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1. Introduction

A central concern of algebraic logic, particularly of its subfield known as abstract algebraic logic (AAL), is
to systematically relate the consequence relation of a propositional logic L with the equational consequence
relation of some class of algebras [14]. (Throughout the paper, by a logic we mean a finitary structural
consequence relation between a set of premises and a single conclusion.) This class of algebras is typically
the algebraic counterpart of L: a class of algebras Alg L. canonically associated to any logic. For example, the
consequence relation IL of intuitionistic logic is linked to the equational consequence relation of the class
HA of Heyting algebras by the following equivalence:
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71%"7771'_1[1()0 — 71z17"'a,}/nz1’:HA§0z1'

Here the right-hand side of the equivalence states that the corresponding quasi-equation holds in all Heyting
algebras, i.e. instead we may equally well write

HAE(m=1& ... &=l = o=1.

Such an equivalence is called an equational completeness theorem [17]. Indeed, this equivalence is a stan-
dard equational completeness theorem: the class of algebras on the right-hand side (HA) is the algebraic
counterpart of IL.!

However, this not the only way to provide the consequence relation of intuitionistic logic with an algebraic
reading. We can also translate intuitionistic consequence into the equational theory of Heyting algebras as
follows:

Yy-os Y b @ <= HAE v A~ Ay, < .

Rather than individual formulas getting translated into equations, here the entire consequence 71, ..., v, F ¢
is translated into an equation. Accordingly, we shall call this kind of equivalence a (global) equational
definition of consequence, and we say that a logic with such an equational definition of consequence has the
(global) EDC. The above equivalence is in fact a standard equational definition of consequence, again in the
sense that the right-hand side involves the algebraic counterpart of IL.

Both of these algebraic readings of logical consequence are available in the case of intuitionistic logic,
where it is in fact easy to derive one from the other. More generally, they are available given any class
of algebras K with a unital meet semilattice reduct. In that case, the logic defined by the equational
completeness theorem of the above form is called the assertional logic of K and the logic defined by the
equational definition of consequence of the above form is called the logic of order of K. Logics of order were
systematically studied by Jansana [15], but the equational definability of consequence does not appear to
have been isolated and studied in its own right beyond this special case.

Although they coincide in the case of intuitionistic logic, the assertional logic and the logic of order
associated with a class of algebras are typically different. Consider for instance the local and global variants®
of basic modal logic, K¢ and K&. These are two distinct consequence relations: x Fxe Oz but  ¥ke Ox. The
algebraic counterpart of both of these logics is the variety (equational class) BAO of Boolean algebras with
an operator (a unary operation O which satisfies the equations O(z A y) = Ox A Oy and O1 = 1). The logic
K* is the logic of order of BAO, and as such has a standard global EDC, namely:

Y1y Vn Fge p <= BAOE vy Ao Ay, < .

In contrast, K¢ does not have any standard equational completeness theorem [17, Corollary 9.7]. The opposite
situation holds for K&. This is the assertional logic of BAO, and as such it has a standard equational
completeness theorem of the following form:

’71,...,’Yn|_Kg(p — lel,...,wnzl’:BAo(pzl,

but it does not have a standard global EDC (Example 8.5).

1 The recent work of Moraschini [17] showed that almost all logics admit some equational completeness theorem, but conversely
also that, absent any constraints on the class of algebras, such completeness theorems are of little help in the study of a given
logic.

2 See [3, Section 1.5] for the definition of these consequence relations and [14, p. 476] for a summary of the basic properties of
these logics from the point of view of AAL, including those stated here without proof.
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Although the logic K& does not admit a standard global EDC, it does admit the following more general
kind of standard EDC:

MyeoosYn Fre @ <= BAOFE Or(m A+ Ayn) < ¢ for some k € w,

where we use the notation Ogz := x and O; 12 := x A OO;2. Similarly, the infinite-valued Lukasiewicz logic
I, whose algebraic counterpart is the variety MV of MV-algebras, does not admit a standard global EDC
(Example 8.4), but it admits the following more general kind of standard EDC:

ViyeoosVn FE @ <= MV|=('y1/\~~~/\'yn)kSgoforsomelfe(,u7

where ¢¥ := 1 and ¢**! := p ® ¢*. Such an equivalence, where the right-hand side states that at least one
equation in a certain family of equations holds, will be called a local equational definition of consequence.

Other examples show that even if both an equational completeness theorem and an equational definition
of consequence are available for a given logic, they may provide two rather different connections to the same
class of algebras. Consider for instance the strong three-valued Kleene logic KL and the three-valued Logic
of Paradox LP.? These logics are typically studied in the signature {A,V,—}, but for the sake of simplicity
let us throughout this paper add the constants 0 and 1 to their signature. The algebraic counterpart of
both of these logics is the class KA of Kleene algebras, i.e. bounded distributive lattices with an order-
inverting involution — which satisfy the inequality x A =z < yV —y. The logic KL has a standard equational
completeness theorem of the form

717"‘7’7n|_KL(P A ’lelw"?'-}/nzl’:KA@z]-v

while LP has a standard equational completeness theorem of the form

Moo bLp @ = 71 <7y Y S e Fra T < @
These logics also have standard equational definitions of consequence:

Y1y sV FRL @ <= KAEy <y Ve fory:i=y1 A Ay,
Y- bLp @ = KAEYA—p <pfory =91 A Avp.

In other words, the consequence relations of KL and LP may be identified either with a fragment of the
quasi-equational theory of Kleene algebras through the equational completeness theorem or with a (different)
fragment of the equational theory of Kleene algebras through the equational definition of consequence.

So far, we have contrasted (standard) equational completeness theorems and (standard) equational defi-
nitions of consequence. While the core theory of AAL has focused on classes of logics which enjoy standard
equational completeness theorems, such as algebraizable logics, the bare property of admitting a standard
equational completeness theorem is not yet fully understood on its own (it is not known what exactly its
consequences are for the semantics of a logic) and has not played a key role in the theory of AAL. Rather,
the core theory of AAL works with a stronger property called truth-equationality. Unlike equational com-
pleteness theorems, which only talk about logical consequence or equivalently about the theories of a logic,
truth-equationality is a semantic property in the sense that it talks about the filters of a logic (see below).

Similarly, the present paper will mainly focus not on the equational definability of consequence, but
rather on a stronger semantic property, namely the equational definability of filter generation. Before we
can state the definition of this property, we will need to briefly review some basic concepts of AAL.

3 See [2, Sections 3 and 5] and [18, Section 4] for a discussion of these logics from the point of view of AAL.
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Just as an L-theory is a set of formulas closed under the consequences valid in a logic L, an L-filter on
an algebra A is a subset F' of A which is closed, in a natural sense, under the consequences valid in L.
For example, if A is a Boolean algebra with an operator, then the filters of K¢ on A are the lattice filters,
while the filters of K& on A are the lattice filters F' closed under the necessitation rule x - Ox, which is
interpreted in A as the implication a € F = Oa € F'. L-theories are precisely the L-filters on the algebra
of formulas (the absolutely free algebra) in the signature of L over a given infinite set of variables. In other
words, the notion of an L-filter extends that of an L-theory to arbitrary algebras.

The deductive closure Cnr(v1,...,7,) of a finite set of formulas {vi,...,7n}, which is the small-
est L-theory containing {v1,...,7,}, similarly generalizes to the L-filter Fgf‘(al, ...,ay) generated by
{a1,...,a,} € A, which is the smallest L-filter on A containing {ai,...,a,}. Instead of considering the
equational definability of the relation ¢ € Cny, (71, .. .,7n), which is merely the relation 1, ..., v, FL ¢ un-
der a different notation, we can now ask whether the relation b € Fgf(al, ...,ay) is equationally definable
for each A € AlgL. We call this property the equational definability of compact filters (EDCF).*

The equational definitions of consequence in the examples that we have seen so far all extend straight-
forwardly to equational definitions of compact filters. Local modal logic K¢ enjoys the following form of the
(global) EDCF: for each A € BAO = AlgK* and each ay,...,a,,b€ A

bEFg?g(ah...,an) — a1 AN ANap, <D

The logics KL and LP also have the (global) EDCF: for each A € KA = AlgKL = AlgLP and each
A1y, 0n,b E A

bEFgﬁL(al,...,an) <~ a<-aVbfora:=ai N - Aay,

bngfp(al,...,an) > aAN-b<bfora:=ai A---Aay.

The local EDC of global modal logic K& extends to the following local form of the EDCF: for each A €
BAO = AlgK® and each ay,...,a,,b € A

bngﬁg(al,...,an) <~ Og(ar A+ Aay) < b for some k € w.

Similarly, compact filter generation in infinite-valued FLukasiewicz logic T. is described by the following local
form of the EDCEF": for each A € MV = Algt, and each aq,...,a,,b € A

bngé(alw-wan) > (a1 A---Aay)® < bfor some k € w,
or equivalently
bEFgf(al,u-,an) — (al®‘~~®an)kSbforsomekew.

While the EDCF is a stronger property than the standard EDC (see Fact 8.3), we have not found any
examples of logics with the standard EDC but not the EDCF “in the wild” and had to resort to constructing
an artificial example in order to separate the two properties (see Example 8.7).

The main contribution of this paper is to provide equivalent characterizations of the local and global
EDCEF (Theorems 4.3 and 4.10) and of the parametrized forms of the local and global EDCF (Theorems 3.7
and 3.14) which can readily be used to prove that a logic does not admit any EDCF of the appropriate form.

4 The name comes from the fact that finitely generated L-filters, i.e. L-filters of the form Fgf(al, ...,an), are exactly the compact
elements of the lattice of all L-filters on A. We shall use EDCF as an abbreviation for either equational definability of compact
filters or equational definition of compact filters, depending on the context.
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Fig. 1. Running examples of logics.

These theorems are very much in the spirit of the semantic characterizations of the corresponding forms
of the so-called Deduction—Detachment Theorem, or DDT (see [4] and [12, Chapter 2] for a comprehensive
account of the DDT).

Indeed, there is a close connection between the established hierarchy of local and global forms of the
DDT and the new hierarchy of local and global forms of the EDCF (with or without parameters). The two
hierarchies coincide for algebraizable logics whose algebraic counterpart is a quasivariety (Section 7). Such
logics are the best-behaved among the major class of logics studied in AAL. Beyond the exclusive club of
algebraizable logics, the two hierarchies diverge.

The base level (i.e. the parametrized local level) of the DDT hierarchy consists of the so-called proto-
algebraic logics, while the corresponding level of the EDCF hierarchy contains all logics. In full generality
the two hierarchies are independent of each other except at this base level. However, in practice it only
takes a very modest assumption to derive a given form of the EDCF from the corresponding form of the
DDT (Fact 7.13). Namely, it suffices to assume that the smallest filter on any algebra has an equational
definition of the appropriate form (typically 1Az~ 1or 1V z = x or 1 = ). That said, a logic which has
the DDT but not the EDCF can be constructed (this is the logic ILoe of Example 7.15).

For the reader’s convenience, we show which of the logics encountered in this paper enjoy the local and
the global forms of the EDCF and the DDT in Fig. 1. By Kﬁ_, K%, and L, we mean the negation-free
fragments of the logics K¢, K&, L. More precisely, the signature of Kﬂ_ and K& is {A,V,1,0,0, ¢}, while the
signature of Ly is {®,®, A, V, 1,0}.

Part of the interest of equational definitions of compact filters stems from the fact that many logics
which are not particularly well-behaved when viewed through the lens of other existing categories of abstract
algebraic logic (on account of lacking a well-behaved implication connective) nonetheless have an EDCF. For
instance, the logic KL is almost maximally ill-behaved: it does not have a standard equational completeness
theorem (hence it is not truth-equational), it is not protoalgebraic (hence it is not equivalential, much less
algebraizable, and does not enjoy even a weak form of the deduction theorem), and it is not selfextensional.
The connection between KL and its algebraic counterpart should therefore be very weak. Yet the logic has
a global EDCF, unlike many logics which are much better behaved with respect to the existing categories
of AAL, such as the global modal logic K&, infinite-valued Lukasiewicz logic, or the Full Lambek calculus.

In addition, we consider the question of when the EDCF can be finitized in the sense of reducing to
finitely many equations in the global case and to a finite family of finitely many equations in the local case
(Theorem 5.4). The finitized forms of our characterizations theorems, at least for the parametrized and for
the local EDCF, are in fact straightforward consequences of the model-theoretic results of Campercholi and
Vaggione [8] concerning the definability of relations by first-order formulas of various types. However, note
that many prominent examples of logics (such as K& and L) have a non-finitizable local EDCF.

The paper is structured as follows. In Section 2 we review the basic notions of AAL which we will
need to rely on throughout the paper. In Sections 3 and 4 we provide a number of equivalent conditions
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for a logic L to enjoy the local and global EDCF in their parametrized and parameter-free forms on a
prevariety K O AlgL. More precisely, in Section 3 we show that every logic has a parametrized local
EDCF (Theorem 3.7) and that having a parametrized global EDCF is equivalent to having absolute factor
determined compact filters on K, or equivalently to having test algebras for compact filters (Theorem 3.13
and Definitions 3.11 and 3.12). In Section 4 we show that having a local EDCF on K is equivalent to having
the absolute Filter Extension Property (Theorem 4.3 and Definition 4.1), and that having a global EDCF
on K is equivalent to the action %, of Conk A on the join semilattice of compact L-filters on A being
dually residuated for every algebra A (Theorem 4.9 and Definition 4.7). In Section 5 we then discuss the
finitary forms of the EDCF (Definition 5.2), showing that having the finitary EDCF is equivalent to having
the general EDCF plus the first-order Definability of Principal Filters (Theorem 5.4). Section 6 reviews
some basic classes of logics which arise in AAL. It provides the required preliminaries for Section 7, which
discusses the relationship between the corresponding forms of the EDCF and the DDT, proving in particular
that for algebraizable logics they coincide (Theorems 7.6 and 7.9 and Corollary 7.11). Finally, in Section 8
we consider the equational definability of consequence (Definition 8.1), using L. and K& as examples on
which we illustrate how to prove that a logic fails to have an equationally definable consequence relation
(Examples 8.4 and 8.5).

2. Preliminaries

This preliminary section contains a review of the basic notions of AAL which will be used throughout
the paper. The reader seeking a more detailed and leisurely introduction to AAL is advised to consult the
textbook [14].

For the purposes of this paper, a logic is a finitary structural consequence relation in some given set of
variables and a given algebraic signature. In more detail, we fix an infinite set of variables and a signature
consisting of a set of function symbols with some specified finite arities. By algebras we shall always mean
algebras in this given signature. The formula algebra is the absolutely free algebra Fm generated in this
algebraic signature by the given set of variables.

A (finitary) rule is a pair consisting of a finite set of formulas (the premises of the rule) and a single
formula (the conclusion of the rule), written as v1,...,v, b ¢. A logic L is then a set of finitary rules, where
Y1, ---,Yn @ € L will be written as y1,...,7v, FL ¢, such that

(i) 71,7 FL @ holds for ¢ € {y1,...,7},
(11) if’717"’77n l_L 1/] and w7617"~76k }_L ®s then 717"‘77na617"'76k l_L P
(iii) if y1,...,7 Fr @, then o(y1),...,0(yn) Fr () for each substitution o.

The rules which belong to L are said to be valid in L or to hold in L.

Throughout the paper, L will denote a logic. A logic L is trivial if it validates every rule. A theory of L,
or an L-theory, is a set of formulas T closed under L-consequence: if ~y1,...,v, FL ¢ and v1,...,7, € T,
then ¢ € T. We write I" F, A as shorthand for the claim that I' -, § for each § € A.

A (logical) matriz is a structure (A, F') consisting of an algebra A and a subset F' C A. A finitary rule
Yi,--+,Yn ¢ is said to be walid in a matrix (A, F) if h(y1),...,h(y,) € F imply h(p) € F for each
homomorphism A: Fm — A. An L-filter on an algebra A is a set F' C A such that each rule valid in L is
also valid in (A, F'). In that case, we also say that (A, F') is a model of L. Informally speaking, an L-filter
on A is a subset of A closed under all rules valid in L, as interpreted in A. The logic determined by a class
of matrices K is the logic consisting precisely of the rules valid in each matrix in K.

The L-filters on A form an algebraic lattice Fij, A, where meets are intersections and directed joins are
directed unions. The smallest L-filter which extends a given set X C A is called the L-filter generated by
X and denoted by Fgff X. The compact elements of the lattice Fir, A are precisely the finitely generated L-
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filters, i.e. L-filters of the form Fgf‘(al, ceyan) = Fgf‘{al, ..., an} for some aq,...,a, € A. It is important
to keep in mind that here and in other similar contexts we allow for n := 0. In that case the notation
Fg(ay,...,a,) is to be understood as Fg (.

A congruence 0 of an algebra A is compatible with a subset F' of A in case

a € F and (a,b) € = be F.

Informally speaking, this means that the congruence 6 does not cut across F. If F' is an L-filter on A and
6 is a congruence on A compatible with F, then F/0 := {a/0 € A/0 | a € F} is an L-filter on A/6. If
To: A — A /0 is the quotient map, then of course F = 7, '[F/6].

Using the notion of compatibility, we can introduce the algebraic counterpart of a logic L. This class,
denoted by AlgL, consists of those algebras A where the only congruence compatible with all L-filters on
A is the identity congruence Aa. Informally speaking, this means that A does not contain any logically
redundant information: we cannot quotient A any further without thereby destroying some of the L-filters
on A.

The algebraic counterpart of a logic AlgL is always a subdirect class (a class of algebras closed under iso-
morphic images and subdirect products). Often but not always, the class AlgL is closed under subalgebras,
making it a prevariety (a class of algebras closed under isomorphic images, subalgebras, and products),
or even under subalgebras and ultraproducts, making it a quasivariety (a prevariety closed under ultra-
products). In the best of cases, the algebraic counterpart of a logic is a variety (a prevariety closed under
homomorphic images).

Fact 2.1. Let L be the logic determined by a class of matrices whose algebraic reducts lie in a variety K.
Then AlgL C K.

Proof. This follows from Theorem 5.76 and Proposition 5.79 of [14]. O

Given a subdirect class K, a K-congruence on an algebra A is a congruence 6 on A such that A /6 € K.
The K-congruences on each algebra A form a complete lattice Conk A, where meets are intersections. The
K-congruence generated by a set of pairs X C AZ2 is the smallest K-congruence on A which extends X. This
K-congruence is denoted by Cg? X. In particular, the smallest K-congruence on A is Cgf? (). This smallest
K-congruence will also be denoted by #¢ here. Observe that for every algebra A there is a largest congruence
compatible with all L-filters on A, namely the congruence OﬁlgL.

3. Parametrized and parametrized local EDCF

We now introduce the most general type of the EDCF to be considered here, namely the parametrized
local EDCF. Other types of the EDCF will be defined as restrictions of the parametrized local EDCF. We
then show that every logic in fact admits this form of the EDCF, and describe those logics which admit
a parametrized global EDCF. While this shows that the parametrized local EDCF is a trivial property of
logics in the sense that every logic has one, keep in mind that knowing that a logic admits a parametrized
local EDCF of a particular shape may well provide non-trivial information about the logic.

Definition 3.1. A parametrized local equational definition of n-generated L-filters on a class of algebras K for
n € w is a family of sets equations ¥,,(z1,...,2,,y,Z), where the variables x1,...,x,,y,Z are distinct and
Z is a possibly infinite tuple of variables (which we call parameters), such that for each algebra A € K and
each a1,...,a,,b€ A

be Fgf}(al,...,an) <— AEO,(a,...,an,b,7c) for some O, € ¥, ¢ A.
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In a local definition of n-generated filters each @, € ¥, moreover has the form @, (x1,...,T,,y), ie.
no parameters occur in ©,. A parametrized global definition of n-generated filters is a set of equa-
tions ©,(x1,...,Z,,y,Z) such that ¥, := {O,} is a parametrized local equational definition of n-
generated filters. In a global equational definition of n-generated filters this set ®,, moreover has the form
O, (x1,...,2Zn,y), i.e. no parameters occur in O,,.

Note that in the definition of a parametrized local equational definition of n-filters we allow for n := 0,
in which case the equivalence is interpreted as

beFglt ) < AE ©(b,7) for some Oy € ¥y and some ¢ € A.

Definition 3.2. A (parametrized) local equational definition of compact L-filters on a class of algebras K is a
sequence ¥ = (¥, ),c. of (parametrized) local equational definitions of n-generated L-filters on K. If such
a definition exists, we say that L has a (parametrized) local EDCF on K, or more explicitly that it has the
(parametrized) local EDCF(¥) on K.

Definition 3.3. A (parametrized) global equational definition of compact L-filters on K is a sequence @ =
(©,)new of (parametrized) global equational definitions of n-generated L-filters on K. If such a definition
exists, we say that L has a (parametrized) global EDCF on K, or more explicitly that it has the (parametrized)
global EDCF(®) on K. Whenever convenient, we simply call ® a (parametrized) equational definition of
compact L-filters.

Allowing for infinitary conjunctions and disjunctions and quantification over infinitely many variables,
we can rewrite the above definitions as follows: W is a parametrized local equational definition of compact
L-filters on K if for each A € K, each n € w, and all a;,...,a,,b € A

b€ Fef(a,....an) < AFIZ\/ A\Ou(ar,...,an,b,%).
®,ev,

It is a parametrized equational definition if
b€ Fei(ar,...,a,) <= AFEIZN\Ou(ar,... an,b7%),
a local equational definition if

b€ Fef(ar,....an) < AF \/ \Ou(a1,...,an,b),
®,c¥,

and a global equational definition if
beFef(ar,....an) < AF \Ou(ar,... an,b).

Clearly if L has an EDCF (of any of the above forms) on K, then it has an EDCF (of the given form) on
any subclass of K.

Given a logic L, the most natural choice of the class K is of course the algebraic counterpart Alg L. Our
main results, however, will be proved for an arbitrary prevariety K 2 AlgL. This approach has two (related)
advantages. Firstly, the variety or quasivariety generated by AlgL, may be more convenient to work with
than Alg L itself. Secondly, this avoids the need to first compute the class Alg L before deploying the results
proved below. Finding a convenient class K O Alg L is sometimes easier than precisely determining the class
Alg L.
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Some logics fail to have an EDCF only for the trivial reason that they do not have a theorem. Consider,
for instance, the fragment of local modal logic K¢ in the signature O, A, V. In the absence of the constant 1,
the smallest filter of this fragment of K¢ on each algebra is the empty filter. But the empty filter does
not have a parametrized equational definition on the singleton algebra. Apart from this small deficiency,
however, K¢ enjoys most of the benefits of the EDCF. It would therefore be unfair to lump it together with
logics where the EDCF fails for more substantial reasons. This motivates the following definition.

Definition 3.4. If L has an equational definition (of any of the above forms) of n-generated filters for each
n > 1 on K, we say that L almost has an EDCF (of the given form) on K.

Fact 3.5. L has a (parametrized) EDCF on a subdirect class K if and only if it has a theorem and it almost
has a (parametrized) EDCF on K.

Proof. We only consider the global case, since the parametrized case is entirely analogous. Left to right, if L
has no theorems, then () is an L-filter on the singleton algebra {x}. (This algebra belongs to every subdirect
class by virtue of being the empty subdirect product.) But every equation is satisfied in {*} by the element
*, 80 10 set of equations (not even the empty set) can define Fgf (). Each logic with an EDCF therefore has
a theorem.

Conversely, if L has a theorem and almost has an EDCF, then in particular it has a theorem in at most
one variable p(z) and it has an equational definition of 1-generated L-filters ®;. Then

beFgl 0 < beFg p(b) < AFO(p(b),b),
so L has an EDCF if we take @¢(x) := O1(p(z),z). O

In contrast, logics without any theorems can enjoy a local EDCF, since on every algebra the empty family
() is a local equational definition of the empty set. (Indeed b € Fgﬁ () if and only if there is some @¢ € 0
such that A E @ (b), since Fgi* § = .) To construct an example of a logic with a local EDCF but without
any theorems, consider any logic L with the local EDCF(¥). Like every logic, L has a theoremless variant
L’ such that T b1 ¢ if and only if T" is non-empty and I' k1, . Then L' is a theoremless logic with the local
EDCEF: its filters are precisely the filters of L’ plus the empty filter on every algebra, so replacing o with
() does the job.

The results about the different forms of EDCF proved in this paper have obvious variants for the cor-
responding forms of almost EDCF, obtained by restricting to non-empty filters. We shall not state these
explicitly, but the reader should be aware that for logics without theorems the properties of interest are
typically these restricted forms of EDCF.

The definition of an EDCF for K O AlgL can be restated in terms of relative congruences on arbitrary
algebras (instead of the equality relation on algebras in K). Recall that 9? denotes the smallest K-congruence
on A.

Fact 3.6. Let ¥ = (¥,,)hew be a sequence of families of sets of equations where elements of ¥, have the form
O, (x1,...,2n,y,Z) for distinct variables x1,...,xy,y,Z, with Z being a possibly infinite tuple of variables.
Then the following are equivalent for each logic L and each subdirect class K:

(i) For each n € w, each algebra A, and each ay,...,a,,b€ A

bEFgf‘(al,...,an) — 0O,(ai,...,a,,b,7) C OF

for some ©,, € ¥,, and some ¢ € A.
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(ii) For each n € w, each algebra A, and each ay,...,a,,b€ A

beFegl(ar,...,an) <= A/JOREO,(a1/08,... a,/08 b/08 c/08)

for some ©,, € ¥,, and some T € A.

(iii) K 2 AlgL and L has the parametrized local EDCF(¥) on K.

Proof. (i) < (ii): the equivalence of the right-hand sides of (i) and (ii) is clear.
(iii) = (ii): if K O AlgL, then 0% < HﬁlgL. But Hji‘lgL is compatible with each L-filter on A and the
congruences compatible with an L-filter form a downset in Con A, so

be Fgﬁ(al, coan) = b/@? € Fgﬁ‘/a’?(al/ﬁé, . 7an/sz‘)
e AJBEE Ou(ar /80 a6 b0 T00)

for some ®,, € ¥,, and some ¢/0g € A/OR.

(ii) = (iii): 68 is the identity congruence on each A € K, so if K O AlgL, then (iii) is a special case of
(ii). It remains to show that (ii) implies that AlgL, C K. Thus consider A € AlgL. It suffices to show that
0 is compatible with every L-filter on A, since then 6§ < HAAlgL = Ap, so indeed AlgL C K. Given n > 1,
this holds for n-generated L-filters on A because by (ii) each such filter is the homomorphic preimage of an
n-generated L-filter on A/G‘k“ with respect to the projection map 7: A — A/OQ. The L-filter Fgf () is either
empty or it is a 1-generated L-filter, in either case 9? is compatible with Fgf (. Finally, since L is finitary,
each L-filter is a directed union of compact L-filters, therefore 9KA is compatible with all L-filters. But the
equality relation is the largest congruence on A € Alg L compatible with each L-filter, so 62 = Ax. O

The following theorem shows that having a parametrized local EDCF is a trivial property of logics,
which on its own does not provide any information about the logic in question. What may provide non-
trivial information about a logic is knowing a particular parametrized local EDCF for the logic.

Theorem 3.7. Every logic has a parametrized local EDCF on the class of all algebras (in the signature of the
logic).

Proof. Consider a logic L and an algebra A. For each X C A we define C(X) C A so that b € C(X) if
and only if there is a finitary rule v1,...,7m, F ¢ valid in L and a homomorphism h: Fm — A such that
h(v;) € X for each i € {1,...,m} and h(p) = b. The map C is monotone: if X C Y, then C(X) C C(Y). It
is also increasing: X C C(X). Finally, it is finitary: if a € C(X), then there is a finite subset ¥ C X such
that a € C(Y). We shall write C(aq,...,ay) for C({a1,...,an}).

A set X C A is an L-filter if and only if C'(X) C X. Let us take

Co(X) := X, Cir1(X) := C(Ci(X)) for i € w, Cu(X) = | Ci(x).

1EW

We know that C,,(X) = Fgi*(X) [14, Theorem 2.23]. A brief self-contained proof of this fact runs as
follows: if X C F' € Fip, A, then C(X) C C(F) C F, and thus C,(X) C F. Conversely, if a € C(C, (X)),
then a € C(C,(X)) for some n € w (because C' is finitary), and thus a € Cp41(X) C Cy(X). Therefore
C(Cu(X)) C C,u(X) and C,(X) is an L-filter.

To prove that L has a parametrized local EDCF, observe first that there is a family of sets of equations
W, (x1,...,2,,Y, %), where Z is a tuple of variables z; for i € w, such that
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beClay,...,an) < AEO,(ay,...,an,b,¢) for some O, € ¥, and ¢ € A.

This family contains a set of equations ©,, for each pair consisting of a finitary rule v1,...,vm F ¢ in the
variables Z and a function f: {1,...,m} — {1,...,n}, namely

(-)n(xla"'axnay,E) = {71 RTra)y -5 In zxf(n),@zy}

Now b € Fgf(al,...7an) if and only if b € Cy(ay,...,a,), i.e. b € Cplay,...,a,) for some m € w.
Because the map C' is finitary, this holds if and only if there are dq,...,d; € A such that

dy € C(al,...,an),
dy € C’(al,...,an,dl),

di € C(al, cey Gy dy, .. .,dk,1)7
dr =b.

By the equivalence proved in the previous paragraph, this holds if and only if there are tuples of parameters
Ci,...,Cr € A, elements dy,...,d; € A, and sets of equations @,,4; € ¥,,; for i € {0,...,k — 1} such that
for all 4 € {0,...,k — 1} we have A E ©,;(a1,...,an,di11,d1,...,d;,©) and moreover d; = b. But this
condition can be rephrased as a parametrized local EDCF. O

If a logic L has a parametrized local EDCF with respect to two families, ¥ and ¥, then these families
are in a sense equivalent.

Fact 3.8. Suppose that L has the parametrized local EDCF(®) on a subdirect class K. Then L also has the
parametrized local EDCF (') on K if and only if for each ©,, € W, there is some @ € W' such that

KE EIE/\@n(xl,...,xn,y,E) = EIE/\@’”(xl,...,xn,y,E)
and for each ®), € W! there is some ©,, € W,, such that
KE HzA@;L(xl,...,mn,yj) = HEA@n(xl,...,mn,yj).

Proof. The verification of the right-to-left direction is straightforward and left to the reader. Conversely,
suppose that both ¥ and ¥’ are parametrized local EDCFs for L on K. Then

KE EIE/\@n(:El, T, Yy Z) = \/ (32/\@%(“%1, . ,xn,y,f)) .
o, cw,

We prove the first of the two asserted implications by contradiction. The second implication will then follow
by symmetry. If for each @/, € ¥/

K ¥ 32/\(9”(301,...,;3“,1/,2) = 32/\@;@1,...,;3“,3/,2),

as witnessed by a valuation ve; on Ag; € K, then the algebra A := [[g/ cg/ Ae: and the product of the
valuations ve, would witness that

K ¥ EIE/\@n(:El, T, Y Z) = \/ (32/\@%(“%1, . ,xn,y,f)) )
o, cw,



12 M. Pra Baldi, A. Prenosil / Annals of Pure and Applied Logic 176 (2025) 103617

contradicting the fact that ¥ and ¥’ are parametrized local EDCFs. O

Theorem 3.9. Suppose that L has the (parametrized) local EDCF(®) on a subdirect class K. If L also has
a (parametrized) EDCF, then it has a (parametrized) EDCF(®) on K for some © such that ©,, € ¥,, for
each n € w.

Proof. Suppose that L has a parametrized local EDCF(®) and a parametrized global EDCF(®’) on K.
Fact 3.8 ensures that there is some ®,, € ¥,, such that

KE3Z O, (21,...,20,9,2) = T2\ On(a1,...,20,9,%).

If b € Fef(ay,...,an) for ay,...,an,b € A € K, then the parametrized global EDCF(@) yields that
AEFEIFIZANO, (a1,...,an,b,Z), 50 A FITZAO,(a1,...,a,,b,%) by the above implication. Conversely, A F
FZA\O,(ai,...,a,,b,%) implies that b € Fgi*(ay, ..., a,) by the parametrized local EDCF(®). The logic L
therefore has the parametrized global EDCF(®) on K. Clearly if ¥ does not involve any parameters, then
neither does ®. 0O

Corollary 3.10. A logic has an EDCF on a subdirect class K if and only if it has both a local EDCF and a
parametrized global EDCF on K.

We move on to parametrized global EDCFs, where the sequence ¥ of families of sets of formulas
W, (x1,...,2n,y,Z) is replaced by a sequence © of sets of formulas O, (z1,...,2,,y,Z). We now show
under what conditions a parametrized local EDCF can be pared down to a parametrized global EDCF.

Definition 3.11. A logic L is said to have absolute factor determined compact filters on a class of algebras K
if for each family of algebras A; € K with ¢ € I and each aq,...,a, € A := Hiel A, withn ew

Fgi(ar,. .. an) = [[Fet (mi(ar), ..., milan)),
icl

where 7;: A — A,; are the projection maps.

Definition 3.12. A n-test algebra for compact filters of L on a class K for n € w is an algebra A,, € K with
elements p1,...,pn,q € A, (called test elements) such that for each A € K

be Fgf(ay,...,a,) <= there is a homomorphism h: A,, — A with
h(pl) =ap,..., h(pn) = ap, and h(Q) =b.

Equivalently, ¢ € Fgf}" (p1,...,pn) and moreover b € Fgi*(ai,...,a,) implies the existence of the above
homomorphism h. A logic L has test algebras for compact filters on K if it has an n-test algebra on K for
alln € w.

Theorem 3.13. Let L be a logic which has the parametrized local EDCF(¥ ) on a subdirect class K. Then the
following are equivalent:

(i) L has the parametrized global EDCF(®) on K for some ® with ©,, € ¥,,.
(ii) L has a parametrized global EDCF on K.
(i) L has absolute factor determined compact filters on K.

(iv) L has test algebras for compact filters with respect to K.
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Proof. (i)=-(ii): this follows from Theorem 3.9.

(ii)=-(iii): suppose that L has the parametrized global EDCF(®) on K. Consider a family of algebras
A, € Kfori e I. Take A := Hiel A; and let m;: A — A, be the projection maps. For all aq,...,a, €
A the inclusion Fg®(ay,... a,) C [Licr Fgii (mi(a1), ..., mi(a,)) holds for any L. Conversely, take b €
[Licr Fgﬁ"’(m(al),...,m(an)). That is, m;(b) € Fgfi(m(al),...,m(an) for each i € I. The parametrized
global EDCF(®) now yields a tuple ¢; € A; for each i € I such that A; E ©,,(m;(a1),...,m(ay), m(b),¢)
for each ¢ € I. Taking ¢ € A to be the unique tuple such that 7;(¢) = ¢; for each i € I, we obtain that
A, EO,(mi(ar),...,mi(an), mi(b),m(c)) for each i € I, so A F @, (ay,...,an,b,¢). The parametrized global
EDCF(®) now yields that b € Fgi*(ay, ..., an).

(iii)=-(iv): the proof of this implication is essentially identical to the proof of the implication (ii)=-(viii)
in [12, Theorem 2.4.1]. Let x be the Yo plus cardinality of the tuple of parameters Z associated with
the parametrized local EDCF W. Consider all tuples (A, ay,...,a,,b) where A € K is an algebra with
ai,...,0,,0 € A such that b € Fgf(al, ...,an) and A is generated by a set of cardinality at most x. Up
to isomorphism, there is only a set of such structures A := (A, aq,...,a,,b). Let S be a set which contains
at least one representative of each isomorphism class. Take A, := [[5cg A, and let mo: A, — A be the
projection maps. Then take p;,q € A,, such that ma(p1) = a1,...,7a(Pn) = an,ma(q) = b for each structure
A= (A ay,...,a,,b) €S.

We claim that A, is an n-test algebra with test elements pi,...,pn,q. By construction ma(q) €
Fg* (ma(p1), ..., ma(pn)), so by (iii) we can infer that ¢ € Fgf‘" (p1,-..,pn). If b € Fg(ay,...,a,), then by
the parametrized local EDCF(®) there is a subalgebra B of A generated by a set of cardinality at most &
with a1,...,a,,b€ Band b € FgE(al, ..., ay). By the definition of S we have (B, ay,...,a,,b) € 5, so the
projection map is the required homomorphism h: A,, — B with h(p1) = a1, ..., h(pn) = an, h(q) = 0.

(iv)=-(i): Suppose that for each n € w there is an n-test algebra A,, for L with respect to K, with test
elements p1,...,pn,q € A,,. Since q € Fgﬁ" (p1,--.,Pn), we obtain that A, E @, (p1,...,pn,q,T) for some
©,, € ¥,, and some tuple ¥ € A,,. We claim that L has the parametrized global EDCF(@®). One direction
holds trivially: if A F ©,(a1,...,a,,b,¢) with A € K for some tuple ¢ € A, then b € Fgf(al, ...,ap) by the
parametrized local EDCF(¥). Conversely, suppose that b € Fgﬁ(al, ..., ap). Then there is a homomorphism
h: A, — A such that h(p1) = a1,...,h(pn) = an, h(q) = b. But A, F O, (p1,...,pn,q,T) for some T € A,
so AE O, (h(p1),...,h(pn),h(q),h(T)) and indeed A E O, (a1, ...,a,,b,¢) for some tuple ¢ € A.

(The equivalence (i) < (ii) was of course already proved in Theorem 3.9. However, going through the
implication (iv) = (i) appears to be the most natural way to prove the implication (iv) = (ii).) O

The following is a less refined but more concise form of the above theorem.
Theorem 3.14. The following are equivalent for every logic L:

(i) L has a parametrized global EDCF on AlgL.
(i1) L has absolute factor determined compact filters on AlgL.
(i) L has test algebras for compact filters with respect to AlgL.

Proof. By Theorem 3.7 each logic L has a parametrized local EDCF on the class of all algebras. The
equivalence then follows from Theorem 3.13. O

By way of illustration, let us use the above theorem to show that the global modal logic K& and the
paraconsistent weak Kleene logic PWK do not have a parametrized global EDCF on their algebraic coun-
terparts.

We have already seen that K& has a local EDCF on its algebraic counterpart, which is the variety BAO
of Boolean algebras with an operator.
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Example 3.15. K& does not have a parametrized global EDCF on Alg K& = BAO.

Proof. The filters of K& on such algebras are the non-empty lattice filters closed under 0O, so K& has the
following local EDCF on BAO: for ay,...,a,,b € A € BAO

bEFg?g(al,...7an) <~ AE0Or(ai A+ Aay) < b for some k € w,

where Opz := z and O;412 := A O0;x. For each n there is some A,, € BAO and some a,, € A,, such that
Opayp < Op—1ay. Take A := HnEw A, and a := Hnew an. Let b € A be the tuple such that b, = O,a, for
each n € w. Then b, € Fg?g an by the local EDCF, so b €[], ., Fgfzg ap. On the other hand, b ¢ ]F‘gég a:
otherwise there would be some k € w such that Oxa < b, but then Ogagy1 < bg+1 = Ogt1ak+1, contradicting
the assumption that Ogy10k+1 < Ok@rt1-

(Alternatively, one may apply Theorem 3.9: if K& had a parametrized global EDCF, it would have a
global EDCF © where ©1(x1,y) := {Ogx1 < y} for some k € w. But this is directly contradicted by the
fact that Ogy1aps1 € Fg?,f“(akﬂ) but Okakt+1 € Opt1ak4+1.) O

Paraconsistent weak Kleene logic PWK, studied in detail in [6, Chapter 7], is the logic determined by
the three-element matrix (WKs, {1,1/2}), where WK3 := ({0, 1,1/2},V, —) with

=0 :=1, -1:=0, —l/a = 1/g

and with V defined as the binary join operation in the chain 0 < 1 < 1/2. Sometimes the operation A defined
as the binary meet operation in the (different!) three-element chain 1/2 < 0 < 1 is added to the signature
of WKg3, but this operation is definable as x Ay := = (-2 V —y). The values 1 and 0 correspond to the true
and false values of classical logic, while the value 1/2 is infectious in the sense that if any subformula of a
formula is evaluated to 1/2, then so is the entire formula.

The variety generated by WK3 is called the variety of generalized involutive bisemilattices and denoted
by GIB [6, Proposition 2.4.22]. The algebraic counterpart of PWK is the quasivariety generated by WKjs [6,
Corollary 7.1.16 and Theorem 7.1.19], which is axiomatized relative to GIB by the quasi-equation

rec&yxy — r=xY.

Part of the interest of the logic PWK stems from the fact that it equivalently arises as the so-called left
variable inclusion companion of classical logic CL:

I'bFpwk ¢ <= Abcrn @ for some A C T such that Var(A) C Var(yp),

where Var(A) and Var(yp) are the sets of variables which occur in the set A and in the formula ¢. One can
infer from this that PWK is not protoalgebraic.

Example 3.16. PWK does not have a parametrized global EDCF on Alg PWK.

Proof. Consider the map h: WKz x WK3 — WK3 defined as follows:

/2 if either a = 1/2 or b = 1/2,
h({a,b)) =<1 if {a,b) = (1,1) or {a,b) = (0,1),
0 if{a,b) =(0,0) or (a,b) = (1,0).
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This map is easily seen to be a homomorphism. Then the set F' := h=1[{1,1/2}] is a filter of PWK on
WK; x WK3, due to being a homomorphic preimage of a filter of PWK on WK3. But (1/2,0) € F and
(1,0) ¢ F, so (1,0) ¢ Fagpe™WVEs((1/2.0)). On the other hand, 1 € FgW¥2(1/2) and 0 € Fg"V¥3(0),
so (1,0) € FgW¥s(1/2) x FgW&3(0). This shows that Fgpee VK3 ((1/2,0)) # FgWEs(1/2) x FgWks(0),
hence PWK does not have factor determined compact filters. The logic PWK therefore does not have a
parametrized global EDCF on Alg L by Theorem 3.14. 0O

The parametrized global EDCF arises naturally when one studies the definability of ideals in algebras.
Indeed, a variant of this notion, namely the parametrized equational definability of principal ideals, was
already investigated by Agliano and Ursini [1] in the more restricted setting of subtractive varieties. Theo-
rem 3.14 echoes Proposition 2.5 and Theorem 2.6 of [1].

The above characterization of the parametrized global EDCF is, unsurprisingly, reminiscent of the known
semantic characterization of the parametrized DDT [12, Theorem 2.4.1]). The properties of having absolute
factor determined compact filters and test algebras are similar to but distinct from the properties of having
factor determined compact filters and test matrices considered in [12,1].> We shall discuss the relationship
between these properties in more detail in Section 7.

The parametrized global EDCF on its own (without the global EDCF) is not a condition typical of the
best-known examples on non-classical logics. Since, as we shall see (Theorem 7.6), the parametrized global
EDCEF and the parametrized DDT coincide for weakly algebraizable logics, we can recycle the logic of ideals
of commutative unital rings, which served as an example of a logic with the parametrized (but not the
global) DDT in [12, p. 143], as an example of a logic with the parametrized (but not the global) EDCF.

4. Global and local EDCF

In this section, we characterize which logics admit a local and a global EDCF without parameters. Given
that every logic has a parametrized local EDCF and parametrized global EDCFs are not typical of the
best-known families of non-classical logics, these two characterizations can be counted as the central results
of the present paper.

Recall that 62 denotes the smallest K-congruence on A. Since AlgL is closed under isomorphic images
and subdirect products, the prevariety generated by AlgL is simply S(AlgL).

Definition 4.1. A logic L enjoys the absolute filter extension property on a prevariety K, or the absolute FEP
on K for short, if for all algebras A < B € K every L-filter F on A is the restriction to A of some L-filter
G on B,ie. F=GNA, or equivalently if for all algebras A < B € K every compact L-filter F' on A is the
restriction to A of some compact L-filter G on B.

If F' is the restriction of some filter on G to A, then in particular it is the restriction of FgE F to A,
which accounts for the equivalence of the two conditions in the above definition, and also for the equivalence
of the first two conditions in the following fact.

Fact 4.2. The following are equivalent for each prevariety K O S(AlgL):

(i) L enjoys the absolute FEP on K.
(i) If A < B € K, then Fg*(ay,...,a,) = ANFgP(ay,... ay).
(iii) If A < B and 0f = A2N 68, then Fgi*(ay,...,a,) = ANFgP(ay,...,a,).

5 To be more precise about the terminology, Czelakowski [12, p. 140] talks about factor determined finitely generated filters and
property (F), respectively, while Agliano and Ursini [1, p. 365] talk about test algebras for principal ideals and factorable principal
ideals on direct products.
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Proof. We only prove the equivalence of (ii) and (iii). Clearly (ii) is a special case of (iii). Conversely,
suppose that (ii) holds and consider algebras A < B with 68 = A2 N 68. Then A/02 < B/OB € K, so for
each b € A

A
beFgl(ay,...,a,) < bR € Fgé/eK (a1/08, ..., an/08)
— b/0B € FP/% (a1 /08, .. a,/0B)
— beFgl(ay,...,a,).

Here the first and last equivalences hold because 0? and 0 are compatible with every L-filter on A and
B, respectively. The second equivalence holds by the assumption that 5 = A2 N 0?. O

We now show that the local EDCF is, under the modest assumption that Alg L is closed under subalgebras,
equivalent to the absolute FEP. The implication from the local EDCF to the absolute FEP will be straight-
forward to prove. The opposite implication requires us to produce a family ¥,, of sets of equations in n+ 1
variables for each n € w. To accomplish this, it will be convenient to introduce the notion of filter generation
relative to a congruence.

Recall that a congruence 6 on A is compatible with a set F C A in case a € F and (a,b) € § imply b € F.
We now view at this relation from the opposite perspective: we say that a filter F' is compatible with 6 if
this implication holds. The L-filters F' on A compatible with a given congruence 6 form a complete lattice
Fi¢ A ordered by inclusion where meets are intersections. Then

Fi! A = Fip, A /0 via the map 7~ *: Fip, A/6 — Fi! A,
where 7: A — A/6 is the projection map. However, we shall think about Fii A as an object in its own
right sitting inside Fiy, A. In particular, the smallest L-filter compatible with # which extends a set X C A
is
Fgf’ X = n ! [Fegf/" x[X]).
In particular,
beFe(ay,... a,) < b/0 € Fei'%(a1/6,...,a,/9).
We shall use the following lighter notation for § € Con A and F' € Fip, A:
0%, F :=Fg’ F.

This is to emphasize that the two main arguments in Fgf’a F are 6 and F. Clearly

FgA’e(al, cesQp) = 0%, FgA(al, ceeyQp).
Observe that, for a fixed § € Con A, the map

O, —: Fip A - Fil A

preserves arbitrary joins and maps compact (finitely generated) elements of Fij, A to compact (finitely
generated) elements of Fif A.
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Given any ai,...,a,,b € A, we can now consider the family of congruences
{6 € Cong A | b e b Fg(ay,... an)}.

This family of congruences is an upset of Conk A. It is non-empty for each n > 1, and if L. has a theorem,
then it is non-empty also for n = 0. Such families of congruences on the formula algebra Fm,, 1, over n+ 1
variables will provide us with the required sequence ¥,,.

Theorem 4.3. Let K D Alg L be a prevariety. Then L has a local EDCF on K if and only if it has the absolute
FEP on K.

Proof. Suppose that L has the local EDCF(¥) on K. Consider algebras A < B with B € K and
ai,...,0,,0 € A. Since K is a prevariety, A € K. Then

be Fgf(al,...,an) <— BFO,(a,...,a,,b) for some O, € ¥,
<~ AEO,(ay,...,a,,b) for some O, € ¥,

— beFgl(ay,...,an).

Conversely, let Fm, 1 be the algebra of formulas of L in the n+ 1 variables {z1,...,x,,y}, i.e. the
absolutely free algebra generated by this set in the signature of L, and let ¥,,(x1,...,Z,,y) be the upset of

my41 (

all K-congruences 6 on Fm,,; such that y € 6%, Fgf Z1,...,2y). Observe that ¥, is non-empty unless
n = 0 and L has no theorem. We claim that ¥,, is a local equational definition of n-generated L-filters.
Consider an algebra B € K and ay,...,a,,b € B. Let A be the subalgebra of B generated by these
elements. K is closed under subalgebras, so A € K. Let h: Fm,,;; — A be the unique homomorphism with
h(z1) = aq, ..., h(x,) = an, and h(y) = b. This homomorphism is surjective, so by the First Isomorphism
Theorem [7, Theorem 6.12] the algebras A and Fm,;/Kerh are isomorphic via h(z) — =(z), where
m: Fm,; — Fm,;/Kerh is the quotient map. We have the following chain of equivalences for each

0, cW¥,:
BEO®,(a1,...,an,b) < AEO,(a1,...,an,b)
— AF Gn(h(xl)v L} h(xn)a h(y))
<~ Fm, i1/ Kerh F O, (n(x1),...,7(xy), 7(y))
— O,(z1,...,2n,y) < Kerh.

Since ¥, is an upset, it follows that B £ @, (ay,...,ay,b) for some O, € ¥, if and only if Kerh € ¥,,.
But

Kerh € ¥, <= y € Kerh*, Fgr™ (21,..., )

Fm, / Ker h

— w(y) € Fg, (m(x1)y ..., 7(zn))
< h(y) € Fgr(h(z1), ..., h(zy))

— beFg(ay,... an)

<— be FgE(al, ceyQn),

where the last equivalence uses the absolute FEP on K. O

The following is a less refined but more concise form of the above theorem.
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Theorem 4.4. Suppose that AlgL is closed under subalgebras. Then L has a local EDCF on AlgL if and
only if it has the absolute FEP on AlgL.

As examples of logics with a local EDCF we have already seen the global modal logic K& and Y.ukasiewicz
logic T, as well as their fragments in any signature containing [0, A, 1 in the case of K& and in any signature
containing @, 1 in the case of ¥.. Many other global modal logics or substructural logics have a local EDCF
of the same form. The identity logic Id, where

ViV Fld @ &= @ =700 ... OF 9 =1,
trivially has a local EDCF of the following form:
bGFgﬁ(al,...,an) <= b=ajor ... orb=a,.
A more exotic example is provided by the paraconsistent weak Kleene logic PWK introduced already
in the previous section (recall Example 3.16). To establish the local EDCF for PWK, we shall first need

the following description of PWK-filters on generalized involutive bisemilattices, which form the variety GIB
generated by WKsg.

Lemma 4.5 ([6, Proposition 7.1.8 and Remark 7.1.9]). Let A € GIB. A set F' C A is a PWK-filter on A if
and only if the following hold for every a,b € A:

(i) aV-a€F,

(ii) ifa € F and a <y b, then b € F,
(iii) if a,b € F, then a Ab € F,
where <y s the partial order determined by the join operation V:

a<yb < aVb=hb.
The smallest PWK-filter on A is the set P(A) :={a € A|a=aV —a}.
Recall that WKg3 ordered by <y is the three-element chain 0 < 1 < 1/2.
Example 4.6. The logic PWK has a local EDCF on GIB O Alg PWK, namely
W, = {{y~yV oy U X < b | X C oot
More explicitly, b € FgﬁWK(al, .o.yap) for aj,...,a,,b € A € GIB if and only if
AEFEb=bV-borec A+ Acg <y bfor some {c1,...,¢,} C{ay,...,an}.
Proof. Consider A € GIB and a4, ...,a, € A. Take
F:={bcA|AEO,(ay,...,ay,b) for some ©,, € ¥, }.

We show that F' = Fgpywi (a1, ..., a,). Clearly a; € F for each i € {1,...,n}, since <y is reflexive. Next,

we prove that F' is a PWK-filter. To this end it suffices to verify that F satisfies conditions (i)—(iii) of
Lemma 4.5.
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Condition (i) holds, i.e. P(A) C F, because {x =V -x} € ¥,, and GIBF 2V -z = (zV-z)V-(xV x).

In order to show that condition (ii) holds, i.e. that F' is an upset with respect to </, suppose a € F and
a <y b€ A. Then either a € P(A) (i.e. a = aV—a) or ¢;A---Ac <y a for some {c1,...,cp} C {a1,...,an}.
In the former case, if a € P(A) and a <, b, then b = bV —b € P(A) by the last claim in Lemma 4.5,
therefore b € F, since {y = y V -y} € ¥,. In the latter case, a; A -+ Aax <y a <y b, so b € F, since
{zi N Nay <y y} € P,

Finally, to prove that condition (iii) holds, i.e. that F' is closed under A, consider a,b € F. If a,b € P(A),
then a A b € P(A) by the last claim in Lemma 4.5, therefore a A b € F. If only one among the elements a
and b, say a, lies in P(A), then ¢; A--- Acp <y b for some non-empty set {ci,...,cx} C {a1,...,an}. Since
GIBEz<yzA(xVy)and GIBF (xV-z) Ay =yA(yV(zV-zx)), we obtain that c; A+ Acp <y b <y
bA(bVa) = aAb € F. If neither a nor b lie in P(A), then c:=c; A+ Ak <y aand d:=dyA---Nd; <y bfor
some non-empty sets {c1,...,cx}, {d1,...,di} C{a1,...,a,}. Observe that GIBF x Ay <, (xVu)A(yVwv),
so the inequalities ¢ <y a and d <y b imply that cAd <y a Ab. But {e1,...,¢k,dq,...,d;} is a non-empty
subset of {ay,...,a,}, so cAd € F. Because we have already proved that F' is an upset with respect to <,
it follows that a A b € F. This proves that F' is indeed a PWK-filter.

It remains to show that F' is the smallest PWK-filter with aq,...,a, € F. Let G therefore be a PWK-

filter containing aq,...,a, and consider a € F. If a is a solution of x = x V -z on A, then a € G by item
(i) of Lemma 4.5. Otherwise, ¢; A -+ A ¢, < a for some non-empty finite set {c1,...,ck} C {a1,...,an}.
Since G contains ¢y, ..., cg, item (iii) of Lemma 4.5 entails that ¢; A -+ A ¢ € G. Moreover, by condition

(ii) the inequality ¢1 A -+ A ¢x <y a entails that a € G. Thus F C G, proving that F is indeed the smallest
PWK-filter on A containing ai,...,a,. O

On the other hand, for examples of algebraizable logics which do not enjoy a local DDT and therefore
(by Theorem 7.9) a local EDCF, the reader can consult [5,16]. In particular, the latter paper constructs
continuum many axiomatic extensions of so-called congruential modal logic with this property.

We now show under what conditions a local EDCF can be improved to a global EDCF.

Definition 4.7. Let A be an algebra and K be a prevariety. We say that the action *, of Conk A on the join
semilattice of compact L-filters on A is dually residuated if for all compact F, G € Fip, A there is a smallest
0 € Conk A such that G C 0 %, F.

Lemma 4.8. Let F' be a compact L-filter on A and let 8 € Cong A be the directed union of a family of
K-congruences 0; € Cong A fori € I. Then the L-filter 0 xy, F' is the directed union of the family of L-filters
0; x, F foriel.

Proof. Let G be the directed union of this family of L-filters. As a directed union of L-filters compatible
with 6;, the L-filter G is compatible with 6; for each 7 € I, hence also with 6. Conversely, each L-filter H
compatible with 6 is compatible with each 6; for i € I, so 0; x, F C H for each ¢ € I, and thus G C H. O

Theorem 4.9. Let L be a logic with the local EDCF(¥) on a prevariety K O AlgL. Then the following are
equivalent:

(i) L has an EDCF on K.
(i) L has the EDCF(®) on K for some sequence ® with ©,, € ¥,, for all n.
(iii) For each A (or equivalently, for each A € K), the action %1, of Cong A on the join semilattice of
compact L-filters on A is dually residuated.
(iv) For each A (or equivalently, for each A € K) and aq,...,a,,b € A there is a smallest K-congruence
0 on A such that b € 0 1, Fgf(al, ceylp)-
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(v) L has factor determined compact filters on K.
If K is a quasivariety, then this K-congruence 0 is a compact K-congruence.

Proof. (i) & (v): having an EDCF on K is equivalent to having both a local EDCF and a parametrized
global EDCF on K by Corollary 3.10, and the latter is equivalent to having factor determined compact
filters on K by Theorem 3.13.

(i) & (ii): this was already proved in Theorem 3.9.

(iii)=(iv): it suffices to take F := Fgf*(a1,...,a,) and G := Fgi*(b) and to observe that for each L-filter
H on A we have b € H if and only if G C H.

(iv)=(iii): Consider compact L-filters F' and G := Fgi*(by,...,b,). Let 6; for 1 < i < n be the smallest
congruence such that b; € 0; *;, F. Then for each K-congruence 6

GCO*x, I < b, €0x Fforeachl<i<n
— 0; <@ foreach1 <i<n

<~ 6,Vv---Vvh, <0,

80 61V ---V 8, is the smallest congruence € such that G C 6 x, F.
(i)=>(iv): Suppose that L has the EDCF(®) with respect to K. Consider an algebra A € K with
ai,...,a,,b € A and a K-congruence 6 € Conk A. Then

be b, Fait(ay,. .. a,) <= b/@EFgé/a(al/H,...,an/G)
<~ A/0EO,(a1/0,...,a,/0,b/0)
<~ O,(ay,...,an,b) CH

— Cgt ©,(a1,...,a,,b) <0 in Conk A,

where the third equivalence holds because A /6 € K. Thus Cg‘k“ ®,(ay,...,an,b)is the smallest K-congruence
on A with the required property.
(iv)=-(i): Let Fm,; be the algebra of formulas of L over the set of variables {x1,...,zn,y}. By

assumption there is a smallest § € Conk Fm,; such that y € 6 %, Fgfm"“(a:l,...,a:n), ie. y/0 €

Fg¥mnt1/0 (2070, ... 2,/0). We take ©,(z1,...,2n,y) := 0. Note that 6 is indeed a set of pairs of ele-
ments of Fm,, ;.

We claim that L has the EDCF(®). Consider ay,...,a,,b € A € K. Let B be the subalgebra of A
generated by these elements and let h: Fm,; — B be the unique (surjective) homomorphism such that
h(z1) =aq, ..., h(z,) = ay, and h(y) = b. Then

beFg(ay,... an) beFeP(a,... an)

y € Ker h s, Fg™™ 1 (21, .., 2,)

0 <Kerh

O, (x1,...,2n,y) C Kerh

Fm, 1/ Kerhk ©,(z1/Kerh,...,x,/Kerh,y/Kerh)
BEO,(a,...,an,b),

AEFO,(a,...,an,b),

[ A A
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where the first equivalence uses the absolute FEP, the second relies on the surjectivity of h, and the third
and fourth use the definitions of 8 and ©,,.

(ii)=-(i): Trivial.

Finally, suppose that K is a quasivariety and G C 0 %1, F'. Then 0 is a directed union of a family of
compact K-congruences 0; < 6 with i € I, so 0 %, F is a directed union of 6; x;, F' with ¢ € I by Lemma 4.8.
Because G is finitely generated, it follows that G C 6; %1, F' for some i € I. But 0 is the smallest congruence
such that G C 0%, F, soin fact # = 6;. O

The following is a less refined but more concise form of the above theorem.
Theorem 4.10. Let L be a logic such that Alg L is closed under subalgebras. Then the following are equivalent:

(i) L has an EDCF on AlgL.
(i) L has the absolute FEP and for each A € AlgL and compact F,G € Fiy, A there is a smallest (AlgL)-
congruence 8 on A such that G C 0 %1, F'.
(iii) L has the absolute FEP and for each A € AlgL and ay,...,a,,b € A there is a smallest (AlgL)-
congruence 0 on A such that b € 0 *1, Fgf (a1y...,ap).

If Alg L is closed under ultraproducts, then this (AlgL)-congruence 6 is compact.
Echoing the remarks made at the end of the previous section, the absolute FEP is similar to but distinct
from the FEP (filter extension property), which is the semantic correlate of the local DDT [11, Theorem II.1]

(see also [12, p. 138]). We postpone discussing the relationship between these two properties until Section 7.

Fact 4.11. Let © be a global EDCF for a logic L on a class of algebras K. If there are formulas ¢1,. .., k41
and Y1, ..., Pk, Vi1 =y with k € w such that

T1yen s Ty 1,55 FL Wi foralli e {0,... k}
and
KE /\@n(xl,...,xn,y) = @; =Yy forallie {1,...,k+1},
then © is a global equational definition of compact L-filters on ISP (K).

Proof. Given ay,...,a,,b € A € ISP(K), let F := Fgf(ah...,an). Because the validity of the above
implication is preserved under isomorphic images, subalgebras, and products,

If AFE©®,(ay,...,a,,b), then applying any homomorphism h: Fm — A such that h(z1) = aq,...,h(z,) =
an, h(y) = b to the rules assumed to be valid yields that

hp1) € F = h(i1) € F = h(pg) € F = -+ = h(¢py1) € F,
so b= h(y) = h(gy1) € F.

Conversely, L has some parametrized local EDCF on the class of all algebras (in the given signature) by
Theorem 3.7, say ¥'. Because @© is a global EDCF for L on K, for each ®], € ¥/,
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KE /\@;l(xl,...,xn,y,f) = /\@n(xl,...,xn,y).

This implication extends to ISP (K). But then the parametrized local EDCF(W’) ensures that if b € F, then
AFO,(a,...,an,b). O

As an example, consider the strong three-valued Kleene logic KL, or more precisely its variant with the
top and bottom constants. This is a logic in the signature which consists of the binary lattice connectives A
and V, the top and bottom constants 1 and 0, and a unary negation connective —. It is determined by the
matrix (Ks, {1}), where Kj is the three-element bounded chain 0 < 1/2 < 1 with the operation —: z +— 1—z.

Example 4.12. KL has a global EDCF on Alg KL = HSP(K3), namely
O, (1, .., xn,y) i={x1 A Axpy <—(x1 A Axy) Vyl

Proof. The only non-trivial KL-filter on K3 is {1}, so © is easily seen to be a global EDCF for KL on Kj.
Moreover, taking ¢ :=x1 A -+ A xy,

KsFp<-pVy = o=pA(-pVy).
But then the rules

.Tl,.-.,l'nl_KLQO, QO/\(_‘QO\/y)'_KLy,

ensure that ® is an EDCF for KL on ISP(Kj3) by Fact 4.11, taking K := {K3}.

The class Alg KL is known to be the variety generated by Ks. Let us give a brief self-contained proof of
this fact. Because K3 is a finite algebra with a lattice reduct, by Jénsson’s lemma each subdirectly irreducible
algebra in HSP(K3) lies in HSPy(Ks) = IS(K3). But each algebra in HSP (K3) is a subdirect product of
subdirectly irreducible algebras in this variety, so HSP(K3) = ISP(K3). In addition, Alg KL C HSP(K3)
by Fact 2.1. Conversely, Alg KL is closed under subdirect products and each algebra in ISP(Kj3) is a
subdirect product of algebras in S(Kg3). Thus ISP (K3) C AlgKL, since S(K3) C AlgKL. O

The same argument with the four-element subdirectly irreducible De Morgan algebra DM, instead of
K3 shows that the four-valued Exactly True Logic ETL (see [2,18]), or more precisely its variant with the
top and bottom constants, has EDCF(@®) with respect to AlgETL = ISP(DMy). This class is known as
the variety of De Morgan algebras, while its subvariety ISP (K3) is known as the variety of Kleene algebras.

A similar example but with a different EDCF is provided by the Logic of Paradox LP, or more precisely
its variant with the top and bottom constants. This is the logic determined by the matrix (Ks, {1/2,1}).

Example 4.13. LP has a global EDCF on AlgLP = HSP(K3), namely
O, (21, xn,y) i ={T1 A - ANap Ay <yl
where the case of n := 0 is interpreted as Oy(y) := {-y < y}.

Proof. The only non-trivial LP-filter on K3 is {1/2,1}, so © is easily seen to be a global EDCF for LP on
K. Moreover, taking again ¢ :=x1 A --- Az,

KsFon-y<y = y=(pA-y) Vy.

But then the rule
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Ti,..., Ty FLp (PA-Y) Vy

ensures that © is an EDCF for LP on ISP (Kj3) by Fact 4.11, taking K := {K3}. In more detail, this rule
is derivable from the rules

O Frp yV -y, z,y FLp T Ay, zA(yVz)kFp (xAy)V 2.
The claim that Alg LP = HSP(K3) is proved as in the previous example. O

The top and bottom constants are in fact typically not taken to be part of the signature of KL, ETL,
and LP, perhaps for reasons of tradition. Removing them from KL and ETL results in logics which almost
have a global EDCF. In contrast, the above EDCF for LP does not rely on the constants.

5. Finitary EDCF

The forms of the EDCF considered so far define the (n + 1)-ary relation b € Fgi*(aq,...,ay) in terms
of conditions beyond the expressive power of first-order logic: the parametrized global EDCF allows for
existential quantification over infinitely many variables, the local EDCF allows for infinite disjunctions, and
all forms of the EDCF allow for infinite conjunctions of equations. In this section, we consider the case
where the relation is in fact definable by a first-order formula. This will have the effect of finitizing the
above disjunctions and conjunctions (and therefore also the existential quantification).

Definition 5.1. A logic L has (first-order) definable n-generated filters on a class of algebras K (for a given
n € w) if there is a first-order formula in n + 1 free variables ¢, (21, ..., %s,y) such that

be Fgﬁ(al,...,an) — AEop,(ar,...,an,b).

The logic L has definable compact filters on K if it has definable n-generated filters on K for each n € w. It
has definable principal filters, or DPF for short, on K if it has definable 1-generated filters on K.

The first-order definability of principal filters was studied by Czelakowski [12, p. 132], who observed
that the definability of 1-generated filters implies the definability of n-generated filters for all n > 1 [12,
Theorem 2.2.1]. We can further observe that it implies the definability of 0-generated filters too: in case L
has no theorems take ¢o(z) := L, and in case L has a theorem take yo(z) := Yy ¢1(y, z). Czelakowski’s
DPF is therefore precisely the first-order counterpart of our EDCF.

Definition 5.2. A parametrized local EDCF W is finitary if each ¥,, for n € w is a finite family of finite sets
of formulas.

Because the local EDCF, the parametrized global EDCF, and the global EDCF are defined as special
cases of the parametrized local EDCF, the above definition also covers the finitary local, parametrized, and
global EDCF.

While the global EDCF is frequently finitary, typically the local EDCF is not (much like the global DDT
is frequently finitary, but typically the local DDT is not). However, examples of logics with a finitary local
EDCEF but not a global EDCF do exist: the paraconsistent Weak Kleene logic is one (Example 4.6).

The restriction to finitary forms of the EDCF allows us to relate our present results about the EDCF
to the work of Campercholi and Vaggione [8], which in effect answers the following question: when does a
first-order definable relation admit a definition of a particularly simple syntactic form? The syntactic forms
considered by their paper in particular include forms which correspond directly to the finitary EDCF and
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its local, parametrized, and parametrized local versions. The following theorem is an amalgam of some of
the main results of [8] restricted to classes closed under ultraproducts.

(In the theorem, we emphasize that homomorphisms of structures are understood in the standard model
theoretic sense of maps which preserve functions and relations. In particular, they need not be strict homo-

morphisms.)

Theorem 5.3. Let Ly be the expansion of a first-order language L by a relation symbol R, and let K be
a class of Lgr-structures closed under ultraproducts such that each homomorphism h: A — B between the
R-free reducts of Lr-structures Ar,Br € Kg is a homomorphism of Lr-structures h: Agr — Br. Then:

(i) R is definable in Kg by a formula ¢ in L of the form I\/ A\At.

(ii) If Kg is closed under substructures, we can take ¢ of the form \/ \At.
(iii) If Kg is closed under products, we can take ¢ of the form 3 \At.

(iv) If Kg is closed under both constructions, we can take ¢ of the form N\At.

Theorem 5.4. A logic has the finitary EDCFE on a quasivariety K if and only if has both the EDCF and
the DPF on K. The same equivalence holds for the parametrized, local, and parametrized local forms of the
EDCEF.

Proof. The left-to-right implications are clear, in particular observe that if L has the finitary parametrized
local EDCF on K with respect to ¥, then it has the DPF on K with respect to

(pn(‘rla s aznay) = EIE\/{/\ GTL(:Ela s 7xn7y72) | ®n € ‘IJW/}

Conversely, let £ be the algebraic signature of the given logic L, and let Lr be the expansion of £ by a
relation symbol R of arity n+1 for n € w. Let Kg be the class of expansions of algebras in K by the relation
R such that

(a1,...,an,b) € R — bngﬁ(al,...,an).

We now verify that the assumptions of Theorem 5.3 are satisfied. If the logic L. has the DPF on K, then
the class Kg is closed under ultraproducts by Fo$’s theorem on the satisfaction of first-order formulas in
ultraproducts. The condition that each homomorphism h: A — B of algebras A, B € K is in fact a homo-
morphism of structures h: (A, R) — (B, R) is equivalent to the condition that b € Fgf (a1, ..., a,) implies
h(b) € Fgi*(h(ay),...,h(ay,)) for all ay, ..., an,b € A. This holds because if h(b) ¢ Fgi*(h(ar),...,h(an,)),
then there is some L-filter G on B with h(ay),...,h(a,) € G but h(b) ¢ G, which yields an L-filter
F:=h"'[G] on A € Fip, with ay,...,a, € F but b ¢ F, thus b ¢ Fgi*(ai,...,a,).

Theorem 5.3 now yields a formula ¢ of the form 3\/ A At in the signature £ which gives us the finitary
EDCEF. If L has the local EDCF, then by (the easy direction of) Theorem 4.3 the class Kg is closed under
substructures, so by Theorem 5.3 we can take ¢ of the form \/ A At. Similarly, if L has the parametrized
global EDCF, then by (the easy direction of) Theorem 3.13 the class Kg is closed under products, so by
Theorem 5.3 we can take ¢ of the form 3 A At. Finally, if L has the EDCF, both closure conditions apply,
so we can take ¢ of the form A At. O

Notice that for the finitary case we could also derive our characterizations of the different forms of the
EDCEF from Theorem 5.3. For example, item (ii) of this theorem corresponds directly to our equivalence
between the local EDCF and the absolute FEP (restricted to logics with DPF).
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Corollary 5.5. If L has the DPF and the parametrized local EDCF(® ) on a quasivariety K, then it has the
parametrized local EDCF(®') for some sequence W' such that each W is finite and each ©) € W is a
finite subset of some ©,, € ¥,,.

Proof. By the previous theorem, L has a finitary parametrized local EDCF for some ¥fi". Fact 3.8 tells us
that for each of the finitely many finite sets ©f" € Win there is some ®/ € W,, such that

KE EIE/\@E“(ml,...,xn,y,E) = EIE/\@’,L(xl,...,xn,y,E).

These sets yield a finite subfamily ¥/ of W, such that L has the parametrized local EDCF(®"). Again by
Fact 3.8, for each ©/ € W/ there is some (finite) Ofin € Whn such that

K#EIE/\@Z(:cl,...,xn,y,E) = 32/\@2“(11,...@”,%2),
or equivalently
Kh/\@’é(xl,...,zn,y,?) = 32/\@2“(3:1,...@”,7;,2).

Since each ®fi" € Win s finite, by the compactness of first-order logic there is some finite subset @/, C @/
such that

Kh/\@;(xl,...,xn,yj) = HEA@gn(xl,...,xn,y,Z).

Consequently, A F ©,,(a1,...,an,b,¢) implies that b € Fgf(al, ..., ay). Replacing each set ®!' in the finite
family ¥/’ by the finite set ©!, therefore yields a family ¥/, with the required properties. O

The above theorem and corollary are analogous to the results of Czelakowski and Dziobiak [13] concerning
the quasi-equational theory of a quasivariety K. This theory always admits a local deduction theorem with
respect to some family of finite sets [13, Theorem 2.1], and this family can be pared down to a finite
subfamily if and only if K has (first-order) definable principal congruences [13, Theorem 2.4].

6. The Leibniz hierarchy

Before discussing the relationship between the EDCF and the DDT, we shall first need to review certain
important families of logics, which form part of the so-called Leibniz hierarchy of abstract algebraic logic.
The reader familiar with the topic can skip this section without loss of continuity. The reader looking for
more details can consult the textbook [14] or the monograph [12].

The Leibniz hierarchy is so called because its levels can be defined in terms of the behavior of the Leibniz
operator on L-filters. This is the map

QA: Fip, A — COHAlgLA

which assigns to each L-filter F' on an algebra A the largest congruence on A compatible with F. (Recall
that compatibility means that a € F and (a,b) € 0 implies b € F'.) Such a congruence exists for each F and
the quotient algebra always lies in Alg L. This congruence is called the Leibniz congruence of F. We shall
use A/F and a/F as abbreviations for A/QAF and a/QAF, respectively.

A logic L is protoalgebraic if the Leibniz operator is monotone on the L-filters of each algebra A (without
loss of generality in AlgL):
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FCGfor F,GeFip A — QAF < QAG.

Equivalently, a logic is protoalgebraic if there is a set of formulas in two variables A(x,y), called a proto-
implication set, such that

(DFL A(.’E,ZL’), x,A(x,y) '_L Y.
In particular, any logic with a binary implication connective — such that
OFLx— T, r— YLy,

is protoalgebraic. The most common logics which have an implication connective generally validate these two
rules. A third equivalent characterization is that L is protoalgebraic if it has a set of congruence formulas
with parameters: a set of formulas A(z,y,Z) such that for each algebra A (without loss of generality in
AlgL) and each L-filter F on A

(a,b) € QAF <= A(a,b,¢) C F for each tuple  of elements of A.

A logic L is (finitely) equivalential if it has a (finite) set of congruence formulas A(z,y) which do not
involve parameters, or equivalently a (finite) set of formulas A(z,y) which is a protoimplication set and
moreover for each n-ary connective f in the signature of L

A($1,y1)7 AR A(an,yn) l_L A(f(l'h e axn)7f(y17 v ayn))

The local consequence relation of basic modal logic, denoted here by K*, is an example of (non-algebraizable)
equivalential logic.

A logic L is weakly algebraizable if it is protoalgebraic and moreover the Leibniz operator is injective on
the L-filters of each algebra A (without loss of generality in AlgL). In that case, the Leibniz operator on
L-filters is in fact an isomorphism between Fir, and Conajg1, A for each A.

Finally, a logic L is algebraizable if it is weakly algebraizable and equivalential. A non-trivially equivalent
definition is that L is algebraizable if it is protoalgebraic, the Leibniz operator on L-filters is injective, and
moreover it commutes with homomorphisms: for each homomorphism h: A — B (without loss of generality
with A,B € AlgL) and each L-filter F on B

QAR F]) = KL QBF).

A third equivalent characterization of algebraizable logics is that they are weakly algebraizable logics L such
that AlgL is closed under subalgebras (this follows from [14, Theorem 6.73]).

The following simple observations will be useful in the next section. Note that the product of a family of
congruences 6; of algebras A; with ¢ € T is defined as the congruence [],.;6; on A :=[],.; A; such that

(a,b) € [[,e; 0 for a,b € A if and only if (7;(a), m;(b)) € 6; for all i € I.

i€l i€l

Lemma 6.1. Let L be a protoalgebraic logic. Consider A; € AlgL and F; € Fip, A;, with A := Hiel A, and
F:=T1lic; Fi. Then QAF =[[,c; Q% F;. That is, a/F = b/F fora,b € A if and only if m;(a)/F; = m;(b)/F;
for each i€ I.

Proof. We use the fact that L has a set of congruence formulas with parameters A(z,y,%):

(a,b) € OAF <= A(a,b,©) C F for each tuple ¢ in A
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<— A(m(a), m;(b),m;(¢)) C F; for each ¢ € I and each ¢ € A
<= A(m;(a),m;(b),d) C F; for each i € I and each d € A;
— (mi(a),m;(b)) € QX F; for each i € T

= (a,b) e [[o*F. o
i€l

Lemma 6.2. Let L be a weakly algebraizable logic. Consider an algebra A € AlgL., an L-filter F' on A, and
a,...,an,b € A. Thenb e Fgi(F,ay,...,ay) if and only if b/F € Fgf/F(al/F, o an/F).

Proof. If G is an L-filter on A which extends F, then by protoalgebraicity QAF < Q4G so H := {a/F |
a € G} is an L-filter on A/F and G = 7~ ![H], where 7: A — A/F is the quotient map. Consequently,
beFg™(F,ai,...,ay) if and only if b/F € Fg®/F (n[F],a1/F,. .., an/F). Because L is weakly algebraizable,
QAF < QAF' for F' € Fip A if and only if F C F’. It follows that 7[F] is the smallest L-filter on A/F,
and thus Fg®/F (x[F], a1 /F, ... an/F) = Fg®/F (a1 /F,... an/F). O

7. The EDCF and the DDT

As foreshadowed in the preceding sections, there is a close relationship between the different forms of the
EDCF and the corresponding forms of the DDT. The goal of this section is to clarify this relationship.

Firstly, we show that for algebraizable logics the two hierarchies coincide. Secondly, we show that in
practice each form of the DDT often implies the corresponding form of the EDCF, in particular this happens
under the modest assumption that 0-generated filters are equationally definable. Finally, we show that in
full generality the DDT does not imply the EDCF, and conversely we construct a protoalgebraic logic with
the EDCF but without the DDT. This proves that although the semantic correlates of the corresponding
forms of the DDT and the EDCF look very similar, none of them imply the other.

Definition 7.1. A logic L has the parametrized local DDT if there is a family ® of sets of formulas I(z,y, ),
where Z is a possibly infinite tuple of variables and the variables x,y,Z are distinct, such that

T,pbp ¢ <= Ty I(p,9,%X) for some I € & and some tuple of formulas .

If the variables Z do not occur in any of the sets I, we say that L has the local DDT. If ® contains exactly
one set of formulas I, we say that L has the parametrized DDT. If both of these conditions hold, it has the
(global) DDT.

In the parametrized local case, there is nothing to discuss: we have seen that every logic has the
parametrized local EDCF (Theorem 3.7), while the parametrized local DDT is equivalent to protoalge-
braicity.

The semantic correlates of the parametrized DDT are the following.

Definition 7.2. A logic L has factor determined compact filters if for each family of algebras A; with i € I,

each family of filters F; € Fip, A;, and A :=]]..; A; and F :=[[,.; F; we have

icl i€l

Fgl(F,aq,...,an) = HFgﬁ"’(Fi,m(al), ooy mi(an)).
icl

Fact 7.3. If a logic L has factor determined compact filters and moreover for each family of algebras A; with
rel
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Foit 0 = [ [ Fef 0,
el

then it has absolute factor determined compact filters.

Proof. This holds because for all ai,...,a, € A :=][,c; A;

Fg(ay,...,a,) = Fgi(Fegl 0,a4,. .., a,)
= [[Fet Feti 0, 7mi(ar), ..., milan))
‘el
_ A;
= HFgL (mi(a1),...,mi(ay)). O
iel

Definition 7.4. An n-test matriz for compact filters of L on a subdirect class K is a matrix (A,, F,) € K
with elements p1,...,pn,q € A, (called test elements) such that for each A € K

b€ Fgit(ay,...,a,) <= there is a homomorphism h: A, — A with
h(pl) = a1y, h(pn) = Qn, and h<q) =b.

Equivalently, ¢ € Fgf‘" (p1,-..,pn) and moreover b € Fgf(al, ...,an) implies the existence of the above
homomorphism h. A logic L has test matrices for compact filters on K if it has an n-test matrix on K for
alln € w.

Theorem 7.5 ([12, Theorem 2.4.1]). The following are equivalent for each logic L:

(i) L has the parametrized DDT.
(ii) L is protoalgebraic and has factor determined compact filters.
(i) L is protoalgebraic and has test matrices.

Theorem 7.6. A weakly algebraizable logic has factor determined compact filters if and only if it has absolute
factor determined compact filters. It thus has the parametrized DDT if and only if it has the parametrized
global EDCF.

Proof. Let L be a weakly algebraizable logic. Suppose first that L has factor determined filters. To show
that L has absolute factor determined filters, by Fact 7.3 it suffices to show that

Fei 0 = [ Fef 0,
il
for each family of algebras A; € AlgL with ¢ € I. By weak algebraizability it suffices to show that the
Leibniz congruences of the two filters coincide. But, using the notation Aa for the identity congruence on

A

)

A 0) = An =[] An = JT0™ (Fele0) = 02 (H e w) ,

iel iel i€l

where we use Lemma 6.1 and the fact that QP (FgE () = Ap for each B € AlgL by protoalgebraicity.

Conversely, suppose that L has absolute factor determined filters. Consider a family of algebras A; € Alg L
with ¢ € T and a family of L-filters F; on A;, and take A :=[[,.; A; and F :=][],.; F;. Foray,...,a,,b € A
we need to show that

icl i€l
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m;(b) € Fgfi(Fi,m(al), ...,m(ay)) for each i € T
if and only if
beFg(F,a1,... an).

Let B := [],c; Ai/Fi. By Lemma 6.1 the map a/F — (m;(a)/F;)icr is a well-defined embedding A/F —
B. Since each (m;(a)/F;)icr € B is the image of (m;(a))i;er/F, this map is also surjective, thus it is an
isomorphism.

The above isomorphism, together with Lemma 6.2, reduces our task to showing that

(b)) F; € Fgh/Fi(mi(ar) ) F;, ..., mi(an)/Fy) for each i € T
if and only if
(mi(b)/ Fy)ier € Fer (mi(a1)/F)ier, - - -, (mi(an)/Fi)ier)-
But this equivalence holds because L has absolute factor determined filters. O
The semantic correlate of the local DDT is the following.

Definition 7.7. A logic L has the filter extension property (FEP) if for each submatrix (A, F') of each model
(B,G) of L each L-filter F/ O F on A is the restriction to A of some L-filter G’ O G on B.

In case AlgL is a prevariety, observe that if L has the FEP and moreover
Fgi* ) = ANFgP ) for each A < B € AlgL,
then L has the absolute FEP (take F' = Fgf* ) and G := FgP 0 in the FEP).

Theorem 7.8 ([11, Theorem II.1]). A logic has the local DDT if and only if it is protoalgebraic and has the
FEP.

Theorem 7.9. An algebraizable logic has the FEP if and only if it has the absolute FEP. It thus has the local
DDT if and only if it has the local EDCEF.

Proof. Let L be an algebraizable logic. Suppose first that L has the FEP. To prove that it has the absolute
FEP, it suffices to show that given algebras A < B € AlgL we have Fgf@ =AnN FgE (. To this end,
it suffices to show that QA Fg* ) = QA(A N FgP 0). Observe that QA Fg* ) = Ax and QB FgP ) = Ag,
since the Leibniz operator is an isomorphism between L-filters and (AlgL)-congruences. Since L has a set
of congruence formulas without parameters A(z,y), for each a,b € A we have

(a,b) € QA(ANFgP P) < A(a,b) C ANFgP
A(a,b) C FgB 0

reee

where the second equivalence holds because A(a,b) C A.
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Conversely, suppose that L has the absolute FEP and consider a submatrix (A, F) of a model (B, G) of
L and an L-filter F/ DO F on A. Because L has a set of congruence formulas without parameters, QAF =
A2NOBG, and thus A/F < B/G. Let 7: B — B/G be the quotient map. Because L is protoalgebraic and
F' D F, the congruence Q4 F is compatible with F’ and thus 7[F’] is an L-filter on A/F. By the absolute
FEP, F’ extends to an L-filter H' on B/G. Now consider the L-filter G’ := 7~ '[H’] on B. Because 7[G] is
the smallest filter on B/G, it follows that G’ O G. Because 7[F”] is the restriction of H' to A/F, it follows
that F’ = 7~ 1[r[F']] is the restriction of G’ = 771[H'] to A. O

The following observation is well known.
Fact 7.10. A logic has the global DDT if and only if it has both the parametrized and the local DDT.

Proof. Let ® and I’ be a family of sets of formulas and a set of formulas witnessing the local DDT and
the parametrized DDT for a logic L. Then «,I'(x,y,%Z) b1, v, so I'(z,y,Z) F I(z,y) for some I € P,
and by structurality I'(y, v, @) Fr, I(p,) for each tuple of formulas @. But then T, 1, ¢ implies that
Ly I'(p,0,@), so T, I(p, ). The set I(x,y) therefore shows that L has the global DDT. O

Corollary 7.11. An algebraizable logic has the global DDT if and only if it has the global EDCF.

Proof. This follows from the equivalence for the local and the parametrized DDT and EDCF, the fact that
the global DDT is the conjunction of the local and the parametrized DDT (Fact 7.10), and the fact that
the same holds for the EDCF (Corollary 3.10). O

A more interesting semantic correlate of the global DDT is stated in terms of compact filters. Recall
that an L-filter F' on an algebra A is compact if it has the form F = Fgf}X for some finite X C A, or
equivalently if it is a compact element of the lattice Fif, A of all L-filters on A.

Theorem 7.12 (10, Theorem 2.11]). A protoalgebraic logic has the global DDT if and only if the join semi-
lattice of compact L-filters on each algebra A is dually Brouwerian: for all compact F,G € Fiy, A there is
a smallest compact H € Fiy, A such that G < F V H, where the join takes place in the lattice Fiy, A, or
equivalently in the join semilattice of compact L-filters on A.

It is instructive to compare the dually Brouwerian condition in the above theorem to condition (iii) in
Theorem 4.9 characterizing the EDCF: the inequality G < F V H is replaced there by G < 6 %1, H for
6 € Cong A. Taking K := AlgL, in the algebraizable case the Leibniz operator Q4 provides an isomorphism
between 0 € Conk A and Fij, A such that (QAF) x, H = F'V H. In other words, the two conditions become
equivalent in the algebraizable case.

To be able to deduce the EDCF from the DDT, it suffices to assume that the logic in question satisfies
the EDCFy, the equational definability of O-generated filters. Recall that L. enjoys EDCF( on a class K if
the smallest L-filter on each A € K, i.e. the filter Fgf‘ (), is definable by some set of equations in one variable
®p(x). The parametrized and local forms are defined as expected.

Fact 7.13. If L enjoys the (finitary) DDT and the (finitary) EDCFy on a class K, then it also enjoys the
(finitary) EDCF on K. The same implication holds if we replace all of these properties by their parametrized
or local forms.

Proof. We only consider the global case. Suppose that DDT is witnessed by the set I(x,y) and the EDCF
by the set ®¢(x). Then
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be Fgf‘(al,...,an) — I,(a1,...,a,,0) C Fgf(l)

— AF Oy(a(al,...,an,b)) for each « € I,,.
If I and ©y are finite sets, then so is | J{Oo(a(z1,...,20,y) | € I,}. O

The EDCFy is a very common property in practice, even among logics which lack the EDCF: often the
smallest L-filter on algebras in Alg L is the principal upset generated by some constant 1 and is therefore
defined by one of the equations 1Az =z orlVez=axorl=uzx.

Nonetheless, we now construct an example of a logic which enjoys the DDT but not the EDCF. The
example relies on the observation that the DDT is preserved under adding axioms to a logic and adding
extra operations to its signature, while the EDCF is not.

The signature of our example expands the signature of intuitionistic logic (containing the top constant
1) by two unary operators, o and e. The axiomatization of this logic IL.e (over some infinite set of variables
Var) consists of an axiomatization of intuitionistic logic plus the axiom ( F oz. This logic is non-trivial, i.e.
0 ¥11,,, x for x € Var. This is witnessed e.g. by the two-element Heyting algebra with 0 < 1 expanded by
o:a— 1and e: a1 forac{0,1}.

Lemma 7.14. e p_, ¢ if and only if p = 1.

Proof. The right-to-left implication is trivial. Conversely, consider distinct formulas ¢ and . We shall
assume without loss of generality that ¢ is not a subformula of 1, and prove under this assumption that
0 FIL,, ®.

Let Fm,, be the algebra obtained from Fm by redefining the operation e at exactly one point, namely
o: o — 1, and keeping all other operations the same. In particular, for each homomorphism h: Fm — Fm,,
there is a homomorphism A': Fim — Fm such that h'(a) = h(a) whenever a does not contain e, namely
the homomorphism extending of the map z — h(x) for & € Var. Since IL,, is axiomatized by rules which
do not contain e, this implies that each theory of IL.e is a filter on Fm,,. In more detail, consider a rule
I' F ¢ valid in 1L, which does not contain e. If T' is a theory of IL.e and A[I'] C T for some homomorphism
h: Fm — Fm,, then h/[I'] C T for this homomorphism A’: Fm — Fm, therefore h'(¢) € T and h(p) € T

The identity map on Var extends to a homomorphism h: Fm — Fm,,. Observe that h(a) = a for every
formula « which does not contain ep as a subformula. In particular, h(ey) = ei. On the other hand,
h(ep) = oFMeh(p) = oFMep = 1. Take T to be the set of theorems of ILoe. If () ¥y, 1, then T is a filter
of ILoe on Fmy, such that h(ep) € T and h(ev)) ¢ T', so ep Fir,,, 1) as desired.

It remains to show that @ ¥, , 1. Take Fmﬁb to be the algebra obtained from Fm by redefining the
operation e at exactly one point, namely o: ¢ — x for some = € Var. Again, each theory of IL., and in
particular the set of theorems T, is a filter of IL,, on Frn;, The map « — « for x € Var again extends
to a homomorphism g: Fm — Fmi/) This time g(e1)) = x. Because IL., is not a trivial logic, © ¢ T, so g
witnesses that () ¥, e. O

Example 7.15. The logic IL,e has the global DDT but neither the local nor the parametrized global EDCF.

Proof. The logic IL,e has the DDT because intuitionistic logic has the DDT and the DDT is preserved
under expanding the signature and adding axioms.

To prove that IL., does not have the local EDCF, it will suffice to show that it does not have the absolute
FEP on AlgIL,,. (This implication of Theorem 4.4 does not depend on the assumption that AlgIL.e is
closed under subalgebras.) That is, it suffices to find algebras A,B € AlglIL,e such that A < B but
Fgf 0 # A N FgP . The previous lemma implies that Fm € AlgIL,,: if ¢ # 1, then (¢, ) ¢ QF™T for T
either the theory generated by ey or the theory generated by 1. Now take Fm’ be the subalgebra of Fm
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generated by the set {ox | x € Var}. Observe that map x — ox for € Var extends to an isomorphism
i: Fm — Fm'. Since Fm € AlgIL.,, also Fm' € Alg IL,,.

Because 1Ly, is not a trivial logic, = ¢ Fgfm () for each z € Var. Because ¢ is an isomorphism, it follows
that oz ¢ Fgi™ (. But oz € FgF™ () for each 2 € Var thanks to the axiom § - ox. That is, Fm’ < Fm but
Fgfm/ 0 is not the restriction of Fgf™ () to Fm'.

It remains to prove that IL.e does not have a parametrized global EDCF. We prove this syntactically,
by reasoning directly about the equations involved in the parametrized global EDCF. Since Fm € AlgIL,,,
suppose for the sake of contradiction that there is a set of equations ®g(z,y), where 7 is a possibly infinite
tuple of variables, such that ¢ € Fgfm(l) if and only if Fm F @q(p, @) for some tuple of formulas @. Firstly,
observe that over Fm each equation of the form f(¢1,...,t,) = g(ui,...,u,), where f,g are primitive
operations and t1,...,tmn,u1,...,u, are terms, is either inconsistent (if f and g are distinct operations) or
equivalent to the conjunction of t1 = uy,...,ty, = u, (if f = g, in which case also m = n). Each equation
in O¢(z,7) is therefore either inconsistent or equivalent to a set of equations of the form v = ¢t where v is
a variable and ¢t a term. We may moreover assume that ¢ does not contain the variable v, otherwise the
equation is either inconsistent over Fm or it has the form v = v and as such is equivalent to the empty set
of equations.

If v is one of the variables § and @g(z,7) contains the equation v & ¢t with ¢ a term not containing v, we
may remove the equation v = ¢ from ©¢ and substitute v throughout @¢(x, %) by ¢. Doing this for all such

variables in g yields a set ©((z,7) which still satisfies the original equivalence, i.e. ¢ € Fgfm

() if and only
if Fm E ©((p, @) for some tuple of formulas @, and moreover only contains equations of the form z = ¢,
where x is the specific variable which occurs as the first argument in @¢(z, 7). We may again assume that
x does not occur in ¢. Since Fm F (1, @) for some tuple of formulas @, each such ¢ must be equal to 1.
But also Fm F ©((z — =, @) for some @, so each such ¢t must be a formula of the form ¢; — t2. We have

therefore obtained a contradiction. 0O

In the opposite direction, there is no shortage of logics demonstrating that the EDCF does not imply even
the parametrized local DDT (since this form of the DDT is equivalent to protoalgebraicity), for example
the strong three-valued Kleene logic or the logic of order of unital meet semilattices, i.e. of meet semilattice
with a top element 1. A more interesting question is whether the EDCF together with protoalgebraicity
implies the DDT, at least in its local or parametrized form. We now answer this question in the negative.

Given a bounded lattice L, define L™ as the expansion of L by the operation

lifa <b,
a—b:=
0ifa£b.

Let L_, be the logic of order of the class K_, := {L.* | L is a bounded lattice}, i.e. the logic determined by
all matrices of the form (L, F) where L is a bounded lattice and F is a lattice filter on L.

Example 7.16. L_, is a finitely equivalential logic which has an EDCF on the variety AlgL_, = HSP(K_,)
but not the global DDT.

Proof. The class K_, is closed under subalgebras and ultraproducts and consists of simple algebras with a
lattice reduct, so AlgL_, = ISP(K) = HSP(K) by the same argument as in the proof of Example 4.12. The
logic of order of K coincides with the logic of order of HSP(K), since K 43 A -+ A, < ¢ if and only if
HSP(K) E y1 A -+ Ay, < . The filters of L_, on HSP(K) are therefore precisely the non-empty lattice
filters, so L_, has an EDCF on this variety.

The logic L_, is equivalential, a set of congruence formulas being A(z,y) := {& — y,y — «}: for each
lattice filter ' on a bounded lattice L we have a = b if and only if a - b€ Fand b —a € F,s0 Aisa
protoimplication set and
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A(xl,yl)aA(@,w) Fr A(f(xhl?)af(ylny))

for each (non-constant) connective f on L_,, i.e. for A, V, —.

To show that the logic L_, does not satisfy the global DDT, consider any non-distributive finite lattice
L. Then the compact filters of L_, on LT form a poset isomorphic to L, which is not distributive, so in
particular it is not dually Brouwerian in the sense of Theorem 7.12, therefore L_, does not have the global
DDT by Theorem 7.12. O

8. Equational definition of consequence

In this final section, we return to our original motivation, namely defining logical consequence (rather
than filter generation) using equations. Although we formulate no semantic characterization of logics with
an equational definition of consequence, we show how to prove that a logic does not have an equational
definition of consequence with respect to its algebraic counterpart, using Lukasiewicz logic ¥, and the global
modal logic K& as examples. This improves our previous theorems stating that these logics do not have a
global EDCF. Finally, we construct a logic which has an equational definition of consequence but no global
EDCEF.

Definition 8.1. A local equational definition of consequence, or a local EDC for short, for a logic L with
respect to a class of algebras K is a sequence (¥,,),e, of families of sets of equations ¥, (x1,...,Z,,Yy),
where the variables x1,...,x,,y are distinct, such that

VsV FL p <= KEO®,(71,...,7n,¢) for some ©,, € ¥,,.

In a global equational definition of consequence we moreover require that each W,, have the form ¥,, = {®,,}
for some set of equations ©,,.

We may without loss of generality restrict to the case where K is a variety in the definition of a local
EDC: a local EDC only depends on the equational theory of K, so a local EDC with respect to K is also a
local EDC with respect to HSPP(K). Less obviously, we may restrict to the case where K O AlgL.

Fact 8.2. If L has a local EDC with respect to a variety K, then AlgL C K.

Proof. Suppose that L has a local EDC(®) with respect to K and K F ¢ = . It suffices to show that
AlgL E ¢ = 1. Let

OL = ﬂ{QFmT | T is a theory of L}.

Theorem 5.76 of [14] states that HSP(AlgL) = HSP (Fm/L), therefore it suffices to show that Fm/QL F
¢ = 1. Proposition 5.75(1) of [14] states that this holds if and only if (p, ) € QL, i.e. that (¢, ) € QF™T
for each L-theory T'. This, finally, means proving that for each formula x(Z,y) we have x(Z,p) € T —
X(Z,¥) € T, ie. that x(T,¢) Fr x(T,v) and x(Z,¥) b1, x(T, ). By symmetry, it suffices to prove that the
first rule holds in L. But

X(f7 ()0) FL X(fa 7/}) — KFE (—)1(X(Ea 90)7)((5,@5))
= KFO1(x(T,»), x(T,¢))
= X(T,9) FL X(T, ¢),
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where the first and last equivalences use the local EDC(®) and the second uses the assumption that
KEp=1y. O

Fact 8.3. If a logic has a local (global) EDCF (¥ ) on AlgL, then it has the local (global) EDC(W¥ ) with respect
to HSP(AlgL).

Proof. Let L be a logic which has a local EDCF(®) with respect to AlgL. Let QL be as in the proof of
Fact 8.2 and take F := Fm/fNZL € AlgL with 7: Fm — F being the quotient map. Then F € AlgL, and
Y1y FL @ if and only if 7(¢) € Fgf (x(71),...,7(7,)), which by the local EDCF(®) holds if and
only if F F ©,(7(71),...,7(y),7(p)) for some O, € ¥,. This is in turn equivalent to HSP(AlgL) F
O, (71,7, @) because Proposition 5.75(2) of [14] states that F is the free algebra in HSP(AlgL) freely
generated by {n(z) € F |z € Var}. O

We now show that ¥ and K& do not have an EDC. The proof for F.ukasiewicz logic requires a basic
familiarity with the logic, which the reader might obtain from [9], while the proof for the global modal logic
K8 requires a basic familiarity with Kripke semantics, which the reader might obtain from [3].

These proofs follow the same pattern: we start with a particular rule such that ¢ ¥1, ¢, so AlgL ¥ E(p, )
for E(z,y) := ©1(x,y) by the standard EDC. In both cases AlgL is a variety generated by some manageable
class of algebras K. In the case of Lukasiewicz logic K is the singleton class consisting of the standard MV-
chain [0, 1], while in the case of modal logic it is the class of complex algebras of Kripke frames. This yields
an algebra A € K such that A ¥ E(p,1). We then find a valuation on A witnessing that A ¥ E(¢’, ') for
some formulas ¢’ and v’ with ¢ b, ', which contradicts the standard EDC.

Example 8.4. Lukasiewicz logic L. does not have a standard EDC.

Proof. Suppose for the sake of contradiction that ¥. has a standard EDC, in particular there is a set of
equations in two variables E(z,y) such that ¢ by ¢ if and only if MV E E(p, ). Then MV ¥ ¢(1,0)
for some equation € € F, since 1 ¥4 0. Because MV is generated as a variety by [0, 1], it follows that
[0,1] ¥ £(1,0). Since each primitive operation of [0, 1], hence also each term operation of [0, 1], is continuous
with respect to the standard Euclidean topology, the solution set {(a,b) € [0,1]2 | MV E £(a, b)} is closed in
this topology. Consequently, there is some a < 1 such that [0, 1] # £(a,0). But then o™ = 0 for some n € w,
so [0,1] # £(a,a™) and MV ¥ E(z,z™), contradicting the fact that z Fg 2™. O

Example 8.5. The global modal logic K& does not have a standard EDC.

Proof. Suppose for the sake of contradiction that K& has a standard EDC. In particular, there is a set of
equations in two variables F(z,y) such that ¢ Fke 9 if and only if BAO E E(p, ). Because O1 Fke 0, there
is some equation ¢ € E such that BAO ¥ ¢(<$1,0). We may assume without loss of generality that e(z,y)
has the form ¢(z,y) = 1 for some formula in two variables ¢(x,y). Because K& is Kripke complete with
respect to the class of trees (irreflexive directed trees where every edge points away from the root), there is
a valuation IF on a tree T' with root r such that r i ¢(<1,0). Since ¢(<1,0) does not contain any variables,
r ¥ ¢©(<¢1,0) in each valuation I+ on 7.

Now observe that ¢ only contains nestings of modal operators of some limited depth, so whether r I+
o(a, ) for a given valuation I on 7" only depends on the values of a and 8 at worlds of limited height.
More precisely, there is some n € w such that for each valuation IF on T we have r ¥ ¢(«a, 8) whenever
wlFa <= wlk<oland wlk f < w0 for each world w in T of height at most n (assigning height 0
to the root 7).

Consider the valuation I- such that w I- z if and only if w IF ¢1 and moreover w has height at most n.
Then r ¥ ¢(z,0). Moreover, w ¥ O, 12 for each w of height at most n, since from each such world w one



M. Pra Baldi, A. Prenosil / Annals of Pure and Applied Logic 176 (2025) 103617 35

can access in at most n + 1 steps either a blind world (a world where <1 fails) or a world of height strictly
more than n. (Recall that Opz := = and O;412 := o A OO, for ¢ € w.) Thus r ¥ ¢(z, Op412). Switching
back to algebraic semantics, this means that BAO ¥ ¢(x, O,412) = 1, so BAO ¥ E(x, O,412). But the EDC
now implies that z ¥ke 0,412, whereas in fact x Fge Op112. O

Finally, we construct a logic which has a standard EDC but not an EDCF. Consider a variety of algebras
K with a constant 1 in their signature. Let Lx be the logic of all matrices of the form (A, F) such that
A eKand 1€ F. We have AlgLk = K, since clearly K C AlgL and conversely AlgL C K by Fact 2.1. The
logic Lk can be described more explicitly as follows:

Ty FL @ <= KE~vy =@ forsomeic {1,...,n} or KE p = 1.
In fact, this local EDC extends to a local EDCF: for each A € K
bEFgﬁK(al,...,an) < b=a; forsomeie€ {l,...,n}orb=1.

We now describe a particular variety K such that Lk has a global EDC but no global EDCF. Namely,
the signature of K shall consist of a constant 1 and an (n + 1)-ary function symbol O, for each n > 1, and
K shall be the variety in this signature axiomatized by the following sequence of equations for & > 1:

Og(z1,. .., 28, 2;) = 1. (ag)

Lemma 8.6.

(i) KEOm(t1, ..., tm,u) = 1 if and only if KE t; = u for some i € {1,...,m}.
(it) KE 1= On(t,...,tm,u) if and only if KE t; = u for some i € {1,...,m}.
(i) K E Om(t1,. .. tm,u) = Op(v1,..., 00, w) if and only if either (a) there are i € {1,...,m} and
JjeA{l,....n} such that K E t; = w and K E v; = w, or (b) m = n and K E t; = v; for each
ie{l,...,m} and KF u= w.

Proof. The right-to-left implications are trivial consequences of the axioms (ay). We prove the left-to-right
implications by induction over the depth of the equational proof of the equality. The equational calculus
that we shall use is a variant of the calculus presented in [7, Definition II1.14.16]. Axioms of this calculus
are either instances of Reflexivity, i.e. equalities of the form ¢ =~ ¢ for some term ¢, or substitution instances
of one of the axioms (ay), or the symmetric converses of such substitution instances, i.e. equalities of the
form 1 = O (t1,...,tn,u). The calculus has two inference rules. Transitivity allows us to infer ¢ = v from

~ u and u = v. Replacement allows us to infer ¢(p,y1,...,yn) = t(¢,y1,---,yn) from p = ¢ for each term
t(x,y1,...,yn) in the variables x,y1,...,y,. We may assume that Replacement is only used non-trivially,
i.e. that it is not applied to the terms ¢ := 1 and ¢ := x, where z is a variable. (The reader can easily
verify that the rules of Symmetry and Substitution in the calculus of [7] are admissible in this variant of
the calculus, in the sense that any equality provable using these rules can be proved without them.)

We now proceed by induction over the depth of the equational proof of the three types of equalities.
The equality O, (t1,...,tm,u) = 1 is neither an instance of Reflexivity nor an instance of the symmetric
converse of (ay) for any k > 1. If it is an instance of (ay) for some k > 1, then it must be an instance
of (o) and consequently ¢; = w for some ¢ € {1,...,m} as required. The equality O, (¢1,...,tm,u) = 1
cannot be the result of a non-trivial application of Replacement.

Suppose that Op,(t1,...,tm,u) = 1 is the result of an application of Transitivity with premises
Om(t1,..ytm,u) = v and v = 1. If v is the term 1, then the claim holds by the inductive hypothesis.
Otherwise, v has the form O, (p1, ..., Pn,q). Then the inductive hypothesis applied to O, (t1, - . ., tm,u) =
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On(p1,--.,Pn,q) yields that either K E ¢; = wu for some i € {1,...,m} as required, or m = n and
KE ¢ = p; for each i € {1,...,m} and K F ¢ = u. But in the latter case the inductive hypothesis
applied to O,(p1,-..,Pn,q) = 1 yields K F p; = ¢ for some ¢ € {1,...,n},so KFE t; = p; = ¢ = u, as
required.

The equality O, (t1, ..., tm, ) = Op(P1,- .-, Pn, q) is only an instance of Reflexivity if m =n and ¢; = p;
for i € {1,...,n} and u = ¢, as required. It is not an instance of (o) or the symmetric converse of (ay).
The equality can only be the result of a non-trivial application of Replacement if m = n and ¢; = p; is the
result of Replacement for some j € {1,...,n} and ¢; = p

Suppose that O, (t1, ..., tm,u) = Op(pP1,---,Pn,q) is the result of an application of Transitivity. If
the premises are O, (t1,...,tm,u) = 1 and 1 = O,(p1,...,Pn,q), then by the inductive hypothesis K F
ti = u and K F p; = ¢ for some ¢ € {1,...,m} and j € {1,...,n}, as required. If the premises are
Om(t1, .. tm,u) = Ok(r1,..., 7k, s) and Og(ri, ..., 7%, $) = On(p1,- - -, Pn, q), then there are four cases:

(i) There are KE t; = u and KE p; = ¢ for some i € {1,...,m} and j € {1,...,n} as required.

(ii) We have m =k and KF t; = r; for each ¢ € {1,...,m} and KF u = s, and moreover KF r; = s and
KE p =g forsome je{l,...,k} and l € {1,...,n}. Then KFE t; = r; ® s~ uand KF p, = q as
required.

(ili) We have KF t; = u and K F r; = s for some ¢ € {1,...,m} and j € {1,...,n}, and moreover k =n
and KFEr; =p; foreach je {1,....,k} and KF s=¢q. Then KF t; muand Kk p; = r; = s = g as
required.

(iv) Wehave m =k =n and KEt; = r; = p; for each i € {1,...,m} and K = u = s = ¢ as required,

Finally, equalities of the form 1 = 0O,,(t1,. .., t;m, u) are dealt with in the same way as equalities of the form

Om(t1, . stm,u) = 1. O

Example 8.7. The logic Lk has a standard EDC with respect to K:

Yis---yVn I_LK p KE Dn+1(17’717~-~77n5@)-

It has a local EDCF but no global EDCF.

Proof. The equivalence follows immediately from the previous lemma. Clearly K F ¢ = 9 implies ¢ 1, 9.
Conversely, if ¢ b, ¢ and ¢ i, @, then either at least one of the rules holds by virtue of the equality
K FE ¢ = 1 or they hold by virtue of the equalities K F ¢ = 1 and K F ¢ = 1, in which case we again
obtain K E ¢ = 1. Thus ¢ b, ¢ if and only if K F ¢ = . By [14, Proposition 7.8] it follows that K is the
intrinsic variety of Lk, so Lk enjoys a standard EDC.

We now show that Lk does not have a global EDCF using Theorem 4.10(iii). To this end, consider the
algebra A € K over the underlying set {0,1,a1,aq,b} such that O, (z1,...,2,,y) = 1if y € {z1,...,2,}
else Op(21,...,%n,y) = 0. We show that there is no smallest K-congruence 6 on A such that b/6 €
Fgﬁf e(al, az)/6. To see this, let §; and 02 be the equivalence relations whose only non-trivial equivalence
classes are {0, 1} and, respectively, {a1,b} and {ag,b}. These are congruences, and thus K-congruences: to
see this, it suffices to observe that replacing any argument of O, (x1, ..., x,,y) by an equivalent one will at
most result in changing the value from 1 to 0 or vice versa, and (0,1) € 6; N #5. But for 6 := 6; N6 it is
not the case that b/ € Fgf/e(al,ag)/ﬁ. O
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