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“The scientist does not study nature because it is useful; he studies it because he delights in it, and
he delights in it because it is beautiful. If nature were not beautiful, it would not be worth knowing,
and if nature were not worth knowing, life would not be worth living. I mean the intellectual beauty,

which is a higher form of beauty, and which alone can satisfy the mind.”.

Henri Poincare
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Abstract

In this work, we prove a KAM theorem and present an algorithm formulated in an a-posteriori
format, using the parameterization method to look invariant tori in non-autonomous Hamiltonian
systems with n degrees of freedom that depend periodically or quasi-periodically (QP) on time, with
¢ external frequencies. Such a system is described by a Hamiltonian function in the 2n-dimensional
phase space, M, that depends also on ¢ angles, ¢ € T¢. We take advantage of the fibbered structure
of the extended phase space M x T¢. As a result of our approach, the parameterization of tori
requires the last ¢ variables, to be precise ¢, while the first 2n components are determined by an
invariance equation. This reduction decreases the dimension of the problem where the unknown is a

parameterization from 2(n + ¢) to 2n.

We employ a quasi-Newton method, in order to prove the KAM theorem. This iterative method
begins with an initial parameterization of an approximately invariant torus, meaning it approximately
satisfies the invariance equation. The approximation is refined by applying corrections that reduce
quadratically the invariance equation error. This process converges to a torus in a complex strip
of size p~, provided suitable Diophantine (,7) conditions and a non-degeneracy condition on the
torsion are met. Given the nature of the proof, this provides a numerical method that can be

effectively implemented on a computer,

We exhibit the algorithm with two models. The first is a Tokamak model [CVCT05, VL.21], which
proposes a control method to create barriers to the diffusion of magnetic field lines through a small
modification in the magnetic perturbation. The second model [dCNO00], known as the vorticity defect
model, describes the nonlinear evolution of localized vorticity perturbations in a constant vorticity
flow. This model was originally derived in the context of plasma physics and fluid dynamics.



Introduction

In 2015, the United Nations General Assembly adopted the 2030 Agenda, consisting of 17 intercon-
nected global goals designed to be a plan to achieve a better and more sustainable future for all.
The seventh of these goals focuses on Affordable and Clean Energy, a significant challenge where
science has the responsibility to provide solutions, and governments have the obligation to act in

collaboration with society.

Today, numerous efforts are underway to address this energy crisis, one of the most ambitious
being the quest to harness energy through nuclear fusion. Hopes in this area are largely placed on
the development of Tokamak reactors, which aim to confine plasma using magnetic field lines. The
concept is promising, as just 250 kilograms of fuel — 125 kg of deuterium and 125 kg of tritium
— could generate the same amount of energy as burning 250 million tons of fossil fuel, without

producing radioactive waste, unlike nuclear fission reactors.

With this conviction, the ITER project (International Thermonuclear Experimental Reactor)
is developing the first Tokamak. This project demands immense efforts across economic, political,
social, and scientific fields. The scientific challenges, which in my opinion are the more straightforward
ones, are nonetheless impressive, as they require contributions from a wide range of disciplines:
engineering, material science, computer science, nuclear physics, massive computing, plasma physics
and, most notably, KAM Theory.

One of the key challenges lies in creating magnetic field models to confine the plasma — these
models are often time-dependent Hamiltonian systems. In this regard, it is important to demonstrate
the system’s stability. Here, is when KAM theory plays a critical role. Due to the physical, dynamical,
and geometrical nature of Tokamaks, it is essential to demonstrate and calculate the existence of KAM

tori in these non-autonomous Hamiltonian systems.

It is important to note that this modest thesis takes inspiration from the stability of plasma in
Tokamak models. However, the techniques developed here are applicable to a wide range of fields,

such as physics, biology, astrodynamics, and more.
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The KAM Theory, developed by Kolmogorov, Arnold, and Moser [Kol54, Arn63, M&s62], plays
a crucial role in understanding the dynamics of Hamiltonian systems, (see [CC06, Duml4] for a
brief history). This theory states that, certain invariant tori in an integrable system survive after
small perturbations, maintaining a quasiperiodic structure. Despite its importance, the perturbative
nature of KAM theory limits its practical application, as it does not always allow for the explicit

calculation of invariant manifolds within the physically relevant regime.

However, de la Llave, Gonzélez, Jorba, and Villanueva introduced the parameterization method
in KAM Theory [dILGJV05], which offers a significant improvement. This method establishes con-
nections between theoretical predictions and practical applications, making it practical and accessible
for real-world scenarios. By solving an invariance equation to parameterize the invariant torus and
employing iterative schemes with quasi-Newton methods, the parameterization approach addresses
the limitations of the classical perturbative methods. This allows researchers to bridge the gap

between theory and practice, effectively applying KAM theory in various contexts.

For instance, time-dependent Hamiltonians, which naturally arise in astrodynamics and celestial
mechanics, provide a framework for studying the evolution of dynamical systems. A fundamental
class of these systems is known as the restricted N-body problems, where a small-mass particle moves

under the gravitational influence of a set of primary bodies without affecting their motion.

The Circular Restricted Three-Body Problem (CRTBP) is the simplest case, where two pri-
mary bodies orbit each other in circular paths around their common center of mass while the third
body moves within their gravitational field [SG69]. A more general case is the Elliptic Restricted
Three-Body Problem (ERTBP), where the primary bodies follow elliptical orbits, introducing explicit
periodic time dependence.

The Quasi-Bicircular Problem (QBCP) further complicates the system by incorporating a third
massive body in an approximately circular orbit, leading to additional resonances [And98, CCO7].
These models are crucial for understanding dynamical stability, the existence of invariant tori in
near-integrable systems, and the design of space missions [AS99, And03].

Building on this, Ferndndez-Mora, Haro and Mondelo [FMHM24a, FMHM?24b] introduce a method
to compute parameterizations of partially hyperbolic invariant tori and their invariant bundles in non-
autonomous quasi-periodic Hamiltonian systems. The papers [FMHM24a, FMHM24b] generalize flow
map parameterization techniques to the quasi-periodic setting. Introduces fiberwise isotropic tori and
discusses symplectic deformations and moment maps to compute parameterizations of partially hy-
perbolic invariant tori and their invariant bundles in non-autonomous quasi-periodic Hamiltonian
systems. These constructions are vital for guaranteeing the existence of solutions to cohomological
equations, and their algorithms have been successfully applied to the elliptic restricted three-body
problem to compute nonresonant 3-dimensional invariant tori and their invariant bundles around the
Ly point.

Other scenarios where periodic and quasi-periodic Hamiltonian systems naturally emerge include
Tokamaks, developed in the 1950s by Tamm and Sakharov, toroidal devices designed for magnetic
confinement fusion. Studies, such as those [CVCT05] by Chandre, Vittot, Ciraolo, Ghendrih, and
Lima, or [dCNO0O] by del Castillo-Negrete, highlight the dynamics of magnetic field lines and transport
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phenomena in these devices. Understanding the stability and structure of invariant tori in this
context is essential for effective plasma confinement, as demonstrated in [MMP84], and reducing

chaotic transport.

The stability of magnetic structures, such as quasi-periodic flux surfaces, is essential for maintain-
ing confinement and preventing energy losses or plasma instabilities. KAM methods are employed to
study the robustness of these surfaces, providing valuable insights into designing more efficient and
stable confinement configurations [Boo04]. These developments demonstrate the broader impact of
quasi-periodic Hamiltonians, as they not only enhance our understanding of intrinsic dynamics but
also contribute to technological advancements in areas as diverse as space exploration and sustainable

energy production. All these considerations have motivated the present work.

We present a KAM theorem for quasiperiodically time-dependent systems in a-posteriori format,
using the techniques developed in [HCF™16, HL19, FH25]. Besides the algorithm suggested by the
proof.

We present a proof in a-posteriori format using the parametrization method to obtain a La-
grangian torus in Hamiltonian systems that depend periodically or quasi-periodically on time, with
external frequencies vector a € R, One of the advantages of this constructive approach is that the
proof suggests an algorithm that is implemented numerically on a computer in [CHP25b]. In this
work, we also take advantage of the symplectic fibered structure of the extended phase space, using

the angles that describe the periodic or quasi-periodic external action.

When adopting the symplectic formalism, the dimension of the extended phase space typically
becomes 2(n + ¢). However, given our focus on systems with temporal dynamics that are either peri-
odic or quasi-periodic, we redefine the setup. By introducing a variable ¢ € T¢, which parametrizes
the external action, the dimension of the phase space is effectively reduced to 2n + £. This adjust-
ment not only simplifies the representation but also aligns naturally with the underlying dynamics,

enabling a more efficient analysis of the system.

As a result of our approach, the parameterization of the torus requires the last ¢ variables to have
prescribed periodic dynamics, while the n first components are determined by an invariance equation.
This reduction allows us to bring down the dimension problem from 2(n + ) to 2n. Moreover, we
manage to obtain a symmetric expression for the torsion, that does not require computing derivatives
of known functions but only their products, which represents a considerable numerical advantage.

This feature makes the corresponding numerical method very efficient.

The novel expression for the torsion, given in equation (2.2.25), has a significant advantage over
equation (4.60) in [HL19], as it avoids using derivatives and is based solely on the product of functions.
This reformulation eliminates the need for Cauchy estimates, leading to improved estimates of the
quasi-Newton step for convergence. From a numerical point of view, this modification makes the
algorithm more efficient, reducing computational costs and favoring its implementation in high-
precision computations, see [CHP25b].

The proof follows an a-posteriori approach, that employs a quasi-Newton method to establish the
existence of invariant tori in Hamiltonian dynamical systems. The iterative method starts with an

initial parameterization of an approximately invariant torus, in a space with complex strip of size
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p, such that the invariance equation is approximately satisfied. This approximation is improved by
adding a correction that reduces the invariance error to an error which is quadratic with respect
to the original error. The process converges to a torus in a space with complex strip of size poo,
under suitable Diophantine (v, 7) conditions and a non-degeneracy condition on the torsion, which
allows us to prove the persistence of the invariant tori, if y~#p~%" times the norm is quadratic
with respect to the original error. However, with some additional effort, the smallness factor can
be relaxed to 7~ 2p~271, like in [FH24]. The nature of the proof is constructive so it leads quite
naturally to a numerical algorithm that can be implemented on a computer. The framework is also
suitable for obtaing results in different scales of Banach spaces using hard implicit function theorems
and smothing [CDIL10]. The theorem states that, under necessary and sufficient geometrical and
dynamical hypothesis, there exists a constant €; such that the inequality (2.1.3) is satisfied. An
additional advantage of this approach is that the constants €4, (v, 7) and p can be explicitly calculated
for each problem. This makes it possible to determine the accuracy needed to calculate the invariance
error, thus guatanteeing the existence of the torus. A great advantage of the a-posteriori approach
is that the hypotheses of the proof depend on the existence of an approximately invariant solution

that satisfies regularity and non-degeneracy conditions.

The approximate solution can be obtained in several ways, such as through numerical compu-
tations, Lindstedt series, the integrable case, etc. However, since physically relevant regimes are
often far from integrability, the theorem provides a way to work in these settings, as long as a good
approximation is available. In particular, one can take advantage of numerically computed results
to estimate the constant €, the invariance error, and the Diophantine conditions. This frame-
work allows for Computer-Assisted Proofs (CAPs), as demonstrated in the work of [FHL17],(see
[CC87, VL21] for other approaches). This not only strengthens the validity of the theoretical results
but also guarantees exceptional accuracy and robustness in verifying the existence of the torus. Fur-
thermore, there are real-world problems where relevant solutions can be found. We note that our
approach differs from other works that rely on powerful numerical integrations to validate flows and
jets like [KS17, MBO09]. Instead, we focus on validating the parameterization approximation and its

respective estimations at each Newton step.

The work [CVCT05], fosuses on diffusion control in Hamiltonian systems with one and a half
degrees of freedom, introducing a method to create barriers to the diffusion of magnetic field lines in
a Tokamak time-periodic model. These barriers, represented by invariant tori, are generated through
localized chaos control using a correction term of a smaller order than the original perturbation. The
technique finds critical applications in magnetic fusion scenarios, such as restoring confinement in

stochastic regions.

On the other hand, in [dCNO0O] a transported field and a velocity field are dynamically coupled
via a mean field term coming from the advection-diffusion equation. Specifically, the analysis focuses
on the single-wave model, which reduces to a quasi-periodic pendulum system characterized by the
interaction of two external frequencies and one internal frequency, forming a three-dimensional torus.
This model involves self-consistent chaotic transport, offering a robust framework for studying the

dynamics of coupled systems and their invariant structures.
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The application of the KAM method for time-dependent periodic or quasi-periodic invariant tori
is well-founded in the context of both scenarios, given their Hamiltonian structure and intrinsic time
dependence. In the Tokamak case, KAM theory offers a rigorous framework to establish the persis-
tence of invariant tori. In the second case, the quasi-periodic nature emerging from the single-wave
model aligns naturally with the assumptions of KAM theory. This method predicts the persistence
of invariant tori while preserving the structured transport properties of the system. By leveraging
the KAM framework, both models benefit from its robust capacity to explain the stability and per-
sistence of invariant structures in time-dependent dynamical systems, providing deep insights into
their behavior and stability.

The structure of this thesis is as follows. In Chapter 1, we present the notation and tools needed to
develop a KAM theorem for Hamiltonian systems with periodic or quasi-periodic time dependencies.
This includes the use of the r-th order derivative of, analytic functions, norms, and the Diophantine
condition. Additionally, we address nonautonomous Hamiltonians that depend periodically or quasi-
periodically on time, focusing on invariant tori, the invariance equation, and the required dynamical

and geometric properties.

In Chapter 2 we present the KAM theorem for Lagrangian tori and we prove foundational lem-
mas. These lemmas provide the necessary conditions and properties to demonstrate the persistence
of invariant tori in the system. This lays the groundwork for proving the theorem under specific
dynamical and geometric conditions. we provide estimates for various geometrical and dynamical
properties of an approximately invariant torus. These approximations are crucial to demonstrate the
quadratic convergence of the method.

In Chapter 3, we provide a proof of the KAM Theorem. For clarity, we begin by outlining
the approach used to correct the parameterization of the torus. Specifically, Section 3.1 covers
the approximate solution of the linearized equations within the symplectic framework constructed
in Section 2.2.2, establishing a method for solving the invariance equation. Section 3.2 presents
quantitative estimates for the objects derived from one iteration of this procedure. Section 3.3
discusses the convergence of the quasi-Newton method.

In Chapter 4, We apply the suggested algorithm from the proof to a couple of models, which are
detailed below. In Section 4.2, we apply the method to a Tokamak model with one and a half degrees
of freedom. Using the Poincare section and Birkhoff averages, we compute internal frequencies, using
the tecniques in [DSSY17], and construct a two-dimensional approximately invariant torus as the
initial guess. We then refine this torus using the KAM method and analyze its continuation with
respect to parameters. Furthermore, we examine the behavior of Sobolev norms as indicators of
potential breakdowns of the invariant torus, see [CDIL10, CL10]. In Section 4.3, we study one
more system: a quasiperiodic pendulum with two external perturbations, with three-dimensional
invariant tori. We present three scenarios; quasi-periodically perturbed rotor (related to single wave
model), quasi-periodically perturbed pendullum (rotational tori) and quasi-periodically perturbed
pendullum (librational tori). We emphasize the challenges of implementing these three-dimensional
objects numerically, paying special attention to optimizing computational resources, such as RAM
memory, and ensuring code efficiency.
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Finally, in the appendices of this work provide complementary developments that enhance the

main analysis.

In Appendix A, introduces an extended symplectic formulation for quasi-periodic Hamiltonian

systems, providing a mathematical framework that facilitates their study.

In Appendix B, is dedicated to the computation of a novel torsion expression, a key element in
this work.

In Appendix C, compiles fundamental constants involved in the KAM theorem, These constants

are explicit and are used to compute the constants €; and &€, that appear in the KAM theorem.

In Appendix D, we present a table for the Tokamak model with the parameter value 0.0004. The
table includes the time and memory usage percentages at each step of the quasi-Newton method

iterations.

Through this thesis, we demonstrate not only the versatility of the KAM method in various
scenarios but also the importance of a robust numerical approach for tackling problems in high-
dimensional quasiperiodic Hamiltonian systems. This work lays the groundwork for future research
on the optimization and application of KAM methods in physical and mathematical contexts. For
instance, to compute invariant tori in the Restricted Three-Body Problem (RTBP), around the
equilibrium points L4 and Ls.



Preliminaries on Hamiltonian Systems and
KAM Theory

We follow [HL19], and include the definitions here for completeness.

1.1 Basic notation

We denote by R and C the fields of real and complex numbers, respectively. The spaces R™ and C"
represent the real and complex vector spaces of dimension n, respectively, endowed with the norm

|v| ;== max |v].
i=1

=1,...,

Let U € R™ and V' C R”™ be open subsets of real vector spaces, and let p > 0 be a positive real
number. The complex strip of size p, denoted by U, x V,, is a subset of C™ x C" defined as

UP X Vp = {($7y) € (Cm X(Cn | Re(xay) € UX ‘/7 |Im(a;,y)| <p}7

where Re(z,y) and Im(z,y) represent the real and imaginary parts of the complex vectors x € C™
and y € C", respectively.
Furthermore, for two sets X, Y C C™ xC", the distance between X and Y, denoted by dist(X,Y),

is defined as
dist(X,Y) :==inf{|lz —y| |z € X,y € Y},

where |z — y| denotes the Euclidean distance between points = and y in C™ x C".

Moreover, we denote by R™*"2 and C™*"2 the spaces of n; X ng matrices with entries in R
and C, respectively. We adopt the standard identifications R™ ~ R™*! and C™ ~ C™*!, treating
column vectors as m x 1 matrices. The identity and zero matrices of size n x n are denoted by I,, and

Oy, respectively, while the zero matrix of size n; x ng is written as Oy, xn,. Additionally, the zero

7
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column vector in R™ or C" is denoted by 0,,. In both the real and complex matrix spaces, R"™**"2
and C™*"2 we define the supremum norm or sup-norm, as a natural extension of the maximum

norm for vectors. Given an nj X ng matrix M with entries in R or C, its norm is given by

|lu’ ‘= Inax E ’1”1‘7]",
i=1,....,n1 .
7j=1,...,n2

where M; ; represents the (¢,7)-th entry of the matrix. This norm measures the largest absolute
value among all entries of the matrix, providing a straightforward way to quantify its size.

Beyond matrices, norms also play a fundamental role in the study of analytic functions. Consider

a bounded analytic function

f:UxV—=C,
where U C C™ and V C C™ are open sets. The supremum norm of f, denoted by || f|luxv, is defined
as
[flhuxv == sup |f(z,y)l-
(z,y)EUXV

It is particularly useful in the study of analytic extensions, convergence of function sequences, and
the application of fixed-point theorems in functional analysis. The action of the rth-order derivative

of f at a point (z,y) € U x V on a collection of (column) vectors vy,...,v, € C™, with v, =

(/Ulka s 7/Umk)T7 is

87"
D;f(ll,y)[’l)l,...,'l)r] = Z faw(xay) Vo1 Veprs

Oz
ela---ver el
where the indices ¢1,...,#, run from 1 to m. And its norm is,
a"f
D% flhoy = 3 ‘a . |
Zl K'r' xﬁl cee ivé'f UxV

Given a matrix valued function M : U xV C C™ x C* — C™*™ (whose components, M; ;, are
analytic functions), a point (x,y) € U x 'V, and a collection of (column) vectors vy, ...,v, € C™, we

obtain a n; X ng matrix DL M (z,y)[v1,...,v,] such that
(DeM(z,y)[vr, ... vr)); ;= DeMij(z,y)lvr, ... vy,

since M is analytic in U x V, we can define the norm.

D Mluxv = i:qlaxn Z HDgMi,jHuXv )
T =1, ne
with,
"M
DTM‘ . — Z 1,]
H g HUXV ot 8@1 ... 8$4T

UxV
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Therefore, we have,

n

=1, £

2
D5 Mo, ol < a3 IDEMigfon, ol
1

S 0" M
< . max Z Wll e Uf,«?”
= ox

T i=1,...,n1 ...0x
J=1||t1,....0r f br UXV
n . .
< max YN \m max gy max ol
1=1,...,n1 =l Xy, ... 0Ty, Uxy =Leor =1,...,r

There is also a similar bound for the action of the transpose,
N5 Mo,y or]) Ty < [DEAT|| ol ller

We introduce the fundamental notation that will be used throughout this analysis. The d-dimensional
standard torus is denoted by
T¢ = R%/Z%,

which represents the quotient space obtained by identifying points in R? that differ by integer transla-
tions. Intuitively, the torus can be seen as a generalization of the unit circle T! to higher dimensions,

where each coordinate behaves as a periodic variable with period 1.

To extend this concept to the complex domain, we define the complex strip of the torus of width
p > 0, denoted by
T¢ = {0 € C*/Z" : |Tm 0| < p}.

This set consists of all points in the complexified torus whose imaginary components remain strictly
bounded by p. The introduction of this complex extension plays an important role in the study of
analytic functions, particularly in perturbation theory and the KAM (Kolmogorov—Arnold—Moser)
theory, where analyticity in a strip around the real torus is a fundamental assumption.

Now, consider a real-valued function defined on the direct product of two tori:
u:T¢x T - R.

Such a function is inherently periodic in all of its arguments. In many applications, it is convenient
to analytically continue u to a complex domain. For this purpose, we define its complex extension
over the product of complex strips:

w: TS x T) = R.

This formulation allows us to study the analyticity properties of u in a controlled neighborhood of the
real torus. The width p of the complex strip determines how far the function can be extended into

the complex plane while maintaining analyticity. The larger p is, the more regular (or well-behaved)



10 CHAPTER 1

the function u is expected to be.

Furthermore, because wu is periodic in its toroidal variables, it admits a Fourier series expansion,

WO = T T )

k1€Z% kaeZt

ik ey = /T /T u(0, e O Rag g,

and introduce the notation (u) := 1o for the average. This representation is fundamental in the
analysis of quasi-periodic dynamical systems, as it provides a natural way to decompose functions
into their harmonic components. The notation above is extended to nj x no matrix-valued periodic
functions M : Tg X ']Tf) — C™*"2_ for which M, k1ks € C™1%™2 denotes the Fourier coefficient with index
(k1, ko) € Z% x Z*. Now, we denote the A(Tﬁ X Tf)) to represent the Banach space of holomorphic
functions u : ’]I‘g X Tf) — C that can be continuously extended to Tg X Tf; and whose values in ’]I‘g X ']Tf),
are real-analytic. The space .A(Tz X Tf)) is endowed with the norm,

ul|, = ||u = max |u(f,p)|.
Jully = llgery =, masx _ fu(d. o)
Using Cauchy estimates, we can determine the derivatives of these functions. For example, if u €
.A(Tﬁ X Tf,) and p > 0, then its partial derivative du/0zy belongs to A(Tz_(S X ’]I‘f)_é) forany 0 < d < p
and we have the following bounds:

ou
oxy

1 d 1
< Slully IDaulls < Slullp,  ||@e)7]| < Sl
bs 0 o = g e s s
The proof of these three inequalities relies on the Cauchy estimates for holomorphic functions in a
complex strip. For the first inequality, applying the Cauchy integral formula to u in the variable
x¢ implies that the norm of the derivative can be bounded by the supremum of u in a slightly
larger domain, introducing a factor of 1/4. The second inequality follows by applying this result to
each component of the gradient (D,u) and summing the contributions of all d partial derivatives,
which introduces an additional factor of d. Finally, the third inequality follows similayly as the
case. For matrix valued functions M : ']I“pl X ']I“z — C™*™ with components in A(']I‘fol X ']I‘ﬁ), we have
DM p—s < %IHMHP. This result also applies to the transpose of M, [|[Dy;M T ||,—5 < %HMTHP. In
the particular case w : Tz X ']I“; — C" ~ C™*!, we obtain:

d T d, T nd

IDzwllp—s < Sllwllp, Dzw llp-s < llwllp < —=wllp,

n
I(Daw) Mlp—s < 5 l[wllp-

The set of Diophantine vectors is defined as

D, = {(w,a) ERIXR : [k -wt k- > W (ki ko) € Z% x z‘f\{O}} S (1.10)
1, 2 1
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An essential condition in this theorem is the assumption that the frequency vector (w, ) for specific
v >0 and 7 > d+ ¢ — 1, satisfies the Diophantine condition. The quantity |(k1, k2)|1 represents the

sum of the absolute values of each component of the vector (ki, k2).

Remark 1.1.1. It is not possible to represent exact Diophantine vectors numerically, because of
the limited precision of floating-point arithmetic. This limitation means that we cannot accurately
define irrational numbers, and therefore true Diophantine vectors. Instead, we can approximate these
vectors using the best possible numbers within the arithmetic precision we are working with. For
each component of the frequency vector that is not an integer, we express it as a continued fraction.
We replace the final part of the continued fraction with ones to improve the approximation and make
the components more accurate. In this way, we could compute numerically Diophantine constants
as in [Vill7, HL19]

Finally, we present notation regarding the cohomological equations which are central to KAM

theory. This notation describes the relationship between a periodic or quasi-periodic function,

U(ea(p) = Z Z 6k1,2e2ﬂi(k1.0+k2w)a

k1 €zd ko €7t

and the frequency vector, (w,a) € R? x R,

d L
0 0
Sw,au =V — <U> s Ew,a = - iZE 1 wlaiez + jE:l 04]87% . (112)
The formal solution of equation (1.1.2) can be expressed as

. (e Ot . —Oky ke
%w,av(ea (P) = Z Z ukl,kQQQm(kl 0+k2 80)7 Uk ko = 27T1(k1 : w1+2k2 : a) . (113)
k1 €Z9\{0} ko€Zt\{0}

with (k1, k2) # (0,0) and g is a degree of freedom. Notice that if v = 0, then R, (v = 0.

For r € R™, the Sobolev space H" is a Banach space consisting of functions v. These functions

are characterized by the norm

ol o= [ > > 12wl + k) P [0g, 5] < 00 (1.1.4)
k1E€EZ™ koeZt

Here, | - | denotes the maximum norm in the spaces R™ and C". Similarly, this notation extends
to real or complex matrices of arbitrary dimension, referring to the matrix norm induced by the

corresponding vector norm.

The behavior of this norm is crucial in the study of the breakdown of quasi-periodic solutions.
As discussed in [CDIL10, CL10], the Sobolev norm serves as a key diagnostic tool for identifying the
loss of smoothness in invariant tori. A rapid growth in this norm indicates the onset of breakdown,
linking it to the regularity properties of the system. These ideas provide a numerical and theoretical

foundation for detecting critical thresholds in quasi-periodic structures.
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The notation required for this thesis, including analytic function spaces, norms of these functions
and their derivatives, Diophantine vectors, cohomological equations, and related concepts can be
extended from the works [HCF 116, HL19, FH24] and is very similar to [FMHM24a]. For convenience,
we refer the reader to these references.

1.2 QP Hamiltonian systems, symplectic bundles and invariant tori

We require an open set M of R?" endowed with an exact symplectic form w = de, for a certain
1-form a called action form. This setting can be adapted to the case in which M is open subset of
M C T™ x R™ x R™, with n; + ne = n. We will assume that w is exact , so M is endowed with an
exact symplectic structure. The matrix representations of & and w are given by the matrix-valued

functions
a:M — R,

z — a(z),
and
Q:M — R0
z — Q(2) = (Da(z))" — Da(z),

the non-degeneracy of w is equivalent to det Q(z) # 0 for all z € M. If there exists a globally defined
function h : M — R such that ix,w = —dh, then X} is said to be a Hamiltonian vector field with

respect to the symplectic form w and h is a Hamiltonian function for Xj. In coordinates,
Xn(2) = Q(2)" (Dh(2)) " .
In the non-autonomous case, the Hamiltonian can be expressed as follows,

h:MxR — R,
(z,t) = h(zt).

The symplectic 2-form requires an even-dimensional phase space, while M x R, is odd-dimensional.
The typical way to overcome this issue is to introduce a on M x R using the form wj, = w + dh Adt.
However, this means that the phase space dimension is 2(n + 1), and if we want to study time-
dependent periodic or quasi-periodic dynamics with associated frequencies o € RY, the phase space
dimension becomes 2(n + ¢), since the symplectic form on M x T¢ is wj, = w + dI A dy, with I the
fictitious variables conjugated to (. This would be expensive from the numerical point of view so, an
alternative approach is to consider that the time dependence is on an /-dimensional torus. In other
words,
h:-MxT¢ — R,
(z,0) — h(z9),
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where ¢ = a and o € R’ are the external frequencies. We consider the evolution operator

¢t J(z,¢) CR— M

(1.2.1)
t— (Zst(Z? (10) )
where J(6, ) is the maximal interval of exitence, and ¢;(z, ) satisfies
0
8¢;ft( ) :Xh(QSt(Z,gO),QD—FtOé),
¢0(Zv 90) =z,
where X g is a vector field. We define
Dom = {(t,z,¢)|(z,¢) € M X Tt e I(z,0)}.
Now, we consider the following flow,
é[:)t : Dom —s M x T¢
i . (1.2.2)
(Z,QO,t) — (I)t(za SD) = <¢t( 90)) )
v+ ta

Remark 1.2.1. The equation (1.2.2) satisfies the flow properties.

(7))
(I) P (,0 — +5 2, 90 _ (¢to¢5)(2790) _ ¢(¢(Z790)75)7t)
sl + (t+ s) Y+ ta+ sa Y+ ta+ sa

o) (o )00 )
@Y+ sa %) %)

Therefore, we can define the vector field of a non-autonomous system that depends periodically
or quasi-periodically on time accordingly. As a result, we can determine the vector field of a non-

autonomous system that depends periodically or quasi-periodically on time,
Z:MxT{ — R xT¢,

(Z,(p) — Z(Z’@) ::<

(07

Zh(za @))

with Z,(z,0) = Q(2) " (D.h(z,¢))". We look for a parameterization K : T¢ x T¢ — M x T¢, with

1 < d < n, that satisfies the invariance equation

&, (f((e, 90)) =K (0 +tw, ¢+ ta) (1.2.3)
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where w € R? is a vector of internal frequencies, furthermore w and o are non-resonant. In this
work, we are interested in finding a parameterization for the Lagrangian Torus, as discussed in
[Mos66, BHS96], i.e., we consider the case where d = n; hence, throughout this work, we focus

exclusively on this scenario. From the above equation, K is of the form,

K(0,p) = (K(e’ 90)) . (1.2.4)

We denotate by K = {(K(0,¢),9)|(8,9) € T" x T}, the embedded submanifold of M x T. If , is
the projection on M with basepoint ¢, then X, = K (T", ¢) is fiber of K. Parameterization (1.2.4)

OIRWN—=O—=NWAO1
rrrrrrr1rr1rr11

~<
OSOOOS cocoo

Figure 1.1: Two-dimensional torus expressed in cylindrical coordinates, each curve is a leaf of the torus fibration.
The green leaf is the K parameterization for a given ¢, K.

has the advantage that K : T" x T¢ — M, now only has to solve equation,
Zn(K (0, ¢), ) = DK (0, p)w + DK (6, ), (12.5)

which is an inifitesimal version of (1.2.3) for the n-component of K. Notice that the equation for ¢
is trivial. Geometrically, we visualize that the manifold K (6, o) is foliated by K (6, ¢) for every ¢, as
shown in Figure 1.1. This means that the (n + £)-dimensional manifold X = K (T", T*) is invariant
and the internal dynamics is given by the constant vector field (w,«), the invariance equation can
be written in the form

Zn(K(0,0), ) = —Lu,a(K(0,0)) - (1.2.6)

We assume that the parametrization is regular, meaning that DyK (6, ¢) has rank n. The way the
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torus K is embeded in M x T is given by the degree map © € Z™*™ so that K is of the form

0 D0
K@,0)=10 +Ky,(0,p)= |0 + K0, )
9 no P 9 n9 K5(97 s0) 9
where K, : T" x T¢ — R?" is 1-periodic in (8, ¢),
meaning K, (0 + e1,p + e2) = K,(0,¢) for all (e1,e2) € Z" x Z°.

If the torus is approximately invariant, we define the error of invariance E : T" x T¢ — M given
by
E(0,¢0) = Zn(K(0,¢), ¢) + Lu,a(K(0, 9)). (1.2.7)

Remark 1.2.2. Another way to handle time-dependent quasiperiodic Hamiltonian systems,

h:R™xT¢! — R,
(z,¢) — h(z,0),

is to extend the symplectic formalism by introducing fictitious variables, I, associated with momen-
tum, which are conjugate to the quasi-periodic time variables, i.e.

h:R”xT! xR — R,
(z,p0,I) — ﬂ(z,gp,[)zh(z,gp)—i—[-a,

with o € R external frequencies. We obtain a parameterization of an invariant torus of dimension
2(n + (), as follows

With this approach, the problem has dimension 2(n + f)instead of 2n. Moreover, the proof
becomes harder since the involved objects have more intricate expressions. For further details, see
the Appendix A.

1.3 Linearized dynamics and reducibility

Let us introduce an operator for any m-dimensional vector subbundle, parameterized by V : T™ x
T¢ — R2"*™ where 1 < m < 2n. The operator is defined as

xV(ev 90) = Dth(K(97 gp), (p)V(Q, 90) + Sw,a(v(ea 90)) : (1'3'1)
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We say that a subbundle is invariant under the linearized equations if Xy (0,¢) = Ogpxm for all
(6, ¢) € T x T'. We consider the map L : T" x T¢ — R?"*™ given by

L(Q, 90) = DGK(ea 90) )

we note that X1, (6, ¢) = Oapxn, for all (0, ) € T x T¢. Moreover, the quasi-periodicity implies that
the torus is fiberwise Lagrangian, i.e., the pull-back for all ¢, K7w = 0 of the symplectic form on

the torus vanishes. The matrix representation is
L0, ) = (DK (0,0)) "QUK(0,9)) DoK (0, 0) = (L(0,9)) QK (0,¢)) L(0,¢) . (1.3.2)

Thus, X is isotropic if Qr(6,¢) = O,,. For each ¢ € T, X, is a Lagrangian submanifold of M,
which is the case we study here. For this purpose, we introduce several geometric constructions that
allow us to define adapted symplectic frames. Hence, we will obtain a map N : T" x T¢ — R2"xn

such that the juxtaposed matrix
PO,9) = (L(B.¢) Nb.9)),

satisfies rank P (6, ) = 2n for every (6,¢) € T" x T¢ and

P(0,0) QUK (0,0)P(0, ) = (?" ;I"> =, (1.3.3)

o denote the matrix representation of the Darboux form. From equation (1.3.3), we derive the

following geometric properties:

L(8,9) T QK (0, 9))L(8, ) = Oy, (1.3.4)
L(0,0) QK (0, 9))N(0,0) = — I, (1.3.5)
N(0,0) QK (6, 9)L(0,¢) = In, (1.3.6)
N(0,9)TQK(6,9))N(0,p) = Oy (1.3.7)

In this case, we say that P : T" x T¢ — R2"*2" is a symplectic frame. The use of these linear

coordinates allows the linearized equation to be reduce to a triangular form:
XP(97 SO) = DZZh(K(97 90)7 SO)P(97 90) + 'Qw,ocp(97 90)
= (Dth(K(97 90)5 @)L(ea 90) + Sw,aL(Gv SO) DZZh(K(97 Sp)v SO)N(97 QD) + ’gw,aN(eﬁ @))
= (O2n><n Dth(K(ea 90)7 (p)N(07 90) + SM,OZN(Hv @))
=P8, 9)A(0, ¢),

with
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and T : T" x T¢ — R*"

T(0,¢) = N(0,0) QK (0, ¢)) (D2Z1(K(0,0), 2)N(0,9) + Lu.aN(0, ©))
= N(@,@)TQ(K(9,¢))XN(9, ®) . (1.3.8)

The matrix T'(0, ¢) is usually called the torsion matriz and will play a role in the non-degeneracy

condition.

Remark 1.3.1. In this remark, we consider the derivative of the expression Q(2)Z5 (2, ¢) = (D.h(z,¢)) ",

2n
O m(2) L 0Zn(z,0)\  9*h(z, )
Z( 0z; Zm(2,0) + Qjm(2) 0z; N 020z

m=1

Since the Hamiltonian is analytic, we have

Ph(z, )  Ph(z,¢)
(‘)zj(‘)zi 6zi8,zj

aQzm (2 SO ) 0Zm(z, ) . an,m(Z7<p> 0. 0Zw (2, ¢)
- Z ( 82’] Z (Z7 90) + Qz,m('za ()0) 82’] 8Zi Zm<27 SO) ijm('z? (10) 82’1‘

0=

=3 ((Piml2)_ Him(2) D) )
_ mz(( - o )Zm(z,so)mz,m(z) ) ()

2n (2 i
_ <%Zm(2,¢)+9i,m(z)w+gmﬂ( )82(1)) '

m=1

In the last equality, we use the skew-symmetry of the symplectic form and the following geometric

property,
0y 5(2) n 00 1(2) n 0 r(2)

0z 0z, 0zs

=0 ,
for any triplet (r,s,t). Then

D.Q(2) [Zn(2,9)] + (D:Zn(2,9)) " Q=) + Q2) D224 (2, %) = Oan. (1.3.9)

1.4 Construction of a geometrically adapted frame

In this section, we construct a symplectic frame for the Lagrangian torus on the bundle TqM by
complementing the column vectors of a map L : T" x T¢ — R?"*" that parameterizes a Lagrangian
subbundle. To this end, we assume that we have a map N9 : T" x T¢ — R?**" such that.

rank(L(G,ap) N0(9,¢)):2n o det(L(0, ) TQUK (0, 0))N°(8, ) £ 0, (1.4.1)
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for every (6, ) € T" x T’. Then, we complement the Lagrangian subspace generated by L(6,¢) by
means of a map N : T" x T¢ — R?**" in the following manner,

with,

Using (1.3.3), we obtain,

and

where A is a solution of

Following [HCF16], assume that M is endowed with a Riemannian metric g, represented in coor-
dinates as the positive definite symmetric matrix-valued function G : M — R2"*?"_ Then, we define
the linear isomorphism J : TM — TM such that w,(J u,v) = g.(u,v), Yu,v € T,M. Observe also
that J is antisymmetric with respect to g, that is, g,(u,J,v) = —g,(J,u,v). The matrix-valued
function gives the matrix representation of J, J : M — R?"*2"_ Then, we have

QO'=-0, G'=aG, J=-07'a, (1.4.2)

to represent the symplectic form using the frame given by J. Then, we choose the map N%(6, ¢) as
follows
N°(6, ) := J(K(6,9)L(6, ) (1.4.3)

and condition (1.4.1) is equivalent to
det(L(8, o) "G(K (8, 0))L(6, ) #0 for all (6, ) € T" x T,
Moreover, the matrix B(6, ) is expressed as follows

B(0,¢) = (L(0, ) G(K(0,9))L(0, )"
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With this, we obtain the frame P. Next, we derive the following expression for the torsion, with

details provided in the Appendix B.

T(0,0) =~ 3 N(0,9)7 (Ti(K(0,9).9) + Tu(K(0,9),9)7 ) N(6,¢)

+ N(0,9) TTh(K(0, ¢),0) N6, 9) (1.44)
+ N

) A
(95 @)TTh(K(ea 90)7 QO)N(G, 90) )
one advantage of (1.4.4), is that it does not depend on the Lie derivative term of N (6, ). Moreover,
the object

T(2.¢) = Q) (D2 Zi(2.0) ~ DoJ () [Z(2. )] J(2) 7~ @D Za(z )T (2)7Y) . (145)

naturally emerges, linking the Hamiltonian vector field and the geometric structures €2, G and J.

Remark 1.4.1. Another expression to new torsion. equation, (1.4.4)

7(6.0) =N(6.9)" (5 (T .0).9) + TH(EG.0).)T) ) V0.0

+ A(ev (P)TL(Ha W)TTh(K(ea (p)a SO)TN(67 90)
+ N(97 ()O)TTh(K(Ha (P); (P)TL(Hv (p)A(@, (P)

- A(07 CP)TL(Hv <)0)T (1 (Th(K(ev 90)7 90) + Th(K(ea (p)a 90)T>> L(97 90)’4(97 90) :

(1.4.6)

2

This new torsion expression has several advantanges that we discuss in further detail in the thesis.
In Appendix B, you can find further derivation details. The objects computed so far, except for the
new expression for the torsion, correspond to Case II in [HCF'16]. There is also the special case
where the isomorphism J is anti-involutive. That is, J?> = —I. Then, we say that the triplet (w, g, J)
is compatible and that J endows M with an almost complex structure. This is called Case III in
chapter 4 of [HCF*16]. In coordinates, we have the following properties

J? = — I, Q=JTaJ, G=J'GJ.

In this particular case, we have

and, the new torsion is,

T(9730) = N(ea@)TTh(K(H’@)vw)N(H’@) . (1'4'7)

and

Th(2,0) = Q=) (D22 (2,9) + D2 (2) [Zn(2,9)] T (2) + T (2)D2Z(2,9)(2)) (1.4.8)
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We observe that both cases T'(6, ¢) and T}(6, ¢) are symmetric.

Remark 1.4.2. To summarize, we have that, given a parameterization of a torus X = K (T" x T*) (not
necessarily invariant) and a tangent frame L : T x T¢ — R?"X" the normal frame N : T" x T* —
R27X" is constructed as follows:

N(0,¢) := L(0, ) A0, 0) + N(0, ¢) , (1.4.9)
where,

N(8,¢) = N°(6,9)B(6, ), (1.4.10)
N0, ) = J(K(0,9))L(0,¢), (1.4.11)
B(0,¢) = (L(8, ) G(K(6, ) L0, 9) ", (1.4.12)

1, - - . - .
A(e,cp){ S (N(0,0) UK (0,9))N(0,¢)), if Case IT; e

O, . if Case III.

The torsion matrix T : T x T¢ — R"*™, given by

(1 - B )
_§N(07 )T ( ( (9) QO), SO) + Th(K(ev @)7 SD)T) N(07 80) if Case II;
+N( 7()0)TTh( (&‘P)»@TN(&‘P)
TO.0) =1 +N(0.9) Th(E(0,¢),9)N (0, ¢), (14.14)
N(@, SO)TTh(K(Qv @)7 SO)N(Qv QO) ) if Case III.
with, T, : M x T — R2nx2n
p
Q(z) (Dth(z, ©) if Case II;

—D.J(2) [Zn(z )] T (2) !
—T(2)D2Z(2,9) () 1),
Th(z, ) = (1.4.15)
Q(2) (DZZh(z, ©) if Case IIL
+D.J(2) [Zn(z )] T (2)
FI(2)D2Z(2,9)I(2) )

We can now stated our main theorem.



KAM Theorem for Lagrangian Tori

In order to prove the KAM theorem for Lagrangian tori, it is necessary to establish a series of lemmas
that will be the foundation for the proof. These lemmas will provide the conditions and properties
required to demonstrate the persistence of invari ant tori in a system. By stating these lemmas, we
can lay the groundwork of the proof of the KAM theorem, which states that an invariant torus exists

for certain dynamical and geometrical conditions.

2.1 KAM theorem for Lagrangian torus

Theorem 2.1.1 (KAM theorem for quasi-periodic Hamiltonian systems). Let us consider an exact
symplectic structure w = da and a Riemannian metric g on the open set M C R* x T¢. Let
heA (Mp X ']Tf)) be a Hamiltonian function that depends quasi-periodically on time, with 1 < £ <n
and K : T" x T — M be a parameterization of an Lagrangian approzimately invariant torus with
frequency vector (w, o) € R™ x RY, furthermore consider the tangent frame L : T™ x T¢ — R2"x"
given by

L(0,9) =DgK (0, ). (2.1.1)

Then, we assume that the following hypotheses hold.

Hy The global objects can be analytically extended to the complex domain B C C?"*, and there are

constants that quantify the control of their analytic norms. For the geometric structures w, g, J

21
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in B, the matriz functions Q, G, J : B — C?"*2" satisfy:

123y < oo, ID-Q|gxre < cat,

[Gllgxre < cco ID:Gllgxre < caa, ID2G|gre < cazs
[l Bxre < cro, D2l gxre < €y ID2J |lp e < a2,
1T | psere < CiT0> DT || gepe < CrTas

1T lgsere < €10,

1T~ e < -7 -

For the Hamiltonian h : B x T — C and its corresponding vector field Zy, : B x T — C?" and
Ty, : M x T¢ — C?* given by (1.4.5),we have:

IDzhllgxre < cns

1Znllpxre < €z, D2 Zn | pxre < €z,
[Thllsxre <m0 5 ID2Thllpxre < ey s

1Ty Nlssere < crr o> DT, || e < SARE
ID2Zpll e < cz,2, D=2 ll3me < cg7.1 -

Hy The parameterization K is analytic in a complex strip T} x Tf;, with p > 0, which is contained

in the global domain:
dist (K (T x T%),0(B x T%)) > 0.

Moreover, the components of K and DgK belong to A(Tg X Tf)), and there are constants oy,

and oy T such that
IDeKllp <or,  (DeK) |, <opr.

Hs We assume that L(6, ) given by (2.1.1) has maximum rank for every (6, ¢) € 'TI‘Z X Tf,, given.

Moreover, there exists a constant op such that
1Bllp < B,
where B(0, ) is given by (1.4.12).
Hy There exists a constant o such that
(D)~ < or,
where T(0, ) is given by (1.4.14).

Hs The frequency (w, ) belongs to D -, given by (1.1.1), for certain v >0 and 7 >n+ € — 1.
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Under the above hypotheses, for each 0 < ps < p there exists a constant €1 such that, if the error of

mvariance
E(e,(p) = Zh(K(Q’ @)790) +£w,o¢K(9,@)a (2.1.2)
satisfies
& El,
— <1, 2.1.3
,y4p47' ( )

then there exists an invariant torus Koo = Koo T™ x TY) with frequencies (w, a), satisfying Ko €
A(T2 x T ) and

D6 Koollp < 01 |(DoKoo) e < or7, dist(Koo (T} % Tf)m),c’)(B X Tﬁ)) >0.

Furthermore, the objects are close to the original ones: there exist a constant €y such that

& Ell,
,.)/2p27'

[ Koo _KHpoo < ) (2.1.4)

The constants €1 and €y are given explicitly in Appendiz C.

Remark 2.1.2. In the canonical case, we have Q = Q = Qy, G = I»,, and J = Q. Hence, we have
Q.0 = 17 Q1 = 07 CQ,O = 17 CQ}l = 07 CQQ = 07 CG,0 = 17 cG1 = 07 CG2 = 07 cjo = 13 cj1 = 07
cj2=0,¢c;m9=1,and ¢;r; =0.

2.2 Some lemmas to control approximate geometric properties

In this section, we include the lemmas that are need to prove the main theorem.

The proof of the following lemma can be found in [Riis75, Riis76], as it is a recurring result in
the context of KAM theorems. For refined estimates on the constant cg in terms of ¢, see [FHL18].

Lema 2.2.1 (Riissmann estimates). Let (w,) € Dy, for some v > 0 and 7 > n+ ¢ — 1. Then,
for any v € A(T} x ']I'f)), with p > 0, there exists a unique zero-average solution of £, ,u = v — (v),
denoted by u = Ry (v. Moreover, for any 0 < 6 < p we have that u € A(TZ_5 X Tf;—d) and the

estimate

CR
a5 < 5= ol

where cr is a constant that depends on n+ £, 7 and possibly on §.

2.2.1 Approximate lagrangianity

Lema 2.2.2 (Approximate lagrangianity). With the hypotheses of Theorem 2.1.1. Let us consider
Qr M x T = R the matriz representation of the pull-back on Kiw. We have

(Qr) = On, (2.2.1)
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and the following estimate holds:
Coq
19221526 < VTLHEH/M (2.2.2)

where the constant Cq, is provided in Table 4.1.

Proof. To prove that (1) = Oy, we recall that 1 (z, ) is the matrix representation of Kjw =
K*w =d(K*a), so

QLK (0,0), ) = (DoK (0,)) " Q (K (0,0)) Do (0, )
DT ((D:a(K(6,0) = D.a(K(6,9))) DK (6, )
— (Dola(K(0,9))) Dok (0,0) — (DoK (0, %)) Dola(K(6,9))).

and so, the components of (6, ¢) are

2n
Q1) (K0, 0),0) = 3 (8(am(K(97s0))) OKm(0, o) a(am(K(G,@)))aKm(Q,g@))

2 a0); 00 96 00
_ ;Zl (5 (entre0.on 29 - - (a0, 0) 252 ).

We observe that the components of Qr (K (6, ), ¢) consist of sums of derivatives of periodic functions
with respect to the variable 6, therefore (Q21) = O,,. We can now proceed to prove inequality (2.2.2).
To do this, we consider the approximately invariant case, using the invariant error given by equation
(2.1.2).

Lo (UK(0,0))) = —Do (UK(0,))) w — Dy (UK (0, ¢)))

[€0.a(K(0,9))]
[E(Q, 90) - Zh(K(Hﬂ ()0)7 90)] )

and
Loa(DoK (0, 9)) = DoE(0, p) — D Zn(K(0,¢), 0) Do K (0, ¢),

Replacing the last expressions £, o (216, ¢)), we have,

Lol Q1(0,9)) = Lo (DK (0,2)T QK (0, 9)) DK (0, 9))

— L0 (DK (6, go))T) QK (9, ¢)) Dok (9, ¢)

+ (DK (0,9))" Lua (UK(0,9))) DoK (0, 9)

+ (DoK (0,¢)" QUK (0,0)) £ura (DoK (0, 9))

Do(E(0, ) UK (0, 2) DoE (0,

+ D.Q(K(6,2)) [E(0,2)) DK (6, )
+ TQ(K(
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The expression £, ,Qr,(8,¢), is controlled using Hy, Hg, the Banach algebra properties and Cauchy
estimates as follows

1€0,0020Llp—5 < IIDoET (20 K) DK ||p—5 + || DK " D (R0 K) [E] DgK || p—s
+ [|DgK " (0 K) DgE||,-s

T T
< (DoE) " o512 pxre[ Do Ko + | (Do E) ™ ol D=l scne [ El ol Do Kl
T
+ 1D ) " || 5 e [ Do Bl p—s (2.23)
2n T -
< S IE 1Rl 5w 1 Do K llp + | (Do K~ ]| D22l m e [ Elpll Do E Ml
n T
+ 5 H(DeE) ol msere I Bl
2ncqo0r + opTen 1000 +nopTcao Coq
< 1Bl = —=El,-
1) 1
Using Russmann estimates, we obtain
CR crCeq - Cq
928l p-2 < 3ol Sua@rls < DBl =1 ey 1)) (2.2.4)
O

Remark 2.2.3. If the symplectic form depends explicitly on the ¢ coordinates, then the Lie’s derivative
of the reduced form is

Loa (QE(0,9),¢) =DQK(0,¢), p) LuaK (0, 0) —D,Q(K(0,0),p) a,

the additional term is an obstruction in proving in general that the Lie’s derivative of the reduced
form is zero. Since,

Lo (Q (K(9,0),9) = — (DeK(0,¢)) " (DpQ (K (0, 0), %) a) DaK (0, ),

this dependence of the fibered symplectic structure on ¢ suggests a more general case study that

could be explored in the future.

2.2.2 Approximate symplectic frame

In this section, we demonstrate that if X is an approximately invariant torus, then we can construct
an adapted frame that is approximately symplectic. The first step of this process is finding an

approximate Lagrangian bundle that contains the tangent bundle Ty M for ¢ € T*.
Lema 2.2.4. With the hypotheses of Theorem 2.1.1, the map L(0, ) given by (2.1.1) satisfies

ILl, <Co, LT, <Oy (LT(Q0K)E) =0y, (2.2.5)



26 CHAPTER 2

Furthermore, the object
GL(0,¢) = L(0,9) G(K(0,9))L(0,¢), (2.2.6)

is controlled as

1GLll, < Cq, , (2.2.7)

The above constants are given explicitly in Table 4.1.

Proof. Estimating L(6, p) and L(6,¢) " is straightforward since the torus is Lagrangian, as indicated
n (2.1.1).
ILll, = I1DeK|l, < o =: CL (2.2.8)

HLTHP = ||(D9K)T||p <07 = CLT (2.2.9)

To derive the final expression in equation (2.2.5), we perform the following computation,

L(8,0) "QUK(0,9)E(6, ) = DK (6,0) ' QK(6, )
= DyK (0,¢) QK (0,¢)

+ DyK(8,¢)"

— DyK(0,0)T D.h

= (D:h(K(0,¢),¢

= (Dg (h (K (0,

= (Dg (h (K (0,

) (Zn (K(0,9),¢) + Lu.a (K(0,¢)))
)Zn (K (0,¢), ¢)
QK (0, 0))Luwa (K(0,0))

0.0),0)" + DyK(0,0) QK (0,¢))Lu.a (K(0,))
DoK(0,9))" + DoK (0, 0) TQK(0,¢))Lu.a (K (0, ¢))
©))" + DgK (0, 0) T QK (0, ¢))Lua (K(0, )

,0))) " = QL (0,0)w — DyK (0,0) QK (0, 0)) DK (0, ¢)cx.

Where we have used (2.1.2) and (1.3.2). We will now compute the average of the components of the
three-term in the last expression. We analyze the components of the first term for an arbitrary .

T T
(Do (K 6.0 000, = [ oo (1 (K(0,),9) dbidz;
T
- /O (h (K (T, 0),0) — h(K(0,9),9)) dp; =0,

In the last equality, we use the periodicity of K. Therefore the average of the first term is zero. From
lemma (2.2.2), we obtain that (Q7) = 0. We define QKw(Q,gp) = DpK (0,0) QK (0,0))DyK (0, p)
to prove that the last term has zero average. By proceeding in an analogous way to (6, ¢), we

obtain that the components of Qg (6, ) are given by

(), . = (3(am(K(9790)))3Km(9780) B 3(am(K(97¢)))3Km(9,¢))
g = L 06; D, B9, 06;
2n
=3 (g (ot ) P55 C2) - 0 (a0, P22 ) )
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therefore,

@, [ ,,i< (0 ™505) 5
T

I (
Zn: ( < m(K(G,SO))aKgS(O?SO)) - 88_ (aMK(@,ap))W)) do; dy;
/ (

m=1 ®j
2n
8Km(T, ©) K (0, )
90, (K(0,¢)) g, 0%
2n
K, (0, T 9K, (0,0
>/ am<K<e,T>>a(9,) ~an(i(0,0) K00 g,
m=170 ? )

=0

The last equality holds because K (6, ) is periodic with respect to # and . Using the above, we
obtain the following expression

(DoK (8,) QUK (6, 9)) DK (0, 9)) = O
Finally, by using the definition of G, and the estimates for L and LT, we conclude
IGLll, < ILT 1ol Gllmsere LN, < CprecoCr =: Ca, - (2.2.10)

O]

The following lemma demonstrates that the geometric constructions detailed in subsection 1.4

enable us to obtain an approximately symplectic frame attached to an approximately invariant torus.

Lema 2.2.5. With the hypotheses of Theorem 2.1.1, the map N : T x T¢ — R*™ ™ given by (1.4.9)
satisfies
INl, <Cn,  [INT|l, < Cyr, (2.2.11)

and the map P : T™ x T¢ — R*™2" given by

P(0,¢) = (L6,9) N(©O.9)) .

mnduces an approximately symplectic vector bundle isomorphism, i.e., the error map

O, -1,
Esym(ev 90) = P(ea (p)TQ(K(ev QD))P(G, QD) - Q07 QO = (I O ) ) (2212)
is small in the following sense:
CS m
| Esym |l p—25 < ,yTyHHEHp (2.2.13)

The above constants are given explicitly in Table 4.1.
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Proof. We shall consider equation (1.4.11) and the hypothesis H; to prove this result.

INOll, < 1T 0 K[l Lll, < 1|l pxrell Lllp < cs0CL =: Cyo (2.2.14)
T
I(N®) I, < ILT ol T T g < Crreyro=:Cnor, (2.2.15)
11, <IN B, < Cyoos = C (22.16)
and
INTl, < Bl IN) T, < o5Cxor =: Cyr - (2.2.17)

We use (2.2.16) and (2.2.17), to estimate A.
1
1Al < HNTH 10 KN, < 5CxreaoCx = Ca. (2.2.18)

Now, we compute the norm of N (6, ¢) using Hs from equations (1.4.12) and (1.4.13). We used the
fact that B(0, ) is symmetric, and A(6, ) is antisymmetric. These yields the following bounds

INllp < LI Allp + [N, < CLCa + C =: Ch, (2.2.19)

INTllp < NATAIL o + INTlp < CaCpT + Cr =: Cy. (2.2.20)

Observe that,

= L(0,%) QK (0,9)) L(0, 9) A(6, ) + L(0,0) TQK (0, 0))N°(0, 0) B(6, )
= QL(K(0,¢)),0)A(0,90) — L(0,9) " G(K(0,9))L(0, ) B(0, ©)
= QL(K(Hv @))790)14(9790) — I, (2'2'21)

where we use that J ' Q(K (6, ¢)),¢) = G(K(0,9)), ) and (1.4.12). We also have from (1.4.13),
N(8,9) QK (0, )N (8, 0) =B(9 ) N0, 0) QUK (6, 0))L(8, 9) A6, )
B(6.¢) N°(0,0) "QK(0,9))N"(0, ) B(0, ¢)

A(0,90)TL(0, ) QK
+A(9,90) L(0,¢) QK ,
= A(0,0) QLK (0,9)),0) A0, ) + A6, ) — A0, ¢) "
+B(0,9) " L(0,¢) QK

= A(0,0) QLK (9, 9)), 0) A0, ) . (2.2.22)
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We compute the error of the symplectic character of the frame,

Eoym(0,0) = P(0,2) TQ(K(0,9))P(6, ) — D
:< L(0,¢)TQ (K(0,%)) L(6, ¢) Lw,so)m(K(e,so))N(e,go)+In>
N(0,9) QKO 0) L0, ¢) = L N(0,9) (K0, 9)) N(0,¢) (2:2.23)

(
( QL(K(0, ), ¢) QLK (6, 9)), ) A0, ) )
A(0,0)TQLIK(0,2)), ) A0,0) QLK (0, 9)), 9)A0,0) )

Therefore using (2.2.2), the control for the symplectic error is

(14 Cy)max{l,C4}Cq C
| Esymllp—25 < ~OTH “NE], = vésffl £, (2.2.24)

which yeilds (2.2.13). O

Remark 2.2.6. The above estimates can be readily adapted to Case III, for which A = O,,. In this

case we have,

N(0,¢) = N°(6,9)B(0,¢),  Esym(0,9) = (QL(OH’ g B(0 QO)TQLO(Z ©)B(0 sO)) '

The corresponding estimates are given explicitly in Table 4.1.

2.2.3 Control of the torsion matrix

In this subsection, our objective is controlling the torsion matrix 7'(6,¢) as defined in equation
(1.4.4).

Although this expression may initially appear cumbersome, it does not rely on the Lie derivative.

Instead, it depends solely on easily controllable geometric and dynamical objects.

Lema 2.2.7. With the hypotheses of Theorem 2.1.1, the torsion matriz T(0,¢), given by (1.4.4),

has components in A(T} x ’]I‘f;) and satisfies the estimate
17, = Cr,

where the constant Ct is provided in Table 4.1.

Proof. In this proof, we use hypothesis H; from Theorem 2.1.1 and estimates of the quantity N,
given in equation (2.2.16) and (2.2.17).
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Using all of the above and the torsion expression provided in equation (1.4.4), we obtain that,

1/ - s . .
1Tl <3 (K TUTH A, + 18T 1,
+ IN AT N+ N TN Tl oV (2.2.25)
1 2.
§§ (CNTCTh,OCN + CNTCTJ,OCN)

+ CNTCTJ,OCN + CNTCTh,OCN =:Crp,

which completes the proof. O

Remark 2.2.8. For Case III, the constants in (2.2.25) are: Uy = Cn, Cxr = Cy7, C4 = 0 and
CT = CNTCT,“()CN.

Remark 2.2.9. Upon comparing Lemma 2.2.7 of this work with Lemma 4.8 of [HL19], we see the
advantages of using the definition (1.4.4) for torsion instead of (1.3.8), which is similar to that in
[HL19]. The torsion matrix in, (1.4.4), belong to A(T} x ']I‘f,)), while the matrix in (1.3.8) belongs to
A(TZ_ s X Tf)_ s5)- This indicates that first one is more regular than second one, which directly affects

the numerical implementation resulting from the proof presented in this thesis.

Expressions (1.3.8) and (1.4.4) coincide if the torus is invariant. However, if the torus is approx-
imately invariant, this does not hold. To show this fact, we can construct an expression for 7'(6, ¢),

in the approximately invariant case.

Lema 2.2.10. With the hypotheses of Theorem 2.1.1, the torsion matriz T(0, ), given by (1.4.4),

has components in A(T}; x ']I‘ﬁ) and satisfies the estimate

Ce,

INTQXy =T[5 < 5

I, -

where the constant Cg, ts provided in Table 4.1.

Proof. We consider the invariance equation, (1.2.7), for an approximately invariant torus, i.e.
Lo.ak(0,0) = E(0,¢) — Zn(K(0, ¢),¢) , (2.2.26)
from which we obtain
Lo.aL(0,0) = Do E(0, ©) — D2 Zn(K (0, ), ) L(0, ¢) . (2.2.27)
Using (2.2.27) the Lie derivative of J is,

Lot (K(0,0)) = D J(K(0,0)) [E(0, )] = D=J(K(0,0)) [Zn(K(0,¢),¢)] - (2.2.28)
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Therefore,

L0,aQUK(0,¢)) =D:Q(K(0,¢)) [E(0, »)
+ (D2 Zn(K (0, 0),9)) " K0, ¢)) (2.2.29)
+ QK (0, 0))D=Zn(K(0, ), ¢) -

Taking the Lie derivative of G, using (1.4.2), (2.2.28), (2.2.29), and (1.3.9) we have,

Lu,aG(K(0,9)) == DK (0, ¢)) [E(0,9) — D2 Zn(K(9, ¢), p)] J(K (0, ¢))
QK (0,9))D=J(0,9) [E(0,¢) — D.Zn(K(0,¢), )]
=D Q(K(9 ©)) D Zn(K (0, 9), 9)] J(K(0,¢))
QK (0,9))D=J(0,¢) [D2Z1(K (0, ¢), ¢)]
—DQ(K(0,9)) [E(0, )] J(K(0,¢))

QK (0,9))D=J(0,¢) [E(0,¢)] (2.2.30)
— (D2Zu(K (0, ¢),9) " QK (0,9))T(K(0, )

2Zn(K(0,0),0)J(K(0,9))

Q(K(0,9))D ,
QK (0,9))D=J(K(0,9)) [Z1(K (0, 9), )]
- DQ(K (0, ¢))

@) [E(0, )] J(K(0,))
QK (0,¢))D=J(K(0,9)) [E(0, #)] -

To calculate the Lie derivative for B, we use that I; = B~1(0, ) B(0, »),

LoaB(0,9) = BO,9)Cua (L(0:0) ") QUK(0, )N (0, 0)°

— B(0,9)L(0,¢) " Lu,0 (G(K(8,))) L(8, ) B(6, ¢)
+N(0,0)" T QUK(0, ) Lura (L6, 9)) B(6, ).

Therefore, the Lie derivative of B(6,¢) for an approximately invariant torus is,

Sw,OéB(‘ga 90) :N(Q, SO)TJ(K(G’ @))_TTh(K(G’ 90)7 QO)N(G, 90) + ESB(Hv 90) ) (2'2'31)
with,
EQB(ev (P) - N(ev (P)TJ(K(67 @))_TTE(Q 90>]\7(07 90) ) (2232)
and,
Te(0, ) =D-QUK (0, ¢)) [E(0, ¢)]
O, 9)D-I (K (0,9) [0, TK (0, ) 225
+ J(K(0,9)) QK (0,9)L(0, ) B(0, ) (DeE(0,9)) " QK (0, ))
+J(K(0,9)) " QK(0,0))DeE (0, 0) B(8,0)L(6, 0) T QUK (6, ¢))
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where we used equations (2.2.27), (2.2.30), and I,, = N (6, o) " Q(K (8, ¢))L(8, ©).

Following a similar approach to that used for B(6, ¢), we determine the Lie derivative for N (6, ¢),

Lo.aN (0, ) =( (K (8,9)) [Zn (K(6,9),9)] J(K (8, 0)) "
J(K (0, ¢))D. Zh( (6,0), ) J(K(6,0)) " (2.2.34)
JK (0, ) LO, )N (6, 0)T T (K (8,0))” Th(6, ) | N (6, )
+Eq5(0,¢),
where
Eqx(0,9) =D:J(K(9,¢)) [E(0, 0)] L0, ¢)B(0, ) + J(K (0, ) Do E(0, ) B(0, ) (2.2.35)
J(K(8,0))L(0, ) Eep(8, ¢) '
Now, we calculate £, ,A(8, ),
'Sw,ocA(aa 90) = Sw,afi(ea 90) + EQA(97 @) ’ (2236)
with,
Lo, A0, ¢)
1 -~

(2.2.38)

Using equations (2.2.27), (2.2.34) and (2.2.36), we obtain that the Lie derivative of N (6, ¢) is,
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LoaN(0,0) Z%Dth(K(G,sO),SO)L(WO)N(@,w)TQ(K(WP))N(@m)
+ 310N 6,0) (Tul6,0)T ~Th(0,9)
— Ti(0,0) T J(K(0,0) "' N(0, ) L0, ) " J(K(6,0)) 'K (0, 0))
— QK (8,9))J (K6, ) L(0,0)N (8, 0) " T(K(8,9))” " Ti(6, w))N(& %)

(2.2.39)
— (D2J(K(0,9) 12 (K (0, %), )] T(K (0, )"
+ J(K(6,0))D. Z1(K (8, ¢), 9) T (K (6, 0)) "
— J(K(0, ) LO, Q)N (0, 0) T (0,0)) " Th(6,2) ) N (0, 2)
+ Een(0,0),
with,
Een(0,¢) = Egx(0,9) + L(0,0)Eca(6, ) + Do E(0,0) A6, ¢) - (2.2.40)

Using the above construction in equation (1.4.14) and from the definition of torsion, equation (1.4.4),

we determine the difference for an approximately invariant torus as follows
N(0,) QK (0, 9)Xn (0, ) = T(0,¢) + Er(0,¢). (2.2.41)

As we have done before, we define the error,

Er(0,0) =5A0,9) %0, 9)N0,0)" (Tu(0,9) = Tu(0,0)) N(0,¢)

+ A(0.0) T (0,¢) (A0 D)TH (0. )N (0, 0) = N(0,¢) Th(0: ) " L(0, ) A9, ) )

+ (A6, 9)TLO,9)T + N(0.9)") UK (6, 2)) Een(0,¢)
(2.2.42)

We estimate the error in equation (2.2.41). Let us begin with E¢n (6, ¢) and its associated terms.
From equation (2.2.33), we have
ITellp-5 <ID=Qlzsrel Ellp + 195 5cre Dz T g scre |7 |m e 1 Bl

2n
+ 7IIJT||M6 125 e | Ll ol Bll g xcre | 2lm e | £l

LT T
4 2T e [0z B e 12T X L 013
- 6971(5 + CQ7OCJ,1CJ71705 -+ QTLCJT’OCLJBC?LO + nCJT700'BCLT (CQ7Q)2
- 1)
Cr,
e g,

1E1,
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Analogously for T4, Eep, E{pg, By B

N E,QA, EQN and ET, 1.e.

CQ715 -+ CJ—T,OCJT’1CQ706 + TLUBCLTCJ@C?)’O + 2nCLO'BCJ7()(CQ7O>2

175 < ' 121,
(2.2.44)
1% ),
C”TCJ—T[)CT Cx C’E1
| Beplps < ATLTITECR S g (22.45)
T NT TgcJ LoV N CEEB
[E¢llp-s < 5 1Bl = —— 1Bl (2.2.46)
dcj1Crop +ncjoop + cjoCrCE CBex
||E£N||p*5 < S = HEHp = TLNHEHM (2.2.47)
- 6O'BCLTCJT71 + QRUBCJT’O + CEEBOLTCJT,O
”E/gN”P*lS < 5 HE”ﬂ
Cpr (2.2.48)
eN
= %) p,,
CE;':'NCQDCN +0Cxzrce1Cx + CNTCQ,OCESA—,
HESAHp—é §§ S HEHp
(2.2.49)
Cg.
M
|Eenllp—s <I1Egzllo-s + [ Lllp-sl|Egallp—s + (Do Ell p—sl| All p—s
Cp,  +CLCp, , +nCa Cpan (2.2.50)
< 1E], = 1E]l,
) )
and
1CaCq, CjrCrrCx
IBrly25 <3 —— gy,
}CACQLCNTCTFLCNHEH
9 757+1 P
GGGy
ot 2.2.51)
CACQLCNTCTJCNCLCA (22.
+ - 121
Y0TCaC11c00CE: N >
757—4_1 H HP
’y(STCNTCQ,oCE1 CE
o =B, = VTIIHEHP'



KAM THEOREM FOR LAGRANGIAN TORI 35

To control equation (2.2.41), we use the previous estimates made previously, i.e.,

Cg,

INTQXN — T|p—25 < 5

I1E],. (2.2.52)

Refer to Table 4.1 for the latest set of constants. O

2.2.4 Approximate reducibility

The following lemma estimates the reducibility error obtained after replacing the derivative of the
vector field at the approximately invariant torus in the linearized equation for an upper triangular

matrix in a new symplectic coordinate system.

Lema 2.2.11. With the hypotheses of Theorem 2.1.1, the map P : T% x Tt — R?"*2" | characterized
in Lemma 2.2.5, approrimately reduces the linearized equation associated with the vector field D Zpo K

to a block-triangular matriz, i.e. the error map
Erea(8, ) := —QoP(0,9) QUK (0, 9)) (D2 Zn(K (0, 0)) P(0, ¢) + LuaP(0, ) — A0, ), (2.2.53)

with

A, p) = (g” T(g’ SO)) (2.2.54)

and T'(0, ) is given by (1.4.4), is small in the following sense:

Chred
Bl 25 < ek 5,

where the constant Cleq is provided in Table 4.1.

Proof. By employing the notation introduced in equation (1.3.1), we represent the block components
of equation (2.2.53), denoted as E7, (6, ¢), as follows:

ELi(0,0) = N(0,0) QK (8,9)XL(0, ), (2.2.55)
E5(0,0) = N(6,0) QUK (60, 9)Xn(0,0) — T(6, ), (2.2.56)
ELY(0,0) = — L(0,0) QK (0,9)XL(0, ), (2.2.57)
EZ30,0) = — L(0,0) QK (0,9)Xn (0, ). (2.2.58)

In order to control the reducibility error, we estimate its components. We notice the presence of
vector operators such as Xy, or X. Consequently, our next step involves estimating these operators.
First, we look for an expression of the tangent vector bundle in terms of the invariance error. We
find that,

xL(ea (,0) = Dth (K(ea 90)7 90) L(Q, ‘10) + Ew,aL(ea (,0)
— DyE®, ). (2.2.59)
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Similarly, considering the transpose of the tangent vector bundle, we observe that

XL (0,0) = L(0,0) D2y (K(0,0),¢)" + Lual(0,9)"
= (DoE(6,))" . (2.2.60)

Then, the objects, X7(6, ) and X1(, )" are controlled as follows
e lpms < BBl = S5, (2.2:61)
IOl < 2201, = L 2. (2.2.62)
Now, we take the Lie derivative of both sides on the expression (2.2.21).
Loa(L(8:0)TQUK (0. 2)) )N (0, ) + L(6,9) QUK(6,9)) (£0,aN (0, %)) = L0ra( QL (O)AD))

Substituting the last expression into Efe’Z(G, ¢), and incorporating (2.1.2) as well as the geometric

property (1.3.9), we have the following,

EZ3(0,0) = —L(6,9) QUK (6,9)) (D-Zn(K (8, ¢), )N (6, ¢) + Lu,aN (6, 9))
= L(0,9) " DQK(0,¢)) [E(0, 9)] N(0,¢) + X1(0,¢) " QK (0, 0))N(6, )
- £y a(QL( ))A(ea ) QL(0> W)Sw,a( ( 90)) (2'2'63)

We observe that, to control Efe’i, we only need to estimate {27 £,, o A. That is,

HQLSUJ,QAHp—Z(S SHQLQ/w,aAHp—Q& + ||QLE£A”P—25

<Nullp-2611LwaAllp—s + 121l 25| Eg all s (2.2.64)
CQL02A+75 01,7c0,00LCE, 4
- 767‘+1

1,
where, we use expression (2.2.37),

. 1
1€ dllp-s =5 (CNTCT;,OCN +Cxrery 0¢s-10CxCrresmoca0ly

(2.2.65)
+ CNTCTMOCN + CNTCQ,OCJ,OCLCNTCJ*T’()CT;“OCN) =:Cg¢y.
We note that the component Erléfl(ﬁ, ¢) coincides with equation (2.2.41), i.e
1,2
Ered(ev 90) = ET(G’ SD) . (2266)

Finally, we estimate the norms of the block components of E..q using the expressions (2.2.55),
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(2.2.66), (2.2.57) and (2.2.63), and the previous estimates:

BE a5 < YR ), — C;}’flluEnp, (2:2.67)
|Eriillo—2s < f&’iﬂnEnp = ,ﬁf 12l (2.2.68)
528 poas < S0 1y sty (22.69)
HEféﬁnp—% < <CLTCQ710N N CDCZC;Z,OCN N C,QQ(SLC’A N Ca,Cea +7j;ff;CQ,OULCE2A> IEl,
= fgi;l IE||, - (2.2.70)

Then, we end up with

max{Ciy6™ + CL2 C2Lyom 4 CF2 Chred
| Ered|lp—26 < red 73‘?11 red e Bl = —7 1B, (2.2.71)

’ 75T+1

thus completing the proof. d
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Proof of the Lagrangian KAM Theorem

In this section we present a proof of Theorem 2.1.1. For convenience, we start by outlining the
scheme used to correct the parameterization of the torus. That is, in Section 3.1 we discuss the
approximate solution of the linearized equations in the symplectic frame constructed in Section
2.2.2. This establishes a method to obtain a solution of the invariance equation. In Section 3.2
we produce quantitative estimates for the objects obtained when performing one iteration of the

previous procedure. Finally, in Section 3.3 we discuss the convergence of the quasi-Newton method.

3.1 The quasi-Newton method

As it is usual in the a-posteriori approach in KAM theory, the argument consists in refining an
approximate solution K (6, ), by means of a quasi-Newton method. Let us consider the equations

associated with the invariance error (2.1.2).

We obtain the new parameterization K (0, ¢) = K (0, ¢) + AK(0, ) by considering the linearized
equation
DZp(K(0,0), ) AK(0,¢) + Lu,a AK(0, ) = —E(0, ¢) . (3.1.1)

If we obtain a good enough approximation of the solution AK (6, ) of (3.1.1), then K (6, ¢) provides
a parameterization of an approximately invariant torus with frequency (w,«), having a quadratic

error in terms of E (6, ¢).

To solve the linearized equation (3.1.1), we make use of the approximately symplectic frame
P(8, ), defined on the full tangent space, which has been characterized in Chapter 2 (see Lemma

2.2.5). In particular, we introduce the linear change of coordinates,

AK(0,0) = P(0,0)£(0, ), (3.1.2)

where £(0, ) is the new unknown. Taking into account this expression, the linearized equation

39
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becomes

(DZh(K(97 90)7 (P)P(97 90) + Qw@P(H, 90)) ‘5(97 90) + P(97 90>£“”a£(‘9a ()D) = —E(@, (P) ) (3'1'3)

We now multiply both sides of (3.1.3) by —QoP(6,¢) " Q(K (6, ¢)), and we use the geometric prop-
erties in Lemma 2.2.5 and Lemma 2.2.11, thus obtaining the equivalent equations,

(A(@, QO) + Ered(ea 90)) 5(97 gp) + (IQn - QOE‘sym(ea ‘p)) Sw,ag(ea 4,0)

. (3.1.4)
= QOP(evSO) Q(K(97 @))Ew,@) = 77N(9 (,0) ’

A(8, ) is the triangular matrix-valued map given in (2.2.54). We notice that (n"V) = 0, from the
third equation in (2.2.5).

Then, it turns out that the solution of (3.1.4) are approximated by the solutions of a triangular
system that involves solving two cohomological equations of the form (1.1.2) consecutively. Quanti-
tative estimates for the solutions of such equations are obtained by applying Riissmann estimates.
This is summarized in the following standard statement.

Lema 3.1.1 (Upper triangular equations). Let (w, @) € D, and let us consider a map n = (n*,nN) :
T x T¢ — R2" ~ R" x R™, with components in A(T} x Tﬁ), and a map T : T" x T¢ — R ™, with
components in A(T} x Tf)). Assume that T satisfies the non-degeneracy condition det(T) # 0 and n
satisfies the compatibility condition (n™) = 0,,. Then, for any {&0 € R", the system of equations

On T(0,0)\ (£"(8,¢) Lol (0,0)\ _ (n"(8,9)
(On Oy > <£N(9,so)> i <£w,a£N(9,sﬂ)> N (nN(H, w)) (319

has a solution of the form

N0, 0) = o + Ruam™ (0,9))
€L(67 (,0) = 5&0 + mw,a (77L(97 90) - T(Hv (p)gN(g? ()0)) )

where
&0 = (D)~ " = TR (™))
and Ry o is given by (1.1.3). Moreover, we have the estimates
_ CR
ol < )] (Il + 51T ™).

1EN]] =5 < 1€80 N,

CR
+ 757H77

CR
1€ 25 < Il + 25 (I llos + 1Tl I5)
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Proof. From (3.1.5), we have,
Sw,agN(Qa ©) = 77N(07 ®)
gw,afL(ev SO) = 77L(9, 50) - T(ea ¢)£N(97 (70) .
By hypothesis we know that (n’V) = 0,, so
&N (0, 0) = & + Rua (070, 9)) - (3.1.6)
To solve the second equation, the average (n* — T¢N) must be zero. i.e.
0 = (n" = T€Y) = (" = SRu.a () - S&")
= <77L - Smw,a (UN)> - <S§(J)V>
= <77L - me,a (77N)> - <T>£(])YO .
Then,
&lo = (1) Mt — TRua (7)) (3.1.7)
Back to the second equation, its solution is,
gL (97 90) = gO[:O + mw7a (77L(9’ 90) - T(ea @)&N(Q, 90)) ) (318)
in addition, we have estimates
CR
1EN o5 < 1€0501 + WH”NHM
now, for ft])\,fo
€000 < [T [(n" = TR (n))]
_ CR
< 1| (11 + 0T )
Y
Finally,
”fLHp—% = ||f(§,0 + Rua (77L - TfN) ”p—25
L CR L N
< &0l + WHW —TE p—s
CR
< &0l + ~oT (" llp=s + 1T l1E¥ 1o-5)
and this concludes the proof. O
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To approximate the solutions of (3.1.4) we invoke Lemma 3.1.1 taking

) =—N(0,0) QK (0, 0)E(,¢),

- (3.1.9)
, ) =L(0,0) QK(0,9)E®, ),

and T'(0, ) given by (1.4.4). Note that (¢V) = 5(])\,[0 and we have the freedom of choosing any value
for (¢1) = f&o € R". For convenience in setting the phase, we choose f(ﬁo = 0,, even though other

choices are possible.

From Lemma 3.1.1 we read that ||{||,—2s = O(||E||,) and, using the geometric properties char-
acterized in Chapter 2, we have [|Ered|p—25 = O(||E||,) and ||Esyml/p—25 = O(||E||,). From these
estimates, we conclude that the solution of equation (3.1.4) is approximated by the solution of the

cohomological equation
MO, ©)E(0, ) + L0080, 90) =1(0,¢) . (3.1.10)

This, together with other estimates, will be suitably quantified in the next section.

3.2 One step of the iterative procedure

In this section we apply one correction of the quasi-Newton method described in Section 3.1 and we
obtain sharp quantitative estimates for the new approximately invariant torus and related objects.

We set sufficient conditions to preserve the control of the previous estimates.

Lema 3.2.1 (The Iterative Lemma). With the hypotheses of Theorem 2.1.1, Then, there exist con-
stants Cak, CaB, CA<T>71 and Cg such that if the inequalities

CallE|l, CelEl,
hold for some 0 < § < p, where
. nCak 2nCak
Ch = max {C w0, , )
R T P [T N 522
Cap Cay-1 N } -
o5 — B, o1 — [{T) 1] &st(K(Ty x T¢,), (B x T5))

then we have an approzimate torus of the same frequency w given by K = K + AK, with components
in A(T})_55 X ’]I‘f,_%), that defines new objects B and T (obtained by replacing K by K ) satisfying

IDK|lp-36 < oL, (3.2.3)
I(DE) "l p-35 < op7, (3.2.4)
IBllp-35 < o8, (3.2.5)
(D)~ <or, (3.2.6)
dist(K (T} o5 x TS 55), 0(B x T4)) >0, (3.2.7)



PRrROOF OF THE LAGRANGIAN KAM THEOREM 43

and
o Cak
1K — K| p—25 < WHEHpa (3.2.8)
A Cap
|1B = Bllp-35 < WH [P (3.2.9)
Ca(ry—1

(D)~ = (D)7 < 11, (3.2.10)

72527’—&—1

The new error of invariance is given by

E_I(ea (P) - Zh(R(07 90)7 W) + sw,aK<67 90) )

and satisfies

|| p—26 < (3.2.11)

== EIl3.
YA

The above constants are collected in Table 4.2.

Proof. To obtain the estimates of the theorem requires many computations, so we break down the

demonstration into seven steps.

Step 1: Control of the new parameterization. We start by considering a new parameterization
K(0,9) = K(0,9) + AK(0,¢), which is obtained from the system (3.1.5), with n(6,¢) given by
(3.1.9). We choose the solution that satisfies foL’O = 0. Using the estimates obtained in Chapter 2,

we have the following inequalities:

Mo

In*ll, < CyreqollEllp, and |l

Combining Lemma 2.2.3 and Lemma 3.1.1, we obtain estimates for the solution of the cohomological

equations

— CR
8%l < 1)1 (I o+ 1T )

Cex
13
<aT(0NTcQO+ 5TCT0LTCQ0) 1Bl == 3 1E,. (3.2.12)
1€ 15 < 168 r+ ™l
HEHp CLTCQOHEHP —E B, (3.2.13)

757 757
¥ lp2s < le1 + 5 (un o + 1T olig™ No-s)

Cen Cer
£
< e
vé (CNTCQO+CT 5T>||E|| = a5 Bl (3.2.14)
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The magnitude of the vector (6, ¢), which satisfies (3.1.10), is estimated as

161126 < max{lI€"llp-25, [1€"[lp-s}
< maX{CgL y CgN")/(S }
- 72527'

1El, = (3.2.15)

1Bl

The new parameterization K (6, ) and associated objects are estimated through conventional calcu-
lations. The control (3.2.8) stems directly from

K(Q, 90) - K(ea ‘10) = AK(Q, 90) = P(@, 90)5(07 4,0) = L(97 90)£L(97 QD) + N(Q, QD)‘SN(Q, 90) .

In other words, by employing approximations provided in (3.2.13) and (3.2.14), we obtain

C1Cer + CnCien~d”
,}/2527' ”

_ Cax

1K — Kllp—25 < lp = g2 IE]l, - (3.2.16)
To complete this step, we need to make sure that the value of K(6,¢) falls within the defined

domain B x ']I‘f, of all the entities involved. This verification is essential as it enables us to calculate

the new error E(6,¢) before proceeding with the remaining geometrical elements. To achieve this,

we take note of the fact that:

dist (K (T _o5 % Tf,_25), (B x ’]I‘f;_%)) > dist(K (T} x Tﬁ), (B x Tf;)) — |AK ]| —2s

: n Cak
> dist(K (T x T%),0(B x T})) — W”Eﬂp >0. (3.2.17)
The last inequality follows from Hypothesis (3.2.1), using the sixth term in (3.2.2). Thus, we have

established the control in (3.2.7).
Step 2: Control of the new error of invariance. To guarantee that the corrected param-

eterization K is invariant, we control the quadratic terms neglected in equation (3.1.10), by first

considering the error in solving the linearized equation (3.1.4),

Elin(67 SD) = Ered(07 80)5(6 ) QOlcsym( ) W ozg( ) (3218)

We control the term £, ,£(6, ) by leveraging the fact that £(6, ) satisfies the solution of the
cohomological equation (3.1.10):

1206V, = 17V, < Cureaol Ell, = CQNHEH,J, (3.2.19)
180E8 s = I TsN||p5<( )nEup
CSL
= ;T IE|,, (3.2.20)

Ce Ce
1206l < max{ 5 Coen 1B, = X151, (3.221)
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Therefore, the control for Fji, (60, ¢) is given by

[ Biinl 25 < [| Eveallp- 26H§Hp 26 + €0,0/| Esym|| p—25]| Lo [ -2

Cred 2 CYsym 025 2 . C'lin 2
< o e B + o S s e,

(3.2.22)

After making the correction, the invariance error associated with the new parameterization can be
determined.

E0,¢) = Zn(K(0,¢0) + AK(0,¢),¢) + Lo K(0,¢) + Lo AK (0, ¢)
= Zn(K(0,9), %) + DZ(K (0, 9), 0) AK (0, 0) + £0,,0K(0,9) + Lo o AK(0,0) + A*Z(0,¢)
=DZ, (K(0 ) ©)AK(0,0) + LuaAK(0,0) + E(0,0) + A2Z(0, ¢)

DZW(K(6,2), 2)P(6, %) + L0aP(0,9) ) (0, 0) + P(6,0)L0al(6, )

+ E(0, )+AZZ}L(K(9,¢) ©)

= (=20 P(0,9) QUK (9,9))) " Eun(0, ) + A*Z(0, )

= P(0,%)(Tan — Q0Esym (0, %))~ Ein(0, @) + AjZn(K (0, 0), ) ,

/N

(3.2.23)
where
AGZn(K(0,9),9) = Zn(K(0,9) + AK(0,9),¢) — Zn(K(0,¢),¢) — D2 Zu(K(0, ¢), p) AK (0, )
-/ (- D2ZL(K(0, ) + EAK(0, 0), 9)[AK (0, 0), AK (6, 9))ds,
(3.2.24)

and we used equation (2.2.12) and (3.2.18). We use the mean value theorem to control AZZ (6, ¢),

ie.,

1832160, 0)]]- 25—H / (1= )D2Z, (K (0, 0) + tAK (0, 9). ) [AK (0. 0), AK (6, 0)] ds

p—20

< \ /0 (1 = 5)ds| | D2Zullm ae | AK [ p—ssl| AK [ p—8
1 (CAK)2
Sith,Q FA§T H Hp

(3.2.25)

It is noteworthy that the error function equation (3.2.23), is well-defined as a result of the calcu-

lations in equation (3.2.17). We estimate the norm of the error function as follows

1Bl p-25 < 1Pllp-25/1(1 = Q0Esym) ™ lp—26 | Binllp—26 + A5 Znl p-25 -
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Then, using a Neumann series argument, we obtain

“Hlp-2s < !
1 — [[Q0Esym |l p—26

H(I - QOE‘sym) <1,

where we used the inequality

Csym
,y57'+1

that corresponds to the second term in (3.2.2) (Hypothesis (3.2.1)). Putting together the above

estimates, we obtain

HEHP < 17

IE]?. (3.2.26)

= 2(CL +Cn)Chin 1 (Cak)? Cg
1Bl p—25 < ( 43§37 9622 NG ”E”;QJ = NAGT

We have obtained estimate (3.2.11).

Step 3: Control of the new frame L(0,y). Equation (3.2.16) can be combined with Cauchy

estimates to derive the constraint presented in equation (3.2.3),

nCOAK

IDoK || p—35 < |DoK ||, + [DoAK || 35 < [|IDgK]|, + 2521

IE|, < ov, (3.2.27)

where the last inequality follows from Hypothesis (3.2.1) (this corresponds to the third term in
(3.2.2)). Estimate (3.2.4) is analogous

2nCaAk

(Do K) "l p—s5 < [[(DeK) |, + J252r L

IE||, < oy (3.2.28)

After obtaining the estimates (3.2.27) and (3.2.28), it is clear that
L35 <CrL,  |IL||,—85 < Cpr.

We can control the norm of the corresponding corrections using Cauchy estimates, the mean value
theorem, and the estimate (3.2.16):

7 nCak
1L =Ll p-36 < Tl =:

Car
2521 Tl Ellp (3.2.29)

72527-4-
CALT

onC,
noAK = ALT g, (3.2.30)

T _ 7T
|IL" —L"|,—35 < WHEHP T 252l

Step 4: Control of the new transversality condition. To control B, we take



PRrROOF OF THE LAGRANGIAN KAM THEOREM 47

GL(0
Gr(0,0) = L(0,0) " G(K(0,9))L(6, ),

S

where we have used the notation introduced in (2.2.6). First, we compute

ca1Car
WH o

1]l (3.2.31)

|G oK ~GoKly-a5 < |DGl|s | K — K],z <

_. Cac
: ,72527'

and

IGE — GLllp-35 < IILT(Go K)L — LT(Go K)L| p-35
+ LT (GoK)L — L (G o K)L||,-35
+ LT (GoK)L — L (G o K)L||,—35
< LT IGIBIL = Ll pss
+ L oG o K = GoK|psslILll,
+ LT = L p-ss1G I8l Ll

< CLTCGJ)CAL + CLTCAgCLé + CALTCG7OCL
= ~2527 ]

IE1l,

Cac
= SagarrillEle- (3.2.32)

Afterward, we introduce the constant
Cap = (08)°Cacy, »

and review and verify the condition (A.1) mentioned in Lemma A, as stated in [FH24]

(0B)*I|GL — GLllp—35 «_ Can 1E]l,
o — || Bll, = op — || B, y?6* !

<1. (3.2.33)

The final inequality stems from the Hypothesis (3.2.1), corresponding to the fifth term in (3.2.2).
Thus, with the Lemma A, as given in [FH24], we conclude that
Cap

1E]l, = WHEHP» (3.2.34)

(UB)chGL

HBHp—35 < 0B, ||B - B||P—35 < 42§27 +1

which allows us to arrive at the estimates (3.2.5) and (3.2.9) for the new object.
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Step 5: Control of the new frame N(6,p). For controlling the newly adapted normal frame
N (0, ), it is advantageous to adapt the notation:

L(0, p)A(0,0) + N(0, ),

N(b,p) =

N(0,9) = N°(0,0)B(0,¢),
N6, ) = J(K(0,9))L(0, ¢) ,

A(B,0) = — 5(N(0,0) QK (6,9)N(, ),
B(6,¢) = (L(8,¢) ' G(K(0,9))L(0, )"

As usual, we obtain the new objects N (6, ), A(f,p), N8, ), ﬁ(ﬁ,@) and B(6, ) by replacing
K (0, ¢) with K (6, ). Note that we controlled B(f, ¢) in Step 4. Now, we reproduce the computations
n (3.2.31) and (3.2.32) for the matrix functions.

00 K — 20 K25 < 2K ), = S22 sy, (3.2.35)
170K = o Klpmas < 25 B, = AL, (3:2:30
70 K =70 K)Tl25 < 328 ], = Sa2T (32.37)
190 = NOllp-g5 < IsZ = Lllp-s5+ [ 0 K = T o Kllp-asll L1,
< 2O SRIC Bl
= ﬁ(@fjluEnp, (3.2.38)
(50T = (V) Tl < AL CAT0 g,
= %;VT";HEHP, (3.2.39)
19— Vg5 < S0t OneCany . _Zan (3:2.40
AT — 8T gs < TECANT L COPONST ), AN ), (3:2.41)
Now, we control the matrix A(f, ) as follows
1 . . - - ~ -
1A — Ally_ss < §<CANTCQ,OCN + C]\;;fflqvé + CNTCQ,OCAN) 1Bl = %HEH;) (3.2.42)

In this instance, we have employed the fact that B(0, )" = B(6, ¢), along with the constants spec-
ified in equations (3.2.35), (3.2.40), and (3.2.41). Similarly, the corresponding control is maintained

for |[AT — AT||,—3s, as we observe that A(f,¢)" = —A(6,¢). We notice that Cas = 0 in Case IIL
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Then, we control the correction of the adapted normal frame:

HN - NHP 30

C'LCAA + CaALCa+ Cpj
S 2527+

EEl,

Can
W” [P

||NT _NTHP 30

CACALT + CAACLT + CANT
2627’-1—1

(3.2.43)

£l

CANT
= 2(?2%” - (3.2.44)

Finally, we have

||N||p—35 <|Jo KHBXW\|E||p—36||BHp—35 <cjoCrop < Cg,
T T T
IN " [lp—35 < 1Bllp=3sIL " |35/l (J © K) " |lgure < Cr

1Al -5 < g\INTIIp—&sIIQ 0 Kllgsrs | Nl p35 < Ca

INT||p—as < Cn -

Step 6: Control of the T),(K(0,¢),p) operator. We consider the correction Ty, (K (6, ¢), ¢) and
TW(E(0,¢).0)" e,

HTth S CT},,0 5 (3245)
HTJH,O < crro- (3.2.46)

The last two inequalities are satisfied since T}, is a global object defined in B x ’]I‘f,, hypothesis H;
and Step 2. On the other hand, the control of the correction to the new T}, (6, ),

[Tho K — Ty o Kl|p—25 < ||D:Th||p—25| K — K| p—26

< el AR ), = ATk . 240
- 2§27 - 2527
:
Finally,
_ CTT710AK
(oK) = (T o )T lp-2s <~ 1Bl = - Bl (3.248)
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Step 7: Control of the new non-degeneracy condition. We now establish that the non-

degeneracy (twist) condition with the new torsion matrix is controled,

1 CANTCTh,OCN + CNTCAThCN5 + CNTCT;“OCA

||T_T||,D—35 < 5 ’)/2(52T+1 NHEHP
1Canrert oCx + CxrCart O + Cyrerr oCay
P 2527 +1 ||E||P
2 Y2627 F
CANTCTJ,OCN+CNTCATJCN5+CNTCTJ,OCAN (3249)
~N2527 1 11, o
CANTCTh,OcN + CNTCAThCN5 + CNTCTh’(]CAN B
+ o I,
Car
= WHEHP-
Now, we introduce the constant
Cairy—1 = (o1)*Car,
and verify condition (A.1) in Lemma A from [FH24]
(UT)2|<T> - <T>’ é (O-T)2HT - THP*35 é CA<T>71 ||E||P < 1’ (3250)
or — [(T)71 or — T)~| op — [(T') 7 y26%7+1

where the last inequality follows from Hypothesis (3.2.1) (this corresponds to the sixth term in
(3.2.2)). Hence, by invoking Lemma A from [FH24|, we conclude that

. _ _ (UT)QCAT CA )1
(DM <or, WD) =07 < FSEE), = 5T 1B, (3.251)
Y Y
and so, we obtain the estimates (3.2.5) and (3.2.10) on the new object. O

3.3 Convergence of the iterative process

We are ready to prove our KAM theorem for Lagrangian tori. Once we established the quadratic
procedure in Section 3.2, proving the convergence of the scheme follows by standard arguments. How-
ever, we will carefully explain the required computations as our goal is to present explicit conditions
for the KAM theorem.

Proof of Theorem 2.1.1. Let us consider the approximate torus Ky := K with initial error Ey := F.
We also introduce By := B and Ty := T associated with the initial approximation. By applying
Lemma 3.2.1 recursively, we obtain new objects K := K,_1, Es := Es_1, By := Bo_1 and T, := T,_1.

At each step, the domain of analyticity of these objects gets reduced. To characterize this, we

introduce parameters a; > 1, as > 1, ag := 3afi1 a;il and define

50 . 0
po=p, O0p:=-—, ps:i=ps1—30s-1, 0s:=—, poo:= lim ps= p—.
as al §—00 as
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Assuming that we have applied the Iterative Lemma 3.2.1 s times successfully, we can denote the
objects at the s-step of the quasi-Newton method as K, Es, Bs, and Ts. It is important to note that
condition (3.2.1) is required at every step, but the construction has been performed in a way that we
can control |DKl|,,, [[(DKs) " [|ps, ||Bsllpes dist(K(T}, x ']I‘f)s),ﬁ(B X ']Tf))), and |[(T,)~!| uniformly
with respect to s. This means that the constants obtained in Table 4.1 and Table 4.2 are the same

for all steps, as we consider the worst value of d;, that is, dg = po/as.

The first computation is monitoring the sequence E; of invariance errors

CE CEa4T(5—1)
1Esllo, < gz 1 Bsallp. -, = ——azmm— I Boally.,
Y0521 79 (3 3 1)
aéllTCEHEOHPO a —4r7s —A4ATs -
S\ A ay [ Eollpo < a1 || Eollp

where we used the sums 14+2+...4+2571 =251 and 1(s—1)+2(5s—2)+22(s—3)...+25721 = 25—s5—1.

Notice that we also used the inequality

a1"Cp| ol

<1, 3.3.2
,74564)7 ( )

which is included in (2.1.3). From equation (3.3.1), we verify Hypothesis (3.2.1) of the iterative
Lemma, enabling us to proceed with step s + 1. The necessary and sufficient condition will be
incorporated into Hypothesis (2.1.3) of the KAM theorem. The second inequality in (3.2.1) reads

Cg|E Cra; ™| E Cg|E
E|J1 jl’ps < EQq . JJT 0||po _ E|L ETHPO < a1—47 <1,
v 65 Y 55 Y 50

where we used (3.3.1) and (3.3.2). The first term in (3.2.2) is guaranteed by performing the compu-
tation

2Cm | el 2csymai“*”cill4”\|Eoupo < 2CumllBoll

V05 N 705 %

where we used (3.3.1), the fact that 1 — 37 < 0, and we have included the last inequality in (2.1.3).
The remaining conditions are similar. It is important to note that at the s-th step, the objects
involved are DK, (DK,)", By and (T,)~!. Therefore, it is necessary to establish a relationship
between these conditions and the initial objects DKy, (DKg)', By and (T)~!. For example, the

second term in (3.2.2) reads
( nCak ) 1Bl

o, = |IDKllp, / 42557

<1, (3.3.3)

<1,
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and it is verified by conducting the following calculations

s

nCak||Es| . nCarkl Ej|
IDK g+ a7 2 < IDKollpo + > —— 5™
Y203 =0 179

00 1-27)j
nC’AKag )

< |IDKoll 5o + Z — a1 Eolleo
= 7%

Okl E 1
— Dy + A Eoll (1 ) <op. (3.3.4)

27+1 1-271
72y —a

The last inequality is incorporated in equation (2.1.3). After reproducing the same computations,
we obtain the third, fourth, and fifth terms in (3.2.2), related to (DK,)", Bs and (T,)~'. Finally,
the sixth term in (3.2.2) is verified as follows

. n Cak : n
dist(K(T}, x T%.), 0(B x T4)) | Es]lp, > dist(Ko(Th x T4 ),0(B x T5))

Ps _72537
_ i Caxay || Eo|l o,
22T
=0 %%

= dist(Ko(T}, x T5,),0(B x T)))
~ CaklEollpy 1

72587 1— (11_2T

>0, (3.3.5)

the final inequality is included into (2.1.3).

Having guaranteed all hypotheses of Lemma 3.2.1, we collect the inequalities (3.3.2), (3.3.3),
(3.3.4) and (3.3.5) that are included into hypothesis (2.1.3). This follows by introducing the constant
¢ as

¢ :=max {(a1a3)" Cg, (a3)>"y*p*" 1 Ca} (3.3.6)
where
nC’AK QTLCAK
Ca, := max , , (3.3.7)
{aL DK, o — [OK)T,
Cas Ca(r)—1
op =Bl or = KT)~!| |
Cakd
Cag = 3.3.8
A2 dist (K (T9),8B) (3.3.8)
Can Caz2
Cp = Covm 07 | 1 2L 3.3.9
A max{ ym70 5 T a1 a1—27'} ( )

It is worth highlighting that we have reverted to the original notation, where K = Ky, B = By,
T =1To, p=po and § = §y for the new initial objects.

Through induction, we can repeat the iterative process an infinite number of times. To clarify,
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we have:
| Esllps < a1_4TsHEHp — 0 when s— 0.

The iterative scheme leads to the convergence of a true quasi-periodic torus, denoted by K.,. As a
result of the output of Lemma 3.2.1, this object satisfies Koo € A(T)_ x ']I‘f;oo) and

IDKoollpoe <0r,  I|(DKso) llp <opr,  dist(Koo(T" x T),0(B x T%)) > 0.
To control the limiting objects, we repeat the computations in (3.3.5) as follows

- Cak| E| 1 & || E||
Ko —K < E K..1— K|, L =: L 3.1
H Hpoo — || j+1 ]H,Dngl < 72627 1 a;27— ’Y2p27' ) (3 3 0)

J=0

thus obtaining the estimates in (2.1.4). This completes the proof of the KAM theorem to Lagrangian
Tori. 0
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Applications and Computational Algorithms of
the KAM Theorem

In this Chapther, we present an algorithm to compute a fiberwise Lagrangian torus in quasi-periodic
Hamiltonian systems, whose convergence is proved in the [CHP25a]. We exhibit the algorithm with
two models. The first is a Tokamak model [CVCT05, VL21], which proposes a control method to
create barriers to the diffusion of magnetic field lines through a small modification in the magnetic
perturbation. The second model [dCN00], known as the vorticity defect model, describes the non-
linear evolution of localized vorticity perturbations in a constant vorticity flow. This model was

originally derived in the context of plasma physics and fluid dynamics.

4.1 KAM algorithms for Langrangian invariant tori

The constructuction of quasi-Newton method in [CHP25a] suggests to a numerical method. The
approach involves starting with an approximately invariant torus, K (6, ¢), meaning one with a non-
zero invariance error E. The method is as follows. We obtain a new parameterization of the torus
as

K(0,0) = K(0,0)+ AK(0, ).

The new invariance error is given by

E(0> QO) = ZH(K(Ha 90)7 90) + Sw,aK(ev SD) .

Expanding last equation, we have,

E(0,¢) = D:Zu(K(0,¢), ) AK(0,9) + £u,a K (0,9) + E(0,9) + AGZ(0, ) .
To determine AK, we retain only terms up to first order, and solve the following equation,

D.Zu (K (0,9), 0) AK(0,9) + £uaAK (0, 0) = —E(0,¢).

95
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To tackle this equation, we use the approximately symplectic framework represented by

such that, for some ¢ : T" x T¢ — R??

AK(H, QD) = P(H, gp)g(e, (P) )

i.e., £(0,p) is the new unknown.

Leveraging certain geometric properties, we obtain,

(A0, 0) + Erea(0,0)) €0, 0) + (Tan — QoEsym (0, ¢)) £4.0£(0, ¢)
=QP(0,90) QK (0,9))E(0,¢),

A(B,¢) = (g” T(g’ SO)) : (4.1.1)

Neglecting quadratic terms, the solution to the above equation is approximated by solving a

triangular system that requires handling cohomological equations,

A, )£, 0) + Lu.aé(0, ¢)
= QP(0,¢) QK (0,9))E0, )

(4.1.2)
_ [~NO.9)TUKO, ) B, 9)) _ (n"(0,0) )
L(0, ) "QUK(0,9))E(0, ) ™ (0, )
To solve these equations, det(7")~! must be different from zero, where,
€N(0a (P) = g(])\,[O + %w,a@?N(ea QD)) ) 4.1.3
(0, 9) = &0 + Rua(n™(0, ) = T(0,0)EV (0, 9)) , (4.1.4)

with

o = ()" " = TRua(n™)) .
Remark 4.1.1. In the examples presented in this work, the symplectic form is canonical, therefore,
Q = Qy, G = Iz,, and J = Q. Hence, we have cog =1, co1 =0, cgpo =1, cg1 = 0, cg2 = 0,
cjo=1,¢51=0,c52=0,cyrg=1,and ¢;7; = 0. So the torsion is

with
Th(K(0,¢),p) = QD.Zp(K(8, ¢),¢) — D Zn(K (0, ¢), ¢) . (4.1.6)
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In terms of the Hamiltonian, the torsion is expressed as follows

T(0,¢) = B(0, ) ' L(0,¢) " Sh(K (0, 9), 0)L(0, 9)B(0, ) " . (4.1.7)

with

(4.1.8)

_ (D - Dma:) h(K(0790)7<p) _2Dm h(K(0790)7(P>
WK (8, 0),0) = ( LoD h(K(6.5).%)  (Das — Dyy) (K6 saw)) |

If the torus is approximately invariant. Therefore, the algorihtm is following:

Algorithm 4.1.2 (Computation of the Adapted Frame and Torsion). Let K satisfy the equation
approzimately. Compute the adapted frame P and the reduced dynamics by following these steps:

1. Derive L(0, ) using (2.1.1).

2. Obtain B(0, ) from (1.4.12).

3. Calculate A0, ) based on (1.4.13).

4. Buvaluate N (8, ) according to (1.4.10).

5. Determine N (60, ) from (1.4.9).

6. Compute Ty (0, ) from (1.4.15).

7. Derive T(0, ) based on (1.4.14).

8. Construct the frame P(6, ) using equation (1.3.3).

Algorithm 4.1.3 (Correction of the Generating Torus). Let K approzimately satisfy the equation.

Obtain the corrected generating torus by following these steps:

1. Compute P(0,p) using Algorithm 4.1.2.
2. Derive E(0,p) using (1.2.7).
3. Ewvaluate n(60, ), the right-hand side of (3.1.5).

4. Solve the cohomological equation for N and €&, from (4.1.3) and (4.1.4) respectively, verifying
(") = 0.

5. Improve K (8, ) < K(6,¢) + P(0,0)£(0,¢).
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4.1.1 Numerical method for torus continuation

Due to the nature of the method, an initial torus is required. Therefore, if the system depends on a
family of parameters, we can use a previously computed torus for the next value of the parameter,
meaning that we can perform a continuation with respect to the parameter. In the following, we
describe a method for performing the continuation by considering the variational equation in the
parameter. We know that the torus depends on the parameter, i.e., K.(, ), the first variational
derivative in € is

0
Keyo.(0,0) = Ke(6, ) + 5 Ke(0,0)0: + 0(82). (4.1.9)

Therefore, we need to calculate %Ke(e,go), invoking the invariance equation (1.2.6) and defined
AK(0,p) := %KE(H, ¢), we obtain,

Dth(K€(97 90)7 ‘P)AKE(Qa ‘:0) + Sw,a (AKE(Ha 90)) = _§Zh(K€(07 (10)7 90) ) (4'1'10)

we proceed in a manner analogous to the numerical method, that is, we introduce a new &, : T* xT¢ —

R?", such that AK.(6, ) = P(6,)¢-(0, ), to obtain

A0, )& (8, ) + L4080, )
= QoP(0, ) "QK(0, ¢))§€Zh£ (K-(0,9),0)

_ (—N(asofsz(m(e,so»ggzhg(ffa(e,so),go)) . (nfw,eo))
L(0, ) "UK(0,0) & Zn. (Ke(0,90),0) ) \nM(b,9) )

(4.1.11)

Therefore, to find AK, it is enough to solve a cohomological equation and (nY) = O,,. For the

latter, we have that

1 (6.9) = LO.9) Q0. 0) P20 (K6, 9), )

= <D9 (%}?(KE(& ©), w)))T -

Hence, nY is the derivative of periodic functions, and we obtain (nY) = O,,.

(4.1.12)

Algorithm 4.1.4 (Computation of the First Order Correction). Let K.(6, ) satisfy the invariance
equation approximately. To perform the continuation with respect to €, compute the first variation

AK. by following these steps:
1. Calculate the derivative of Z;,_(K (0, v), p) with respect to .
2. Evaluate n:(0, @), the right-hand side of (4.1.12).
3. Solve the cohomological equation for €N and £F.

4. Compute P(0,p) using Algorithm 4.1.2.
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5. Improve Keyse(0, ) = Ke(6,¢) + P(6,0)€:(0, ¢).
6. Save the K.1s-(0,¢) to be used in the continuation step.

Algorithm 4.1.5 (Continuation of the Torus family). Let K approxzimately satisfy the invariance

equation. Follow these steps to do a continuation respect to €:

1. Construct an approrimate invariant parametrization.

2. Improve the parametrization, K.(0, ), using Algorithm 4.1.3.
3. Save the updated torus K.(0, ).

4. Define the continuation step 6.

5. Compute K. 5:-(0,¢) using Algorithm 4.1.4.

6. Repeat from step (2), until the desired value of € is attained.

Remark 4.1.6. The algorithms require to performe basic operations (+, —, /, *), compositions, deriva-
tives, and computing the R, o, operator. They do not require numerical integrations as in [FMHM24a)]
and can be applied as long as the family of tori exists given we have enough computational resources

available.

Remark 4.1.7. Another approach to performing continuation with respect to parameters is the
pseudo-arclength continuation method, as described in [GHdIL22]. This work also provides a de-

tailed implementation of the predictor used in the natural continuation method.

4.1.2 Comments on the implementations

In this section, we present the numerical implementation of the algorithms derived in the previ-
ous sections. While the theorem provides a rigorous mathematical foundation, its proof leads to
an algorithm whose numerical implementation requires careful consideration of discretization differ-
entiation, equation-solving, and other numerical tools. To achieve this, we have defined three key
objects: Matrix, Grid, and Fourier, as in [HCF16] each playing a distinct role in the overall
implementation.

Numerically, for the parameterization, we consider a set of sample points on a regular grid of size
Np = (Nga,...,Ngp) € N* and N, = (Ny1,...,Ny,y) € N such that,

) ]
92' ::(97;1,...792'”): <]\f91177]\7:> s
b 7n

n (N Je
90‘7 T (90]'17" '7@][) - <N 17" 9 N Z) b
®, @,

where ¢ = (i1,...,in), j = (J1,---,J¢), with 0 < 4, < Ny, , 0 < j3 < Ny, further 1 < r < n
and 1 < s < £. The total number of points is Np = Ng1---NgpnNyp1--- Ny, where Ng; = 2%,
Ny j=2%, withq; €N, gy e Nfori=1,...,nand j=1,... L
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We use the Matrix object, for functions, like; K, FE,n,& : T" x T¢ — R?" or like; L, N, T :
T x T — R?*. We can use the Grid or Fourier objects for function components like; K, K, :
T xT¢ — R or £V, &L : T* x TY — R™. The Grid object is useful and efficients to do multiplications,
sum, etc, or evaluating the vector field, and we employ the Fourier object to calculate the derivative,

or solving cohomological equations. We switch between both representations with the aid of the Fast
Fourier Transform (FFT), which has a complexity of O(Np log(Np)).

One advantage of defining the torsion as in (1.4.14), see [CHP25a] for details, instead of T'(6, ¢) =
N(0,0) QUK (0,9) (D.Z(K(0,¢), ) + L£uaK(0,¢)) is that we avoid the need to compute deriva-
tives in Fourier space, as [HL19]. In other words, we do not generate a Fourier object, which would
require additional memory and computational time for the derivative calculation. Instead, it suffices

to perform grid-based multiplications.

4.2 Numerical study of KAM Theory in a Tokamak model

In this section, we apply the KAM algorithm to a Tokamak model with one and a half degrees of
freedom, following the background established in [CVC*05, VL21]. As in, [Abd06] we calculate the
Poincaré section in the (¢,0) plane. From this section, and using Birkhoff averages, we obtain the
internal frequency with the methods developed in [DSSY17]. With the internal frequency and the
Poincare section, we impose the invariance equation to construct a two-dimensional approximately
invariant torus with an external frequency equal to 1. This torus serves as the initial guess for the
method, to which we apply the KAM procedure.

Once the method converges, we perform a continuation with respect to the parameter and observe
the behavior of some Sobolev norms. This provides estimates for the breakdown of analyticity of the

Invariant torus.

4.2.1 A Tokamak model

Tokamaks are devices for confining plasma in nuclear fusion, see [Art72]. They exhibit complicated
dynamics that can be described using periodic non-autonomous Hamiltonian systems. In these
systems, charged particles move along paths determined by magnetic fields, where the topological
geometry is essential for maintaining plasma stability. KAM theory offers a theoretical framework
for understanding how quasi-periodic orbits persist despite disturbances, thus contributing to the

stability of invariant tori in phase space and controlling the plasma.

Reference [Abd06] presents a non-autonomous Hamiltonian system that models the magnetic
field lines of a Tokamak for plasma confinement, similar to equation (4.2.1), but without the term 2.
Where, ¢ represents the toroidal angle acting as the time, ¥ denotes the normalized toroidal flux,
and H stands for the poloidal flux. The poloidal angle 6 is the conjugate variable to the action H,

as depicted in figure 4.1.
In [CVCT05], the authors apply, to the same model, a method they developed, introducing a

control technique aimed at creating barriers between two chaotic regions by employing a control
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Figure 4.1: Where 0 and ¢ are poloidal and toroidal angles of a system of coordinates.

term proportional to 2, as depicted in figure (4.2). We can observe that in [VL21], the authors
use the same model and, through frequency analysis combined with a rigorous (Computer-Assisted),
demonstrate that in the phase space of the magnetic field, the control term generates a set of invariant
tori that act as transport barriers.

H(0,¢;¢) = / (;(z;/j) +eH(0,9) + £ f2(6,9), (4.2.1)
4
W)= e -0+
Hi(0,¢) = cos(20 — ¢) + cos(30 — 2¢p),

= (5 ()] (5257 =)
1

q(vo)’
qo = 0.35,

where g is the initial normalized toroidal flux on the Poincare section.

Remark 4.2.1. In this case, the dimension are n1 = 1,no = 1,£ = 1, and the degree map is © = 1.
Then, the torus takes the form

] K20, p)
K(0,¢) = (K(i SO)) =|0]+ | K50,
0 ©

4.2.2 Invariant torus

As previously mentioned in this work and in [CHP25a], the method requires the construction of an
initial torus with a small invariance error. To achieve this, we calculate numerically the stroboscopic
map, by integrating with Newton’s method, using the Julia package [PHB21] developed by Luis
Benet and Jorge Pérez, figure (4.2), from the model described in equation (4.2.1), corresponding
to e = 0.004. To compute the internal frequency w = 0.57981245427252670451, we used Birkhoff
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Figure 4.2: The colors Cyan, Magenta and Teal correspond to ¢ = 0.35,0.3566248878338341665, 0.36, respectively.

averages on stroboscopic map, following [DSSY17]. The external frequency «, corresponding to the
time-dependent part, is 1. On the other hand, we construct the two-dimensional initial torus from
this curve, corresponding to K(6,0), denoted by Ky(#). To do so, we construct the initial guess, we
define (6;, ¢;) such that, 6; = 6; + wt and ¢; = @; + at, and we impose that K (6;, §;) parametrized
an invariant torus, i.e., the invariance equation is satisfied, equation (1.2.3), such that,

O (K (0, — wt,pj —at),p; —at) = K (0;,¢5) ,

since we want to construct the torus from Ky(f), we impose ¢; — at = 0, with t* = %1 such that

solve the last equation, so we obtain,
Dy (Ko (0; — wt™) ,0) = K (65, 5) - (4.2.2)

In other words, to obtain K (6;, ¢;) it is enough to integrate the flow for a time ¢t* with initial condition

Ko(0; —wt*). To evaluate the initial condition required to satisfy (4.2.2), we evaluate Ky using splines.
We use a regular grid of points Ny = (2") and N, = (2"¢), with

1 g1
(0, 05) = (0iy, p5,) = <2ng7 2%> ;

with 1 <i7 < 2™ and 1 < j; < 2™, Once we construct the invariant torus, with an initial invariance
error approximate of 9.6866 x 1072 and 22 x 2°, Fourier coefficients, it will serve as the initial guess
of the quasi-Newton method. We obtained an approximately invariant torus with an invariance error
of 3.96005 x 10716 figures (4.3) and (4.4), and 2!2 x 2!! Fourier coefficients in the § and ¢ directions.
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Figure 4.3: Parametrized surface of the invariant torus, displaying the components K (0, ¢), Ky(0,¢),
and ¢, represented with 22 Fourier modes and an invariance error equal to 3.96005 x 10715, Where blue
represents the lowest height and red the highest, based on the Ky (6, ¢) component.
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Figure 4.5: Norm of the Fourier coefficients on a logarithmic scale. The coefficients with the largest contributions,
the ’significant’ ones, align with the straight line shown in yelow in the image, which fits the equation y = —0.58013z.
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4.2.3 Continuation of the invariant torus

As we saw in Section 4.2.2, it is possible to apply the method without the need to perform a
continuation over the perturbations starting from the integrable system. However, the strength of
our approach lies in its ability to also perform a continuation over the perturbation parameter, either
starting from the integrable system or from one already computed, as in Section 4.2.2. To achieve
this, we employ Algorithm 4.1.5, using the case ¢ = 0.004 as the initial guess. The construction
of the two-dimensional object follows an analogous process to that described in Section 4.1.1. By
performing the continuation as outlined in Algorithm 4.1.4, i.e., with a prediction for the following
torus, we can compute the subsequent torus in four iterations of the Quasi-Newton step, compared
to the six iterations required when improving the prediction.

While this work aims to exemplify the suggested algorithms from [CHP25a], we also seek to show

the method’s effectiveness by estimating the breakdown. We, now analyze the behavior of the of the
H* Sobolev norm of K defined as

1Kl o= JIKEIE + K3 (4.2.3)

We observe, that in figure 4.7 Sobolev norm has a exponetial behavior [CDIL10], we obtain an
estimate for the blow-up exponent (see equation (12) in [CL10]) in figure 4.8. The fit to estimate
the exponent also shows an oscilatory behavior in the Sobolev norm, figure 4.8. These oscilations
are not predicted by renormalization group, which is similar to the spin-orbit problem of Celestial
Mechanics, [CCGdIL24].

227
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Parameter &

Figure 4.7: We observed that near the parameter value ¢ = 0.00445, there is an exponential growth, indicating signs
of the breakdown of the torus.
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logarithm of the Sobolev norm-4
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log(e - €)

Figure 4.8: We observe that it aligns with a linear fit y = —2.35233844056405x —7.75624914299206, with a correlation
coefficient of r = —0.987679863894756 and a critical €. = 0.0044615.
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Figure 4.9: For each k., we take the logarithm of the maximum of the H4-norm, equation (4.2.3), of the Fourier
coefficients for the torus with ¢ = 0.00445.
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4.3 Numerical study of KAM Theory in fluid and plasma transport

models

In this section, we present the following model of a quasi-periodically forced pendulum with two

driving frequencies,
2

h = % + e1cos(q) — (e2 + €3 cos(aqt)) cos(q — aat) , (4.3.1)
where, e1,62 and e3 are parameters, with oy = /3, and oy = 1275 This pendulum model is

motivated by the work in [dCN00]. The main objective of this section is to demonstrate that, using
the KAM algorithm, it is possible to perform a continuation with respect to parameters in the

pendulum. To illustrate this, we present three distinct examples.

1. The the single-wave model simplifies the vorticity mixing problem, ultimately leading to the
stream function. A comprehensive derivation is available in References [dCN98b, dCN98a],
which provide a detailed analysis for interested readers. The continuation is carried out by
initially constructing a planar pendulum as an initial guess and then gradually adapting it to

the solitary wave model, i.e., g1 = €9 =e3=01to e; =0, g2 # 0 and €3 # 0.

2. Rotational tori. In this example, we compute invariant tori corresponding to the libration tori
of the pendulum, starting from rotationonal torus of the simple pendulum, and use continuation
to transform it into the quasi-periodic case. We can construct an initial guess torus by setting

€1 # 0 and g9 = €3 = 0, and then continue varying the parameter €2 and 3.

3. Lastly, Librational tori we perform a similar analysis for the rotational tori of the simple
pendulum. This case is particularly interesting since the topology of librational tori differs
from the others, warranting detailed analysis. In this case, the continuation is analogous to the

rotational case.

Unlike the previous section, these three-dimensional objects require significant effort in numerical
implementation. Special attention must be paid to optimizing resources, such as RAM usage, as well
as to code efficiency. These considerations are critical for ensuring accurate and efficient computations
during the continuation of the tori. Through these examples, we not only demonstrate the capability
of the KAM method to handle complex quasiperiodic systems but also highlight the importance of

a robust numerical implementation.

4.3.1 The single-wave model

In his work, del-Castillo (2000), [dCN00], presents the single-wave model as a further simplification
of the vorticity mixing problem. Specifically, he introduces a pendulum-like Hamiltonian with a

time-dependent amplitude, described by,

N
H= Z <2plf2 — 20,V J cos(q; — 9)) -UJ, (4.3.2)
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with I'; and U constants, and J, 6 functions of time. Following [dCN00, MdARACNOC15], we adopt
2V J = g9+ 5 cos(aqt), 6= ast,

Let us consider the model by setting j =1, I'y = 1 and U = 0, then we obtain

2
h = % — (e2 +e3cos(ait)) cos(g; — ant). (4.3.3)

We observe that (4.3.3) coincides with equation (4.3.1), when 1 = 0. Therefore the vector field is

Zh(Z, ©1, 802) b
_ i (€2 4+ 3 cos(p1)) cos(p2 — q)
Zn(2,01,p2) = $1 = N (4.3.4)
. 1
©2 o

In this case the torus is rotational, and the parameterization is of the form

K0, (¢1,92)) 0+ Kz(0, (1, 92))

K0, (p1,02)) = o1 — K3 (0, ((Zl’ ©2))

©2
©2

To construct the initial torus, we set parameters as €1 = €3 = €3 = 0, with the initial ¢(0) = 0
and p(0) = 2. This implies that the internal frecuency is w = 2, while the torus componentes are
K. (0, 1,92) =0 and K, (0, p1,2) = po. Under these conditions, the parameterization of the torus
is flat. For the continuation, we keep €1 = 0 and e = &3, up to e9 = 0.320 and 3 = 0.0155,
figure 4.10.

St N
Ndonave
s N
Nowon=ivw

Figure 4.10: The parameters are e2 = 0.320 and 3 = 0.155. The coefficients in each direction are 2°, 2°, and 27 for
0, p1, and @2, respectively.
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4.3.2 Quasi-periodic pendulum

In this section, we consier e = 1 in (4.3.1), i.e.,

2

h = % + cos(q) — (g2 + e3 cos(at)) cos(gj — aat) . (4.3.5)

We explore numerically two different families of tori corresponding to rotational and librational
movements, i.e., families that are topologically distinct. In both cases, we integrate the pendulum
vector field with g9 = €3 = 0 to obtain Ky(0) := K(0,0). Afterward, we apply the method described

in subsection 4.2.2 to construct the initial torus.

Rotational motions

To calculate the internal frequency in this case, we follow a procedure similar to that of the Toka-
mak in Section 4.2.2. We do the numerical integration of the vector field, with initial condi-
tions ¢(0) = —7m and p(0) = 2, and apply Birkhoff average developed in [DSSY17], resulting in
w = 2.39509749976984749999. The following selection of images shows, on the left, the components

of the torus K with respect to the coordinate ¢1, and on the right, the same components with respect

to ©2.

Figure 4.11: The parameters are €; = 1.000 €2 = 0.000 and €3 = 0.000. The coefficients in each direction are 27, 2°,
and 2* for 6, o1, and @2, respectively.
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Figure 4.12: The parameters are €; = 0.096 €2 = 0.040 and €3 = 0.040. The coefficients in each direction are 27, 26,
and 2° for 6, o1, and @2, respectively.

RN
LW RODND

Figure 4.13: The parameters are €; = 0.092 2 = 0.080 and e3 = 0.040. The coefficients in each direction are 2%, 2°,
and 2% for 6, o1, and @9, respectively.
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Librational motions

For the librational tori, we consider the initial conditions ¢(0) = 5 and p(0) = 0. From these, using
Jacobi elliptic integrals, internal frequency is w = 0.84721308479397908659. Similar to the previous
section, the following set of images provides a comparative view of the torus K. On the left, the
components are plotted with respect to the coordinate ¢1, while on the right, the same components

are shown relative to @a.

Figure 4.14: The parameters are e; = 1.000, g2 = 0.000 and e3 = 0.000. The coefficients in each direction are 27, 2°,
and 2% for 6, o1, and @9, respectively.

Figure 4.15: The parameters are £; = 0.930 e2 = 0.035 and €3 = 0.007. The coefficients in each direction are 28, 27,
and 2° for 0, o1, and @9, respectively.
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Figure 4.16: The parameters are ¢; = 0.860 2 = 0.070 and e3 = 0.014. The coefficients in each direction are 2°, 28,
and 27 for 0, o1, and @9, respectively.
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Conclusions

In this work, we have presented two applications of the method for the existence and stability of
invariant tori in time-dependent quasi-periodic Hamiltonian systems. Unlike other approaches, our
method is applied directly to the vector field of the system, avoiding the need to construct a quasi-
periodic map, as is commonly done in studies based on the standard map. This formulation allows
for a more direct and flexible implementation in different physical contexts, facilitating its adaptation
to problems with various dynamical structures.

Additionally, we exploit the fibered structure of the system to reduce the problem’s dimension
from 2n + ¢ to 2n, where the external frequencies are naturally incorporated into the formulation.
This not only simplifies the theoretical analysis but also improves computational efficiency. In par-
ticular, the torsion expression used in this work avoids the computation of the Lie derivative, as
required in other methods, significantly reducing computational complexity. Instead, our method
only requires evaluating the torus parameterization, in the derivative of the vector field, and the
product of geometric objects, leading to faster and more precise calculations. This reduction in

computational cost is especially relevant for applications that require high numerical precision.

Furthermore, our approach enables more efficient Computer-Assisted Proofs (CAPs) compared
to methods based on the system’s flow. Since we work directly with the vector field rather than inte-
grating the dynamics, we avoid the need to validate numerical integration through a CAP, which can
be computationally expensive and numerically delicate. This aspect makes our method particularly
suitable for applications requiring rigorous validation with lower computational effort.

In cases where the method converges, the number of Fourier nodes doubles at each iteration,
leading to an increasing demand for computational resources. In the case of the Tokamak, the
expansion is first attempted in the 6 direction; if this does not work, it is tried in ¢, and if it
still does not converge, it is performed in both directions simultaneously. A similar procedure is
followed for coupled pendulums. This behavior makes RAM management a crucial aspect of the
method’s implementation. In the future, when Computer-Assisted Proofs are carried out, it will
be essential to perform calculations in multiple precision, further increasing memory demand and
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requiring advanced resource management strategies. This challenge represents an interesting problem
that is worth addressing in future research.

Our results strengthen the applicability of KAM methods in time-dependent Hamiltonian sys-
tems and open new perspectives for their implementation in concrete physical problems, such as the
dynamics of confined plasmas and geometric transport models. Future work could explore extend-
ing this approach to systems with a larger number of degrees of freedom and integrating it with
advanced numerical techniques for high-dimensional problems. Additionally, combining this method
with computational analysis approaches and computer-assisted proofs could provide new tools for
the rigorous study of the stability and persistence of invariant tori in more general scenarios.

The method is designed to compute tori of any dimension. The only restrintion comes from the
computational resources. Based on the information presented in figures 4.6 and 4.9, we can estimate
the bandwidth p. Furthermore, we can compute the Diophantine constants, as referenced in [FH25].
Also, we can estimate all the constants listed in tables (1) and (2) from [CHP25a], to calculate the
constant €; in equation (3.3), which is essential for computing the smallness condition and to do
CAPs.



Appendix A

Extended Symplectic Formulation for QP
Hamiltonian

A different approach to handling time-dependent quasiperiodic Hamiltonian systems involves extend-
ing the symplectic structure by introducing auxiliary variables. This method effectively transforms
the system into an autonomous form, allowing the use of standard symplectic techniques. By aug-
menting the phase space with fictitious variables, one can preserve the Hamiltonian framework while
incorporating time dependence naturally. In this appendix, we outline the construction of this ex-
tended formulation and discuss its advantages in the context of KAM theory.

We consider a gqp-time-dependent Hamiltonian system of the form

h:R™xT¢ — R,
(z,0) +—> h(z,),

is to extend the symplectic formalism by introducing fictitious variables, I, associated with momen-

tum, which are conjugate to the quasi-periodic time variables, i.e.

h:R™xT!xRE — R,
(Z,(p,I) — iL(Z,gD,I):h(Z,gD)—i-I-OJ,

with o € R? external frequencies. The corresponding symplectic vector field is then given by:
Zi(z,0, 1) = Q(2) " (Dh(z, 0, 1)),
with,

Q(z) L = (Q(Z)l Oanze>

-1
O2pxon 8,
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O, -1y
I, O

matrix. Moreover, the matrix representations of the Riemannian metric and the linear isomorphism

where €)(z) denotes a 2n symplectic matrix, while Q, = < ) is the 2¢ standar symplectic

are expressed as follows.

Glz) = G(2)  Oanxae J(z) = J(2)  Oapxae
Oarxcon 1o ’ Oarx2n Q

Analogous to [HCFT16, HL19], we could to look a parameterization K : T x T¢ — M x T* x R

That satisfies the follow inifinitesimal invariance equation, with internal dynamics is given by the

constant vector field (w, «),

Z;,(K(0,¢), ®(0,0), 10, ¢)) = D(K(0, 0), 2(0,), 10, ¢)) (w, ) " .

Where we obtain the follow equations,

Zn(0,¢) = Q)" (D:h(0,9)) " = — LuaK (0, 9), (A1)
o= — Qw,aq)(ea ®Y), (A2)
— (Dh(0,9))" =— Lo (0, ¢). (A.3)

By solving these equations, we can obtain a parameterization of an invariant torus of dimension

2(n + £). Since we assume that ¢ € T, we obtain that,

(I)(Q, (10) - (10’

N A K(0.)
K(H, (70) = ¥

I1(0,¢)

Therefore, the tangent bundle, L : T™ x T¢ — R2(+0x(+0) takes the following form,

Do K (0,9) DyK(0,p)
L0, ) = O¢xn Iy
DoI(0,0) DyI(0,¢)

In comparison with the approach in this work, by assuming ¢ € T, therefore We not only reduce the
dimension of the torus, from 2(n + £) to 2n, also the number of equations to solve, thereby lowering

the computational cost of the resulting algorithms derived from the proof.



Appendix B

Computation of a Novel Torsion Expression

In this appendix, we derive an expression for the torsion without involving Lie derivatives, explicitly
obtaining equation (1.4.4) from (1.4.14).

Lema 4.3.1. Let T : T" x T¢ — R™ be the torsion matriz, as defined in equation (1.4.14). Then, it

satisfies the expression given in equation (1.4.4).

Proof. Let us consider

A(6,9) =~ N0, 0) UK, 0), 9) N (0, 0). (B.2)

Now, we calculate the following derivatives; £,0L(0, ), LoaB(0,¢), £u.aN (6, ) and £, 4 A0, @).
Since they are necessary to calculate £, oV (6, ¢). For the first expression, it is sufficient to differen-
tiate the invariance equation, (1.2.6), with respect to 6, that is,

Sw,aL(ea 90) = _Dth(K(Ha ()0)7 @)L(97 90) ) (Bg)
For the second one, let us take the Lie derivative of I; = B~'B, we have obtain that LoaB =
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—BL,oB'B=-BE£,, (LT (GoK))L) B, i.e,

LuaB(0,9) =B(0,2) L0, ¢) (UK (0, 0), 2)D2Zn(K (0, %), )
— QUE(0,9)D=T(K(0,2)) 121 (K(0,9), 9)] T (K (6, 2))
— QUK (0,0)) T (K(0,9))D=Zn(K (0, 2), 9)J (K (0,0)) " ) N (6, )
=N(0,¢) " J(K(0,9)) " Tu(K(0,0),2)N(0,¢).

) (B.4)
)

Equations (B.3), (1.3.9) and
Ti(2,9) = 22) (D2Zn(2,9) = D:J () [2,0)] I () = J(2)D2Zu(,0) () )

were used for this calculation. For the next one, we consider, the definition of N and the equations
(B.3) and (B.4).

LN (0, 9) = = D.J(K(9,¢)) [Zn (K (6,0), 0)] L(8,9) B, ¢)
) )L(97 90>N(07 SD)T'](K(Ha (p))iTTh(K(aa (p)a (p))N(ev (P) :

+J(K(0,)

Therefore the Lie derivative of A, is:

L0 A0, 9)

_ %QMN(G, ) QK (0, 9))N(0,0)
_ %N(a, 0) T L0 0K (0,9))N (0, ¢)
_ % N0, 0) QK (0, ¢))L0aN (0, )

= SN0, IO, ) DI (6,9) 120 (K (0, 0), 0)) T UK, ) K0, )
+ %Nw,gom(me,so)) (D2 Zn (K(0,0),0)) T J(K(0,9)) 'K (0, 9))N (0, 0)
— SN0, TG, 0), ) T (6,0)) N (0, @) L(6,9) TR (6,0)) QK (6, 2) N (6, ¢)
N %N(G,go) (D=2 (K (6, 0), %)) " QK (0, 0))N(0, )
_ %N(a ) Th(K(9,9),0)N (8, 0)
~ SN0 )UK, IK (6. )LO, 9N 6.0) K6, T, ). )N (0. )
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Using (B.1), (B.3),(B.4), (B.5), (B.6) in (1.4.14), we obtain

T(K(0,9).9) =5N(0,0) (TW(K(0.9). ¢) + TW(K(0, ). ¢)T) N0, )

+ N(Q, QO)TTh(K(Q’ QO), QP)TL(a ¥ A(97 90)
- A(G, @)L(ea QO)TTh(K(ev 90)’ QO)N(‘Q? 90) :
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Appendix C
Compendium of Constants in the KAM Theory

In this appendix we collect the recipes to compute all constants involved in the different estimates
presented in the thesis. Keeping track of these constants is crucial to apply the KAM theorem in
particular problems and for concrete values of parameters. Let us remark that, as it becomes clear
in the proof, the numbersvai, as and a3 are independent parameters, that can be selected in order to
optimize the applicability of the theorems depending on the particular problem at hand. Table 4.1
corresponds to the geometric construction of the theorem. The constants needed for a Newton step

are outlined in Table 4.2, while Table 4.3 contains the constants related to the method’s convergence.

Table 4.1: Constants introduced in Chapter 2. Constants with * in the label correspond to Case III.

Object  Constant Label Result

977 Ceq, = 2ncq,o0r +0;7cQ,10L0 +nopTca0 (2.2.3) Lemma 2.2.2
Qr, Cq,; =crCeq, (2.2.4) Lemma 2.2.2
L Cp =or (2.2.8) Lemma 2.2.4
LT Cprr=0p71 (2.2.9) Lemma 2.2.4
G, Ca, =CprcaoCL (2.2.10) Lemma 2.2.4
NO Cno =cj0CL (2.2.14) Lemma 2.2.5
(NO)T  Cpyot =Cpreyry (2.2.15)  Lemma 2.2.5
N Cx =Cpoop (2.2.16)  Lemma 2.2.5
NT Cxt =05Cyo,T (2.2.17)  Lemma 2.2.5
A Ca = 3CxrecaoCy ,*Ca=0 (2.2.18)* Lemma 2.2.5
N Cn=CLCy+Cx ,*Cn=Cyx (2.2.19) Lemma 2.2.5
NT CyT =CaCpT 4+ Cgr , *Cy1 =Cgr (2.2.20)  Lemma 2.2.5
Esym Csym = (1 + Ca)max{1,Ca}Cq, , *Csym = Co, max{l, (c5)?} (2.2.24)  Lemma 2.2.5
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Cr = 3(Cyren, o0y + Cxrert oCy)
T —+ CNT CT}T OCN + ONT CTh,OCN (2.2.25) Lemma 2.2.7
*CT = CNTCT}“()CN
Crp = ca,16 +caocs1¢5-100
Tg e e ) (2.2.43)  Lemma 2.2.10
+ 2nc;T o CrLopeg o+ ne;T ooBCrTeh o
Crt = CQ,15 +cj-ToCyT 89705
T Te 0 (2.2.44)  Lemma 2.2.10
+nopCrT C‘]706%2y0 + QnCLO'BCJ’()C?)’O
Eep Cgepn =Cxr CJ*T’OCTE Cx (2.2.45) Lemma 2.2.10
Elg Cpy, =CxtCrres-10Cx (2.2.46)  Lemma 2.2.10
X ,
ESN CEI:N = 5CJJCLO'B +ncyo0B +CJ700LCE£B (2.2.47) Lemma 2.2.10
BT Cpr_ =060pCrre m, +2noge;to+Cpr Crreyr (2.2.48)  Lemma 2.2.10
N .5 : ) B .
FEoa CEEA = %(CEEN CQ,OCN + 6CNT CQ,lCN + CI\?T CgL()CE}:N) (2.2.49) Lemma 2.2.10
Eon CE£N = CE):N + CLCE,{:A +nCy (2.2.50) Lemma 2.2.10
Cry = 3(CaCo, Cyrert oCx +CaCa, Cyrer, 0Cy)
Er JFCACQLCACT}“OCN JrCACQLCNTCT}:r’OCNCLCA (2.2.51) Lemma 2.2.10
+7067CACLTc,0CE, vy + 70 Cirea,0CE,y y
Xz Cx, =n (2.2.61)  Lemma 2.2.11
X7 Cy7 =2n (2.2.62)  Lemma 2.2.11
Cea = 5(Cyr e oCx +ORTerT o¢s-10C0xCLTe T 000,00y
£A +Cyren, 00 + Cyrea0cs0CLCyre -7, 0Cx ) (2.2.65)  Lemma 2.2.11
*Cea=0
ELY Obl=COnTeanCx, (2.2.67)  Lemma 2.2.11
BL2 i =Cp, (2.2.68)  Lemma 2.2.11
EXL C2l=Cpreaolx, (2.2.69)  Lemma 2.2.11
0272 = (C 170, 1CNO+ Cy1cqoCN +Ceq, Ca +0r1¢0.00LCEq )’}/57-
22 red LR Yo - B oA (22.70)  Lemma 2.2.11
+Ca,;Cea
Brea  Crea = max{CLiv0™ + CL3, C%ine™ + C23 (2.2.71)  Lemma 2.2.11

Table 4.2: Constants introduced in Lemma 3.2.1. Given an object Zj, we use the notation ALZ, = SW@Z;I — Luw,aZh-
Constants with * in the label are 0 in Case III.

Object Constant Label

&y cg(])\f =or(CyTea,078” +crCTC | Tcq0) (3.2.12)
eN Cen = cg(,)v +crC T a0 (3.2.13)
I3 Cer = cr(CyT 0787 + CrON) (3.2.14)
13 Ce = max{CEL s CEN'yJT} (3.2.15)
AK Cax = CrC.r + ONCNS” (3.2.16)
e, CoeN =0 700 (3.2.19)
gLl Coer = OyTen,078" +CrCen (3.2.20)
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Lwé Cree =max{Cqu.r, Caen79"} (3.2.21)
Elin Clin = CredCe + c,0CsymCegvd” (3.2.22)
E Cp =2(CL + ON)Ciinvd” ! + ez, 2(Cak)? (3.2.26)
AL Car =nCak (3.2.29)
ALT CppT =2nCak (3.2.30)
AG Cag =cg1C0aK (3.2.31)
AGL Cacy, =C,1eG00AL +CpTCAGCLS + Cp T ¢G,0CL (3.2.32)
AB Cap = (08)?Cac, (3.2.34)
AQ Caq =cq,10AK (3.2.35)
AJ Cag =cj1CaK (3.2.36)
AJT Ca,T =c¢,;7,0naK (3.2.37)
AN Can0 =c7,0CaL + CasCLS (3.2.38)
ANOT CAn0T =CparT¢;To+CpTCa 10 (3.2.39)
AN Cany =CanooB +Cr0CaB (3.2.40)
ANT CpagT =08C,NoT +CaBCho,T (3.2.41)
AA Can = E(CANTCQ,OCN+C'NTCAQC’N5+CNTCQOCAN) (3.2.42)
*Caa =0
AN CAN =CaC, ;T +CanC 1T +Curg (3.2.43)
ANT CANT =CaACA T +CaaCy 1 +CaAgT (3.2.44)
ATy Cary, =cr,1CaK (3.2.47)
ATy, CarT =epT 08K (3.2.48)
Car = 50 gTer, 0Cx + CgrCary, Cxd+Cgxrer, 0Cagy

+3CaxTepT oCOn + CxTCArT O+ CxTerT (Can
AT b h no (3.2.49)

+ CANTCT}TYOCN +CxT CAT;J— Cno+ CNTCT}T’OCAN

+ CanT T, 0Cx + CyTCaT, Cid + CuTery, 0Cax
Ayt Ca(ry—1 = (e7)*Car (3.2.51)

Table 4.3: Constants introduced in Section 3.3 associated with the convergence of que quasi-Newton method that
yields Theorem 2.1.1, i.e., the ordinary formulation.

’ Constant Label
¢ = max {(a1a3)4"Cg , (a3)?"142p2"~1Cx } (3.3.6)
Can=ma) 2 o2 Sk st 63
Capo = ﬁﬁ?%) (3.3.8)
Ca = max < Csym7yd7, % R % (3.3.9)
€2 = a2 Car/(1—a]") (3.3.10)
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Appendix D

Table of time and memory for Quasi-Newton
method to Tokamak

In this appendix, we presente a table of time and memory for Quasi-Newton method to Tokamak.
The grid size is 2'2 x 211, The numerical simulations were executed on a computer equipped with
an Intel(R) Xeon(R) E5-2665 CPU, operating at 2.40 GHz with a maximum boost frequency
of 3.10 GHz. This processor features a 16-core architecture, allowing for 16 threads due to its
hyper-threading capability, with 8 cores per socket. The system architecture is x86_64, supporting
both 32-bit and 64-bit modes. The CPU’s cache hierarchy includes 256 KiB of L1 data cache
per core, 256 KiB of L1 instruction cache per core, 2 MiB of L2 cache per core, and 20 MiB of
shared L3 cache. The machine operates on a single NUMA node with all CPUs (0-15) accessible, and
it supports virtualization through VT-x technology. The system is running on a Linux operating
system. The machine is equipped with 32 GiB of total RAM, Additionally, the system has a 32 GiB
swap space, The calculations were performed using C++ with long double, providing a precision
of up to 20 significant digits.

The following table shows the time and memory usage percentage at each step of the iterations
of the quasi-Newton method. The steps are as follows: 1. Construction of the tangent frame, 2.
Construction of torsion, 3. Correction in the symplectic frame, and 4. Computation of the new

parameterization.
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86 APPENDIX D TABLE OF TIME AND MEMORY FOR QUASI-NEWTON METHOD TO TOKAMAK
Iteration 1
Step | Execution Time | Memory Usage Objects
1 26.9559 (s) 2.0% |L|| =2.602235e+00 |€2|] =0.000000
2 43.6666 (s) 3.2 % |€L|| =0.32544 |T|| =1.15074036e+01
3 18.5556 (s) 3.2% (T') =-2.35551120e+00 | (T~!) =-4.24536295e-01
4 0.776569 (s) 3.2% |AK|| =8.997¢-03 |E| =2.71804e-05
Iteration 2
Step | Execution Time | Memory Usage Objects
1 26.9567 (s) 2.0% |L|| =2.757424e+00 |€2|| =0.000000
2 43.6666 (s) 3.2% |£L|| =0.322738 |7|| =1.13239957e+01
3 18.5332 (s) 3.2% (T) =-2.35326725e+00 | (T~!) =-4.24941112e-01
4 0.775557 (s) 3.2% |AK|| =7.180e-04 | E|| =5.35071e-06
Iteration 3
Step | Execution Time | Memory Usage Objects
1 26.978 (s) 2.0% |L|| =2.789292e+00 |€22|| =0.000000
2 43.7547 (s) 3.2% |£L|| =0.325661 |T|| =1.13989675e+01
3 18.5258 (s) 3.2 % (T) =-2.35312392e+00 | (T~1) =-4.24966994e-01
4 0.780214 (s) 3.2% |AK|| =1.940e-05 | E|| =4.22474e-08
Iteration 4
Step | Execution Time | Memory Usage Objects
1 27.0355 (s) 2.0 % |L|| =2.785728e+00 |€22|| =0.000000
2 43.8932 (s) 3.2 % €L =0.325439 |T|| =1.13621447e+01
3 18.5478 (s) 3.2% (T) =-2.35313653e+00 | (T~1) =-4.24964718e-01
4 0.778876 (s) 3.2% |AK| =1.895e-08 |E| =2.70577e-11
Iteration 5
Step | Execution Time | Memory Usage Objects
1 26.9686 (s) 2.0 % |L|| =2.785741e+00 QL] =0.000000
2 56.311 (s) 3.2% |£L| =0.32544 |T|| =1.136222460e+01
3 18.4804 (s) 3.2% (T) =-2.35313653e+00 | (T'1) =-4.24964718e-01
4 0.778876 (s) 3.2% |AK| =2.706e-08 |E| =9.63249e-16
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