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ABSTRACT

The primary object of study in this thesis is the Bergman kernel of a domain in
the complex plane. This object can be examined from multiple perspectives, naturally
fostering a deep interplay between complex analysis, functional analysis, and potential
theory. The work begins with a foundational overview of reproducing kernel Hilbert
spaces (RKHS), before specializing to unweighted Bergman spaces. Here, we detail the
extremal properties of the Bergman kernel, the Bergman projection, and their critical
role in establishing the boundary regularity of conformal mappings. The thesis then
develops essential concepts from potential theory, exploring the Bergman kernel’s strong
connections with objects such as the Green’s function and the logarithmic capacity.
These potential-theoretic tools are subsequently used to characterize domains with a
trivial Bergman space. This mathematical synergy culminates in the final chapter,
which is dedicated to the Suita conjecture. We present Zbigniew Blocki’s purely one-
dimensional proof of this geometric inequality which establishes a sharp bound of the
logarithmic capacity of a domain by its Bergman kernel.
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INTRODUCTION

Given a domain €2 in C and 0 < p < oo, the Bergman space AP(€2) is defined as the
intersection of holomorphic functions in {2 and the Lebesgue space LP with respect to the
area measure A; AP(Q) = 2 (Q) N LP(2,dA). When p = 2, the space A?(Q) possesses
a powerful structure: it is a reproducing kernel Hilbert space. For this reason, we
dedicate Chapter §1 to a general study of these functional spaces. Each of these spaces
has a unique reproducing kernel, which allows us to define the well-known Bergman
kernel K : 2 x 2 — C. In Chapter §2 we study its intrinsic connection to the Riemann
Mapping Theorem and its invariance under conformal mappings. We deduce an explicit
expression for the derivative of the Riemann mapping ¢ : @ — D (for a domain that
is simply connected) via the kernel:

pe(2) = V(K Q) K (2, Q).
Furthermore, we analyze the boundary regularity of such mappings through the Bergman
projection, going further than Carathéodory’s Theorem. Virtually, this theorem says
that the biholomorphism ¢, extends continuously and one-to-one to the boundary 0f2
if it is bounded by a single Jordan curve. Using the Bergman projection, defined for

f e L*Q,dA) as
PY(z) = / FO)K (2,6) dA(©),

to prove Painlevé’s Theorem, which says that if our domain €2 has smooth boundary,
wc € €(Q) and gogl € €= (D).

We dedicate Chapter §3 to characterize the domains 2 admitting a nontrivial Bergman
space A%(Q). Namely, A%(Q) = {0} if and only if C\ 2 is a polar set. In order to prove
this, we introduce some notions of Potential Theory as the Green’s function of a domain
G : QxQ — [—00,00). One special property of this function is that G(z, w)—log |z —w|
is harmonic throughout €2, which it allows us to define other concepts such as the Robin
constant or the logarithmic capacity of a set.

Chapter §4 is devoted to the Suita conjecture, which states, given K the Bergman
kernel of A?(Q) and cq(w) the logarithmic capacity of C \ € with respect to a point
w € )

co(w)? < T1Kq(w,w).
We follow the proof of Z. Blocki, which uses an EDO to find the optimal constant of
the Ohsawa—Takegoshi L? extension Theorem, but the conjecture can be stated in a
more general setting for Riemann surfaces as an inequality of metrics. We also deduce,
using similar tecniques, the following expression for the Bergman kernel:

1 da(2)]?
Ko(w,w) = ;inf{ i ﬁdfl(z) ra € 6.°(Q), alw) = 1} .

Finally, Appendix §5 serves as a technical supplement, collecting foundational notions
of complex analysis. We recall key results concerning harmonic, subharmonic, and
superharmonic functions, and briefly discuss the Dirichlet problem and regular points.
We finish giving some properties of hyperbolic domains (domains which admit Green’s
function).



1. INTRODUCTION TO REPRODUCING KERNEL HILBERT SPACES

In this section, we introduce in general terms the reproducing kernel Hilbert spaces
(RKHS). These are special types of Hilbert spaces, where every function behaves
“nicely” when we evaluate it at a specific point. We work always in the same framework:

Let H be an inner product space of functions f : X — C, X non-empty. For a fixed
r € X, the map 0, : H — C, 0,(f) = f(z) is called the evaluation functional at z. Tt
is clear that evaluation functionals are always linear: given f,g € H and «a, 5 € C,

0o (euf + Bg) = (af + Bg)(z) = af(x) + fg(x) = ad.(f) + Boz(g)-

Hence, the natural question is whether they are also continuous (recall that this is the
same as being bounded, since we are working in normed spaces). This is exactly how
reproducing kernel Hilbert space is defined.

Definition 1.1. A reproducing kernel Hilbert space (on X ) (RKHS) is a Hilbert space
‘H of functions f : X — C, X non-empty such that the evaluation functional ¢, is
continuous for all x € X.

As a consequence, RKHS are well behaved, relative to other Hilbert spaces. In
particular, the following fundamental property follows directly from the definition.

Proposition 1.2. The norm convergence in a RKHS H tmplies the pointwise conver-
gence.

Proof. It {f,}n C H, f € H are such that lim,, || — f|lz = 0, then for any = € X,

| fu(2) = f(2)| = 10(fn) = 0(F)] < WOzl fn — fllz, and therefore lim, o fu(z) = f(2)
for all z € X. O

In a general Hilbert space this does not happen. Take, for instance, H = L*([0, 1])

with the norm
1 1/2
_ — _ 2d
If = all = ([ 1760) = gtalpar)

and consider the sequence given by g, = 2", n > 1. Then

1
lim ||g, — 0] = lim ———= =0,
n—>ong H n—00 \/27’L+1

but g,(1) = 1 for all n. Therefore, g, X0, but gn(1) 771» 0.

1.1. On reproducing kernels. At this point, one might notice that although we call
these reproducing kernel Hilbert spaces, the definition has not mentioned a “kernel”
yet. We are going to define what a kernel is and show how it naturally connects with
the continuity of the evaluation function.

Definition 1.3. Let H be a Hilbert space of functions f : X — C, X non-empty. A
function K : X x X — C is called a reproducing kernel of H if it satisfies

(1) K(-,z) e H, Yz € X;

(2) f(x)=(f,K(-,x))n, Vx € X, [ € H. (reproducing property)



In particular, for any z,y € X,

We see now that every RKHS has a unique reproducing kernel. While the uniqueness

follows directly from the definition, the existence is ensured by the Riesz representation
theorem.

Proposition 1.4. If the reproducing kernel of a space H exists, it s unique.

Proof. Assume that H has two reproduciong kernels K; and K. Then for all f € H
and r € X,

(F, Ki(w) = Ko (s ) = (F Ko 2))w = (F, Ko (@) = fz) = f(z) = 0.

In particular, taking f = K;(-,x) — Ks(-,z), we obtain that || K;(-,z) — Ks(+, x)| 0
forall x € X, ie., K1 = Ks. O

Theorem 1.5. H is a RKHS if and only if H has a reproducing kernel.

| 2

Proof. Given a Hilbert space ‘H that has a reproducing kernel K, and f € H, x € X,
100 f = | f(@)| = [(f, K, 2))al < (N fIllEC, )
= (K (. 2), K o)yl = K, 2) )

where we have used the Cauchy-Schwarz inequality and (1).

Conversely, assume ¢, : H — C is a bounded functional. The Riesz representation
theorem states that there exists an element f, € H such that for all f € H, §,(f) =
(f, fo)n. Define K(y,x) := f.(y), for all x,y € X. Clearly K(-,x) = f, € H and
(f, K(-,2))3% = 6,(f) = f(x). Thus, K is the reproducing kernel. O

Proposition 1.6. Let K be the reproducing kernel of a RKHS H. Then

i) For all x,y € Q we have that K(x,y) = K(y, x);
i) For all x € X, one has K(x,z) = || K(-,2)|3;
i) For all x,y € X, |K(z,y)]* < K(z,7)K(y,y).

Proof. 1): From (1), K(z,y) = (K(y), K(-2))w = (K2, K90 = K(5,2). i)
Let = € X.XAgain by (1) we have K (z,z) = (K(-,z), K(-,2))3 = |K (-, )|3,. 44): For
any r,y €

K (2, 9)? = (K 9) KCa)? < IEC2)RIE )12 2 K@ o) K ().
O]

Let X be any subset. Then H is a Hilbert space and therefore admits a countable
orthonormal basis (recall that it is a maximal orthonormal subset). That is, there exists

{¢;}jes satistying
1, ifi=y
B ®i) =0 =94 ..,
(i 3) ! {0, if 1 £ 4
and the usual identities in a Hilbert space hold:
Let f € H:
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1. The function f can be expressed as the well-known ”Fourier” series
(2) F=> {1695,
jed
and the sum converges with respect to the H norm.
Following the Remark 2.4, we deduce the uniform convergence (of the partial

sums to f) on compact subsets of 2.
2. We have the Parseval’s identity:

1115 =D [(F o0
jeJ
3. For another g € H we obtain, as a consequence of (2),
<fag> ::§£:<fa¢j><¢jag>‘
jeJ
Theorem 1.7. If K s the reproducing kernel of the RKHS H, with orthonormal basis
{p;};es, then for all x € Q-
r) =Y le;(@)P,

jeJ
where the sum converges absolutely for each x € X.
Proof. To show the absolute convergence, note that for each x € X, the values ¢;(x) =
(¢j, K(-,z)) are the Fourier coefficients of the element K (-, z) € H with respect to the

orthonormal basis {¢;};es. Since K(z,x) > 0, the terms in the sum are |¢;(z)[* > 0.
By Parseval’s identity applied to the element K (-, z):

D K@), o) = 1K ()15

jedJ
Substituting the reproducing property (K (-, x), ¢;) = ¢;(x), we obtain:
Do 1és@)P = 1K (o), = K(x, ).
jed
Since K(z,x) < oo for all # € X, the series ), |¢;(x)[* consists of non-negative

terms and has a finite sum. Thus, it converges absolutely (and unconditionally) for
each x € X. [

Proposition 1.8. Let K be the reproducing kernel of the RKHS H and let {¢;};es be
an orthonormal basis of H. Then

(3) K(z,y) =Y ¢;(x)é;(y)
j€J
where the sum converges absolutely for each x,y € X.

Proof. Since K is the reproducing kernel of H we can write, as before,

K(z,y) = (K(,y), K(,2)) £ (K( ), 6,)(65, K(,2) = Y 6;(4)d5(x)

jeJ jeJ
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Now fix z,y € X. In general, we have ¢;(z) = (¢;, K(-, 2))n, so ¢;(z) is the Fourier
coefficient of K (-, z) with respect to the base {¢,}. ¢;(y) is the conjugate of the Fourier
coefficient of K (-,y) with respect to the same base. Therefore, working on ¢*(J) and
applying C.S.

1/2 1/2
ZI%(I)H%(@/NS<Z|¢j(f€)!2> (Z!eﬁj(y)Iz) -

jeJ jeJ jeJ

Using Theorem 1.7, 3 ; |6;(x)¢;(y)| < VE(z,2)\/K(y,y) < co. O

1.2. pre-RKHS. Although we have already defined the reproducing kernel Hilbert
spaces, it is useful for the proof of Theorem 1.18 to recall the notion of a pre-RKHS.
Doing so allows us to isolate the fundamental algebraic properties of the kernel before
invoking the completeness requirements of a full Hilbert space.

Definition 1.9. A pre-reproducing kernel Hilbert space (on X ) (pre-RKHS) is an inner
product space Hq of functions f : X — C, X non-empty such that:
(1) The evaluation functional ¢, is continuous for all z € X;
(2) Every Cauchy sequence {f,,},, C Ho that converges pointwise to 0, also converges
in Hy-norm to 0.
We also define C(Ho) D Ho to be the set of functions f : X — C for which there exists
an Ho-Cauchy sequence {f,}, C Ho converging pointwise to f, called the completion

Of Ho.

As a consequence , the pointwise convergence of a Cauchy sequence to a function
f € Hoy in a pre-RKHS H, implies the Ho-norm convergence to the same function f.!
Our goal is to prove that C(H,) is a RKHS. Specifically, we want to prove Proposition
1.14. While one implication is almost trivial, the other one requires some previous
results.

Lemma 1.10. Let f,g € C(Ho), with {fu}n, {gn}n C Ho Cauchy sequences (w.r.t. the
Ho-norm) that converge pointwise to f and g, respectively. Then the following map
defines an inner product on C(Hy):

4 (£.9) = T (o, )t

Proof. Take e > 0 and define the sequence given by v, = (fn, gn)#,- Since every Cauchy
sequence is bounded, there exist A, B € R such that || f,||%, < A and ||g, |3, < B, for all
n € N. Moreover, there exist N1 € N such that || f,— fin||%, < ¢/(2B) for n,m > N; and
N, € N such that ||gn — gmllz, < €/(24) for n,m > Ny. Taking n,m > max{N;, N2},
ot — | = [{frs Gn) o — (Frns Gm)rol = 1{fr = s o — (Fims Gn — Gm) 10
< ’<fn - fmagn>Ho| + ’<fmagn - gm>7—[o‘
< an - fm”HongnHHo + HmeHo“gn - gmHHo

e E
<B—+A— ==
Sboptag =e

IConsider the Cauchy sequence {fn— f}n C Ho.



12

Therefore, {a,}, is a Cauchy sequence in C, which is complete, so it is convergent and
consequently (4) exists and is finite. It is well defined because the limit is independent
of the Cauchy sequence chosen. Indeed, if {F,}, {G,} are Ho-Cauchy sequences that
also converge pointwise to f and g, respectively, then denoting by A, = (Fy, Gy )3,,

|l — An| = [(frs Gn)ro — (Fy Gr) ol = [{fn = Fry Gudro — (Fns G — Gn) o
< (fn = s gn)wto| + [(Fny Gn — G|
< N fw = Fallaolgnllae + 1Fallstol9n — Gallr — 0.
The convergence in the Hy-norm is ensured since both { f,, }., { F. }» converge pointwise
to f and therefore {f, — F,} converges pointwise to 0 (recall H, is pre-RKHS), and so

does {g, — G, }. Hence, {a,}, and {4, }, have the same limit.
We prove now that it is an inner product: Let f,g,h € C(Hy) and a,b € C,

(1> <f7 g) = lim,, <fn7 gn>"Ho = lim, <gna fn>’Ho = lim, <fm gn>7-to = <97 f>
(2) (af + bg,h) =lim, oo (afn + bGn, hn )1,

=a hmn—>oo <fn7 hn)’HO + bhmn—>oo <gn7 hn>7—lo = (l<f, h> + b(g, h>
(3) If (f, f) =0, then for all x € X,

F(@)] = = tim [0,(f)] < T 181 fulley = 1821 T || £y = 0.

215, Fa2)

The evaluation functional is bounded and f, "0 since we are working in a pre-
RKHS. ]

Lemma 1.11. A pre-RKHS H, is dense in C(Ho).

Proof. Since we have defined in Lemma 1.10 an inner product for C(#Hy), we can now
endow a norm there given by | f||* = (f,f) = limn—oc(fa; fa)re = UMpoo || fullF, -
Let {fn}n a Ho-Cauchy sequence that converge pointwise to f € C(Hy). Then for all
e > 0, there exists N € N such that ||f, — filln, < € for all n,k > N. If we fix
k > N, the sequence {f, — fi}» converges pointwise to f — fi, and then ||f — fi]|* =

limy, o0 || frn—fill7, < €2, which means that for all k > N, || f—fi|| < €, s0 f, (o) f. O

At this point we may think that C(H,) is already a complete metric space, but at
this stage, we have only defined C(H,) as a set of functions obtained via pointwise
limits of Cauchy sequences in Hy. We must still prove that this set is closed under the
convergence of any Cauchy sequence (not just those in Hy). For that, we now show
that the evaluation functionals are continuous on the completion of H,.

Lemma 1.12. Gwen a pre-RKHS Hy, the evaluation functionals are continuous on

C(Ho).

Proof. Let x € X fix. It is enough to show 9, is continuous at 0. We know ¢, continuous
on Hy, so for all € > 0, there exists ¢« > 0 such that if ||h||3, < ¢, then |0,(h)| = |h(z)| <
/2.

Take f € C(Ho) with ||f]] < ¢/2. By Lemma 1.11, there exists {f,}, Ho-Cauchy
sequence that converge both pointwise and in || - || to f, so we can find N large enough
so that

f@) =@l <50 IF=fvll <3
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And therefore || f|lz, = II/n]] < I fIl + If = fnl] < ¢, which implies
[f(@)] < 10 (fn)| + [ f(2) = fu(z)] <e

We have shown that ||f|| <¢/2 = |0.(f)| < &, which means J, is || - ||-continuous at
the origin. O
Lemma 1.13. Given a pre-RKHS Ho, its completion C(Hy) is complete.

Proof. Let {f,}» be a C(Hy)-Cauchy sequence. Applying Lemma 1.12, we have that
for all v € X and n,m € N,

(@) = fin(@)] = [02(fr = )| < N0allfn = fimll

This implies that { f,(z)}, C Cis Cauchy and then converges to a point &, € C. Define
f(z) == & = lim, o fn(z) and since Hy is dense in C(Hy), for all n choose h,, € H,
such that ||k, — f.|| < 1/n. Hence,

|hn (@) = f(2)] < [hn(@) = ful2)] + [ fu(z) — f(2)]
= 0a(bn = fu)| + | fu(z) — f(2)]
51 n—oo
< Bl i@ - ) =3 0
and
“hn - hm”Ho = ||hn - hm” < ”hn - fn” + an - fm” + Hfm - hm”

This means that {h,}, converges pointwise to f and {h,}, is Ho-Cauchy. Thus, f €
C(Ho) by definition. It rests to prove that || f,, — f|| — O:

1 n—co
1fn = FI < Mo = oall + M = £II < =+ [l = =570,

since h,, C(io) f, and the aim follows. O

Proposition 1.14. Let Hy be an inner product space. Then it is a pre-RKHS if and
only if the following conditions hold:

i) In Hy C C(Ho), the topology induced by (-,-)y, coincides with the topology
induced by C(Ho);
ii) C(Ho) is a RKHS.

Proof. 1f both conditions are true, by ii), 6, : C(Hy) — C is continuous for all z € X. In
particular, ¢, is continuous for all functions on Hy C C(H,). Moreover, if {f,}, C Ho
is a Cauchy sequence such that converges pointwise to 0, by i),

anHHo — 0 = ||fn||C(7'l0) — 0.

Conversely, suppose that Hg is pre-RKHS. We define in € the inner product given in
(4). By Lemma 1.13 we have that C(H,) is indeed a Hilbert space and by Lemma 1.12,
we deduce that it is a RKHS, proving ). The point 7) follows by construction. O
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1.3. Moore—Aronszajn Theorem. Theorem 1.5 allows for an alternative character-
ization of an RKHS: a Hilbert space H of complex-valued functions is an RKHS if and
only if it admits a reproducing kernel. Our objective now is to shift our focus toward
the kernels themselves. We shall first define kernels as functions that admit a repre-
sentation via inner products in some feature space. Subsequently, we will establish the
Moore-Aronszajn Theorem, which provides the fundamental link between these two
notions.

Definition 1.15. Let X be a non-empty set. A function K : X x X — C is called a
kernel (of H) if there exists a complex Hilbert space H (called feature space) and a map
¢ : X — H (called feature map?) such that for all z,y € X, K(x,y) = (((z),((y))x.

Definition 1.16. Let X be a non-empty set, and let g : X x X — C be a hermitian
function, i.e., g(z,y) = g(y,x) for all z,y € X. We say that g is positive-definite if for
every finite subset {z;};.; C X and complex numbers {c;}}_, C C, we have

> gl a;) > 0.

i=1 j=1
Lemma 1.17. Every kernel of a Hilbert space H is a positive-definite function.

Proof. Let ¢ : X — H the feature map of the kernel K, and let {z;}}_; C X, {¢;}}_; C
C. Then

Z cici K (i, x5) = ZQ@@(%), C(@s))n = Z(QC(%), ¢iC(x5))n

ihj

= <Z i),y Cj((l‘j)> =

=1 j=1

2
> 0.
H

n

Z Ci((l'z‘)

i=1

0J

As a consequence, reproducing kernels are intrinsically positive-definite functions.
By defining the feature map ¢ :  — K(-,x) as in Lemma 1.17, and since (1) holds, we
can see that the reproducing kernel associated with any RKHS is always a (Hermitian)
positive-definite function. The Moore-Aronszajn Theorem proves the converse: the
mere existence of a (Hermitian) positive-definite function K : X x X — C is sufficient
to guarantee the existence of a unique RKHS for which K acts as the reproducing
kernel. This foundational result, although famously detailed and expanded upon by
Aronszajn [1], acknowledges the original theorem to E.H. Moore.

Theorem 1.18 (Moore—Aronszajn). Every positive-definite function K : X x X —
C is associated with a unique RKHS H on X, for which K is its reproducing kernel.

Proof. We define the set Hy := span{K(-,z) : * € X}, and we endow it with the
following inner product:

(5) (f,9) = ZZGiFjK<yjawi)>

2For a given kernel, there may be more than one feature map.
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where f = Y7 ;K (-, z;) and g = 377" b;K(-,y;). Firstly, it is independent of the
choice of the coefficients a;, b; as

n

(f,g)zZazg Z

i=1

Moreover, setting g = K(-,z), we get the reproducmg property:

(6) Zal (x4, x Zal (r,z;) = f(x).

And indeed (5) defines an inner product: the ﬁrst condltlons are satisfied because K is
hermitian, positive-definite and the functions are complex linear combinations of those

kernels. By (6), if (f, f) =0, then for all x € X,
(0 @] = [ KD 'S I ), K )Y = K @2 =0

In fact, Hy is a pre-RKHS. We have already seen in (7) that the evaluation functional
is bounded in Hy. Take a Hy-Cauchy sequence {f,}, that converges pointwise to 0.
Let € > 0. There exists A > 0 such that for all n € N, || f,,|| < A. There exists N; € N
such that for all n,m > Ny, || f, — full < 5/(2A) Let us say that

E C’L ’L

Take Ny € Nso that |f,(2:)| < e/(2k|c;|) for 1 <i < k. Hence, for all n > max{Ny, No},
||fTLH2 < ‘<fn7fn> + <fN17fn> o <fN17fn>| < |<fn - levfn>| + ’<fN17fn>|

< falllfo - fN1||+Z|0zfnZzl<A +Z' G

Thus, H, is a pre-RKHS, and deﬁmng H :=C(Ho), by Proposmon 1.14, it is a RKHS.
Furthermore, the reproducing kernel of H is K: let f € H and let {f,}, be the H,-
Cauchy sequence that converges pointwise to f. Then

“) . (6) ..
oK )2 tim (K C2) © lim () = (o),
Uniqueness: let G other RKHS with reproducing kernel K. For all z,y € X, we have
that
<K<'7 y)a K('? x)>7'l = K(ZE, y) = <K(7 y)7 K(" $)>g

By linearity, (-, )3 = (-,)g in Ho. Since G is complete containing Hy, H C G. Take
now f € G. Since H is closed in G (complete), we can write f = fi; + fo, where f; € H
and f, € H+. For all v € X,

f(@) = {f, K(-,2))g = (f1, K(-,2))g + (fo, K(2))g =" (1, K(,2))3 = f1(2),

where in (xx) we use that K(-,z) € H and (-,-)y = (-,-)g in Ho. Thus, f = f1 € H,
which means H O G. O

(**
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2. BERGMAN SPACES AND THE BERGMAN KERNEL

Given a domain 2 C C, let s(Q2) be the space of holomorphic functions defined in
Q2. Given 0 < p < oo, the (unweighted) Bergman spaces on € C C are defined as

@) = {1 € A ey = [ 1FOPIAG) < 00 b =@ N 120,02

where A is the two-dimensional Lebesgue measure in Q2 (given z = z+iy = re??, dA(z) =
dxdy = rdrdf in rectangular and polar coordinates, respectively). The story of these
spaces begins with Stephan Bergman [2], when he studied these spaces for the case
p = 2. The study of Hardy spaces begun in 1915, when G.H. Hardy started studying
properties of analytic functions in the unit disk through its integral values. Interest in
this topic grew around 1960. During this time, L. Carleson, followed by Shapiro and
Shields, solved the so called “universal interpolation problems”. In 1922, Bergman in-
troduced what we now call the Bergman kernel, focusing on A%. The systematic study
of AP for 0 < p < oo was largely pushed forward in the 1970s.

Remark 2.1. Firstly, we establish a straightforward characterization for the membership
of these functions in the special case of A%*({z : |z| > R}), based on their behavior at
infinity. Let us formalize the notion of analyticity at the infinity. A function f is said
to be analytic (or holomorphic) at oo € C4 if the auxiliary function g(w) = f(1/w)
is analytic in a neighborhood of the origin w = 0. In this case, we naturally define

f(o0) = g(0), f*)(00) == g(0).

The Lemma will be useful later (see Theorem 3.24).

Lemma 2.2. If H = {2z : |2| > R} C C and f(z) = >~ a,z"" is analytic on H,
then

i) f € A2(H) if and only if ag = f(00) =0, a; = f'(00) =0, and > 2, |a,|? R~ <
00.
ii) If f is also bounded on H, [ € A*>(H) if and only if f(o0) = f/(00) =

Proof. Since
2 n m - nWm
(=) = (Z ;) (Z g—m) = o
n=0 m=0 n=0 m=0

we have in polar coordinates that

/|Z|>R\f|2dA:/oo/2ﬂ (ii Ol € lme)rd@dr

=0 m=0

oo OO e 27
/ aianzl (/ ez‘(m—n)ﬂdg) dT‘,
,rn m 0

n=0 m=0

3Some authors prefer to use the two-dimensional Lebesgue measure normalized to avoid constants
in the formulas (e.g. In the case of D, dm(z) = L1dA(z)).
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where the sum and the integral can be exchanged using that f is analytic in H, so the
sum converges uniformly. We finally get

®) / fl2dA =21 Jaf? / ar
l2|>R p— ren

R

i) follows from (8). The integral on the right-hand side converges iff —2n +2 < 0, so
the first two terms of the series must be zero in order to have convergence.

For i7) note that by increasing R we may assume that f is analytic in a neighborhood
of the closure of H. If, in addition, f(co) = f'(00) = 0, then f(z) = 272g(z), where g
is a bounded analytic function on H. O

2.1. Growth of AP functions. Consider a domain 2 C C. In this section, we study
the growth of the functions in Bergman spaces and some of its direct consequences.

Proposition 2.3. Let f € AP(Q2), 0 < p < oo. Then for every z € €,
. _
(9) ()] < —75; dist(z,00) 20 fllar -

Proof. Fix z € Q and let 6 < dist(z,09). We consider the disk D(z,0) = {w € Q :
|w — z| < d}. Since f is holomorphic in © (and therefore |f|P is subharmonic in §2) we
have that for 0 < r < ¢§ (recall Definition 5.7),

2
FEP <~ / (2 +re®) s,

- 27

2T
|p—/ (2 |prdr</ / F(= + re®)Pd6 rdr

&)|IPdA(E — &)|IPAA(E
-5 ), erane <o [irepraace)

It implies that | f(z)] < 7= V/P5%?| f|| ar(e). Taking the limit as § approaches dist(z, ©2),
the claim follows. O]

SO

Remark 2.4. The growth of the functions in AP(2) described in Proposition 2.3 allows
us to deduce some consequences. Firstly, the convergence in AP(€2) implies the uniform
convergence on the compact sets of the domain 2 C C.

As another consequence, we show that AP(2) is a Banach space when 1 < p < oo
and a complete metric space when 0 < p < 1. Of course || - |[4r(q) defines a norm
when 1 < p < oo and when 0 < p < 1, AP(Q)) is a metric space by defining d(f,g) =

fg |f(2) — g(2)|PdA(z) = ||f — gHiP(Q) as usual.
Proposition 2.5. For every 0 < p < oo, the Bergman space AP(Q)) is closed in
LP(Q,dA).

Proof. Let {f,}n C AP(Q) and assume f, — f in LP(Q,dA). In particular, {f,}, is
Cauchy in LP(§2,dA). By Proposition 2.3, {f,}, is uniformly Cauchy on compact sets
in Q, so it converges uniformly on compact sets in  (so pointwise) to some function
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g. Since each f, € (), this function ¢ is also holomorphic. Since f, converges to
fin LP(Q,dA), there exists a subsequence {f,, }r of {f.}. that converges (pointwise)
to f almost everywhere in ). Therefore, f = g almost everywhere in €2, which means
f e Ar(Q). O

Proposition 2.6. Let {f,}, C AP(2), 0 < p < oo, which is uniformly bounded in
AP(Q). Then there exists a subsequence {fu, }r of {fu}n that converges uniformly on
compact sets in Q to some function f € AP().

Proof. From Proposition 2.3 and the uniform boundedness of the sequence, we have
1 . _ 1. _
|fa(2)] < mdlst(z,aQ) 22| full ar() < mdlst(,z,ﬁQ) 2/e ),

for some M > 0 and for all z € Q. Let K C €2 be a compact set and define dx =
inf, ¢ dist(z,0Q) > 0. Thus, for all z € K,

M
|fu(2)] < W =: ¢ = ¢(K).
This means that { f,}, is uniformly bounded in compact subsets of Q. Applying Mon-
tel’'s Theorem (Theorem 5.1), we have that {f,}, is normal on Q. Therefore, there
exists a subsequence { f,,, }x of {f.}n» such that it converges uniformly to f on the com-
pact subsets of €2 to some holomorphic function defined in §2. But f € AP(Q) since it is
the uniform limit of analytic functions and since f,,, — f pointwise, by Fatou’s lemma

ey = [ 1F@PAAR) = [ Jim 1o, (I dAG) < limint [ [£, ()P dAC)
Q Q o0
= h]ﬂgf ||fnk||1;1p(g) <c
0J

Remark 2.7. Baring in mind the growth condition (9), A?(C) = {0}. To avoid trivial
cases like this one, we implicitly assume that our domains (open and connected) are
regions where the space is separating points from zero. That is, for every point z in
the domain, there must exist at least one function in the space that does not vanish at
that point. This ensures that the space is large enough to capture the local behavior
of analytic functions at every point in the domain. Domains behaving like C, that is,

having a trivial Bergman space, are classified (for p = 2) in Theorem 3.24, in Chapter
§3.

2.2. The Bergman kernel. In this section, we restrict our attention to the case p = 2.
Let Q be a domain such that A?(€2) is non-trivial. Then we can define an inner product
as usual via

(f,9) = (£, ) azcey /f A2).

As a consequence of Proposition 2.5, the Bergman space A?(€2) is in fact a Hilbert
space. Furthermore, it is a RKHS on 2 since the evaluation functionals 0, are bounded
for all z € Q by (9). From Theorem 1.5, there exists a unique reproducing kernel
K :Q xQ— Cof A%(Q). Tt is called the Bergman kernel of the space A?(Q).
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As we know, it reproduces the value of any function as

(10) 1) = / FE)K (2.6) dA(E)

and also satisfies the useful properties given in Proposition 1.6. In this section, we give
special properties of this kernel. The first one is immediate: z — K(z,§) is holomorphic
and & — K(z,&) is anti-holomorphic.

Our aim is to prove that for a fixed z € Q, the value K(z, z) can be characterized by
K(z,2) =sup{|f(z)]*: f € A%2(Q),||f|| < 1}. Intuitively speaking, if the kernel is too
large at z, it means that the space A(2) allows functions with very high peaks at that
point without their total norm exploding.

Let Q@ C C be any domain. Then A%*(2) admits a countable orthonormal basis.
Indeed, we have seen that A?(f2) is a Hilbert space, so we can take an orthonormal
basis 3. The countability of the basis is ensured by the separability of L?*(£2,dA), since
in Proposition 2.5 we have seen that A?(f2) is closed in L?*(§2,dA), which is separable,
so it implies that A%(Q) is also separable. By a classical result in Hilbert spaces, we
know that if the space is separable, then all orthonormal bases are countable, so we
can assume 8 = {¢,},. Here, following Remark 2.4, the Fourier series given in (2)
converges uniformly on compact subsets of €.

Theorem 2.8 (Extremal property). If K is the Bergman kernel of A?(Q), with
orthonormal basis {¢y }n, then for all z € Q:

K(z2) =Y |6a(2)" = sup [f(2)]" < o0.
Hf||A2(Q)§1

The convergence is uniform on compact subsets of ).

Proof. Let f € A*(Q) with || f| a2 < 1 and fix z € Q. Applying Cauchy-Schwarz,
[f) =1 KN < N laze K G 2)llazie) < HKC 2)llaz) = V(2 2).

Therefore K (z, z) is an upper bound for the set {|f(2)[* : || f]| a2y < 1}. Consider now
the function f, € A?(Q) defined by
Kw,z)  K(w,z)

Indeed it is holomorphic and

/Q|K(w,z)|2dA(w) (K 2), K (4 2)) aey = K (2 2).

Then | f.|[a2¢) = 1 and |f.(2)|* = K(z,z), which confirms that the supremum® is
indeed K(z,z). From Theorem 1.7, we have the first equality. It remains to see the

uniform convergence. Fix L C ) be compact and z € L. Using Proposition 2.3, there

‘In fact, it is attained, so it is a maximum.
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exists C, > 0 such that for all f € A*(Q) with ||f]|a2@) < 1, |f(2)| < Cp for each
z € ). Therefore,
K(z,2) = sup |f(2)]? < C} <0
If11<1
and thus > 7 |¢n(2)]? is uniformly bounded in L. Since w +— [¢(w)|? is continuous

and Sy(z) = S ¢ (2)]? is increasing monotonically and converges pointwise to
K (z, z), the uniform convergence follows from Theorem 5.3. O

Proposition 2.9. Let K be the Bergman kernel of A%(Q) and let {$, }» be an orthonor-
mal basis of A*(Q). Then

(11) K(2,6) = 6u(2)0a(E),

where the sum converges with respect to the A%()) norm for each variable and therefore
uniformly in compact subsets of €2 x €.

Proof. Proposition 1.8 gives the equality. Now fix £ € Q). The function z — K(z,§) is
in A%(2). Since {¢, }, is an orthonormal basis of a Hilbert space, the Fourier series of
any element converges in the norm of it. Hence, Sy (z,&) = 27]:[:0 On(2)Pn (&) satisfies:

lim K (- €) ~ Sy(- )]l = 0.

Fix now a compact L C . The uniform convergence follows from the fact that, for
(2,¢) € L x L, we have

00 1/2 1/2
Z\%(z)ﬁ(@lg(Z\%(z)P) <Z\¢n(<>12> <Oy

n>1 n>1
by Theorem 2.8. 0J
To motivate the following results, we first shift our focus to the case where (2 = ID. By

specializing to the unit disk, we can explicitly compute its Bergman kernel, providing
a concrete foundation for the more general regularity results that will follow.

Proposition 2.10. The set 8 = {¢,(2) = \/(n+1)/7 2"} >0 is an orthonormal basis
of A%2(D).

Proof. 1t is orthonormal because for every p,q € N we have that

NS ES _ VoFIVg+1 [t [F , .
_VYPT VAt / 2P20dA(z) = Pt Vet / / T(Tele)p(reﬂe)q dfdr
™ D ™ o Jo

<¢p>¢Q>_
= vp+1”q—i_l/1rp-ﬁ-q-Hdr/%6@‘(1)-61)9d6): VP + Vg + 1 210y,
T 0 0

T p+q+2

+1 27 . _
_ quﬂ)?_l? ifp=gq
0 if p # q.

To see that it is complete (i.e., 3+ = {0}) — and therefore a basis — we can equivalently
show that Pareseval’s identity holds for all f € A%(ID). However, we can directly prove
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it by definition: let f € A?(D). Since it is analytic, we can write f(z) = >, a2, with
ay € C. Then

oo

(f,2")y = /Df(z)z_"dA(z) = /01 /027r (;0 akrkeiw) e df dr

The sum converges uniformly in compact subsets of the unit disk, so considering |z| < p,
with 0 < p < 1, we can exchange the sum and the integral to get

(f,z") = iak /1 phtntl /27T k=m0 g0 ) dr = iak 2 Ok =7 n
’ —~ " Jo 0 ~ Tk+n+2 n+1
Therefore, if (f, ¢,) = 0 for all n, then (f, 2") = 0 for all n, so a,, = 0 for all n > 0, and
letting » — 17, we conclude that the orthonormal set 3 is complete. OJ

Proposition 2.11. The Bergman kernel of A%(D) is given by

1 1
(12) Kp(z,¢) = T
Proof. Employing (11) and using the basis /3 given in Proposition 2.10,
- — I w11
Kp(z,§) = ;}%(2)%(5) = ;(” + 1)(z)" = STy

O

Proposition 2.12. Let U; C U, C ... be bounded domains in C with U = U;U;
bounded. If K; the Bergman kernel of A*(U;), then K; — K uniformly in compact
subsets of U x U, K being the Bergman kernel of U.

Proof. Since U; C Ujy1 C U, we have that if f € L*(Uj11,dA), then f|y, € L*(U;,dA).
Even more important, we have for all j

A(U) C - C A*(Uj) C A%(U)),
since if 2 (U;) D 7 (Uj41). As a consequence of Theorem 2.8, we obtain the following:

Ki(z,2) > Ky(z,2) > -+ > K(z,2) > 0.

Let L C U be a compact subset. The compactness guarantees the existence of a natural
N such that L C Uy. For all j > N, we know

0< Kj(z,2) < Kn(z,2), VzelL.
By the Weierstrass Theorem, z +— Ky(z,z) reaches a maximum in the compact L.
Thus, there exists M, > 0 such that

supsup Kj;(z,2) < My,
j>N zeL

meaning that {z — K(z, z)} is uniformly bounded in compact subsets of U. For each
J and a fix point £ € U, let us define the holomorphic function f;¢(z) := K;(2,£). We
want to see that this family is normal. If z € L C U is compact,

K5(2,6)] < \JK (2 2\ (6.6) < VML JK(6,6) = Ce
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Hence, for each ¢ fixed, the family {z — K;(z,£)};>n~ is uniformly bounded in compact
subsets of U. Applying Montel’s Theorem (Theorem 5.1), we have that it is normal
on U. Therefore, there exists a subsequence {Kj, (2,&)}, such that it converges uni-
formly on the compact subsets of U to some holomorphic function defined in U, ¢.
Since {K(z, z)}; is a decreasing sequence of real numbers (for each z), the Monotone
Convergence Theorem ensures the convergence pointwise Kj(z, z) | t(2). It rests to
check that it verifies the reproducing property in A?(U). For f € A%(U), we know that
for all j

(/f J(2,€) dA(E).

By Lebesgue’s Dominated Convergence Theorem,
flz —hm/f K (2,€)dA(§) /f Jee(2) dA(E).

The unicity of the Bergman kernel implies that t¢(2) = K(z,§). O

Proposition 2.13 (The Bergman projection). Let K be the Bergman kernel of
A%(Q) and for f € L*(Q,dA), define Pf:Q — C by

(13) Pfizes / FE)K (2,€) dA(E).

The linear operator P is called the Bergman projection of A*(Q). It satisfies:
1) The function Pf € 7(Q)) is well-defined;
2) If in addition f is holomorphic (i.e., f € A*(Q) already), Pf = f.
8) P is the orthogonal projection of L*(Q2,dA) onto A%(Q).

Proof. 1) Let us first note that the integral is well defined for every f € L*(Q,dA).

Indeed, fix z €  and consider £ — K(z,£), which is in A*(Q2), so by Cauchy-Schwarz
inequality

Pf()] < / K (2.6 F(€)]|dAE) < 1K 2) eyl 12 < oo.

To see that Pf € (), we can differentiate under the integral sign. Since f €
L?(Q,dA) and the mapping & — K(z,&) satisfies the conditions for Lebesgue’s Domi-
nated Convergence Theorem on compact neighborhoods of z, we obtain

/f K (2,€) dA(€) = 0.

2) If f € A%(Q), by (10) the claim follows.

3) Let IT : L*(Q,dA) — A%(Q2) be the orthogonal projection onto the closed subspace
A%(Q). We know that any f € L*(€2,dA) can be decomposed uniquely as f = ILf + f+,
where I1f € A%(Q) and f+ € A%(Q)*. Using the definition of P and the inner product
in L?,

Pf(z) = (f,K(-,2)) = (IIf + [ K (-, 2)) = (ILf, K(-,2)) + (f*, K (-, 2)).
Since K (-, z) € A%(Q) and f* is orthogonal to A%(Q), we have (f+, ( z)) = 0. Thus,
Pf(z) = (Ilf, K(-, 2)). But IIf is a function in A%(), so by 2), <Hf K(-,2)) =10f(2).
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Therefore, Pf(z) = I1f(z) for all z € Q, which implies P = II. This confirms P is the
orthogonal projection. O

Ezample 2.14. Using (12), for all f € L*(D,dA), the Bergman projection in the unit
disk is ) 1)
B =— [ ——=L_dA(¢),
o) = | A
so Pf = f when f € A*(D). &

2.3. The connection with the Riemann Mapping Theorem and the boundary
regularity of conformal maps. In this section, we establish the foundational links
between the Bergman kernel and the classical theory of conformal mappings. The
Bergman kernel is not merely a reproducing tool; it is deeply intertwined with the
Riemann Mapping Theorem. Furthermore, the Bergman projection serves as a robust
framework for investigating the boundary regularity of these maps, offering elegant
proofs for when and how a conformal map extends continuously or smoothly to the
boundary of its domain.

A central question is how the Bergman kernel behaves under a change of variables.
Specifically, if two domains are conformally equivalent, their kernels are not just related,
but are tied together by a precise transformation law. After recalling the Riemann
Mapping Theorem, we demonstrate that given a univalent (holomorphic and injective)
mapping between two domains, we can explicitly relate their respective Bergman kernels
using the derivative of the mapping.

Theorem 2.15 (Riemann Mapping Theorem). If Q C C is a domain, properly
contained in C and simply connected, then for all { € €2, there exists a unique biholo-
morphism ¢¢ : @ — D such that ¢¢(¢) = 0 and :(¢) > 0.

This mapping is called the Riemann map of €2 and (.

Theorem 2.16. Let €21, C C be two domains, and let ¢ : Qy — Qo be a univalent
mapping between them. If we denote by K; the Bergman kernel of A*(€;), fori=1,2,
then

Ki(2,6) = Ka(p(2), () ¢ (2)¢'(6)-
Proof. Define the linear operator T : A%(Qy) — A%(Q) by Tf(2) = (f o v)(2)¢'(2).

Then, since ¢ is univalent, we can write

||f||,242<92>=/Q |f (w)[*dA(w) = A £ ((2))7] det Jo(2)[*dA(2)

- T(f)(2)PdA(2) = | T f |22

and therefore T is an isometry. Consider now f € A%(£,) and define h(z) = (T'f)(z) =
f(e(2))¢'(2). By the reproducing property in €,

h(Z)—/Q h(§)K1(z, ) dA(§) = g F((€)# () Ki(z,€) dA(E)

= | f(e(©)==Ki(z | (E)PdA(£).

1
2 90/(5)
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Changing the variables w = (&), dA(w) = |¢'(§)[*dA(£), then

(14) e = | f(w)ﬁmw*(w»w(w»

But we know that, by the reproducing property in 25 in the point w = ¢(z2),

fle(2)) = | J(w)Ks(e(2), w)dA(w).

Qg
Thus

(15) h(z) = fle(2)¢(2) = ; Fw)Ks(p(2), w)¢ (2)dA(w).

Finally, we obtain from (14) and (15) that, since the reproducing kernel is unique,

(7 (w)) Ki(z, 07 () = Ka(p(2), )¢/ (2).
Putting £ = ¢! (w), we obtain the desired result. O

Ezxample 2.17 (Bergman kernel of H). Consider the upper half-plane H = {J(z) > 0}.
It is known that the Cayley transform, given by

(16) ®:Hoz —— €D
Z+1
is a biholomorphism between H and the unit disk. In this case we have
oy Eri)—(z—d) 2 HNBIE) — 4
Y= e o YOO ey
Employing Theorem 2.16,
Ku(z,§) = Kp(®(2), ©(£))2'(2)¥'(§),
but from (12) we know
1
KID)(()O(Z)a @(5)) = o 29
w(1-=()
and doing some computations
(=€) €zt i€+ 1) — (26 zi—if+1)  —2i(2 =€)
(z +)(€ — 1) (z+i) (€ —1) (z+i) (€~ 1)
we finaly arrive at
1(z+414)2(& —i)? 4 —1

A TP R P e L T

&

Remark 2.18. We will use this “invariance” property of the Bergman kernel to study
either the boundary regularity of conformal mappings (see Theorem 2.36) or to explicitly
compute the derivative of the Riemann mappings (see Corollary 2.19).
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Corollary 2.19. Let 2 C C be a simply connected domain and let K be the Bergman
kernel of A%(Q). Let ¢ : Q — D be the Riemann map of Q and ( € Q. Then, for all
z €1,

(18) “) =\ e g K0

Proof. Fix ¢ € §2. From Theorem 2.16 it follows that K'(z, () = J(p¢(2), pc () (2)ee(C),
where J(w, £) is the Bergman kernel of A%(D), given in (12). Thus, using that ¢({) =0
and ¢(C) > 0,

1 1 / 7 o l / ’
K(Z, C) = % (1 B ¢<(Z)W)2¢C(Z)SOC(C) - WSOC(Z)SOC(C)
Therefore K(¢,¢) = £(¢(¢))? and the claim follows. O

This result shows that knowing the Bergman kernel of the domain €2, we can explicitly
give the biholomorphism between 2 and D, since from (18) we deduce

(19) e2) =g | K. Qe

FExample 2.20. Fix ¢ = i. On Example 2.17 we have seen that the Bergman kernel of
the upper half-plane is given by

KH(Z, f) =

Using now (19),

Thus, the map
2+i(z+1) z—1
SCR S e
is a biholomorphism between H and D; the Cayley transform given in (16). )
Definition 2.21. Let 2 C C be a domain. We say that (2 satisfies Bell’s condition R
if for each k € {0,1,2,...}, there exists £ € {0,1,2,...} such that whenever f:Q — C

has bounded derivatives up to order ¢, then Pf : Q@ — C, where P the Bergman
projection of A?(Q2), has bounded derivatives up to order .

Definition 2.22. Let (2 C C be a domain. We say that a function ® : @ — Cis k times
boundedly continuously differentiable, and we write ¢ € (), if all partial derivatives

() ()
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of order s +t < k on 2 exist, are continuous and bounded. In this case we set
CANNAAY _
1By = 3 sup (%) (a—y) B +iy)
and €°(Q2) = NLEF(Q).

s+t<k Q
A function @ : Q — Cis called CKE if all of its partial derivatives up to order k extend
continuously to 2. As before, €°°(Q) = N, €*(Q)

Definition 2.23. If f, g € €*(Q), then we say that f and g agree up to order k on 0

if
(2) (2) utr-a

for all s,t such that s +¢ < k.
We say that a bounded domain 2 C C has € (or smooth) boundary if there is a
function p : C — R such that
(1) pis €
(2) Q={z€C:p(2) < 0};
(3) Vp is nowhere zero on 0.

Ezample 2.24. In the case of the disk D, p(z) = |z|> — 1. Notice p is € and |Vp| = 2
on JD. Hence D has smooth boundary. &

Lemma 2.25. Let Q = {z € C : p(z) < 0} C C be a bounded domain with €
boundary, and let U be a neighborhood of OS2, on which |Vp| > ¢ > 0. Then there exists
a € function a : Q — C such that:

(1) =0 on Q\U;

(2) a =1 in a neighborhood of 0N2.

Proof. Define the functions, for ¢t € R,

eVt >0 B h(s)
ht) = {O t<o0’ 9(s) = h(s) +h(1—s)

Then g(s) = 0if s < 0 and g(s) = 1 if s > 1. Since U is a neighborhood of 9,
there exists ¢ > 0 such that {z € Q : —e < p(z) < 0} C U. Let &1,e5 such that

0 <ey<ey <e. Define a as a(z) =g (M) . Since both g and p are €, « is also

=0
a0

E£1—E2
¢ . If z is near the boundary, i.e., p(z) > —e, then
p(z) +e1 L Tetea
1 — &9 E1 — &9

so a(z) = 1 in the neighborhood {z : p(2) > —e2}. If 2 € Q\ U, p(z) < —e < —¢;. In
this case

=1,

p(Z) + &1 < —&1 + &1
€1 — €9 &1 — &2
and hence a(z) = 0. O

=0
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Lemma 2.26. Let Q = {z € C: p(z) < 0} be a bounded domain with € boundary.
Given g € €*(Q), choose f = pg. If h € A%(Q), then

JROEYGIEGE

Proof. The idea is to integrate by parts, but A is not defined in the boundary of €2. Let
e > 0 small and let Q. = {z: p(2) < —}. Define f.(z) = (p(z) +¢)g(z). It is clear that
f: € €4(Q.) and fE‘QQE = 0. Since h € (Q) C H#(Q.), we have that h is €>(Q.).
By Green’s Theorem (Theorem 5.2),

| W10 440 = = [ (5@ £0) a0

The integral over the boundary is zero since h- f. = 0. But h € A%(Q), 50 9h/I( =0,

so this implies

‘ 00

(20) | O A0 =0
Finally, if x. denotes the characteristic function on €.,
[ 7050 da©)| @ | [ MO0 dA0) - [ AT0 54044

< 1@ 30|11 - x01aa
+ [ @Il (5@ - S| aao,

Now, by the Cauchy-Schwarz inequality, this is

< ( [ |5 2dA<<>>1/2- (f !1—Xe(C)!2dA(C))1/2

’ (/Q |W|2dA(C))1/2- ( i of Ofe QdA(Q> 1/2.

8_@‘(0 T
Taking now the limit as ¢ — 0%, the term [, |1 — x.(¢)[*dA(¢) goes to zero. Also we
see that df./0( — Of L ¢ uniformly. This is because Q is a bounded domain with €*
boundary and g is €1(Q), so 99/ is a continuous function in a compact set. Therefore

(©)

there exists M = sup, g BC < oo and in particular

of: _of|
sup ac Kl C

z€Q

eM.

Taking the limit as ¢ — 07 the claim follows. O
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Proposition 2.27 (Bell’s lemma). Let Q2 = {z € C: p(z) < 0} be a bounded domain
with €> boundary, with |Vp| > 0 in a neighborhood of 0. Let u € €>(Q) and m > 1.
Then there is a g € €™ 1(Q) which agrees with u up to order m — 1 on 9 and such
that Pg = 0, where P the Bergman projection of A%().

Proof. Let a be as in Lemma 2.25. We will define the function g by induction. For the
case €', let
a(z)u(z)p(z)
wy(z2) = ———75—2
&)= G700

and

vi(z) = %wl(z) = a(z)u(z) + p(z >\a (%)

_771

The function 7, is continuous on €2, so v —u = pn; near 0. This means (v1—u)
so v; and u agree to order zero on 0f2. Also, by Lemma 2.26,

|6Q =0,

Puy( / K (2,¢)—w (C)dA(C) =

Suppose now that we have wy,_; and v,_; = %wk_l such that v,_; agrees to order
(k—1) — 1 with w on 9Q and P(vk_1) = 0. We shall construct a function wy of the
form

(21) W = Wr—1 + kak

such that v, = %wk agrees to order k — 1 with u on 992 and Pv, = 0. We define the
differential operator D : €*(Q) — €*~1(Q) by

TSN
Do) = |8p/82]2§R <(9,z 85) '

If z € 091,

2

8” ~ 1.

a(z) Op Op Calz)
Pl = 30702 (az az) [op/0:F |

Defining now
aD*u — vp_q)
Klop/oz

o
5, Wk, we have

0y, =

with wy, defined as in (21) and vy, =
9,

D' (u—v,) = D" (u) — D! {&(wk—l + HkPk)}

— — aék _ 3p
_ k-1 k-1 ) YYr k k—1 k—1
=D (U—kal)—p { p}—D {Hk’ }
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In the boundary, using D" (p™) = m!(Dp)™, we obtain

(22) DF Yy — ) = D" Hu —vpy) — 0 — (kﬁk%) (k—1)!
z
DF ' (u —wvg—1) Op
klOp/0z 0z
= D" u—vp1) — D Hu—wvpy) =0.

= D" u — vp_y) — k!

Notice now that any directional derivative at a point p € 02 is a linear combination of

D= ()%—l—b( )aay and 1= —b(p );x—i— (p)(,fy,

—so0 7 (tangent) is the orthogonal operator of D (normal)—. Therefore, we shall prove
that

D(u—wv)| =0
o0

for all s, such that s+¢ =k — 1 (notice that the cases where s+t < k — 1 follow from
the inductive hypothesis and the explicit form of wy in (21)). The case s =0,t =k —1
is exactly (22). If s > 1, write

(23) D u — v) = T(Is_lDt(u — Uy))

=G

Since s — 14+t =k — 2, G = 0 in the boundary. Thus, the tangential derivative of G,
7(G), must also be zero on the boundary. This shows that (23) is zero in 052
We have constructed v,,, so it suffices to set g := v, € €™ 1(Q). Then

/Kzs /Kzé Wi (€) A(E) = 0
by Lemma 2.26. O

Using Bell’s lemma (Proposition 2.27) on the disk, we can deduce the following facts:
(a) If Kp is the Bergman kernel of A%(ID), then

‘(%)ka(z,w)

(b) If u € €*(D) and vanishes to order k at D (i.e., u agrees with the zero function
to order k at dD), then there exists C' > 0 such that |u(z)| < C(1 — |2])*.

(k + 1)lw*
(1 — zw)k+2

(k 4 1)!

< .
— (1= Jw])r

Theorem 2.28 (Bell’s condition R for the disk). If k > 1 and u € €**2(D), then
1 Pow)llgs oy < ox-

Proof. From Bell’s lemma there exists a function v € €*+2(D) which agrees with u to
order k+2 on 9D and Pp(v) = 0. Then Pp(u—v) = Pp(u) and v — u vanishes to order
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k + 2 on dD. In particular, by (b) above, |u(z) —v(z)| < C(1 — |2|)*2, so for j < k

we have
a\’ d\’
|(5—> Po(()] = |( 52 ) Polu o))
) J
-1/ (5) KD<Z,<><u—v><<>dA<c>'
(a) 4+ 1)!
2 [ G- a0 <
Hence, it is bounded and the claim follows. 0

Actually, the point (b) above holds on any bounded € with €* boundary. The next
result is given as a corollary of Theorem 2.16.

Corollary 2.29 (Bell’s projection formula). Let Q1,Qy C C be two domains, and
let ®:Qy — Qs be a univalent mapping between them. If we denote by P; the Bergman
projection of A%(SY;), fori=1,2, then

P((@7)  (fo @) =(27) - (Pi(f) 0 @7).

From Theorem 2.15, we can infer that any two simply connected domains 2,2, C C
are conformally equivalent; that is, there exists a biholomorphic mapping ¢ : £2; — €.
However, for practical applications, the focus often shifts to whether ¢ (and its inverse
¢ 1) can be extended continuously to the boundary 9€;.One might intuitively expect
that the smoother or "nicer” the boundaries of €2y and €25, the more likely such a
continuous extension exists. In fact, this phenomenon is remarkably consistent: the
extension exists in almost all standard cases, and its regularity increases in tandem with
the regularity of the boundaries themselves. This relationship is a well-documented area
of complex analysis, and the following theorem defines the specific conditions required
for the domain’s boundary:

Theorem 2.30 (Carathéodory). Let §2;,Qy C C be bounded domains in C, each
of which is bounded by a single Jordan (simple closed) curve®. If p : Q1 — €y is a
biholomorphism, then ¢ extends continuously and one-to-one to 0§2y. That is, there is
a continuous, injective function ¢ : Qy — Qy such that Plg, = .

The proof of Theorem 2.30 can be found in [12] or [6]. The first proof by Carathéodory
use properties of Lebesgue measure on the circle. The remarkable fact is that, in fact,
we can say a little bit more:

Let 2 = {z € C : p(z) < 0} be a bounded simply connected domain with &>
boundary, and let F' : D — Q be a conformal mapping. The continuous one-to-one
extension of F' to D, by Theorem 2.30, is actually in (D) (see Theorem 2.36). We
introduce a few lemmas before to prove it.

®Notice that the domains are simply connected since each has complement with just one connected
component.



31

Lemma 2.31 (Hopf’s lemma). Let U C C be a smoothly bounded (bounded and with
€ boundary) domain. Letu : U — R be a harmonic function on U, continuous on U.
Suppose that u assumes a local maximum value at p € OU, and let v be the unit outward
normal vector to OU at p. Then the one-sided lower derivative Ou/Ov is positive, i.e.,

@ ;= lim inf ulp) —ulp —tv)

ov t—0+ t

> 0.

Remark 2.32. Notice that the fact that p is a local maximum guaranties that the
one-sided lower derivative is non-negative .The proof utilizes the Poisson kernel and
Harnack’s inequality; for a detailed treatment of these classical tools, we refer the
reader to [7].

Lemma 2.33. Let 2 C C be a smoothly bounded simply connected domain and let
F :D — Q be a biholomorphism. Then there is a constant C' > 0 such that for all
zeD,

dist(F'(z),00Q) < C(1 — |2]).

Proof. Define u : w + log |[F~!(w)|. This function is well defined in Q\ {F(0)}. For all
wo € 2\ {F(0)}, we can choose an analytic branch of the logarithm, defined as

z dé‘
wo €
Then we can write u(w) = R{Log(F*(w))}. It is known that the real part of a
holomorphic function is harmonic, and since F'~! and Log are holomorphic, in fact u
it is harmonic there. Furthermore, it is continuous on (2 \ {F(0)}) U9 and u = 0
on 0f). This is a consequence of Theorem 2.30: since () has a smooth boundary and
is bounded, in particular 9 is a Jordan curve. If we take w € 99, F~'(w) € 9D, so
u(w) = log(1) = 0. In particular, it attains a (global) maximum at every point of 052,

since |[F~H(w)] < 1if w € Q\ {F(0)}. We can apply therefore Hopf’s lemma: for all
point p € 012,

Log(z) = log(wo) +

ou U
ou L
5, (P) =limin

The points w; = p — tv verify that dist(wy, 0Q2) = ¢, so
0 — u(wy)

=L >0.

(p) —ulp —tv)
t

lim inf =L >0.

t—0+

By definition, there exists therefore § > 0 such that for all 0 < ¢ = dist(wy, 9Q2) < 4,
—u(wy) > cdist(wy, 02). Hence,

dist(F'(z),00) < EIU(F(Z))! = %\ log |||

for z € D near the boundary. This allows us to express the logarithm as (1 — |z|), and
the claim follows.° O

6Notice that no differentiability at boundary points is assumed in the lemma (and also in Lemma
2.31). The derivative estimates are on the “lower derivative” only, which, as a liminf always exists.
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Lemma 2.34. Let Q2 C C be a smoothly bounded simply connected domain and let
F:D — Q be a biholomorphic mapping. Then

(1) For k € {0,1,...}, there exists a constant Cy, > 0 such that for all z € D,

(2) If v € €*+2(Q) vanishes to order 2k +2 on 9Q, then F' - (o F) € €F(D).
Proof. 1) F' is bounded. It suffices to apply Cauchy estimates on the disk D(z, (1—|z|)).

2) For j < k we have
@) @) o)

But (%)j_g (¢ o F') is a linear combination, with complex coefficients, of terms of the

@) e () (L) o

where m < j —f¢and ny +--- 4+ ng, < j— L. So (24) is dominated by

21 |(§) F - (o F)

k
1
C dist(F(z), 0Q)*+1-0-9 < Odist(F(z),0Q)"! —
E 1- Iz! (1 =[]+
(L — |=D*!
<(C——F-7+—=0C.
(=
where the last inequality follows from Lemma 2.33. 0

Lemma 2.35. Let G : D — C be holomorphic, such that

(83) G(:)

forj=0,...,k+1. Then each (0/02)’G estends continuously to D for j =1,... k.

éCj<OO

Theorem 2.36 (Painlevé). If Q= {z € C: p(z) < 0} is a bounded, simply connected
domain with € boundary’, and F : D — Q is a conformal mapping, then F € €>(D)
and F~! € €°(Q).

Proof. Let k > 1 and let P be the Bergman projection of AQ(Q)._By Proposition 2.27
applied to the function u = 1 on 2, there is a function v € €2**8(Q) such that v agrees
with « up to order 2k + 8 on 0f2 and P(v) = 0. If we define ¢ =1 — v, then

P(¢) = / K(-,Q)dA() +0 =

7I£1 particular, it is a Jordan curve. Therefore, by Theorem 2.30, we know F € ¥°(D) and F~! €
€°(Q), while its existence is ensured by Theorem 2.15.
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Moreover, ¢ vanishes to order 2k+8 on 9. By Lemma 2.34, G’ := F'-(¢oF) € €3 (D).
Hence, each derivative is bounded:

a\’
(5) ¢
for j=0,...,k+ 3. If p € 0D, we define

GﬂﬁZA(yWWpﬁ+G®%

which clearly defines a continuous extension of G’ to dD. In fact, each (0/0z)’ G’ extends
continuously to D for j = 1,...,k + 2 (inductively), i.e. G' € €**2(D). Applying
Theorem 2.28, Py(F' - (¢ o F)) € €*(D) and has k bounded derivatives. Now, Bell’s
projection formula (Proposition 2.29) gives

Po(F' - (60 F)) = F'- (P(6) o F') = F",
so F’ has bounded derivatives up to order k. Again, by the same reasoning as before,
F' € €*Y(D). Since k is arbitrary, we may conclude that F' € €>(D).

To show that F~1 € €><(Q), we shall prove that |F'(z)| > 0 for all z € ID. (we
already know it is everywhere non-zero on D). Since F' is holomorphic, F' satisfies
the Cauchy-Riemann equations on D. Suppose then that there exists a point p € oD,
with outward unit normal vector v, such that F’(p) = 0. Consider u = p o F. Since
F € (D), u € (D). Moreover, since we can assume p such that Ap > 0 near
09, u is a subharmonic function on I) that is continuous on D. By definition of the
conformal map, v < 0 in D and u|sp = 0. Thus, u attains its global maximum value of
0 at every point of the boundary 0D, and in particular at p. Since F’(p) = 0, the chain
rule yields:

SCj<OO

ou
ngZVMNm%DHMMZVMﬂm%F@W:O
However, since u is a non-constant subharmonic function on D attaining its maximum
at p € 0D, Hopf’s lemma (Lemma 2.31) says

ou

a(p) > 0.

This yields a contradiction. Consequently, F'(z) # 0 for all z € D. Since F' € €><(D)
and its derivative never vanishes on the compact set D, it follows from the real Inverse
Function Theorem up to the boundary that the global inverse mapping F~! is uniquely
determined and satisfies F~! € (). This completes the proof. O

Remark 2.37. Clasically, Theorem 2.36 was proved with the study of Green’s functions
(see Definition 3.4). The ideas of this proof are due to S. Bell and E. Ligocka.
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3. CHARACTERIZATION OF DOMAINS WITH TRIVIAL BERGMAN SPACE A2

The main goal of this chapter is to prove Theorem 3.24, which characterizes the
domains € admitting a nontrivial Bergman space A?(£2). In order to do so, we need to
introduce several concepts from Potential Theory. The elements introduced here will
also be fundamental in the treatment of the Suita conjecture in the final chapter of this
thesis. We will outline only the properties strictly necessary for our study, presenting
some of them without proof. The interested reader is referred to [7] and [13] for a more
comprehensive treatment.

3.1. The Green’s function. We introduce the Green’s function, which serves as a
fundamental tool for solving the Dirichlet problem (see Section §5.3). Historically, the
Green’s function G(z,w) was designed to represent the potential at a point z generated
by a unit impulse at a source point w, under the condition that the boundary 0f2 is
kept at zero potential.

Definition 3.1 (Green’s function I). Given a bounded domain Q C C and w € ,
the (negative) classical Green’s function on Q with pole at w is a function ¢, = g(-, w) :

Q\ {w} — R that satisfies

(1) gy is harmonic on Q \ {w};
(2) gu(-) —log|- —w]| is harmonic in a neighborhood of w;
(3) lim,_,, g(z,w) = 0 for all p € 0.

Remark 3.2. With this definition, we must discuss some properties of the function.

e Uniqueness: In fact, if there exists another function h,, verifying the properties,
then by (2) g, — hy is harmonic throughout Q. But (3) implies that g, —h, =0
on the boundary. From Theorem 5.8, it follows that g, = h,,.

e Singularity: ¢(-,w) has a pole at w, with ¢g(z,w) — —o0 as z — w. This is a
direct consequence of (2).

e Negativity: ¢, is harmonic in Q \ {w} and lim,_,,, g, (2) = —o0 since g,(-) —
log | - —w| is harmonic at the point w. Again by Theorem 5.8, g(-,w) < 0 for all

e Maximality: g, is the maximal negative function such that g,(-) — log| - —w|
is harmonic in €2; suppose there exists another function h,, such that h,, < 0 in
Q\ {w} and hy,(-) —log| - —w| is harmonic in Q. Then consider ® = h,, — g, =
(hy(2)—log |z—w]|) = (gw(z) —log |z —w]|), which is harmonic in Q. Furthermore,

for p € 09,
lim sup ®(z) = limsup(hq,(2) — g(z,w)) = limsup h,(z) — 0 < 0.
Z—p z—p z—p

Since ® is harmonic in 2 and ® < 0 in 9€2, by Theorem 5.8, ® < 0 in €2, so
he < g, as we wanted to prove.

Proposition 3.3. If Q C C is a bounded Dirichlet domain, then for each w € ) there
is a (classical) Green’s function on Q with pole at w.

Proof. Define the boundary function f: 9Q — R by f(z) = —log |z —w|. By Corollary
5.19, we know there is a continuous function w : {2 — R that solves this Dirichlet
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problem. It is harmonic in Q and v = f in 0, so the function g¢,(z) = u(z) +
log |z — w| is the Green’s function on €2 with pole at w. Indeed, (1) is verified since
log | - —w| = R(Log | - —w]) is harmonic in C\ {w}, where Log is an analytic branch of
the logarithm. (2) is by construction: g(z,w) —log|z — w| = u(z), which is harmonic
in the entire domain €2 as it solves the Dirichlet problem. Thus, it is harmonic in a
neighborhood of w. (3) follows from the fact that for any p € 99, we have G(p,w) =
log |p — w| —log |p — w| = 0. O

While Definition 3.1 provides a solid foundation for classical domains, its applicability
is restricted to Dirichlet domains. In more general domains, a classical Green’s function
may not exist due to the presence of irregular boundary points. Therefore, we require
a generalized definition to extend these concepts to any domain 2 C C,, that possesses
a non-constant positive superharmonic function (see Theorem 5.27).

Definition 3.4 (Green’s function II). Given a domain Q C C,, the (negative)
Green’s function on €2 is a function G :  x Q — [—00,00) that satisfies:

i) For each w € €, the function G, (-) = G(-,w) is negative and harmonic on
O\ {w};
ii) For each w # o0 in 0, z — G(z,w) — log |z — w| is harmonic in a neighborhood
of w. If co € Q, z+— G(z,00) + log|z| is harmonic in a neighborhood of oo;
iii) G is the maximal function G x G — [—00, 00) that satisfies i) and ii).

At this point, some observations are necessary. If in ii) co ¢ Q, then G(-, w)—log |- —w|
is harmonic throughout 2. Similarly, if 0 ¢ €2, then G(-,00) — log| - | is harmonic
throughout Q. Do not forget also that to say the function z — G(z,00) + log|z| is
harmonic near oo is to say that z — G(1/z,00) + log|1/z] = G(1/z,00) — log|z| is
harmonic near 0.

Example 3.5. Consider the unit disk D. Its Green’s function is

zZ—w
G(z,w) =1 :
(2,w) = log 1 —wz
Indeed, we know that the mapping
z—w
Pul2) = 1 —wz

is an automorphism of the disk. Therefore |¢,(z)| < 1 for all z € D\ {w} and hence
G(z,w) = log |¢w(2)| < 0. Moreover, the map ¢,, is in (D), without zeros in D\ {w}.
Since the logarithm of the module of a holomorphic function that does not vanish is
harmonic, G(z,w) is harmonic on D\ {w}.

If we write G(z,w) = log |z —w| —log |1 —wz|, then G(z,w) —log |z —w| = —log |1 —
wz|. Now, the function z — 1 — wz is holomorphic and non-vanishing at D (its unique
zero is at z = 1/w, and its outside D since |w| < 1), so z — —log |1 — wz| is harmonic
in D.

As z — 0D, we obtain |¢,(2)] — 1, so G(z,w) — log(1l) = 0. If there is another
function f: D\ {w} — [—o00,00) satisfying i) and ii), then f — G, = f —log| - —w| —
(Gy — log| - —w|) is harmonic in D. Finally, since f < 0 and G(z,w) — 0 in the
boundary, by Theorem 5.8 f(z) < G(z,w) for all z € D. &
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Proposition 3.6. Consider a domain €2 C C,.

a) If there is a Green’s function for S, then is unique.
b) If G is the Green’s function for ), then

Gulz) = {G(z,w), if z#w

—00, if z=w

defines a subharmonic function on €.

c) Let 1,0y C Cy be two domains, such that there is a conformal mapping T :
O — Qg Letw € Q) and a = 7(w). If we denote G* and G* the Green’s
functions of Q and Qs respectively, and T(w) = « for any w € Qy, then

Goy(2) = Go(7(2)).

d) If Q is simply connected in the extended plane and for each w € Q, 7, : Q@ — D
is the Riemann map for Q and w, then G(-,w) := log|1,(:)| is the Green’s
function for Q.

e) If G is the Green’s function for ) and w € €0, the function defined in a neigh-
borhood of w by

Ho(2) = G(z,w) —log |z —w| if w# o0
v = G(z,00) + log | 2| if w= 00

s harmonic at z = w.

f) If oo ¢ Q and Q2 is a (bounded) Dirichlet domain with Green’s function G, the
function defined as u : z — G(z,w) —log |z — w| is the solution to the Dirichlet
problem of 0 with boundary values f : z — —log |z — w]|.

g) If G is the Green’s function for Q, then it is symmetric.

Proof. a): Suppose we have G,G" two Green’s functions on 2. Then by iii), since G’
satisfies i) and ii), G’(-,w) < G(-,w) for w € Q fixed. By the same argument with G,
it must be that G(-,w) < G'(-,w), so G = G'.
b): By i), G is harmonic in ©Q \ {w}. In particular, it is subharmonic. Near w,
Gy(w) = —oo and since G, is negative, the integral
1 27

i0
o, Gy(w+re?)dd =1
is either a negative real number or —oco. In all those cases, G, (w) < I, so G, is
subharmonic in €.
¢): Tt suffices to assume that neither €; nor s contain oco. Let ¢ : Q; x O —
[—00,00) be defined by ¢ = G? o (T x 7). Let us verify that ¢ has the properties of
Definition 3.4. i) Clearly ¢(-, w) is negative and harmonic in Q; \ {w}. i) If 7(w) = «,
consider the power series expansion of 7 about w,

7(2) =7(w) + Ai(z —w) + As(z —w)? + ... =a+ (z —w) (A + Ay(z —w) +...),
so we deduce

(25) log|r(z) — a| =log|z — w| + h(2),
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where hy(2) = log |A; + Aa(z —w) +. . .| is harmonic near w, since Ay = 7/(w) # 0. We
know GZ2(¢) = log |¢ — a| + ha(C), where hy is harmonic near a = 7(w). Then by (25)

p(z,w) = Go(7(2)) =log|r(2) — af + H((2)) =log |z — w| + h(2) + ha 0 7(2)

and therefore p(z,w) — log|z — w| = H(z), where H is harmonic near w € €y, since 7
is conformal. i) Let f : {2 x € — [—00,00) be another function verifying i) and ii).
Then fo (77! x771) : Qy x Qy — [—00, 00) also verify i) and ii) on 3 x Q. Therefore
fo(r'x7t ) <G s0 f<G?o(TxT)=0.
d): Let w € Q. Then for any b € Q,
a —la b
I TOR AL
1 —7,(0)7a(2)
for some constant ¢ (depending on b) with |¢| = 1. Also from Example 3.5 we have seen

that the function
Z—w

H(z,w) = log

1 —wz

is the Green’s function for the disk . Thus, using c)

Tw(2) — Tw(w)

- mTw(z)

G(z,w) = H(7p(2), Tw(w)) = lo

= log |7 (2)]

e): It follows directly from ii) of the definition. f): Clearly u is harmonic in . If
¢ € 09,
lim u(z) = lim [G(z,w) —log |z — w|] = 0 — log |¢ — w].

z2—(C z—(
This shows that u is continuous on  and in the boundary it is exactly the continuous
function f(¢) = —log|¢ — w].

f) : Let J, : @ — R the unique harmonic solution in  that solves the Dirichlet
problem with boundary values f(¢) = —log|¢—w|. Define G(z,w) = J,,(z)+log |z—w|.
Then let us check that the first two conditions are verified for this function G. ii) follows
directly by construction. The negativity is given by the fact that lim,_,, é(z,w) =
—log|¢ — w| + log|¢ — w| = 0, for ¢ € 9Q. Also lim,_,, G(z,w) = —o0, so by the
Maximum Principle, G < 0. Therefore,

G(z,w) > G(z,w) forall ze Q\ {w}.

To prove the other inequality, consider the function v = G(-,w) — f, which we know
is harmonic in 2. We have u < —log| - —w| in Q, so taking the limit superior as we
approach any point ¢ € 0f2,
limsupu(z) < —log|¢ — w| = £(2)
z2—(

But we also know that on the boundary J,, = f, so limsup,_, (u(z) — J,(2)) < 0 on
the boundary. Again, by Proposition 5.8 we conclude u < J,, in €2, so G, = G, and
therefore u = G(-,w) + f = G(-,w) + f = Jy.

g) : The symmetry can be found in [7]. O
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Proposition 3.7. Let Uy C Uy C ... be domains in C with U = U;U; and let w € U
fized. Suppose that U admits a Green’s function G. If G is the Green’s function of U,
then G;(-,w) = G(-,w) uniformly in compact subsets of U \ {w}.

Proof. Fix w € U and consider the indices j for which w € U;. The function G|y,
satisfies conditions i) and ii) of Definition 3.4. Hence, G;1|v, (-, w) < G;(-,w), and by
Theorem 5.4, g(z,w) := lim,, G;(z,w) exists uniformly on compact subsets of U \ {w},
and either g, = ¢(-,w) is harmonic or ¢ = —oco. But again by the same argument
glu, (,w) < Gp(-,w) for all n. Thus G(z,w) < g(z,w), so g, is harmonic on U \ {w}.

Clearly g < 0 and g(-,w) —log |z — w| is harmonic near w. Therefore, g satisfy i) and
ii), so ¢ < G and the claim follows. O

3.2. Other notions of Potential Theory. Firstly, we introduce the notion of har-
monic measure. From now on, we speak of hyperbolic domains, which are domains that
admit a Green’s function (see Section §5.4). If 2 C C. is an hyperbolic domain and
f is a real-valued continuous function on 0,.€2, then f is a solvable function for the
Dirichlet problem.

Definition 3.8. For any hyperbolic domain 2 C C, and a € €2, the unique probability
measure w'’ supported on 0,2 verifying that

(26) fla) = f dwg
Doo 2
for each f € €' (052, R) is called the harmonic measure for €2 at a.

To ensure the existence and uniqueness of the harmonic measure, considering a point
a € Q and the map 2 : € (0%, R) 3 f — f(a) € R is a positive linear functional with
12| = 1. Indeed, the linearity of f — f is due to the fact that if u, v are finite-valued
solvable functions on €2, and «, 5 € R, ozmv = au+ po. If fis a positive function in
% (052, R), then 0 € 75(f, ), so f > 0. Thus, 2 is a positive linear functional. Since
1=1,|2|=1.

In fact, (26) holds for all bounded Borel functions f. It can be proven that wf has
no atoms and the following reult:

Lemma 3.9. Let Q C C be hyperbolic such that co € Q, a € Q and G(z,«a) the
negative Green’s function of (0 with singularity at o # oo. Then

i) for all z # oo
G(z,a) =log|z — al — / log [€ — a| dw(€) + G(z, 00).
o9
it) for any B ¢ Q and z # oo,
Glz100) = [ gl ~ 3] duf(€) ~ log = - 6.
)

We give now the definition of logarithmic potential. It provides a potential-theoretic
framework to introduce the Robin constant and the logarithmic capacity of a set by
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optimizing the functional energy over a class of unit measures. Firstly, consider a
compact K C C. Then for any R > 1,

1
/ |log |z||dA(z) = TR* [log R — = | + 7,
5I<R 2

so it means that [, |log|z||dA(z) < co. It makes sense therefore to give the following
definition.

Definition 3.10. For a compactly supported measure p on C, the logarithmic potential
of p is the function

L,(z)= /log ! du(w).

|z — w)
So for any compactly supported measure pu, L, is defined at every point of C. We

have the following elementary properties, which follow from the properties of the Cauchy
transform and some other observations.

Proposition 3.11. If i is a compactly supported measure, then

(1) L, is a locally integrable function.
(2) L, is harmonic on Cy \ supp(pu).
(3) If i is the Cauchy transform of p (see Definition 5.5),

OL, _ _j L,
oz 2’ 2’

0z

(4) AL, = —2mp.

(5) If p is also positive, with supp(p) C K, K compact, and if L, < M in K, then
L,<M inC.

If E is any set, define M(E) as the set of all real-valued, regular, Borel measures
compactly supported on E and such that L, € L*(E,C;|u]). Denote also M,(E) the
set of all positive, regular, Borel, probability measures compactly supported on E. If
M(E) # 0, let p € M(E) and put

(27) () = / Lu(z)d(z) = / / log — ) di(2),

|z —w

For such measures p, I(p) is well defined and is called the energy integral of p. Now,
since the logarithmic potential of a positive measure is bounded below on compact sets,
we have that if p is a positive, regular Borel measure compactly supported on E, then
either 1 € M(E) or

lim [ min{L,,n}dp = +oc.

n—0o0

It shows then that we can define I(u) = [ L,du for all positive measures®.

Definition 3.12. If F is any set such that M (FE) # (), the (classical) Robin constant is
defined as v(E) = inf{I(p) : p € M,(E)}. The (classical) logarithmic capacity of such
E is defined by

c(E) = e VE),

8We admit the possibility I(u) = co.
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If M(E) =0, define v(F) = oo and ¢(E) = 0.

We obtain that if £y C FE,, then ¢(E;) < ¢(Fy) and ¢(F) = sup{c(K) : K C
E compact}.

We briefly introduce now polar sets. Analytically, they represent sets that are “in-
visible” to bounded harmonic and subharmonic functions; they act as removable singu-
larities. Geometrically, in C, a polar set has zero Lebesgue measure and zero Hausdorff
dimension in the spectrum of capacities, making it negligible as a single point or a
countable collection of points, even though it might be uncountably infinite.

Definition 3.13. A set Z is polar if there exists a non-constant subharmonic function
u on C such that Z C {z : u(z) = —oo}.

Taking into account the function z — log|z — p|, one can see that every singleton
is polar. Moreover, from properties of subharmonic functions, every polar set must be
Lebesgue measurable with A(Z) = 0. Indeed, E' = {z : u(z) = —oo} = Mp{z : u(z) =
—n}, and since u is not identical to —oco, A(F) = 0. In particular, polar sets have no
interior.

Proposition 3.14. The following statements hold.

(1) If K is a non-trivial compact connected set, then K is not a polar set.
(2) If Z is polar, then every compact subset of Z is totally disconnected.

Proof. (2) follows from (1). Suppose u is a subharmonic function on C such that
u(z) = —oo on K and let U be a bounded open subset of {z : u(z) < 0} so that U D K.
Using Theorem 2.15, we have the conformal mapping 7: D — C., \ K with 7(0) = oc.
If {z,}» C D such that |z,| — 1, all the limit points of {7(z,)}, will lie then in K, and
hence u o 7 is a subharmonic function on D, uw o7 — —o0 as z — p, p being any point
in JD. Using finally Theorem 5.8 we conclude v o7 = —oo, and thus so is u. 0

The proof of the following theorem is omitted, as it involves technical machinery and
preliminary results that fall beyond the scope of this text. It can be found in Conway

7].

Theorem 3.15. For a compact (totally disconnected) set K C C, the following are
equivalent.

i) K is a polar set
i) If Q bounded with K C G, then w(K) =0 for every a € Q.
iii) C\ K is parabolic.

w) There is no positive non-zero measure j on K such that L, is bounded above.

Theorem 3.16. If F is a Borel set, the following are equivalent:
(a) ¢(E) > 0.
(b) There is a non-zero positive, reqular, Borel measure compactly supported on E
such that L, is bounded above.
(c) There is a compact subset of E that is not polar.
(d) There is a positive measure p with I(u) < oo and u(E) > 0.
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Proof. We can assume E to be a compact set K. We can also assume that K C
B(0,1/2). Indeed one has that if T'(z) = az + b, a # 0, then v(T(E)) = v(E) — log|a|
and ¢(T(E)) = |a|c(E).

(a) = (b) Let v € My (K) with I(v) < co. Since K C B(0;1/2), L, > 0 on K.
Since L, € L'(K,v), there exists M > 0 such that if F' = {z € supp(v) : L,(z) < M},
then v(F') > 0. Since L, is a lower semicontinuous function, F' is compact. If y = v|p,
then L, (z) < L,(z) < M for all z € F and hence, by (5) of Proposition 3.11 throughout
C.

(b) = (c). This is immediate from Theorem 3.15.

(¢) = (d). By Theorem 3.15, there exists a positive, regular, Borel measure
compactly supported on K, u, such that L, < M, so I(u) = [ L,du < oc.

(d) = (a). If p is a positive measure with pu(K) > 0 and I(u) < oo, then by
definition, v(K) < oo and so ¢(K) > 0. O

Definition 3.12 provides a potential-theoretic framework to introduce the Robin con-
stant and the logarithmic capacity of a set E' by optimizing the functional energy over
a class of unit measures. This approach captures the global electrostatic equilibrium
of the system. Alternatively, when considering the exterior domain Q = C,, \ K of
a compact set K, one can define these notions locally by evaluating the asymptotic
behavior of the Green’s function at a specific reference point.

Definition 3.17. If K C C is a compact subset such that Q := C., \ K is hyperbolic
with Green’s function G, then for any fixed point w € €2, the Robin constant with
respect to w for K is defined by

Yo(w) = — lim H,(2),

zZ—w

where H,,(z) is the regular part of the Green’s function as defined in Proposition 3.6.
If @ =Cy \ K is parabolic, define yo(w) = oco.

Notice that in the special case when w = 00, 7o(00) = — lim,_,(G(z, 00) + log |2]),
for a number a, log|z| —log|z — a| = log |l —a/z| — 0, as z — oo. Thus yo(c0) =
—lim, ,+(G(z,00) +log |z — al). This observation will come in handy later.

Proposition 3.18. Let K C C be a compact connected subset, and let @ = C, \ K
and a point w € Q. If 1, : Q@ — D be the Riemann map for 2, then

Yo(w) = —log |7, (w)].

Proof. In Proposition 3.6 we have seen that G(z, w) = log |7, (2)| for z € Q\{w}, where
G is the Green’s function for €2. Thus,

—Ya(w) = lim (G(z,w) —log |z — wl) = lim (log [7,(2)| — log |2 — w])

zZ—rw
= lim log M = lim log
z—w |Z — ’U]| zZ—w

Tw(2) = Tw(W)

\ — log |7 (w).
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Proposition 3.19. Let K C C be a compact such that U = Cy, \ K is hyperbolic,
let v = vy (o0), and let Q be the component of U that contains oco. If w is harmonic
measure for Q0 at oo and L, is its logarithmic potential, then

o) — v+ Gla,00), a€f
Lu(e) {’y, ag¢Q

Proof. We can assume WLOG that K = K. Lemma 3.9 yields
G(z.0) =log|z =l = [ Tog|¢ ~ ] du2(€) + Gz, 0).
for all finite @ and z # «. But using Proposition 5.27 we get
Lip(a) = [ loglé - al * du?() = Gla2) - [G(z.50) +log]: ~ a

Letting now z — oo and using that Lo — L, we obtain L,(a) = G(a,00) + 7.
If a ¢ Q, again by Lemma 3.9

—[G(z,00) +log |z — al] = / log dwsH(€).

1
€ — o
Letting z — 0o, L,(a) = 7. O
This constant yo(w) can be interpreted as the “self-energy” of a unit charge placed

at w in the presence of the grounded boundary 0. We can explicitly relate the Robin
constant and the Bergman kernel in the diagonal:

Theorem 3.20. Let 2 C C be a hyperbolic domain. If K denotes the Bergman kernel
of A%(Q)), then

1 8279 (

7020z

Proof. 1t follows from Theorem 5.28. Notice we have vo(¢) = ¥((, ¢), where 1 is defined
n (47), the regular part of the Green’s function. Thus,

(28) K(z,z2) =

0va oY oz O ow
2= (o owat) L T
But we also have
D) = 02 Z 4 60 2 s L) = Ve + i 2L = o + 0
a¢ 3( 3C TOC wz@( " C o T
and therefore
Py

Wﬁ& = wzé + 2,’7Z}zu’} + @ijw-

We know that for the singular part of the Green’s function, log |z —w| = £ log(z —w) +
slog(z — w). The mixed derivative %log |z — w| is strictly equal to 0 for z # w,



43

which implies that % = 3622_81627 =
diagonal z = w = ( yields:
1 0%y
7 0COC

V.. Finally, Theorem 5.28 and evaluating at the

2 2 0%G
(C) = ;wzw(ga <) = ;826’@

(€, ¢) = K(¢, Q).
U

Directly from Proposition 3.19, the classical Robin constant v(K) is the local Robin
constant at infinity, which means that v(K) = vq(00) whenever Q2 contains the point at
infinity. A similar identification can be made for the capacity. We can now introduce
the local, geometric definition of capacity from the perspective of the Green’s function.
It can be shown that c(K) = e 72(>®) whenever Q = C., \ K contains the point at
infinity (see Definition 3.21).

Definition 3.21. If K C C is a compact subset such that Q := C,, \ K is hyperbolic
with Green’s function G, then for any fixed point w € €, the logarithmic capacity of K
with respect to w € € is defined as:

co(w) = e 10,

If 2 is parabolic, we set cq(w) = 0.

In the same way, if Q is the hyperbolic (connected) component of Co, \ K which
contains oo the logarithmic capacity of K with respect to oo is defined as cq(o0) =
e~72() If ) is parabolic, we set cq(c0) = 0.

Although Definition 3.21 is strictly formulated for compact sets, the notion of capacity
extends naturally to cases where the complement C,, \ €2 is not compact (for instance,
when it is unbounded). For a point w € €, we can apply the Mébius transformation
z + (z —w)~!, which sends w to infinity and transforms the unbounded complement
Co \ © into a strictly compact set K € C. The capacity co(w) is then rigorously
understood as the logarithmic capacity of this compact set K with respect to infinity.

Lemma 3.22. Let K;,Ky; C C be compact subsets such that Q3 = Co \ Ky and
Qy = Cy \ Ky are hyperbolic components and let w € Q. If K1 C Ky (i.e. Qo C Qy),
then cq, (w) < cq,(w). The inequality holds for w = co.

Proof. Let G; and G5 the Green’s functions of €21 and €25, respectively. Since €2y C €2y,
we know in €y that G4 (-, w)|q, < Ga(-,w). Then adding in both sides — log |z — w| and
taking the limit as z — w, we finally get that —vyq, (w) < —vq,(w), so cq, (w) < cq,(w).
The case w = oo is similar. 0J

Proposition 3.23. Let {K,}, be a sequence of compact sets such that K, D K, for
all n and let K = N, K,. Define Q, = Cy \ K,, and Q = C, \ K, and assume that )
15 hyperbolic. Then, for all w € €2,

cq, (W) = co(w).

Proof. First, since K,, D K, 1, taking complements in C,, yields an increasing sequence
of domains Q,, C Q,,41. Furthermore, U,Q,, = U, (Coo\ K,,) = Coo\Np K, = C\K = Q.
Since w € ) = U,(),, there exists an integer N such that w € Q, for alln > N. We
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can assume WLOG that this holds for all n. Let G, (-,w) and G(-,w) be the Green’s
functions of €2, and €2 with pole at w, respectively. By Proposition 3.7, we know that
Gn(-,w) = G(-,w) uniformly on compact subsets of 2\ {w}. Using the regular part of
the Green’s functions near w, these functions H;, and H,, are harmonic near w.

Choose a small closed disk D(w,r) C . Since D(w,r) \ {w} is a compact subset of
Q\ {w}, the sequence G, (-, w) converges uniformly to G(-,w) on the boundary circle
0D(w,r). Therefore, H! — H,, uniformly on 0D(w,r). By Theorem 5.8, this uniform
convergence extends to the interior of the disk, meaning H;, — H,, uniformly on the
whole closed disk D(w,r). In particular,

— li_>m Yo, (w) = lim lim H](z) = lim H,(z) = —yq(w).

n—oo z—w zZ—w

Finally, we conclude cq, (w) — cq(w) as n — oo. O

In Remark 2.7 we saw that there exist domains in C such that its Bergman space
AP(Q) is trivial. Here we characterize those domains in the case p = 2 following a
proof due to Hedberg. While the theorem holds for any closed set, we will prove it
under the assumption that K is compact. This restriction allows us to carry out the
proof utilizing the potential-theoretic tools introduced thus far. A complete proof of the
general statement requires heavy machinery from the theory of removable singularities,
which falls outside the scope of this thesis. The interested reader can find a complete
proof in [13].

Theorem 3.24. Let K C C is a closed subset, then the following are equivalent:

a) K is a polar set.
b) A2(C\ K) = {0}.

Proof. b) = a): WLOG we can assume A(K) = 0 and diam(K) < 1. Indeed, we can
assume that the area of K is zero: if not, define

1

z) = dA(Q).

16 = [ A
This function is continuous in C and analytic in C \ K. Its derivative f’ is non-zero
and belongs to A*(C\ K). we can also assume diam(K) < 1 because of the geometric
invariance of polar sets and Bergman spaces, i.e., let T'(2) = cz + d, with ¢ > 0. If we
choose ¢ small enough, diam(7T'(K)) < 1 (a set K is polar if and only if ¢K +d is polar).
If there is a function g € A?(C \ T(K)), then f(z) = g(cz + d)c € A?(C\ K). Thus,

A%(C\ K) = {0} implies A%(C\ K’) = {0}.

Assuming K not polar, by Theorem 3.16, ¢(K) > 0. We will find a non-zero function
f € A*(C\ K). Let K;, K, be disjoint compact subsets of K, each of which has
positive capacity. For j = 1,2 let p; be a probability measure on K; with logarithmic
potential that is bounded above and put g = p; — pe. So p is a non-zero measure
carried by K and pu(K) = 0. If f = [, the Cauchy transform of u, f € #(Cy \ K)
and 0 = f(o0) = f'(c0) (Proposition 3.11). Choose R > 1 such that K C B(0; R) and

define H = {2 : |z| > R}. By Lemma 2.2, f € A*(H).
We have to prove that [g o [f[?dA < oco. Let z,w € K with z # w and for
0 < e < |z—w|/2 define B. = B(w,e) U B(z,¢). Now since z # w, the function
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¢ = [((—w)(¢—2)] ! is locally integrable (with respect to the two-dimensional Lebesgue
measure A). Thus,

/ dA(C,) = lim / dA(C) .
Bor) ((—w)(C—2) =20 /g0 r\5 ((—w)(—2)

Also note that 2(9/9¢)log |¢ — z| = (¢ — 2)~!. Therefore Theorem 5.2 yields

dA(¢) _ 9 0 | LldA 1 10g|C—Z|d
/B(O,R)\Bg (¢ —w)(¢—2) /B(O,R)\Bg ¢(—w o8¢~ #ldA(C) i /|C—R ¢—w ¢

| logl¢ =2, 1 log ¢ — 2]
- 80 " Al — = 28 Ay
i /C—w|e C —w C i /|§—z|s C —w C

=1-1.—-J.

Now for these three integrals we have

1 2m ' 4
[5:—,/ log|w — 2z + ce|ice®dh = 27 log |z — w|.
tJo

2] = 1/27r _loglee®] ;i go| < g S108UL/E)
: iJo (z—w-+ee?) T z—wl—e
= /27r log | e = 2| o g

0 Re®® —w '

Writing d = sup{|z| : 2 € K}, we obtain d < R and |Re? — w| > R —d. Also
log |Re? — z| < log2R. Thus, there is a constant C) that depends only on R and K
such that |I| < C;log2R. Therefore

dA(¢) ‘ T
/B<0,R)\BE —w)(¢—2) < I+ | = |l

1 loge™!
SCllog2R+27rlog| |+27T| < OgT .
z—w z—w|—¢

Letting ¢ — 0 we see that there is a constant C' that depends only on R and K such
that, whenever z # w,
/ dA((_ )
B(0,R) (C—w)((—72)

Now the fact that the logarithmic potentials L,, and L,, are bounded above implies
that the measure p have no atoms. Indeed, if u has an atom z,, then

1 1
L@ = [ tog——dww)+ [ dog o di(w),
g {0} 12— w| C\fzo} 12— W]

so taking the limit as z — 2, the first integral becomes clog|zy — 2o|™! = +o0, so it
would imply that L, (2) is not bounded above. Hence |u x p|({(2,2) : z € K}) =0

(29)

< (C'log

[z —wl|’
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by Fubini’s Theorem. So (29) holds |u x pl|-a.e. on K x K and
dA
/ (Q ‘d\,uxu]zw <C//log
KxK )

(€ —w)(¢ -
where I(|p|) is the energy integral of |u|, defined in (27). From Fubini’s Theorem we

=4Clog2R + I(|u|) < oo,
get that
/B(O,R) JFdA = /B(O,R) </K %) (/ ¢— = ;) A0
<[ ) il < o
hence f € A2(C\ K).

0,R) ¢ —w)(C—2)

a) = b): Assume that K is polar, so K is totally disconnected (Proposition 3.14)
and C\ K is connected. If f € A*(C\ K), then f has an expansion f(z) =Y oo, a,z"".
We shall prove that a, = 0 for all n > 2, or equivalently, show that for all n > 1,
[ 2" f(z)dz = 0, where T is any smooth Jordan system surrounding K.

WLOG, it can be assumed that K C D, and let I be a finite collection of pairwise
disjoint smooth positively oriented Jordan curves in D\ K such that K C ins T'; the
area closed by I'. Let v = ¢ \r(00) and put W = C, \ [’ Uins I'] = out I' and
w its harmonic measure evaluated at oo, and let G be the Green function for W?. If
u = L, /v, then u is harmonic on W and, by Proposition 3.19, u(z) = 1 + G(z,00) /7
for all zin W, and u(z) =1 for all z ¢ W (because OW =T is a system of curves and
so each point of I' is a regular point).

Fore > 0,set I'. ={z:u(z) =1—¢} and E. =T'. Uins I'.. The value of ¢ can be
chosen as small as desired with I'. a smooth positive Jordan system that contains I' in
its inside. If U = {z : u(z) > 0} \ E., U is a bounded open set that contains E. and
has a smooth boundary. Note that if |z| > 2, dist(z,T') > 1 and so |z —w|™! < 1 for all
w in I'; thus u(z) < 0. Hence U C 2D.

If g is any function analytic in a neighborhood of {z : u(z) > 0} \ ins I, then

/Fg(z)dz:/rgg(z)dz: 1i8/6Ug(z)u(z)dz.

Thus applying Theorem 5.2 we get

80 [t = [ FaeuE1dAe) = 72 [ o5t dac)

dlu!( ) dlpl (w)

1—¢

Taking g = Ou/0z in (30) and using the fact that u is real-valued, we get

0
/az )dz = 1—8/

—U
9The hyperbolicity is given by Proposition 3.15.

2

dA.
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| A

2

Now fix n > 1, let f € A?(C\ K), and let g = 2" f in (30); this yields
2 4 9 2
" dz| = — 2"f —udA
/F” f(z)dz a—ez|),” 5"
4 o o |?
—1—————5 <;/n’2 f‘ df4) (;/p E;—U/ d/4>
2n+1
v / S
According to Proposition 3.11, du/0z = —(2v) '@, the Cauchy transform of w. Thus
0 1 1
/ —u(z)dZ:——/ / dw(¢ dz——// dz dw(() =
.0z 2y Jr. Jr \ ¢ — = _\z—
since I' is in the inside of I'.. This combined with the fact that ¢ was arbltrary gives
o ]
/ () de| < ——
r Yeor(20)
for any such system I'. Since ¢(K) = 0, we can get a sequence of such curve systems
{T'x }& that squeeze down to K. Thus, by Proposition 3.23, vc_\r,(00) = 7c.o\k(00) =
oo; but ka 2" f(2) dz remains constant. Thus, this integral must be zero, and so f =
0. O
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4. THE SUITA CONJECTURE

The Suita conjecture is a result in complex analysis that links the geometry of a
domain (its logarithm capacity) to its Bergman kernel. Proposed by Nobuyuki Suita
in 1972, it remained one of the most challenging open problems in the field for over 40
years. It reads as follows: given a domain €2 C C, let K be the Bergman kernel of
A%(Q) and cq(w) the logarithmic capacity of C \ Q with respect to w. Then, one has
the inequality

(31) co(w)? < TKo(w,w).

This conjecture was proved to be true in 2013 by Z. Blocki [5] for bounded domains
in the plane C by obtaining the optimal constant in the L*-extension theorem (in C):

Theorem 4.1 (Ohsawa—Takegoshi L? extension Theorem). Let Q C C a bounded
domain and let w € Q. Consider ¢ a subharmonic function in Q. For any value £ € C,
there ezists a holomorphic function f € 7(Q) such that f(w) = £ and

[l@Re 9 aae) < e,
Q
where C' is a constant depending only on the geometry of 2.

In a more general setting, discovered by T. Ohsawa and K. Takegoshi in 1987, this
theorem guarantees that any L?-holomorphic function defined on a bounded Stein sub-
manifold —such as a lower-dimensional pseudoconvex domain in C"— can be holo-
morphically extended to a surrounding higher-dimensional domain while maintaining a
strict bound on its L? growth.

The intuition behind it is the following; if we consider ¢ = 0 and we choose £ = 1,
then there exists a function f € #(Q) such that f(w) = 1 and [, |f]?dA < C.
Therefore f € A%(Q2) and now by Theorem 2.8, we know

|g(w)|® 1
Kq(w,w) = sup = - )
geaz(@) 19152 E{llgll%z(q) : 9 € A%(Q), [g(w)] = 1}

and hence it gives Kq(w,w) > C~1. It is interesting, however, to use a weight function
¢ —which depends on the Green function of {2— in order to prove the conjecture.
Specifically, as we will see, ¢ = 2G,, — log | - —w|? — log(1 — €2¢»).

In 2015, Qi’an Guan and Xiangyu Zhou [11] provided the complete proof for general
Riemann surfaces. However, we present here the purely one-dimensional approach
following the proof of Blocki in [4].

Remark 4.2. Before continuing, we must make some remarks:

(1) Although we state the Suita conjecture for planar domains Q@ C C to work
directly with the (classical) Bergman kernel for functions, the conjecture was
originally formulated by Suita for arbitrary open Riemann surfaces. In a more
general setting, such as domains 2 C C.,, both the capacity and the Bergman
kernel must be treated as conformal metrics (differentials) rather than scalar
functions.
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(2) By virtue of the convergence properties established in Propositions 2.12, 3.7,
and 3.23, together with the exhaustion guaranteed by Theorem 5.6, we may
assume without loss of generality that the domain €2 is bounded and with smooth
boundary.

(3) We are interested only in hyperbolic domains. Otherwise, the Bergman kernel
would be zero according to Theorems 3.15, 3.24, and the logarithmic capacity
would also be identically zero by definition, making (31) trivial.

(4) The equality of (31) holds for some point w € €2 (and consequently for all points
in Q) if and only if © is conformally equivalent to D \ E, where D is the unit
disk and F is a closed polar set (i.e., a closed set of logarithmic capacity zero).

If 7, :  — D is the Riemann map for €2, then directly from Proposition 3.18,

co(w) = |7} (w)|. Thus, by Corollary 2.19, cq(w) = /7T Kq(w, w).

We expose here the Blocki’s proof with detail, which is based on ideas from Berndts-
son [3] and largely following the approach developed by Guan and Zhou [10]. The
following description of the Bergman kernel as a solution to the Dirichlet problem will
be useful. In some cases, rather than working directly with the Bergman kernel, we will
work with this specific solution.

Proposition 4.3. Let Q C C be a bounded domain with €' boundary, w € Q and
let K be the Bergman kernel of A%(Q). Considering the boundary function z € 0Q
(7(z —w))~! the Dirichlet problem admits a solution, given by the harmonic (comple-
valued) function v : Q — C. Then

Proof. Since v is harmonic on €2,

NV a(m))

0:07 0z \ 0z
and hence £ — (9/02)(€) is holomorphic. It suffices to show that it has the reproducing
property. Let h € A%(Q) N €1 (). Then since f is holomorphic,
0 ov
2 —(ho) = h—
3 2 (i) =g

and therefore using the Cauchy integral formula, Theorem 5.2 and (32) we conclude
that

(h, v/0z) = /Q h(z)%(z) dA(z) = /Q h(z)%(z) dA(z)

- /Q %(m—)) dA(z) = % /6 Qh(z)@dz
1 h(2) _ 1 M z = f(w
dz = /a d f(w).

T2 a0 T(z —w) 270 Joq 2 — w
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Now, since A2(Q) N €*(Q) is dense in A%(Q)'° the claim follows. O

For simplicity, denote from now on @ = 9/0z and d = 9/9z. We want to work in
weighted Bergman spaces, introducing a function ¢ : {2 — R to obtain an accurate
bound to prove (31). Consider then, for a €?(2) function ¢ : Q — R, the following
weighted scalar product

(33) (a, B, = /Q aBevdA.

We want to find the adjoint operator of E_With respect to this inner product, which we
denote by 0. Assuming that o, 8 € €*(Q2) are such that on 9 either « = 0 or 3 =0,

the following must hold true: @;a, B), = (a,08),. But
(a,08), = / &%e’@dA = / a(0B)e ?dA.
Q 0

Since d(afBe™?) = (0a)Be~? + a(dB)e™% + af(de™*), we obtain adBe ¥ = d(afe ) —
(0a) e — aB(—0pe~?). Integrating over €,

/Qaagewdfl:/Q@(aﬁe_")dA—{—/Q—aaﬁe_wdA%—/QaB(ﬁgp)e_”dA.

Applying Theorem 5.2, the first integral vanishes:
/ d(aBe ?)dA = 1]{ afBe ?dz = 0.
Q 2 Joo

(a,56>¢, = /Q (—0a + adyp) Be ?dA = (—Da + adyp, B,

Therefore

SO 5:; is given by 52’;04 = —0Ja + ady. In particular,
(34) ('_95;a = —00a + 0(adyp) = —0da + (0a)dp + a(0dp) = 5;504 + addp.

Define now a(z) := e#®) (1 — 7(z — w)v(z)), where v is as in Proposition 4.3 and ¢
to be determined. We are assuming that 02 is smooth, so v € (). In 92 we have
that a = 0, and a(w) = e?™). From Proposition 4.3, we get

(35) K(w,w)=(K(-,w), K(-,w)) /]K z,w)|*dA(z /|av| dA.

Since da = 0 (e?) (1 — (- —w)v) + e?O(1 — 7(- —w)v) = (Ip)e?(1 — (- —w)v) +
e?(—m(-—w)Ov), we obtain (’3204 = —0a + adp = 7(z —w)dve?, so ]85004\2 = 72|z —
w|?|0v|?e*?. Finally, employing (35),

36 K. Tap0
(36) olw,0) = =5 [ 80P T mdA)

10By the Farrell-Markushevich Theorem (see, for instance, [9]), the analytic polynomials are dense
in A%(Q) provided that the boundary of 2 is sufficiently regular. Since polynomials are smooth on Q,
it follows that A2(2) N%1(Q) is dense in A%((Q).
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Proposition 4.4. Let u, € €*(Q) be real-valued functions and assume o € €>(S)
vanishes on 0X2. Then

/Q,u|5wa|26_“"dA = /Q (u|5a|2 + |a*(uddyp — 00u) + 2?)?(65#5@04)) e “dA.

Proof. We have <u5;a,5;a>w = (5;@;&, a), + <,u8_0;oz, o), and by (34) and using the
fact that p is real-valued, (u%;a,am = <5;5a,uo¢)@ + (@ddp, par),. But this first
term in the right-hand side can be written as
(5:;504,;@)@ = (Ja, pda), + (Oa, adp), = (Oav, pdar), + (a,aué:;a% — (o, ad0p) .

Finally, we get

(p@la,g;a)@ = @;ﬁ;a, ), + (O, pda), + @;ﬁ;a, o), — (@, ad0p), + (0D, par),,
which is the equality claimed. 0
Corollary 4.5 (Nakano inequality). Let ¢ € €2%(Q) be a real-valued function and

assume o € €*(Q) vanishes on 0. Let both ju; € €*() and an integrable function j;
be positive. Then

2
/(,u1 + u2)|5;a|26_“0d14 > / laf? <,u18530 — 00y — |6ML1|> e ¥YdA.
Q 0 2

Proof. By applying Proposition 4.4 to the function p;, we can write
/ u1|5;a|Qe’WdA = / u1\5a|26@dA+/ (]a|2(,u185g0—05,u1)—|—2§R(65u15;a)) e ¥YdA.
Q Q Q

Since y; is positive and [Oa|? > 0, the first term on the right-hand side is non-negative,
so we can discard it to establish the lower bound:

(37) /u1|5;a|2e‘PdAZ/]a|2(u185g0—85u1)e“’dA—|—2/§R(55u15;oz)e“’dA.
Q Q Q

To control the term involving the real part, we use the classical inequality 2ab < a?+b%.
Specifically, for any positive function po, we have the pointwise inequality:

i < o ?

7o 0 _—
2 )a@ulﬁ al = 2|adatL u2]8¢a|2.

, the inequality can be rewritten as:

Since we also have —28‘%(65;@15;@) <2 ‘65/115:,04

[o*|Op |
M2

(38) 2R(@0 0 0) > — — 20,017,

Substituting (38) into the lower bound (37),

/m@:;&\ze“"d/l 2/ |2 (11100 — 00y e Pd A —/
Q Q Q H2

2 2
ol oml’

— / ,u2|5;a|26_‘pdA.
Q
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Finally, moving the last integral involving us to the left-hand side and grouping the
terms, we conclude. Il

From (36) we should use Corollary 4.5 with ju; + pg : 2+ e %) /|2 — w|?. Denote as
before G,, = G(-,w) and define the harmonic function in Q, ¥ := 2G,, — log |z — w|?.
Then cq(w)? = e¥™). We will seek

=1+ x(-2Gy), g =e ),
where x(t),7(t), defined for ¢t = —2G,, > 0 will be determined later. Notice

4 e~ ¥—x(t)

— = — e () — ot=x(t) _ ()

M2 =

|z —wl? |z —wl?

However, since A(log| - —w|) = 200(log(- — w)(-—w)) = 20(1/—w) = 276, and

G — log| - —w] is harmonic,

— 21 T
000G, = Z(Sw +0= §5w.

Thus,

11000 — 001
= O (X (1) (—=70,) + X (1)A0G,[2) — (78,7 (1) + 4(Y (£)? — 7" (1)|0G,,[?) e
= —e 076, (X (1) + /(1)) + 410Gul* (X" (8) +7"(t) =7/ (H)?) .

and

om 220Gy e O 0GR (1)

o @t*X(t) — e*’Y(t) et— x(t) — e~ y(t)

)

so gathering everything and denoting n = x + 7,

2

100 — 00y — | Orn]
M2

_ / / " " fy/ t ? -
= —¢ W8, (X'(t) + /(1)) + 4 (X (t) +7"(t) = 1= ex((t))v(t)t) e 106, [

1(+)2
_ _ef'y(t)ﬂ(swn/@) 44 (nll(t> _ Y (t) ) ef'y(t)’aGwIQI

1 — en(®)—2v()—t

It is convenient to choose n and v satisfying:

! (+\2
) w1 _
n'(t)e "W =1, n'(t) ety (O-n(t) _ 1 0.

This ODE of second order has solution n(t) = —log(t+e~*—1), so v(t) = n(t) +log(1 —
e "). Indeed,

1 d 1—et

)= —(t+e ' -1)=————
(A0 e a7 Uy A s
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and we also have e~ 7(1) = e=n(0)-logl=¢") — (¢ L=t _ 1)(1 —e7*)!, s0

1—et t+et—1
() e — _ | = -1
nit)-e ttet—1 1— et

Morover,
(39) ") = (—e)t+e'—1)—(e" =11 —-e") 1—-(t+1)e"
L (t+et—1)2 (et —1)2
and
, , et et—1 et
(40) YO =n)+ T m T e o T T e

Since t + 27(t) — n(t) =t + 2[n(t) + log(1 — e )] = n(t) =t + n(t) + 2log(l — e™"),

B et(1— e t)?2 B (et — 1)2

Cotdet—1  tet— (et —1)

From (39), (40) and (41) we deduce the ODE. Therefore, we have x(t) = —log(1 —e™")
and p(t) = ¢ —log (1 —€*“») = ¢ —log (1 — |z — w|?e¥). By Corollary 4.5, since
a(w) = e = W) = cq(w)?,

_* —2p(2)
/ |8‘pa|2€—dA(z) > / |af? (—e_V(t)W(Swn’(t)) e PdA = meq(w)?.
Q Q

|2 = w]?

(41) 615-1—27(15)—77(1t) _ 6t€n(t)(1 . e—t)2

Finally, using (36), we obtain (31). This completes the proof.

Remark 4.6. Although we have used Corollary 4.5 for ju;, which is not 6% at w —in
fact it is of the form puy = —2G,, + p, where p is precisely

p= —1+ L@u
e~ 2Gw — 1’
which is smooth (p — —1 as we approach w)— by approximation it is clear that it
holds also for such a function.

Using the ideas of the proof, we obtain the following representation of the Bergman
kernel in the diagonal.

Theorem 4.7. If Q C C is a domain and K is the Bergman kernel of A%(2), then for
all w € €,

1

K(w,w) = —inf{ [9a(2)]

o lz—w?

2

dA(z) : e € €°(0), a(w) = 1} :

Proof. Fix w € Q and let a € €°(Q), f € A*(Q) with a(w) = f(w) = 1. Then the
function u(z) := f(z)/(n(z — w)) satisfies Ou = §,,. Indeed,

o (L) = 2on Lot (92 ) = 1 = S =G

Z—w) z—w

Z—w
Therefore, since a(w) = (dy, @),

2
/aéudA = ‘—/uﬁ_ozd/l
Q Q

2

Ly [ 1a()P
< e | o dA)

1= Ja(w)? =
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Taking now the function f(z) = K(z,w)/K(w,w) € A*(Q), which satisfies f(w) = 1
and ||f||ig(m = 1/K(w,w), we obtain

1 [ 10a(z)]”

7 Jo |z —w]?

K(w,w) < dA(z).
Taking the infimum over all & € €>°(2) with a(w) = 1, < holds.

To prove >, assume that Q = {z € C : p(z) < 0} is bounded and with smooth
boundary. Let v be harmonic in © and such that v(z) = 1/(7(z — w)) for all z € 9.
Then «a(z) := 1 — (2 —w)v(z) is smooth up to the boundary, vanishes there and
a(w) = 1. Proposition 4.3 yields

(42) K(zw) =0 (M)

—m(z —w)

. 1
= LCCEDRUCRU EEEs )
_8@_(2) — (a(w) — - _8— E(Z>
o T D=y

It is enough to show that a can be well approximated by test functions. We shall find
a sequence {ay,}, C €>2(Q2) such that «,(w) =1 for all n and verifying

/ ()" gy / 902 142,

|2 = w]? |2 = w]?

Consider for that a function y € €*°(R) such that x(t) = 0if t < 1 and x(¢) = 1
if ¢ > 2 and define for all n the test functions «,, := x(—np)a. Then it has compact
support because ay,(z) = 0 when 0 > p(z) > —1/n. Since w € 2 is a fix point in int Q,
there exists ¢ > 0 such that —p(w) = ¢ > 0. For n large enough (n > 2/c), we have
—np(w) > 2. Thus, x(—np(w)) =1 and a,(w) = a(w) = 1.

Now, applying the 0 operator we get da,, = x(—np)da — nx'(—np)adp, so

da, — 0 = (x(—np) — 1)0a — ny'(np)adp.

Notice that for —p(z) > 2/n, we have x(—np) = 1 and x'(—np) = 0. Therefore, the
difference da,, — O is only supported in the strip near the boundary given by

2
Un:{zeQ:—ﬁ<p(2)<0}.

Since w is fixed away from the boundary, the term z — |z —w|~? is uniformly bounded
in all U, for n large. It rests to prove [;; [0, —dal*dA — 0. We have, since A(U,) — 0
as n — 00, that

X(=np) — 1[2|0af? dA < / 002 dA — 0,
Un n

where we have used Lebesgue’s Dominated Convergence Theorem. For the other term,
since aspg = 0 and « is smooth up to the boundary, there exists C' > 0 such that

la(z)] < Cdist(z,00) < —C'p(z).
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If we work in U, n|a] < 2C’, and since both x and dp ar bounded in a neighborhood
of Q, we finally get

[nx'(np)adpl* < M - A(U,) — 0
Un

for some M > 0. Using (42) we obtain

K(w,w) = |K(-,w)| a2 = /Q K (2, w)[2dA(z) = 1 |0a(2)|

At the end, we get for all n
2
inf {i OB Az g e €2(9), Blw) = 1}

™ Ja |z —w]?
[Oom (2)|” 1 [ ]0a(z)
7 Jo |z —w]?

dA(2).

7 Jo [z —wf?

1
< — —— — _dA —
w2 Jo |z — wl? (2)

dA(z) = K(w,w).
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5. APPENDIX

5.1. Some basic results of Complex Analysis. In this section, we recall some
fundamental results from Complex Analysis that will be used throughout this work.
We also use the following notation.

e R, = RU{+£o0} the two-point compactification of R.
e The Riemann sphere C,, = C U {00} (the Alexandroff extension of C). Given
Q) C Co, we denote by Q° and 0. its closure and boundary, respectively.

Theorem 5.1 (Montel). Let Q2 be an open subet of C and let F C H(K2) be a family
of holomorphic functions defined in 2. The following statements are equivalent:

(1) F is normal (i.e., any {fn}n C F has a subsequence which converges uniformly
on compact subsets of Q);
(2) F is uniformly bounded in compact subsets of €.

Theorem 5.2 (Green). Let Q C C be a domain with €' boundary. Let C' denote
the boundary of €2, oriented positively. Suppose that F(x,y) = u(z,y) + iv(z,y) is a
function that is in €*(Q2). Then

]{C(udw +vdy) = //Q(vx — uy,) dzdy.

Alternatively, if F = u + v,

ji F()ds = 2i /Q %F@) dA(2).

Theorem 5.3 (Dini). Let X be a compact topological space, and let { f,}, be a mono-
tonically increasing sequence of continuous functions, f, : X — R, such that converges

pointwise to a continuous function f : X — R. Then, the convergence is uniform on
X.

Theorem 5.4 (Harnack). Let U C C be a domain. Then

i) The metric space of the harmonic functions defined on U (with the metric in-
herited from € (U,R)) is complete.

i) If {un}n is a sequence of harmonic functions defined on U such that u; < ug <
..., then either u, — oo uniformly on compact subsets of U or u, — u (in the
space of such harmonic functions), where u is harmonic on U.

Definition 5.5. For a compactly supported measure p on C, the Cauchy transform of
1 is the function ji defined a.e. by

i) = [ dutu).

Z—w
We have that i is locally integrable and analytic on Cy, \ supp(p).

Theorem 5.6. Let Q2 C C be a domain. There exist subdomains {S0,}, of Q with a
smooth boundary, U2 Q, = Q, such that §2,, is compact and €2, C 2,11 for each n.
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5.2. On harmonic, subharmonic and superharmonic functions. We will intro-
duce now some notions oriented to solve the Dirichlet problem and give some basic
results —which will be quite helpful for our purposes— without proof. The reader can
find them in any elementary book of Complex Analysis or Potential Theory.

Recall that a harmonic function defined in an open set U C C is a function €*(U) >
u: U — R such that
Pu  Pu O

- = + =0.
020z  0x?  Oy?

Some elementary properties of harmonic functions are that if f € 5(U), then R(f)
and (f) are harmonic. Conversely, for every harmonic function v : U — R, there
exists another harmonic function v : U — R, called the harmonic conjugate of u, such
that f(z) = u(x,y) + iv(z,y) is holomorphic in U for z = x + iy.

Moreover, if u : U — R is harmonic, then it is infinitely differentiable. Also, from
Cauchy’s integral formula, we deduce that if u is harmonic in U, and D(a,r) C U, then

1 2w )
= —/ u(a + re') db.
2 Jo
We will say that a continuous function u : U — R has the Mean Value Property (MVP)

if whenever D(a,r) C U, (43) is verified. Using the Poisson kernel, one can prove that
every continuous function u : U — R which has the MVP is harmonic.

A=14

(43) u(a)

Definition 5.7. Let U C C be an open set, and let ¢ : U — R be a continuous
function. We say that

(1) ¢ is a subharmonic function on U if whenever D(a,r) C U,

1 2 )
ola) < 2—/ o(a +re) db.
T Jo

(2) ¢ is a superharmonic function on U if whenever D(a,r) C U,

1 2 ”
> — ) do.
o) =5 [ platre?)

Other properties are that ¢ is superharmonic if and only if —¢ is subharmonic.
Because of this, we can only work with subharmonic functions. Another remark is
that every harmonic function is both subharmonic and superharmonic. In fact, u is
harmonic if and only if u is both subharmonic and superharmonic. We present the
analogue of the Maximum Principle for harmonic functions, along with several related
results without proof.

Theorem 5.8 (Maximum Principle for subharmonic functions). Let ¢ : U — R
be subharmonic in a domain U C Cy and let zg € U be a point such that ¢(zg) =
sup,cp @(2). Then ¢ is constant in U.

Corollary 5.9. Let U C C, be a domain and let ¢, : U — R continuous and bounded,
such that ¢ is subharmonic and v is superharmonic. If for each point p € 0,,U,

lim sup ¢(z) < liminf ¢ (z2),
2—p

Z—p

then either p < or ¢ =1, being this function harmonic.
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5.3. The Dirichlet problem. Given a domaini1 2 C C, and a continuous function
f: 00 — R, there is a continuous function u : ©° — R such that u is harmonic on Q
and ulg,_q = f?7 This is known as the Dirichlet problem of Q with boundary values f.

(1) The function f is called boundary function/values.

(2) If for a domain €2 and a boundary function f, the Dirichlet problem can be
solved (there exists a function u as above), then Q is called a Dirichlet domain.

(3) The function u is called a (classical) solution of the Dirichlet problem.

The Dirichlet problem is a classical subject in analysis with strong physical motiva-

tions (see [8]). Observe that we are allowing the domains to contain the infinity point.
We must clarify the meaning of being harmonic (or subharmonic) at infinity.

Definition 5.10. Let K C C be a compact subset and u : C\ K — R harmonic.
We say that u is harmonic at infinity if z — u(1/z) has a harmonic extension to a
neighborhood of 0.

Remark 5.11. Notice that for bounded domains, the Dirichlet problem has unique (clas-
sical) solution (if exists). Indeed, from Theorem 5.8, we deduce that if U C C is a
bounded domain, and w : U~ — R continuous, harmonic on U, then maxg U = maxXpy U.
Therefore, if uy, us are two solutions, then u; —us is harmonic and zero on the boundary;,
so u; — ug = 0.

Some conditions in 0S) are necessary in order to ensure a (classical) solution to
the Dirichlet problem in €2. The first to use subharmonic functions for the study of
Dirichlet’s problem was O. Perron. Let €2 C C,, be an open set, and let f : 0., — R
is any extended real-valued function. Then we define

P(f,Q) = {¢ : ¢ subharmonic on Q, bounded above, and
limsup ¢(z) < f(p), for all p € 0.0},

zZ—Dp

P(f,Q) = {¢ : ¢ superharmonic on 2, bounded below, and
liminf ¢(z) > f(p), for all p € 0,02},
2—p

which are called the lower and upper Perron families associated with f and €1, respec-
tively. Observe that —P(—f,Q) = P(f,2). Also define the lower and upper Perron
functions associated with f and €2, respectively:

f= swp ¢, f= sup ¢
PEP(f,Q2) PEP(f,92)
Remark 5.12. Notice here that f is ngl—deﬁned, being possible that it can be the —oo
function, since the —oo function is in P(f,2). Similarly f, and they are both defined in
Q. Furthermore, f and f are harmonic functions on any component of €2 on which they

HWhile Conway [7] develops the theory for general open sets, he notes that it suffices to consider
domains, as a function is solvable (see Definition 5.20) on an open set 2 if and only if it is solvable on
each of its connected components.
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are not identically £00. We now prove that if a classical solution exists (equivalently
we are in a Dirichlet domain), it is given by u = f = f.

Proposition 5.13. If f : 0.0 — R is continuous and u : Q0 — R is a classical
solution of the Dirichlet problem of € with boundary values f, then f = f = u.

Proof. u < f : We know that u is harmonic on 2, so in particular it is subharmonic on
2. We also have that, for ( € 0,9, lim,_,c u(z) = f(¢). Finally, since Q~ is compact
in C,., u is bounded above. Therefore u € 75(]‘", ), sou < f

f<u: Let ¢ € 75(f, Q) fix, and consider h = ¢ — u. We have h subharmonic on €,
and for all ¢ € 0,2

lim sup((=) — u(2)) = limsup ¢(z) — £(C) < F(¢) — F(C) =0.

z—( z—C
By Theorem 5.8, h(z) = ¢(z) —u(z) < 0 for all z € 2, so ¢ < u, and the claim follows.
Similarly, using superharmonic functions, one can prove that f = u. 0J

Definition 5.14. Let U C C be a domain and p € d,,U. A barrier for U at p is a
family of functions {¢, : r > 0} such that

(1) 1, is defined and superharmonic on U N D(p, ), with 0 < ¢, < 1;

(2) lim,—, ¥, (2) = 0;

(3) lim,_,, ¥,.(2) = 1 for w € UNOD(p, 7).
In this case, we say that p is a reqular point. Otherwise, it is called a singular point.

Ezxample 5.15 (Bouligand barrier). Let’s prove that every point p € 9D is regular:
Given a small r > 0, define h(z) = R(1 — pz). If 2 = p, then pp = |p|* = 1,
so h(p) = 1—1 = 0. For all z € D, R(pz) < 1, which implies h(z) > 0. Let
M, = min{h(z) : z € 0D(p,r) N D} and define
, h(z)
(2) = 1, .
U (2) mln( A )

Since it is the minimum of harmonic functions, ¢, is superharmonic. We also have
lim,,, h(z) =0, so ¢, — 0 as z — p. Finally, lim, ,, ¢,(2) = 1 for w € UN9D(p,r)
by construction. &

Lemma 5.16. If Q is a Dirichlet domain, then each point on 0x$) is reqular.

Proof. Let p € 0,,€2, (p # o0) and consider
ERTI
f(z) = {leppl’ if 2 7 00

1, if z = o0.

Then f is continuous on 98, so there exists a continuous function u : Q@ — R such
that « is harmonic on  and u = f in the boundary. In particular, u(p) = 0, and, in
fact, it is the unique zero of w in Q0 : f (z) > 0 for all z € 0. Applying Theorem
5.8, u > 0in Q7. Suppose that there exist ¢ € Q° such that u(q) = 0 and ¢ # p.
If ¢ € 0,12, this is a contradiction with the definition of f, because f(w) > 0 for all
points w # p in the boundary.
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Let ¢, = inf{u(z) : |z —p| =r,z € Q} = min{u(z) : |z —p| =rze Q" } > 0.
Defining
min{u(z), ¢, }

Uy D(p,r) 3z .

€ R,

these are a barrier for p: Since min{u(z),c.} < ¢, clearly 0 < ¢, < 1. Also, the
minimum of harmonic functions is superharmonic. We have
i T i y =T . 07 T
lim min{u(z), ¢, } _ min{u(p), ¢, } _ min{0, ¢, } _o

z—p Cy Cr Cr

Let w € §2 such that |w — p| = r. By the definition of ¢,, u(w) > ¢,. Hence, if z — w,
min{u(z), ¢, } — min{u(w), ¢,} = ¢, and finally ¥, (w) = ¢, /¢, = 1. O

Theorem 5.17. Let € be a domain, and let p € 0,80 be a reqular point. If f : 052 =& R
18 continuous at p,

lim f(z) = f(p) = lim f(2).

zZ—p Z—p

Proof. Let {1, : v > 0} be a barrier for Q at p and let us assume p # oo and f(p) =0
(otherwise consider f — f(p)). Let ¢ > 0 and choose § > 0 such that |f(w)| < e, for
W € 0,00 with |w — p| < 20. Define ¢ := 15 and

W(z), ifze€QnND(p,0)

b0
¥ 92%{1, it 2 € Q\ Dp,s).

Then ¢ is superharmonic. If |f(w)| < M for all w € 8,,Q (which is compact), then
— M4 — £ is subharmonic. Our claim now is more: —Mv — ¢ € 75(f, Q).

If w € 8,0\ D(p, ), then limsup, ., [-M)(z)—e] = =M —¢ < f(w). But 1(z) > 0,
so limsup,_,,[-M(z) —e] < —¢ for all w € 9. In particular, if w € 92N D(p, d),

~

then limsup,_,, [-M¢(z) — €] < —e < f(w) by the choice of 4. This proves the claim
and therefore

(44) ~Myp—e< f=u
in Q. A similar analysis yields

lim inf[M4)(z) + €] > limsup ¢(2),
Z—=w 2—w
for all w € 9Q and ¢ € P(f,Q). By Corollary 5.9, ¢ < M) + ¢ for all ¢ € P(f,Q),
so u < M1 + e. Combining this with (44),

(45) ~Myp—e <u< Mi+e,

and since both ) — 0 and ¥ — 0 as z — p and ¢ was arbitrary small, (45) gives
lim,,, u(z) = 0= f(p). A

We conclude that u = f take the same values of f as we approach to the boundary.
This function is known to be harmonic on € and continuous on Q°, so it is a (classical)

solution. Applying symmetric arguments for the upper Perron function associated, f,
the claim follows. 0
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Remark 5.18. Theorem 5.17 agrees with Proposition 5.13, which says that in Dirichlet
domains u = f is the classical solution, but further states that, even when the problem
does not admit a classical solution, the function v = f has the correct boundary

behavior at regular points.

Corollary 5.19 (Perron). A domain Q) is a Dirichlet domain if and only if every point
P € 0,82 is reqular.

Although this is an important result, sometimes it is hard to verify whether a point
is regular or not. It would be desired to find conditions under the boundary of the
domain to characterize Dirichlet domains. However, we are interested in what is called
“general” solutions of the Dirichlet problem. To this end, we shall focus our attention
on the Perron functions associated to the boundary values of the problem.

Proposition 5.13 shows that, in order to solve the Dirichlet problem, it must be that
f = f. If this happens, define v : 0 S Rasu= f . However, we still have difficulties
here. How do we know that w is continuous on € ? Theorem 5.17 asserts that it will
not always be true, so we can not always solve the Dirichlet problem. Secondly, how
can we decide when f = f? For this last question, requiring that all points are regular
is too strong. Indeed, it can be shown that this happens in bounded domains when the
collection of irregular points has harmonic measure zero (see Definition 3.8).

Definition 5.20. Let Q C C,, be a set. We say that a function f : 0,,Q2 — R, is
solvable if f — f and this function is finite-valued on .

If f is a solvable function, then f will be called the solution of the Dirichlet problem
with boundary values f12. If 2 is a domain such that every continuous function on 9,2
is solvable, we say that € is a solvable domain.

Since f and f are harmonic functions satisfying f < f on the domain €, the condition
f (20) = f(z) for a single point z, € Q implies f = f throughout (consider the
harmonic function H = f — f > 0, which has a minimum at z5. By Theorem 5.8,
H = H(zp) = 0). Thus, for f to be solvable, it suffices that these functions coincide
and are finite at one point of the domain.

Theorem 5.21. Every Dirichlet domain is a solvable domain.

Proof. Consider a Dirichlet domain 2 C C,. Then for every continuous function
f 10,82 — R, there exists a classical solution u of the Dirichlet problem. According to
Proposition 5.13, f is solvable. OJ

However, not every solvable domain is a Dirichlet domain. As an example,
Ezxample 5.22. Let U =D \ {0}. Then 0,,U =0U = {z: |z| = 1} U{0}. Set
1, if|z|=1

f(z):{o if 2 = 0.

Then f is continuous on AU. If there is a continuous v on U = D which solves the
Dirichlet problem, then u must be radial, i.e., it must verify u(z;) = u(z2) whenever

128ometimes known as the Perron-Wiener-Brelot solution of the Dirichlet problem.
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|21] = |22|. The reason for this is that if z — u(z) is a solution and we fix 6 € R,
z + u(e?z) is still harmonic in U and equals f in U. Then z — u(e?z) is also
a solution. Following Remark 5.11, since U is bounded, the Dirichlet problem has a
unique solution, so u(z) = u(e?z).

Using now the chain rule, the Laplace operator A = 9?/0x? + 0%/0y?, written in
polar coordinates, takes the form

10w Qw18 10 (0N 18
CrOr  Or2  r2002  ror T@T r2 062"

Since u is radial, it is independent of #, so

10 ou

Hence r(0u/or) = Cy, with C; € R. It implies u = Cjlogr + Cy, where Cy € R.
Notice now that there is no possible choice of Cy and Cy so that u|gy = f: if we are in
0D = {r = 1}, it would imply u(z) = Cy = 1, but therefore it does not matter if C is
zero or not, u(0) # f(0). Therefore, U is not a Dirichlet domain.

However, take any continuous function f : U — R and define g = f|sp. Example
5.15 shows that all point in JD are regular, Corollary 5.19 ensures the existence of a
harmonic function A on D such that

lim h(2) = 9(¢) = F(C), V¢ € I

The problem arises with the point z = 0, which in fact is irregular. It turns out that
this point does not affect us:

Since h is harmonic on D and coincides with f on {|z| = 1}, for each ¢ > 0, the
function v = h+ ¢ € P(f,D). To cope with f(0), we use the logarithmic function
(harmonic in U), w.(z) = h(z) + & — nlog|z|, for n > 0 small. We have w.(z) > f in
OU. Taking e, — 0, f < h (analogously f > h. And we know f < f, so U is solvable.
)

Remark 5.23. Essentially, the difference between Dirichlet and solvable domains is that
solvability only requires the lower and upper Perron functions to coincide ( f =f ) within
the interior of the domain, ensuring the existence of a unique harmonic candidate. In
contrast, a Dirichlet domain further demands that this function extends continuously
to the entire boundary, satisfying the condition lim,_,, u(z) = f(p) for every p € 0£2.
A solvable domain may have irregular boundary points where the harmonic solution
fails to recover the prescribed boundary value.

In order to characterize these regions, Conway [7] established that every bounded
domain is solvable. Furthermore, he proved that any domain whose complement in C
has a non-empty interior (i.e., it is not dense) is also solvable. We now give a result
that will be useful to prove Theorem 5.28.

Theorem 5.24 (Global Regularity for Harmonic Functions). Let 2 C C be a
bounded domain with boundary 0Q of class €. If u € €(Q) NE%(Q) is the unique
solution to the Dirichlet problem with boundary values f € €<(0N), then u € €=().
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5.4. Hyperbolic domains. Not every domain admits a Green’s function. Notice that
if (2 has a Green’s function G, then there are non-constant positive superharmonic
functions functions on Q via ®,,(2) = —G(z,w) for each w € Q. This leads us to define
the following sets:

Definition 5.25. A domain Q2 C C, is hyperbolic if there is a superharmonic function
on €2 that is bounded below and not constant on 2. Otherwise €2 is called parabolic.

Remark 5.26. By the comments before the definition, every domain that admits a
Green’s function is hyperbolic. Notice also that any domain conformally equivalent to
a hyperbolic domain is also hyperbolic (Proposition 3.6, ¢)). Moreover, if €2 is not dense
in C., there exists a disk D such that Q@ N D = (). We can send this disk outside D
(using Mo6bius transform) and send € inside D, which is hyperbolic (see Example 3.5
and Theorem 5.27 below), so  is hyperbolic.

Given a domain €2 C C., it can be shown that:
(1) If Q is solvable and 05 is not a singleton, then € is hyperbolic.
(2) If Q is parabolic, then K = Cy \  is totally disconnected and K = 9K = K.
(3) C is parabolic.
(4) If 052 has at least two points, then €2 is solvable if and only if it is hyperbolic.
The following equivalence is a fundamental tool that we will use. Consequently, from
this point forward, we will almost exclusively work with our domains to be hyperbolic.

Theorem 5.27. A domain Q) C C admits a Green’s function if and only if it is
hyperbolic.

Proof. Assume () hyperbolic and fix w € ©, w # oo. We will construct explicitly the
Green’s function with pole at w. Define u on 0, U {w} by u(w) = —oo and u(§) =0
for € € 0,,9Q. Consider now the upper Perron function of v on Q\ {w}; G, = .

i) Clearly, it is a non-positive harmonic function on Q \ {w}.

ii) Choose r > 0 such that D = D(w,r) C 2 and let R > r such that D(w, R) C €.
Observe that €2\ D is solvable, let x = xasp be the characteristic function of the circle
0D and put h = x, the Perron function of xy on 2\ D. It can be shown that since
0 < h <1, since we are in an hyperbolic domain, h < 1in Q\ D. Thus m = max{h(z) :
|z —w| = R} < 1. Choose a positive constant M with mM < M —log(r/R) and define
a function ¢ : 2 — R, by

Mh(z), 2¢Q\D
tol2) = {M—logL zeD.

lz—w|’
This function is superharmonic on 2. Indeed, 1y is lower semicontinuous. It is continu-
ous and the only place where we have to check the integral condition is when |z —w| = r.
To verify this, we first check that Mh(§) < M — log[r/|{ — w]|] for r < | —w| < R.
Indeed, if [£ —w| = 7, h(§) = 1 and so Mh(§) = M = M — log[r/|¢ — w|], so if
€ —w| =R, Mh(§) < Mm < M —log[r/|¢ — wl|]. The desired inequality now holds by
the Maximum Principle. Now, if |z — w| = r and § < R — r, this implies that

r

1 2m )
%/o Yo(z +6€¢®)dd < M — log = o(2).

|2 — wl
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This proves the superharmonicity. Therefore, the function v € P(u, Q \ {w}) and so
the harmonic function G,, satisfies G, (z) < ¢(2) for all z € Q\ {w}. If z € D, z # w,
Guw(z) —log|z — w| < o(z) — log|z — w| = M + logr, which is a constant. Thus,
Gw(z) — log|z — w| admits a harmonic extension to D(a,r).

iii) Assume that g, is another function having properties i) and ii) of Definition 3.4,
SO gy 18 a superharmonic function on . Now lim, ., g,(2) = co = u(w). Since g, is
negative, limsup, . gu(2) < 0 = u(() for ¢ € 9,.2. Therefore g, € P(u,G \ {a}) and
S0 gy > G. Hence G, is the Green function for 2 with singularity at w. O

The next result directly relates the Bergman kernel and Green’s function for distinct
points z # w.

Theorem 5.28 (Schiffer). Let Q@ C C be a hyperbolic domain and let G be its Green’s
function. If K denotes the Bergman kernel of A%(Q), then for all (z,w) € Q x Q with
z # w, we have

2 0°G
T 020w
Proof. By Propositions 2.12; 3.7 and Theorem 5.6, we may assume that €2 is bounded
and 0f2 is smooth. The function

is then smooth in Q x . Indeed, this is a consequence of Proposition 3.6 f), and
Theorem 5.24. Fixing now wy € €2, set
o
u= 8_@<’ wWo).
Then u is harmonic in ©, continuous on © and in the boundary, u(z) = (2(z — w)) ™.
Proposition 4.3 yieds

(46) K(z,w) = (z,w).

_20u 2 0’°G

e il QLU

K(', wo)
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