving on the construction of A, it is also important to remark that the confidence
level « is usually set to be close to one, that is, = — 1. By the definition of Eq. ,
when a = Prob(£ < z) = a, we can replace in Eq. a to a to get a better error
bound for QAE. In particular, if a = 99.9%, then the error bound is approximately

1 2

m + W (4.2.2)

Tn [12] they generalize these assumptions to a more realistic ones which give rise to the Gaussian
conditional independence model.
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which is an advantage compared to classical Monte Carlo, since it only then depends on
M.

In order to construct A, we need three unitary operators: P, S and C. Firstly, we use P
to assign the probabilities p1, ..., pr of defaulting on their respective asset. Specifically,
we define this operator on a K —qubit register as

R _ feos(%) —sin(%)
= Ry(0) @@ Ry(0) where Ry(0) = | (%k> N <%) (4.2.3)

on the 1—qubit register computational basis {|0), |1)}, where 0, = 2arcsin(,/pi) for all
k=1,...,K. By trigonometric properties, it can be proved with ease that

Ry (01)|0) = /1 = pr|0) + /pr[1)

Thus the probability of measuring ‘1’ on the k—qubit subregister is the same as the
probability of getting a default of the k" asset.

Secondly, S computes the total loss into a ng—qubit register. It is called weighted sum
operator and, while being unitary, satisfies that

Sloy -2 )|09™S) = |2y -2 )My + -+ AKTK )ng (4.2.4)

where z, € {0,1}. To represent all the possible values of A\jx; + -+ + Agzx (which are
sums and multiplications of positive integers) we set ng = |logy(A1 + -+ + Ag)| + 1.
Depending on the values of the weights, ancilla qubits may be necessary to temporarily
store the carries during addition operations. An efficient implementation of S needs at
most |logy(ng)] of them [15].

Lastly, C flips an ancilla qubit from |0) to |1) if and only if £ = Az + -+ + Agzr < x.
More formally, C acts on a (ng + 1)—qubit register as

lidng|1) if i <

4.2.5
|i)ng|0) otherwise. ( )

C: |i)ng|0) — {

After applying all these operators, it can be seen with ease that the composition of these
three operators gives us Eq. (#.2.1) when inputting |0®(K+7s+1))  Figure [4.1| summarizes
this idea, and we can also describe the quantum algorithm as a whole in Algorithm

Algorithm 2: Quantum algorithm for VaR

Input: A K—qubit register, ng—qubit register, a 1—qubit register, a m—qubit
register, and the orthogonal projector I, ® |1)(1] acting on the (K +ng+ 1)—qubit
register.

(i) Initialize all registers to the state |025)|0®"s)|0),
(ii) Apply the operator P from Eq. to the first register,
(iii) Apply the operator S from Eq. to the first two registers,
(iv) Apply the operator C from Eq. to the last two registers,
)

(v) Apply steps 2 - 6 of Algorithm |1} with A = (Ix ® C)(S @ I)(P ® Ing+1),
P =1, ® |[1)(1| and the m—qubit register.
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Figure 4.1: Implementation of A as the composition (Ix ® C)(S ® I)(P ® Ipg41). For
simplification, implementation of the ancilla qubits is not shown. Source: own elaboration.

4.3 Numerical experiment

In this section we will use a numerical example to verify all the bounds and probabilities for
qae and the proposed algorithm A. Data processing and figure generation were performed
using scripts developed in Python 3.13.5 and Qiskit 2.2.3 [22].

Asset (k) | Loss Given Default (\;) | Default Probability (py)
1 4 0.10
2 1 0.20
3 5 0.15
4 2 0.05
5 3 0.10

Table 4.1: Problem parameters for the illustrative example with K = 5 assets under the
independence assumption.

To validate the efficacy of the proposed quantum framework, we implement Algorithm [2]in
conjunction with a classical bisection search to estimate the Value at Risk for the portfolio
defined in Table We set a high confidence level of a = 99.9% and m = 9 qubits for
measuring the output with higher precision, necessitating the resolution of the extreme
tail of the loss distribution. Additionally, for every bisection step, we run Algorithm
N = 32 times and extract the median result to boost the success probability to at least
99.75%, as showed at the end of Section The results of this iterative process are
visualized in Figure [4.2

The search procedure initiates at x = 7 (labeled as step 1), where the quantum algorithm
estimates a cumulative probability of approximately 0.968670. Since this value is strictly
below the target threshold (indicated by the red dashed line), the algorithm infers that
the VaR must be located in the upper range of the domain. Consequently, the second
iteration evaluates x = 11 (step 2), yielding an estimate of ~ 0.998645. Although this
result indicates a high probability, there might be a higher x > 11 which satisfies the
condition Prob(£ < x) < 0.999, implying that it is not VaRgg g9 [L].

Proceeding to the upper bound, the third iteration tests z = 13 (step 3), resulting in
a probability effectively ~ 0.999962, which clearly surpasses the bound. Since we are
using m = 9 qubits for measuring estimations, if the actual probability a > 99.9%, by
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Figure 4.2: Iterative estimation of VaRgg gy [L] using QAE with bisection search. The
process identifies the minimal loss threshold = 12 (step 4) where the cumulative prob-
ability exceeds the target confidence level (red dashed line). Source: own elaboration.

Theorem and Eq. (4.2.2)

2

. 1 4
Thus we have at least the first third decimals of our estimated probability correct, moti-
vating us to make a fourth iteration of bisection search.

For x = 12 (step 4) we obtain a estimated probability ~ 0.999661. Given that = = 11
was insufficient, we identify the transition point and conclude that

VaRgg g9 [L] := ig%{x | Prob(£ < z) > 99.9%} = 12

Furthermore, the close alignment between the quantum estimates and the true CDF
empirically confirms the precision of Algorithm [2|in mapping the portfolio’s loss profile.

On the other hand, unlike the estimation of Value at Risk, the computation of the ex-
pected loss E[£] does not require the deployment of quantum algorithms, since it remains
computationally efficient for classical processors even as the portfolio size K scales. Ap-
plying this property to our specific numerical example, we utilize the risk parameters
provided in Table to calculate the expected value explicitly:

5
E[L] = Ape = 4(0.10) + 1(0.20) + 5(0.15) + 2(0.05) + 3(0.10) = 1.75
k=1
Finally, having determined both the Value at Risk and the expected loss, we can rigorously
quantify the Economic Capital Requirement as defined in Eq. (4.1.2). Substituting the
derived values VaRgg g% [£] = 12 and E[L] = 1.75, we obtain

ECRgg 9% [£] = 12 — 1.75 = 10.25



Chapter 5

Conclusions

This work has established a comprehensive mathematical and physical framework to an-
alyze the computational advantages of quantum algorithm Quantum Amplitude Estima-
tion (QAE). By rigorously bridging the gap between abstract linear algebra and quantum
computing, we have demonstrated that this algorithm offers a provable speedup over the
classical method known as Monte Carlo. The journey from the axiomatic definition of
a Hilbert space to the precise estimation of the error reveals not only the theoretical
elegance of Quantum Amplitude Estimation (QAE) but also its disruptive potential in
computational finance.

Chapter [2| established that the efficacy of quantum algorithms stems from the algebraic
structures of quantum systems. By applying the Riesz-Fréchet theorem (Theorem [2.5])
to finite-dimensional Hilbert spaces, we justified the vector-dual vector isomorphism of
Dirac notation—a necessity for modeling unitary evolution. This framework defined the
role of unitary and orthogonal projectors, alongside tensor products (H; ® -+ ® H,,) for
managing correlated vector spaces.

Translating these algebraic concepts into the four Postulates of Quantum Mechanics allows
for the interpretation of quantum circuits as linear operations. The State Space postulate
defines qubits as Hilbert space elements, while the Composition postulate utilizes tensor
products to enable non-classical correlations. These non-factorable states provide the
parallelism that distinguishes quantum computing from classical processing. Furthermore,
the Unitary Evolution and Measurement postulates formalize norm-preserving gates and
the probabilistic observation of qubits via orthogonal projectors, respectively.

In Chapter |3, we dissected the Quantum Amplitude Estimation (QAE) algorithm, trans-
forming the probabilistic problem of amplitude estimation into a deterministic spectral
analysis problem. The core of this analysis was the construction of the Grover operator.
By explicitly deriving the spectrum obtained in Eq. (3.1.5]), we proved that the target
probability is encoded in the eigenvalues of the operator. This insight allowed us to utilize
the unitary gate known as Quantum Fourier Transform (QFT) to extract the phase and,
consequently, the amplitude.

The central achievement of this theoretical analysis was the derivation of Theorem
We explicitly bounded the estimation error as a function of the number of query qubits
m proving that

a—a <or¥Yolza) 7
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This inequality provides the rigorous mathematical justification for the quadratic speedup.
Through asymptotic analysis in Section 3.3, we demonstrated that the query complexity
required to achieve a precision scales O(1/ VM ) as for QAE, in stark contrast to the
scaling O(1/M) of classical Monte Carlo.

This theoretical advantage was empirically validated through the extensive numerical ex-
periments conducted. The comparative error analysis visualized in Figure serves as
definitive empirical proof of the speedup. The QAE error curve (blue) follows a steep de-
scent consistent with a slope of on the logarithmic scale, strictly adhering to the bound.
Conversely, the classical Monte Carlo error (orange) exhibits the shallower slope of char-
acteristic of convergence. We observed that as the sample size increases, the divergence
between the two methods widens by orders of magnitude, confirming that quantum al-
gorithms can achieve high-precision estimates with significantly fewer computational re-
sources.

Furthermore, we addressed the probabilistic nature of the algorithm. While Theorem
guarantees a constant success probability (8/72), this might be insufficient for critical real-
world applications. We demonstrated via Proposition that the success probability
can be boosted to an arbitrary confidence level through independent repetitions and
median selection. Our numerical results in Figure corroborated this, showing that
with repetitions, the median estimate converged to the true value within the theoretical
error bounds in 100% of the trials for 4 and 10 qubits, surpassing even the strict theoretical
requirements for a 99.75% confidence level.

Finally, in Chapter [, we successfully translated these theoretical advantages into a practi-
cal solution for Credit Risk Analysis. We identified Value at Risk (VaR) and the Economic
Capital Requirement (ECR) as the critical metrics for risk management. The calcula-
tion of these metrics inherently involves the estimation of cumulative probabilities in the
”tails” of loss distributions—rare events that are computationally expensive to simulate
classically due to the slow convergence of Monte Carlo methods.

We constructed a specialized quantum circuit in Algorithm [2] utilizing three specific op-
erators:

e Probability Loading P: To encode default probabilities into qubit amplitudes.
e Weighted Sum S: To compute the total portfolio loss into a quantum register.
e Comparator C: To flag loss events exceeding a threshold.

By integrating this circuit with QAE and a classical bisection search, we demonstrated
the ability to map the portfolio’s Cumulative Distribution Function (CDF) with high
precision. The numerical experiment in Section 4.3 yielded a VaR of 12 and an ECR of
10.25, derived from a process where the quantum estimates aligned almost perfectly with
the analytical CDF, as visualized in Figure

The implications of this result are profound. The ability of QAE to provide precise,
quadratically faster risk estimates means that financial institutions could calculate capital
requirements more accurately and frequently.

In conclusion, this thesis argues that Quantum Amplitude Estimation stands not merely
as a theoretical curiosity, but as a mathematically sound mechanism to revolutionize
financial engineering.
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Appendix A

Proofs from Results of Linear
Algebra

n n n
Proof of Example[2.9 1. (y, x) = ZEQ:Z = ZE:CZ = Z:cﬁyl = (x,y)
=1 i=1 =1

n n n
2. (w, My +pz) = Y T+ pz) = A Ty +p Yy Tiz = Ma,y) + e, 2);
i=1 i=1 i=1
3. by representing x; as x; = a;+1tb;, one obtains T;x; = a?+b? >0 = (z, z) € R>o.
Moreover, if (z, z) = 0 and Z;z; > 0 for some ¢, we would have a contradiction.
Therefore, T;z; = 0 for all ¢, so x = 0.

O

Proof of Proposition[2.4) Since H is finite-dimensional, let n = dim(#). By the definition
of finite dimensionality, there exists a basis of vectors {ej,...,e,} which are linearly
independent and span H.

We construct for all k =1,...,n the vectors
k—1 <u €k>
(3
U = ey — U
; <u27uz> !

We first show by induction that span{ey,...,ex} = span{ui,...,u;} for any 1 < k < n.

In case it is true, proving {u1,...,u,} is a basis is immediate by cardinality. For the base
case k = 1, it is vacuously true. We now assume span{ei,...,ex_1} = span{ui, ..., up_1}.
Since Zf;ll EZZZ?;W € span{uy,...,ux_1} = span{ey,...,ex_1} by the induction hypoth-
esis, uy is generated by ej and the latter span. Thus, uy € span{ey,...,er}, which
is a basis, showing span{u,...,u,} C span{ej,...,e,}. Analogously, by the relation
er = ug + Zfz_ll %uz, we obtain the other inclusion.

We use induction again to show the elements of {ui,...,u,} are orthogonal pair-wise

for any 1 < k < n. The base £ = 1 continues to be vacuously true, since there are no
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orthogonal vectors with respect to u;. Now we must show (u,,ux) = 0 for any m < k.

Al (ui, ex)
(i i) = <um,ek a Z (u:ulj>uz>

By the second property of the inner product,

k—l

<Uma Uk> uma ek Z

=1

u’La ek:

maui>
uuuz

By our induction hypothesis, wu,, L u; for all i # m. Thus,

<um7 €k>

ms Um :0,
<um,um><u wm)

(tm, ur) = (um, ex) —

implying u,, L ug for all m < k.

It remains to show uy # 0, which can be proved with ease: if ux = 0, then e would be a
linear combination of u1,...,u_1, contradicting they are linearly independent. O

Proof of Proposition[2.6, The first property is immediate by the axioms of vector space.
For the second property, given any |z) € H,

(A + pyl)|2) = Az + pylz) = Malz) +Tilylz) = (Mz] + ulyl)]2)
Since both linear maps give the same value for every |z), they are the same.

For the last property, we start with the left-to-right direction. For any |¢) € H, one
obtains

(Wlo) = (1), 1¥)) = Ml8). |2)) + 7l|@), [y)) = Mz|o) + Alyld) = (Mx| + Tlyl)(16))

Thus, (1| and \(z| + i(y| must be the same linear map. For the converse, by considering

(¢] € 1",

(@ly) = (¥16) = Nzl + AlyDIv) = Mzle) + mlylv) = Melz) + ulvly) = (9]Ax + py)

By a similar argument we used to prove the uniqueness of Theorem and the previous
two properties, the converse can be proved. ]

Proof of Theorem [2.11. We start with the existence. Let {|e1),...,|en)} be an orthonor-
mal basis. Under its action, we can represent any two vectors as

= Melew) ) =D wle)
k .

Observe we have denoted >, instead of > ;. This is to avoid overloading the notation
with all the subindices that will appear within the proof.

Given any linear operator 7', by Theorem we can express it as

T =7 Tijlei)esl
i



49

where T; ; is the coefficient in the it" row and j*" column of its associated matrix. We
also consider the operator
Z Tjle:)(e;l

Note the associated matrix with 7T is the Hermitian conjugate of the one related to 7.
On the one hand,

(z|Ty) = (z|T|y) = (= ZT,J

ei)e;] (Z fuler) )

= (2| | Y wTijlen)esler) | = (el | D miTisles)
iJ

0,50

By Proposition we know (z| = >, Mg(ex|. Thus,

(|Ty) = (Z)\k €k|) > wiTigles | =Y M T jlerles) Z/\Z“J i (A0.1)
1,J

1,5,k

On the other hand,
(y |TT )=y |TT|1’ = (y| ZT]1|61 ) (€5l (Z)‘k|ek>

=l | D MTjaleilleslen) | = Wl | D NTales)
i.j

Z'7j7k

Again, by Proposition we know (y| = >, i (e|. Thus,

(yIT'z) (Z i 61\) D ANTjilen) | =Y mATjilele) = ZuzA T, (A0.2)
¥

2,9,

By the properties of the inner product

(TTzly) = (y|TTz) = ZW\ T (A.0.3)

Thus, Eq. (A.0.1) and Eq. (A.0.3) coincide, implying T'" is an adjoint of T whose associated

matrix is Hermitian conjugate.

For the uniqueness, suppose there are two adjoints operators of 1", denoted by TlT and TQJf .
Hence,

(T{aly) = (2|Ty) = (Tjaly) = (T} = T})aly) =0
for all |z),|y) € H. By a similar argument we used to prove the uniqueness of Theorem

we can finish the proof. O

Proof of Theorem[2.18 We need to prove the three properties of the inner product. We
begin with conjugate symmetry. On pure tensors

(T1 @ 22,91 @ Y2) = (T1, Y1) # (T2, Y2) 1o = (Y1, 71) (Y2, T2) = (Y1 @ Y2, 71 ® 12)
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If we now consider z =3, z; ® 2; and y = 3, y; ® y;, by the bilinear extension

(@,y) = (@i@al,y; @) =Y (Y @y, z @a]) = (y,)
ij i,J

To prove the linearity in the second argument, it is sufficient to do so for the case of pure
tensors, due to extension of the map Eq. (2.1.4) for any tensor. Given A, u € C, by the
bilinearity of ®,

(r1 @z, Ay + pyh) ®@ y2) = (@1, Ay1 + ph) 2, (22, Y2) 94,
= (Ma1,y1)3, + (21, 91)) (2, Y2) 1,
= XNz1 @ T2, y1 @ Y2) + (1 ® 22, Y] ® Y2)
Similarly, (r1 ® x2, y1 ® (A\y2 + pys)) = M1 ® 22, Y1 @ y2) + (1 @ T2, Y1 @ Yo)
It remains to prove the positive-definiteness. Let e;,e;, € By and fj, fi € B2. By the
assumption of being both orthonormal,
1, ifi=kand j=1

0, otherwise

<ei ®fj7ek ®fl> = <€Z‘,€k><fj7fl> = {

If we verify the positive-definiteness, then it is immediate that Bg is a orthonormal basis.
For that, we represent z € H1 ® Ha as o =}, ; A j(&; ® f;). Hence,

<.%',:L’> = <Z )\kl(ek ® fl), Z/\ij(ei & f])>

k.l i\j
=Y N dale® fien® iy =Y P >0
h,j Kl V]
Moreover, (z,z) = 0 if and only if all the coefficients A;; = 0 which means z = 0. O

Proof of Proposition|2.21] We start showing the first identity in the case of pure tensors
1 @ T2, Y1 @ y2 € H1 @ Ha:

(1 @ m2|(S @ T) (11 ®y2)) = (21 @ 22|51 @ Ty2) = (21|SY1)21, (T2 SY2) 31,
= (Stx1|y1)a, (T walyo) 2, = (STt @ TTaalyr @ yo)
= (ST @ Th)(21 @ z2)|y1 © y2)
By using the linearity in the second argument, the conjugate-linearity in the first one and
the fact that every tensor is generated by pure tensors, we can prove the identity from

above for all |z), |y) € H1®Hz. Finally, Theorem guarantees us ST® T is the unique
adjoint of S ® T

By a similar argument about linearity, it is sufficient to prove the second identity for the
case of pure tensors. Since for any |z ® y) € Hi ® Ho the equations

(ST ™S @D)|z@y) =5""Sz) @ T 'Ty) = |z) ® |y),
(SeT)(S'eT Hzwy) =95 z) @ TT y) = |z) @ |y)

coincide, we have proved what we wanted. ]
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