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Abstract: Most atomic nuclei decay via β decay, a weak interaction process. In second-order β
decay, two neutrons decay into two protons, accompanied by the emission of two electrons and two
antineutrinos. However, if neutrinos were Majorana particles, this would allow the existence of a
hypothetical neutrino-less double-β decay (0νββ), which violates the symmetries of the Standard
Model of particle physics because only two electrons are emitted. In this work, we compute the
0νββ decay nuclear matrix elements (NMEs) for light and medium-mass nuclei from 6He to 60Ca.
We find larger values of the NMEs for decays where the initial and final nuclei are mirror nuclei.
Finally, we find a good correlation between 0νββ NMEs and double Gamow-Teller NMEs, which
can be measured in nuclear reactions. This correlation is approximately universal for all decays
studied.
Keywords: β decay, Standard Model of particle physics, Nuclear Shell Model.
SDGs: Quality education, Industry, innovation, infrastructures.

I. INTRODUCTION

An unstable nucleus decays spontaneously through dif-
ferent mechanisms until it reaches a more stable nucleus,
with lower energy. Among these decay mechanisms is β
decay, a weak-interaction process.

Single β decay is the conversion inside a nucleus of a
nucleon into another nucleon, accompanied by the pos-
sible emission of electrons, neutrinos, positrons and an-
tineutrinos. There are three types of β decays: β−, β+

and electron capture. This study focuses on β− decay

β− : n → p+ e− + ν̄e, (1)

where n are neutrons, p are protons, e− are electrons and
ν̄e are antineutrinos.

Second-order nuclear β− decay, called two-neutrino
double-β decay (2νββ) is the conversion inside a nucleus
of two neutrons into two protons, accompanied by the
emission of two electrons and two antineutrinos

2νββ : 2n → 2p+ 2e− + 2ν̄e, (2)

shown in the left diagram of Figure 1. This decay is much
less probable than single β− decay, as it is a second-order
process. However, it has been observed in a dozen nuclei
with half-lives on the order of 1018 years, or longer [2].
The Standard Model of particle physics is the currently

accepted theoretical framework that describes the weak
interaction. The conserved quantities it imposes for weak
interactions are: energy, charge, total angular momen-
tum, baryon number, and lepton number.

In the Standard Model, all massive fermions that carry
an electric charge are described by Dirac fields, so they
possess distinct particle and antiparticle states. Neutri-
nos, which are electrically neutral, are the only known
fermions for which this distinction is not theoretically re-
quired. E. Majorana [1] proposed the alternative that a
neutral fermion could be its own antiparticle.

If neutrinos were Majorana particles, this would allow
the existence of the hypothetical neutrino-less double-β
decay (0νββ), which is the conversion of two neutrons
into two protons, accompanied by the emission of two
electrons with no antineutrinos:

0νββ : 2n → 2p+ 2e−, (3)

shown in the right diagram of Figure 1. Since neutrinos
would be their own antiparticles, they would annihilate
each other, therefore, only two matter particles (2e−)
would be created in the decay. This opens an interest-
ing area of research that could lead to a violation of one
of the conserved quantities, lepton number. In addition,
Majorana fermions would also help to explain the ob-
served asymmetry between matter and antimatter in the
universe.
The half-lives for 0νββ follow the equation

(T 0ν
1/2)

−1 = G0ν(Qββ , Z)g4A|M0ν |2m2
ββ , (4)

FIG. 1: Diagrams of 2νββ (left) and 0νββ (right). The dia-
grams, where the x-axis, from left to right, represents time,
show the change of flavor of a d quark to a u quark with
straight lines, indicating the decay of a neutron n to a proton
p. This change emits two W− bosons, shown with wavy lines,
which decay into two electrons e− and antineutrinos ν̄. The
vM cross symbol at the right diagram illustrates the annihi-
lation of two Majorana neutrinos. Figure from [3].
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where G0ν is the emitted electrons’ phase-space factor,
Qββ is the Q value for 0νββ, Z is the number of protons
of the initial nucleus, gA = 1.27 is the axial coupling
to the nucleon, and mββ describes the effective neutrino
mass, which is a combination of the neutrino masses and
mixing parameters [4]. mββ does not enter 2νββ half-
lives because for such decays the neutrinos are part of
the decay phase-space factor. Finally M0ν is the 0νββ
nuclear matrix element (NME).

Since there are no experimental data for 0νββ, the aim
of this work is to theoretically study the 0νββ NMEs for
ground state to ground state decays of light and medium-
mass atomic nuclei with mass number 6 ≤ A ≤ 60. For
these calculations, we use the nuclear shell model. We
also investigate the relation between 0νββ NMEs and
the NMEs of another process called double Gamow-Teller
(DGT) transition, which can be measured in nuclear re-
actions [4].

II. NUCLEAR SHELL MODEL

Figure 2 shows the energy ordering of the nuclear
single-particle orbitals for light and medium-mass nuclei.
For particular numbers of neutrons N and protons Z,
called magic numbers, the energy gap between single-
nucleon orbitals is especially large. Therefore, these or-
bitals can be thought of as forming energy shells. This is
the case for N = Z = 2, 8 and 20 in Figure 2.

The shell model was introduced by M. Goeppert-Mayer
[5] to explain why the nucleon separation energies present
maximum values for nuclei with Z or N equal to magic
numbers. This model assumes that the interactions be-
tween nucleons are well approximated by a mean field U ,
which takes the form of a central mean field (harmonic
oscillator with l·l term) plus spin-orbit (l·s) interactions,
where l is the orbital angular momentum and s = σ/2
the spin:

U(r) =
1

2
mNω2r2 +Dl · l− Cl · s, (5)

with mN the nucleon mass, ω the frequency, r the posi-
tion and D and C constants [6].

However, in order to better describe atomic nuclei,
especially those beyond magic numbers, it is necessary
to consider explicitly the nucleon-nucleon interaction,
Heff , and to solve the corresponding non-relativistic
Schrödinger equation. To derive an easier solution, the
nuclear shell model divides the set of orbitals into three
groups based on the original shell model of M. Goeppert-
Mayer (the lower and upper boundaries of each group of
orbitals are magic numbers) [6]:

• Inert core: Fully occupied orbitals.

• Valence space: Available orbitals for the valence
nucleons, occupied or not according to Heff .

• External space: The remaining orbitals that are
always empty.

In this work we study ground state to ground state
decays between states with nuclear angular momentum
J and parity P of JP = 0+ in three valence spaces with
three different cores:

• First, the p shell, green box from Figure 2, with
orbitals 0p1/2, 0p3/2. Its core is the 0s1/2 orbital.

• The second valence space is the sd shell, blue box
from Figure 2, consisting of 0d5/2, 1s1/2, and 0d3/2.
Its core contains the p shell and the 0s1/2 orbital.

• Finally, the pf shell, red box from Figure 2 , with
0f7/2, 1p1/2, 1p3/2 and 0f5/2 orbitals. Its core con-
sists of the p and sd shells, and the 0s1/2 orbital.

The single-particle orbitals of each shell are defined as
nlj , where n, l and j are the single-particle principal
quantum number, orbital angular momentum and total
angular momentum, respectively.
For each valence space with specific Heff , the non-

relativistic Schrödinger equation is [6]

Heff |Φ⟩ = E|Φ⟩, (6)

where the solution wave functions |Φ⟩ are linear combi-
nations of Slater determinants with amplitude αi:

|Φ⟩ =
∑
i

αi|ϕi⟩, (7)

with

|ϕi⟩ =
∏

i=nljmjτ

a†i |0⟩, (8)

where i is the single-nucleon state defined by the quan-
tum numbers nlj , mj (the angular momentum’s projec-

tion) and τ (the isospin projection), a†i is the creation
operator that creates a nucleon in state i of the valence
space, and |0⟩ is the vacuum state [7].

FIG. 2: Nuclear single-particle orbital energy scheme for the
shell model, showing the ordering of orbitals including the
effect of spin-orbit splitting. The highlighted boxes denote
the three spaces studied in this work: the p shell in green, the
sd shell in blue and the pf shell in red. Adapted from [8].
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The dimension of the configuration space is the prod-
uct of the combinatorial numbers given by the num-
ber of single-particle states for neutrons, Ns, and pro-
tons, Zs, in the valence space, and the valence protons
Zv = Z − Zcore and neutrons Nv = N − Ncore. Ncore

and Zcore are the number of nucleons in the inert core of
each valence space [6]

dim =

(
Ns

Nv

)
·
(
Zs

Zv

)
. (9)

III. INITIAL AND FINAL NUCLEI:
LOW-ENERGY SPECTRA

Before computing 0νββ NMEs we calculate the eigen-
states and corresponding energies for the ground states
of all initial and final nuclei. Because all initial and final
states we study are nuclei with even N and even Z, their
ground state is always JP = 0+.
Standard diagonalization methods are not usable in

large-scale calculations because they demand CPU times
that scale exponentially. For example, the 12O configu-
ration space for JP = 0+ has dim = 9 but for 56Ti it has
dim = 14177, and for this work, we are only interested
in a few eigenvalues and eigenvectors. A solution to this
problem is using the Lanczos algorithm discussed in [6].

The Lanczos algorithm involves constructing an or-
thonormal basis through the orthogonalization of the
states generated by applying HN

eff |1⟩ to a normalized

vector |1⟩, called the “pivot state”. Defining E11 as
⟨1|Heff |1⟩, and knowing that Heff is Hermitian so
ENN−1 = EN−1N , the Lanczos iterative procedure con-
sists of

Heff |N⟩ = ENN−1|N − 1⟩+ ENN |N⟩+ ENN+1|N + 1⟩,
ENN = ⟨N |Heff |N⟩. (10)

The equations above show that the Lanczos method
builds tridiagonal N×N matrices, for each step N . This
is key because tridiagonal matrices are easy to diagonal-
ize. The algorithm is iterated until the first nuclear states
of interest are converged.

We obtain nuclear ground states and their energies us-
ing the shell-model code NATHAN [9], which uses the
Lanczos algorithm. The Heff that we use are CKI [10]
for the p shell, USDB [11] for the sd shell and KB3G
[12] for the pf shell. To validate the quality of our cal-
culations, Figure 3 compares our calculated spectra with
experimental data [13].

In particular, Figure 3 selects four nuclei in the sd
shell: 20O, 20Ne, 30Mg, and 30Si, which correspond to
two different 0νββ decays with large and small NMEs,
see Table II in Appendix B. Figure 3 shows the excitation
energies of the first five excited states. Our energy cal-
culations are generally accurate for 20O, 20Ne and 30Si,
with an average relative error for the excitation energy
of 8%. 30Mg presents the lowest accuracy with an energy
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FIG. 3: Calculated energies (Th.) for the ground state and
first five excited energy levels with their JP values for four
nuclei in the sd shell, compared to experimental values (Exp.)
from [13], shown in black.

relative error of 80%. The accuracy of the excitation en-
ergies and ordering of the excited states improves to a
3% and 7%, respectively, if we focus only on the ground
and first excited state of those four nuclei. Therefore, we
conclude that the calculations are reliable for this work,
where we focus on ground states. We expect these re-
sults to be representative of all the remaining nuclei we
study, since the Heff used are standard interactions used
in numerous nuclear structure studies.

IV. NUCLEAR MATRIX ELEMENTS

Once we have obtained the initial |i⟩ and final ⟨f |
ground states for all 0νββ decays studied, we compute
the 0νββ NMEs introduced at Eq. (4) and the NMEs of
DGT transitions between the same nuclei.

A. 0νββ

For 0νββ, M0ν is

M0ν = M0ν
GT −

(
gV
gA

)2

M0ν
F +M0ν

T , (11)

where each term corresponds to the matrix element of
Gamow-Teller, Fermi and tensor operators in spin space,
respectively. gV = 1.00 is the vector coupling to the
nucleon [4]. The expressions of the different terms of
M0ν are given by [14]

M0ν
GT =

2R

πg2A

∫ ∞

0

|k|d|k|

⟨f |
∑
a,b

j0 (|k|rab)hGT (|k|)σa · σb

|k|
τ+a τ+b |i⟩,

(12)
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FIG. 4: Top panel: M0ν values calculated for nuclei in three different shells. The x-axis shows the initial nuclei of each decay.
Green triangles represent results for p-shell nuclei, blue circles for sd-shell nuclei and red squares for pf -shell nuclei. Bottom
panel: MDGT values obtained for the same nuclei shown with the same symbols. All results are from Tables I, II, and III.

M0ν
F =

2R

πg2A

∫ ∞

0

|k|d|k|⟨f |
∑
a,b

j0 (|k|rab)hF (|k|)
|k|

τ+a τ+b |i⟩,

(13)

M0ν
T =

2R

πg2A

∫ ∞

0

|k|d|k|⟨f |∑
a,b

j2 (|k|rab)hT (|k|) [3σa · r̂abσb · r̂ab − σa · σb]

|k|
τ+a τ+b |i⟩,

(14)
where σa ·σb is the Gamow-Teller operator, I is the Fermi
operator and [3σa · r̂abσb · r̂ab − σa · σb] is the tensor op-
erator. Subindices a, b sum over all neutrons in the nu-
cleus, k is the momentum transfer in the 0νββ, τ+ is the
isospin raising operator that turns neutrons into protons,
ji are spherical Bessel functions, and rab is the distance
between neutrons a and b. hGT , hF , and hT are the
neutrino potentials defined in Appendix A, and R is the
nuclear radius [4]

R = 1.2A1/3fm. (15)

In order to obtain M0ν for every decay, we compute
M0ν

GT , M
0ν
F and M0ν

T using the NATHAN code [9].

B. Double Gamow-Teller transitions

An accurate calculation of the 0νββ NMEs is chal-
lenging, as the nuclear shell model handles large config-
uration spaces. The uncertainty associated with these
calculations makes it difficult to extract mββ values from
half-life measurements. In this context, DGT transitions
emerge as a possible analog to 0νββ. They are second-
order and share the same spin and isospin structure as
M0ν

GT in Eq. (12). As an advantage, their NME:

MDGT = ⟨f |σa · σbτ
+
a τ+b |i⟩, (16)

is easier to compute, as it only involves the simpler two-
body Gamow-Teller operator, σa · σb, and can be mea-
sured in nuclear reactions.
Thus, computing DGT NMEs can serve as a proxy

to estimate M0ν . If a model reproduces MDGT well,
it can be more reliable for predicting M0ν . Therefore,
we compute MDGT for the same ground state to ground
state transitions in the three shell-model valence spaces
considered for 0νββ, and compare the results obtained.

V. RESULTS AND DISCUSSION

The upper panel of Figure 4 shows the M0ν values for
all nuclei studied in this work, including the decays of
p-shell (green triangles), sd-shell (blue circles) and pf -
shell (red squares) nuclei. Likewise, the lower panel of
Figure 4 shows theMDGT values for the same nuclei with
the same symbols. A first interesting result is that some
values of both M0ν and MDGT are significantly larger
than others. These larger NMEs correspond to decays
where the initial and final nuclei are mirror nuclei, which
means that the initial and final nuclei have the number
of protons and neutrons exchanged. The energy spectra
of mirror nuclei are almost identical and they also share
the same total isospin T [7]:

T =
|N − Z|

2
. (17)

In the results shown in the top panel of Figure 4, we
observe no clear relationship betweenM0ν and A for each
decay. This indicates that the observed behavior is pre-
dominantly governed by T and spin degrees of freedom.
For nuclei in all three valence spaces, decays where ini-
tial and final states do not have the same T value have
NME values in the range 0 ≤ M0ν ≤ 2 with no clear
pattern. Comparing the results in the bottom panel of
Figure 4, the general behavior for MDGT is similar. In-
terestingly, transitions with large (small) M0ν values are
also associated with large (small) MDGT values as well.
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FIG. 5: R ×MDGT as a function of M0ν for decays in three
different valence spaces (p shell in green, sd shell in blue and
pf shell in red). In addition to the results for each decay
studied (circles), the figure shows the best linear fit as solid
lines and correlation coefficients Rc, and the corresponding
68% (dark-colored bands) and 95% (light-colored bands) CL
prediction bands. The best linear fit to the combined results
for all calculated nuclei is shown with a solid black line and
its 68% CL prediction band with a dashed black line.

Finally, we analyze the correlation between 0νββ and
DGT NMEs. Figure 5 represents the values of MDGT

for all transitions studied in this work, multiplied by R,
as a function of M0ν for the same nuclei. The reason
for multiplying by R is that this factor is included in the
definition of M0ν , see Eqs. (12)-(14).
Figure 5 shows the theoretical results from the three

Tables I , II, and III in Appendix B, with the p-shell the-
oretical results in green, sd-shell ones in blue and pf -shell
ones in red. Figure 5 shows, in addition to the results of
each individual calculation, the best linear fit and 68%
(dark-colored bands) and 95% (light-colored bands) con-
fidence level (CL) prediction bands.

Qualitatively, Figure 5 indicates that the correlation
between 0νββ and DGT NMEs is very good, and all

correlation coefficients Rc2 obtained quantify this con-
clusion. The best fit obtained is for the pf shell with
Rc2 = 0.996. The lowest Rc2 obtained is for the p shell
with Rc2 = 0.863. This lower value may be related to
having only six decays in this valence space, half of which
are between mirror nuclei. All three fits are very similar
for small NME values and start to differ once M0ν grows.
Finally, Figure 5 shows in black the best fit and its

68% CL prediction band when considering all decays
studied in this work, with Rc2 = 0.904. The 68% black
band overlaps with the other 68% CL bands, except
slightly with the sd one for large NME values. Therefore,
this overall correlation is consistent with the ones for
the individual valence spaces.

VI. CONCLUSIONS

In this work, we computed the NME values ofM0ν and
MDGT using the nuclear shell model. The reliability of
the wavefunctions was validated by comparing them to
data of energy spectra, with relative errors in the range of
3-7%. Moreover, the obtained M0ν results are important
for obtaining theoretical mββ values which will help us
understand neutrinos.
An initial look at the results showed no clear pat-

tern for either NME with mass number, but we found
the largest NMEs occurred where the initial and final
nuclei were mirror nuclei. We found a strong correla-
tion (Rc2 = 0.904) between the DGT and 0νββ NMEs,
this result suggests a universal correlation between the
NMEs of these two processes. This processes, and helps
to test 0νββ calculations through experimentally acces-
sible DGT reactions.
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La majoria dels nuclis atòmics es desintegren mitjançant la desintegració β, un procés d’interacció
feble. En la desintegració β de segon ordre, dos neutrons es transformen en dos protons, acompanyats
de l’emissió de dos electrons i dos antineutrins. Tanmateix, si els neutrins fossin part́ıcules de
Majorana, això permetria l’existència d’una hipotètica desintegració doble-β sense neutrins (0νββ),
que viola les simetries del Model Estàndard de la f́ısica de part́ıcules, ja que només s’emeten dos
electrons. En aquest treball, calculem els elements de matriu nuclears (NME) de la desintegració
0νββ per a nuclis lleugers i de massa mitjana, des de 6He fins a 60Ca. Trobem valors més grans dels
NME per a desintegracions en què els nuclis inicial i final són nuclis mirall. Finalment, trobem una
bona correlació entre els NME de la 0νββ i els NME de les transicions doble Gamow-Teller, que es
poden mesurar en reaccions nuclears. Aquesta correlació és aproximadament universal per a totes
les desintegracions estudiades.
Paraules clau: Desintegracions β, Model estàndard de f́ısica de part́ıcules, Model de capes
nuclear.
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Appendix A: Neutrino potentials

The functions hi are the neutrino potentials defined as

hGT (|k|) ≡ g2A
(
k2

)
−

g2A
(
k2

)
g2P

(
k2

)
k2

3mN

+
g2P

(
k2

)
k4

12m2
N

+
g2M

(
k2

)
k2

6m2
N

,

(A1)

hF (|k|) ≡
g2V

(
k2

)
g2A

, (A2)

hT (|k|) ≡
g2A

(
k2

)
g2P

(
k2

)
k2

3mN
−

g2P
(
k2

)
k4

12m2
N

+
g2M

(
k2

)
k2

12m2
N

,

(A3)
obtained from [14], where gM and gP are the magnetic
and induced pseudoscalar couplings. The couplings have
a momentum dependence described as dipole form factors

gV
(
q2

)
=

[
1 + q2/Λ2

V

]−2
,

gA
(
q2

)
=

[
1 + q2/Λ2

A

]−2
,

gM
(
q2

)
= (1 + µp − µn) gV

(
q2

)
,

gP
(
q2

)
= 2mNgA

(
q2

) 1

q2 +m2
π

,

(A4)

where ΛV = 850 MeV and ΛA = 1040 MeV are the vector
and axial masses, µp - µn = 3.70 is the isovector anoma-
lous magnetic moment of the nucleon and mπ = 138.07
MeV is the pion mass.

Appendix B: 0νββ and DGT NME

Decay M0ν M0ν
GT M0ν

F M0ν
T MDGT

6He → 6Be 6.25 5.10 1.15 0.00 6.00
8He → 8Be
8Be → 8C

0.86 0.73 0.13 0.01 0.18
10He → 10Be
10C → 10O

1.10 0.95 0.14 0.01 0.39

10Be → 10C 5.89 4.64 1.29 0.04 4.56
12Be → 12C
12C → 12O

2.06 1.86 0.17 0.03 1.39

14C → 14O 5.15 3.97 1.32 0.14 3.67

TABLE I: 0νββ NMEs (second column) and DGT matrix el-
ements (sixth column) for the transitions of several p-shell
nuclei. The Gamow-Teller, Fermi and tensor components of
M0ν are given in the third, fourth and fifth columns, respec-
tively.

0νββ Decay M0ν M0ν
GT M0ν

F M0ν
T MDGT

18O → 18Ne 6.29 5.03 1.33 0.07 4.80
20O → 20Ne
20Ne → 20Mg

0.82 0.71 0.15 0.03 0.07

22O → 22Ne
22Mg → 22Si

0.58 0.49 0.12 0.03 0.09

22Ne → 22Mg 4.42 3.19 1.30 0.08 2.65
24O → 24Ne
24Si → 24S

0.80 0.67 0.12 0.00 0.12
24Ne → 24Mg
24Mg → 24Si

1.01 0.88 0.12 0.04 0.27

26O → 26Ne
26S → 26Ar

1.43 1.21 0.16 0.06 0.49
26Ne → 26Mg
26Si → 26S

1.66 1.46 0.20 0.01 0.71

26Mg → 26Si 4.45 3.14 1.40 0.09 2.30
28O → 28Ne
28Ar → 28Ca

0.84 0.66 0.12 0.07 0.02
28Ne → 28Mg
28S → 28Ar

1.48 1.27 0.17 0.05 0.51
28Mg → 28Si
28Si → 28S

1.31 1.15 0.16 0.00 0.52
30Ne → 30Mg
30Ar → 30Ca

1.17 0.96 0.14 0.07 0.21
30Mg → 30Si
30S → 30Ar

2.01 1.73 0.21 0.06 0.88

30Si → 30S 3.90 2.66 1.39 0.15 1.77
32Mg → 32Si
32Ar → 32Ca

1.81 1.61 0.16 0.05 0.87
32Si → 32S
32S → 32Ar

1.64 1.50 0.20 0.06 0.79
34Si → 34S
34Ar → 34Ca

1.44 1.27 0.17 0.00 0.64

34S → 34Ar 3.82 2.58 1.42 0.18 1.75
36S → 36Ar
36Ar → 36Ca

1.41 1.30 0.19 0.09 0.76

38Ar → 38Ca 4.61 3.35 1.47 0.21 2.63

TABLE II: Same as Table I but for sd-shell nuclei.

0νββ M0ν M0ν
GT M0ν

F M0ν
T MDGT

42Ca → 42Ti 6.08 4.76 1.43 0.11 4.12
44Ca → 44Ti 1.84 1.69 0.22 0.07 0.95
46Ca → 46Ti 1.30 1.18 0.19 0.07 0.43
48Ca → 48Ti 1.00 0.91 0.15 0.06 0.27
50Ca → 50Ti 1.18 1.02 0.15 0.00 0.37
52Ca → 52Ti 0.92 0.80 0.12 0.00 0.27
54Ca → 54Ti 1.28 1.13 0.13 0.03 0.51
56Ca → 56Ti 1.04 0.89 0.12 0.03 0.26
58Ca → 58Ti 1.02 0.82 0.13 0.07 0.09
60Ca → 60Ti 0.77 0.60 0.11 0.06 0.00

TABLE III: Same as Table I but for pf -shell nuclei.
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