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“The scientist does not study nature because it is useful; he studies it because he delights in it, and

he delights in it because it is beautiful. If nature were not beautiful, it would not be worth knowing,

and if nature were not worth knowing, life would not be worth living. I mean the intellectual beauty,

which is a higher form of beauty, and which alone can satisfy the mind.”.

Henri Poincare





A papá y mamá
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the Universitat de Barcelona (UB) for their invaluable efforts in supporting my doctoral studies. Their

academic and institutional support has been instrumental in making this achievement possible, and

I am honored to have been part of both institutions.

We would like to express our gratitude to the following organizations for their support: DGAPA-

UNAM through project PAPIIT IN103423, CONACYT for the PhD fellowship, and the support

received from the project PID2021-125535NB-I00 (MCIU/AEI/FEDER, UE). Additionally, we ac-

knowledge the funding received from the Severo Ochoa and Maŕıa de Maeztu Program for Centers
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Abstract

In this work, we prove a KAM theorem and present an algorithm formulated in an a-posteriori

format, using the parameterization method to look invariant tori in non-autonomous Hamiltonian

systems with n degrees of freedom that depend periodically or quasi-periodically (QP) on time, with

` external frequencies. Such a system is described by a Hamiltonian function in the 2n-dimensional

phase space, M, that depends also on ` angles, ϕ ∈ T`. We take advantage of the fibbered structure

of the extended phase space M × T`. As a result of our approach, the parameterization of tori

requires the last ` variables, to be precise ϕ, while the first 2n components are determined by an

invariance equation. This reduction decreases the dimension of the problem where the unknown is a

parameterization from 2(n+ `) to 2n.

We employ a quasi-Newton method, in order to prove the KAM theorem. This iterative method

begins with an initial parameterization of an approximately invariant torus, meaning it approximately

satisfies the invariance equation. The approximation is refined by applying corrections that reduce

quadratically the invariance equation error. This process converges to a torus in a complex strip

of size ρ∞, provided suitable Diophantine (γ, τ) conditions and a non-degeneracy condition on the

torsion are met. Given the nature of the proof, this provides a numerical method that can be

effectively implemented on a computer,

We exhibit the algorithm with two models. The first is a Tokamak model [CVC+05, VL21], which

proposes a control method to create barriers to the diffusion of magnetic field lines through a small

modification in the magnetic perturbation. The second model [dCN00], known as the vorticity defect

model, describes the nonlinear evolution of localized vorticity perturbations in a constant vorticity

flow. This model was originally derived in the context of plasma physics and fluid dynamics.
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Introduction

In 2015, the United Nations General Assembly adopted the 2030 Agenda, consisting of 17 intercon-

nected global goals designed to be a plan to achieve a better and more sustainable future for all.

The seventh of these goals focuses on Affordable and Clean Energy, a significant challenge where

science has the responsibility to provide solutions, and governments have the obligation to act in

collaboration with society.

Today, numerous efforts are underway to address this energy crisis, one of the most ambitious

being the quest to harness energy through nuclear fusion. Hopes in this area are largely placed on

the development of Tokamak reactors, which aim to confine plasma using magnetic field lines. The

concept is promising, as just 250 kilograms of fuel — 125 kg of deuterium and 125 kg of tritium

— could generate the same amount of energy as burning 250 million tons of fossil fuel, without

producing radioactive waste, unlike nuclear fission reactors.

With this conviction, the ITER project (International Thermonuclear Experimental Reactor)

is developing the first Tokamak. This project demands immense efforts across economic, political,

social, and scientific fields. The scientific challenges, which in my opinion are the more straightforward

ones, are nonetheless impressive, as they require contributions from a wide range of disciplines:

engineering, material science, computer science, nuclear physics, massive computing, plasma physics

and, most notably, KAM Theory.

One of the key challenges lies in creating magnetic field models to confine the plasma — these

models are often time-dependent Hamiltonian systems. In this regard, it is important to demonstrate

the system’s stability. Here, is when KAM theory plays a critical role. Due to the physical, dynamical,

and geometrical nature of Tokamaks, it is essential to demonstrate and calculate the existence of KAM

tori in these non-autonomous Hamiltonian systems.

It is important to note that this modest thesis takes inspiration from the stability of plasma in

Tokamak models. However, the techniques developed here are applicable to a wide range of fields,

such as physics, biology, astrodynamics, and more.

1



2 Introduction

The KAM Theory, developed by Kolmogorov, Arnold, and Moser [Kol54, Arn63, Mös62], plays

a crucial role in understanding the dynamics of Hamiltonian systems, (see [CC06, Dum14] for a

brief history). This theory states that, certain invariant tori in an integrable system survive after

small perturbations, maintaining a quasiperiodic structure. Despite its importance, the perturbative

nature of KAM theory limits its practical application, as it does not always allow for the explicit

calculation of invariant manifolds within the physically relevant regime.

However, de la Llave, González, Jorba, and Villanueva introduced the parameterization method

in KAM Theory [dlLGJV05], which offers a significant improvement. This method establishes con-

nections between theoretical predictions and practical applications, making it practical and accessible

for real-world scenarios. By solving an invariance equation to parameterize the invariant torus and

employing iterative schemes with quasi-Newton methods, the parameterization approach addresses

the limitations of the classical perturbative methods. This allows researchers to bridge the gap

between theory and practice, effectively applying KAM theory in various contexts.

For instance, time-dependent Hamiltonians, which naturally arise in astrodynamics and celestial

mechanics, provide a framework for studying the evolution of dynamical systems. A fundamental

class of these systems is known as the restricted N -body problems, where a small-mass particle moves

under the gravitational influence of a set of primary bodies without affecting their motion.

The Circular Restricted Three-Body Problem (CRTBP) is the simplest case, where two pri-

mary bodies orbit each other in circular paths around their common center of mass while the third

body moves within their gravitational field [SG69]. A more general case is the Elliptic Restricted

Three-Body Problem (ERTBP), where the primary bodies follow elliptical orbits, introducing explicit

periodic time dependence.

The Quasi-Bicircular Problem (QBCP) further complicates the system by incorporating a third

massive body in an approximately circular orbit, leading to additional resonances [And98, CC07].

These models are crucial for understanding dynamical stability, the existence of invariant tori in

near-integrable systems, and the design of space missions [AS99, And03].

Building on this, Fernández-Mora, Haro and Mondelo [FMHM24a, FMHM24b] introduce a method

to compute parameterizations of partially hyperbolic invariant tori and their invariant bundles in non-

autonomous quasi-periodic Hamiltonian systems. The papers [FMHM24a, FMHM24b] generalize flow

map parameterization techniques to the quasi-periodic setting. Introduces fiberwise isotropic tori and

discusses symplectic deformations and moment maps to compute parameterizations of partially hy-

perbolic invariant tori and their invariant bundles in non-autonomous quasi-periodic Hamiltonian

systems. These constructions are vital for guaranteeing the existence of solutions to cohomological

equations, and their algorithms have been successfully applied to the elliptic restricted three-body

problem to compute nonresonant 3-dimensional invariant tori and their invariant bundles around the

L1 point.

Other scenarios where periodic and quasi-periodic Hamiltonian systems naturally emerge include

Tokamaks, developed in the 1950s by Tamm and Sakharov, toroidal devices designed for magnetic

confinement fusion. Studies, such as those [CVC+05] by Chandre, Vittot, Ciraolo, Ghendrih, and

Lima, or [dCN00] by del Castillo-Negrete, highlight the dynamics of magnetic field lines and transport
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phenomena in these devices. Understanding the stability and structure of invariant tori in this

context is essential for effective plasma confinement, as demonstrated in [MMP84], and reducing

chaotic transport.

The stability of magnetic structures, such as quasi-periodic flux surfaces, is essential for maintain-

ing confinement and preventing energy losses or plasma instabilities. KAM methods are employed to

study the robustness of these surfaces, providing valuable insights into designing more efficient and

stable confinement configurations [Boo04]. These developments demonstrate the broader impact of

quasi-periodic Hamiltonians, as they not only enhance our understanding of intrinsic dynamics but

also contribute to technological advancements in areas as diverse as space exploration and sustainable

energy production. All these considerations have motivated the present work.

We present a KAM theorem for quasiperiodically time-dependent systems in a-posteriori format,

using the techniques developed in [HCF+16, HL19, FH25]. Besides the algorithm suggested by the

proof.

We present a proof in a-posteriori format using the parametrization method to obtain a La-

grangian torus in Hamiltonian systems that depend periodically or quasi-periodically on time, with

external frequencies vector α ∈ R`. One of the advantages of this constructive approach is that the

proof suggests an algorithm that is implemented numerically on a computer in [CHP25b]. In this

work, we also take advantage of the symplectic fibered structure of the extended phase space, using

the angles that describe the periodic or quasi-periodic external action.

When adopting the symplectic formalism, the dimension of the extended phase space typically

becomes 2(n+ `). However, given our focus on systems with temporal dynamics that are either peri-

odic or quasi-periodic, we redefine the setup. By introducing a variable ϕ ∈ T`, which parametrizes

the external action, the dimension of the phase space is effectively reduced to 2n + `. This adjust-

ment not only simplifies the representation but also aligns naturally with the underlying dynamics,

enabling a more efficient analysis of the system.

As a result of our approach, the parameterization of the torus requires the last ` variables to have

prescribed periodic dynamics, while the n first components are determined by an invariance equation.

This reduction allows us to bring down the dimension problem from 2(n + `) to 2n. Moreover, we

manage to obtain a symmetric expression for the torsion, that does not require computing derivatives

of known functions but only their products, which represents a considerable numerical advantage.

This feature makes the corresponding numerical method very efficient.

The novel expression for the torsion, given in equation (2.2.25), has a significant advantage over

equation (4.60) in [HL19], as it avoids using derivatives and is based solely on the product of functions.

This reformulation eliminates the need for Cauchy estimates, leading to improved estimates of the

quasi-Newton step for convergence. From a numerical point of view, this modification makes the

algorithm more efficient, reducing computational costs and favoring its implementation in high-

precision computations, see [CHP25b].

The proof follows an a-posteriori approach, that employs a quasi-Newton method to establish the

existence of invariant tori in Hamiltonian dynamical systems. The iterative method starts with an

initial parameterization of an approximately invariant torus, in a space with complex strip of size
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ρ, such that the invariance equation is approximately satisfied. This approximation is improved by

adding a correction that reduces the invariance error to an error which is quadratic with respect

to the original error. The process converges to a torus in a space with complex strip of size ρ∞,

under suitable Diophantine (γ, τ) conditions and a non-degeneracy condition on the torsion, which

allows us to prove the persistence of the invariant tori, if γ−4ρ−4τ times the norm is quadratic

with respect to the original error. However, with some additional effort, the smallness factor can

be relaxed to γ−2ρ−2τ−1, like in [FH24]. The nature of the proof is constructive so it leads quite

naturally to a numerical algorithm that can be implemented on a computer. The framework is also

suitable for obtaing results in different scales of Banach spaces using hard implicit function theorems

and smothing [CDlL10]. The theorem states that, under necessary and sufficient geometrical and

dynamical hypothesis, there exists a constant C1 such that the inequality (2.1.3) is satisfied. An

additional advantage of this approach is that the constants C1, (γ, τ) and ρ can be explicitly calculated

for each problem. This makes it possible to determine the accuracy needed to calculate the invariance

error, thus guatanteeing the existence of the torus. A great advantage of the a-posteriori approach

is that the hypotheses of the proof depend on the existence of an approximately invariant solution

that satisfies regularity and non-degeneracy conditions.

The approximate solution can be obtained in several ways, such as through numerical compu-

tations, Lindstedt series, the integrable case, etc. However, since physically relevant regimes are

often far from integrability, the theorem provides a way to work in these settings, as long as a good

approximation is available. In particular, one can take advantage of numerically computed results

to estimate the constant C1, the invariance error, and the Diophantine conditions. This frame-

work allows for Computer-Assisted Proofs (CAPs), as demonstrated in the work of [FHL17],(see

[CC87, VL21] for other approaches). This not only strengthens the validity of the theoretical results

but also guarantees exceptional accuracy and robustness in verifying the existence of the torus. Fur-

thermore, there are real-world problems where relevant solutions can be found. We note that our

approach differs from other works that rely on powerful numerical integrations to validate flows and

jets like [KS17, MB09]. Instead, we focus on validating the parameterization approximation and its

respective estimations at each Newton step.

The work [CVC+05], fosuses on diffusion control in Hamiltonian systems with one and a half

degrees of freedom, introducing a method to create barriers to the diffusion of magnetic field lines in

a Tokamak time-periodic model. These barriers, represented by invariant tori, are generated through

localized chaos control using a correction term of a smaller order than the original perturbation. The

technique finds critical applications in magnetic fusion scenarios, such as restoring confinement in

stochastic regions.

On the other hand, in [dCN00] a transported field and a velocity field are dynamically coupled

via a mean field term coming from the advection-diffusion equation. Specifically, the analysis focuses

on the single-wave model, which reduces to a quasi-periodic pendulum system characterized by the

interaction of two external frequencies and one internal frequency, forming a three-dimensional torus.

This model involves self-consistent chaotic transport, offering a robust framework for studying the

dynamics of coupled systems and their invariant structures.
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The application of the KAM method for time-dependent periodic or quasi-periodic invariant tori

is well-founded in the context of both scenarios, given their Hamiltonian structure and intrinsic time

dependence. In the Tokamak case, KAM theory offers a rigorous framework to establish the persis-

tence of invariant tori. In the second case, the quasi-periodic nature emerging from the single-wave

model aligns naturally with the assumptions of KAM theory. This method predicts the persistence

of invariant tori while preserving the structured transport properties of the system. By leveraging

the KAM framework, both models benefit from its robust capacity to explain the stability and per-

sistence of invariant structures in time-dependent dynamical systems, providing deep insights into

their behavior and stability.

The structure of this thesis is as follows. In Chapter 1, we present the notation and tools needed to

develop a KAM theorem for Hamiltonian systems with periodic or quasi-periodic time dependencies.

This includes the use of the r-th order derivative of, analytic functions, norms, and the Diophantine

condition. Additionally, we address nonautonomous Hamiltonians that depend periodically or quasi-

periodically on time, focusing on invariant tori, the invariance equation, and the required dynamical

and geometric properties.

In Chapter 2 we present the KAM theorem for Lagrangian tori and we prove foundational lem-

mas. These lemmas provide the necessary conditions and properties to demonstrate the persistence

of invariant tori in the system. This lays the groundwork for proving the theorem under specific

dynamical and geometric conditions. we provide estimates for various geometrical and dynamical

properties of an approximately invariant torus. These approximations are crucial to demonstrate the

quadratic convergence of the method.

In Chapter 3, we provide a proof of the KAM Theorem. For clarity, we begin by outlining

the approach used to correct the parameterization of the torus. Specifically, Section 3.1 covers

the approximate solution of the linearized equations within the symplectic framework constructed

in Section 2.2.2, establishing a method for solving the invariance equation. Section 3.2 presents

quantitative estimates for the objects derived from one iteration of this procedure. Section 3.3

discusses the convergence of the quasi-Newton method.

In Chapter 4, We apply the suggested algorithm from the proof to a couple of models, which are

detailed below. In Section 4.2, we apply the method to a Tokamak model with one and a half degrees

of freedom. Using the Poincare section and Birkhoff averages, we compute internal frequencies, using

the tecniques in [DSSY17], and construct a two-dimensional approximately invariant torus as the

initial guess. We then refine this torus using the KAM method and analyze its continuation with

respect to parameters. Furthermore, we examine the behavior of Sobolev norms as indicators of

potential breakdowns of the invariant torus, see [CDlL10, CL10]. In Section 4.3, we study one

more system: a quasiperiodic pendulum with two external perturbations, with three-dimensional

invariant tori. We present three scenarios; quasi-periodically perturbed rotor (related to single wave

model), quasi-periodically perturbed pendullum (rotational tori) and quasi-periodically perturbed

pendullum (librational tori). We emphasize the challenges of implementing these three-dimensional

objects numerically, paying special attention to optimizing computational resources, such as RAM

memory, and ensuring code efficiency.
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Finally, in the appendices of this work provide complementary developments that enhance the

main analysis.

In Appendix A, introduces an extended symplectic formulation for quasi-periodic Hamiltonian

systems, providing a mathematical framework that facilitates their study.

In Appendix B, is dedicated to the computation of a novel torsion expression, a key element in

this work.

In Appendix C, compiles fundamental constants involved in the KAM theorem, These constants

are explicit and are used to compute the constants C1 and C2, that appear in the KAM theorem.

In Appendix D, we present a table for the Tokamak model with the parameter value 0.0004. The

table includes the time and memory usage percentages at each step of the quasi-Newton method

iterations.

Through this thesis, we demonstrate not only the versatility of the KAM method in various

scenarios but also the importance of a robust numerical approach for tackling problems in high-

dimensional quasiperiodic Hamiltonian systems. This work lays the groundwork for future research

on the optimization and application of KAM methods in physical and mathematical contexts. For

instance, to compute invariant tori in the Restricted Three-Body Problem (RTBP), around the

equilibrium points L4 and L5.



1
Preliminaries on Hamiltonian Systems and

KAM Theory

We follow [HL19], and include the definitions here for completeness.

1.1 Basic notation

We denote by R and C the fields of real and complex numbers, respectively. The spaces Rn and Cn

represent the real and complex vector spaces of dimension n, respectively, endowed with the norm

|v| := max
i=1,...,n

|vi| .

Let U ⊂ Rm and V ⊂ Rn be open subsets of real vector spaces, and let ρ > 0 be a positive real

number. The complex strip of size ρ, denoted by Uρ × Vρ, is a subset of Cm × Cn defined as

Uρ × Vρ := {(x, y) ∈ Cm × Cn | Re(x, y) ∈ U × V, | Im(x, y)| < ρ} ,

where Re(x, y) and Im(x, y) represent the real and imaginary parts of the complex vectors x ∈ Cm

and y ∈ Cn, respectively.

Furthermore, for two sets X,Y ⊂ Cm×Cn, the distance between X and Y , denoted by dist(X,Y ),

is defined as

dist(X,Y ) := inf {|x− y| | x ∈ X, y ∈ Y } ,

where |x− y| denotes the Euclidean distance between points x and y in Cm × Cn.

Moreover, we denote by Rn1×n2 and Cn1×n2 the spaces of n1 × n2 matrices with entries in R
and C, respectively. We adopt the standard identifications Rm ' Rm×1 and Cm ' Cm×1, treating

column vectors as m×1 matrices. The identity and zero matrices of size n×n are denoted by In and

On, respectively, while the zero matrix of size n1 × n2 is written as On1×n2 . Additionally, the zero

7
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column vector in Rn or Cn is denoted by 0n. In both the real and complex matrix spaces, Rn1×n2

and Cn1×n2 , we define the supremum norm or sup-norm, as a natural extension of the maximum

norm for vectors. Given an n1 × n2 matrix M with entries in R or C, its norm is given by

|M | := max
i=1,...,n1

∑
j=1,...,n2

|Mi,j |,

where Mi,j represents the (i, j)-th entry of the matrix. This norm measures the largest absolute

value among all entries of the matrix, providing a straightforward way to quantify its size.

Beyond matrices, norms also play a fundamental role in the study of analytic functions. Consider

a bounded analytic function

f : U× V→ C,

where U ⊂ Cn and V ⊂ Cm are open sets. The supremum norm of f , denoted by ‖f‖U×V, is defined

as

‖f‖U×V := sup
(x,y)∈U×V

|f(x, y)|.

It is particularly useful in the study of analytic extensions, convergence of function sequences, and

the application of fixed-point theorems in functional analysis. The action of the rth-order derivative

of f at a point (x, y) ∈ U × V on a collection of (column) vectors v1, . . . , vr ∈ Cm, with vk =

(v1k, . . . , vmk)
>, is

Dr
xf(x, y)[v1, . . . , vr] :=

∑
`1,...,`r

∂rf

∂x`1 . . . ∂x`r
(x, y) v`11 · · · v`rr,

where the indices `1, . . . , `r run from 1 to m. And its norm is,

‖Dr
xf‖U×V :=

∑
`1,...,`r

∥∥∥∥ ∂rf

∂x`1 . . . ∂x`r

∥∥∥∥
U×V

.

Given a matrix valued function M : U × V ⊂ Cm × Cn → Cn1×n2 (whose components, Mi,j , are

analytic functions), a point (x, y) ∈ U× V, and a collection of (column) vectors v1, . . . , vr ∈ Cm, we

obtain a n1 × n2 matrix Dr
xM(x, y)[v1, . . . , vr] such that

(Dr
xM(x, y)[v1, . . . , vr])i,j := Dr

xMi,j(x, y)[v1, . . . , vr],

since M is analytic in U× V, we can define the norm.

‖Dr
xM‖U×V := max

i=1,...,n1

∑
j=1,...,n2

‖Dr
xMi,j‖U×V ,

with,

‖Dr
xMi,j‖U×V =

∑
`1,...,`r

∥∥∥∥ ∂rMi,j

∂x`1 . . . ∂x`r

∥∥∥∥
U×V

.
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Therefore, we have,

‖Dr
xM [v1, . . . , vr]‖U×V ≤ max

i=1,...,n1

n2∑
j=1

‖Dr
xMi,j [v1, . . . , vr]‖U×V

≤ max
i=1,...,n1

n2∑
j=1

∥∥∥∥∥∥
∑

`1,...,`r

∂rMi,j

∂x`1 . . . ∂x`r
v`11 · · · v`rr

∥∥∥∥∥∥
U×V

≤ max
i=1,...,n1

n2∑
j=1

∑
`1,...,`r

∥∥∥∥ ∂rMi, j

∂x`1 . . . ∂x`r

∥∥∥∥
U×V

max
`=1,...,r

‖v`11‖U · · · max
`=1,...,r

‖v`rr‖U

There is also a similar bound for the action of the transpose,

‖(Dr
xM [v1, . . . , vr])

>‖U×V ≤
∥∥∥Dr

xM
>
∥∥∥
U×V

‖v1‖U · · · ‖vr‖U .

We introduce the fundamental notation that will be used throughout this analysis. The d-dimensional

standard torus is denoted by

Td = Rd/Zd,

which represents the quotient space obtained by identifying points in Rd that differ by integer transla-

tions. Intuitively, the torus can be seen as a generalization of the unit circle T1 to higher dimensions,

where each coordinate behaves as a periodic variable with period 1.

To extend this concept to the complex domain, we define the complex strip of the torus of width

ρ > 0, denoted by

Tdρ = {θ ∈ Cd/Zd : | Im θ| < ρ}.

This set consists of all points in the complexified torus whose imaginary components remain strictly

bounded by ρ. The introduction of this complex extension plays an important role in the study of

analytic functions, particularly in perturbation theory and the KAM (Kolmogorov–Arnold–Moser)

theory, where analyticity in a strip around the real torus is a fundamental assumption.

Now, consider a real-valued function defined on the direct product of two tori:

u : Td × T` → R.

Such a function is inherently periodic in all of its arguments. In many applications, it is convenient

to analytically continue u to a complex domain. For this purpose, we define its complex extension

over the product of complex strips:

u : Tdρ × T`ρ → R.

This formulation allows us to study the analyticity properties of u in a controlled neighborhood of the

real torus. The width ρ of the complex strip determines how far the function can be extended into

the complex plane while maintaining analyticity. The larger ρ is, the more regular (or well-behaved)
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the function u is expected to be.

Furthermore, because u is periodic in its toroidal variables, it admits a Fourier series expansion,

u(θ, ϕ) =
∑
k1∈Zd

∑
k2∈Z`

ûk1,k2e2πi(k1·θ+k2·ϕ),

ûk1,k2 =

∫
T`

∫
Td
u(θ, ϕ)e−2πi(k1·θ+k2·ϕ)dθ dϕ ,

and introduce the notation 〈u〉 := û0,0 for the average. This representation is fundamental in the

analysis of quasi-periodic dynamical systems, as it provides a natural way to decompose functions

into their harmonic components. The notation above is extended to n1 × n2 matrix-valued periodic

functions M : Tdρ×T`ρ → Cn1×n2 , for which M̂k1,k2 ∈ Cn1×n2 denotes the Fourier coefficient with index

(k1, k2) ∈ Zd × Z`. Now, we denote the A(Tdρ × T`ρ) to represent the Banach space of holomorphic

functions u : Tdρ×T`ρ → C that can be continuously extended to T̄dρ× T̄`ρ and whose values in Tdρ×T`ρ,
are real-analytic. The space A(Tdρ × T`ρ) is endowed with the norm,

‖u‖ρ = ‖u‖Tdρ×T`ρ = max
|Im(θ,ϕ)|≤ρ

|u(θ, ϕ)| .

Using Cauchy estimates, we can determine the derivatives of these functions. For example, if u ∈
A(Tdρ×T`ρ) and ρ > 0, then its partial derivative ∂u/∂x` belongs to A(Tdρ−δ×T`ρ−δ) for any 0 < δ < ρ

and we have the following bounds:∥∥∥∥ ∂u∂x`
∥∥∥∥
ρ−δ
≤ 1

δ
‖u‖ρ, ‖Dxu‖ρ−δ ≤

d

δ
‖u‖ρ,

∥∥∥(Dxu)>
∥∥∥
ρ−δ
≤ 1

δ
‖u‖ρ.

The proof of these three inequalities relies on the Cauchy estimates for holomorphic functions in a

complex strip. For the first inequality, applying the Cauchy integral formula to u in the variable

x` implies that the norm of the derivative can be bounded by the supremum of u in a slightly

larger domain, introducing a factor of 1/δ. The second inequality follows by applying this result to

each component of the gradient (Dxu) and summing the contributions of all d partial derivatives,

which introduces an additional factor of d. Finally, the third inequality follows similayly as the

case. For matrix valued functions M : Tdρ × T`ρ → Cn1×n2 with components in A(Tdρ × T`ρ), we have

‖DxM‖ρ−δ ≤ d
δ ‖M‖ρ. This result also applies to the transpose of M , ‖DxM

>‖ρ−δ ≤ d
δ ‖M

>‖ρ. In

the particular case w : Tdρ × T`ρ → Cn ≈ Cn×1, we obtain:

‖Dxw‖ρ−δ ≤
d

δ
‖w‖ρ, ‖Dxw

>‖ρ−δ ≤
d

δ
‖w>‖ρ ≤

nd

δ
‖w‖ρ,

‖(Dxw)>‖ρ−δ ≤
n

δ
‖w‖ρ.

The set of Diophantine vectors is defined as

Dγ,τ =

{
(ω, α) ∈ Rd × R` : |k1 · ω + k2 · α| ≥

γ

|(k1, k2)|τ1
,∀(k1, k2) ∈ Zd × Z`\{0}

}
. (1.1.1)
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An essential condition in this theorem is the assumption that the frequency vector (ω, α) for specific

γ > 0 and τ ≥ d+ `− 1, satisfies the Diophantine condition. The quantity |(k1, k2)|1 represents the

sum of the absolute values of each component of the vector (k1, k2).

Remark 1.1.1. It is not possible to represent exact Diophantine vectors numerically, because of

the limited precision of floating-point arithmetic. This limitation means that we cannot accurately

define irrational numbers, and therefore true Diophantine vectors. Instead, we can approximate these

vectors using the best possible numbers within the arithmetic precision we are working with. For

each component of the frequency vector that is not an integer, we express it as a continued fraction.

We replace the final part of the continued fraction with ones to improve the approximation and make

the components more accurate. In this way, we could compute numerically Diophantine constants

as in [Vil17, HL19]

Finally, we present notation regarding the cohomological equations which are central to KAM

theory. This notation describes the relationship between a periodic or quasi-periodic function,

v(θ, ϕ) =
∑
k1∈Zd

∑
k2∈Z`

v̂k1,2e2πi(k1·θ+k2·ϕ),

and the frequency vector, (ω, α) ∈ Rd × R`,

Lω,αu = v − 〈v〉 , Lω,α := −

 d∑
i=1

ωi
∂

∂θi
+
∑̀
j=1

αj
∂

∂ϕj

 . (1.1.2)

The formal solution of equation (1.1.2) can be expressed as

Rω,αv(θ, ϕ) =
∑

k1∈Zd\{0}

∑
k2∈Z`\{0}

ûk1,k2e2πi(k1·θ+k2·ϕ), ûk1,k2 =
−v̂k1,k2

2πi(k1 · ω + k2 · α)
. (1.1.3)

with (k1, k2) 6= (0, 0) and û0,0 is a degree of freedom. Notice that if v = 0, then Rω,αv = 0.

For r ∈ R+, the Sobolev space Hr is a Banach space consisting of functions v. These functions

are characterized by the norm

‖v‖r :=

√ ∑
k1∈Zn

∑
k2∈Z`

|2πi(k1 + k2)|2r|v̂k1,k2 |2 <∞. (1.1.4)

Here, | · | denotes the maximum norm in the spaces Rn and Cn. Similarly, this notation extends

to real or complex matrices of arbitrary dimension, referring to the matrix norm induced by the

corresponding vector norm.

The behavior of this norm is crucial in the study of the breakdown of quasi-periodic solutions.

As discussed in [CDlL10, CL10], the Sobolev norm serves as a key diagnostic tool for identifying the

loss of smoothness in invariant tori. A rapid growth in this norm indicates the onset of breakdown,

linking it to the regularity properties of the system. These ideas provide a numerical and theoretical

foundation for detecting critical thresholds in quasi-periodic structures.
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The notation required for this thesis, including analytic function spaces, norms of these functions

and their derivatives, Diophantine vectors, cohomological equations, and related concepts can be

extended from the works [HCF+16, HL19, FH24] and is very similar to [FMHM24a]. For convenience,

we refer the reader to these references.

1.2 QP Hamiltonian systems, symplectic bundles and invariant tori

We require an open set M of R2n endowed with an exact symplectic form ω = dα, for a certain

1-form α called action form. This setting can be adapted to the case in which M is open subset of

M ⊂ Tn1 × Rn2 × Rn, with n1 + n2 = n. We will assume that ω is exact , so M is endowed with an

exact symplectic structure. The matrix representations of α and ω are given by the matrix-valued

functions
a : M −→ R2n ,

z 7−→ a(z) ,

and
Ω : M −→ R2n×2n ,

z 7−→ Ω(z) = (Da(z))> −Da(z) ,

the non-degeneracy of ω is equivalent to det Ω(z) 6= 0 for all z ∈M. If there exists a globally defined

function h : M → R such that iXhω = −dh, then Xh is said to be a Hamiltonian vector field with

respect to the symplectic form ω and h is a Hamiltonian function for Xh. In coordinates,

Xh(z) = Ω(z)−1(Dh(z))> .

In the non-autonomous case, the Hamiltonian can be expressed as follows,

h : M× R −→ R ,
(z, t) 7−→ h(z, t) .

The symplectic 2-form requires an even-dimensional phase space, while M× R, is odd-dimensional.

The typical way to overcome this issue is to introduce a on M×R using the form ωh = ω+ dh∧ dt.

However, this means that the phase space dimension is 2(n + 1), and if we want to study time-

dependent periodic or quasi-periodic dynamics with associated frequencies α ∈ R`, the phase space

dimension becomes 2(n+ `), since the symplectic form on M× T` is ωh = ω + dI ∧ dϕ, with I the

fictitious variables conjugated to ϕ. This would be expensive from the numerical point of view so, an

alternative approach is to consider that the time dependence is on an `-dimensional torus. In other

words,

h : M× T` −→ R ,
(z, ϕ) 7−→ h(z, ϕ) ,
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where ϕ̇ = α and α ∈ R` are the external frequencies. We consider the evolution operator

φt : I(z, ϕ) ⊂ R −→M

t 7−→ φt(z, ϕ) ,
(1.2.1)

where I(θ, ϕ) is the maximal interval of exitence, and φt(z, ϕ) satisfies

∂φt
∂t

(z, ϕ) = Xh(φt(z, ϕ), ϕ+ tα) ,

φ0(z, ϕ) = z ,

where XH is a vector field. We define

Dom = {(t, z, ϕ)|(z, ϕ) ∈M× T`, t ∈ I(z, ϕ)} .

Now, we consider the following flow,

Φ̃t : Dom −→M× T`

(z, ϕ, t) 7−→ Φ̃t(z, ϕ) :=

(
φt(z, ϕ)

ϕ+ tα

)
,

(1.2.2)

Remark 1.2.1. The equation (1.2.2) satisfies the flow properties.

Φ̃0(z, ϕ) =

(
φ0(z, ϕ)

ϕ

)
=

(
z

ϕ

)
,

and

Φ̃t+s(z, ϕ) =

(
φt+s(z, ϕ)

ϕ+ (t+ s)α

)
=

(
(φt ◦ φs)(z, ϕ)

ϕ+ tα+ sα

)
=

(
φ(φ(z, ϕ), s), t)

ϕ+ tα+ sα

)

= Φ̃t

(
φs(z, ϕ)

ϕ+ sα

)
= Φ̃s

(
Φ̃s

(
z

ϕ

))
= Φ̃s ◦ Φ̃s

(
z

ϕ

)
.

Therefore, we can define the vector field of a non-autonomous system that depends periodically

or quasi-periodically on time accordingly. As a result, we can determine the vector field of a non-

autonomous system that depends periodically or quasi-periodically on time,

Z̃ : M× T` −→ R2n × T` ,

(z, ϕ) 7−→ Z̃(z, ϕ) :=

(
Zh(z, ϕ)

α

)
,

with Zh(z, ϕ) = Ω(z)−1(Dzh(z, ϕ))>. We look for a parameterization K̃ : Td × T` → M × T`, with

1 ≤ d ≤ n, that satisfies the invariance equation

Φ̃t

(
K̃(θ, ϕ)

)
= K̃ (θ + tω, ϕ+ tα) , (1.2.3)
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where ω ∈ Rd is a vector of internal frequencies, furthermore ω and α are non-resonant. In this

work, we are interested in finding a parameterization for the Lagrangian Torus, as discussed in

[Mos66, BHS96], i.e., we consider the case where d = n; hence, throughout this work, we focus

exclusively on this scenario. From the above equation, K̃ is of the form,

K̃(θ, ϕ) =

(
K(θ, ϕ)

ϕ

)
. (1.2.4)

We denotate by K̃ =
{

(K(θ, ϕ), ϕ)|(θ, ϕ) ∈ Tn × T`
}

, the embedded submanifold of M×T`. If πϕ is

the projection on M with basepoint ϕ, then Kϕ = K̃ (Tn, ϕ) is fiber of K. Parameterization (1.2.4)
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Figure 1.1: Two-dimensional torus expressed in cylindrical coordinates, each curve is a leaf of the torus fibration.
The green leaf is the K parameterization for a given ϕ, Kϕ.

has the advantage that K : Tn × T` →M, now only has to solve equation,

Zh(K(θ, ϕ), ϕ) = DθK(θ, ϕ)ω + DϕK(θ, ϕ)α , (1.2.5)

which is an inifitesimal version of (1.2.3) for the n-component of K̃. Notice that the equation for ϕ

is trivial. Geometrically, we visualize that the manifold K̃(θ, ϕ) is foliated by K(θ, ϕ) for every ϕ, as

shown in Figure 1.1. This means that the (n + `)-dimensional manifold K = K(Tn,T`) is invariant

and the internal dynamics is given by the constant vector field (ω, α), the invariance equation can

be written in the form

Zh(K(θ, ϕ), ϕ) = −Lω,α(K(θ, ϕ)) . (1.2.6)

We assume that the parametrization is regular, meaning that DθK(θ, ϕ) has rank n. The way the



Preliminaries on Hamiltonian Systems and KAM Theory 15

torus K̃ is embeded in M× T` is given by the degree map D ∈ Zn×n1 so that K is of the form

K(θ, ϕ) =

Dθ

0n2

0n

+Kp(θ, ϕ) =

Dθ

0n2

0n

+

(
Kp
x(θ, ϕ)

Kp
y (θ, ϕ)

)
,

where Kp : Tn × T` → R2n is 1-periodic in (θ, ϕ),

meaning Kp(θ + e1, ϕ+ e2) = Kp(θ, ϕ) for all (e1, e2) ∈ Zn × Z`.

If the torus is approximately invariant, we define the error of invariance E : Tn ×T` →M given

by

E(θ, ϕ) = Zh(K(θ, ϕ), ϕ) + Lω,α(K(θ, ϕ)). (1.2.7)

Remark 1.2.2. Another way to handle time-dependent quasiperiodic Hamiltonian systems,

h : R2n × T` −→ R ,
(z, ϕ) 7−→ h(z, ϕ) ,

is to extend the symplectic formalism by introducing fictitious variables, I, associated with momen-

tum, which are conjugate to the quasi-periodic time variables, i.e.

ĥ : R2n × T` × R` −→ R ,
(z, ϕ, I) 7−→ ĥ(z, ϕ, I) = h(z, ϕ) + I · α ,

with α ∈ R` external frequencies. We obtain a parameterization of an invariant torus of dimension

2(n+ `), as follows

K̂(θ, ϕ) =

K(θ, ϕ)

ϕ

I(θ, ϕ)

 .

With this approach, the problem has dimension 2(n + `)instead of 2n. Moreover, the proof

becomes harder since the involved objects have more intricate expressions. For further details, see

the Appendix A.

1.3 Linearized dynamics and reducibility

Let us introduce an operator for any m-dimensional vector subbundle, parameterized by V : Tn ×
T` → R2n×m, where 1 ≤ m ≤ 2n. The operator is defined as

XV (θ, ϕ) := DzZh(K(θ, ϕ), ϕ)V (θ, ϕ) + Lω,α(V (θ, ϕ)) . (1.3.1)
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We say that a subbundle is invariant under the linearized equations if XV (θ, ϕ) = O2n×m for all

(θ, ϕ) ∈ Tn × T`. We consider the map L : Tn × T` → R2n×n given by

L(θ, ϕ) = DθK(θ, ϕ) ,

we note that XL(θ, ϕ) = O2n×n, for all (θ, ϕ) ∈ Tn×T`. Moreover, the quasi-periodicity implies that

the torus is fiberwise Lagrangian, i.e., the pull-back for all ϕ, K∗ϕω = 0 of the symplectic form on

the torus vanishes. The matrix representation is

ΩL(θ, ϕ) = (DθK(θ, ϕ))>Ω(K(θ, ϕ)) DθK(θ, ϕ) = (L(θ, ϕ))>Ω(K(θ, ϕ)) L(θ, ϕ) . (1.3.2)

Thus, K is isotropic if ΩL(θ, ϕ) = On. For each ϕ ∈ T`, Kϕ is a Lagrangian submanifold of M,

which is the case we study here. For this purpose, we introduce several geometric constructions that

allow us to define adapted symplectic frames. Hence, we will obtain a map N : Tn × T` → R2n×n

such that the juxtaposed matrix

P (θ, ϕ) =
(
L(θ, ϕ) N(θ, ϕ)

)
,

satisfies rankP (θ, ϕ) = 2n for every (θ, ϕ) ∈ Tn × T` and

P (θ, ϕ)>Ω(K(θ, ϕ))P (θ, ϕ) =

(
On −In
In On

)
:= Ω0 , (1.3.3)

Ω0 denote the matrix representation of the Darboux form. From equation (1.3.3), we derive the

following geometric properties:

L(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ) = On , (1.3.4)

L(θ, ϕ)>Ω(K(θ, ϕ))N(θ, ϕ) = − In , (1.3.5)

N(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ) = In , (1.3.6)

N(θ, ϕ)>Ω(K(θ, ϕ))N(θ, ϕ) = On . (1.3.7)

In this case, we say that P : Tn × T` → R2n×2n is a symplectic frame. The use of these linear

coordinates allows the linearized equation to be reduce to a triangular form:

XP (θ, ϕ) = DzZh(K(θ, ϕ), ϕ)P (θ, ϕ) + Lω,αP (θ, ϕ)

=
(

DzZh(K(θ, ϕ), ϕ)L(θ, ϕ) + Lω,αL(θ, ϕ) DzZh(K(θ, ϕ), ϕ)N(θ, ϕ) + Lω,αN(θ, ϕ)
)

=
(
O2n×n DzZh(K(θ, ϕ), ϕ)N(θ, ϕ) + Lω,αN(θ, ϕ)

)
= P (θ, ϕ)Λ(θ, ϕ) ,

with

Λ(θ, ϕ) =

(
On T (θ, ϕ)

On On

)
,
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and T : Tn × T` → Rn×n

T (θ, ϕ) = N(θ, ϕ)>Ω(K(θ, ϕ)) (DzZh(K(θ, ϕ), ϕ)N(θ, ϕ) + Lω,αN(θ, ϕ))

= N(θ, ϕ)>Ω(K(θ, ϕ))XN (θ, ϕ) . (1.3.8)

The matrix T (θ, ϕ) is usually called the torsion matrix and will play a role in the non-degeneracy

condition.

Remark 1.3.1. In this remark, we consider the derivative of the expression Ω(z)Zh(z, ϕ) = (Dzh(z, ϕ))>,

2n∑
m=1

(
∂Ωj,m(z)

∂zi
Zm(z, ϕ) + Ωj,m(z)

∂Zm(z, ϕ)

∂zi

)
=
∂2h(z, ϕ)

∂zi∂zj
.

Since the Hamiltonian is analytic, we have

0 =
∂2h(z, ϕ)

∂zj∂zi
− ∂2h(z, ϕ)

∂zi∂zj

=
2n∑
m=1

(
∂Ωi,m(z, ϕ)

∂zj
Zm(z, ϕ) + Ωi,m(z, ϕ)

∂Zm(z, ϕ)

∂zj
− ∂Ωj,m(z, ϕ)

∂zi
Zm(z, ϕ)− Ωj,m(z, ϕ)

∂Zm(z, ϕ)

∂zi

)

=

2n∑
m=1

((
∂Ωi,m(z)

∂zj
− ∂Ωj,m(z)

∂zi

)
Zm(z, ϕ) + Ωi,m(z)

∂Zm(z, ϕ)

∂zj
− Ωj,m(z)

∂Zm(z, ϕ)

∂zi

)

=

2n∑
m=1

(
∂Ωi,j(z)

∂zm
Zm(z, ϕ) + Ωi,m(z)

∂Zm(z, ϕ)

∂zj
+ Ωm,j(z)

∂Zm(z, ϕ)

∂zi

)
.

In the last equality, we use the skew-symmetry of the symplectic form and the following geometric

property,
∂Ωr,s(z)

∂zt
+
∂Ωs,t(z)

∂zr
+
∂Ωt,r(z)

∂zs
= 0 ,

for any triplet (r, s, t). Then

DzΩ(z) [Zh(z, ϕ)] + (DzZh(z, ϕ))>Ω(z) + Ω(z)DzZh(z, ϕ) = O2n. (1.3.9)

1.4 Construction of a geometrically adapted frame

In this section, we construct a symplectic frame for the Lagrangian torus on the bundle TKM by

complementing the column vectors of a map L : Tn ×T` → R2n×n, that parameterizes a Lagrangian

subbundle. To this end, we assume that we have a map N0 : Tn × T` → R2n×n such that.

rank
(
L(θ, ϕ) N0(θ, ϕ)

)
= 2n ⇔ det(L(θ, ϕ)>Ω(K(θ, ϕ))N0(θ, ϕ)) 6= 0 , (1.4.1)
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for every (θ, ϕ) ∈ Tn × T`. Then, we complement the Lagrangian subspace generated by L(θ, ϕ) by

means of a map N : Tn × T` → R2n×n in the following manner,

N(θ, ϕ) = L(θ, ϕ)A(θ, ϕ) + Ñ(θ, ϕ) .

with,

Ñ(θ, ϕ) = N0(θ, ϕ)B(θ, ϕ).

Using (1.3.3), we obtain,

B(θ, ϕ) = −(L(θ, ϕ)>Ω(K(θ, ϕ))N0(θ, ϕ))−1 ,

and

A(θ, ϕ) = −1

2
(Ñ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ)) ,

where A is a solution of

A(θ, ϕ)−A(θ, ϕ)> = −Ñ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ).

Following [HCF+16], assume that M is endowed with a Riemannian metric g, represented in coor-

dinates as the positive definite symmetric matrix-valued function G : M→ R2n×2n. Then, we define

the linear isomorphism J : TM → TM such that ωz(Jzu, v) = gz(u, v), ∀u, v ∈ TzM. Observe also

that J is antisymmetric with respect to g, that is, gz(u,Jzv) = −gz(Jzu, v). The matrix-valued

function gives the matrix representation of J , J : M→ R2n×2n. Then, we have

Ω> = −Ω , G> = G , J = −Ω−1G , (1.4.2)

to represent the symplectic form using the frame given by J . Then, we choose the map N0(θ, ϕ) as

follows

N0(θ, ϕ) := J(K(θ, ϕ))L(θ, ϕ) (1.4.3)

and condition (1.4.1) is equivalent to

det(L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ)) 6= 0 for all (θ, ϕ) ∈ Tn × T` .

Moreover, the matrix B(θ, ϕ) is expressed as follows

B(θ, ϕ) = (L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ))−1 .
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With this, we obtain the frame P. Next, we derive the following expression for the torsion, with

details provided in the Appendix B.

T (θ, ϕ) =− 1

2
Ñ(θ, ϕ)>

(
Th(K(θ, ϕ), ϕ) + Th(K(θ, ϕ), ϕ)>

)
Ñ(θ, ϕ)

+ Ñ(θ, ϕ)>Th(K(θ, ϕ), ϕ)>N(θ, ϕ)

+N(θ, ϕ)>Th(K(θ, ϕ), ϕ)Ñ(θ, ϕ) ,

(1.4.4)

one advantage of (1.4.4), is that it does not depend on the Lie derivative term of N(θ, ϕ). Moreover,

the object

Th(z, ϕ) = Ω(z)
(

DzZh(z, ϕ)−DzJ(z) [Zh(z, ϕ)] J(z)−1 − J(z)DzZh(z, ϕ)J(z)−1
)
, (1.4.5)

naturally emerges, linking the Hamiltonian vector field and the geometric structures Ω, G and J .

Remark 1.4.1. Another expression to new torsion. equation, (1.4.4)

T (θ, ϕ) =N(θ, ϕ)>
(

1

2

(
Th(K(θ, ϕ), ϕ) + Th(K(θ, ϕ), ϕ)>

))
N(θ, ϕ)

+A(θ, ϕ)>L(θ, ϕ)>Th(K(θ, ϕ), ϕ)>N(θ, ϕ)

+N(θ, ϕ)>Th(K(θ, ϕ), ϕ)>L(θ, ϕ)A(θ, ϕ)

−A(θ, ϕ)>L(θ, ϕ)>
(

1

2

(
Th(K(θ, ϕ), ϕ) + Th(K(θ, ϕ), ϕ)>

))
L(θ, ϕ)A(θ, ϕ) .

(1.4.6)

This new torsion expression has several advantanges that we discuss in further detail in the thesis.

In Appendix B, you can find further derivation details. The objects computed so far, except for the

new expression for the torsion, correspond to Case II in [HCF+16]. There is also the special case

where the isomorphism J is anti-involutive. That is, J2 = −I. Then, we say that the triplet (ω, g,J)

is compatible and that J endows M with an almost complex structure. This is called Case III in

chapter 4 of [HCF+16]. In coordinates, we have the following properties

J2 = −I2n, Ω = J>ΩJ, G = J>GJ.

In this particular case, we have

N0(θ, ϕ) = J(K(θ, ϕ))L(θ, ϕ) , A(θ, ϕ) = On ,

B(θ, ϕ) = (L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ))−1 ,

and, the new torsion is,

T (θ, ϕ) = N(θ, ϕ)>Th(K(θ, ϕ), ϕ)N(θ, ϕ) . (1.4.7)

and

Th(z, ϕ) = Ω(z)
(

DzZh(z, ϕ) + DzJ(z) [Zh(z, ϕ)] J(z) + J(z)DzZh(z, ϕ)J(z)
)
. (1.4.8)
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We observe that both cases T (θ, ϕ) and Th(θ, ϕ) are symmetric.

Remark 1.4.2. To summarize, we have that, given a parameterization of a torus K = K(Tn×T`) (not

necessarily invariant) and a tangent frame L : Tn × T` → R2n×n, the normal frame N : Tn × T` →
R2n×n is constructed as follows:

N(θ, ϕ) := L(θ, ϕ)A(θ, ϕ) + Ñ(θ, ϕ) , (1.4.9)

where,

Ñ(θ, ϕ) = N0(θ, ϕ)B(θ, ϕ) , (1.4.10)

N0(θ, ϕ) = J(K(θ, ϕ))L(θ, ϕ) , (1.4.11)

B(θ, ϕ) = (L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ))−1 , (1.4.12)

A(θ, ϕ) =

−
1

2
(Ñ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ)), if Case II;

On . if Case III.
(1.4.13)

The torsion matrix T : Tn × T` → Rn×n, given by

T (θ, ϕ) =



−1

2
Ñ(θ, ϕ)>

(
Th(K(θ, ϕ), ϕ) + Th(K(θ, ϕ), ϕ)>

)
Ñ(θ, ϕ) if Case II;

+Ñ(θ, ϕ)>Th(K(θ, ϕ), ϕ)>N(θ, ϕ)

+N(θ, ϕ)>Th(K(θ, ϕ), ϕ)Ñ(θ, ϕ),

N(θ, ϕ)>Th(K(θ, ϕ), ϕ)N(θ, ϕ) , if Case III.

(1.4.14)

with, Th : M× T` → R2n×2n

Th(z, ϕ) =



Ω(z)
(

DzZh(z, ϕ) if Case II;

−DzJ(z) [Zh(z, ϕ)] J(z)−1

−J(z)DzZh(z, ϕ)J(z)−1
)
,

Ω(z)
(

DzZh(z, ϕ) if Case III.

+DzJ(z) [Zh(z, ϕ)] J(z)

+J(z)DzZh(z, ϕ)J(z)
)
.

(1.4.15)

We can now stated our main theorem.



2
KAM Theorem for Lagrangian Tori

In order to prove the KAM theorem for Lagrangian tori, it is necessary to establish a series of lemmas

that will be the foundation for the proof. These lemmas will provide the conditions and properties

required to demonstrate the persistence of invari ant tori in a system. By stating these lemmas, we

can lay the groundwork of the proof of the KAM theorem, which states that an invariant torus exists

for certain dynamical and geometrical conditions.

2.1 KAM theorem for Lagrangian torus

Theorem 2.1.1 (KAM theorem for quasi-periodic Hamiltonian systems). Let us consider an exact

symplectic structure ω = dα and a Riemannian metric g on the open set M ⊂ R2n × T`. Let

h ∈ A
(
Mρ × T`ρ

)
be a Hamiltonian function that depends quasi-periodically on time, with 1 ≤ ` ≤ n

and K : Tn × T` → M be a parameterization of an Lagrangian approximately invariant torus with

frequency vector (ω, α) ∈ Rn × R`, furthermore consider the tangent frame L : Tn × T` → R2n×n

given by

L(θ, ϕ) = DθK(θ, ϕ) . (2.1.1)

Then, we assume that the following hypotheses hold.

H1 The global objects can be analytically extended to the complex domain B ⊂ C2n, and there are

constants that quantify the control of their analytic norms. For the geometric structures ω, g,J

21
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in B, the matrix functions Ω, G, J : B→ C2n×2n satisfy:

‖Ω‖B×T` ≤ cΩ,0 , ‖DzΩ‖B×T` ≤ cΩ,1 ,

‖G‖B×T` ≤ cG,0 , ‖DzG‖B×T` ≤ cG,1 , ‖D2
zG‖B×T` ≤ cG,2 ,

‖J‖B×T` ≤ cJ,0 , ‖DzJ‖B×T` ≤ cJ,1 , ‖D2
zJ‖B×T` ≤ cJ,2 ,

‖J>‖B×T` ≤ cJ>,0 , ‖DzJ
>‖B×T` ≤ cJ>,1 ,

‖J−1‖B×T` ≤ cJ−1,0 ,

‖J−>‖B×T` ≤ cJ−>,0 .

For the Hamiltonian h : B× T` → C and its corresponding vector field Zh : B× T` → C2n and

Th : M× T` → C2n given by (1.4.5),we have:

‖Dzh‖B×T` ≤ ch,1 ,

‖Zh‖B×T` ≤ cZh,0 , ‖DzZh‖B×T` ≤ cZh,1 ,

‖Th‖B×T` ≤ cTh,0 , ‖DzTh‖B×T` ≤ cTh,1 ,

‖T>h ‖B×T` ≤ cT>h ,0 , ‖DzT
>
h ‖B×T` ≤ cT>h ,1 ,

‖D2
zZh‖B×T` ≤ cZh,2 , ‖DzZ

>
h ‖B×T` ≤ cZ>h ,1 .

H2 The parameterization K is analytic in a complex strip Tnρ ×T`ρ, with ρ > 0, which is contained

in the global domain:

dist(K(Tnρ × T`ρ), ∂(B× T`ρ)) > 0.

Moreover, the components of K and DθK belong to A(Tnρ × T`ρ), and there are constants σL

and σL> such that

‖DθK‖ρ < σL , ‖(DθK)>‖ρ < σL> .

H3 We assume that L(θ, ϕ) given by (2.1.1) has maximum rank for every (θ, ϕ) ∈ T̄nρ × T̄`ρ, given.

Moreover, there exists a constant σB such that

‖B‖ρ < σB,

where B(θ, ϕ) is given by (1.4.12).

H4 There exists a constant σT such that

|〈T 〉−1| < σT ,

where T (θ, ϕ) is given by (1.4.14).

H5 The frequency (ω, α) belongs to Dγ,τ , given by (1.1.1), for certain γ > 0 and τ ≥ n+ `− 1.
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Under the above hypotheses, for each 0 < ρ∞ < ρ there exists a constant C1 such that, if the error of

invariance

E(θ, ϕ) = Zh(K(θ, ϕ), ϕ) + Lω,αK(θ, ϕ), (2.1.2)

satisfies
C1‖E‖ρ
γ4ρ4τ

< 1 , (2.1.3)

then there exists an invariant torus K∞ = K∞(Tn × T`) with frequencies (ω, α), satisfying K∞ ∈
A(Tnρ∞ × T`ρ∞) and

‖DθK∞‖ρ∞ < σL , ‖(DθK∞)>‖ρ∞ < σL> , dist(K∞(Tnρ∞ × T`ρ∞), ∂(B× T`ρ)) > 0 .

Furthermore, the objects are close to the original ones: there exist a constant C2 such that

‖K∞ −K‖ρ∞ <
C2‖E‖ρ
γ2ρ2τ

, (2.1.4)

The constants C1 and C2 are given explicitly in Appendix C.

Remark 2.1.2. In the canonical case, we have Ω = Ω̃ = Ω0, G = I2n, and J = Ω0. Hence, we have

cΩ,0 = 1, cΩ,1 = 0, cΩ̃,0 = 1, cΩ̃,1 = 0, cΩ̃,2 = 0, cG,0 = 1, cG,1 = 0, cG,2 = 0, cJ,0 = 1, cJ,1 = 0,

cJ,2 = 0, cJ>,0 = 1, and cJ>,1 = 0.

2.2 Some lemmas to control approximate geometric properties

In this section, we include the lemmas that are need to prove the main theorem.

The proof of the following lemma can be found in [Rüs75, Rüs76], as it is a recurring result in

the context of KAM theorems. For refined estimates on the constant cR in terms of δ, see [FHL18].

Lema 2.2.1 (Rüssmann estimates). Let (ω, α) ∈ Dγ,τ for some γ > 0 and τ ≥ n + ` − 1. Then,

for any v ∈ A(Tnρ × T`ρ), with ρ > 0, there exists a unique zero-average solution of Lω,αu = v − 〈v〉,
denoted by u = Rω,αv. Moreover, for any 0 < δ < ρ we have that u ∈ A(Tnρ−δ × T`ρ−δ) and the

estimate

‖u‖ρ−δ ≤
cR
γδτ
‖v‖ρ ,

where cR is a constant that depends on n+ `, τ and possibly on δ.

2.2.1 Approximate lagrangianity

Lema 2.2.2 (Approximate lagrangianity). With the hypotheses of Theorem 2.1.1. Let us consider

ΩL : M× T` → R2n×2n, the matrix representation of the pull-back on K∗ϕω. We have

〈ΩL〉 = On , (2.2.1)
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and the following estimate holds:

‖ΩL‖ρ−2δ ≤
CΩL

γδτ+1
‖E‖ρ , (2.2.2)

where the constant CΩL is provided in Table 4.1.

Proof. To prove that 〈ΩL〉 = On, we recall that ΩL(z, ϕ) is the matrix representation of K∗ϕω =

K∗ω = d(K∗α), so

ΩL(K(θ, ϕ), ϕ) = (DθK(θ, ϕ))>Ω (K(θ, ϕ))DθK(θ, ϕ)

= (DθK(θ, ϕ))>
(

(Dza(K(θ, ϕ)))> −Dza(K(θ, ϕ))
)
DθK(θ, ϕ)

= (Dθ(a(K(θ, ϕ))))>DθK(θ, ϕ)− (DθK(θ, ϕ))>Dθ(a(K(θ, ϕ))) ,

and so, the components of ΩL(θ, ϕ) are

(ΩL)i,j (K(θ, ϕ), ϕ) =
2n∑
m=1

(
∂(am(K(θ, ϕ)))

∂θi

∂Km(θ, ϕ)

∂θj
− ∂(am(K(θ, ϕ)))

∂θj

∂Km(θ, ϕ)

∂θi

)

=
2n∑
m=1

(
∂

∂θi

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂θj

)
− ∂

∂θj

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂θi

))
.

We observe that the components of ΩL(K(θ, ϕ), ϕ) consist of sums of derivatives of periodic functions

with respect to the variable θ, therefore 〈ΩL〉 = On. We can now proceed to prove inequality (2.2.2).

To do this, we consider the approximately invariant case, using the invariant error given by equation

(2.1.2).

Lω,α (Ω(K(θ, ϕ))) = −Dθ (Ω(K(θ, ϕ)))ω −Dϕ (Ω(K(θ, ϕ)))α

= −DzΩ(K(θ, ϕ))DθK(θ, ϕ)ω −DzΩ(K(θ, ϕ))DϕK(θ, ϕ)α

= DzΩ(K(θ, ϕ)) [Lω,α(K(θ, ϕ))]

= DzΩ(K(θ, ϕ)) [E(θ, ϕ)− Zh(K(θ, ϕ), ϕ)] ,

and

Lω,α(DθK(θ, ϕ)) = DθE(θ, ϕ)−DzZh(K(θ, ϕ), ϕ)DθK(θ, ϕ),

Replacing the last expressions Lω,α (ΩL(θ, ϕ)), we have,

Lω,α(ΩL(θ, ϕ)) = Lω,α

(
(DθK(θ, ϕ))>Ω(K(θ, ϕ))DθK(θ, ϕ)

)
= Lω,α

(
(DθK(θ, ϕ))>

)
Ω(K(θ, ϕ))DθK(θ, ϕ)

+ (DθK(θ, ϕ))> Lω,α (Ω(K(θ, ϕ)))DθK(θ, ϕ)

+ (DθK(θ, ϕ))>Ω(K(θ, ϕ))Lω,α (DθK(θ, ϕ))

= Dθ(E(θ, ϕ))>Ω(K(θ, ϕ))DθK(θ, ϕ)

+ (DθK(θ, ϕ))>DzΩ(K(θ, ϕ)) [E(θ, ϕ)]DθK(θ, ϕ)

+ (DθK(θ, ϕ))>Ω(K(θ, ϕ))DθE(θ, ϕ) .
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The expression Lω,αΩL(θ, ϕ), is controlled using H1, H2, the Banach algebra properties and Cauchy

estimates as follows

‖Lω,αΩL‖ρ−δ ≤ ‖DθE
> (Ω ◦K)DθK‖ρ−δ + ‖DθK

>Dz (Ω ◦K) [E]DθK‖ρ−δ
+ ‖DθK

> (Ω ◦K)DθE‖ρ−δ
≤ ‖ (DθE)> ‖ρ−δ‖Ω‖B×T`‖DθK‖ρ + ‖ (DθK)> ‖ρ‖DzΩ‖B×T`‖E‖ρ‖DθK‖ρ

+ ‖ (DθK)> ‖ρ‖Ω‖B×T`‖DθE‖ρ−δ

≤ 2n

δ
‖E‖ρ‖Ω‖B×T`‖DθK‖ρ + ‖ (DθK)> ‖ρ‖DzΩ‖B×T`‖E‖ρ‖DθK‖ρ

+
n

δ
‖ (DθK)> ‖ρ‖Ω‖B×T`‖E‖ρ

≤
2ncΩ,0σL + σL>cΩ,1σLδ + nσL>cΩ,0

δ
‖E‖ρ =:

CLΩL

δ
‖E‖ρ .

(2.2.3)

Using Rus̈smann estimates, we obtain

‖ΩL‖ρ−2δ ≤
cR
γδτ
‖Lω,αΩL‖ρ−δ ≤

cRCLΩL

γδτ+1
‖E‖ρ =:

CΩL

γδτ+1
‖E‖ρ. (2.2.4)

Remark 2.2.3. If the symplectic form depends explicitly on the ϕ coordinates, then the Lie’s derivative

of the reduced form is

Lω,α (Ω (K(θ, ϕ), ϕ)) = DzΩ (K(θ, ϕ), ϕ)Lω,αK(θ, ϕ)−DϕΩ (K(θ, ϕ), ϕ)α ,

the additional term is an obstruction in proving in general that the Lie’s derivative of the reduced

form is zero. Since,

Lω,α (ΩL (K(θ, ϕ), ϕ)) = − (DθK(θ, ϕ))> (DϕΩ (K(θ, ϕ), ϕ)α) DθK(θ, ϕ) ,

this dependence of the fibered symplectic structure on ϕ suggests a more general case study that

could be explored in the future.

2.2.2 Approximate symplectic frame

In this section, we demonstrate that if K is an approximately invariant torus, then we can construct

an adapted frame that is approximately symplectic. The first step of this process is finding an

approximate Lagrangian bundle that contains the tangent bundle TKϕM for ϕ ∈ T`.

Lema 2.2.4. With the hypotheses of Theorem 2.1.1, the map L(θ, ϕ) given by (2.1.1) satisfies

‖L‖ρ ≤ CL , ‖L>‖ρ ≤ CL> , 〈L>(Ω ◦K)E〉 = 0n , (2.2.5)
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Furthermore, the object

GL(θ, ϕ) := L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ) , (2.2.6)

is controlled as

‖GL‖ρ ≤ CGL , (2.2.7)

The above constants are given explicitly in Table 4.1.

Proof. Estimating L(θ, ϕ) and L(θ, ϕ)> is straightforward since the torus is Lagrangian, as indicated

in (2.1.1).

‖L‖ρ = ‖DθK‖ρ < σL =: CL (2.2.8)

‖L>‖ρ = ‖(DθK)>‖ρ < σL> =: CL> (2.2.9)

To derive the final expression in equation (2.2.5), we perform the following computation,

L(θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ) = DθK(θ, ϕ)>Ω(K(θ, ϕ)) (Zh (K(θ, ϕ), ϕ) + Lω,α (K(θ, ϕ)))

= DθK(θ, ϕ)>Ω(K(θ, ϕ))Zh (K(θ, ϕ), ϕ)

+DθK(θ, ϕ)>Ω(K(θ, ϕ))Lω,α (K(θ, ϕ))

= DθK(θ, ϕ)>Dzh(K(θ, ϕ), ϕ)> +DθK(θ, ϕ)>Ω(K(θ, ϕ))Lω,α (K(θ, ϕ))

= (Dzh(K(θ, ϕ), ϕ)DθK(θ, ϕ))> +DθK(θ, ϕ)>Ω(K(θ, ϕ))Lω,α (K(θ, ϕ))

= (Dθ (h (K(θ, ϕ), ϕ)))> +DθK(θ, ϕ)>Ω(K(θ, ϕ))Lω,α (K(θ, ϕ))

= (Dθ (h (K(θ, ϕ), ϕ)))> − ΩL (θ, ϕ)ω −DθK(θ, ϕ)>Ω(K(θ, ϕ))DϕK(θ, ϕ)α .

Where we have used (2.1.2) and (1.3.2). We will now compute the average of the components of the

three-term in the last expression. We analyze the components of the first term for an arbitrary ϕ.

(〈Dθ (h (K(θ, ϕ), ϕ))〉θ)i,j =

∫ T

0

∫ T

0

∂

∂θi
(h (K(θ, ϕ), ϕ)) dθidϕj ,

=

∫ T

0
(h (K(T, ϕ), ϕ)− h (K(0, ϕ), ϕ)) dϕj = 0 ,

In the last equality, we use the periodicity of K. Therefore the average of the first term is zero. From

lemma (2.2.2), we obtain that 〈ΩL〉 = 0. We define Ω̌Kϕ(θ, ϕ) := DθK(θ, ϕ)>Ω(K(θ, ϕ))DϕK(θ, ϕ)

to prove that the last term has zero average. By proceeding in an analogous way to ΩL(θ, ϕ), we

obtain that the components of Ω̌K(θ, ϕ) are given by

(
Ω̌K

)
i,j

=

2n∑
m=1

(
∂(am(K(θ, ϕ)))

∂θi

∂Km(θ, ϕ)

∂ϕj
− ∂(am(K(θ, ϕ)))

∂ϕj

∂Km(θ, ϕ)

∂θi

)

=

2n∑
m=1

(
∂

∂θi

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂ϕj

)
− ∂

∂ϕj

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂θi

))
.
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therefore,

(
〈Ω̌K〉

)
i,j

=

∫ T

0

∫ T

0

2n∑
m=1

(
∂

∂θi

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂ϕj

)
− ∂

∂ϕj

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂θi

))
dθi dϕj

=
2n∑
m=1

(∫ T

0

∫ T

0

∂

∂θi

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂ϕj

)
− ∂

∂ϕj

(
am(K(θ, ϕ))

∂Km(θ, ϕ)

∂θi

))
dθi dϕj

=

2n∑
m=1

∫ T

0
am(K(T, ϕ))

∂Km(T, ϕ)

∂ϕj
− am(K(0, ϕ))

∂Km(0, ϕ)

∂ϕj
dϕj

−
2n∑
m=1

∫ T

0
am(K(θ, T ))

∂Km(θ, T )

∂θi
− am(K(θ, 0))

∂Km(θ, 0)

∂θi
dθi

= 0

The last equality holds because K(θ, ϕ) is periodic with respect to θ and ϕ. Using the above, we

obtain the following expression

〈DθK(θ, ϕ)>Ω(K(θ, ϕ))DϕK(θ, ϕ)〉 = On.

Finally, by using the definition of GL and the estimates for L and L>, we conclude

‖GL‖ρ ≤ ‖L>‖ρ‖G‖B×T`‖L‖ρ ≤ CL>cG,0CL =: CGL . (2.2.10)

The following lemma demonstrates that the geometric constructions detailed in subsection 1.4

enable us to obtain an approximately symplectic frame attached to an approximately invariant torus.

Lema 2.2.5. With the hypotheses of Theorem 2.1.1, the map N : Tn×T` → R2n×n given by (1.4.9)

satisfies

‖N‖ρ ≤ CN , ‖N>‖ρ ≤ CN> , (2.2.11)

and the map P : Tn × T` → R2n×2n given by

P (θ, ϕ) =
(
L(θ, ϕ) N(θ, ϕ)

)
,

induces an approximately symplectic vector bundle isomorphism, i.e., the error map

Esym(θ, ϕ) := P (θ, ϕ)>Ω(K(θ, ϕ))P (θ, ϕ)− Ω0 , Ω0 =

(
On −In
In On

)
, (2.2.12)

is small in the following sense:

‖Esym‖ρ−2δ ≤
Csym

γδτ+1
‖E‖ρ . (2.2.13)

The above constants are given explicitly in Table 4.1.
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Proof. We shall consider equation (1.4.11) and the hypothesis H1 to prove this result.

‖N0‖ρ ≤ ‖J ◦K‖ρ‖L‖ρ ≤ ‖J‖B×T`‖L‖ρ ≤ cJ,0CL =: CN0 , (2.2.14)

‖
(
N0
)>‖ρ ≤ ‖L>‖ρ‖J>‖B×T` ≤ CL>cJ>,0 =: CN0,> , (2.2.15)

‖Ñ‖ρ ≤ ‖N0‖ρ‖B‖ρ ≤ CN0σB =: CÑ , (2.2.16)

and

‖Ñ>‖ρ ≤ ‖B‖ρ‖(N0)>‖ρ ≤ σBCN0,> =: CÑ> . (2.2.17)

We use (2.2.16) and (2.2.17), to estimate A.

‖A‖ρ ≤
1

2
‖Ñ>‖ρ‖Ω ◦K‖ρ‖Ñ‖ρ ≤

1

2
CÑ>cΩ,0CÑ =: CA . (2.2.18)

Now, we compute the norm of N(θ, ϕ) using H3 from equations (1.4.12) and (1.4.13). We used the

fact that B(θ, ϕ) is symmetric, and A(θ, ϕ) is antisymmetric. These yields the following bounds

‖N‖ρ ≤ ‖L‖ρ‖A‖ρ + ‖Ñ‖ρ ≤ CLCA + CÑ =: CN , (2.2.19)

‖N>‖ρ ≤ ‖A>‖ρ‖L>‖ρ + ‖Ñ>‖ρ ≤ CACL> + CÑ> =: CN> . (2.2.20)

Observe that,

L(θ, ϕ)>Ω(K(θ, ϕ))N(θ, ϕ)

= L(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ)A(θ, ϕ) + L(θ, ϕ)>Ω(K(θ, ϕ))N0(θ, ϕ)B(θ, ϕ)

= ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ)− L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ)B(θ, ϕ)

= ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ)− In , (2.2.21)

where we use that J>Ω(K(θ, ϕ)), ϕ) = G(K(θ, ϕ)), ϕ) and (1.4.12). We also have from (1.4.13),

N(θ, ϕ)>Ω(K(θ, ϕ))N(θ, ϕ) =B(θ, ϕ)>N0(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ)A(θ, ϕ)

+B(θ, ϕ)>N0(θ, ϕ)>Ω(K(θ, ϕ))N0(θ, ϕ)B(θ, ϕ)

+A(θ, ϕ)>L(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ)A(θ, ϕ)

+A(θ, ϕ)>L(θ, ϕ)>Ω(K(θ, ϕ))N0(θ, ϕ)B(θ, ϕ)

= A(θ, ϕ)>ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ) +A(θ, ϕ)−A(θ, ϕ)>

+B(θ, ϕ)>L(θ, ϕ)>Ω̃(K(θ, ϕ))L(θ, ϕ)B(θ, ϕ)

= A(θ, ϕ)>ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ) . (2.2.22)



KAM Theorem for Lagrangian Tori 29

We compute the error of the symplectic character of the frame,

Esym(θ, ϕ) = P (θ, ϕ)>Ω(K(θ, ϕ))P (θ, ϕ)− Ω0

=

(
L(θ, ϕ)>Ω (K(θ, ϕ))L(θ, ϕ) L(θ, ϕ)>Ω (K(θ, ϕ))N(θ, ϕ) + In

N(θ, ϕ)>Ω (K(θ, ϕ))L(θ, ϕ)− In N(θ, ϕ)>Ω (K(θ, ϕ))N(θ, ϕ)

)

=

(
ΩL(K(θ, ϕ)), ϕ) ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ)

A(θ, ϕ)>ΩL(K(θ, ϕ)), ϕ) A(θ, ϕ)>ΩL(K(θ, ϕ)), ϕ)A(θ, ϕ)

)
,

(2.2.23)

Therefore using (2.2.2), the control for the symplectic error is

‖Esym‖ρ−2δ ≤
(1 + CA) max{1, CA}CΩL

γδτ+1
‖E‖ρ =:

Csym
γδτ+1

‖E‖ρ , (2.2.24)

which yeilds (2.2.13).

Remark 2.2.6. The above estimates can be readily adapted to Case III, for which A = On. In this

case we have,

N(θ, ϕ) = N0(θ, ϕ)B(θ, ϕ) , Esym(θ, ϕ) =

(
ΩL(θ, ϕ) On

On B(θ, ϕ)>ΩL(θ, ϕ)B(θ, ϕ)

)
.

The corresponding estimates are given explicitly in Table 4.1.

2.2.3 Control of the torsion matrix

In this subsection, our objective is controlling the torsion matrix T (θ, ϕ) as defined in equation

(1.4.4).

Although this expression may initially appear cumbersome, it does not rely on the Lie derivative.

Instead, it depends solely on easily controllable geometric and dynamical objects.

Lema 2.2.7. With the hypotheses of Theorem 2.1.1, the torsion matrix T (θ, ϕ), given by (1.4.4),

has components in A(Tnρ × T`ρ) and satisfies the estimate

‖T‖ρ ≤ CT ,

where the constant CT is provided in Table 4.1.

Proof. In this proof, we use hypothesis H1 from Theorem 2.1.1 and estimates of the quantity Ñ ,

given in equation (2.2.16) and (2.2.17).
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Using all of the above and the torsion expression provided in equation (1.4.4), we obtain that,

‖T‖ρ ≤
1

2

(
‖Ñ>‖ρ‖Th‖ρ‖Ñ‖ρ + ‖Ñ>‖ρ‖T>h ‖ρ‖Ñ‖ρ

)
+ ‖Ñ>‖ρ‖T>h ‖ρ‖N‖+ ‖N>‖ρ‖Th‖ρ‖Ñ‖ρ

≤1

2

(
CÑ>cTh,0CÑ + CÑ>cT>h ,0

CÑ

)
+ CÑ>cT>h ,0

CN + CN>cTh,0CÑ =: CT ,

(2.2.25)

which completes the proof.

Remark 2.2.8. For Case III, the constants in (2.2.25) are: CÑ = CN , CÑ> = CN> , CA = 0 and

CT = CN>cTh,0CN .

Remark 2.2.9. Upon comparing Lemma 2.2.7 of this work with Lemma 4.8 of [HL19], we see the

advantages of using the definition (1.4.4) for torsion instead of (1.3.8), which is similar to that in

[HL19]. The torsion matrix in, (1.4.4), belong to A(Tnρ ×T`ρ)), while the matrix in (1.3.8) belongs to

A(Tnρ−δ ×T`ρ−δ). This indicates that first one is more regular than second one, which directly affects

the numerical implementation resulting from the proof presented in this thesis.

Expressions (1.3.8) and (1.4.4) coincide if the torus is invariant. However, if the torus is approx-

imately invariant, this does not hold. To show this fact, we can construct an expression for T (θ, ϕ),

in the approximately invariant case.

Lema 2.2.10. With the hypotheses of Theorem 2.1.1, the torsion matrix T (θ, ϕ), given by (1.4.4),

has components in A(Tnρ × T`ρ) and satisfies the estimate

‖N>ΩXN − T‖ρ−2δ ≤
CET
γδτ+1

‖E‖ρ .

where the constant CET is provided in Table 4.1.

Proof. We consider the invariance equation, (1.2.7), for an approximately invariant torus, i.e.

Lω,αK(θ, ϕ) = E(θ, ϕ)− Zh(K(θ, ϕ), ϕ) , (2.2.26)

from which we obtain

Lω,αL(θ, ϕ) = DθE(θ, ϕ)−DzZh(K(θ, ϕ), ϕ)L(θ, ϕ) . (2.2.27)

Using (2.2.27) the Lie derivative of J is,

Lω,αJ(K(θ, ϕ)) = DzJ(K(θ, ϕ)) [E(θ, ϕ)]−DzJ(K(θ, ϕ)) [Zh(K(θ, ϕ), ϕ)] . (2.2.28)
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Therefore,

Lω,αΩ(K(θ, ϕ)) =DzΩ (K(θ, ϕ)) [E(θ, ϕ)]

+ (DzZh(K(θ, ϕ), ϕ))>Ω(K(θ, ϕ))

+ Ω(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ) .

(2.2.29)

Taking the Lie derivative of G, using (1.4.2), (2.2.28), (2.2.29), and (1.3.9) we have,

Lω,αG(K(θ, ϕ)) =−DzΩ(K(θ, ϕ)) [E(θ, ϕ)−DzZh(K(θ, ϕ), ϕ)] J(K(θ, ϕ))

− Ω(K(θ, ϕ))DzJ(θ, ϕ) [E(θ, ϕ)−DzZh(K(θ, ϕ), ϕ)]

=DzΩ(K(θ, ϕ)) [DzZh(K(θ, ϕ), ϕ)] J(K(θ, ϕ))

+ Ω(K(θ, ϕ))DzJ(θ, ϕ) [DzZh(K(θ, ϕ), ϕ)]

−DzΩ(K(θ, ϕ)) [E(θ, ϕ)] J(K(θ, ϕ))

− Ω(K(θ, ϕ))DzJ(θ, ϕ) [E(θ, ϕ)]

=− (DzZh(K(θ, ϕ), ϕ))>Ω(K(θ, ϕ))J(K(θ, ϕ))

− Ω(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ)J(K(θ, ϕ))

+ Ω(K(θ, ϕ))DzJ(K(θ, ϕ)) [Zh(K(θ, ϕ), ϕ)]

−DzΩ(K(θ, ϕ)) [E(θ, ϕ)] J(K(θ, ϕ))

− Ω(K(θ, ϕ))DzJ(K(θ, ϕ)) [E(θ, ϕ)] .

(2.2.30)

To calculate the Lie derivative for B, we use that Id = B−1(θ, ϕ)B(θ, ϕ),

Lω,αB(θ, ϕ) = B(θ, ϕ)Lω,α

(
L(θ, ϕ)>

)
Ω(K(θ, ϕ))N(θ, ϕ)0

−B(θ, ϕ)L(θ, ϕ)>Lω,α (G(K(θ, ϕ)))L(θ, ϕ)B(θ, ϕ)

+N(θ, ϕ)0,>Ω(K(θ, ϕ))Lω,α (L(θ, ϕ))B(θ, ϕ) .

Therefore, the Lie derivative of B(θ, ϕ) for an approximately invariant torus is,

Lω,αB(θ, ϕ) =Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(K(θ, ϕ), ϕ)Ñ(θ, ϕ) + ELB(θ, ϕ) , (2.2.31)

with,

ELB(θ, ϕ) = Ñ(θ, ϕ)>J(K(θ, ϕ))−>TE(θ, ϕ)Ñ(θ, ϕ) , (2.2.32)

and,

TE(θ, ϕ) =DzΩ(K(θ, ϕ)) [E(θ, ϕ)]

+ Ω(K(θ, ϕ))DzJ(K(θ, ϕ)) [E(θ, ϕ)] J(K(θ, ϕ))−1

+ J(K(θ, ϕ))>Ω(K(θ, ϕ))L(θ, ϕ)B(θ, ϕ) (DθE(θ, ϕ))>Ω(K(θ, ϕ))

+ J(K(θ, ϕ))>Ω(K(θ, ϕ))DθE(θ, ϕ)B(θ, ϕ)L(θ, ϕ)>Ω(K(θ, ϕ)) ,

(2.2.33)
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where we used equations (2.2.27), (2.2.30), and In = Ñ(θ, ϕ)>Ω(K(θ, ϕ))L(θ, ϕ).

Following a similar approach to that used for B(θ, ϕ), we determine the Lie derivative for Ñ(θ, ϕ),

Lω,αÑ(θ, ϕ) =
(
−DzJ(K(θ, ϕ)) [Zh (K(θ, ϕ), ϕ)] J(K(θ, ϕ))−1

− J(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ)J(K(θ, ϕ))−1

+ J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(θ, ϕ)
)
Ñ(θ, ϕ)

+ ELÑ (θ, ϕ) ,

(2.2.34)

where,

ELÑ (θ, ϕ) =DzJ(K(θ, ϕ)) [E(θ, ϕ)]L(θ, ϕ)B(θ, ϕ) + J(K(θ, ϕ))DθE(θ, ϕ)B(θ, ϕ)

+ J(K(θ, ϕ))L(θ, ϕ)ELB(θ, ϕ) .
(2.2.35)

Now, we calculate Lω,αA(θ, ϕ),

Lω,αA(θ, ϕ) = ¯Lω,αA(θ, ϕ) + ELA(θ, ϕ) , (2.2.36)

with,

¯Lω,αA(θ, ϕ)

=
1

2
Ñ(θ, ϕ)>

(
Th(θ, ϕ)> − Th(θ, ϕ)>J(K(θ, ϕ))−1Ñ(θ, ϕ)L(θ, ϕ)>J(K(θ, ϕ))>Ω(K(θ, ϕ))

− Th(θ, ϕ)− Ω(K(θ, ϕ))J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(θ, ϕ)
)
Ñ(θ, ϕ) ,

(2.2.37)

and

ELA(θ, ϕ) =− 1

2

(
ELÑ (θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ) + Ñ(θ, ϕ)>DzΩ(K(θ, ϕ)) [E(θ, ϕ)] Ñ(θ, ϕ)

+ Ñ(θ, ϕ)>Ω(K(θ, ϕ))ELÑ (θ, ϕ)
)
.

(2.2.38)

Using equations (2.2.27), (2.2.34) and (2.2.36), we obtain that the Lie derivative of N(θ, ϕ) is,
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Lω,αN(θ, ϕ) =
1

2
DzZh(K(θ, ϕ), ϕ)L(θ, ϕ)Ñ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ)

+
1

2
L(θ, ϕ)Ñ(θ, ϕ)>

(
Th(θ, ϕ)> − Th(θ, ϕ)

− Th(θ, ϕ)>J(K(θ, ϕ))−1Ñ(θ, ϕ)L(θ, ϕ)>J(K(θ, ϕ))>Ω(K(θ, ϕ))

− Ω(K(θ, ϕ))J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(θ, ϕ)
)
Ñ(θ, ϕ)

−
(

DzJ(K(θ, ϕ)) [Zh (K(θ, ϕ), ϕ)] J(K(θ, ϕ))−1

+ J(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ)J(K(θ, ϕ))−1

− J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(θ, ϕ)
)
Ñ(θ, ϕ)

+ ELN (θ, ϕ) ,

(2.2.39)

with,

ELN (θ, ϕ) = ELÑ (θ, ϕ) + L(θ, ϕ)ELA(θ, ϕ) + DθE(θ, ϕ)A(θ, ϕ) . (2.2.40)

Using the above construction in equation (1.4.14) and from the definition of torsion, equation (1.4.4),

we determine the difference for an approximately invariant torus as follows

N(θ, ϕ)>Ω(K(θ, ϕ))XN (θ, ϕ) = T (θ, ϕ) + ET (θ, ϕ) . (2.2.41)

As we have done before, we define the error,

ET (θ, ϕ) =
1

2
A(θ, ϕ)>ΩL(θ, ϕ)Ñ(θ, ϕ)>

(
Th(θ, ϕ)> − Th(θ, ϕ)

)
Ñ(θ, ϕ)

+A(θ, ϕ)>ΩL(θ, ϕ)
(
A(θ, ϕ)Th(θ, ϕ)Ñ(θ, ϕ)− Ñ(θ, ϕ)>Th(θ, ϕ)>L(θ, ϕ)A(θ, ϕ)

)
+
(
A(θ, ϕ)>L(θ, ϕ)> + Ñ(θ, ϕ)>

)
Ω(K(θ, ϕ))ELN (θ, ϕ) .

(2.2.42)

We estimate the error in equation (2.2.41). Let us begin with ELN (θ, ϕ) and its associated terms.

From equation (2.2.33), we have

‖TE‖ρ−δ ≤‖DzΩ‖B×T`‖E‖ρ + ‖Ω‖B×T`‖DzJ‖B×T`‖J−1‖B×T`‖E‖ρ

+
2n

δ
‖J>‖B×T`‖Ω‖B×T`‖L‖ρ‖B‖B×T`‖Ω‖B×T`‖E‖ρ

+
n

δ
‖J>‖B×T`‖Ω‖B×T`‖B‖B×T`‖L>‖ρ‖Ω‖B×T`‖E‖ρ

≤
cΩ,1δ + cΩ,0cJ,1cJ−1,0δ + 2ncJ>,0CLσBc

2
Ω,0 + ncJ>,0σBCL>(cΩ,0)2

δ
‖E‖ρ

=:
CTE
δ
‖E‖ρ .

(2.2.43)
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Analogously for T>E , ELB, E>LB, ELÑ , E>
LÑ

, ELA, ELN and ET , i.e.

‖T>E ‖ρ−δ ≤
cΩ,1δ + cJ−>,0cJ>,1cΩ,0δ + nσBCL>cJ,0c

2
Ω,0 + 2nCLσBcJ,0(cΩ,0)2

δ
‖E‖ρ

=:
CT>E
δ
‖E‖ρ ,

(2.2.44)

‖ELB‖ρ−δ ≤
CÑ>cJ−>,0CTECÑ

δ
‖E‖ρ =:

CELB

δ
‖E‖ρ , (2.2.45)

‖E>LB‖ρ−δ ≤
CÑ>CT>E

cJ−1,0CÑ

δ
‖E‖ρ =:

CE>LB
δ
‖E‖ρ , (2.2.46)

‖ELÑ‖ρ−δ ≤
δcJ,1CLσB + ncJ,0σB + cJ,0CLCELB

δ
‖E‖ρ =:

CELÑ

δ
‖E‖ρ , (2.2.47)

‖E>
LÑ
‖ρ−δ ≤

δσBCL>cJ>,1 + 2nσBcJ>,0 + CE>LB
CL>cJ>,0

δ
‖E‖ρ

=:
CE>

LÑ

δ
‖E‖ρ ,

(2.2.48)

‖ELA‖ρ−δ ≤
1

2

(
CE>

LÑ
cΩ,0CÑ + δCÑ>cΩ,1CÑ + CÑ>cΩ,0CELÑ

δ

)
‖E‖ρ

=:
CELA

δ
‖E‖ρ ,

(2.2.49)

‖ELN‖ρ−δ ≤‖ELÑ‖ρ−δ + ‖L‖ρ−δ‖ELA‖ρ−δ + ‖DθE‖ρ−δ‖A‖ρ−δ

≤
CELÑ

+ CLCELA
+ nCA

δ
‖E‖ρ =:

CELN

δ
‖E‖ρ ,

(2.2.50)

and

‖ET ‖ρ−2δ ≤
1

2

CACΩLCÑ>CT>h
CÑ

γδτ+1
‖E‖ρ

+
1

2

CACΩLCÑ>CThCÑ
γδτ+1

‖E‖ρ

+
CACΩLCACThCÑ

γδτ+1
‖E‖ρ

+
CACΩLCÑ>CT>h

CÑCLCA

γδτ+1
‖E‖ρ

+
γδτCACL>cΩ,0CELN

γδτ+1
‖E‖ρ

+
γδτCÑ>cΩ,0CELN

γδτ+1
‖E‖ρ =:

CET
γδτ+1

‖E‖ρ .

(2.2.51)



KAM Theorem for Lagrangian Tori 35

To control equation (2.2.41), we use the previous estimates made previously, i.e.,

‖N>ΩXN − T‖ρ−2δ ≤
CET
γδτ+1

‖E‖ρ . (2.2.52)

Refer to Table 4.1 for the latest set of constants.

2.2.4 Approximate reducibility

The following lemma estimates the reducibility error obtained after replacing the derivative of the

vector field at the approximately invariant torus in the linearized equation for an upper triangular

matrix in a new symplectic coordinate system.

Lema 2.2.11. With the hypotheses of Theorem 2.1.1, the map P : Td×T` → R2n×2n, characterized

in Lemma 2.2.5, approximately reduces the linearized equation associated with the vector field DZh◦K
to a block-triangular matrix, i.e. the error map

Ered(θ, ϕ) := −Ω0P (θ, ϕ)>Ω(K(θ, ϕ)) (DzZh(K(θ, ϕ))P (θ, ϕ) + Lω,αP (θ, ϕ))− Λ(θ, ϕ) , (2.2.53)

with

Λ(θ, ϕ) =

(
On T (θ, ϕ)

On On

)
(2.2.54)

and T (θ, ϕ) is given by (1.4.4), is small in the following sense:

‖Ered‖ρ−2δ ≤
Cred

γδτ+1
‖E‖ρ ,

where the constant Cred is provided in Table 4.1.

Proof. By employing the notation introduced in equation (1.3.1), we represent the block components

of equation (2.2.53), denoted as Ei,jred(θ, ϕ), as follows:

E1,1
red(θ, ϕ) = N(θ, ϕ)>Ω(K(θ, ϕ))XL(θ, ϕ) , (2.2.55)

E1,2
red(θ, ϕ) = N(θ, ϕ)>Ω(K(θ, ϕ))XN (θ, ϕ)− T (θ, ϕ) , (2.2.56)

E2,1
red(θ, ϕ) = − L(θ, ϕ)>Ω(K(θ, ϕ))XL(θ, ϕ) , (2.2.57)

E2,2
red(θ, ϕ) = − L(θ, ϕ)>Ω(K(θ, ϕ))XN (θ, ϕ) . (2.2.58)

In order to control the reducibility error, we estimate its components. We notice the presence of

vector operators such as XL or XN . Consequently, our next step involves estimating these operators.

First, we look for an expression of the tangent vector bundle in terms of the invariance error. We

find that,

XL(θ, ϕ) = DzZh (K(θ, ϕ), ϕ)L(θ, ϕ) + Lω,αL(θ, ϕ)

= DθE(θ, ϕ). (2.2.59)
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Similarly, considering the transpose of the tangent vector bundle, we observe that

X>L (θ, ϕ) = L(θ, ϕ)>DzZh (K(θ, ϕ), ϕ)> + Lω,αL(θ, ϕ)>

= (DθE(θ, ϕ))> . (2.2.60)

Then, the objects, XL(θ, ϕ) and XL(θ, ϕ)> are controlled as follows

‖XL‖ρ−δ ≤
n

δ
‖E‖ρ =:

CXL

δ
‖E‖ρ , (2.2.61)

‖X>L‖ρ−δ ≤
2n

δ
‖E‖ρ =:

CX>L

δ
‖E‖ρ . (2.2.62)

Now, we take the Lie derivative of both sides on the expression (2.2.21).

Lω,α

(
L(θ, ϕ)>Ω(K(θ, ϕ))

)
N(θ, ϕ) + L(θ, ϕ)>Ω(K(θ, ϕ)) (Lω,αN(θ, ϕ)) = Lω,α(ΩL(θ)A(θ)) .

Substituting the last expression into E2,2
red(θ, ϕ), and incorporating (2.1.2) as well as the geometric

property (1.3.9), we have the following,

E2,2
red(θ, ϕ) = −L(θ, ϕ)>Ω(K(θ, ϕ)) (DzZh(K(θ, ϕ), ϕ)N(θ, ϕ) + Lω,αN(θ, ϕ))

= L(θ, ϕ)>DzΩ(K(θ, ϕ)) [E(θ, ϕ)]N(θ, ϕ) + XL(θ, ϕ)>Ω(K(θ, ϕ))N(θ, ϕ)

− Lω,α(ΩL(θ, ϕ))A(θ, ϕ)− ΩL(θ, ϕ)Lω,α(A(θ, ϕ)) . (2.2.63)

We observe that, to control E2,2
red, we only need to estimate ΩLLω,αA. That is,

‖ΩLLω,αA‖ρ−2δ ≤‖ΩLLω,αĀ‖ρ−2δ + ‖ΩLELA‖ρ−2δ

≤‖ΩL‖ρ−2δ‖Lω,αĀ‖ρ−δ + ‖ΩL‖ρ−2δ‖ELA‖ρ−δ

≤
CΩLCLA + γδτσL>cΩ,0σLCELA

γδτ+1
‖E‖ρ ,

(2.2.64)

where, we use expression (2.2.37),

‖Lω,αĀ‖ρ−δ ≤
1

2

(
CÑ>cT>h ,0

CÑ + CÑ>cT>h ,0
cJ−1,0CÑCL>cJ>,0cΩ,0CÑ

+ CÑ>cTh,0CÑ + CÑ>cΩ,0cJ,0CLCÑ>cJ−>,0cTh,0CÑ
)

=: CLA .
(2.2.65)

We note that the component E1,2
red(θ, ϕ) coincides with equation (2.2.41), i.e.

E1,2
red(θ, ϕ) = ET (θ, ϕ) . (2.2.66)

Finally, we estimate the norms of the block components of Ered using the expressions (2.2.55),
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(2.2.66), (2.2.57) and (2.2.63), and the previous estimates:

‖E1,1
red‖ρ−2δ ≤

CN>cΩ,0CXL

δ
‖E‖ρ =:

C1,1
red

δ
‖E‖ρ , (2.2.67)

‖E1,2
red‖ρ−2δ ≤

CET
γδτ+1

‖E‖ρ =:
C1,2

red

γδτ+1
‖E‖ρ , (2.2.68)

‖E2,1
red‖ρ−2δ ≤

CL>cΩ,0CXL

δ
‖E‖ρ =:

C2,1
red

δ
‖E‖ρ , (2.2.69)

‖E2,2
red‖ρ−2δ ≤

(
CL>cΩ,1CN +

CX>L
cΩ,0CN

δ
+
CLΩLCA

δ
+
CΩLCLA + γδτσL>cΩ,0σLCELA

γδτ+1

)
‖E‖ρ

=:
C2,2

red

γδτ+1
‖E‖ρ . (2.2.70)

Then, we end up with

‖Ered‖ρ−2δ ≤
max{C1,1

redγδ
τ + C1,2

red , C
2,1
redγδ

τ + C2,2
red}

γδτ+1
‖E‖ρ =:

Cred

γδτ+1
‖E‖ρ , (2.2.71)

thus completing the proof.
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3
Proof of the Lagrangian KAM Theorem

In this section we present a proof of Theorem 2.1.1. For convenience, we start by outlining the

scheme used to correct the parameterization of the torus. That is, in Section 3.1 we discuss the

approximate solution of the linearized equations in the symplectic frame constructed in Section

2.2.2. This establishes a method to obtain a solution of the invariance equation. In Section 3.2

we produce quantitative estimates for the objects obtained when performing one iteration of the

previous procedure. Finally, in Section 3.3 we discuss the convergence of the quasi-Newton method.

3.1 The quasi-Newton method

As it is usual in the a-posteriori approach in KAM theory, the argument consists in refining an

approximate solution K(θ, ϕ), by means of a quasi-Newton method. Let us consider the equations

associated with the invariance error (2.1.2).

We obtain the new parameterization K̄(θ, ϕ) = K(θ, ϕ) + ∆K(θ, ϕ) by considering the linearized

equation

DZh(K(θ, ϕ), ϕ)∆K(θ, ϕ) + Lω,α∆K(θ, ϕ) = −E(θ, ϕ) . (3.1.1)

If we obtain a good enough approximation of the solution ∆K(θ, ϕ) of (3.1.1), then K̄(θ, ϕ) provides

a parameterization of an approximately invariant torus with frequency (ω, α), having a quadratic

error in terms of E(θ, ϕ).

To solve the linearized equation (3.1.1), we make use of the approximately symplectic frame

P (θ, ϕ), defined on the full tangent space, which has been characterized in Chapter 2 (see Lemma

2.2.5). In particular, we introduce the linear change of coordinates,

∆K(θ, ϕ) = P (θ, ϕ)ξ(θ, ϕ) , (3.1.2)

where ξ(θ, ϕ) is the new unknown. Taking into account this expression, the linearized equation
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becomes

(DZh(K(θ, ϕ), ϕ)P (θ, ϕ) + Lω,αP (θ, ϕ)) ξ(θ, ϕ) + P (θ, ϕ)Lω,αξ(θ, ϕ) = −E(θ, ϕ) , (3.1.3)

We now multiply both sides of (3.1.3) by −Ω0P (θ, ϕ)>Ω(K(θ, ϕ)), and we use the geometric prop-

erties in Lemma 2.2.5 and Lemma 2.2.11, thus obtaining the equivalent equations,

(Λ(θ, ϕ) + Ered(θ, ϕ)) ξ(θ, ϕ) + (I2n − Ω0Esym(θ, ϕ))Lω,αξ(θ, ϕ)

= Ω0P (θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ) :=

(
ηL(θ, ϕ)

ηN (θ, ϕ)

)
,

(3.1.4)

Λ(θ, ϕ) is the triangular matrix-valued map given in (2.2.54). We notice that 〈ηN 〉 = 0n, from the

third equation in (2.2.5).

Then, it turns out that the solution of (3.1.4) are approximated by the solutions of a triangular

system that involves solving two cohomological equations of the form (1.1.2) consecutively. Quanti-

tative estimates for the solutions of such equations are obtained by applying Rüssmann estimates.

This is summarized in the following standard statement.

Lema 3.1.1 (Upper triangular equations). Let (ω, α) ∈ Dγ,τ and let us consider a map η = (ηL, ηN ) :

Tn × T` → R2n ' Rn × Rn, with components in A(Tnρ × T`ρ), and a map T : Tn × T` → Rn×n, with

components in A(Tnρ × T`ρ). Assume that T satisfies the non-degeneracy condition det〈T 〉 6= 0 and η

satisfies the compatibility condition 〈ηN 〉 = 0n. Then, for any ξL0,0 ∈ Rn, the system of equations(
On T (θ, ϕ)

On On

)(
ξL(θ, ϕ)

ξN (θ, ϕ)

)
+

(
Lω,αξ

L(θ, ϕ)

Lω,αξ
N (θ, ϕ)

)
=

(
ηL(θ, ϕ)

ηN (θ, ϕ)

)
(3.1.5)

has a solution of the form

ξN (θ, ϕ) = ξN0,0 + Rω,α(ηN (θ, ϕ)) ,

ξL(θ, ϕ) = ξL0,0 + Rω,α(ηL(θ, ϕ)− T (θ, ϕ)ξN (θ, ϕ)) ,

where

ξN0,0 = 〈T 〉−1〈ηL − TRω(ηN )〉

and Rω,α is given by (1.1.3). Moreover, we have the estimates

|ξN0,0| ≤
∣∣〈T 〉−1

∣∣ (‖ηL‖ρ +
cR
γδτ
‖T‖ρ‖ηN‖ρ

)
,

‖ξN‖ρ−δ ≤ |ξN0,0|+
cR
γδτ
‖ηN‖ρ ,

‖ξL‖ρ−2δ ≤ |ξL0,0|+
cR
γδτ

(
‖ηL‖ρ−δ + ‖T‖ρ‖ξN‖ρ−δ

)
.
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Proof. From (3.1.5), we have,

Lω,αξ
N (θ, ϕ) = ηN (θ, ϕ)

Lω,αξ
L(θ, ϕ) = ηL(θ, ϕ)− T (θ, ϕ)ξN (θ, ϕ) .

By hypothesis we know that 〈ηN 〉 = 0n, so

ξN (θ, ϕ) = ξN0,0 + Rω,α

(
ηN (θ, ϕ)

)
. (3.1.6)

To solve the second equation, the average 〈ηL − TξN 〉 must be zero. i.e.

0n = 〈ηL − TξN 〉 = 〈ηL − SRω,α

(
ηN
)
− SξN0 〉

= 〈ηL − SRω,α

(
ηN
)
〉 − 〈SξN0 〉

= 〈ηL − TRω,α

(
ηN
)
〉 − 〈T 〉ξN0,0 .

Then,

ξN0,0 = 〈T 〉−1〈ηL − TRω,α

(
ηN
)
〉 . (3.1.7)

Back to the second equation, its solution is,

ξL (θ, ϕ) = ξL0,0 + Rω,α

(
ηL(θ, ϕ)− T (θ, ϕ)ξN (θ, ϕ)

)
, (3.1.8)

in addition, we have estimates

‖ξN‖ρ−δ ≤ |ξN0,0|+
cR
γδτ
‖ηN‖ρ ,

now, for ξN0,0 ∣∣ξN0,0∣∣ ≤ ∣∣〈T 〉−1
∣∣ ∣∣〈ηL − TRω,α

(
ηN
)
〉
∣∣

≤
∣∣〈T 〉−1

∣∣ (‖ηL‖ρ +
cR
γδτ
‖T‖ρ‖ηN‖ρ

)
.

Finally,

‖ξL‖ρ−2δ = ‖ξL0,0 + Rω,α

(
ηL − TξN

)
‖ρ−2δ

≤ |ξL0,0|+
cR
γδτ
‖ηL − TξN‖ρ−δ

≤ |ξL0,0|+
cR
γδτ

(
‖ηL‖ρ−δ + ‖T‖ρ‖ξN‖ρ−δ

)
,

and this concludes the proof.
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To approximate the solutions of (3.1.4) we invoke Lemma 3.1.1 taking

ηL(θ, ϕ) = −N(θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ) ,

ηN (θ, ϕ) = L(θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ) ,
(3.1.9)

and T (θ, ϕ) given by (1.4.4). Note that 〈ξN 〉 = ξN0,0 and we have the freedom of choosing any value

for 〈ξL〉 = ξL0,0 ∈ Rn. For convenience in setting the phase, we choose ξL0,0 = 0n, even though other

choices are possible.

From Lemma 3.1.1 we read that ‖ξ‖ρ−2δ = O(‖E‖ρ) and, using the geometric properties char-

acterized in Chapter 2, we have ‖Ered‖ρ−2δ = O(‖E‖ρ) and ‖Esym‖ρ−2δ = O(‖E‖ρ). From these

estimates, we conclude that the solution of equation (3.1.4) is approximated by the solution of the

cohomological equation

Λ(θ, ϕ)ξ(θ, ϕ) + Lω,αξ(θ, ϕ) = η(θ, ϕ) . (3.1.10)

This, together with other estimates, will be suitably quantified in the next section.

3.2 One step of the iterative procedure

In this section we apply one correction of the quasi-Newton method described in Section 3.1 and we

obtain sharp quantitative estimates for the new approximately invariant torus and related objects.

We set sufficient conditions to preserve the control of the previous estimates.

Lema 3.2.1 (The Iterative Lemma). With the hypotheses of Theorem 2.1.1, Then, there exist con-

stants C∆K , C∆B, C∆〈T 〉−1 and CE such that if the inequalities

Ĉ∆‖E‖ρ
γ2δ2τ+1

< 1 ,
CE‖E‖ρ
γ4δ4τ

< 1 , (3.2.1)

hold for some 0 < δ < ρ, where

Ĉ∆ := max

{
Csymγδ

τ ,
nC∆K

σL − ‖DK‖ρ
,

2nC∆K

σL>− ‖(DK)>‖ρ
,

C∆B

σB − ‖B‖ρ
,

C∆〈T 〉−1

σT − |〈T 〉−1|
,

C∆Kδ

dist(K(Tnρ × T`ρ), ∂(B× T`ρ))

}
.

(3.2.2)

then we have an approximate torus of the same frequency ω given by K̄ = K+∆K, with components

in A(Tnρ−2δ × T`ρ−2δ), that defines new objects B̄ and T̄ (obtained by replacing K by K̄) satisfying

‖DK̄‖ρ−3δ < σL , (3.2.3)

‖(DK̄)>‖ρ−3δ < σL> , (3.2.4)

‖B̄‖ρ−3δ < σB , (3.2.5)

|〈T̄ 〉−1| < σT , (3.2.6)

dist(K̄(Tnρ−2δ × T`ρ−2δ), ∂(B× T`ρ)) > 0 , (3.2.7)
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and

‖K̄ −K‖ρ−2δ <
C∆K

γ2δ2τ
‖E‖ρ , (3.2.8)

‖B̄ −B‖ρ−3δ <
C∆B

γ2δ2τ+1
‖E‖ρ , (3.2.9)

|〈T̄ 〉−1 − 〈T 〉−1| <
C∆〈T 〉−1

γ2δ2τ+1
‖E‖ρ , (3.2.10)

The new error of invariance is given by

Ē(θ, ϕ) = Zh(K̄(θ, ϕ), ϕ) + Lω,αK̄(θ, ϕ) ,

and satisfies

‖Ē‖ρ−2δ <
CE
γ4δ4τ

‖E‖2ρ . (3.2.11)

The above constants are collected in Table 4.2.

Proof. To obtain the estimates of the theorem requires many computations, so we break down the

demonstration into seven steps.

Step 1: Control of the new parameterization. We start by considering a new parameterization

K̄(θ, ϕ) = K(θ, ϕ) + ∆K(θ, ϕ), which is obtained from the system (3.1.5), with η(θ, ϕ) given by

(3.1.9). We choose the solution that satisfies ξL0,0 = 0. Using the estimates obtained in Chapter 2,

we have the following inequalities:

‖ηL‖ρ ≤ CN>cΩ,0‖E‖ρ , and ‖ηN‖ρ ≤ CL>cΩ,0‖E‖ρ .

Combining Lemma 2.2.3 and Lemma 3.1.1, we obtain estimates for the solution of the cohomological

equations

|ξN0,0| ≤ |〈T 〉−1|
(
‖ηL‖ρ +

cR
γδτ
‖T‖ρ‖ηN‖ρ

)
≤ σT

(
CN>cΩ,0 +

cR
γδτ

CTCL>cΩ,0

)
‖E‖ρ =:

CξN0
γδτ
‖E‖ρ , (3.2.12)

‖ξN‖ρ−δ ≤ |ξN0 |+
cR
γδτ
‖ηN‖ρ

≤
CξN0
γδτ
‖E‖ρ +

cR
γδτ

CL>cΩ,0‖E‖ρ =:
CξN

γδτ
‖E‖ρ , (3.2.13)

‖ξL‖ρ−2δ ≤ |ξL0 |+
cR
γδτ

(
‖ηL‖ρ + ‖T‖ρ‖ξN‖ρ−δ

)
≤ cR
γδτ

(
CN>cΩ,0 + CT

CξN

γδτ

)
‖E‖ρ =:

CξL

γ2δ2τ
‖E‖ρ . (3.2.14)



44 Chapter 3

The magnitude of the vector ξ(θ, ϕ), which satisfies (3.1.10), is estimated as

‖ξ‖ρ−2δ ≤ max{‖ξL‖ρ−2δ , ‖ξN‖ρ−δ}

≤
max{CξL , CξNγδτ}

γ2δ2τ
‖E‖ρ =:

Cξ
γ2δ2τ

‖E‖ρ . (3.2.15)

The new parameterization K̄(θ, ϕ) and associated objects are estimated through conventional calcu-

lations. The control (3.2.8) stems directly from

K̄(θ, ϕ)−K(θ, ϕ) = ∆K(θ, ϕ) = P (θ, ϕ)ξ(θ, ϕ) = L(θ, ϕ)ξL(θ, ϕ) +N(θ, ϕ)ξN (θ, ϕ) .

In other words, by employing approximations provided in (3.2.13) and (3.2.14), we obtain

‖K̄ −K‖ρ−2δ ≤
CLCξL + CNCξNγδ

τ

γ2δ2τ
‖E‖ρ =:

C∆K

γ2δ2τ
‖E‖ρ . (3.2.16)

To complete this step, we need to make sure that the value of K̄(θ, ϕ) falls within the defined

domain B× T`ρ of all the entities involved. This verification is essential as it enables us to calculate

the new error Ē(θ, ϕ) before proceeding with the remaining geometrical elements. To achieve this,

we take note of the fact that:

dist(K̄(Tnρ−2δ × T`ρ−2δ), ∂(B× T`ρ−2δ)) ≥ dist(K(Tnρ × T`ρ), ∂(B× T`ρ))− ‖∆K‖ρ−2δ

≥ dist(K(Tnρ × T`ρ), ∂(B× T`ρ))−
C∆K

γ2δ2τ
‖E‖ρ > 0 . (3.2.17)

The last inequality follows from Hypothesis (3.2.1), using the sixth term in (3.2.2). Thus, we have

established the control in (3.2.7).
Step 2: Control of the new error of invariance. To guarantee that the corrected param-

eterization K̄ is invariant, we control the quadratic terms neglected in equation (3.1.10), by first

considering the error in solving the linearized equation (3.1.4),

Elin(θ, ϕ) = Ered(θ, ϕ)ξ(θ, ϕ)− Ω0Esym(θ, ϕ)Lω,αξ(θ, ϕ) . (3.2.18)

We control the term Lω,αξ(θ, ϕ) by leveraging the fact that ξ(θ, ϕ) satisfies the solution of the

cohomological equation (3.1.10):

‖LωξN‖ρ = ‖ηN‖ρ ≤ CL>cΩ,0‖E‖ρ =: CLξN ‖E‖ρ , (3.2.19)

‖LωξL‖ρ−δ = ‖ηL − TξN‖ρ−δ ≤
(
CN>cΩ,0 + CT

CξN

γδτ

)
‖E‖ρ

=:
CLξL

γδτ
‖E‖ρ , (3.2.20)

‖Lωξ‖ρ−δ ≤ max

{
CLξL

γδτ
, CLξN

}
‖E‖ρ =:

CLξ

γδτ
‖E‖ρ . (3.2.21)
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Therefore, the control for Elin(θ, ϕ) is given by

‖Elin‖ρ−2δ ≤ ‖Ered‖ρ−2δ‖ξ‖ρ−2δ + cΩ,0‖Esym‖ρ−2δ‖Lωξ‖ρ−2δ

≤ Cred

γδτ+1

Cξ
γ2δ2τ

‖E‖2ρ + cΩ,0
Csym

γδτ+1

CLξ

γδτ
‖E‖2ρ =:

Clin

γ3δ3τ+1
‖E‖2ρ . (3.2.22)

After making the correction, the invariance error associated with the new parameterization can be

determined.

Ē(θ, ϕ) = Zh(K(θ, ϕ) + ∆K(θ, ϕ), ϕ) + Lω,αK(θ, ϕ) + Lω,α∆K(θ, ϕ)

= Zh(K(θ, ϕ), ϕ) + DZh(K(θ, ϕ), ϕ)∆K(θ, ϕ) + Lω,αK(θ, ϕ) + Lω,α∆K(θ, ϕ) + ∆2Z(θ, ϕ)

= DZh(K(θ, ϕ), ϕ)∆K(θ, ϕ) + Lω,α∆K(θ, ϕ) + E(θ, ϕ) + ∆2Z(θ, ϕ)

=
(

DZh(K(θ, ϕ), ϕ)P (θ, ϕ) + Lω,αP (θ, ϕ)
)
ξ(θ, ϕ) + P (θ, ϕ)Lω,αξ(θ, ϕ)

+ E(θ, ϕ) + ∆2Zh(K(θ, ϕ), ϕ)

= (−Ω0P (θ, ϕ)>Ω(K(θ, ϕ)))−1Elin(θ, ϕ) + ∆2Z(θ, ϕ)

= P (θ, ϕ)(I2n − Ω0Esym(θ, ϕ))−1Elin(θ, ϕ) + ∆2
θZh(K(θ, ϕ), ϕ) ,

(3.2.23)

where

∆2
θZh(K(θ, ϕ), ϕ) = Zh(K(θ, ϕ) + ∆K(θ, ϕ), ϕ)− Zh(K(θ, ϕ), ϕ)−DzZh(K(θ, ϕ), ϕ)∆K(θ, ϕ)

=

∫ 1

0
(1− s)D2

zZh(K(θ, ϕ) + t∆K(θ, ϕ), ϕ)[∆K(θ, ϕ),∆K(θ, ϕ)]ds ,

(3.2.24)

and we used equation (2.2.12) and (3.2.18). We use the mean value theorem to control ∆2
θZ(θ, ϕ),

i.e.,

‖∆2
θZh(θ, ϕ)‖ρ−2δ =

∥∥∥∥∫ 1

0
(1− s)D2

zZh (K(θ, ϕ) + t∆K(θ, ϕ), ϕ) [∆K(θ, ϕ),∆K(θ, ϕ)] ds

∥∥∥∥
ρ−2δ

≤
∣∣∣∣∫ 1

0
(1− s)ds

∣∣∣∣ ‖D2
zZh‖B×T`‖∆K‖ρ−2δ‖∆K‖ρ−2δ

≤ 1

2
cZh,2

(C∆K)2

γ4δ4τ
‖E‖2ρ .

(3.2.25)

It is noteworthy that the error function equation (3.2.23), is well-defined as a result of the calcu-

lations in equation (3.2.17). We estimate the norm of the error function as follows

‖Ē‖ρ−2δ ≤ ‖P‖ρ−2δ‖(I − Ω0Esym)−1‖ρ−2δ‖Elin‖ρ−2δ + ‖∆2
θZh‖ρ−2δ .
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Then, using a Neumann series argument, we obtain

‖(I − Ω0Esym)−1‖ρ−2δ ≤
1

1− ‖Ω0Esym‖ρ−2δ
< 1 ,

where we used the inequality
Csym

γδτ+1
‖E‖ρ < 1 ,

that corresponds to the second term in (3.2.2) (Hypothesis (3.2.1)). Putting together the above

estimates, we obtain

‖Ē‖ρ−2δ ≤
(

2(CL + CN )Clin

γ3δ3τ+1
+

1

2
cZh,2

(C∆K)2

γ4δ4τ

)
‖E‖2ρ =:

CE
γ4δ4τ

‖E‖2ρ . (3.2.26)

We have obtained estimate (3.2.11).

Step 3: Control of the new frame L(θ, ϕ). Equation (3.2.16) can be combined with Cauchy

estimates to derive the constraint presented in equation (3.2.3),

‖DθK̄‖ρ−3δ ≤ ‖DθK‖ρ + ‖Dθ∆K‖ρ−3δ ≤ ‖DθK‖ρ +
nC∆K

γ2δ2τ+1
‖E‖ρ < σL , (3.2.27)

where the last inequality follows from Hypothesis (3.2.1) (this corresponds to the third term in

(3.2.2)). Estimate (3.2.4) is analogous

‖(DθK̄)>‖ρ−3δ ≤ ‖(DθK)>‖ρ +
2nC∆K

γ2δ2τ+1
‖E‖ρ < σL> . (3.2.28)

After obtaining the estimates (3.2.27) and (3.2.28), it is clear that

‖L̄‖ρ−3δ ≤ CL , ‖L̄>‖ρ−3δ ≤ CL> .

We can control the norm of the corresponding corrections using Cauchy estimates, the mean value

theorem, and the estimate (3.2.16):

‖L̄− L‖ρ−3δ ≤
nC∆K

γ2δ2τ+1
‖E‖ρ =:

C∆L

γ2δ2τ+1
‖E‖ρ , (3.2.29)

‖L̄> − L>‖ρ−3δ ≤
2nC∆K

γ2δ2τ+1
‖E‖ρ =:

C∆L>

γ2δ2τ+1
‖E‖ρ . (3.2.30)

Step 4: Control of the new transversality condition. To control B̄, we take
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GL(θ, ϕ) = L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ) ,

GL̄(θ, ϕ) = L̄(θ, ϕ)>G(K̄(θ, ϕ))L̄(θ, ϕ) ,

where we have used the notation introduced in (2.2.6). First, we compute

‖G ◦ K̄ −G ◦K‖ρ−2δ ≤ ‖DG‖B‖K̄ −K‖ρ−2δ ≤
cG,1C∆K

γ2δ2τ
‖E‖ρ

=:
C∆G

γ2δ2τ
‖E‖ρ , (3.2.31)

and

‖GL̄ −GL‖ρ−3δ ≤ ‖L̄>(G ◦ K̄)L̄− L̄>(G ◦ K̄)L‖ρ−3δ

+ ‖L̄>(G ◦ K̄)L− L̄>(G ◦K)L‖ρ−3δ

+ ‖L̄>(G ◦K)L− L>(G ◦K)L‖ρ−3δ

≤ ‖L̄>‖ρ‖G‖B‖L̄− L‖ρ−3δ

+ ‖L̄>‖ρ‖G ◦ K̄ −G ◦K‖ρ−3δ‖L‖ρ
+ ‖L̄> − L>‖ρ−3δ‖G‖B‖L‖ρ

≤
CL>cG,0C∆L + CL>C∆GCLδ + C∆L>cG,0CL

γ2δ2τ+1
‖E‖ρ

=:
C∆GL

γ2δ2τ+1
‖E‖ρ . (3.2.32)

Afterward, we introduce the constant

C∆B := (σB)2C∆GL ,

and review and verify the condition (A.1) mentioned in Lemma A, as stated in [FH24]

(σB)2‖GL̄ −GL‖ρ−3δ

σB − ‖B‖ρ
≤ C∆B

σB − ‖B‖ρ
‖E‖ρ
γ2δ2τ+1

< 1 . (3.2.33)

The final inequality stems from the Hypothesis (3.2.1), corresponding to the fifth term in (3.2.2).

Thus, with the Lemma A, as given in [FH24], we conclude that

‖B̄‖ρ−3δ < σB , ‖B̄ −B‖ρ−3δ ≤
(σB)2C∆GL

γ2δ2τ+1
‖E‖ρ =

C∆B

γ2δ2τ+1
‖E‖ρ , (3.2.34)

which allows us to arrive at the estimates (3.2.5) and (3.2.9) for the new object.
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Step 5: Control of the new frame N(θ, ϕ). For controlling the newly adapted normal frame

N̄(θ, ϕ), it is advantageous to adapt the notation:

N(θ, ϕ) = L(θ, ϕ)A(θ, ϕ) + Ñ(θ, ϕ) ,

Ñ(θ, ϕ) = N0(θ, ϕ)B(θ, ϕ) ,

N0(θ, ϕ) = J(K(θ, ϕ))L(θ, ϕ) ,

A(θ, ϕ) = − 1
2(Ñ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ)) ,

B(θ, ϕ) = (L(θ, ϕ)>G(K(θ, ϕ))L(θ, ϕ))−1 .

As usual, we obtain the new objects N̄(θ, ϕ), Ā(θ, ϕ), N̄0(θ, ϕ), ¯̃N(θ, ϕ) and B̄(θ, ϕ) by replacing

K(θ, ϕ) with K̄(θ, ϕ). Note that we controlled B̄(θ, ϕ) in Step 4. Now, we reproduce the computations

in (3.2.31) and (3.2.32) for the matrix functions.

‖Ω ◦ K̄ − Ω ◦K‖ρ−2δ ≤
cΩ,1C∆K

γ2δ2τ
‖E‖ρ =:

C∆Ω

γ2δ2τ
‖E‖ρ , (3.2.35)

‖J ◦ K̄ − J ◦K‖ρ−2δ ≤
cJ,1C∆K

γ2δ2τ
‖E‖ρ =:

C∆J

γ2δ2τ
‖E‖ρ , (3.2.36)

‖(J ◦ K̄ − J ◦K)>‖ρ−2δ ≤
cJ>,1C∆K

γ2δ2τ
‖E‖ρ =:

C∆J>

γ2δ2τ
‖E‖ρ , (3.2.37)

‖N̄0 −N0‖ρ−3δ ≤ ‖J‖B‖L̄− L‖ρ−3δ + ‖J ◦ K̄ − J ◦K‖ρ−2δ‖L‖ρ

≤
cJ,0C∆L + C∆JCLδ

γ2δ2τ+1
‖E‖ρ

=:
C∆N0

γ2δ2τ+1
‖E‖ρ , (3.2.38)

‖(N̄0)> − (N0)>‖ρ−3δ ≤
C∆L>cJ>,0 + CL>C∆J>δ

γ2δ2τ+1
‖E‖ρ

=:
C∆N0>

γ2δ2τ+1
‖E‖ρ , (3.2.39)

‖ ¯̃N − Ñ‖ρ−3δ ≤
C∆N0σB + CN0C∆B

γ2δ2τ+1
‖E‖ρ =:

C∆Ñ

γ2δ2τ+1
‖E‖ρ , (3.2.40)

‖ ¯̃N> − Ñ>‖ρ−3δ ≤
σBC∆N0> + C∆BCN0,>

γ2δ2τ+1
‖E‖ρ =:

C∆Ñ>

γ2δ2τ+1
‖E‖ρ . (3.2.41)

Now, we control the matrix Ā(θ, ϕ) as follows

‖Ā−A‖ρ−3δ ≤
1
2

(
C∆Ñ>cΩ,0CÑ + CÑ>C∆ΩCÑδ + CÑ>cΩ,0C∆Ñ

)
γ2δ2τ+1

‖E‖ρ =:
C∆A

γ2δ2τ+1
‖E‖ρ . (3.2.42)

In this instance, we have employed the fact that B(θ, ϕ)> = B(θ, ϕ), along with the constants spec-

ified in equations (3.2.35), (3.2.40), and (3.2.41). Similarly, the corresponding control is maintained

for ‖Ā> −A>‖ρ−3δ, as we observe that A(θ, ϕ)> = −A(θ, ϕ). We notice that C∆A = 0 in Case III.
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Then, we control the correction of the adapted normal frame:

‖N̄ −N‖ρ−3δ

≤
CLC∆A + C∆LCA + C∆Ñ

γ2δ2τ+1
‖E‖ρ

=:
C∆N

γ2δ2τ+1
‖E‖ρ , (3.2.43)

‖N̄> −N>‖ρ−3δ

≤
CAC∆L> + C∆ACL> + C∆Ñ>

γ2δ2τ+1
‖E‖ρ

=:
C∆N>

γ2δ2τ+1
‖E‖ρ . (3.2.44)

Finally, we have

‖ ¯̃N‖ρ−3δ ≤ ‖J ◦ K̄‖B×T`ρ‖L̄‖ρ−3δ‖B̄‖ρ−3δ ≤ cJ,0CLσB ≤ CÑ ,

‖ ¯̃N>‖ρ−3δ ≤ ‖B̄‖ρ−3δ‖L̄>‖ρ−3δ‖(J ◦ K̄)>‖B×T`ρ ≤ CÑ> ,

‖Ā‖ρ−3δ ≤
1

2
‖ ¯̃N>‖ρ−3δ‖Ω ◦ K̄‖B×T`ρ‖

¯̃N‖ρ−3δ ≤ CA ,

‖N̄‖ρ−3δ ≤ CN ,

‖N̄>‖ρ−3δ ≤ CN> .

Step 6: Control of the Th(K(θ, ϕ), ϕ) operator. We consider the correction Th(K̄(θ, ϕ), ϕ) and

Th(K̄(θ, ϕ), ϕ)>,i.e.,

‖T̄h‖ρ ≤ cTh,0 , (3.2.45)

‖T̄>h ‖ρ ≤ cT>h ,0 . (3.2.46)

The last two inequalities are satisfied since Th is a global object defined in B × T`ρ, hypothesis H1

and Step 2. On the other hand, the control of the correction to the new Th(θ, ϕ),

‖Th ◦ K̄ − Th ◦K‖ρ−2δ ≤ ‖DzTh‖ρ−2δ‖K̄ −K‖ρ−2δ

≤
cTh,1C∆K

γ2δ2τ
‖E‖ρ =:

C∆Th

γ2δ2τ
‖E‖ .

(3.2.47)

Finally,

‖(Th ◦ K̄)> − (Th ◦K)>‖ρ−2δ ≤
cT>h ,1

C∆K

γ2δ2τ
‖E‖ρ =:

C∆T>h

γ2δ2τ
‖E‖ . (3.2.48)
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Step 7: Control of the new non-degeneracy condition. We now establish that the non-

degeneracy (twist) condition with the new torsion matrix is controled,

‖T̄ − T‖ρ−3δ ≤
1

2

C∆Ñ>cTh,0CÑ + CÑ>C∆ThCÑδ + CÑ>cTh,0C∆Ñ

γ2δ2τ+1
‖E‖ρ

+
1

2

C∆Ñ>cT>h ,0
CÑ + CÑ>C∆T>h

CÑδ + CÑ>cT>h ,0
C∆Ñ

γ2δ2τ+1
‖E‖ρ

+
C∆Ñ>cT>h ,0

CN + CÑ>C∆T>h
CNδ + CÑ>cT>h ,0

C∆N

γ2δ2τ+1
‖E‖ρ

+
C∆N>cTh,0CÑ + CN>C∆ThCÑδ + CN>cTh,0C∆Ñ

γ2δ2τ+1
‖E‖ρ

=:
C∆T

γ2δ2τ+1
‖E‖ρ .

(3.2.49)

Now, we introduce the constant

C∆〈T 〉−1 := (σT )2C∆T ,

and verify condition (A.1) in Lemma A from [FH24]

(σT )2|〈T̄ 〉 − 〈T 〉|
σT − |〈T 〉−1|

≤
(σT )2‖T̄ − T‖ρ−3δ

σT − |〈T 〉−1|
≤

C∆〈T 〉−1

σT − |〈T 〉−1|
‖E‖ρ
γ2δ2τ+1

< 1 , (3.2.50)

where the last inequality follows from Hypothesis (3.2.1) (this corresponds to the sixth term in

(3.2.2)). Hence, by invoking Lemma A from [FH24], we conclude that

|〈T̄ 〉−1| < σT , |〈T̄ 〉−1 − 〈T 〉−1| ≤ (σT )2C∆T

γ2δ2τ+1
‖E‖ρ =:

C∆〈T 〉−1

γ2δ2τ+1
‖E‖ρ , (3.2.51)

and so, we obtain the estimates (3.2.5) and (3.2.10) on the new object.

3.3 Convergence of the iterative process

We are ready to prove our KAM theorem for Lagrangian tori. Once we established the quadratic

procedure in Section 3.2, proving the convergence of the scheme follows by standard arguments. How-

ever, we will carefully explain the required computations as our goal is to present explicit conditions

for the KAM theorem.

Proof of Theorem 2.1.1. Let us consider the approximate torus K0 := K with initial error E0 := E.

We also introduce B0 := B and T0 := T associated with the initial approximation. By applying

Lemma 3.2.1 recursively, we obtain new objects Ks := K̄s−1, Es := Ēs−1, Bs := B̄s−1 and Ts := T̄s−1.

At each step, the domain of analyticity of these objects gets reduced. To characterize this, we

introduce parameters a1 > 1, a2 > 1, a3 := 3 a1
a1−1

a2
a2−1 and define

ρ0 := ρ, δ0 :=
ρ0

a3
, ρs := ρs−1 − 3δs−1, δs :=

δ0

as1
, ρ∞ := lim

s→∞
ρs =

ρ0

a2
.
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Assuming that we have applied the Iterative Lemma 3.2.1 s times successfully, we can denote the

objects at the s-step of the quasi-Newton method as Ks, Es, Bs, and Ts. It is important to note that

condition (3.2.1) is required at every step, but the construction has been performed in a way that we

can control ‖DKs‖ρs , ‖(DKs)
>‖ρs , ‖Bs‖ρs , dist(Ks(Tnρs × T`ρs), ∂(B × T`ρ)), and |〈Ts〉−1| uniformly

with respect to s. This means that the constants obtained in Table 4.1 and Table 4.2 are the same

for all steps, as we consider the worst value of δs, that is, δ0 = ρ0/a3.

The first computation is monitoring the sequence Es of invariance errors

‖Es‖ρs <
CE

γ4δ4τ
s−1

‖Es−1‖2ρs−1
=
CEa

4τ(s−1)
1

γ4δ4τ
0

‖Es−1‖2ρs−1

<

(
a4τ

1 CE‖E0‖ρ0

γ4δ4τ
0

)2s−1

a−4τs
1 ‖E0‖ρ0 < a−4τs

1 ‖E0‖ρ0 ,

(3.3.1)

where we used the sums 1+2+. . .+2s−1 = 2s−1, and 1(s−1)+2(s−2)+22(s−3) . . .+2s−21 = 2s−s−1.

Notice that we also used the inequality

a4τ
1 CE‖E0‖ρ0

γ4δ4τ
0

< 1 , (3.3.2)

which is included in (2.1.3). From equation (3.3.1), we verify Hypothesis (3.2.1) of the iterative

Lemma, enabling us to proceed with step s + 1. The necessary and sufficient condition will be

incorporated into Hypothesis (2.1.3) of the KAM theorem. The second inequality in (3.2.1) reads

CE‖Es‖ρs
γ4δ4τ

s

≤ CEa
−4τs
1 ‖E0‖ρ0

γ4δ4τ
s

=
CE‖E0‖ρ0

γ4δ4τ
0

≤ a−4τ
1 < 1 ,

where we used (3.3.1) and (3.3.2). The first term in (3.2.2) is guaranteed by performing the compu-

tation
2Csym‖Es‖ρs

γδτ+1
s

≤ 2Csyma
s(τ+1)
1 a−4τs

1 ‖E0‖ρ0

γδτ+1
0

≤ 2Csym‖E0‖ρ0

γδτ+1
0

< 1 , (3.3.3)

where we used (3.3.1), the fact that 1− 3τ < 0, and we have included the last inequality in (2.1.3).

The remaining conditions are similar. It is important to note that at the s-th step, the objects

involved are DKs, (DKs)
>, Bs and 〈Ts〉−1. Therefore, it is necessary to establish a relationship

between these conditions and the initial objects DK0, (DK0)>, B0 and 〈T0〉−1. For example, the

second term in (3.2.2) reads (
nC∆K

σL − ‖DKs‖ρs

)
‖Es‖ρs
γ2δ2τ+1

s
< 1 ,
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and it is verified by conducting the following calculations

‖DKs‖ρs+
nC∆K‖Es‖ρs
γ2δ2τ+1

s
< ‖DK0‖ρ0 +

s∑
j=0

nC∆K‖Ej‖ρj
γ2δ2τ+1

j

< ‖DK0‖ρ0 +
∞∑
j=0

nC∆Ka
(1−2τ)j
1

γ2δ2τ+1
0

‖E0‖ρ0

= ‖DK0‖ρ0 +
nC∆K‖E0‖ρ0

γ2δ2τ+1
0

(
1

1− a1−2τ
1

)
< σL . (3.3.4)

The last inequality is incorporated in equation (2.1.3). After reproducing the same computations,

we obtain the third, fourth, and fifth terms in (3.2.2), related to (DKs)
>, Bs and 〈Ts〉−1. Finally,

the sixth term in (3.2.2) is verified as follows

dist(Ks(Tnρs × T`ρs), ∂(B× T`ρ))−
C∆K

γ2δ2τ
s

‖Es‖ρs > dist(K0(Tnρ0
× T`ρ0

), ∂(B× T`ρ))

−
∞∑
j=0

C∆Ka
−2τj
1 ‖E0‖ρ0

γ2δ2τ
0

= dist(K0(Tnρ0
× T`ρ0

), ∂(B× T`ρ))

− C∆K‖E0‖ρ0

γ2δ2τ
0

1

1− a−2τ
1

> 0 , (3.3.5)

the final inequality is included into (2.1.3).

Having guaranteed all hypotheses of Lemma 3.2.1, we collect the inequalities (3.3.2), (3.3.3),

(3.3.4) and (3.3.5) that are included into hypothesis (2.1.3). This follows by introducing the constant

C1 as

C1 := max
{

(a1a3)4τCE , (a3)2τ+1γ2ρ2τ−1C∆

}
(3.3.6)

where

C∆,1 := max

{
nC∆K

σL − ‖DK‖ρ
,

2nC∆K

σL>− ‖(DK)>‖ρ
, (3.3.7)

C∆B

σB − ‖B‖ρ
,

C∆〈T 〉−1

σT − |〈T 〉−1|

}
,

C∆,2 :=
C∆Kδ

dist(K(Tdρ), ∂B)
, (3.3.8)

C∆ := max

{
Csymγδ

τ ,
C∆,1

1− a1−2τ
1

,
C∆,2

1− a−2τ
1

}
. (3.3.9)

It is worth highlighting that we have reverted to the original notation, where K = K0, B = B0,

T = T0, ρ = ρ0 and δ = δ0 for the new initial objects.

Through induction, we can repeat the iterative process an infinite number of times. To clarify,
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we have:

‖Es‖ρs < a−4τs
1 ‖E‖ρ −→ 0 when s→∞ .

The iterative scheme leads to the convergence of a true quasi-periodic torus, denoted by K∞. As a

result of the output of Lemma 3.2.1, this object satisfies K∞ ∈ A(Tnρ∞ × T`ρ∞) and

‖DK∞‖ρ∞ < σL , ‖(DK∞)>‖ρ∞ < σL> , dist(K∞(Tn × T`), ∂(B× T`ρ)) > 0 .

To control the limiting objects, we repeat the computations in (3.3.5) as follows

‖K∞ −K‖ρ∞ ≤
∞∑
j=0

‖Kj+1 −Kj‖ρj+1 <
C∆K‖E‖ρ
γ2δ2τ

1

1− a−2τ
1

=:
C2‖E‖ρ
γ2ρ2τ

, (3.3.10)

thus obtaining the estimates in (2.1.4). This completes the proof of the KAM theorem to Lagrangian

Tori.
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4
Applications and Computational Algorithms of

the KAM Theorem

In this Chapther, we present an algorithm to compute a fiberwise Lagrangian torus in quasi-periodic

Hamiltonian systems, whose convergence is proved in the [CHP25a]. We exhibit the algorithm with

two models. The first is a Tokamak model [CVC+05, VL21], which proposes a control method to

create barriers to the diffusion of magnetic field lines through a small modification in the magnetic

perturbation. The second model [dCN00], known as the vorticity defect model, describes the non-

linear evolution of localized vorticity perturbations in a constant vorticity flow. This model was

originally derived in the context of plasma physics and fluid dynamics.

4.1 KAM algorithms for Langrangian invariant tori

The constructuction of quasi-Newton method in [CHP25a] suggests to a numerical method. The

approach involves starting with an approximately invariant torus, K(θ, ϕ), meaning one with a non-

zero invariance error E. The method is as follows. We obtain a new parameterization of the torus

as

K̄(θ, ϕ) = K(θ, ϕ) + ∆K(θ, ϕ) .

The new invariance error is given by

Ē(θ, ϕ) = ZH(K̄(θ, ϕ), ϕ) + Lω,αK̄(θ, ϕ) .

Expanding last equation, we have,

Ē(θ, ϕ) = DzZH(K(θ, ϕ), ϕ)∆K(θ, ϕ) + Lω,αK̄(θ, ϕ) + E(θ, ϕ) + ∆2
θZ(θ, ϕ) .

To determine ∆K, we retain only terms up to first order, and solve the following equation,

DzZH
(
K(θ, ϕ), ϕ

)
∆K(θ, ϕ) + Lω,α∆K(θ, ϕ) = −E(θ, ϕ) .

55
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To tackle this equation, we use the approximately symplectic framework represented by

P (θ, ϕ) = (L(θ, ϕ)N(θ, ϕ)) ,

such that, for some ξ : Tn × T` → R2n

∆K(θ, ϕ) = P (θ, ϕ)ξ(θ, ϕ) ,

i.e., ξ(θ, ϕ) is the new unknown.

Leveraging certain geometric properties, we obtain,

(Λ(θ, ϕ) + Ered(θ, ϕ)) ξ(θ, ϕ) + (I2n − Ω0Esym(θ, ϕ))Lω,αξ(θ, ϕ)

= Ω0P (θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ) ,

Λ(θ, ϕ) =

(
On T (θ, ϕ)

On On

)
. (4.1.1)

Neglecting quadratic terms, the solution to the above equation is approximated by solving a

triangular system that requires handling cohomological equations,

Λ(θ, ϕ)ξ(θ, ϕ) + Lω,αξ(θ, ϕ)

= Ω0P (θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ)

=

(
−N(θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ)

L(θ, ϕ)>Ω(K(θ, ϕ))E(θ, ϕ)

)
=:

(
ηL(θ, ϕ)

ηN (θ, ϕ)

)
.

(4.1.2)

To solve these equations, det〈T 〉−1 must be different from zero, where,

ξN (θ, ϕ) = ξN0,0 + Rω,α(ηN (θ, ϕ)) , (4.1.3)

ξL(θ, ϕ) = ξL0,0 + Rω,α(ηL(θ, ϕ)− T (θ, ϕ)ξN (θ, ϕ)) , (4.1.4)

with

ξN0,0 = 〈T 〉−1〈ηL − TRω,α(ηN )〉 .

Remark 4.1.1. In the examples presented in this work, the symplectic form is canonical, therefore,

Ω = Ω0, G = I2n, and J = Ω0. Hence, we have cΩ,0 = 1, cΩ,1 = 0, cG,0 = 1, cG,1 = 0, cG,2 = 0,

cJ,0 = 1, cJ,1 = 0, cJ,2 = 0, cJ>,0 = 1, and cJ>,1 = 0. So the torsion is

T (θ, ϕ) = N(θ, ϕ)>Th(K(θ, ϕ), ϕ)N(θ, ϕ) . (4.1.5)

with

Th(K(θ, ϕ), ϕ) = Ω0DzZh(K(θ, ϕ), ϕ)−DzZh(K(θ, ϕ), ϕ)Ω0 . (4.1.6)
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In terms of the Hamiltonian, the torsion is expressed as follows

T (θ, ϕ) = B(θ, ϕ)−1L(θ, ϕ)>Sh(K(θ, ϕ), ϕ)L(θ, ϕ)B(θ, ϕ)−1 . (4.1.7)

with

Sh(K(θ, ϕ), ϕ) =

(
(Dyy −Dxx)h(K(θ, ϕ), ϕ) −2Dxyh(K(θ, ϕ), ϕ)

−2Dxyh(K(θ, ϕ), ϕ) (Dxx −Dyy)h(K(θ, ϕ), ϕ)

)
. (4.1.8)

If the torus is approximately invariant. Therefore, the algorihtm is following:

Algorithm 4.1.2 (Computation of the Adapted Frame and Torsion). Let K satisfy the equation

approximately. Compute the adapted frame P and the reduced dynamics by following these steps:

1. Derive L(θ, ϕ) using (2.1.1).

2. Obtain B(θ, ϕ) from (1.4.12).

3. Calculate A(θ, ϕ) based on (1.4.13).

4. Evaluate Ñ(θ, ϕ) according to (1.4.10).

5. Determine N(θ, ϕ) from (1.4.9).

6. Compute Th(θ, ϕ) from (1.4.15).

7. Derive T (θ, ϕ) based on (1.4.14).

8. Construct the frame P (θ, ϕ) using equation (1.3.3).

Algorithm 4.1.3 (Correction of the Generating Torus). Let K approximately satisfy the equation.

Obtain the corrected generating torus by following these steps:

1. Compute P (θ, ϕ) using Algorithm 4.1.2.

2. Derive E(θ, ϕ) using (1.2.7).

3. Evaluate η(θ, ϕ), the right-hand side of (3.1.5).

4. Solve the cohomological equation for ξN and ξL, from (4.1.3) and (4.1.4) respectively, verifying

〈ηN 〉 = 0.

5. Improve K(θ, ϕ)← K(θ, ϕ) + P (θ, ϕ)ξ(θ, ϕ).
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4.1.1 Numerical method for torus continuation

Due to the nature of the method, an initial torus is required. Therefore, if the system depends on a

family of parameters, we can use a previously computed torus for the next value of the parameter,

meaning that we can perform a continuation with respect to the parameter. In the following, we

describe a method for performing the continuation by considering the variational equation in the

parameter. We know that the torus depends on the parameter, i.e., Kε(θ, ϕ), the first variational

derivative in ε is

Kε+δε(θ, ϕ) = Kε(θ, ϕ) +
∂

∂ε
Kε(θ, ϕ)δε + O(δ2

ε) . (4.1.9)

Therefore, we need to calculate ∂
∂εKε(θ, ϕ), invoking the invariance equation (1.2.6) and defined

∆Kε(θ, ϕ) := ∂
∂εKε(θ, ϕ), we obtain,

DzZh(Kε(θ, ϕ), ϕ)∆Kε(θ, ϕ) + Lω,α (∆Kε(θ, ϕ)) = − ∂

∂ε
Zh(Kε(θ, ϕ), ϕ) , (4.1.10)

we proceed in a manner analogous to the numerical method, that is, we introduce a new ξε : Tn×T` →
R2n, such that ∆Kε(θ, ϕ) = P (θ, ϕ)ξε(θ, ϕ), to obtain

Λ(θ, ϕ)ξε(θ, ϕ) + Lω,αξε(θ, ϕ)

= Ω0P (θ, ϕ)>Ω(Kε(θ, ϕ))
∂

∂ε
Zhε(Kε(θ, ϕ), ϕ)

=

(
−N(θ, ϕ)>Ω(Kε(θ, ϕ)) ∂∂εZhε(Kε(θ, ϕ), ϕ)

L(θ, ϕ)>Ω(Kε(θ, ϕ)) ∂∂εZhε(Kε(θ, ϕ), ϕ)

)
=:

(
ηLε (θ, ϕ)

ηNε (θ, ϕ)

)
.

(4.1.11)

Therefore, to find ∆Kε, it is enough to solve a cohomological equation and 〈ηNε 〉 = On. For the

latter, we have that

ηNε (θ, ϕ) = L(θ, ϕ)>Ω(Kε(θ, ϕ))
∂Zhε
∂ε

(Kε(θ, ϕ), ϕ)

=

(
Dθ

(
∂hε
∂ε

(Kε(θ, ϕ), ϕ)

))>
.

(4.1.12)

Hence, ηNε is the derivative of periodic functions, and we obtain 〈ηNε 〉 = On.

Algorithm 4.1.4 (Computation of the First Order Correction). Let Kε(θ, ϕ) satisfy the invariance

equation approximately. To perform the continuation with respect to ε, compute the first variation

∆Kε by following these steps:

1. Calculate the derivative of Zhε(K(θ, ϕ), ϕ) with respect to ε.

2. Evaluate ηε(θ, ϕ), the right-hand side of (4.1.12).

3. Solve the cohomological equation for ξNε and ξLε .

4. Compute P (θ, ϕ) using Algorithm 4.1.2.
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5. Improve Kε+δε(θ, ϕ)← Kε(θ, ϕ) + P (θ, ϕ)ξε(θ, ϕ).

6. Save the Kε+δε(θ, ϕ) to be used in the continuation step.

Algorithm 4.1.5 (Continuation of the Torus family). Let K approximately satisfy the invariance

equation. Follow these steps to do a continuation respect to ε:

1. Construct an approximate invariant parametrization.

2. Improve the parametrization, Kε(θ, ϕ), using Algorithm 4.1.3.

3. Save the updated torus Kε(θ, ϕ).

4. Define the continuation step δ.

5. Compute Kε+δε(θ, ϕ) using Algorithm 4.1.4.

6. Repeat from step (2), until the desired value of ε is attained.

Remark 4.1.6. The algorithms require to performe basic operations (+,−, /, ∗), compositions, deriva-

tives, and computing the Rω,α operator. They do not require numerical integrations as in [FMHM24a]

and can be applied as long as the family of tori exists given we have enough computational resources

available.

Remark 4.1.7. Another approach to performing continuation with respect to parameters is the

pseudo-arclength continuation method, as described in [GHdlL22]. This work also provides a de-

tailed implementation of the predictor used in the natural continuation method.

4.1.2 Comments on the implementations

In this section, we present the numerical implementation of the algorithms derived in the previ-

ous sections. While the theorem provides a rigorous mathematical foundation, its proof leads to

an algorithm whose numerical implementation requires careful consideration of discretization differ-

entiation, equation-solving, and other numerical tools. To achieve this, we have defined three key

objects: Matrix, Grid, and Fourier, as in [HCF+16] each playing a distinct role in the overall

implementation.

Numerically, for the parameterization, we consider a set of sample points on a regular grid of size

Nθ = (Nθ,1, . . . , Nθ,n) ∈ Nn and Nϕ = (Nϕ,1, . . . , Nϕ,`) ∈ N`, such that,

θi := (θi1 , . . . , θin) =

(
i1
Nθ,1

, . . . ,
in
Nθ,n

)
,

ϕj := (ϕj1 , . . . , ϕj`) =

(
j1
Nϕ,1

, . . . ,
j`
Nϕ,`

)
,

where i = (i1, . . . , in), j = (j1, . . . , j`), with 0 ≤ ir ≤ Nθ,r , 0 ≤ js ≤ Nϕ,s , further 1 ≤ r ≤ n

and 1 ≤ s ≤ `. The total number of points is ND = Nθ,1 · · ·Nθ,nNϕ,1 · · ·Nϕ,`, where Nθ,i = 2qi ,

Nϕ,j = 2qj , with qi ∈ N, qj ∈ N for i = 1, . . . , n and j = 1, . . . , `.
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We use the Matrix object, for functions, like; K,E, η, ξ : Tn × T` → R2n or like; L,N, T :

Tn × T` → R2n. We can use the Grid or Fourier objects for function components like; Kx,Ky :

Tn×T` → Rn or ξN , ξL : Tn×T` → Rn. The Grid object is useful and efficients to do multiplications,

sum, etc, or evaluating the vector field, and we employ the Fourier object to calculate the derivative,

or solving cohomological equations. We switch between both representations with the aid of the Fast

Fourier Transform (FFT), which has a complexity of O(ND log(ND)).

One advantage of defining the torsion as in (1.4.14), see [CHP25a] for details, instead of T (θ, ϕ) =

N(θ, ϕ)>Ω(K(θ, ϕ)) (DzZ(K(θ, ϕ), ϕ) + Lω,αK(θ, ϕ)) is that we avoid the need to compute deriva-

tives in Fourier space, as [HL19]. In other words, we do not generate a Fourier object, which would

require additional memory and computational time for the derivative calculation. Instead, it suffices

to perform grid-based multiplications.

4.2 Numerical study of KAM Theory in a Tokamak model

In this section, we apply the KAM algorithm to a Tokamak model with one and a half degrees of

freedom, following the background established in [CVC+05, VL21]. As in, [Abd06] we calculate the

Poincaré section in the (ψ, θ) plane. From this section, and using Birkhoff averages, we obtain the

internal frequency with the methods developed in [DSSY17]. With the internal frequency and the

Poincare section, we impose the invariance equation to construct a two-dimensional approximately

invariant torus with an external frequency equal to 1. This torus serves as the initial guess for the

method, to which we apply the KAM procedure.

Once the method converges, we perform a continuation with respect to the parameter and observe

the behavior of some Sobolev norms. This provides estimates for the breakdown of analyticity of the

invariant torus.

4.2.1 A Tokamak model

Tokamaks are devices for confining plasma in nuclear fusion, see [Art72]. They exhibit complicated

dynamics that can be described using periodic non-autonomous Hamiltonian systems. In these

systems, charged particles move along paths determined by magnetic fields, where the topological

geometry is essential for maintaining plasma stability. KAM theory offers a theoretical framework

for understanding how quasi-periodic orbits persist despite disturbances, thus contributing to the

stability of invariant tori in phase space and controlling the plasma.

Reference [Abd06] presents a non-autonomous Hamiltonian system that models the magnetic

field lines of a Tokamak for plasma confinement, similar to equation (4.2.1), but without the term ε2.

Where, ϕ represents the toroidal angle acting as the time, ψ denotes the normalized toroidal flux,

and H stands for the poloidal flux. The poloidal angle θ is the conjugate variable to the action H,

as depicted in figure 4.1.

In [CVC+05], the authors apply, to the same model, a method they developed, introducing a

control technique aimed at creating barriers between two chaotic regions by employing a control
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z

y

θ ϕ

Figure 4.1: Where θ and ϕ are poloidal and toroidal angles of a system of coordinates.

term proportional to ε2, as depicted in figure (4.2). We can observe that in [VL21], the authors

use the same model and, through frequency analysis combined with a rigorous (Computer-Assisted),

demonstrate that in the phase space of the magnetic field, the control term generates a set of invariant

tori that act as transport barriers.

H(θ, ψ;ϕ) =

∫
dψ

q(ψ)
+ εH1(θ, ϕ) + ε2f2(θ, ϕ), (4.2.1)

q(ψ) =
4

(2− ψ)(2− 2ψ + ψ2)
,

H1(θ, ϕ) = cos(2θ − ϕ) + cos(3θ − 2ϕ),

f2(θ, ϕ) =

(
−1

2

d

dψ

(
1

q(ψ)

)) ∣∣∣∣
ψ0

(
2 cos(2θ − ϕ)

2w − 1
+

3 cos(3θ − 2ϕ)

3w − 2

)2

,

w =
1

q(ψ0)
,

q0 = 0.35 ,

where ψ0 is the initial normalized toroidal flux on the Poincare section.

Remark 4.2.1. In this case, the dimension are n1 = 1, n2 = 1, ` = 1, and the degree map is D = 1.

Then, the torus takes the form

K̃(θ, ϕ) =

(
K(θ, ϕ)

ϕ

)
=

θ0
0

+

K
p
x(θ, ϕ)

Kp
y (θ, ϕ)

ϕ

 .

4.2.2 Invariant torus

As previously mentioned in this work and in [CHP25a], the method requires the construction of an

initial torus with a small invariance error. To achieve this, we calculate numerically the stroboscopic

map, by integrating with Newton’s method, using the Julia package [PHB21] developed by Luis

Benet and Jorge Pérez, figure (4.2), from the model described in equation (4.2.1), corresponding

to ε = 0.004. To compute the internal frequency ω ≈ 0.57981245427252670451, we used Birkhoff
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Figure 4.2: The colors Cyan, Magenta and Teal correspond to ϕ = 0.35, 0.3566248878338341665, 0.36, respectively.

averages on stroboscopic map, following [DSSY17]. The external frequency α, corresponding to the

time-dependent part, is 1. On the other hand, we construct the two-dimensional initial torus from

this curve, corresponding to K(θ, 0), denoted by K0(θ). To do so, we construct the initial guess, we

define (θ̄i, ϕ̄j) such that, θi = θ̄i + ωt and ϕj = ϕ̄j + αt, and we impose that K(θ̄i, ϕ̄j) parametrized

an invariant torus, i.e., the invariance equation is satisfied, equation (1.2.3), such that,

Φt (K(θi − ωt, ϕj − αt), ϕj − αt) = K (θi, ϕj) ,

since we want to construct the torus from K0(θ), we impose ϕj − αt = 0, with t∗ =
ϕj1
α1

such that

solve the last equation, so we obtain,

Φt∗ (K0 (θi − ωt∗) , 0) = K (θi, ϕj) . (4.2.2)

In other words, to obtain K (θi, ϕj) it is enough to integrate the flow for a time t∗ with initial condition

K0(θi−ωt∗). To evaluate the initial condition required to satisfy (4.2.2), we evaluate K0 using splines.

We use a regular grid of points Nθ = (2nθ) and Nϕ = (2nϕ), with

(θi, ϕj) = (θi1 , ϕj1) =

(
i1

2nθ
,
j1

2nϕ

)
,

with 1 ≤ i1 ≤ 2nθ and 1 ≤ j1 ≤ 2nϕ . Once we construct the invariant torus, with an initial invariance

error approximate of 9.6866× 10−2 and 29 × 29, Fourier coefficients, it will serve as the initial guess

of the quasi-Newton method. We obtained an approximately invariant torus with an invariance error

of 3.96005×10−16, figures (4.3) and (4.4), and 212×211 Fourier coefficients in the θ and ϕ directions.
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and ϕ, represented with 223 Fourier modes and an invariance error equal to 3.96005 × 10−16. Where blue
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4.2.3 Continuation of the invariant torus

As we saw in Section 4.2.2, it is possible to apply the method without the need to perform a

continuation over the perturbations starting from the integrable system. However, the strength of

our approach lies in its ability to also perform a continuation over the perturbation parameter, either

starting from the integrable system or from one already computed, as in Section 4.2.2. To achieve

this, we employ Algorithm 4.1.5, using the case ε = 0.004 as the initial guess. The construction

of the two-dimensional object follows an analogous process to that described in Section 4.1.1. By

performing the continuation as outlined in Algorithm 4.1.4, i.e., with a prediction for the following

torus, we can compute the subsequent torus in four iterations of the Quasi-Newton step, compared

to the six iterations required when improving the prediction.

While this work aims to exemplify the suggested algorithms from [CHP25a], we also seek to show

the method’s effectiveness by estimating the breakdown. We, now analyze the behavior of the of the

H4 Sobolev norm of K defined as

‖K‖4 :=
√
‖Kp

x‖24 + ‖Kp
y‖24 . (4.2.3)

We observe, that in figure 4.7 Sobolev norm has a exponetial behavior [CDlL10], we obtain an

estimate for the blow-up exponent (see equation (12) in [CL10]) in figure 4.8. The fit to estimate

the exponent also shows an oscilatory behavior in the Sobolev norm, figure 4.8. These oscilations

are not predicted by renormalization group, which is similar to the spin-orbit problem of Celestial

Mechanics, [CCGdlL24].
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Figure 4.7: We observed that near the parameter value ε = 0.00445, there is an exponential growth, indicating signs
of the breakdown of the torus.
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4.3 Numerical study of KAM Theory in fluid and plasma transport

models

In this section, we present the following model of a quasi-periodically forced pendulum with two

driving frequencies,

h =
p2

2
+ ε1 cos(q)− (ε2 + ε3 cos(α1t)) cos(q − α2t) , (4.3.1)

where, ε1,ε2 and ε3 are parameters, with α1 =
√

3, and α2 = 1+
√

5
2 . This pendulum model is

motivated by the work in [dCN00]. The main objective of this section is to demonstrate that, using

the KAM algorithm, it is possible to perform a continuation with respect to parameters in the

pendulum. To illustrate this, we present three distinct examples.

1. The the single-wave model simplifies the vorticity mixing problem, ultimately leading to the

stream function. A comprehensive derivation is available in References [dCN98b, dCN98a],

which provide a detailed analysis for interested readers. The continuation is carried out by

initially constructing a planar pendulum as an initial guess and then gradually adapting it to

the solitary wave model, i.e., ε1 = ε2 = ε3 = 0 to ε1 = 0, ε2 6= 0 and ε3 6= 0.

2. Rotational tori. In this example, we compute invariant tori corresponding to the libration tori

of the pendulum, starting from rotationonal torus of the simple pendulum, and use continuation

to transform it into the quasi-periodic case. We can construct an initial guess torus by setting

ε1 6= 0 and ε2 = ε3 = 0, and then continue varying the parameter ε2 and ε3.

3. Lastly, Librational tori we perform a similar analysis for the rotational tori of the simple

pendulum. This case is particularly interesting since the topology of librational tori differs

from the others, warranting detailed analysis. In this case, the continuation is analogous to the

rotational case.

Unlike the previous section, these three-dimensional objects require significant effort in numerical

implementation. Special attention must be paid to optimizing resources, such as RAM usage, as well

as to code efficiency. These considerations are critical for ensuring accurate and efficient computations

during the continuation of the tori. Through these examples, we not only demonstrate the capability

of the KAM method to handle complex quasiperiodic systems but also highlight the importance of

a robust numerical implementation.

4.3.1 The single-wave model

In his work, del-Castillo (2000), [dCN00], presents the single-wave model as a further simplification

of the vorticity mixing problem. Specifically, he introduces a pendulum-like Hamiltonian with a

time-dependent amplitude, described by,

H =

N∑
j=1

(
p2
j

2Γj
− 2Γj

√
J cos(qj − θ)

)
− UJ , (4.3.2)



68 Chapter 4

with Γj and U constants, and J , θ functions of time. Following [dCN00, MdRdCNOC15], we adopt

2
√
J = ε2 + ε3 cos(α1t), θ = α2t,

Let us consider the model by setting j = 1, Γ1 = 1 and U = 0, then we obtain

h =
p2

2
− (ε2 + ε3 cos(α1t)) cos(qj − α2t) . (4.3.3)

We observe that (4.3.3) coincides with equation (4.3.1), when ε1 = 0. Therefore the vector field is

Z̃h(z, ϕ1, ϕ2) =

Zh(z, ϕ1, ϕ2)

ϕ̇1

ϕ̇2

 =


p

(ε2 + ε3 cos(ϕ1)) cos(ϕ2 − q)
α1

α2

 (4.3.4)

In this case the torus is rotational, and the parameterization is of the form

K̃(θ, (ϕ1, ϕ2)) =

K(θ, (ϕ1, ϕ2))

ϕ1

ϕ2

 =


θ +Kp

x(θ, (ϕ1, ϕ2))

Kp
y (θ, (ϕ1, ϕ2))

ϕ1

ϕ2

 .

To construct the initial torus, we set parameters as ε1 = ε2 = ε3 = 0, with the initial q(0) = 0

and p(0) = 2. This implies that the internal frecuency is ω = 2, while the torus componentes are

Kx(θ, ϕ1, ϕ2) = θ and Ky(θ, ϕ1, ϕ2) = p0. Under these conditions, the parameterization of the torus

is flat. For the continuation, we keep ε1 = 0 and ε2 = ε3, up to ε2 = 0.320 and ε3 = 0.0155,

figure 4.10.
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Figure 4.10: The parameters are ε2 = 0.320 and ε3 = 0.155. The coefficients in each direction are 29, 29, and 27 for
θ, ϕ1, and ϕ2, respectively.
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4.3.2 Quasi-periodic pendulum

In this section, we consier ε1 = 1 in (4.3.1), i.e.,

h =
p2

2
+ cos(q)− (ε2 + ε3 cos(α1t)) cos(qj − α2t) . (4.3.5)

We explore numerically two different families of tori corresponding to rotational and librational

movements, i.e., families that are topologically distinct. In both cases, we integrate the pendulum

vector field with ε2 = ε3 = 0 to obtain K0(θ) := K(θ, 0). Afterward, we apply the method described

in subsection 4.2.2 to construct the initial torus.

Rotational motions

To calculate the internal frequency in this case, we follow a procedure similar to that of the Toka-

mak in Section 4.2.2. We do the numerical integration of the vector field, with initial condi-

tions q(0) = −π and p(0) = 2, and apply Birkhoff average developed in [DSSY17], resulting in

ω = 2.39509749976984749999. The following selection of images shows, on the left, the components

of the torus K with respect to the coordinate ϕ1, and on the right, the same components with respect

to ϕ2.
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Figure 4.11: The parameters are ε1 = 1.000 ε2 = 0.000 and ε3 = 0.000. The coefficients in each direction are 27, 25,
and 24 for θ, ϕ1, and ϕ2, respectively.
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Figure 4.12: The parameters are ε1 = 0.096 ε2 = 0.040 and ε3 = 0.040. The coefficients in each direction are 27, 26,
and 25 for θ, ϕ1, and ϕ2, respectively.
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Figure 4.13: The parameters are ε1 = 0.092 ε2 = 0.080 and ε3 = 0.040. The coefficients in each direction are 28, 25,
and 24 for θ, ϕ1, and ϕ2, respectively.
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Librational motions

For the librational tori, we consider the initial conditions q(0) = π
2 and p(0) = 0. From these, using

Jacobi elliptic integrals, internal frequency is ω = 0.84721308479397908659. Similar to the previous

section, the following set of images provides a comparative view of the torus K. On the left, the

components are plotted with respect to the coordinate ϕ1, while on the right, the same components

are shown relative to ϕ2.
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Figure 4.14: The parameters are ε1 = 1.000, ε2 = 0.000 and ε3 = 0.000. The coefficients in each direction are 27, 25,
and 24 for θ, ϕ1, and ϕ2, respectively.
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Figure 4.15: The parameters are ε1 = 0.930 ε2 = 0.035 and ε3 = 0.007. The coefficients in each direction are 28, 27,
and 26 for θ, ϕ1, and ϕ2, respectively.
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Figure 4.16: The parameters are ε1 = 0.860 ε2 = 0.070 and ε3 = 0.014. The coefficients in each direction are 29, 28,
and 27 for θ, ϕ1, and ϕ2, respectively.
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Conclusions

In this work, we have presented two applications of the method for the existence and stability of

invariant tori in time-dependent quasi-periodic Hamiltonian systems. Unlike other approaches, our

method is applied directly to the vector field of the system, avoiding the need to construct a quasi-

periodic map, as is commonly done in studies based on the standard map. This formulation allows

for a more direct and flexible implementation in different physical contexts, facilitating its adaptation

to problems with various dynamical structures.

Additionally, we exploit the fibered structure of the system to reduce the problem’s dimension

from 2n + ` to 2n, where the external frequencies are naturally incorporated into the formulation.

This not only simplifies the theoretical analysis but also improves computational efficiency. In par-

ticular, the torsion expression used in this work avoids the computation of the Lie derivative, as

required in other methods, significantly reducing computational complexity. Instead, our method

only requires evaluating the torus parameterization, in the derivative of the vector field, and the

product of geometric objects, leading to faster and more precise calculations. This reduction in

computational cost is especially relevant for applications that require high numerical precision.

Furthermore, our approach enables more efficient Computer-Assisted Proofs (CAPs) compared

to methods based on the system’s flow. Since we work directly with the vector field rather than inte-

grating the dynamics, we avoid the need to validate numerical integration through a CAP, which can

be computationally expensive and numerically delicate. This aspect makes our method particularly

suitable for applications requiring rigorous validation with lower computational effort.

In cases where the method converges, the number of Fourier nodes doubles at each iteration,

leading to an increasing demand for computational resources. In the case of the Tokamak, the

expansion is first attempted in the θ direction; if this does not work, it is tried in ϕ, and if it

still does not converge, it is performed in both directions simultaneously. A similar procedure is

followed for coupled pendulums. This behavior makes RAM management a crucial aspect of the

method’s implementation. In the future, when Computer-Assisted Proofs are carried out, it will

be essential to perform calculations in multiple precision, further increasing memory demand and
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requiring advanced resource management strategies. This challenge represents an interesting problem

that is worth addressing in future research.

Our results strengthen the applicability of KAM methods in time-dependent Hamiltonian sys-

tems and open new perspectives for their implementation in concrete physical problems, such as the

dynamics of confined plasmas and geometric transport models. Future work could explore extend-

ing this approach to systems with a larger number of degrees of freedom and integrating it with

advanced numerical techniques for high-dimensional problems. Additionally, combining this method

with computational analysis approaches and computer-assisted proofs could provide new tools for

the rigorous study of the stability and persistence of invariant tori in more general scenarios.

The method is designed to compute tori of any dimension. The only restrintion comes from the

computational resources. Based on the information presented in figures 4.6 and 4.9, we can estimate

the bandwidth ρ. Furthermore, we can compute the Diophantine constants, as referenced in [FH25].

Also, we can estimate all the constants listed in tables (1) and (2) from [CHP25a], to calculate the

constant C1 in equation (3.3), which is essential for computing the smallness condition and to do

CAPs .



Appendix A

Extended Symplectic Formulation for QP

Hamiltonian

A different approach to handling time-dependent quasiperiodic Hamiltonian systems involves extend-

ing the symplectic structure by introducing auxiliary variables. This method effectively transforms

the system into an autonomous form, allowing the use of standard symplectic techniques. By aug-

menting the phase space with fictitious variables, one can preserve the Hamiltonian framework while

incorporating time dependence naturally. In this appendix, we outline the construction of this ex-

tended formulation and discuss its advantages in the context of KAM theory.

We consider a qp-time-dependent Hamiltonian system of the form

h : R2n × T` −→ R ,
(z, ϕ) 7−→ h(z, ϕ) ,

is to extend the symplectic formalism by introducing fictitious variables, I, associated with momen-

tum, which are conjugate to the quasi-periodic time variables, i.e.

ĥ : R2n × T` × R` −→ R ,
(z, ϕ, I) 7−→ ĥ(z, ϕ, I) = h(z, ϕ) + I · α ,

with α ∈ R` external frequencies. The corresponding symplectic vector field is then given by:

Zĥ(z, ϕ, I) = Ω̂(z)−1(Dĥ(z, ϕ, I))> ,

with,

Ω̂(z)−1 =

(
Ω(z)−1 O2n×2`

O2`×2n Ω−1
`

)
,
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where Ω(z) denotes a 2n symplectic matrix, while Ω` =

(
O` −I`
I` O`

)
is the 2` standar symplectic

matrix. Moreover, the matrix representations of the Riemannian metric and the linear isomorphism

are expressed as follows.

Ĝ(z) =

(
G(z) O2n×2`

O2`×2n I2`

)
, Ĵ(z) =

(
J(z) O2n×2`

O2`×2n Ω`

)
.

Analogous to [HCF+16, HL19], we could to look a parameterization K̂ : Tn × T` →M× T` × R`

K̂(θ, ϕ) =

K(θ, ϕ)

Φ(θ, ϕ)

I(θ, ϕ)

 .

That satisfies the follow inifinitesimal invariance equation, with internal dynamics is given by the

constant vector field (ω, α),

Zĥ(K(θ, ϕ),Φ(θ, ϕ), I(θ, ϕ)) = D(K(θ, ϕ),Φ(θ, ϕ), I(θ, ϕ))(ω, α)> .

Where we obtain the follow equations,

Zh(θ, ϕ) =: Ω(z)−1(Dzh(θ, ϕ))> =− Lω,αK(θ, ϕ) , (A.1)

α =− Lω,αΦ(θ, ϕ) , (A.2)

− (Dϕh(θ, ϕ))> =− Lω,αI(θ, ϕ) . (A.3)

By solving these equations, we can obtain a parameterization of an invariant torus of dimension

2(n+ `). Since we assume that ϕ ∈ T`, we obtain that,

Φ(θ, ϕ) = ϕ ,

i.e.,

K̂(θ, ϕ) =

K(θ, ϕ)

ϕ

I(θ, ϕ)

 .

Therefore, the tangent bundle, L̂ : Tn × T` → R2(n+`)×(n+`) takes the following form,

L̂(θ, ϕ) =

DθK(θ, ϕ) DϕK(θ, ϕ)

O`×n I`

DθI(θ, ϕ) DϕI(θ, ϕ)

 .

In comparison with the approach in this work, by assuming ϕ ∈ T`, therefore We not only reduce the

dimension of the torus, from 2(n+ `) to 2n, also the number of equations to solve, thereby lowering

the computational cost of the resulting algorithms derived from the proof.



Appendix B

Computation of a Novel Torsion Expression

In this appendix, we derive an expression for the torsion without involving Lie derivatives, explicitly

obtaining equation (1.4.4) from (1.4.14).

Lema 4.3.1. Let T : Tn × T` → Rn be the torsion matrix, as defined in equation (1.4.14). Then, it

satisfies the expression given in equation (1.4.4).

Proof. Let us consider

Ñ(θ, ϕ) = N(θ, ϕ)0B(θ, ϕ) = J(K((θ, ϕ))L(θ, ϕ)B(θ, ϕ) .

Through the substitution of this expression into the equations, (1.4.9) and (1.4.13), we obtain:

N(θ, ϕ) = L(θ, ϕ)A(θ, ϕ) + Ñ(θ, ϕ) , (B.1)

A(θ, ϕ) = −1

2
Ñ(θ, ϕ)>Ω(K(θ, ϕ), ϕ)Ñ(θ, ϕ) . (B.2)

Now, we calculate the following derivatives; Lω,αL(θ, ϕ), Lω,αB(θ, ϕ), Lω,αÑ(θ, ϕ) and Lω,αA(θ, ϕ).

Since they are necessary to calculate Lω,αN(θ, ϕ). For the first expression, it is sufficient to differen-

tiate the invariance equation, (1.2.6), with respect to θ, that is,

Lω,αL(θ, ϕ) = −DzZh(K(θ, ϕ), ϕ)L(θ, ϕ) , (B.3)

For the second one, let us take the Lie derivative of Id = B−1B, we have obtain that Lω,αB =
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−BLω,αB
−1B = −BLω,α

(
L>(G ◦K))L

)
B, i.e,

Lω,αB(θ, ϕ) =B(θ, ϕ)>L(θ, ϕ)>
(

Ω(K(θ, ϕ), ϕ)DzZh(K(θ, ϕ), ϕ)

− Ω(K(θ, ϕ))DzJ(K(θ, ϕ)) [Zh (K(θ, ϕ), ϕ)] J(K(θ, ϕ))−1

− Ω(K(θ, ϕ))J(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ)J(K(θ, ϕ))−1
)
Ñ(θ, ϕ)

=Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(K(θ, ϕ), ϕ))Ñ(θ, ϕ) .

(B.4)

Equations (B.3), (1.3.9) and

Th(z, ϕ) = Ω(z)
(

DzZh(z, ϕ)−DzJ(z) [z, ϕ)] J(z)−1 − J(z)DzZh(z, ϕ)J(z)−1
)
,

were used for this calculation. For the next one, we consider, the definition of Ñ and the equations

(B.3) and (B.4).

Lω,αÑ(θ, ϕ) =−DzJ(K(θ, ϕ)) [Zh (K(θ, ϕ), ϕ)]L(θ, ϕ)B(θ, ϕ)

− J(K(θ, ϕ))DzZh(K(θ, ϕ), ϕ)L(θ, ϕ)B(θ, ϕ)

+ J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(K(θ, ϕ), ϕ))Ñ(θ, ϕ) .

(B.5)

Therefore the Lie derivative of A, is:

Lω,αA(θ, ϕ)

=− 1

2
Lω,αÑ(θ, ϕ)>Ω(K(θ, ϕ))Ñ(θ, ϕ)

− 1

2
Ñ(θ, ϕ)>Lω,αΩ(K(θ, ϕ))Ñ(θ, ϕ)

− 1

2
Ñ(θ, ϕ)>Ω(K(θ, ϕ))Lω,αÑ(θ, ϕ)

=
1

2
Ñ(θ, ϕ)>J(K(θ, ϕ))−>DzJ(K(θ, ϕ)) [Zh (K(θ, ϕ), ϕ)]>Ω(K(θ, ϕ))Ñ(θ, ϕ)

+
1

2
Ñ(θ, ϕ)>J(K(θ, ϕ))−>(DzZh (K(θ, ϕ), ϕ))>J(K(θ, ϕ))>Ω(K(θ, ϕ))Ñ(θ, ϕ)

− 1

2
Ñ(θ, ϕ)>Th(K(θ, ϕ), ϕ))>J(K(θ, ϕ))−1Ñ(θ, ϕ)L(θ, ϕ)>J(K(θ, ϕ))>Ω(K(θ, ϕ))Ñ(θ, ϕ)

− 1

2
Ñ(θ, ϕ)> (DzZh (K(θ, ϕ), ϕ))>Ω(K(θ, ϕ))N(θ, ϕ)

− 1

2
Ñ(θ, ϕ)>Th(K(θ, ϕ), ϕ))Ñ(θ, ϕ)

− 1

2
Ñ(θ, ϕ)>Ω(K(θ, ϕ))J(K(θ, ϕ))L(θ, ϕ)Ñ(θ, ϕ)>J(K(θ, ϕ))−>Th(K(θ, ϕ), ϕ))Ñ(θ, ϕ) ,

(B.6)



Appendix B Computation of a Novel Torsion Expression 79

Using (B.1), (B.3),(B.4), (B.5), (B.6) in (1.4.14), we obtain

T (K(θ, ϕ), ϕ) =
1

2
Ñ(θ, ϕ)>

(
Th(K(θ, ϕ), ϕ) + Th(K(θ, ϕ), ϕ)>

)
Ñ(θ, ϕ)

+ Ñ(θ, ϕ)>Th(K(θ, ϕ), ϕ)>L(θ, ϕ)A(θ, ϕ)

−A(θ, ϕ)L(θ, ϕ)>Th(K(θ, ϕ), ϕ)Ñ(θ, ϕ) .
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Appendix C

Compendium of Constants in the KAM Theory

In this appendix we collect the recipes to compute all constants involved in the different estimates

presented in the thesis. Keeping track of these constants is crucial to apply the KAM theorem in

particular problems and for concrete values of parameters. Let us remark that, as it becomes clear

in the proof, the numbersva1, a2 and a3 are independent parameters, that can be selected in order to

optimize the applicability of the theorems depending on the particular problem at hand. Table 4.1

corresponds to the geometric construction of the theorem. The constants needed for a Newton step

are outlined in Table 4.2, while Table 4.3 contains the constants related to the method’s convergence.

Table 4.1: Constants introduced in Chapter 2. Constants with ∗ in the label correspond to Case III.

Object Constant Label Result

LωΩL CLΩL = 2ncΩ,0σL + σL>cΩ,1σLδ + nσL>cΩ,0 (2.2.3) Lemma 2.2.2

ΩL CΩL = cRCLΩL (2.2.4) Lemma 2.2.2

L CL = σL (2.2.8) Lemma 2.2.4

L> CL> = σL> (2.2.9) Lemma 2.2.4

GL CGL = CL>cG,0CL (2.2.10) Lemma 2.2.4

N0 CN0 = cJ,0CL (2.2.14) Lemma 2.2.5

(N0)> CN0,> = CL>cJ>,0 (2.2.15) Lemma 2.2.5

Ñ CÑ = CN0σB (2.2.16) Lemma 2.2.5

Ñ> CÑ> = σBCN0,> (2.2.17) Lemma 2.2.5

A CA = 1
2
CÑ>cΩ,0CÑ , ∗CA = 0 (2.2.18)∗ Lemma 2.2.5

N CN = CLCA + CÑ , ∗CN = CÑ (2.2.19) Lemma 2.2.5

N> CN> = CACL> + CÑ> , ∗CN> = CÑ> (2.2.20) Lemma 2.2.5

Esym Csym = (1 + CA) max{1, CA}CΩL , ∗Csym = CΩL max{1, (σB)2} (2.2.24) Lemma 2.2.5
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T

CT = 1
2

(CÑ>cTh,0CÑ + CÑ>cT>
h
,0CÑ )

+ CÑ>cT>
h
,0CN + CN>cTh,0CÑ

∗CT = CN>cTh,0CN

(2.2.25) Lemma 2.2.7

TE
CTE = cΩ,1δ + cΩ,0cJ,1cJ−1,0δ

+ 2ncJ>,0CLσBc
2
Ω,0 + ncJ>,0σBCL>c

2
Ω,0

(2.2.43) Lemma 2.2.10

T>E

CT>
E

= cΩ,1δ + cJ−>,0cJ>,1cΩ,0δ

+ nσBCL>cJ,0c
2
Ω,0 + 2nCLσBcJ,0c

2
Ω,0

(2.2.44) Lemma 2.2.10

ELB CELB
= CÑ>cJ−>,0CTECÑ (2.2.45) Lemma 2.2.10

E>LB CE>
LB

= CÑ>CT>E
cJ−1,0CÑ (2.2.46) Lemma 2.2.10

ELÑ CE
LÑ

= δcJ,1CLσB + ncJ,0σB + cJ,0CLCELB
(2.2.47) Lemma 2.2.10

E>
LÑ

CE>
LÑ

= δσBCL>cJ>,1 + 2nσBcJ>,0 + CE>
LB

CL>cJ>,0 (2.2.48) Lemma 2.2.10

ELA CELA
= 1

2
(CE>

LÑ

cΩ,0CÑ + δCÑ>cΩ,1CÑ + CÑ>cΩ,0CELÑ
) (2.2.49) Lemma 2.2.10

ELN CELN
= CE

LÑ
+ CLCELA

+ nCA (2.2.50) Lemma 2.2.10

ET

CET = 1
2

(CACΩLCÑ>cT>
h
,0CÑ + CACΩLCÑ>cTh,0CÑ )

+ CACΩLCAcTh,0CÑ + CACΩLCÑ>cT>
h
,0CÑCLCA

+ γδτCACL>cΩ,0CELN
+ γδτCÑ>cΩ,0CELN

(2.2.51) Lemma 2.2.10

XL CXL
= n (2.2.61) Lemma 2.2.11

X>L CX>
L

= 2n (2.2.62) Lemma 2.2.11

LĀ

CLA = 1
2

(CÑ>cT>
h
,0CÑ + CÑ>cT>

h
,0cJ−1,0CÑCL>cJ>,0cΩ,0CÑ

+ CÑ>cTh,0CÑ + CÑ>cΩ,0cJ,0CLCÑ>cJ−>,0cTh,0CÑ

)
∗CLA = 0

(2.2.65) Lemma 2.2.11

E1,1
red C1,1

red = CN>cΩ,0CXL
(2.2.67) Lemma 2.2.11

E1,2
red C1,2

red = CET (2.2.68) Lemma 2.2.11

E2,1
red C2,1

red = CL>cΩ,0CXL
(2.2.69) Lemma 2.2.11

E2,2
red

C2,2
red = (CL>cΩ,1CN δ + CX>

L
cΩ,0CN + CLΩLCA + σL>cΩ,0σLCELA

)γδτ

+ CΩLCLA

(2.2.70) Lemma 2.2.11

Ered Cred = max{C1,1
redγδ

τ + C1,2
red , C

2,1
redγδ

τ + C2,2
red} (2.2.71) Lemma 2.2.11

Table 4.2: Constants introduced in Lemma 3.2.1. Given an object Zh, we use the notation ∆LZh = Lω,αZ̄h − Lω,αZh.
Constants with ∗ in the label are 0 in Case III.

Object Constant Label

ξN0 C
ξN0

= σT (C
N>cΩ,0γδ

τ + cRCTCL>cΩ,0) (3.2.12)

ξN C
ξN

= C
ξN0

+ cRCL>cΩ,0 (3.2.13)

ξL C
ξL

= cR(C
N>cΩ,0γδ

τ + CTCξN ) (3.2.14)

ξ Cξ = max{C
ξL

, C
ξN

γδτ} (3.2.15)

∆K C∆K = CLCξL + CNCξN γδ
τ (3.2.16)

Lωξ
N C

LξN
= C

L>cΩ,0 (3.2.19)

Lωξ
L C

LξL
= C

N>cΩ,0γδ
τ + CTCξN (3.2.20)
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Lωξ CLξ = max{C
LξL

, C
LξN

γδτ} (3.2.21)

Elin Clin = CredCξ + cΩ,0CsymCLξγδ
τ (3.2.22)

Ē CE = 2(CL + CN )Clinγδ
τ−1 + 1

2
cZh,2

(C∆K)2 (3.2.26)

∆L C∆L = nC∆K (3.2.29)

∆L> C
∆L> = 2nC∆K (3.2.30)

∆G C∆G = cG,1C∆K (3.2.31)

∆GL C∆GL
= C

L>cG,0C∆L + C
L>C∆GCLδ + C

∆L>cG,0CL (3.2.32)

∆B C∆B = (σB)2C∆GL
(3.2.34)

∆Ω C∆Ω = cΩ,1C∆K (3.2.35)

∆J C∆J = cJ,1C∆K (3.2.36)

∆J> C
∆J> = c

J>,1C∆K (3.2.37)

∆N0 C
∆N0 = cJ,0C∆L + C∆JCLδ (3.2.38)

∆N0> C
∆N0> = C

∆L>cJ>,0 + C
L>C∆J>δ (3.2.39)

∆Ñ C
∆Ñ

= C
∆N0σB + C

N0C∆B (3.2.40)

∆Ñ> C
∆Ñ> = σBC∆N0> + C∆BCN0,> (3.2.41)

∆A C∆A =
1

2

(
C

∆Ñ>cΩ,0CÑ + C
Ñ>C∆ΩCÑ δ + C

Ñ>cΩ,0C∆Ñ

)
(3.2.42)

∗C∆A = 0

∆N C∆N = CAC∆L> + C∆ACL> + C
∆Ñ

(3.2.43)

∆N> C
∆N> = CAC∆L> + C∆ACL> + C

∆Ñ> (3.2.44)

∆Th C∆Th
= cTh,1

C∆K (3.2.47)

∆T>h C
∆T>

h
= c

T>
h
,1
C∆K (3.2.48)

∆T

C∆T = 1
2
C

∆Ñ>cTh,0CÑ + C
Ñ>C∆Th

C
Ñ
δ + C

Ñ>cTh,0C∆Ñ

+ 1
2
C

∆Ñ>cT>
h
,0
C
Ñ

+ C
Ñ>C∆T>

h
C
Ñ
δ + C

Ñ>cT>
h
,0
C

∆Ñ

+ C
∆Ñ>cT>

h
,0
CN + C

Ñ>C∆T>
h
CN δ + C

Ñ>cT>
h
,0
C∆N

+ C
∆N>cTh,0CÑ + C

N>C∆Th
C
Ñ
δ + C

N>cTh,0C∆Ñ

(3.2.49)

∆〈T 〉−1 C
∆〈T〉−1 = (σT )2C∆T (3.2.51)

Table 4.3: Constants introduced in Section 3.3 associated with the convergence of que quasi-Newton method that
yields Theorem 2.1.1, i.e., the ordinary formulation.

Constant Label

C1 = max
{

(a1a3)4τCE , (a3)2τ+1γ2ρ2τ−1C∆

}
(3.3.6)

C∆,1 = max

{
nC∆K

σL−‖DK‖ρ
, 2nC∆K

σ
L>−‖DK

>‖ρ
, C∆B
σB−‖B‖ρ

,
C

∆〈T〉−1

σT−|〈T 〉−1|

}
(3.3.7)

C∆,2 = C∆Kδ

dist(K(Tdρ),∂B)
(3.3.8)

C∆ = max

{
Csymγδτ ,

C∆,1

1−a1−2τ
1

,
C∆,2

1−a−2τ
1

}
(3.3.9)

C2 = a2τ
3 C∆K/(1− a−2τ

1 ) (3.3.10)
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Appendix D

Table of time and memory for Quasi-Newton

method to Tokamak

In this appendix, we presente a table of time and memory for Quasi-Newton method to Tokamak.

The grid size is 212 × 211. The numerical simulations were executed on a computer equipped with

an Intel(R) Xeon(R) E5-2665 CPU, operating at 2.40 GHz with a maximum boost frequency

of 3.10 GHz. This processor features a 16-core architecture, allowing for 16 threads due to its

hyper-threading capability, with 8 cores per socket. The system architecture is x86 64, supporting

both 32-bit and 64-bit modes. The CPU’s cache hierarchy includes 256 KiB of L1 data cache

per core, 256 KiB of L1 instruction cache per core, 2 MiB of L2 cache per core, and 20 MiB of

shared L3 cache. The machine operates on a single NUMA node with all CPUs (0-15) accessible, and

it supports virtualization through VT-x technology. The system is running on a Linux operating

system. The machine is equipped with 32 GiB of total RAM, Additionally, the system has a 32 GiB

swap space, The calculations were performed using C++ with long double, providing a precision

of up to 20 significant digits.

The following table shows the time and memory usage percentage at each step of the iterations

of the quasi-Newton method. The steps are as follows: 1. Construction of the tangent frame, 2.

Construction of torsion, 3. Correction in the symplectic frame, and 4. Computation of the new

parameterization.
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Iteration 1

Step Execution Time Memory Usage Objects

1 26.9559 (s) 2.0 % ‖L‖ =2.602235e+00 ‖ΩL‖ =0.000000

2 43.6666 (s) 3.2 % ‖LL‖ =0.32544 ‖T‖ =1.15074036e+01

3 18.5556 (s) 3.2 % 〈T 〉 =-2.35551120e+00 〈T−1〉 =-4.24536295e-01

4 0.776569 (s) 3.2 % ‖∆K‖ =8.997e-03 ‖E‖ =2.71804e-05

Iteration 2

Step Execution Time Memory Usage Objects

1 26.9567 (s) 2.0 % ‖L‖ =2.757424e+00 ‖ΩL‖ =0.000000

2 43.6666 (s) 3.2 % ‖LL‖ =0.322738 ‖T‖ =1.13239957e+01

3 18.5332 (s) 3.2 % 〈T 〉 =-2.35326725e+00 〈T−1〉 =-4.24941112e-01

4 0.775557 (s) 3.2 % ‖∆K‖ =7.180e-04 ‖E‖ =5.35071e-06

Iteration 3

Step Execution Time Memory Usage Objects

1 26.978 (s) 2.0 % ‖L‖ =2.789292e+00 ‖ΩL‖ =0.000000

2 43.7547 (s) 3.2 % ‖LL‖ =0.325661 ‖T‖ =1.13989675e+01

3 18.5258 (s) 3.2 % 〈T 〉 =-2.35312392e+00 〈T−1〉 =-4.24966994e-01

4 0.780214 (s) 3.2 % ‖∆K‖ =1.940e-05 ‖E‖ =4.22474e-08

Iteration 4

Step Execution Time Memory Usage Objects

1 27.0355 (s) 2.0 % ‖L‖ =2.785728e+00 ‖ΩL‖ =0.000000

2 43.8932 (s) 3.2 % ‖LL‖ =0.325439 ‖T‖ =1.13621447e+01

3 18.5478 (s) 3.2 % 〈T 〉 =-2.35313653e+00 〈T−1〉 =-4.24964718e-01

4 0.778876 (s) 3.2 % ‖∆K‖ =1.895e-08 ‖E‖ =2.70577e-11

Iteration 5

Step Execution Time Memory Usage Objects

1 26.9686 (s) 2.0 % ‖L‖ =2.785741e+00 ‖ΩL‖ =0.000000

2 56.311 (s) 3.2 % ‖LL‖ =0.32544 ‖T‖ =1.136222460e+01

3 18.4804 (s) 3.2 % 〈T 〉 =-2.35313653e+00 〈T−1〉 =-4.24964718e-01

4 0.778876 (s) 3.2 % ‖∆K‖ =2.706e-08 ‖E‖ =9.63249e-16
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