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Abstract

This work studies the mathematical foundations of computerized tomography
from the point of view of the Radon transform. Starting from the physical interpre-
tation of X-ray measurements as line integrals, we introduce the main analytical
tools needed to formulate the reconstruction problem, including Fourier analy-
sis, distributions, sampling theory and the Fourier slice theorem. We then discuss
several inversion procedures, with special emphasis on filtered backprojection and
Fourier-based reconstruction methods. Following the approach of Cascante et al.,
we also describe a gridding method for the numerical recovery of images from
discrete projection data. The final part of the work analyzes the computational
structure of the algorithm and the role of sampling, interpolation and filtering in
practical reconstruction. Overall, the aim is to show how the continuous theory
of the Radon transform leads naturally to implementable algorithms for medical
image reconstruction.

2020 Mathematics Subject Classification. 44A12, 92C55, 65T50
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1 Introduction

1.1 The reconstruction problem

Tomographic imaging is based on an indirect observation principle: instead of
measuring an object point by point, one records how it attenuates beams passing
through it. The mathematical problem is then to determine whether, and how, the
object can be reconstructed from these lower-dimensional measurements.

The following description follows [GW18, Sec. 5.11, pp. 368-397] and [Beal2].
We examine the problem of reconstructing an image from a series of projections,
with a focus on X-ray computed tomography.

The reconstruction problem can be explained intuitively without equations.
Consider Fig. 1(a): a single object on a uniform background. Suppose it is a
cross-section of a 3-D region of a human head, that the background represents soft
(uniform) tissue, and that the object is a tumor, also uniform, but with higher
X-ray absorption characteristics.

Suppose next that we pass a thin, flat beam of X-rays from left to right through
the plane of the image, as Fig. 1(b) shows, and assume that the energy of the
beam is absorbed more by the object than by the background. Using a strip of
X-ray absorption detectors on the other side of the region will yield the signal, or
absorption profile, shown, whose amplitude is proportional to absorption. We may
view any point in the signal as the sum of the absorption values across the single
ray in the beam corresponding spatially to that point. Such a sum is referred to
as a raysum. At this point, all the information we have about the object is this 1-D
absorption signal.

We have no way of determining from a single projection whether we are dealing
with a single object, or a multitude of objects along the path of the beam, but we
begin the reconstruction by creating an image based only on this information. The
approach is to project the 1-D signal back in the opposite direction from which the
beam came, as Fig. 1(c) shows. The process of backprojecting a 1-D signal across a
2-D area is sometimes referred to as smearing the projection back across the area.

In terms of digital images, this means duplicating the same 1-D signal across
the image, perpendicularly to the direction of the beam. For example, Fig. 1(c) was
created by duplicating the 1-D signal in all columns of the reconstructed image.
The approach just described is called backprojection.

Next, suppose that we rotate the position of the source-detector pair by 90°, as
in Fig. 1(d). Repeating the procedure yields a backprojection image in the vertical
direction (Fig. 1(e)). We continue the reconstruction by adding this result to the
previous backprojection, resulting in Fig. 1(f). Now, we begin to suspect that the
object of interest is contained in the square shown, whose amplitude is twice the
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Figure 1: Panels are
numbered from top to
bottom and from left to
right. (a) A planar region
containing a single object.
(b) A parallel beam, a
detector array, and the
measured
one-dimensional
absorption profile. (c)
Result of backprojecting
the absorption profile. (d)
Beam and detectors
rotated by 90°. (e) New
backprojection. (f) Sum of
both backprojections.
Adapted from [GW18,
Fig. 5.32].
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amplitude of the individual backprojections because the signals were added. We
should be able to learn more about the shape of the object in question by taking
more views in the manner just described, as Fig. 2 shows. As the number of
projections increases, the amplitude strength of non-intersecting backprojections
decreases relative to the strength of regions in which multiple backprojections
intersect. The net effect is that brighter regions will dominate the result, and
backprojections with few or no intersections will fade into the background as the
image is scaled for display.

Figure 2: Panels are numbered from

top to bottom and from left to right.

(a) Same as Fig. 1(a). (b)—(e)
Reconstruction using 1, 2, 3, and 4 -
backprojections 45° apart. (f)

Reconstruction with 32
backprojections 5.625° apart. Notice
the blurring. Adapted from [GW18,
Fig. 5.33].

Fig. 2(f), which was formed from 32 backprojections, illustrates this concept.
Note, however, that while this reconstructed image is a reasonably good approxi-
mation to the shape of the original object, the image is blurred by a “halo” effect,
the formation of which can be seen in progressive stages in Fig. 2. We conclude
from the discussion of Figs. 1 and 2 that backprojections 180° apart are mirror im-
ages of each other, so we have to consider only angle increments halfway around
a circle in order to generate all the backprojections required for reconstruction.

Finally, Fig. 3 shows the same backprojection procedure applied to a planar
region containing two objects with different absorption characteristics.



Figure 3: Panels are numbered from top to -
bottom and from left to right. (a) Two

objects with different absorption
characteristics. (b)—(d) Reconstruction using -
1, 2, and 4 backprojections, 45° apart. (e)

Reconstruction with 32 backprojections,
5.625° apart. (f) Reconstruction with 64

backprojections, 2.8125° apart. Adapted
from [GW18, Fig. 5.34].

1.2 A first look at projections and the Radon transform?

¥

A straight line in Cartesian coordinates can be described either by
its slope-intercept form, y = ax + b, or by its normal representation: A

L(6,s) := {(x,y) € R*: xcosf +ysin® =s}.
The projection of a parallel-ray beam can be modelled by a set of such lines, as
Fig. 4 shows. A point (0y,s;) in the projection profile is given by the raysum along
the line L(6y, s;). With continuous quantities, the raysum is a line integral, given by

86k si) = / / f(x,y) 6o(x cos b + y sin b — s;) dx dy,>

If we consider all values of § and s, the preceding equation generalizes to

g(8,s) = /j; /j:of(x,y) dp(xcosf +ysinf —s) dx dy. (1)

This equation gives the projection (line integral) of f(x,y) along a line in the
xy-plane, and is known as the Radon transform of f. We willuse the notation R f
instead of g. In the discrete case (1) becomes

M-1N-1

Rf(6,5)= ). Y f(x,y)bo(xcosf+ysind —s), (2)
x=0 y=0

where x, y, and s are now discrete variables, and M and N are the dimensions of
the rectangular area over which the transform is applied.

If we fix 6 and allow s to vary, then (2) simply sums values of f(x,y) along
L(6,s) lines. Going through all values of s required to span the M x N area, yields
one projection. Changing 6 and repeating this procedure yields another projection,
and so forth. This is how the projections in Figs. 1-3 were generated.

Sinograms. When Rf(0,s) is displayed as an image with s and 6 as rectan-
gular coordinates, the result is called a sinogram, similar in concept to displaying

2For Fourier transform, inverse transform and convolution, see the Fourier part of the Prelimi-
naries.
364(x) = 1ifa = x and &y(x) = 0 if x # a.
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Figure 4: Geometry of a parallel-ray beam geometry. Adapted from [GW18, Fig. 5.37].

the Fourier spectrum. Like the Fourier transform, a sinogram contains the data
necessary to reconstruct f(x,y). Unlike the Fourier transform, Rf(6,s) is always
a real function whenever f is real-valued.

180 7]

135

45

y 0 . S

Figure 5: (a) A rectangular region. (b) Sinogram of the rectangle in (a). The vertical and horizontal axes
correspond to 6 and s, respectively. The bottom row is the projection of the rectangle in the horizontal direction
(i.e., 8 = 0°), and the middle row is the projection in the vertical direction (f = 90°). The fact that the nonzero
portion of the bottom row is smaller than the nonzero portion of the middle row tells us that the object is
narrower in the horizontal direction. The fact that the sinogram is symmetric in both directions about the center
of the image tells us that we are dealing with an object that is symmetric and parallel to the x- and y-axes. Finally,
the sinogram is smooth, indicating that the object has a uniform intensity. Adapted from [GW18, Fig. 5.39].

As is the case with displays of the Fourier spectrum, sinograms can be readily
interpreted for but only for simple regions. For example, Fig. 5(b) is the sinogram
of the rectangle on its left.

Backprojections. To obtain a formal expression for a backprojected image from
Rf, let us begin with a single point R f (6, s;) of the complete projection Rf (6, s),
for a fixed 6 (see Fig. 4). Forming part of an image by backprojecting this single
point is nothing more than copying the line L(6y,s;) onto the image, where the
value (intensity), of each point in that line is R f (6, s;). Repeating this process for

4



all values of s; in the projected signal, but keeping the value of 6 fixed at 6y, results
in the following expression:

fo,(x,y) = Rf(6,5) = Rf (6, x cos O + y sin b)

for the image due to backprojecting the projection obtained with a fixed angle 6,
as in Fig. 1(b). We may write, in general, that the image formed from a single
backprojection obtained at an angle 0 is given by

fo(x,y) = Rf(6,xcosf +ysin).

We form the final backprojected image by integrating over all the backprojected
images:

Foply) = [ fatx,v) do. ()

For the rest of the Introduction, set ey := (cos (0),sin (f)) and recall that s =
x cos 0 + y sin f. We now introduce the notation R* for the backprojection operator

2

R (Rf) (x,) = /OZHRf(B,xcos(9+ysir16) d():/Oan(G,(x,y)-eg) do. ()

Notice that, however, that the angles 6 and 0 + 7t give the same projections, up to
the change s — —s. Indeed, Rf (0 + 7t, —s) = R f(0,s), as can be seen in Fig. 6.

Figure 6: On the left, the
Shepp-Logan phantom, a widely
used synthetic image in medical
image reconstruction. On the
right is its sinogram, with s on
the horizontal axis and 6 on the
vertical axis. Adapted from
[GW18, Fig. 5.39].
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Therefore, in (4), the integral over [7t,271] repeats the integral over [0, 7r]. Hence
Eq. (3) can be rewritten as

fop(x,y) = /Onfg(x,y) do = /(Jan(Q,xc059+ysin9) do = %R#(Rf)(x,y).

Using the discrete version of Eq. (3), we obtain the
backprojected image shown in Fig. 7. We observe
blurring: the rectangle is located correctly, but is sur-
rounded by a diffuse halo. A backprojected image
formed in the manner just described sometimes is re-

ferred to as a laminogram. Such an image is only an

approximation to the original one. Figure 7: Backprojection of
the sinogram in Fig. 5.



The Fourier projection—slice theorem. This theorem gives a more precise re-
lation between the projection data and the original image, useful to remove the
blurring. For a fixed angle 6, take the 1-D Fourier transform of Rf(6,-) (i.e. the
function s — R f(6,s)). From now on

—

RE(0,0) = Fo(Rf)(6,0) = / 0:0 RF(6,s) =27 ds.

On the other hand, the original image f(x,y) has a 2-D Fourier transform,

~

Fryf(uw,v) = f(u,v) = /]sz(x,y) g 2mi(ux+oy) gy dy.

The Fourier-slice theorem states that the one-dimensional Fourier transform

~

of a projection gives the values of f(u,v) on a line in the Fourier plane. More
precisely, the change of variables (u,v) = (0 cosf,0sinf) for o € R = oey, gives

~ ~

RF(0,0) = f(u,0) = f(rcosh,osinb). ()

Notice that this same vector ey is normal to the spatial lines L(6,s), but it is the di-
rection vector of the corresponding line in the Fourier plane. This correspondence
is illustrated in Fig. 8.

Figure 8: The Fourier y v
projection-slice theorem. 2D Fourier
Rf(0,0) is equal to f(u,0) . > transform
along the radial line Projection ~ f(u,v)
(u,v) = 0(cosh,sinh) =

oep. Thus, the angle used \

t jecti fx.y) 0 2 0
o generate the projection ep) u
is the same angle that * \

determines the 1-D Fourier

corresponding slice in the tranSme 5t \
Fourier domain. Adapted Slice of f(u,v)
from [GW18, Fig. 5.41].

If we knew Rf(6,s) for all angles 6 and all positions s, we would know the
values of f(u,v) along all radial lines in the Fourier plane and then recover f(x,y)
by inverse 2-D Fourier transform. However, this is computationally expensive.

1.3 A first look at reconstruction algorithms

Projection—slice leads to two reconstruction routes: "filtered backprojection” in
physical space and "gridding" in frequency space. Here we only sketch the first.



Filtered backprojection. Recalling that xu +yv = (x,y) - (1,v) = (x,y) - 0eg =
o ((x,y) - eg), we obtain

dudv=|c|dodo

~ . 27T oo .
flxoy) = /zf(uzv)ezm(ux”y)dudv x ;/ / f(oeg)e?™ ()€ || dode
R 0 —0

Eq. (5)

2w poo ,
) % [ [ RF@,0) @] do do
0 —00

1(6)
(6)
The factor 1/2 appears because the parametrization (1, v) = oeg, with ¢ € R and
6 € [0,27], covers each point of R? \ {0} twice.

Notice that the factor |o| pops up. Without it, the inner integral would simply
recover the projection Rf(6,s), and the result would be the unfiltered backprojec-
tion. Thus, the factor |o| is precisely what corrects the blurring. However, it is
not useful in practice: || grows without bound and in particular, it is not in-
tegrable on IR, so it cannot be used in computa’cions.4 To deal with this, since
(x,y) - eg = xcos 0 + ysin@ = s, we rewrite the inner integral I(6) in (6):

1(6) = / 0| RF(6,0) &7 do

= 7. (I RF(6,0)) (5)]

s=(x,y)-ep s=(xy)-e

Substituting this expression into Eq. (6), we obtain

2y = [ F (101 RF6,0) )

40 = R*F;* (|o| RF(60,0)) (x,9),
s=(xy)-eo
N )
where the last equality follows from Eq. (4) applied to F, ! (|c7| Rf(0, 0')) (s)
Although Eq. (7) gives the correct inversion formula, it is not yet written in the
most useful way. To interpret F, ! <|0" 7/3?(9, (7)) (s) suppose that there exists a
function ¢: R — C such that ¢(¢) = |c|. Then

0| RF(6,0) = §(0) Rf(6,0) = (9% Rf)(0,0),
where (¢ *s Rf)(0,5) := [ ¢(s —t) Rf(6,t) dt. Therefore
Fo (11 RF(9,0)) (5) = (@5 RF)(O,9).
Substituting this expression into Eq. (7), we obtain the formal identity

Fly) = 3 RMp #RA) ().

“From a practical point of view, using this exact multiplier would amplify arbitrarily high fre-
quencies, precisely where measured and sampled projection data are most sensitive to noise.
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Note that before applying R*, each projection s — R f(6, ) is filtered by convolu-
tion with the same one-dimensional function ¢. In other words, the reconstruction
is obtained by backprojecting filtered projections.

There is, however, an obstruction. The identity ¢(¢) = |o| cannot hold for an
ordinary integrable function ¢. Indeed, if ¢ € L!(IR), then the Riemann-Lebesgue
lemma® gives ¢(c) — 0 as || — o0. But [0| — o0 as || — oo. Thus the ideal
multiplier |o| does not come from an ordinary integrable function.

In practice, one replaces the ideal multiplier |o| by a multiplier with compact
support [GW18, Sec. 5.11, pp. 381-388]. The simplest approach is to take m () =
0if o > L, for L > 0. Since m| vanishes outside a bounded interval, the filtered
projection F ! <mL(0) 7/3?(9, 0')) (s) is band-limited in the s-variable. With this
replacement, Eq. (7) becomes the practical filtered backprojection formula

Floy) = 3 RE[F (m @) RF6,0))] ().

If m;, = ¢, then the same convolution argument gives the equivalent form

Flxy) = 5 RHgu % RF) (x,)

The parameter L controls the frequencies used in the reconstruction. A larger

value of L preserves more high-frequency information, but also amplifies more
noise. A smaller value of L suppresses more high frequencies, but produces a
smoother reconstruction. The choice of m; is empirical. ©

'..--
| ¥ )
(0

P

Figure 9: Sinogram and filtered backprojections using a Hann filter. From left to right: sinogram, reconstruction
with 10 backprojections, reconstruction with 100 backprojections, and reconstruction with 1000 backprojections.
Adapted from [Beal2, Fig. 8].

5If h € LY(R), then h € Cy(R).
®We mention two standard choices of my. The Ram-Lak filter is the truncated ramp myL (o) =
|o| x(0). A smoother alternative is the Hann filter, defined by

1 o
mHann (o) = |g| 3 (1 + cos T) xL(o).

Compared with the Ram-Lak filter, the Hann filter attenuates high frequencies more gradually
near the cut-off frequency. This reduces the amplification of high-frequency noise, at the cost of
producing a slightly smoother reconstruction [Beal2].



1.4 Structure of the work

This work follows the general approach of Cascante [CMOCPO07]. Section 2
collects the analytic preliminaries needed later, including material not covered in
the compulsory courses of the degree. Section 3 studies the Radon transform and
its structural properties. Section 4 discusses what can be recovered from finitely
many projections. Section 5 presents the corresponding reconstruction algorithms.

2 Preliminaries

Throughout, all functions are complex-valued unless otherwise stated, and
all Euclidean measures are Lebesgue measures. If the integration is over a
k-dimensional affine subspace, dx denotes the corresponding k-dimensional
Lebesgue measure. Lebesgue measure is invariant under rigid motions; in par-
ticular, if Q € O(n) and a € R”, then |QA +a| = |A| and fQA+af(x)dx =
[4 f(Qy + a) dy. [Cer10, p. 10].

Throughout the rest of the work, for n > 2 we write

Z:=8"1xR, 6f5:={xcR':x-0=s}
The parameter 6 is the unit normal direction and s is the signed distance from the
origin. Thus 0; = s0 + 6, where 6+ := {y € R" : y-0 = 0}. Notice that
0s = (—0)_s, so the same hyperplane has two representatives in Z.

The following preliminaries are meant to make the work self-contained for
readers with the background provided by the compulsory courses of the Math-
ematics degree at our University. We collect the main conventions and standard
formulas used later; some may be skipped on a first reading and recalled when
needed.

Graph and polar integration. We shall use the formula for the surface integral:
fY:UcCcR*"! - MCR" parametrizes the hypersurface M, then

/ fda_/f VdetGu)du,  Gy(u) == ¥ (u) - 0¥ (u).
Equivalently, if N(u) is a unit normal,
\/detG(u) = |det(N(u), 0¥ (u),...,0,1Y(u))|,

[HH15, Def. 5.3.2, Eq. (535) p. 532; Prop. 5.1.1, pp. 528-529].
For a graph ¥(u) = (u, ¢(u)), since G = [ + Vp(Vg)!, we have

/ fda—/fu o(u))y/1+ |Ve(u)]2 du,




We also use polar coordinates:

d :/oo o)1 4o dr,
[ fax=[7 [ gyt aoar

where df denotes surface measure on S"~! [Sil26, Ex. 0.5, pp- 11-12].

Growth. For functions u,v > 0, u = O(v) as |x| — co means that u(x) < Cv(x)
outside a large ball. If f € C(R") and |f(x)| = O(|x|™“), we shall also write, after
enlarging C, |f(x)| < C(1+ |x|)~* for all x. We shall use

1+]-DNelP(RY) < Np>k k>17 8)
A function f is rapidly decreasing on R" if, for every N, |f(x)| < Cn(1+ |x|)~N for
all x; on Z this means |g(6,s)| < Cn(1+ |s|)~N with Cy independent of 8. We use
polynomial growth (or slow increase) when |f(x)| = O((1 + |x|)N) for some N.

Continuity of parametric integrals. If F(p, -) is measurable, F(-,x) is a.e. con-
tinuous and locally L'-dominated, then p — [ F(p,x)dpu(x) is continuous, by
dominated convergence [Cer10, p. 12].

Test and Schwartz functions. CZ° denotes smooth compactly supported func-
tions; on Z = S"~! x R, compact support is understood in the s-variable. They are
usually called test functions. The Schwartz space on R" is

S(R") = {f € C®: sup (1+ |x|)N]9*f(x)| < oo, VN,D(},
xeR"

and define S(Z) similarly, using Dgaf and decay in s. Thus Schwartz functions
and all their derivatives decay rapidly; in particular the polynomially weighted
products used below are absolutely integrable, so Tonelli-Fubini applies. Finally,

C®(R") c S(R") C LY(R™) N L3(R"),
with both inclusions strict.?

L%-spaces and operators. For a measure space (X, u), L%(X,u) denotes the
Hilbert space of square-integrable functions modulo a.e. equality, with scalar

product (f,&)2(x,) = /Xf(x)g(x) du(x), which is linear in the first variable

and conjugate-linear in the second [Cer10, Ex. 2.33, p. 47]. Unless otherwise
stated, subsets of R" carry Lebesgue measure, S"~1 carries surface measure d6,
and Z = S"! x R carries d0 ds.

A Hilbert space is separable if it has a countable dense subset [RS80, p. 47]. An
orthonormal basis is a complete orthonormal family, i.e. f L e for all k implies

“Indeed, ||(1+ | - |)7N||Z = /k(l + |x|) NP dx ~ 1 +/ *=1=NP dr, which is finite iff Np > k.
R 1
See [HH15, Sec. 4.10].
8The first inclusion is immediate. If f € S, then |f(x)| < Cn(1+ |x|)™N, hence f € L' N L? by
(8). Strictness follows from e~ € & \C® and (1 + |x[?)~(+1)/2 e [1N[2\S.

10



f = 0, equivalently span{e,} = H [Cerl0, p. 50]. In a separable Hilbert space,
orthonormal bases are finite or countable [Cer10, p. 50]; hence, for such a basis,

f= ; (fredew I = ;I (foe)

[Cer10, Thm. 2.37, p. 50]. The spaces L?>(IR") and L?(D), for a disc or ball D C R",
are separable [Gro01, Ch. 5, p. 83] [ABRO1, Prop. 8.4, proof, p. 175]. For a closed
subspace V C L2%(X,u), dimV is the cardinality of any orthonormal basis of V.
The orthogonal projection Py onto V is defined by Pyf € V and f — Pyf L V;
moreover

a(f, V)= ?}gxf/ If=olly=If = Pvfll,-

Below, H denotes a Hilbert space, usually L?(R") or a closed subspace of it. A
set is relatively compact if its closure is compact, and a linear operator T : H — H
is compact if it maps bounded sets into relatively compact sets [RS80, Ch. VI, Sec. 5,
p- 199]. A linear operator T : H — H is bounded if | Tf|| < C||f|| [Cer10, Thm. 2.21,
p. 39], self-adjoint if (Tf,g) = (f, Tg) [Cerl0, Sec. 4.1, p. 97], positive if (Tf,f) >0
[Cer10, Thm. 8.25, p. 249] and unitary if it is bijective and (Tf, Tg) = (f, g) [Cer10,
Sec. 8.5.3, p. 248]. An eigenvalue is a A € C such that Tf = Af for some f # 0
[Cer10, Sec. 4.4.2, p. 118]. If T is self-adjoint, then A ||f||2 =(Tf,fy =(f,Tf) =
AIfII% so A € R; if also T > 0, then A||f||* = (Tf, f) > 0. The spectral theorem
[Cer10, Thm. 4.36, p. 121] says that, if T is compact, self-adjoint and positive on a
separable Hilbert space H, then H admits an orthonormal basis of eigenfunctions
(ex), with Tey = Ager, Ay > 0, and the non-zero eigenvalues can accumulate only
at 0. If, moreover, T is injective, then Ay > 0, and

Tf=Y M{f e)ex, f€H.
P

Thus the relevant finite-dimensional spaces below will often be written as
span{ey, ..., ex}.
Py is linear, self-adjoint, P‘z, = Py, and ||Py|| <1 [Cerl0, Thm. 2.35, pp. 47-48].
Fourier transform. For f € L'(IR"), its Fourier transform (FT) is defined, as in
[Cer10, Sec. 7.1, p. 182], by

F@) = FF@) = [ f)e ™ ax.

FT is injective on L'(IR"), as a consequence of the inversion formula [Gro01,
Thm. 1.2.2, p. 10]. When restricted to S(R"), it is a linear homeomorphism
F:S(R") — S(R"), with inverse [Cer10, Thm. 7.5, pp. 188-189]

fi(x) = Fh(x) = /R h(E)e dg

11



The same notation will be used on Z, but always in the real variable s:

§(0.0) = F(s(0,)(0) = [ s(0,5)7 2 ds

unless another variable is explicitly indicated. For f € S(R"), [Cerl0, Sec. 7.1,
p- 182]

—— T oy 1 . -

FF(@) = ri)F@),  Gf(@) = — 50 f(Q).

If u,v € LY(R"), write [Gro01, Sec. 1.2, Egs. (1.11)~(1.13), pp. 8-9]

(uxv)(x):= /]Rnu(x—y)v(y) dy; Ux0=10.

In the s-variable on Z, (g *s h)(0,s) := [ §(6,s — t)h(6,t) dt.

Applying the FT on f € S (]R”) twice gives reflection F2f(x) = f(—x), and
f(x) = f(—x) [Cerl0, Thm. 7.5, pp. 188-189]. The same holds for F in the real
variable s for ¢ € S(Z), F2¢(6,s) = g(0, —s). Moreover, the FT preserves parity; if
u € L'(R") is real-valued, then 7i(—¢) = #(¢). Thus real even functions have real
even FTs [Gro01, Sec. 1.2, Egs. (1.14)—(1.16), pp. 8-9].

Plancherel, Parseval and Direct FT (DFT). By Plancherel’s theorem, F extends
uniquely to a unitary operator on L?(R") [Gr601, Thm. 1.1.2, p. 5]; hence, for
fg € LA(R"),

1A, =112, (F2), = (£.92
the second identity being Parseval’s identity [Gro01, Thm. 1.1.2, p. 5]. The finite
analogue is the DFT on G = Zjy; x Zy [GW18, Sec. 4.5.5, Egs. (4-67)—-(4-68)]. For
an M x N array f = (fy,n), where f,,, denotes the value of f at the Cartesian
point (m, n) Its 2-D DFT, and its 2-D inverse FT are, respectively

~1N-1 ~1N-1
fke — 2 2 Foun g 2mti(km/M+-tn/N) fon = Z 2 f (e2rii(km/M-+ln/N)
m=0 n=

where fk,g is the value of f at the Fourier-variable point (k, ). Direct computation
of the 2-D DFT costs O(M?N?), while the Fast FT (FFT) reduces the corresponding
cost to O(MNlog(MN)) [GW18, Sec. 4.11, Eq. (4-173)].

Tempered Distributions. [Cerl0, Secs. 7.2-7.4, pp. 186-199]. We write
S'(R") := S(R") for the space of tempered distributions, i.e. continuous lin-
ear functionals on S(R") . The action of T € S'(R") on ¢ € S(R") is denoted
by (T, ). If 1 < p < oo and (1+ |x|)"Nf € LP(R") for some N, then f defines a
tempered distribution by [Cer10, Sec. 7.3, Ex. 7.8, p. 190]

Ty, ¢) / Flx

el ds = [ |+ )N+ DY oldx 4 Ja+ =] Jla+i-pve

9

IR
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We call Ty the regular tempered distribution induced by f. When a function induces
a regular distribution, we often identify it with that distribution and simply write
f instead of T¢; for instance, 1 may denote both the constant function and the
tempered distribution ¢ — [, ¢(x) dx.

Convergence in S" means that T; — T if (T}, @) — (T, ¢) for ¢ € S(R"). T,S €
S’ are equal (denoted by T g S) if and only if (T, ¢) = (S, ¢) for every ¢ €
S(R™). If two continuous functions f, g are equal in this sense, then they are
equal pointwise.!’

If T € S'(R") and ¢ € S(IR"), define (T *¢)(x) := (T, ¢(x —-)). For T = Ty
this is the usual convolution:

(Tr* 9)( / fly
The FT of T € S'(R") is defined by (T, ¢) := (T, §), ¢ € S(R"). If f € L}(R"),

then T} = Tf' since
Tr o) = [ F0)e)dx = [ F@)o(@)de

Whenever the terms are defined, T * ¢ =T 1?

If m € Opm(R"), i.e. m € C® and all its derivatives have at most polynomial
growth, then multiplication by m maps S(IR") into itself. Thus, for T € S’(R"), one
defines

(mT, ) := (T, mg), ¢ € S(R"), (see [RS80, Sec. V.3, p. 137]).

The Dirac mass is the tempered distribution (dy, ¢) := ¢(0), and 6y = 1.
Paley—Wiener spaces and sampling theorem. For a bounded measurable set
E C R", we set

PWE := {f e L2(R") : supp f C E},
where f is the L2-Fourier transform defined by Plancherel’s extension [Cer10,
Thm. 7.13, pp. 192-193]. Elements of PWE are called E-bandlimited functions. Since
E is bounded, each class in PWE has a canonical entire representative, given by
= fff(éj)ezmz"g d¢, z € C", which agrees with f a.e. on R".
We will use Shannon’s theorem as in [Nat01l, Thm. 4.2]. Let Q) > 0, and let
u,w e LZ(IR) be O -bandlimited. If s; = kAs and 0 < As < %, then

[ nw(Ear=as ¥ u(sw(s)

kez
where 1 < p < oo and p’ is the conjugate exponent. Hence the integral is finite and depends
continuously on ¢ € S(R"), since ¢ € S(R"), the function (14 | - |)N¢ belongs to L' (R"), because
Schwartz functions decay faster than any power.
O fre(f —g)pdx =0Vg € S(R") = f = g a.e.; by continuity, f = g.
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3 The Radon transform

3.1 Definition and basic properties

Definition 3.1. Let f : R" — C be integrable on every hyperplane. The Radon trans-
form of f is the function Rf : Z — C defined by

RF(0,5) = Rof(s) :i= /gsf(x) dx = /eLf(sf)—ky) dy,  (0,5) € Z.

In particular, if f € C(R") and |f(x)| = O(|x|~%) for some a > n —1, Rf(6,s) is well
defined.!!

If f is assumed to be real-valued, its Radon transform R f is also real-valued.
For a real valued function f : R® — R, picture a plane with unit normal vector 6 €
S? and signed distance s from the origin (recall representations are not unique).
Now fix 6 (i.e. fix a direction and thus a family of parallel planes). This gives the
function Rf(6,-) : R — R. Now with that 6, vary s (i.e. vary the plane-origin
distance). Finally, stop at some S and calculate Rf(6,5), i.e. integrate f on the
plane 05 (this will demand to parameterize such plane).

Proposition 3.2. Elementary symmetries. Let f be integrable on every hyperplane.
Then:

(i) Ifa € R" and (1,f)(x) := f(x —a), then R(7.f)(0,s) = Rf(6,s — 6 -a).

(i) If U : R" — R" is orthogonal and g(x) := f(Ux), then Rg(6,s) = Rf(U0,s).

These can be shown using change of variables (1 = x —a and y = Ux). One
can choose an orthogonal U with U#* = 6, where 6* = (0,...,0,1). Then R(f o
u)(6*,s) = Rf(0,s), so local arguments may be reduced to the fixed direction 6*.

Proposition 3.3. Continuity and decay. Let f € C(R") be such that |f(x)| =
O(|x|~) for some a > n — 1. Then Rf € C(Z) and |Rf(6,s)| = O(|s|"17). In
particular, if f is rapidly decreasing on R", then R f is rapidly decreasing on Z.

Proof. The estimate is obtained by integrating in polar coordinates over 6.

+[x))~*

[f ()]
RF6,9] = [ £ 8-+3) ay

|s6-+y[2=s+y[?

- CL(”M) dyTC/Om(H\/m)_”rnzdr,

y=rw
n—2
wEeS,

<c@
1
<

c/eL (1+[s0+y]) ™" dy

1ndeed, after polar coordinates in 9+, the tail is bounded by f C =240 Jp < o0,

14



where S} "% := 0+ N S"~L. For |s| > 1, the change r = |s|u gives
a>n—1

0 — 4
|R9f(s)|§C\s\”’1’”/ W2 (1412) " du & co2
0

Hence |Rof (s)] = O(]s|"~177).

For the continuity, fix (6y,s9) € Z. By orthogonal invariance, we may assume,
after reordering coordinates if necessary, that |6,| > ¢ > 0 in a neighborhood of
(60,50). Writing x = (x',x,) € R"! x Rand 6 = (¢',6,) € S"!, the hyperplane
85 is the graph

_s—0-x" S—Z?:llé?ixi

_ AN =
Xn = Pos (x ) = 9, 9, ,

Using that |0'|2 + 62 = 1, we get that the graph measure is /1 + [V g s(x')[2dx’ =
I%l\' Therefore we may write

Rf(6,s) :/esf(x)dx: |91n| Rnlf(x’,s_g;'x,) dx'.

For fixed x/, the integrand is continuous in (6,s). Moreover, using |6, > ¢,
|(x/, @o,s(x"))| > ||, and our hypothesis on f, we get the uniform bound

L
6]

fx ) < Sas e ©

The right-hand side of (9) is integrable on R""!, since a > n — 1. Therefore
the theorem on continuity of parameter-dependent integrals gives continuity near
(6o, s0), and the arbitrariness of this point gives Rf € C(Z). The rapidly decreas-
ing case follows by taking a arbitrarily large. O

Proposition 3.4. Smoothness. Suppose that f € C'(R") satisfies |f(x)| = O(]x|~%)
for some a > n —1and |D;f(x)| = O(|x|™"), j=1,...,n, for b > n. Let Zf be the
homogeneous extension of degree —1 of R f, defined by

Zf(8,s) = |8] 'Rf (ep,t), where® € R"\ {0}, ¢ := |; and t 1= ﬁ
Then Zf € C'((R"\ {0}) x R), and
_3 !
9 Zf(6,5) = (6] ) 6;R(D;f) (eq,1)- (10)
j=1
Moreover, 90 R .
0, Zf(0,5) = —0s%(x;f)(0,s), j=1,...,n. (11)
12Near 0 the integrand behaves like u"~2 which is integrable. For u > 1, u”*z(l + uz)*”/ 2 <
u”*z(u2 —I—uz)*“/2 = "2y = y" 279 Gincea > n—1, we have n —2 —a < —1, hence

JPu" 2 du < co.
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Proof. Fix ey € S"=1. Since b > n, each derivative Dy f, k =1,...,n satisfies the
decay assumption of Prop. 3.3. Hence R (Dyf) € C(Z).

Now, for r € R, we have Rf(eg, 1) = fe; f(reg+vy)dy. For each y € ¢;, the map
r f(reg+y)is C! and

n

Y (ea);Djf (reg +y)

j=1

d _
‘drf(reg—i—y)‘: < C(1+|reg+y|) beLl(ej).B

Thus, we can use differentiation under the integral sign, which gives

fRf e, T / f re+y)dy = / Zekaf(re—i—y i (Djf)(eq,r).

€ k=
Applying the chain rule to Zf (6, s), and not forgetting that Zt = ‘(19‘ we get (10).
For the derivatives with respect to 0;, we use the same local parametrization as
in the proof of Prop. 3.3, but now We will take, first, the branch 6,, > 0 (the case

0, < 0 is similar) and rewrite

Zf(0,s) =5 / ( 9; > dx’.

The derivatives of the integrand are:

0 [1 , s—0 -« s—0 -« _
39][@1][<x’9n )}— GZD”f< e ) ji=1,...,n—1;
0 [1 , s—0 -« , 8—0 -x s—0-x , s—0-x
o L G e I G e e I O |

The first term is controlled by the same estimate used in the proof of Prop. 3.3.
The new terms are those involving D, f. In the present local chart, s, 8 and 1/6,
are bounded, and therefore

s—0"-x

gl <], j<n | SCAH ).
n

Hence the terms involving D,f are bounded by a constant multiple of (1 +
|x'[)(1+ |x])~% < (1 + |x'|)}?, which is integrable on R"~, since b > n. There-
fore the same dominated-convergence argument as before justifies differentiating
under the integral sign for j = 1,...,n and gives

o f 1 , s—0 -« . .
aej(GIS)__Q%/]I{V’lx]an(xlen dx' j=1,...,n—1;

ORf 1 , s—60 -« , 1 , s—0 -x ,
30, (9'5)__9,%/]12"1f<x'9n dx —9—2/  Xp Dnf 95,7911 dx’,

BSince y € eg, |reg +y|> = r2 + |y[> > |y|>. Hence C(1 + [reg +y|)~? < C(1+ |y|) " and Jer (14
ly|) "0 dy < oo because ¢; ~R" ' and b > n — 1.
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where we used, for 90, that x,, = 2 gn/'x/, from the parametrization.
We are left with 9% (x;f)(0,s). To deal with it, we have Dyx;f(x) = duf(x) +
x;Df(x). For j < n, we have |Dyx;f (x)| = O(|x| ™) + O(|x|'"?) and thus the first

d
part of the proof applies to x;f, and &‘% (xjf) exists and is continuous. Since the

coordinate x; does not depend on s this parametrization, we have

Z(xif)(0,s) 9/1]f( )d’
agzé:]f) (6,5) = 912/R x an< —;”'> i

We have proved (11) for j < n. For 9s%(x,f)(6,s) the procedure is similar but
taking into account that ax” = é. O

Corollary 3.5. Preservation of S. The Radon transform maps S(R") into S(Z).

Most of the results on the Radon transform discussed for the rest of the
work hold for continuous or smooth functions with suitable decay at infinity
[CMOCPO07, Secs. 2.1-2.4]. However, in order to simplify the exposition, from now
on we shall mainly work with functions in the Schwartz space S(R").

-~

Theorem 3.6. (Projection-slice). If f € S(R"), then 7%7(9, o) = f(c8), for 6 €
sl o eR.

Proof. Rf(6,0) = / e 2SR F(0,5) ds = / e 27mise (/L f(s6+y) dy) ds
R R 0
— —27miso 0 dvd
/]R/ef f(s6 +y)dyds
= | e 7O f(x)dx = f(00). O
R~
Corollary 3.7. The Radon transform R : S(R") — S(Z) is injective.

Proof. If Rf = 0, then Rf(6,0) = 0. By Theorem 3.6, f(c8) = 0 for all § €
S*=1, 0 € R. Bvery ¢ € R" can be written as { = ¢fl. Hence f = 0, and the

injectivity of the FT gives f = 0. O
Corollary 3.8. If f1, fo € S(R"), then R(f1 * f2) = (Rf1) *s (Rf2).
Proof RUF #)(0,0) i al00) = i(e0) fo(e) = RF(0,0) RR(6,0)

= Rfi % Rfa(6,0).

Applying F; ! gives R(f1 * f2)(6,3) = (Rf1 * Rf2)(6,s). O
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3.2 Uniqueness

We have just proved a global uniqueness result for R f: by Corollary 3.7, Rf(Z)
determines the function, at least in the class S(R"). In other words, if R f is known
on the whole space of hyperplanes Z then f is uniquely determined.

However, in many applications Rf is not known on all of Z. One may know
it only for some directions, or only for hyperplanes intersecting a certain region.
We ask whether these partial data determine the function, or at least determine its
restriction to a certain subset of IR”. This leads to the question of local uniqueness.
The next two results address this type of question.

Theorem 3.9. Support-hole. Let f € S(R"), and let K C R" be a compact convex set.
Assume that Rf(0,s) = 0 for every hyperplane 65 which does not meet K. Then f(x) =
for x € R"\ K.

We only consider the compactly supported case, that is, f € CZ(R"). In this
case, we are going to follow Strichartz’s approach [Str82, Sec. 2], which consider-
ably simplifies the general proof due to Helgason [CMOCP07, Sec. 4.3]. Also to
make the geometric idea easier to visualize, in the proof below we only prove the
case, f € C®(IR?). The same idea can be carried out in arbitrary dimension.'*

Proof. We prove the casen = 2and f € C®(RR?). Let xo € R?\ K. By the separating
hyperplane theorem!®, there are 6 € S! and § € R such that xy € 65, and 6;: N K =
@. Choosing the orientation of §, we may assume that the parallel lines 65, with
s > 5, lie on the right side of K. Hence, 6; N K = @ if s > 5. After a rotation of
coordinates, we may assume that § = 6* := (0,1). Thus x¢ € 67, with ; N K = @
for s > 3.

We first explain why it is enough to prove that polynomially weighted Radon
data also vanish. Concretely, suppose that

R(Pf)(w,0) =0 for any polynomial P, for every line w, C K°. (12)

Assume this is true for our particular line 6; C K¢, which contains xg. Let E :=
0% Nsupp(f). This set is compact. By the Weierstrass approximation theorem,
there are polynomials Py, such that P, — f ¢ uniformly on E. Then

R(Puf)(6%,5) = pm( dx—/Pm dx—>/E|f(x)]2dx.

o @ (12)

“In the n-dimensional compactly supported case one first uses the fact that a compact convex
set in IR” is the intersection of the closed balls which contain it [GJSM04, Thm. 1.1 and Prop. 1.3].
Hence it is enough to prove the result when K is a closed ball. After this reduction, the proof follows
the same strategy as above: one proves the vanishing of the polynomially weighted Radon data, by
rotating the hyperplane, differentiating the resulting identity and integrating in the normal variable.

15Recall that, in finite dimension, a point outside a closed convex set can be separated from it by
an affine hyperplane.
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Hence [, |f(x)[>dx = 0. Since f is continuous, this implies f = 0 on E. In partic-
ular, because xg € 63, we get f(x9) = 0 and we prove the theorem.

Thus, it remains to prove (12). In order to do so, we make a claim: for every
linear polynomial g(y) = a + by, it holds

0=H/Rf(y/§)dy+b/ﬂzyf(y,§) dy:/ﬂ{q(y)f(yfg)dy- (13)

Now we prove the claim. The first term in (13) is zero by hypothesis, since for
s > 3, we have

RIS = [ f0 +y)dy= [ flys)dy=0. s=5 a

To show /IR Y f(y,3)dy =0, (15)

We will keep an s > s fixed and rotate the normal vector of the line. This will
replace 6* by nearby vectors 0, = (sina,cosa) € S! with & small enough so that
the slightly rotated line (6, )s still does not meet K. We are not moving the line in
parallel (that would mean changing s). Recall that (6,)s = {x € R>: x- 0, = s} by
definition, so ;- = {y(cosa, —sina) : y € R}. Hence

(6w)sNK=D

0o = Rf(@a,s):/Lf(sf),ﬂru)du:/f(59“+y(cosoc,—sinuc))dy
04 R
:/f(ssinoc+ycosoc,scoszx—ysinoc)dy.
R

Differentiating this identity at « = 0, under the integral sign, we obtain'®

O:/]Rysz(y,s)dyzo, s > 3. (16)

Now to obtain (15), we integrate (16) in s:

Fubini fece <]R2>

OZ/;/Rysz(y,s)dyds = /Ry[f(y,S)]ii?”dy S —/Ryf(ylé‘)dy-

Putting (14) and (15) together proves our claim (13). Now using (13), we are
able to prove (12). We will prove (12) using induction on dp := deg P. For dp = 0,

16

d . .
= azo/Rf(ssmzx—s—ycosa,scosa—ysma)dy
—/ {D £ s)i (ssina 4+ ycosa) + Dy f( s)i (scosa —ysina)| d
- R 1 y’ do 0 y 2 y' du 0 ]/ y

= /IR (sD1f(y,s) —yDaf (y,5)) dy = /R}/sz(y,s) dy=0, s>35,

where * is because the first term vanishes, since f € C®(IR?).
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P is a constant and so R(Pf)(w,0) = 0, Yw, C K°. For d, < m, put g :=
pf € C*(R?), and assume that R(g)(w, o) = 0 for every w, C K°. Take P with
dp = m + 1. By linearity, it is enough to consider a monomial, and we may write
P = qp, where d; = 1 and d, < m. This gives R(Pf)(w,0) = R(qpf)(w,0) =
R(g98)(w, o) = 0 for every line w, which does not meet K. This proves (12). [

The next result deals with the opposite type of partial data: instead of knowing
that R f vanishes outside a region for every direction, we assume that it vanishes
for every s € R, but only for a prescribed set of directions. The relevant condition
is that this set of directions determines homogeneous polynomials.

Definition 3.10. A function py : R" — C is called a homogeneous polynomial of
degree k if it can be written

pe(x) = Y cax®, x € R",
|a| =k

where ¢, € C, & = (aq,...,&y) is a multi-index and x* = x’lx1 -+ xy". We denote by
Phom(R") the complex vector space of such polynomials, together with the zero polyno-
mial.

If py € PPO™(R") then pr(Ax) = Afpi(x), for x € R", A € R Notice that
pr € PPO™(IR") implies that py is even if k is even and it is odd if k is odd. In
particular, for 6 € S"~1, py(c8) = o*pi(0), for ¢ € R.

Definition 3.11. Let © C S"~!. We say that © is a uniqueness set for homogeneous
polynomials in R" if, for every homogeneous polynomial p : R" — C, we have that
p(0) =0 for all 0 € © implies p = 0 in R".

Theorem 3.12. Uniqueness from a set of directions. Let © C S"~! be a uniqueness
set for homogeneous polynomials. If f € C.(IR") satisfies Rf(6,s) = 0 for every 6 € ©
and every s € R, then f = 0.

Proof. Since f € C.(R"), j?extends to an entire function F on C" 8. In particular,
f = Fjgn is real analytic’”, and near the origin it admits the form of a multivariable

7Indeed, if pi(x) = Lja|=k Cax” and |a[ = a7 + - -+ ay = k, then

peAx) = ¥ (At = ¥ calAa)® - (A = Y cpAt et = 37 ket = Ap(x).
|a|=k |a|=k |a|=k |a|=k

¥ Namely, F(z) = |, supp f f (x)e~2™*Z dx. The proof is the same dominated-convergence argument
as for the Paley—Wiener representative.

19Real analytic means that locally the function coincides pointwise with an absolutely convergent
power series in the real variables. Since holomorphic functions are locally given by convergent
power series, the restriction of an entire function on C” to R” is real analytic.
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Taylor expansion f(0) = Y2 0 Px(2)* where each py is a homogeneous polynomial
of degree k.

Fix 6 € ©. By hypothesis, Rf(0,s) = 0 for s € R. Using Thm. 3.6, we obtain
0 =Rf(6,0) = f(08) for o € R. Substituting the homogeneous expansion of f

=Y pi(o6) =Y o*pi(0), oceR.
k=0 k=0

Thus, for each fixed 8 € ©, all coefficients of this power series in ¢ vanish. Hence
pr(0) = 0 for every 6 € ©, k > 0. Since © is a uniqueness set for homogeneous
polynormals, it follows that P =0 for every k. Therefore all Taylor coefficients of
f at the origin vanish. Since f is real analytic, it coincides with its Taylor series
near 0; hence f = 0 in an open neighborhood of 0. By analytic continuation, f =0
on IR". Finally, by the injectivity of the FT, f = 0. O

The two uniqueness results use complementary Radon data. In Theorem 3.9,
the vanishing is assumed for every direction 6 € S"~!, but only for those values of
s such that the hyperplane 6; avoids K. By contrast, in Theorem 3.12, the vanishing
is assumed only for directions in a prescribed set ® C S"~!, but for every s € R.
If © is rich enough to determine homogeneous polynomials, then this restricted
directional information is already enough to force f = 0.

3.3 Range

We now describe which functions in §(Z) arise as Radon transforms of func-
tions in S(IR"). Since we want to reconstruct f from Rf, we have to know if
R (S(R")) is the whole S(Z), or a smaller class. We will see that the map R is not
onto: by Prop. 3.2, the Radon transform is even Rf(—6, —s) = Rf(6,s); second,
there is a restriction on the moments in the s-variable.

Notation: if g € S(Z), its m-th moment is j1,,(0) := [, s"g(6,s) ds for 6 € S"~1.
If g is actually of the form g = Rf, then each of its moments p,,(6) must be the

restriction to S"~! of some p,, € PRO™(R"). This restriction is important enough
to have its own name.

Definition 3.13. Let ¢ € S(Z). We say that g satisfies the Helgason-Ludwig consis-
tency conditions, abbreviated HLCC, if, for every m € IN U {0}, there exists a polyno-
mial p,; € PRO™(R™) such that 1, (8) = pm () for 6 € S* 1.

Vi) =Y, hofoygr= Y Lo+ Y Lot (0)
a€ING a€INg x€INj
|1x|=0 \zx\:l

:i< )» aD‘f ) Zpk
k=0 thIN[j,hx\:k
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These two restrictions are not merely necessary on R(S(R")). They actually
characterize it. As a bonus, an analogous statement holds for C°(IR").

Theorem 3.14. Exact range of the Radon transform. The range of R : S(R") —
S(Z) is exactly the space of all even functions ¢ € S(Z) satisfying the HLCC.

Proof. Let f € S(R") and set ¢ = Rf. We already know from 3.5 and 3.2 that
¢ € 8§(Z) and that g is even. We check the moment conditions. For m € N U {0}
and 0 € 5" 1,

yeot

/s ¢(0,s)ds = // f(s0+y)dyds = x // (s0+y)-0)" f(s0 +y)dyds
Yrj/]Rn(x-G)mf( dx—/n <|Z: Xt > x) dx

where we have used the multinomial formula?! in * and

The integrals are finite because f is a Schwartz function, and p,, is homogeneous
of degree m, unless it is identically zero. This proves the necessary conditions.

Conversely, let ¢ € S(Z) be even and satisfy the HLCC. If Rf = g, then
Thm. 3.6 gives for ¢ > 0, f(c8) = §(6,0). Thus, the natural candidate for f is
F(o8) :=g(6,0).

It is enough to prove that F extends to a function in S(IR"): since the FT is a
homeomorphism of S(IR") onto itself, such an extension would be the FT of some
feSR").

We write ¢ for the Cartesian variable in R". Since § € S(Z), the function
P(C):F(Ue):g\(e,(f), C:UQI oc>0,

is smooth on R” \ {0}, and the Schwartz estimates away from the origin follow
from the rapid decay of g in 0. Hence the only point to control is § = 0.

HFor x,y € R", m € N, and multiindices & = (a1,...,a,) € N,

m
n !
x-y)" = Zx,. = Z ﬂxﬂﬂt al =gl ! x® =My
y Y TR Pi=w! - ay! o= xf o
=1 la}=m
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We prove that all Cartesian derivatives of F are locally bounded near the origin.
Then, by an extension argument, this will be enough to conclude that F € S(R").
We first write d/d¢; in polar coordinates.

Let § = 08, with o = |¢| > 0and 0 = ¢/|¢|. Then, for 1 < j, ¢ < n, by the chain
rule,

0 ,0 1 J 5
a—éj = 9]5 + Egzzl(é]g - 9]95)8—96.
Applying this identity repeatedly, each differentiation with respect to ¢ produces
derivatives with respect to ¢ and to the angular variables, and introduces at most
one additional factor 1/¢. Thus, by induction on g = |«|, one obtains

CL cpi(0) olPl+k

T A T

(@« € N, [af =g >1),

where the cg are polynomials in 6, hence uniformly bounded on $"~!. Hence,
singularities at the origin can only come from the powers of ¢~1.
To see that these singularities cancel, write the Taylor decomposition
q—1
e(u) :=e 7 =Y % +ey(u). (17)

m=0

By the HLCC and the homogeneity of p;,, we have

HLCC homogeneity

Um/]Rsmg(G,s)ds £ " pm(0) 2 pm(00), (18)
therefore Eq. (17)
. Eq.(18) g1 .
F(o6) :/e*Z”Z‘TSg(G,s)ds e Y. #am/ smg(G,s)dS—i-/ eq(0s)g(0,s)ds
R ' R R

m=0

— qZ: (*iﬁli)m pm(00) + /]Req(crs)g(ﬁ,s) ds = Py(c8) + /Req(as)g(e,s) ds,

m=0

where P; is a polynomial of degree < g. Hence d7P; = 0 whenever |a| = 9. More-
over, ¢; does not depend on 6, while ¢ does not depend on ¢. So, differentiating,
we are left with

0zF(08) = o; (/]R eq(0s) g(6,s) ds) = ) C?:E‘Z)agalg (/}R eq(0s) g(,s) ds)

1<|Bl+k<q
* 9 "
Loy 2l ok (s)g(6,9)) ds 19)
1<|Bl+k<g R
= ¥ [ B 0dfs ) as,
1<|Bl+k<q
2 et 2 _ 8 g W _ o (T _ G Gde _du-0it
Using that a; mH = 0;, and that 3; = 3; (m) ) 3¢ = et
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where we have used differentiation under the integral sign in *. Using |e,§k) (u)| <
lu|17* for 0 < k < g %%, we can bound (19):

|
agme)\ < ¥ LB O |5t g1~ k)a )\ ds
1<|Bl+k<q
20 (0 \/rsw\ages
1<“B‘+k<q
S X [l fobste S L
T )
cpu@)] 1 SIPITESS 4e8(2)

Hence all Cartesian derivatives of F are locally bounded near the origin. We
now explain why this implies that these derivatives have limits at the origin.

Fix a multi-index &, and choose M = M(r) > 0 such that

[V(9§F) ()] < M when 0 < [¢] <. Letx,y € B,(0)\ {0}. We m
join x and y by a curve v C B,(0) \ {0} made of two pieces: first, iy
a spherical arc joining x and ‘Z—‘ |x|, which has length smaller
than 77 |x|, and then a radial segment joining this point with y,

which has length ||x| — |y||. This curve satisfies

long(7y) < 7lx| +||x| = [yl| < mlx|+ [x| + |y| < (7w + 1)(|x| + |y]).

Applying the fundamental theorem of calculus along 7y, we obtain
|05 F(x) —9zF(y)| < /WW(G‘SF)(@)\ dt(g) < M long(y) < M(7r +1)(|x| +[y|)-

. X, Y 0
In particular, %

g (xXm) — agF(ym) < MC(|xm| + [ym])
approaching 0 give the same limit, so we can define 9z F(0) := %irré 9:F(S).
H

0. All sequences

The extensions are compatible with differentiation by the same radial fundamental-
theorem argument: if G, denotes the continuous extension of dzF, then

Ga(x) — Ga(0) = /Zx] e (b) dt = Zx] wre;(0) +o([x]).
=

Hence ag], G.(0) = GHe], (0), and the extensions are compatible with differentiation.
Therefore F € C®(IR").

2 Since eq(u) = e~ 2T — 17 0( 27tiu)™ /m!, Taylor’s formula with integral remainder gives,
for0 <k <y,

K, (=2mi)T o (u—t)1klgy
e (1) = (g—k—1)! /0 e2mit

7

which implies |e,§k)(u)\ <C

W — 1)1k dt) < C [ k=1 gr — Clu[a~¥.
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It remains only to check rapid decay. For ¢ > 1, the same polar formula gives,

for every N € IN,
oNJoEF(eo) < C Y ‘aﬁakg(e 0)‘
1<[l+k<q

The right-hand side is uniformly bounded because § € S(Z). Hence F € S(R").

Since the FT is a homeomorphism of S(IR") onto itself, there exists f € S(R")
such that f = F. By construction, f(c6) = g(6,0), 0 > 0. The evenness of g gives
the same identity for every o € R. Applying again Thm. 3.6, Rf(6,0) = f(00) =
2(6,0). By uniqueness of F;, Rf = g. O

Combining the range with the support theorems gives the corresponding com-
pactly supported version. The direct implication is immediate. If g € C°(Z) is

even and satisfies the HLCC, Thm. 3.14 gives f € S(R") such that Rf = g. Since
¢ vanishes for |s| large, Thm. 3.9 implies that supp (f) is compact.

Corollary 3.15. Compactly supported range. The range of R : C®(R") — C®(Z)
is the space of all even functions g € C®(Z) satisfying HLCC.

3.4 Inversion formulas

We now derive two inversion formulas for the Rf, i.e. formulas to obtain f
from Rf. The first one expresses f in terms of F5(Rf). The second is via back-
projection formula, and was already presented less rigorously in the introduction.
Throughout this subsection, ¢ will be a function on the cylinder Z.

Theorem 3.16. Radon inversion via Fourier slices. Let f € S(R"). Then

f(x) = % ) </ 0|1 ORE (B, 0) da) ae, x € R".
gn— — 0

Proof. Set ¢ = Rf. By inverse FT in R”, Thm. 3.6 and polar coordinates { = ol
f(x) :/ 2777 X+ Cf d@’ / / 1 me (00) ]/c\( ) n—1 40 do
R" Sl

) (/ g0, 0)0" ! da) a0~ [ F(o,x)do,
sn—1 0 gn—1
where F(6, x) ::/ 327Ti¢7(7€'9)§(9/0-)0.n—1 do.
0

Since the surface measure on the sphere is invariant under 6 — —6 we can write
=1 [on 1( (6,x) + F(—6,x)) d6. To study F(—6,x), we use Thm. 3.6 again
(obtalmng g(—6,0) = f(—08) = (6, —¢)) and change the variable u = —c,

F(—G,x) _ / 0_;1—182711' a(x.(—e))g\(_gl 0,) do = / (7’"_162m (—a)(x-e)g\(g’ —(7) do
0 0

0 0 )
:/ (_u)n 1,27 u(x- 9)§<9 u) du :/ ’u‘nfleZm u(x-0)§(0/u> du

—o0 —00
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Adding this expression to F(6, x) gives the desired formula. O

This inversion formula was rather easy to obtain, but this simplicity comes at a
price in the numerical reconstruction: it leads to Fourier-domain methods, where
the data must be reorganized before applying an inverse DFT. The backprojec-
tion formula is more involved to derive, but it leads to the filtered backprojection
algorithm, whose implementation is more direct.

Definition 3.17. Backprojection operator. For ¢ € C(Z), we define the backprojection
operator R* : C(Z) — C(R") by
R¥e(x) := / ) g(6,x-6)de, x € R".
Sn-

As discussed in the Introduction, backprojection spreads each projection value
back over the set of points that could have produced it. In R3, Rf(0,x - 0) is the
integral of f over the plane 6,9 = {y € R®: y-0 = x -0}, which passes through x
and is orthogonal to 6. Thus R*R f(x) superposes the contributions of all planes
through x, producing a blurred reconstruction unless a filter is applied. Before
deriving an inversion formula using this operator, we record some properties.

Proposition 3.18. Backprojection operator properties.

1. Ifg € C(Z), then R*¢ € C(R"). And if g € C'(Z), then R¥¢ € C}(R"), and

9 d .
a—xj(R#g) :R#(ejaf), j=1,...,n

Finally if g € C®(Z), then R*g € C®(R"), and for every multi-index « € N,

|at|
sz(R#g) —_ R# (90&8 g) .

dslal

2. The backprojection and the Laplacian commute. If A = 37 aa—;, and [J = %, are
]

the usual Laplacians on R", n > 2, and R, respectively, then
R*(Og) = A(RYg), g€ C*(2).
3. The operator R* is the real formal adjoint of R: if f € S(R") and ¢ € S(Z), then

/SH /]RRf(G,s)g(B,s)dsdQ = /Rnf(x) Ritq(x) dx.
In particular f = (R*g) = R*((Rf) *s ).

These properties follow directly from the definition of R¥, the chain rule and
Fubini’s theorem; see [VG25, Sec. 3.5, pp. 22-24].

In the derivation of the Radon inversion formula via backprojection, we saw in
the Introduction the appearance of the multiplier |o|. Similarly, in higher dimen-
sions |o|"~! will appear. To deal with it, we need a last ingredient.
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3.4.1 The Hilbert transform. K(s) := @ is locally integrable and of at most
polynomial growth, hence it defines a regular tempered distribution by integration
against test functions®*. The distribution K is defined by the convergence of these

actions on every Schwartz function® :

(K, ) := 11m L (K, ¢) = lim G ds, ¢ € S(R).
e=0t Jis|>e S

The Hilbert transform is the complex-valued function Hyp : R — C given by

Hp(t) = % (K+9)(t), ¢ €S(R), tER.

By the definition of convolution between a tempered distribution and a Schwartz
function, we have (K * 9)(t) = (K, ¢(t — -)) . Hence,

: y(t—s) s p(t—s)
K t)=1 ds = H — 1 ———ds.
( ¥ llj)( ) SLI(I)}' . ‘s|>g S s l,b( ) 7T SLI(IJ’}*' ‘s|>g S s
The right-hand side is a smooth slowly increasing function of t*°. As we saw in
Preliminaries, we may also regard H as a tempered distribution.

The FT of K gives the distributional identity K S(:]R) —irt sgn [Cer10, Thm. 7.22,

p. 203]. Therefore we obtain this identity in S’'(IR)
Hl[)—f(n_K*l[J>—n_K*lI)—n_Kl[J—ﬂ_(—lT[Sgn)lIJ—Sgnlp. (20)

we have used the linearity of the FT in * and the convolution rule for distributions
in **. This is an identity in the o-variable, i.e.

(i, 9) = (sen $.9) = [ sen(@)P(@)p(c)de, Vg e SR).

**Indeed, |K¢(s)| < 1/e. Thus it is bounded, hence of at most polynomial growth. So, ¢
Jr Ke(s)@(s) ds, for ¢ € S(R) defines a regular tempered distribution.
“Notice that K itself is not obtained from a locally integrable function, since 1/s is not locally

integrable near s = 0.
26

ds _ _ pt—=s) . _ p(t—s) —p(t) p(t—s)
/s<‘s‘<1 5= log(e) —log(e) =0 = p.v./]R . ds = / ds—&—/‘s‘21 ds.

|s]<1 S S

The first integral is no longer singular, because Wi = - fo (t — As) dA. The second integral
is absolutely convergent, since ¥ € S(IR). Moreover, the same argument applies after differentiating
with respect to t: for every k > 0,

ak(¢<t—s>—¢<t>) _pW(E-s) - / (¢~ 2s)d

otk s s

Thus one may differentiate under the integral sign. Also,

figor &

and the local part is bounded by a constant depending on ||l/J(k+1 |loo- Hence Hy is smooth, and all
its derivatives are bounded; in particular, Hi is slowly increasing.

ds’<fIR|1p u)| du < oo,
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Thus the FT of Hi is computed in the distributional sense, not necessarily by an
absolutely convergent Fourier integral.
Now, as promised, an inversion formula using backprojection.

Theorem 3.19. Radon inversion via backprojection. Let f € S(R"). Then
1

fx) = WR# (A(Rf))(x), x€eR, (21)
where n—1
aasn(zzlf), if n is odd,
A(Rf) = -
H<aas;$§f)> , if nis even.

The Hilbert transform acts only on the real variable s.
Proof. Let ¢ = Rf. We willprove, for each fixed 6 € S"~1, the identity
o1"15(6,0) = (271) " AZ(6,0) @2

in the o-variable. After that, We willuse the Radon inversion of Thm. 3.16.
If n is odd, then

n—1 even

‘O.‘nflg(e/ 0.) i 0”71§(9, 0—) £ (277:1')17”(27'[1'0')7171:?\(9, 0’)

—

= (2mi) "8 1g(6, 0)

1%

— (2i)'"Ag(8,0),

(2mi)"1
(2mi)n=1+
|o|"~! = sgn(c)o" 1. Using the Hilbert transform properties we obtain, in S’(R),

where in * we multiplied by If n is even, then n — 1 is odd, and hence

Eq. (20) o

(27i) " Ag (8, o) = (2mi) 1" F (H(a:—lg)) 0,0) % (27i) " sgn(c)0 " g(6, o)

= (i) sgn(o) (2mio)* 'g(0,0) = lo"'g(6,0),
n—1odd

In both equations, ** denotes the use of Fourier rule for derivatives

Thus (22) holds for every n. In the odd case it is an identity of functions; in the
even case it is an identity of tempered distributions in the o-variable.

Now, since ¢ € S(Z), the function g(0, -) is rapidly decreasing. Hence ¢ —
|o|"~1g(6, 0) is integrable. Therefore its inverse FT is given by the usual integral.
Applying the inverse FT in the o-variable to equation (22) we get, for every s € R,

F (|a|"—1§(9,a)) - / °:0|ay"—1e2ﬂf“§(e,a) do = (27i) " Ag(6,5).  (23)

/

AL B(s)
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In the even case this equality is first obtained in S’(R), that is, as an equality
between the tempered distributions associated with the functions A(s) and B(s),
but A continuous and B smooth, implies that the equality holds pointwise.

Finally, taking s = x - 6 in (23) and substituting into the Fourier inversion for-
mula, we obtain

Thm. 3.16

o £ g L ([ lerenetoge.0) ) ao
Eq. (23)
=5 g0y a0 = s [ Agle,x-0)de
= 2(27;)”173#(/\57)(@ = ZQ;WR#(A(Rf))(x).

O]

The backprojection inversion formula has a different character depending on
the parity of n. Assume first that 7 is odd. Then Ag = 9/"!¢, and (21) becomes

1 an—lg
R

For fixed 0, the value 32%?(9, x - 0) is determined only by the values of g(0, t) for ¢

in a neighborhood of x - 6. Since g(6,t) = Rf(6,t), these values are precisely the
integrals of f over the hyperplanes 6; with  close to x - 6, that is, over hyperplanes
parallel to 6,9 and meeting a neighborhood of x. Thus, in order to compute
the integral above, we only need the values of Rf on hyperplanes meeting a
neighborhood of x. In this sense, the inversion of the Radon transform in odd
dimensions is a local problem.

In even dimensions the same conclusion is not available. Indeed, in that case
the operator A contains the Hilbert transform in the s-variable, and the Hilbert
transform is not local: the value Hiy(t) cannot be computed from the values of
1 on a neighborhood of t alone. In particular, in the two-dimensional case, (21)
reads

f0) = R (HE ) 0, g =Rr.

47ti

4 Discretization of the Radon transform

In the previous sections the Radon transform has been treated as a continuous
object: for a given function f, the data Rf(6,s) were assumed to be known for
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every (0,s) € S""! x R. This is the natural setting for the theoretical inversion
formulas, but in applications one only has a finite number of samples.

Notation. For p > 0, we write B, := B(0,p), and x, := XB,-

We shall think of a CT scan of a head centered at the origin and of radius at
most one; thus the function that we analyze will satisfy supp f C Bj. This is a
reasonable hypothesis after a suitable normalization of the field of view.

We shall also impose a restriction on the FT of f, the way in which f varies
in space can be read from its FT. Assume f € S(R"): Fourier inversion gives
f(x) = [ra f(g)eMi"'g d¢. Thus f may be regarded as a continuous superposition
of the elementary oscillations x — e2™*¢, whose frequency is ¢. Since the component
x — e¥M¥¢ s periodic of period t = ‘1?', we can think of [¢| as the "distance"
over which such exponential component may vary, i.e. the spatial scale of such
component. Therefore, when || is large, the size of f(C ) measures the contribution
of an exponential component with rapid spatial variation. Such high-frequency
components are needed to represent rapid transitions, narrow structures, or fine
details accurately?’. Small values of |&| correspond coarser spatial behaviour.

Consequently, if one decides to work at a fixed spatial resolution 1/(), that is, to
ignore variations of f occurring at spatial scales smaller than 1/(), it is natural to
neglect the high-frequency part of f. Since frequencies of size |¢| describe spatial
variations of scale 1/|¢|, this amounts to keeping only the frequency components
with || < Q. This leads to the idealized model of bandlimited functions: one
would assume that supp]? C Bq.

However, exact compact support and exact bandlimitation are incompatible,
except for the zero function. Indeed, as we saw in the proof of Thm. 3.12 if f €
C.(R"), then f is real analytic. If, in addition, supp f C Bq, then f vanishes on
the non-empty open set {|¢| > Q}. By analytic continuation, f = 0 on IR”. Since
the FT is injective on L!'(IR"), and f € C.(R") C L!(IR"), it follows that f = 0
a.e. Since f is continuous, f = 0. Thus, exact localization must be replaced by
approximate—localization.

The discussion above was written for Schwartz functions, where the Radon and
Fourier formulas are classical. The sampling result below, however, is naturally
formulated in L?(IR"), since localization and approximation will be measured in
terms of L%-energy. This fits our previous setting, since S(R") C L?(R").

?’This interpretation is reflected in the behaviour of derivatives under the FT. By Plancherel in *
and by the Fourier rule for derivatives in *x

3 axif\iijé 7ot ]é/ﬂ'v prigf(@)| de = r? [ 1P |70 e

2

IVAz=3
j=1

Therefore, rapid spatial variation, as measured for instance by ||V f H%, is associated with the pres-

ence of mass of f at large values of |{].

2
2
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Now, we introduce some vocabulary to study almost-localized functions.
Definition 4.1. Let f € L2(IR"). We say that f is essentially Q-bandlimited at level
e if
| @Rz = a-of13.

Q

We say that f is essentially supported in Br at level ¢ if

| 1F@Rdx = (1= |1£13.
R

For ¢ € (0,1), We will denote by PWE, , the class of functions f € L*(R") which are
simultaneously essentially supported in Br and essentially Q)-bandlimited, both at level e.

Notation. We shall call |Bg| the spatial volume and |Bq| the frequency volume.
We will set D g := |Br| |Ba|. Also, we set xr and xq to be the characteristic func-
tions of Bg and Bn. ()-bandlimited means exactly ()-bandlimited, or essentially
(-bandlimited at level 0. For ¢ > 0, we shall loosely refer to the corresponding
notions as almost space (or band) localization.

24
% is the fraction
2

of the L?-energy of f contained in Br. Thus f is essentially supported in By at
level e precisely when the energy outside By is at most an e-fraction of the total
energy: fle\BR |f(x)[2dx < €||f||3. The same interpretation applies to the FT in
the definition of essential band limitation.

These definitions are energy conditions. For instance,

Our goal is to estimate these almost-localized functions. A theorem of Landau,
Slepian and Pollak does precisely this.

Theorem 4.2. There exist finite-dimensional subspaces Hor C L*(IR") such that

. dim HQ R
lim ———= =1.
RO —00 DQ,R
Moreover,
i H
lim limsup  sup dist(f, Hor) _ 0.
0% RO fepig  f20 Il

This order of dimension is asymptotically optimal: there are no other subspaces hqr C
L*(IR™) with the same approximation property and such that liminfr e ﬁ 1.
Let us first interpret the statement before proving it. A common heuristic in
sampling theory says that a space and band localized function can be approximated
by a finite number of parameters, which is governed by the product of the spatial

and frequency volumes. In our setting, functions in PW¢, , are essentially localized
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in the spatial ball Bg and in the frequency ball Bn. The heuristic suggests the
quantity
|B1|R" [B1|Q" = By |* (RQ)" = Di .

Thm. 4.2 makes this heuristic precise: it states that, although PWg,  is not
finite-dimensional, its elements can be approximated, uniformly as RQ) — oo, by
elements of a subspace Hqo g C L2(R").

In the present problem the scalar data are not point values of f, but values of
its Radon transform, R f (6, s;). Each such datum gives one linear condition on the
approximant. Indeed, if {¢, ..., ¢} is a basis of Hor and h = Y¥_; cx¢y then, by
linearity of the Radon transform,

N N
Rh(Hj,sl) :/ y h(x) dx = /(Gj) ch¢k(x) dx = I;CkR(Pk(Gj’SZ)'

(6 s k=1
Thus the Radon datum R f (6}, s;) produces the linear equation YN o Rei(0),51) =
Rf(0;,51). If we take M samples of the Radon transform at the parameter values
(01,51),...,(0mM,Sm), we obtain the linear system

R(Pl (91,51) o R¢N(91, Sl) C1 Rf(@l, Sl)

R(P](QM,SM) R(PN(OM/SM) CN Rf(OM,sM)

Thus, each Radon datum gives one scalar linear equation for the coefficients of
an approximant in Hq r. Since dim Hor ~ Dq, the theorem suggests that one
should not expect to need more than about D r independent scalar measure-
ments in order to describe functions in PWg  up to the prescribed resolution.
However, the concrete choice of Radon samples and the stability of the resulting
linear system are separate numerical issues.

Increasing R means covering a larger spatial region, while increasing (2 means
resolving finer details. Both increase the number of non-redundant data required
by this finite-dimensional approximation. In dimension 7, this number grows like
( R Q) n 28

Idea of the proof of Thm. 4.2: First we would like to define some finite-dimensional
subspace of LZ(]R”). To do that, a simple idea is to try to “project” functions
in PW§ i to some subspace of PWq that are also essentially Br—supported. A
simple approach is to just use the characteristic functions g and xq. Define the

it is worth noting that Thm. 4.2 is a sufficiency statement. It does not say that a number of
data of order (RQ)" is always necessary, nor does it exclude that particular functions, or classes
with additional structure, may be approximated with fewer data. Rather, it says that a number of
suitably independent Radon data of this order is enough to guarantee a uniform L?-approximation
of any function essentially localized in space and in frequency.
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concentration operator Cq r as

Cor:PWo — PWo,  Caorf:=Palxr-f), Paf:=F '(xa-F(f))-

From now and on, We will omit the - sign. Cqr first cuts the function in space,
keeping only its part inside Bg, and then projects back onto the bandlimited space
PWq. We'll find that this operator gives an orthonormal basis (fx),cp; and that it
has finitely many eigenvalues close to one, while the rest tend to zero (Prop. 4.3).
This gives us the idea of defining Hq r as the span of the first N eigenfunctions.

If f € PWq is essentially Br—supported, We willsee that its expansion in
(fi)ren Will not have much mass in the directions with small eigenvalues, be-
cause those directions do not contribute to the mass inside Bg. Hence the tail
outside Ho g will be small. Then, for f € PWg, , we first project it in frequency
onto PWq, control the error by Plancherel, and apply the previous case.

We shall use the following spectral properties of the concentration operator,
taken from [CMOCP07, Sec. 3, Props. 18-19]. They are stated without proof in
the main text, since the proof is interesting but too long to include here. For
completeness, an expanded proof is given in Appendix 1, although it is not needed
for the rest of the work.

Proposition 4.3. The operator Cqr is linear, bounded, compact, self-adjoint, positive,
injective and satisfies (Carf, f) = [p, |f(x)[*dx.

If Ak(Q,R) for k € IN are its eigenvalues, arranged in decreasing order, then
Ak(Q, R) € (0,1) and, for any threshold t € (0,1)

B O(DQ/R)

D
T <#{k A(QR) >t}§DQ,R+O<tQ’R), RQ — co.

Daqr
Observe that for every fixed t, the number of eigenvalues above it is asymp-
totically equal to D r. In particular, #{k : t < A (Q,R) < 1 —t} = o(Dqg).”
Thus, up to a negligible number of eigenvalues, the spectrum is concentrated near
0 and near 1. The eigenvalues close to 1 correspond to bandlimited functions
which are well concentrated in Br, whereas the eigenvalues close to 0 correspond
to bandlimited functions whose mass is mostly outside Bg.

Proof. (Thm. 4.2). Set Ay = A¢(Q}, R) and C := Cqr We first choose two cut-off

2Indeed, if t > 1/2, then the set is empty. If 0 <t <1/2, then
#{k:t</\k<1—t}g#{k:)\k>t}—#{k:/\k>1—t}£ (DQ,R—s—

O(Dtﬂ,R)) 3 (DQ,R O(DtQ,R)

where in the * we applied the estimate first with ¢, and then with 1 — ¢.
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indices. By Prop. 4.3, for each fixed j > 2,

1 ) * 1 1
#{k A > ]} < Dq,r +]O(DQ,R) < Dq,r + ?DQ,R = (1 -+ ]> Dqr,
o(D ) 1
_0(Dor) = Dqgr —jo(Dag) > (1 — > Da,r.
1- (1 - l.) 2 j
]
(24)

where (*) holds for each fixed j and RQ) sufficiently large. Choosing j = j(Q),R) —
oo slowly enough, these inequalities still hold as RQ) — co. Define

#(OR) = {(1 - ](QlR)> DQ,RJ . N(OR) = {(1 + ](QlR)> DQ,RJ +1.

Since the eigenvalues are arranged decreasingly and by (24), the first n(QR) of
them are asymptotically close to 1, while the eigenvalues from N(QR) onward

m 1, and

#{k:Ak>1—}}2DQ,R_

are asymptotically close to 0. So, we can write A,qgr)(C, R)

Anar) (@ R) 2222 0. Also,

1.

N(QR) RQ jeo 1 n(QR) RO feo
Do,k " N(OR) '

Now set Ho,g := span{f; : 1 <k < N(QR)}. Then S5 10s - NORIZL g

Da,r

Let f € PWq, ||f]l, = 1, and suppose that f is essentially supported in By at
level &. Write f = Y12 v fi, with vx = (f, fx) (thus Y52, |vk|?> = 1). Then, on one
hand, for RQ} large enough so that Ay(qr) < ¢,

1-e< [ 1f(0Pdx = (Conf,f) = gAkrka

< Y Jult+Anveor Y wlP< Y lwlr+e
k<N(QR) k>N(OR) k<N(QR)

Hence ) > n(ar) |og|> < 2e. Now, on the other hand, let Py denote the orthogo-
nal projection onto Hog. We have Pyf = )} nUkfr, and f — Puf = Y o n Ukfi-
Therefore, by Parseval,

dist(f, Hor)? = |f — Puflls = Y |of* < 2e.
k>N(QR)

We pass now to the class PWg, p, with e € (0,1). Let f € PWg , [|f[l, = 1, and
putu:=Pof = F ' (xa - F(f)). Then u € PWq, and by Plancherel,
2 _— 12 —~ ) 2
If =l = |[F =], = [, FOPdE<e s =1
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Moreover, ||(1 — xgr)ul|, < 24/e3° Thus

/ u(x)
R™\Bg

2 2
Ol s
]l
Applying the previous estimate to u/ ||u||,, we get dist(u, Hor) < v/2a,. Finally,

2 —
[]12 1-e

IN

= Kg.

8¢ e\0 0,

dist(f, Hor) < ||f — ul|, + dist(u, Hor) < Ve +

which proves the approximation statement.
It remains to justify the optimality of the order of the dimension. Define

im n —_1 RO Neo
Gor :=span{fy: 1 <k <n(QR)}. Then glméflgi)) = N((%I;))_ll A

If f € Gor and || f||, = 1, write again f = Zk<n(QR) o fi, with o, = (f, fi) (thus
Yk<n(ar) [ok[> = 1). Then

Prop. 4.3
[ f@Pax = (Carff)= L Aol
Br k<n(QR)
RQ oo
> Mor) 3 okl = Ayar) —— L.

k<n(QR)

Therefore, for every fixed € > 0, all unit vectors of G r belong to PWf),R when
RQ) is large enough.

Now let Eqr C L?*(IR") be any subspace which approximates all unit vectors
in PW_‘E),R with relative error strictly smaller than 1. If dim Eq g < dim G g, then
GarN Eé,R contains a non-zero vector g. After normalizing it, we would have

dist(g, Enr) = ||§ = Peorsll, = gl =1,

contradicting the assumed error bound. Hence dimEqngr > dim Gqpr. Since
dim G r/ dim Hqo g — 1, the dimension of Hq r is asymptotically optimal. O

4.1 The semidiscrete case

The previous section gave an abstract estimate for the number of scalar param-
eters needed to approximate any almost-localized function. We now specialize
these considerations to Radon data for such functions and ask how many direc-
tions are sufficient, assuming that the radial variable remains continuous.

More precisely, suppose that for a finite set ® C S"~! the data Rf(6,s), 0 € ©,
s € R is known. Since Rf(8,0) = f(08), therefore, choosing finitely many direc-
tions is equivalent to observing f only on finitely many frequency lines through

N = xr)ully = (1= xr)f + (1= xr) (= Flly < 10 = xr)fll + lu = fll, < 2
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the origin. Our problem is to understand how much of that f (Rf) is determined
by finitely many such frequency lines (directions).
For each fixed direction 6, set gy(c) := Rf(6,0). On one hand

Fogo(s) = Fo (RF(6,7)) (s) = F2(RF(6,) (s) = RF(O,=5).  (25)

Therefore, if f € C®(By), then Rf(6,-) is supported in [—1,1], and hence
supp 3o C [—1,1], i.e. gp is bandlimited.

On the other hand, recall that by Thm. 3.14, the moments of the Radon data
are functions only of 0, and they are also are linked to the frequency slice:

dl A — , ,
-2 — (=2mi) [ & —
80| = g RF@0)| = (-2m) /R SRf(0,5)ds = jj(0).  (26)
Thus, if p; vanish, for j = 0,...,k, then g4(0) = g4(0) = --- = gék)(O) =0.

The following lemma, which we state without proof (see [CMOCPO07, Sec. 3.1,
Lem. 20]), relates both facts: a one-dimensional bandlimited function with many
vanishing derivatives at the origin cannot keep most of its weighted L2-mass near
the origin.

Lemma 4.4. Let « € R. For every 0 < § < 1, there is an integer ko = ko(«,6) > 0 such
that, if k > ko, supp§ C [~1,1], and g(0) =0,j =0,...,k, then

(1=0)k/2 2 n 2 o
[ g+ ) dx <6 [ [g(x)P(1+ [x]) dx,
—(1-8)k/2 R

provided that the integral on the right is finite.

Recall that Thm. 3.14 guarantees y,, is a homogeneous polynomial of degree m
restricted to the sphere. Such polynomials can be decomposed into "spherical har-
monics", which will allow us to decide when finitely many directions are enough
to recover the relevant moment information.

A polynomial g such that Ag = 0, where A = } i, 83%]_, is called a harmonic
polynomial. A polynomial i € Pfo™(R") that is harmonic is thus a homo-
geneous harmonic polynomial of degree k. We denote by #;(R") the com-
plex vector space of harmonic homogeneous polynomials of degree k, that is,
Hi(R") := {hy € PR™(R") : Al = 0}.

Every harmonic polynomial g can be written g = ho + hy + ..., with hy €
Hi(R"). Similarly, for any py € PP°™(IR"), there are unique /i _o; € Hy_pj(R")
such that (see [ABRO1, p. 75; Thm. 5.7, p. 77])

[k/2]
pe(x) = Y [x[Phesj(x) = he(x) + [xPho () + |2 hea() - (27)
j=0
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The restrictions to S"~! of the elements of H,(IR") are called spherical har-
monics of degree (. We denote their complex vector space by H,(S"~1), that is,
’Hg(S”‘l) = {hasn—l thy € Hg(]R")}.sl

After restriction to the unit sphere, the powers of |x|? in (27) disappear: if 6§ €
§"~1, then [6] = 1, and hence pi(6) = hx(8) + I—2(6) + hx—4(6) + - - -. Thus pygn—
coincides on S"~! with the harmonic polynomial on R" Hy := hy + hy_o + hx_4 +
-+, which has degree at most k and the same parity as k. Equivalently, pyjg:1
is a finite sum of spherical harmonics /i;_jjsn-1 of degrees k,k —2,k —4,.. .2 In
particular, Thm. 3.14 says that y,, is the restriction to S"~! of some p,, € Pho™(R"),
SO

Thml3.14 Eq. sz7)
T (hm + |2 g+ A+ - -)‘SH
= hm|S”—1 + hm—2|S”—1 +e= (hm +hpyo++--- )|Sn—1 = Hm‘sn—l-
Notice Hy (=) = hy(—x) 4 hp_a(—x) + - - = (=1)"hy(x) + (=1)" 2hp_a(x) +

..., thus Hy, is a harmonic polynomial that is even if and only if m is even and
odd if and only if m is odd. Now set H},(IR") as the set of harmonic polynomials
of degree at most m that satisfy this degree—parity matching. Observe that if k < m,
Hj C Hj,. With this naming, y,, coincides with an element of Hj, on S"~1.

Definition 4.5. A set ®, C S""! is m-resolvent if it is a uniqueness set for H,.
Equivalently, if h € H}, satisfies h(0) = 0 for any 0 € ®,, implies that h = 0 on S"~1.%

Observe that |®,,| > dim H,,. Suppose that ®,, = {61, ...,0n}, then the evalua-
tion map Hj, — CV, such that h — (h(61),...,h(6n)) must be injective. Indeed,
if this map had a non-trivial kernel, there would exist 0 # h € H), such that
h(61) = - -+ = h(fn) = 0, contradicting the fact that ©,, is m-resolvent.
Theorem 4.6. Semidiscrete estimate. Let 0 < ¢ < 1, m € N, ®,, C S"! be m-
resolvent, set a,, = W and f € C®(By). If Rf(0,s) = 0 for 0 € O, s € R
then

[ IF@Pd <calfl3,
Bi—¢yms2

31With respect to the usual inner product (i,0)gi-1 := [q,1 u(6)v(0) do(6), the spaces H(S" 1)
are mutually orthogonal, and span L2(S"~1) in the Hilbert-space sense [ABR0O1, Thm. 5.12, pp. 80—
81].

320bserve that hyjsn-1 is a function on the sphere. We call it "harmonic” because it comes from
a homogeneous harmonic polynomial. However, ly|g.—1 is not homogeneous in itself, nor does it
have an intrinsic degree in the usual polynomial sense, since both notions are inherited from the
homogeneous polynomial , defined on R". For instance, po(x) = |x|? is homogeneous of degree
2, but pa|gs1 = 1, which is a spherical harmonic of degree 0.

33 As m increases, the space HJ, becomes larger and so the condition of being m-resolvent becomes
more demanding. Indeed, since H; C Hy, for every k < m, every m-resolvent set is automatically
k-resolvent for every k < m.
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where Cy, > 0 is independent of f and C,,, — 0 as m — oo.

Proof. If Rf(6,s) = 0 in ©, then by the identities in (26) we have y; = 0 on ©
for all k € N U {0}. Meanwhile, our previous discussion showed that y; € H;,,.
Since ®,, is m-resolvent and yj vanishes on ®,, we obtain y; = 0 on "1 for
k=0,...,m

Now fix 6 € S"~1. u(6) = 0 for k = 0,...,m is equivalent, because of (26), to
E)JRf(G (T)‘ O—Ofork—O ,m. As we did before, set gy(0) := ﬁ?(f) o). The

hypothesis supp f C B(0,1) implies, as we saw below (25), that supp gg C [—1,1].
It follows that Lem. 4.4 applies to go. With the notation of this theorem, we apply
Lem. 4.4 with parameters « = n —1 and k = m. Thus, for a suitable constant
Cin — 0, we obtain

[ Iso@)Plol o < [ Iga(@)P(1 + fo) ! do
Thnl 44 (28)
< Cu [ I0(@)R(1L+ o) do.

We now integrate (28) with respect to § € S"~1. By Thm. 3.6, go(c’) = f(c8),
and by Tonelli and polar coordinates, the left-hand side integrated over S"~1 of

(28) becomes
/ 1/ F(o8) 2o 1d(rd8-2/ ()12 de.
sn=1J—a,

On the other hand, the integral over S"~! of the right-hand side of (28) can be split
into two integrals: [, ; f|0‘>1 and [, f\U\Sl' First [g, f\0\>1

/ / F(00)P(1+ |o)" ' dode </ / 1F(08) 22 |0])" " do de
sn-1 g|>1 51 J|o|>1

g=ot Plancherel

! n—1 ry 2 4 n—1 2
<2t [ F©Pr £ 2,

For |o| <1, using (1+|o])"" < 2" and |f(¢8)] < |[fl1 < [BO,D"?|f]2
we get

Lo [ @)1+ oy dedo < 275" B, 1) 1B
sn=1 J]o|<1
Finally we absorb the dimensional constants into C,. ]

The main application of the theorem is the following corollary that, roughly
speaking, says that an m/2-bandlimited function is determined by its Radon trans-
form on a set of directions that is m-resolvent.
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Corollary 4.7. Assume the hypothesis of 4.6, set r such that 0 < r < 1 — C,, and assume
that f is essentially a,, bandlimited with level r. If we know Rf(0,s) for every 6 € Oy,
and all s € R, then we know Rf(0,s) for every 6 € S" L and all s € R.

Proof. Suppose that there is another admissible function g, also essentially a,-
bandlimited at level r, and Rg(0,s) = Rf(0,s) forall 6 € ©,, s € R. Set h :=
f — g. Then, by linearity, Rh(60,s) =0, V8 € ©,,, s € R. Moreover, & is essentially
au-bandlimited at level r. We have _—

am bandlimites

Thni 4.6 ) with }fvel r )
[, @rae < ;[ w@ra < i)
Therefore
[Fl= f,, Fepaz + [ @Raz < Colff 4o, = (G AL
Since r < 1— Cy, we have C;, +7 < 1. Hence the previous inequality forces
HEHZ = 0. By Plancherel, & = 0 in L?(IR"). Thus f = g. Hence the data on ®,, x R

determine f, and consequently determine Rf(0,s) for every 0 € S"~! and every
seR. ]

Cor. 4.7. requires the exact knowledge of the R f(0, s) in all the directions of ®,,.
It would be desirable a similar result with only an “approximate” knowledge. We
now estimate how many discrete values of s would be needed in order to replace
this continuous knowledge by a finite number of samples.

On one hand, under the hypotheses of Cor. 4.7, we have that f being essen-
tially bandlimited with band a,, with level r, means that ]?is essentially supported
in B,, with level r. This implies that f is essentially supported in B, ,, with
level r. This corresponds, by Thm. 3.6, to RAf(Q, -) being essentially supported in
[—m /2,m/ 2] to some level 7y (¥ might depend on 6 since we are restricting f to
the line {c6 : 0 € R}). Thus, Rf(,s) is essentially m /2 bandlimited with level 7.

On the other hand, since supp (f) C By, we have that for each fixed 6, Rf(6, -)
is a one-dimensional function supported in [—1, 1], and hence also essentially sup-
ported in [—1, 1] for every level of concentration, in particular for 7y

Thus, for that fixed 6, Rf(6,-) € PW:;9 2.1 and, by Thm. 4.2 in dimension 1, the
number of samples needed to approximate Rf(6, ) from a subspace of L?(R) is

vol([—1,1]) vol([-m/2,m/2]) =2 -m = 2m.

Since this count has to be repeated for every direction in ®,,, the total number
of scalar Radon samples is, in first order (see [CMOCP07, Sec. 2.5, pp. 14-16]),

_ n—1
2m card(®,,) > 2mdim(H,,) = 2m-2(m :il 1 1) = 2m-2h (14+0(1/m)).
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Therefore, we need a minimum of % samples to apply the Cor. 4.7.

A different estimate of the number of needed samples according to Thm. 4.2 is
vol(B(0,m/2))vol(B(0,1)).

In particular, for n = 2, the Thm. 4.2 count gives vol(B(0,m/2)) vol(B(0,1)) ~
2.467m? whereas the semidiscrete count gives 4m?. Thus, in dimension 2, our
sufficient condition is larger by the factor n24/ 1= % ~ 1.62. It seems that the
sufficient condition that we get is of a factor 4/2.467 redundant, therefore there is

some room for improvement.

5 Reconstruction algorithms

Given finitely many Radon data, we want to construct an approximation of f.
We describe two methods.

For simplicity, we work in the plane. Let f be supported in ID = B(0,1),
extended by zero outside D, and assume that f € L?(ID), assume that Rf(6,s)
is well-defined for every (0,s) € S! x IR, and that f is essentially )-bandlimited.
We put ¢ = Rf. Finally, we assume that the data are obtained scanning with
parallel standard geometry, i.e. with a certain number p of equidistributed directions
and taking in each of them 2g 4 1 equispaced samples. The data have thus the
following form:

g1 :=8(0j,51) == Rf(8),51);

» us .
9]‘2610‘7, DC]‘:L, ]:0,...,

-1, A= —; (29)

sp=-—, l=—q,...,q, As =

!
q
5.1 Filtered backprojection

Let v € S(Z) and set V = R*¥v. The convolutional identity in Prop. 3.18 was
stated for Schwartz functions, but in our current setting, f belongs to L!(R") (it
is compactly supported), and is integrable over every line, the same computation

extends by Fubini. Hence the following identity is valid pointwise for all x € R"
Prop. 3.18

(VH) = (R%) 4 f)(x) £ Riwrg)(x) = [ (058)(6,x-6)do

-/ (/R 0(6,x-0—1)g(6,1) dt) d6.

Notice that V * f is bounded; hence (1 + |- |)™™(V x f) € L'(R"), VN > n. Thus
V x f defines a tempered distribution, which we identify with V * f when needed.

(30)
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The key feature of the filtered backprojection algorithm is the choice of a point-
spread function V which plays the role of dp. Then V * f approximates f, in a sense
to be specified in each case. Once the corresponding filter v has been determined
from R*v = V, the right-hand side of (30) can be discretized.

Identity (30) explains the name of the algorithm: first the data g are filtered
with v (this gives v x ¢) and then the backprojection R* is applied.

On both sides of (30), we have a convolution, which is computationally de-
manding. However, if we assume V € L!(IR") then V is well-defined in the usual
Fourier sense, and then we’d have that V/ﬁ(g ) = V(2)f(2) for { € R" : filtering
could be performed by multiplication by V in the frequency domain. The bad
news is that V might not be defined in the usual sense: even when v € S(Z), the
backprojection V = R*v, need not belong to L!(IR"). So, We will have to work dis-
tributionally: V will now be regarded as the element of S’, and V will be defined
by duality: (V, ) = [p. V(x)@(x)dx, (V,9) := (V,9), for ¢, € S(R"). Recall
that m g V]?is equivalent to

(Vefo)=(VFe)=(V.fp), VpeSm",
since f is smooth and all derivatives of f have polynomial growth.* This way, it
is valid to filter in the frequency domain.

Usually, V is chosen so that V * f deletes or de-emphasizes high frequencies,
which are mostly observation noise. Since f has essential bandwidth (2, one looks
for V such that R

TrF) ~ {f(C)z ?f f<q
0, if || > Q.

In practice only radially symmetric functions V(x) = V(|x|) are considered.
Since V(x) = fS"’l v(6,x - 0)do, restricting our potential v = vz € S(Z) to be
independent of 6 and even in s, so vz(6,s) = vo(s) = vo(—s) for some even map
v : R — R, gives a radial V. Also, we set 07(0,0) = [ vo(s)e ™ ds = y(0).

We now recall the following distributional identity [Nat01, Thm. I1.1.4, p. 15]

RI) = e (B (5060 +7 (=5 -101) ) c2omes@® e

With our restrictions on vz we get 0z (%, \§|> + 0z (—%, —|C|> = 29y(|Z]), since
vp even implies 7y even. And since R¥v; = V (31) becomes:
FreV(©) = V() =20g]" " a0 (1) = 2[¢ " Froo(I2]), ¢ #0.

37 e Op(IR?) because f € L2(ID) and is extended by zero outside D, we have x*f € L1(R2) for

every multi-index «. Thus 8" f(¢) = / , (—27tix)® f(x)e~ 2% dx is bounded for every a.
R

% Although the formula is written for { # 0, the right-hand side is locally integrable and is
therefore understood as defining a tempered distribution.
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This equation suggests to define v, formally, such that

olg) =5 1V, CeR, (2)

which makes sense since V' radially symmetric implies Vis radially symmetric.

Now that we suspect how to obtain v from V, it is time to choose V. A par-
ticularly simple choice would be the ideal low-pass response Vi () = XB(0,0)(0)-
More generally, let § : R — C be an even filter, close to 1 on [—1, 1] and vanishing
outside [—1,1]. The previous discussion gives, for o = ||

@ =¢(1), cer B ane -9 (19), cer

albeit in the case n = 2, vq, is not a Schwartz function.

Multiplication by |¢|"~! in the Fourier domain corresponds, up to a constant,
to the operation 9'~! when 7 is odd, and to H9'~! when  is even. Thus (32) can
be viewed as the Fourier counterpart of the Radon reconstruction formula (21).

In applications, different choices of ¢ lead to different filters. The ideal choice
¢ = X[-1,1] &ives a sharp cut-off, but sharp cut-offs tend to create oscillations.
Smoother choices usually lose some resolution but reduce these artifacts. For this
reason, the choice of the filter is partly theoretical and partly empirical [CMOCP07,
Sec. 4.1]. In dimension n = 2, choices of ¢ give the Ram-Lak, cosine and Shepp-
Logan filters, shown in this order (we do not show the calculations for vq):

(o) va(s)

X01(7) Q%u(2rQs)
u(t) = sinc(t) — %sincz(t/2)
cos (%) X[0,] (o) %2 [u(2mQs+ 5) +u(2nQs — §)]

sinc(%7) xjo1() %u(Zan),

|, t# £,
ut) =3 !
t=47m1/2.

7T’
We now discretize the identity (30). The continuous formula for n = 2 is
2r

(V£ )(x) = RM (o0 5 8)(x) = [ (o0 %:8)(0,x-0) du. (33)

The first step is to discretize the convolution. Since supp f C B(0,1), for each fixed
0 € S! we have g(6,t) = 0 for || > 1. Indeed, if |t| > 1, the line §; = {x € R?:
x -6 =t} does not meet B(0,1). Therefore

(00 %5 §)(6,5) :/Rvg(s—t)g(e,t)dt:/l va(s — t)g(6,t) dt.

-1
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According to the construction of the filter, v has bandwidth (). On the other
hand, by Thm. 3.6, §(6,0) = Rf(6,0) = f(08). Thus, if f is essentially Q-
bandlimited, then g(6, -) is essentially Q)-bandlimited as a function of s.

We would like to use Shannon'’s theorem, but it requires exact bandlimitation.

We consider the frequency projection Pq in the variable s and rewrite g

Pag(6,0) = X-0,0)(0)8(0,0) = g=Pag+ (I —Pa)g.

The part Pag is exactly Q)-bandlimited, whereas (I — P)g contains the frequency
tail. Substituting this decomposition into the convolution, we get

(00 *8)(05) = [ vals = )(Pag) (0,0 dt + [ va(s =)((1=Pa)g)(6,1)d.
(34)
The second term is controlled using Cauchy-Schwarz, Plancherel and the essential
bandlimitation of g:

| vols = 1)1 = Po)g)(0,1) ] < s =)l (1 = P8, oz

1/2
= 3(0,0) d :
el ([, 6@ o)

Since supp (f) C B(0,1), for each fixed 6 we have supp g(6,-) C [—1,1]. Thus,
in order to use Shannon’s Theorem on Png, we take As < 1/2Q) in (29) and neglect
the frequency tail of ¢

(35)

(34)+(35) Shannon

1 1
(00+8)(0,5) = [ oals —O(Pag)(©.0d = - T on (s~ ) (Pag) (0.5)
leZ
1 1 q (36)

~ *ZUQ(S—Sl)g(Q,Sl): - Z va (s—s1)g(0,s).

DisIrete q lez 3(95):0 1:7,7

analogue to (35) ol

g for ‘l|>q

The next step is to discretize the backprojection in (33). For fixed x € IR?, define
he(a) == (v *s g) (€, x - ).

This function is 7-periodic®®. A bandwidth estimate shows that h, has essential
bandwidth 47(), in the sense that its Fourier coefficients

~ 1 2r . . "
hye(k) = E/o (v *s Q) (e, x - e™)e "™ du

Ohy(a+ 1) = (va *s §) (ei(“+"),x . ei<"‘+”)) = (v *s §)(—6,—x-0) = /JR va(—x-0—1t)g(—0,t)dt

L /]RUQ(_x'G"‘”)g(_Gr_”)d”:/IRUQ(X'G_”)S(QIM)M!:(UQ*Sg)(G,x~9).
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are negligible for |k| > 47Q) [CMOCP07, Sec. 4.1, pp. 27-28]. Using the same
approach as before, again up to another negligible error, we may use the angular
sampling rule. Taking Aax = 1/(2Q)) in (29),

y 1
0 =el"r,  j=0,...,2p—-1 Aa==<

E

p ~ 20
and using 2p nodes in order to cover the full interval [0,277) with this step, we use
the 2p nodes 0; = eim/p, i =0,...,2p — 1 (j = 2p is not included since it gives the
same direction as j = 0), we have

27 2p—
(V*f)(x):/o (00 *s )(6,x - 0) d Z 00 % §)(6),x - 0))

p—1

27
= Y (va*s 8)(6),x-6),

j=0

~T
4
(37)

where the last identity follows from 7t-periodicity.
Combining (36) and (37), and always taking max{Aa, As} < 20' we obtain the
direct discrete filtered-backprojection formula

271 g
(Vo f)(x ZAS Z va(x-0; —s1)8(8),51). (38)
l=—q

This is the discrete version of the continuous identity (33): for each direction 0,
one filters the measured data g(6;,-) in the s-variable and then backprojects the
result by evaluating it at s = x - 6;.

51.1 Cost. Formula (38) is conceptually simple but computationally expen-
sive. For each fixed point x its cost is O(pq), and using that p > 27tQ) and q > 2Q),
we get O(Q?) per point. Since f has essential bandwidth (), one must recon-
struct it on a spatial lattice with stepsize 5. In dimension 2, this gives O(Q?)
reconstruction points. Therefore the total cost of the direct formula is O(Q?).

To improve this cost, for each fixed direction 0;, set H;(t) := (vq *s )(0;,t). For
j=0,...,p—land k = —¢q,...,q, we have

9
h]‘/k = H]'(Sk) = (UQ *g g)((?],sk) ~ As E UQ(Sk — Sl)gj,l~
I=—q
For fixed j and k, this sum costs O(g) operations. For each fixed j, there are O(g)
values of k, thus computing all the values h; for that direction 6; costs O(g?).
Repeating this for the p directions gives a precomputation cost O(pg?) ~ O(Q3).
Once these values have been computed, H;(x - 6;) is no longer computed by a new
convolution sum, but by linear interpolation. For t = x - 6}, set
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a=a(j,x):=qt],  p=P(jx):=qt—[qt]

Then0 < p <land § <t< "‘T“ Thus Hj(x - 6;) ~ (1 — B)hjs + Bhjas1. At the
endpoint gt = g, we take « = g — 1 and B = 1. Therefore the final approximation

is Z ( h],”x + B(j, x) J“(J?x)“)'

The backprojection step now costs O(p) operations for each reconstructed point.
Since there are O(Q?) reconstruction points, this step costs O(Q?).

Together with the precomputation cost O(pg?) ~ O(Q)%), the whole method
has complexity O(Q?), instead of the O(Q*) cost of the direct formula.

5.1.2 Algorithm. Step 1. For every direction ¢, compute the discrete convolu-
tion

1 < k—1
h]-,k = - Z U0 <> Sjls k=—q,...,9

q l:—q q

Step 2 For each reconstruction point x, compute the discrete backprojection by
linear interpolation. Namely, for each j, set

v=a(j,x):=|gx-0;], B=pB>,x):=qx-0;— |gx-6;].

Then
Z ( h]zx]x +,B(]r ) ]a(j,x)+1>-

At the endpoint g x - Gj =g, we take a(j,x) =g—1and B(j,x) =1

5.2 The gridding method

The steps of the method can be informally summarized in the following chain:
~ ~ ~ s — [k m m
3(61,5) = 810,00 = Fe0) — W f = WF 2 = WF () = w) (2) = £ (%)),
where W : R? — R is a so-called weight function and zj is the estimation of the
evaluation of I7V\f on a 2D Cartesian grid.
Usually W is close to 1 in the reconstruction region D = B(0,1), vanishing
when |x| > a > 1, and such that W is concentrated near 0. Then W is close to f in

the reconstruction region. Therefore, reconstructing f is reduced to approximating
Wf. For { € R?, we have

WF(Q) = (W f)(Q) = / W(g - diy—// (¢ — 00)F(00)0 dodo
/ (¢ — 06)3(6, )0 dfdor. (39)
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Since W is supported in ID, which is symmetric, the function I//\77r has band-
width 1. By Shannon’s theorem, I//V7 is thus determined by its values on the
Cartesian lattice (1/2)Z2. Once these values have been approximated, we apply
inverse DFT, to obtain

(W) (m/q) = § ¥ WF (k/2) &2
i
Finally, f is recovered by dividing pointwise by W.
The success of the method lies in a suitable discretization of (39). The values
0 used in the discretization are determined by the measured directions, since
the FT of g is taken only with respect to the second variable. Thus, using the
trapezoidal rule®” with stepsizes Ap = 7/ p in the angular variable and Ac in the

radial variable, we obtain the first approximation of V/V7 (%) as in (39):

//sl ((—00)g GU)adOdUN/ ( ZPZ:1W( >g(9 U))Uda'

2p—1

~ AO’Z ( YW (; — A H; > §(9j,lAa)> (IA0)

j=0

obtaining

( ) izpzl W < N ) 3(0;,1A0) (1A0) ZAO’. (40)

In the derivation of (40), however, we have ignored that the radial integral is
defined only on [0, o), not on the whole real line. This produces the annihilation of
all the information stored in the cell represented by / = 0, namely the information
given by ¢(6;,0). This produces artifacts and must be corrected.

5.2.1 Discretization of bandlimited functions on [0,c0) The Poisson summa-
tion formula for the rectangular lattice AcZ [Gro01, Prop. 1.4.2 and Eq. (1.37)]

Vi) =% (ﬁ) for ¢ € S(R) is equivalent, by ¢(s) = ¢(—s), to

Poisson
1

) (p(lAcrsum:nm— Y ¢ <A0> = A—U/R(p(cr) do + Ai Y ¢ (Al(7> ,

leZ Ujez lez\{0}

S71f tpb=a+IAt,1=0,...,N and At = N , then
b 1 N=1 1
/ H(t)dt ~ At | =H(to)+ Y_ H(t;))+ sH(tn) | -
a 2 = 2
For periodic and half-line integrals we shall use the approximations

772!)71 ijt *© ~
./51 H(6)do ~ > Jg H(/P), /0 B(¢)do ~ Ac Y B(IAc).

>0
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where in * we used ¢(0) = [ ¢(0)e?™  do. Hence

/lR p(o)do=Ac ) o(lAc)— Y. ¢ <Z) _

(41)
leZ leZ\{0} Ao
Let u be an auxiliary function, and set ¢(c) := u(c) sgn(c), with u(0) = 0. Al-

though u sgn need not belong to S(R), the following computation is understood
in the usual regularized sense. Recalling Hilbert’s operator, we obtain

Eq. (20)

§ = 9(¢) = sgn(§)u(f) = sgn(0)i (¢)
Thus ¢ = Hii, and applying (formally) (41) to ¢ gives

Hii (7) 42)

/R u(c) sgn(0) do = Ac Y u(IAc) sgn(IAc) —r, Y (Hﬁ)( : )

lez 1eZ\ {0} Ao

r

Y(t —s)/sds, the Fourier iden-

Using the integral formula (Hy)(t) = Lpv [
L(u')(s), and grouping the terms  and —I, we obtain

tity 17(s) s = — 5 F

2711

l
r=_ ). /u(Ms)ds i - )3 / zu(t) dt
ez fo) /R S

ez oy /R t
P& / - 1 1 ) P& 2tii(t)
=Ly [ + at=23 [ dt
”z; R <A2—f —ag ”z—zl R(ﬁ)z 2 (43)

I G A0 I U0
R e R

where the integral is understood as a principal value integral

Now suppose u has bandwidth A, then F~!(u') is supported in [—A, A]. As-
sume also that Ac < 4. Then, for t € [—A, A], the term #* in the denomina-
tor of (43) is negligible with respect to (I/Ac)%; ie. if a := (142 ?

= T)<<1then
r = —1(Ac)*u/(0).%® Therefore if u(0) = 0,

/ u(o) sgn(o)do ~ Ao ) u(IAc) sgn(IAc) + 1(A(T)zu’(O). (44)
R leZ 6

tAT“) < 1then (1— a)*

(
r=- Z/ ( 11)2 <1A B L ) LBt = (80 Y > e ar
Ao T Ao N

0 7.[2
f%mwgéu’(m = (80275 (0) = — £ (A0 (0).

BWe use that if a = ~1, obtaining

F-1

S

—
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We apply this formula to u (o) := ¢G(0), with G(0) := fs ({—06)3(6,0)d6

is the even function in (39). Since G is even and u'(0 ) G(0), formula (44) gives

o 0 2 [}
/ 0G(0)do ~ AcY IAc G(IAT) + (Al‘;) G(0) = AcY_ oG (IA0),
0 =1 1=0

where 07 = { AZA/‘?Z, éigf In our case, this means that

/ /51 (T —0a0)g(8, U)(TdeU’VAUZU'Z/ 7 —1Ac6)3(6,1A0) db.

Thus we obtain a corrected discretization of W?(k /2):

W?@

/ <’; - zAae> 3(6,1A0) d6

2p—1

k ~ T
E W (2 — AT 0; ) g(GJ,lAU)E.

=0

i

This discretization differs from (40) only in the term | = 0. Precisely that term
corrects the Riemann sum for the error introduced by truncating the integration
domain at 0.

We now choose the radial step Ac. By (41), the error of a discretization of a
function ¢ is controlled by the values ¢ (I/(Ac)), 1 # 0. If ¢ has bandwidth B,
then supp ¢ C [—B, B]. Since ¢(t) = ¢(—t), this also gives supp ¢ C [—B, B]. Thus,
if1/Ac > B, then ¢ (I/(Ac)) = 0,1 # 0.

In the present case we estimate the bandwidth, as a function of o, of o (o)
with ¢(0) := W({ — 00)3(6,0). Since F; ! (cp(0)) = 5 L4(s), we have that the
factor o does not enlarge the bandwidth. Now

§=F (W —00)2(0,0)) = F- (W —00)) +2(6,°).

Recall that supp(A x B) C supp(A) +supp(B).*’ In our case, ¢ + Z(0,0) has
bandwidth 1, since g(6, -) is supported in [—1, 1] (because supp f C B(0,1)).

It remains to estimate the bandwidth of ¢ — W(é —00), i.e. the support of
Fl <W(§ - 09)). We will show it is [—a, a] (recall that we had set W(x) = 0 for

|x| > a). We use the distributional identity §(x -0 +s) = [ e2mi(x0+5)7 g Indeed,

%Let xg ¢ supp A + supp B. Then there exists a neighborhood U of xy such that U N (supp A +
supp B) = @. Hence, for every x € U and every y, A(y)B(x —y) = 0, since otherwise y € supp A
and x —y € supp B, so x € supp A + supp B. Thus (A = B)(x) = [ A(y)B(x —y)dy = 0 for x € U.
Therefore xg ¢ supp(A * B).
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thus for |s| > a, we calculate F ! <W(C - a())) (s):

./_';7_1 (W(g — 0'9)) (S) = W(g _ 0—9)627Iiscr do

:/ < W(x>672m‘x-(§709) dx> p2TTiSO ]
R |x|<a

— W(x>672m‘x-§ (/ eZm‘(x-9+s)[7 d(T) dx
R

|x|<a

o

= W (x)e 2™¥5(x - 0 4 5) dx = 0.
|x|<a

The last equality follows because, if |x| < a, then |x- 0| < a < |s], so the hyper-
plane x - = —s does not meet supp W. Therefore ¢ has bandwidth at most a + 1.
This suggests the choice Ao < ﬂ}r—l
5.2.2 Algorithm Once we have chosen W with the requirements shown above,
we proceed as follows. We set Ac < 1/(a + 1). Recall the variable names we set
before in (29).

Step 1. For each measured direction 6, we approximate the one-dimensional
FT of g(0;,-) at the frequencies ¢, = vAc, with [v|Ac < O, v € Z. Recall we had
sets; = é and As = % Thus,

) 9 P 1
g\(@]’,VAo') = /]Rg<9jls>ef2vaos ds ~ [1] Z g(9j é)e 27111/A[7q‘
l=—q

Thus, using g;; = g(Qj, %) from (29), we set

o1& omivael .
Sjv = P Y gje 2rivhe g ~ g(0;,vAr), j=0,...,p—1, |v|Ac < Q.
l=—q

For the opposite directions we use the Radon symmetry: 0,,, := —0;, &iypy =
Sj,—vj =0,...,p—1 Indeed, g(—0,s) = g(0,—s), and therefore g(—0,0) =

3(6,—0).
Step 2. For every k € Z2, |k| < g, compute the discretization of W (k/2):

— k> s ol N vAC, v >0,

WFfl=z) =zr:=—Ac oW (k/2—vAcH;) Ty, =

f(2 p V; Jg W i) &jar 0 Ac/12, v=0.
vAT<Q)

Since W is concentrated near 0 and decays rapidly, only few terms are relevant in
this sum, namely those for which ]k /2 —vACo 9j| < C.
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Step 3. Since zj =~ W?(k /2), the inverse discrete Fourier formula gives values
of Wf on the spatial grid:

(Wf) (m) ~ Y ewk%zk.

q k[<q

Finally, since W is nonzero in the reconstruction region, we divide pointwise by
W and define

1 2mik- 2 2
fn = —— e 4z, meZ, |m|l <q.
w (%) R
5.2.3 Cost. Step 1 would cost O(pg Q/Ac) if computed directly. Since, for each
fixed 6;, it is a one-dimensional Fourier transform of g;; = g(6;,5;) in the s-

variable, it can be computed by FFT, with cost O(pqlogq). Step 2 is local and costs
O(g?). Finally, Step 3 is written as a two-dimensional inverse DFT on the Cartesian
grid, and can therefore be evaluated by FFT, with cost O(g%log ). Hence

C = O(pgqlogq) +O(4*) + O(g*logq) = O(O?log Q) when p ~ g ~ Q.

6 Conclusion

This work has presented the Radon transform as the mathematical core of com-
puted tomography, moving from its continuous theory to its discretization and
numerical reconstruction. The Fourier slice theorem and the inversion formu-
las explain why projection data determine the original object, while the filtered
backprojection and gridding methods show how this principle can be turned into
practical algorithms. Thus, CT illustrates how abstract Fourier analysis becomes
an effective tool for recovering images from indirect measurements.
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Appendix A. The concentration operator

A.1 Additional functional analysis preliminaries. Let H be a Hilbert space
with a countable orthonormal basis (e;). A bounded operator T : H — H is called
Hilbert-Schmidt if

2 2
1T := Z || Tex||” < oo.
%

This condition is independent of the chosen orthonormal basis [Gro01, App. A.8,
p. 331].

An operator A : L*(R") — L?(IR") is called an integral operator with kernel K
if K is measurable and, for every f € L2(IR"), Af has a representative satisfying,
for a.e. y,

Af(y) = / K(x,y)f(x)dx.

If K € L?(R" x R"), then A is Hilbert-Schmidt and ||A||;;5 = K| 2 (rrn ey [Gro01,
App. A8, p. 331]. In particular, A is compact [RS80, Thm. VI.23, pp. 210-211].
Finally, if T > 0 is a bounded operator on a separable Hilbert space, then

tr(T) := ) _ (Tey, ex) € [0, 00]
x

is independent of the chosen orthonormal basis (ex) [RS80, Thm. VIL.18, p. 207].
Hence, if T is positive compact with eigenvalues (Ay), counted with multiplicity,
then

tr(T) = Z/\k.
k

A.2 Proof of Prop. 4.3. We prove this proposition in two separate parts. Recall
the definition of the concentration operator.

CQ,R : PWQ — PWQ, CQ,Rf = PQ(XR f), PQf = ‘/T"i1 (}(Q . f(f))

Proposition A.l. Basic spectral properties. The operator Cqr is linear, bounded,
compact, self-adjoint, positive and injective. Then [g |f(x)|*dx = (Corf,f) and if
Ak(Q, R) for k € IN are its eigenvalues, listed in non-increasing order and counted with
multiplicity, we have A (Q}, R) € (0,1) and:
tr(Ca,r) = ) A = Do,
k=1

tr(Car) = Y_Af =Dar +0((RQ)"),  RQ— oo
k=1
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Proof. For simplicity, write Corf := Pa(xrf), and Pof = F ' (xaF(f)) and
C = Cq,r. Observe that for the proof, we omit the dot for pointwise multiplication.
First, C is linear since it is the composition of linear operators.
Second, P, is the orthogonal projection onto PWq. Indeed, for i € L?(IR"),

Poh = F [f’l (mf(h))} = xah.

Thus Poh € PWq. Moreover, if ¢ € PW(q, then

(h—Pah,g) = (= xah,g) = [ (1-xa(@)h(@FE) 42 =0,

because g is supported in Bn. Hence h — Pqh is orthogonal to PW(,. In particular,
orthogonal projections have norm at most one, and therefore

ICf Il = I1Pa(xrA)llz < IIxrfll < 1f1l-

Thus C is bounded.
Third, for f,g € PWq, using that Pq is self-adjoint and that multiplication by
XR is self-adjoint, since xr is real-valued, we get

(C£.8) = (Palxnf)ig) = (xwf Pog) = (wefi) = (fxeg) e
Paf=f
= (Paf,xxs) = (f,Palxrs)) = {£,C8).
Hence C is self-adjoint.
Fourth, taking ¢ = f in the previous computation gives
(C£.0) = Gaef ) = [ @I @Pdx= [ |fPdx. @)

Therefore C is positive.

Fifth, if Corf = 0, then by (46), [ |f(x)[?dx = 0. Thus f = 0 almost every-
where on Bg. Since f € PWq, f has a continuous representative, and therefore
f = 0 on Bg. But Paley—-Wiener functions are real analytic; hence, by analyticity,
f = 0. Thus C is injective.

Sixth, to see compactness, write C as an integral operator. Notice that we can
use Fubini’s theorem, since

| | xa(@ Ixe(x)f ()] dxdg = |Bal lxxfly

CS.
< |Bal[Br|"2|fl, < .
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Hence

CFw) = 7 (roiw) ) = [, 1@ ( [, xutos e ) Eviag

= IRnf(x))(R(x) (/IR" X (&)=< dé‘) dx @)
= [ FO @00 —x) dx = [ fx)Kar(xy)dx.
Kar(xy)

For the rest of the proof, We will put K = Kq g. Thus C has kernel K. Moreover,
IK gy = [, [ 1700 =) Pxr(x)?dy da

= [ e ([ 15ty =)y ) a

Plancherel

~— 2 4
=Bzl Ixall; = |Brl lxal = Dag < . (48)

Therefore C is Hilbert-Schmidt, and hence compact.

Seventh, the trace. Since C is compact and self-adjoint, the spectral theorem
gives an orthonormal basis (fx)reny of PWq formed by eigenvectors of C. We
write Cfi = A fi, with || fx||, = 1. Since C is positive, Ay > 0. Moreover, by (46),

M= (Cfefi) = [, Ufi(x)Pdx

In particular, 0 < Ay < 1. Since C is injective, no eigenvalue can be zero, and
therefore A > 0. Also A # 1. Indeed, if Ay = 1, then [, |fi(x)*dx = ||fill3,
so fr = 0 almost everywhere on R" \ Br. Since f;y € PW, it has a real analytic
representative. Hence, as it vanishes on a non-empty open set, it must vanish
identically, contradicting || fx||, = 1. Thus 0 < Ay < 1.

We want to compute ) ; A. Before proceeding, We will fix a x € R"” and define

X0, (&) = e ™ Exq(2).

Note that xo,(y) = xa(y — x). Also, we point out that xo, € PWq, since )?/Q\x =
Xa,, and clearly supp xa, C Bq. Moreover, xq, represents evaluation at x on
PWq, since for every f € PWq

Plancherel

i) = (Fxa) = [ f@e 7 xa@)de

- 49)
= [ Feemag = f(x).
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Now we are able to compute ¥, | fi(x)|* and ¥ Ax:

Eq (49) 0 Parseval Plancherel

Z’fk =2 Z (foxoo " = Y [(Xan, fr)] 2 L IXa.l5 = HXQ
f pa

= |Bq,

mono ne
on rger\ce

) ¢ B
C)im Y M = / fPds £ [ VAR = [ [Baldx= Do
k=1 Br k=1
Eighth, the trace of C>. When computing Y x A2, we see that the same argument
used above gives a slightly more general identity. For fixed x € R”, since xn, €
PWq, we have the following equality in L?(R") in the variable y:

ONB
expansion

oly-x =roy) = i (X fr) fly

(50)
0 Eq (49) 0 )
Z {fir o) frey ka )Zkgfk(y)fk(x)
Using Cfy = Arfx and an intermediate step of (45) that reads (Cf,g) = --- =
(f, xrg), we get, for every N € N
Eq(45> N N -
z 2= (C ) = Y (Coxwfi) = 1 | Chwf)dy
k=1 k=1 k=1" PR
Eq. (47) N
oA ( / (8 (y ) fu(x) ) Fil) dy o1
=[x (ka )dxdy-
%,_/

We want to take N to infinity, so let’s check that we can commute both integrals
with the limit in the summation. Since xr(-)xa (v — -) € L?>(IR"), we may pass to
the limit in the inner integral in (51):

. ~ L2(R") ~ .
Jim [ xw)Raly - 0si@ ax TS [ a@in - ) lim sie)
Notice that by (50), for each fixed y
y N L2(R") — —
Sn() = L AOfy) 52 X (- —y) = xo,0)-
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Moreover, by Cauchy-Schwarz applied to (51)

< llxr(-)xaly =),

N N
‘ [ xx@)znl - ) (2 fk<x>fk<y>> dx Y. AOf)
k=1 k=1

. 1/2 ’
< [IXal, (1;1 |fk(y)|2) = [Bal.

This bound is integrable on By allowing dominated convergence in the variable y.
We can now take N 7 oo in (51)

dominated
N convergence

YA =timY a2 = [ [ xe()Faly - ) limskx) dxdy
k=1 N3 Br /IR N

_ /BR /R xr(X)X0(y — x)xa(x —y) dxdy

- /n /71 Xa(x — ) * xr(x)xr(y)dx dy.

In the last equality we used that Xo(—2z) = Xa(z), because xq is real-valued.
It remains to estimate this integral. We write Y5> ; A7 = I — ], where

= [ ] o= y)P xe(x) dydx, o
Ji= [ ] Ra =) (1= xe(y) dy d.

The first term was computed above in (48): I = Dq r. We now estimate J. We use
the standard estimate of X (z), which is a Bessel function, |xq(z) \2 < % for
z € R". We have the following inequality:
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2]</ / Q2" xr(x)(1— xr(y / / O dy dx
nJre 14 10(x )!”“ x[<R Jlyl>r 1T+ [Qx —y) "+

< O dy dx .
< /x|<R /yx>R|x e IQ(y = x)’n-l—l since |y|>R=-|y—x|>R—|x|

Y= v=Qu

i / 02"/ dudx i/ Q”/ dodx
x| <R lu[>R—[x| 1+ |Qu|"+1 xl<R  Jp|>QR-|x]) 1+ |o]"+]

i n 1 <o [F !
O / —  _dx <0 / —_—dr
~ lx|<k 1+ Q(R — |x]) ~ 0o 1+Q(R—-7)

fon/RQ (é)”‘l dt RO pn—1 »
o o 1+4RO—-tQ Jo 14+RO—t

S (R / - (ROY [~ log(1 + RO - )R
= o 1+RO—_t 8 0

= (RQ)" log(1+ RO) = o((RO)"), RO — oo.

dv
of>a TElo[ T 5 s for a > 0, which follows from

polar coordinates. If 0 < a <1, then

/ do </ do <1< 1 .
ofa 1+ o[t = Jre T4+ |o|ttl ~ "~ 144
|o|

In * we have used the estimate f|

If a > 1, then

do oo pn—1 o0 1 1
" < d —/ 24r=-< )
/v>a 1+ ’U’”'H ~ Ja I ' a ' ’ a™~ 1+a
We conclude that

=Y A;=I1-]=Dor=+0o((RQ)"), RQ— oo

Proposition A.2. Forany 0 <t < 1:

ODQ
e (1—15)

D
< #{k: \(Q,R) >t} < Dag + of tQ'R), RQ — .

This proposition says that, for every fixed threshold 0 < t < 1, the number of
eigenvalues above t is asymptotically equal to Dq g when R() — co. In particular,
if 0 < e <1, then #{k : ¢ < A((QQ,R) < 1—¢} = 0o(Dqr). Thus, apart from
0(Dq,r) intermediate eigenvalues, they lie near 0 or near 1. The ones close to 1
correspond to bandlimited functions which are well concentrated in Bg, whereas
the ones close to 0 correspond to bandlimited functions whose mass is mostly
outside Bg.
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Proof. Set Ay := Ak(Q,R) and p = par = Yooq0a,.*" Then pu((t,1)) = #{k : Ay >
t}. By A1,

/xdy ZAk Dqr, /Ox du(x ZAk Dagr —aar,

where aq g := Dor — Y A2 = YAk — A2) > 0; aq g = 0(Dayr). Now define

_ .2
ge(x) = x(lx_ tt), pa(x) = x° + 51 + t)x.

For 0 < x < 1, we have q¢(x) < x(;1)(x) < pi(x). Indeed, if 0 < x < ¢, then
ge(x) <0 < pe(x). If t < x < 1, then

gi(x) <l<= (x—1)(x+1—-1) <0, 1<p(x)<= (x—t)(1—x)>0.

Since Cq R is injective, 1 is not an eigenvalue; hence the endpoint x = 1, where the
first inequality would fail, gives no mass for y. Therefore

/qtdu<ﬂ ((t,1)) /Ptdﬂ

Using the two moment identities,

1 a
du — / dy = Doy g — QR
/qtﬂ Oxﬂ QR =74
1 + 1 anRr
duy = —= 24 - du=D —
/Opt U i x + A xdu QR+ ;
Hence
DQR—17<#{k /\k>t}<DQR—|—

O]

“0The definition of the integral of an indicator function with respect to a measure says that, if
E C [0,1] is measurable and v is a measure, then fol xe(x)dv(x) = v(E). Applying this to the Dirac
measure v = J,;, we obtain fol XE(x)dda(x) = 6,(E). But, by definition of both,

1, ackE, {1, acE,

5a(E) = -
&) {0, aee, 970 aeE

Therefore, fol Xe(x)dda(x) = xg(a). By linearity, if ¢ is a simple function, say ¢ = 27;1 CiXE;s

then .
| o0 doax Z /xE x) dq (x Zc]xE ().

Passing from simple to measurable functions, we get fo @(x)dds(x) = ¢(a). Finally, if p =
Yroq 6y, then, we have

[ ot ut) = [ ox (2%) =5 [ ot = £ o0
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